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OT PEJAKTOPA NEPEBOJA

Umsa Crenana [IpokopbeBnua Tumowmenko (1878— 1972 rr.) xopomo
U3BECTHO COBETCKHM CrHeluasucraM H He tpeGyer pekoMmeHpauui. Ero
BKJIaJ B TEOpPHIO KoseGaHHA ynpyrux cHCTeM ouyeHb 3HauHTeseH. OH
3aHUMaJCs Teopuell MPOJNOJBHBIX, KPYTHJIBHBIX H IONEpeYHBIX KoJseba-
HHUH cTepiKHell B CBSI3U C POeKTHPOBAHHEM BaJOB M MOCTOB. lccaenoBan
niorepeuHpie KoJiebaHusl cTepXKHeH NpH ABHIKYILEHCH HAarpysKe, OLUEHHJ
BJIMSIHHE MPOTHBOBECOB BEAYIUX KOJIEC JJOKOMOTHBA B CBSI3H C SIBJIEHHEM
pesoHaHca. M3yuun posib nmpoAOJbHOTO DACTSKEHHSI NPH NONEepeyHbIX
KoJie6aHHsAX OT JABHMXKYIleHcsi Harpy3kd. [Ipeisoxkua Mmeroj pacuyera
CTEPXKHS Ha TIoNlepeyHbIH yiap, NPHYeM 3TOT METOA CYLIECTBEHHO PaculH-
pHJI HalId NpeJCTaBJEHUs] O Mpollecce yjapa: yuyeT jepopManHu B MecTe
yAapa NO3BOJIMJ YCTAHOBUTH BPEMEHHYIO 3aBUCHMOCTb KOHTAKTHOH CHJIBI
U camoe BpeMs yjapa (B npeKHefl mocTaHOBKe 3ajayH, pa3BuToll Kokcom
u CeH-BenanoM, 3To ObLIO HEBO3MOXKHO) H, €CTECTBEHHO, OIPEICJHUTb
3aKOH HM3MEHEeHHsl TIONEpPeYHBIX [epeMelleHui CcTep)KHs BO  Bpe-
MEHH.

Hakowneu, C. I'1. Tumomtenko noayyusa augde peHuuanbHoe ypaBHEeHHe
nporu6os crepxkHs (1916 r.) ¢ yyeToM nonepeyHbX CABHIOB H HHEDPIHH
BpalleHHs, a TakxKe NPOAHAJH3HPOBAJ HAa OCHOBE yDaBHEHHH TEOPHH
YIPYrocTH COOCTBEHHBIE KOJIeGaHHSl CTEPXKHA INPAMOYToJbHOIO Iole-
pPeYHOTo ceyeHHs W MOKasas, KakK CBA3aTh 3TH Pe3YyJbTaThl C JaHHBIMH,
NIOJIyUeHHBIMU Ha OCHOBe 6aJIOYHOH TEOpHH.

OTH ujeH NOJYYHJIH HIHPOKOE Pa3BUTHE B TEOPHH MaJbIX 110NEPEUHBIX
KosneGaHuil crepxkuell. [lozaHee OHHM ObJIM PacnpocTpaHEeHbl Ha CJay4dak
IJIACTHH U 060JIOUeK, JaB MeXaHHKe TO, UTO Ternepb Mbl Ha3blBaeM ABYX-
MOJOBOH anmpokcumanueii KojeGaHHH cTepxkHA THMOMmIEHKO, CTepXKHEM
tuna THMoOLIEeHKO, NJIaCTHHO! 1 o6o/moukoil THNa Tumouenko. B nocaen-
HUX Tpex CJIyyasX ypaBHEHHS KJacCHYecKOH TeOpHH CTepiKHeH, I1acTHH
U 0060JI04€K JOIOJHSIOTCS INOINePeYHbIMH CHBHTAMH.

Takum o6pasom, uurepec C. 1. Tumomenko K Teopuu KoJjeGaHHH
YOPYTHX CHCTEM H HX TNPHJIOKEHHSM B TeXHHKE He CJydyaeH, KakK He cay-
yaeH oT6Op MaTepHasa ISl ero KHUTH 0 KosleGaHusAX, XapaKrep H3Joxe-
HHMSl MaTepHasa, ero aHaju3 M HCIOJb3yeMble UM B IPOLECCE DelieHHs
METO/IbI.

VisnaHue KHHTH, IepeBoJ, KOTOPOH MNpejsaraeTcsi COBETCKOMY 4YMTa-
TeJio, UMeeT Joaryto ucrtopuio. C. [1. Tumomenko usgan ee B 1928 r. Ha
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aHrAuficKoM s3blKe *, BKJIOYUHB MaTephaJbl TJiaB BTOporo toma «Kypca
TEOpUH ynpyroctu», Buimeamero B 1916 r. B [lerporpase Ha pycckoum
asbike; B 1937 r. oH ony6iIMKOBaJ BTOPLIM H3JaHHEM™ paciiipeHHbIH Ba-
PHaHT KHHUTH, a B 1955 r.kuura 6bija He3HauHTENBbHO NepepaboTaHa €o-
asropom /1. X. AHrom 1/1q TpeTbero usganua***, [IpennaraemMoe uuraresio
ueTBEpTOE H3LaHHe CYINeCTBEHHO INepepaBoTaHO TpPETHHM COABTOPOM
KHHTH Y. YuBepoMm H BeIWIO B cBeT yxke nocje cmeptd C. I1. Tumo-
menko. Kak oTMeueHo B npeaucioBHH, nepepaGoTka Kacajach INIaBHBIM
06pa3oM BLIYHCAHTENLHOH CTOPOHBI NPOGJEeMBl U COBMECTHOTO HCNOJIb30-
BaHHsl MATPUYHBIX METOAOB M MeToJa HOpMaJsbHLIX GopM KoseGaHHUI.
Jlio6ass kuura C. [1. TumomeHKo Bcerja uMesa ycnex y camoro pas-
JHYHOTO KPyra uurareseill — OT aHAJIUTHKOB 10 HHXKEHepPOB-3KCIUIyaTa-
HHOHHHKOB. PefaKTOp He COMHEBAeTCH H B yCIleXe IepeBoja 4eTBepToro
H3JaHHsA: NOoCAefHss nepepaboTKa He H3MEHHJIA JIMIO KHUTH U XapakTep
Nojauy Marepuana. Jra KHHUTra ¢ HHTepecoM OyJeT H3yueHa CrelHaJu-
cramu B 06J1aCTH TEOPHH KoJieOaHUH, HHXeHepaMH pa3ju4yHoro npoduJs,
acmypaHTamH M CTYAEHTAMH CTapIIHX KypPCOB BHICIIMX Y4eGHBIX 3aBesie-
HUl. B psile NPUHIUNHAJBHHIX CJIy4YaeB pefaKTOp BBIHYXJAEH OblJ CO-
NPOBOAUTBL TEKCT MNPHMEYAHHSIMH.
3. H. Ipuromok

15 aneapa 1984 e.
Mockea

* Timoshenko S. P. Vibration problems in engineering. New York, D. Van
Nostrand Co. Inc., Constable and Co., 1928. 351 p. (omy6aukosan nepesox Tumo-
wenko C. Il. Teopust KoneGanuii B uHxeHepHoM feqe. M. — JI.: OHTH, 1931. 344 c.;
u3g. 2-e; 1932; usgp. 3-e, 1934).

** Timoshenko S. P. Vibration proclems in engineering. 2nd ed.—N. Y..; Van
Nastrand Co., Ins., Constable and Co., 1937, 1X, 470 p.

**% Timoshenko S. P., Young D. H. Vibration problems in engineering.
3rd ed. — N. Y.: Van Nostrand Co., Inc., 1955, IX, 4(?8 p. (omy6aukoBaH nepe-
sox Tumowenko C. M. Teopus KoneGaHKH B HuXeHepHoM Jeje. — M.: Pusmar-
rus, 1959, 439 c.). (Cm. rakxke Timoshenko S. P., Young D. H. Advanced dyna-
mics. — N. Y.: McGraw-Hill Book Co., 1948, XII, 400 p.).



NPEAUCJIOBUE

B 1905 r., korga Bo3pacT OJAHOIO H3 aBTOPOB He JOCTHTAd U roja,
C. I1. Tumomuienko yxe ony6aukoBan B xxkypHane «Hspectus Cankr-Ile-
Tep6yPrcKOro NOJHTEXHHYECKOTO HHCTHTYTa» CBOIO INEPBYIO Hay4yHYIO
crathio «K BOTMpocy o sIBIEHHSIX pe3oHaHCa B BajlaXx». B Hell paccMarpu-
BaJICsl BaJl MOCTOSIHHOTO AHAMeTPa C YKpeIJEHHBIMH Ha KOHLIAX AUCKaMH
¥ [OKa3biBaJoCh, KaK ¢ MOMOLIbIO MeToa Pesest MOXKHO NpUOIHKEHHO
y4yecTb BJIMsSIHHE paclpeleleHHOH MacChl Baja Ha NepHold CBOOGOAHBIX
KPYTHJABHBIX KoseGaHHii. B crarbe Tak»ke yKasblBaloCh, 4TO aHaAJOrHY-
HBIM 06pa3oM MOXKHO BBIMHCJHUTBL NMEPHOL OCHOBHBIX KoJieGaHHil BaJja,
HECYIlero HecKoJbKo (6ojee ABYX) AHCKOB. JTo Obla NepBbIA caydyai
npuMenenusi merona Penest (Panest) B HHXeHepHOH 3afaye, U OH XXe Io-
JIOXKHJI Hayaslo HccaefoBaHHio npobaeM KosaebaHHH B TexHHKe. M3 srol
CTaTbH BHJIHO, Kakoe GOoJblIOe BJHsSIHHE OKaszala KHHUra Jopaa Penes
«Teopusi 3Byka» Ha nociaenywoiue pabors C. IT. THMOIHEHKO nocssi-
IeHHbIE TEOPHH KoJeGaHHH.

Korpa npog. C. I1. TuMomenko B 1922 r. npuexan B AMepuky, OH
cHayajsa NOCTYNMHJ Ha paboTy B ClelHaJH3HPOBaBIIYIOCS B 06JACTH
KoJsieGanuil KoMmnaHuio «Baiibpefiin cnewusautu» B r. Puiagenvhuu.
dra nebosbuias ¢pupMa 3aHUManach B OCHOBHOM H3TOTOBJIEHHEM H CObITOM
GanaHCHPOBOYHBIX MawHH. 3jech THMOLIEHKO npHOGPea MepBhlil OMBIT
PAKTHYECKOTO HCCAefoBaHUsA npobaeM KosneGaHuH B TexHHke. Hakon-
JIeHHe OMbITa HCCJAENOBAHHS MPAKTHYECKHX 3aZad OblJIO NPOXOJKEHO
B KOMIAHUH MO NPOU3BOJCTBY 3JEKTpHYECKOro o6opyaoBaHHs «BecTHH-
ray3» B r. [Iurc6ypte. B 3T0T mepuon um Obla Hanmucana KHura «Kose-
6aHus B HHXKEHEPHOM JeJse», onybankoBanHas B 1928 r. dra kHura 6blia
OJIHOH M3 MepBHIX MOMBLITOK BOOPYKHUTb HHXKEHEPOB-MEXaHHKOB CHCTeMa-
TH3UPOBAHHOH Teopued KoJseGauuii. Knura cpasy xe 3aBoeBajia nomy-
JISPHOCTb CPeH TpenojaBaresefl # HHXKEHePOB-TPAKTHKOB.

3a 20 ner, npouleauIKe Mocjae BHIX0OJA TPEThero W3JaHHsi KHUTH, pas-
JIUYHBIE pa3fieibl TEOPHM MEXAHHYECKUX KOJeOGAHHH MOJYUYHJIH Cylie-
CTBEHHOE DAa3BHUTHE, MO3TOMY NOTPeOOBAJOCh MPHIOXKHUTD 3HAYHTEJbHbIE
YCHJIHS, 4TOObl NMPHBECTH COJEepPrKaHHE KHHTH B COOTBETCTBHE C COBpe-
MEHHBIM COCTOSIHHeM JaHHoil obsactH. C pa3BUTHEM BBIYHCIUTENbHOH
TEXHUKH NMOSIBHJIACH BO3MOXKHOCTb NMPOU3BECTH TaKHE CJOXKHbIE PacyeThl
KOJIEOJIIOLLHXCA CHCTeM, KOTOpble 3HAYMTEJbHO NPEB3OLLJIH BCE TO, YTO
MOTJIO OBITh cllenano npexje. McnoabsoBanne 9BM He usmensier pyHia-
MEHTANbHBIX NPHHIHIOB TEOPHH KoJMeGaHHH, HO OHO OKAasblBaeT 3HAUH-
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Tenbioe BAMsdANHe Ha BHIOOD METOMOB pacuera ¢ TOUKH 3PEHHS HX HAH-
GoJiblied npueMaeMocTH. B CBSI3H ¢ 3THM Leee006PasHO OGCYAHTL CH-
CTeMBI C JBYMSI W GOJIbLUIMM YHCJIOM cTeneHei CBOGOR B MATpPHYHOH
topme, Tak Kak NofoGHBIA MOAX0A HauboJiee y106eH NPH NPHMEHEHHH BbI-
YHCJIHTENbHOH TeXHHKH. TpeTHii coaBTop, CHENUANHCT MO0 MATPUUHBIM
MeToJaM M NPOrpaMMHPOBAHHIO, OB HpHIVIALEH C IEJbl0 NPHJAHHS
KHHTe (oJiee COBPEMEHHOI'O BHJA.

[Ipog. C. 1. Tumowenko ymep 29 maa 1972 r. B goMe cBoeil gouepu
B ®PT B Bo3pacre 93 net. OH He YBHAI nocJaefHee H3LAaHHE ITOH KHHIH,
NO3TOMY OCTaeTCsl HeH3BECTHBIM, YTO B Hell 6blio 6bl ofo6peno uMm. Co-
XPAHHUTb TPAJAHLHOHHO BBICOKOE KAueCTBO, HCKJIIOUHTELHYH) NPHTSAra-
TEJILHOCTD, 4 TAKXKe XapaKTepHble 0COGEHHOCTH, NPHCYLlHe MOHOTpadHIM
C. Il. TumoiieHKO, H B TO Ke BpeMsi He OTCTATb OT HOBbIX JOCTHXKEHHH
B laHHOH 06/1aCTH — BCe 3TO, pa3yMeeTcsl, Npe/iCTaBasieT co60H HeJerkyo
3aja4y Aas. coaBTopoB. OJHAKO XoueTcss HaJesiTbCsi, 4TO HACTOslllee,
yeTBepTOoe, H3AaHHe «Kosebanuii B HHXKEHEDHOM jese» OyleT HMeTb
TaKoOH Xe ycrnex, Kak U BCe MpejbLayliLHe.

Hanro-Aremo, wm. Kaarugoprusn H. X. Sur



IPEAUCJIOBUE K YETBEPTOMY HU3IAHHUIO

[aBHast mesab HACTOSALIETO H3JAHHA -— cleJaTh KHHUTY TaKoH, 4TOOkl
OHA JyYmuM 06pasoM YIOBJIETBOPAJA OCHOBHBIM TPeOOBAHHMAM cero-
HSIIHero JAHA B BONpPOCax HCCAefoBaHWiE KoseGanuil. YcrapeBLIHH
MartepHaJjl UCKJIOUEH, H BMECTe C TeM NOJUEPKHYTHl H pacliipeHsl Hanbo-
Jiee moJiesHble acneKTel Teopud. Mcnosib3oBaHa MaTpHuHas TeXHHKA H
BBEJEH METOJ HOpMaJbHBIX (popM KosebaHHH AJasl HCC/AeNOBAHMSA JAHHA-
MHKH. KpoMme Toro, npHBeAeHs! IPOrpaMMbl AJ15 BLIYHCIHTENbHBIX MaIUHH,
HeoOXOAUMblE TIPH YUCJHEHHHIX peuteHusiX. Llesp 3THX u3MEHeHHH che-
JaTb KHUTY GoJiee COBPEMEHHOH W B TO }Ke BpeMsl COXPaHHTh QyHAaMeH-
Ta/lbHbE NOJNOXKEHHS ¥ OCOOEHHOCTH NpeablAyINero M3JaHHs.

Kuura npejpHasHaueHa jAJs CTYAEHTOB CTaplIHX KYpCOB BTY30B H
acCrnUpaHTOB, KOTOPbIE JNOMKHBI XOPOIIO pa3bHpaThCs B MaTeMaTHUECKOM
aHanuse, BKJIouasi -AudpdepeHianbaple ypaBHeHHsi. Kpome Toro, uM
noTpeGyioTCsl 3HAHHS1 KYPCOB IO CTaTHKe, 3JEeMEHTapHOH JHHAMHKE H
MexaHHKe MaTepHanoB. UTo KacaeTcsi KypcoB CTPOHMTEIbHOH MEXaHHKH
H TEOPHH YNPYTOCTH, TO NpeABapUTENHLHOTO O3HAKOMJIEHHS C HHUMH JIO-
CTaTOYHO NpHU M3yYyeHHH TeopuH KoJieGanui. Ilpeanosaraercs, uto CTy-
IeHT o6nafaeT HEKOTOPHIMH 3HAHHSIMH MaTPHYHOH anre6pnl HJIM A0CTA-
TOYHO XOPOLIO MOATOTOBJEH JAJIsI TOTrO, YTOObl pasobparbcsi B HEOOXOIHU-
MBIX MATPHUHBIX ONEpauHAX IO XOAy YTEHHS 3TOH KHHTH.

[n. 1, B KoTOpo# paccMaTpHBaIOTCs JHHEHHbIE CHCTEMBI C OfHOM CTe-
neHbio cBOGObI, COAEPIKUT HOBBIH MaTepHal, OTHOCAILIHACSA K MOBEACHHIO
CHCTEMBI TNIPH JefiCTBHH NPOH3BOJIBHO pacnpeleNeHHoN Harpyskd B yCno-
BHSIX IepeMelleHHsi Onop, CHeKTPaJbHOH UYyBCTBUTEJNLHOCTH H YHCJEH-
HbIM peutenusiM. [lpefcraBasiiomue oOWUMH HHTEpec H TOJIE€3HBIE [JIs1
NPAKTHKH TEMbl pacuUIMpeHkl, TPH 3TOM HEKOTOopble naparpadel, Kacao-
lIHecsl BOTIPOCOB Y3KO CIELHAJLHOTO NPHJOKEHHs, HCKIIIOUEHBL.

OG6cy:kAeHHe HeMHHEeHHbIX CHCTeM B I. 2 Teneppb BKJOUYAeT ynpyro-
NJ1aCTHUECKHE U pa3NHUHbBe KYCOUHO-THHeHHbIe (GyHKIHH, ONUChIBAOLLHE
3aBHCHMOCTb HAT'PY3KH OT MepeMeleHHH, a Takke HeJHHeHHO ynpyrue
cucremsl. Kpowme Toro, 3xech cunpHee, 4eM npexje, akUeHTHPOBAHBI BO-
1IPOChl HEYCTAHOBHBUIMXCSl KOMEOAHHH H CNEKTPaJbHBIX XapaKTEPUCTHK.
Bonee TOro, sHAUHTENBHO paclIMpeH naparpad, NOCBALIEHHBIA YUHC/IEH-
HBIM pEIeHHsM, H Terepb OH CTaJ OCHOBHBIM B JJaHHOH InaBe.

B ra. 3 BBoauTcs MaTpHuHas (opma IpeicTaBeHHsl YpaBHEHHH
JBHXKEHHS KaK B YCHAHSAX (C y4yeToM KOI(pPHIHEHTOB KECTKOCTH), TakK
H B nepeMemeHHax (C y4eroM Kod(pHUHEHTOB BIHSIHUA TOAATIHBOCTH).
[TpuBoanMbIe 06CY KACHHSA CAYKAT KaK Ob MOCTOM /IS Iepexo/ia K CHCTe-
MaM CO MHOTHMH CTeNeHsIMH CBOGOJbI, pPacCMaTPHBaeMbIM B CJeNYIOIIeH
rnase. Kpome Toro, ucueprpiBaolie o6CyKAeH BONPOC B3aHMOAEHCTBHSA
MHEPIIHOHHBIX CHJI M CHJI TSIXKECTH C YUeTOM YNPYTHX CHJ ¥ BJIHAHHS BA3-
Koro JAemndHpoBaHHSA.

MaTpuyHele ypaBHEHHS ABHXKeHHsl, ofGolLlaioliHe cjydyall CHCTEMBI
C IBYMS CTeneHsMH CBOGOJB! HAa CHCTEMEHI C 71 CTeNeHsAMH CBOOOMbI, pac-
CMOTPEHBI B I'1. 4, B KOTOPOil ONHCAHO HCNOJb30BAHHE MeToJa HOPMaJb-
HBIX OpM KoJleGaHHH K HCCIeAOBAHHIO JHHAMHUYECKHX 3a/1a4, 4 TAKXKe T0-
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Ka2aHo IPHMeHeHHe eTo K PAa3JIHUHBIM 3aJjauaM. ABTOPHI HOJIHOCTBIO OTKa-
3aJIUCh OT NpeKHero BapHaHTa IJ. 4, 3aMeHHB €ro COBEPILIEHHO HOBLIM
martepuasoM. PaccMoTpeHa peaKuust 10 HOpMaJbHBIM popMaM KoJeGaHH U
Ha 3ajlaHHble HayaJbHble YCJOBHSA, BHEIIHHE BO3JEHCTBHUSI H NepeMelle-
HHS ONOP, BKJIOUAA JBHIKEHHE KaK ab6COJIIOTHO XKECTKOTO TeJa H KoJeba-
Hus. [locaegoBaTesbHO paccCMOTPeH HTEPALHOHHBIA. METOJ, I ompeje-
JeHHsl yactoT H ¢opM KoJsebaHHH, oOpalleHO BHMMaHHE HA ycedyeHHe
¢dopM KosebaHuil. O6CYKAEHB! PA3JHYHBIE TOAXOABI AJsl yyera aeMmndu-
pOBaHHUSI B CHCTEMAaX CO MHOTHMH CTeleHsIMH CBOGOABI, Tje AeMnpHpo-
BaHHe no ¢opMaM KoJNeOaHHuH SIBJSETCS CaMbIM MPOCTHIM ciaydaeMm. B 3a-
KJIOYHTeJIbHOM TNaparpacde ONHCAHBI YHCJEHHBIE DelleHHs LIS YCTaHO-
BHBLIETOCSl MOBeJeHHsl CHCcTeM C OOJBIIHM UHCJIOM CTemneHell CBOGOIBI
NpH HaJIH4YUH JeMNpHPOBAaHHA, MOABEPIHYTHIM CHJIOBBIM BO3JEeHCTBHAM
B BHIe KYCOYHO-TIOCTOSIHHBIX HJIH KyCOYHO-JTHHEHHBIX (PYHKIHUH,

[a. b, roe paccmaTpHBalTcsa KoJeGaHHST YIPYTHX TeJ, B CHJIYy KJac-
CHYECKOTO XapakKrepa MarepHaJsa TpeboBasa caMbiX HeGOJBIINX Iepeje-
oK. Tem He MeHee, Gosiee TpeTH ee maparpacdoB MOJHOCTHIO NEPEKOMIIO-
HOBaHLI H A06aB/eHbl HOBbie, YTOOBl BKJIIOYUHTb H3JI0XKEHHe MEeTOoAa HOp-
MaJnbHbIX (hopM KoJeOaHHH.

B npuoXEHHH COUEPKHTCA PAL NPOrpamMM s BbIYHCIHTEbHBIX
MallliH, OTHOCAWHUNACA K IV, 1, 2 ¥ 4, B KOTOPBLIX HCNOJIB30BaJUCh YHC-
JieHHble W MaTpPHUHble MEeTOAbl. 3TH IPOTPaMMBI COCTaBJIEHBI TPETbHM
COABTOpPOM BO BpeMsl paboTHl HaJ NepeH3faHueM 3TOH KHHTH H HCIOJb30-
BaHbl NPH pelieHHH MHOTHX NPUMEPOB M 3ajad. [lo 3Tol mpHUYHHE OHH
COCTABJISJIUCh B COOTBETCTBHH C HHTEPECAMH CTYAEHTOB U MOTYT OLITb HC-
NOJIb30BaHbl Kak BCIIOMOTaTeNbHBIE MaTepHaJbl IPH NPOrpaMMHPOBaHHH.

Xora 6sarofapHocTb TeM, KTO NepernedyaTbiBaeT PYKONHCb, OGBIYHO
3aHHMaeT IIOCJHefHee MeCTo TocJe NPounx OJsarojapHocTel, uMs
M. 3. Jlennept 6y1eT Ha3BAHO 3/leCh NEPBLIM 32 ee NPeJAHHYIO H MOJHYIO
ONTHMH3Ma ToMolllb B pabote. Boanao takxke momxkuoe 1. M. T'epe, Ko-
TOPHIA TNpoYes OTAENbHbIE YACTH HACTOSAIlell KHUIH M CHeJaJ MHOTO Io-
Je3Hp!X 3ameyaHui. BoJblias momoulb U BO3MOXKHOCTB I0Jb30BaThCH
BBIYHCJHTEJbHBIMH MalIHHAMH 06ecneYHBaJHCh HHXKEHEPHO-CTPOUTENb-
HBIM (paky/JAbTeTOM H TeXHHuYecKoH WIKoJoH CrTeH(OPACKOrO yHHBEpPCH-
tera. Y, HaKoHen, cBolo J1060Bb H 6J1aTOJAAPHOCTD 51 aApecyio DUNPHIY
H Anuce 32 TO, YTO OHHM MNPEJOCTABUJH CBOEMY OTLY OTHOCHTEJIbHYIO
cBOOOAY Aasl paboThl Haj PYKOIHCBHIO 5TOH KHHTH.

Canma-Kpyc, wm. Kaaupoprus Y. Yusep



NPEAUCIIOBUE K NEPBOMY HU3JAHHIO

C yBenuueHHeM pa3MepoB M CKOpocTeH COBDeMEeHHBIX MauldH CTaHo-
BHTCs1 Bce 6oJiee BaXKHBIM NPH NPOEKTHPOBAHHH HHXEHEPHBIX KOHCTPYK-
UM TMPOBOAMTH HCCJENOBaHHA KoJieGaHHH, BO3HHKAOU¥X B HHX. XO-
POIIO H3BECTHO, YTO pPelIHTh HMelollHe 6oJIbUIoe NpaKTHYECKOe 3HaYeHHe
npo6yeMbl GaNaHCHPOBKH MAlllWH, KPYTH/bHBIX KoJie6aHH# B Bamax H
3y6uarbiX mepejauax, koneGaHui TYpOHHHBIX JIONATOK H AHMCKOB, BHOOpa
ONTHMANBHON YacTOTHl BpallleHHs BajoB, KoJeGaHHH »KeJle3HOLOPOX-
HBIX MOJIOTEH H MOCTOB, BHOpauuH (yHIAMEHTOB H T. II. MOXHO C IIO-
MOIIlbI0O TeOPHH KoJjeGauHii. TonbKO HCHNOJNB3Ys 3Ty TEOPHIO, MOKHO
onpejeauTh Haubosee OJArONPHATHbE pa3Meppl KOHCTPYKIUHMH, KOTAa
pa6ouHe pexXUMBI MAIIHHBI OTJAJIEHBI, HACKOJIbKO 3TO BO3MOKHO, OT KPH-
THYECKHX PEKHUMOB, TIPH KOTOPBIX MOTYT NOSIBUTLCA ONACHbIE KOJIEOAHHUS.

B naHHOH KHHre H3/102KEHBl OCHOBBI TEOPHH KoJieOaHHH H HA MHOrO-
YHCJIEHHBIX MpPUMepax NOKAa3aHO ee NPHJOKEHHE K DELIEHHIO TeXHHYe-
CKHX 3afiay, B3fiITHIX 3a4acTYiO H3 JAEHCTBHTEJbHBIX CJY4YaeB NOSBJEHHS
Kosie0aHHH B MallHHAX U KOHCTPYKuHAX. [IpH ee HanHcaHHH aBTOp cJe-
JoBaJ Kypey JeKIHi 1o KoJe6aHHAM, NPOYHTAHHBIX HM HHXKEeHepaMm-
MeXaHHKaM KOMMaHHH N0 TIPOH3BOACTBY 3JEKTPHYECKHX MallHH «BecTHH-
rays» B 1925 r., a TakKe HEKOTOPHIM IJ1aBaM OnyG/JHKOBAHHOH HM paHee
KHHTH 10 TEOPHH YNPYToCTH *.

Kparkoe cosiepkanue KHHTH TakoBo. [/, | nocssilnena o6ey XAEHHIO
rapMOHHYECKHX KoJleOaHHH CHCTeM ¢ OJHOH cTemeHblo cBOGOAb. Pac-
cMoTpeHa o6liasi TeOpHsl CBOGOAHBIX H BbIHYXKIEHHBIX KoJeOaHHi, Mo-
Ka3aHo TIpHMeHeHHe 3TOH TeOpHH K 3ajaye 6a/laHCHPOBKH MAaulHH H KOH-
CTPYMPOBAHHIO annaparypbl AJs  PerHcTpaiuHu KoseGaHui. Pasobpau
Takxe npHOIHXKeHHblH MeTol Pesiest 1/ HccaeoBanua Konebanuit 6oaee
CTIOXKHBIX CHCTEM, a TaKXe JaHO ero NMpHJOXKeHHe K pacyeTy KpHTHYe-
CKHX 4acTOT BPAIAIONHXCs BaJOB MepeMEeHHOTo MNOIepeyHOro CEUeHHS .

Tn. 2 cofiepXHUT TEOPUIO HErapMOHUYECKHX KoJie6aHHH cHCTeM C OA-
HOl creneHblo cBOGOAB. OO6CYXAeHbi NMPHOJHMKEHHbIE METOJbl HCCJelo-
BaHHA CBOOGOJHBIX M BHIHYKJIEHHBIX Kose6aHHH. [Togpo6Ho pasobpaH yacr-
HHIH cayuail, Korga ruOKoCTb CHCTEM H3MeHseTCsl BO BPEMEeHH, H IOJY -

* Tumowenko C. Tl. Kypc teopuu ynpyroctu. Y. 1 (aekuunu, npouuranusie B Kues-
CKOM nosinTexHukyme B 1908—1909 yue6uom roay). Kues: tunosut. «IIporpecc», 1909.
238 c.; u. I. CIT6: tan. A. 3. Koaaunca, 1914, 239 c.; u. Il. CrepXKuu K NJaCTHHKH,
1916, 416 c.; 2-e u3a. Kues: HaykoBa aymka, 1972. 507 c.
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YeHHbIE NIPH 3TOM pe3yJbTaThl MPHMEHEHBLI K HCCJEA0BaHHIO Kone6amm
B JIOKOMOTHBAX C KPHBOIIHIHO-UIATYHHLIM NPHBOJAOM.

B ri. 3 paccMOTpeHB! CHCTEMEl ¢ HECKOJBKHMH CTENeHsIMH CBOGOJMI .
Hsnoxenbl obuias TeopHs KosneGaHHH TaKHX CHCTEM H €€ NPHMEHEHHE
K DELIeHHIO CJHefyIOIHX 3afau: KoJeGaHus aBTOMOGHJEH, KPYTHJbHEIE
KosneGaHHsl BaJOB, ONpejieleHHe KPHTHUECKHX YacTOT BPAIIEHHS BaJoOB,
HMelomux 6osblle ABYX ONOp, H KoJeGaHHS CHCTEM C aMOPTH3aTOpaMH.

B ra. 4 npuBegena Teopus KoneGaHHil yIpyrux Tea. PaccMOTpeHbl
CHelYIoliHe 3afiayH: NpOJOJbHbEIE, KPYTHJIbHBEIE H MONepeuHbie KoJseGa-
HHSI cTepXHeH H 6anok, KosneGaHHsS cTepxkHel rnepeMeHHOro Tomneped-
HOTO CeYeHHs, KOJeGaHHS MOCTOB, TYPOUHHBIX JIOMATOK H KOPMNYCOB
CYJIOB, a Takxke o6CYyXKJeHa TeopUs KoJeGaHHH Tesnl Kpyrosol ¢opMel —
KoJiel, MeM6paH, MJAaCTHH H TYPOMHHBEIX JHCKOB.

B npuioxeHHH KpaTKO omHCaHbl HaHGoJee BaXKHbIE BHGPOpPErHCT-
pHpYIOLHE NPUOOPHI, KOTOPhI€ HCIOJb3YIOTCH NPH SKCIEPUMEHTANbHBIX
HCCNeIOBAaHUAX KoJaebaHui.

Aprop Bblpaxkaer 6JIarOJapHOCTb MPAaBJEHHIO KOMNAaHUH «BecTHH-
rays» 3a npeJoCTaBJe€HHe eMy BO3MOXHOCTH YJAeNSiTb MHOIO BpEMeHH
NOATOTOBKE DYKONMHUCH KHHTH, @ TaKXkKe HCNOJb30BaTh B KauecTBe NpUMe-
pOB pasyHYHBIE peasibHble CJAy4aH BO3HUKHOBEHHS KOJe6aHUH B Ma-
IIHHAX, KOTOPHIe HCC/MeJ0BAJUCh HHXKEHepaMH 3ToH ¢upmbl. OH Takxke
noJib3yercsl 6JarONPHATHEIM CJaydYaeM, 4ToGbl NO6/MAarolapuTh MHOTOYHC-
JIEHHBIX JIpy3ei, IOMOTaBIIHX eMy NPH NOJTOTOBKE PYKOMHCH, OCOGEHHO .
J. M. Jleccennca, 1. Opmongpoitna u . P. Ien-Taprora, kotopuie
NPOYHTAJIH PYKONHCh H CJieJlaJli MHOTO LIEHHHIX 3aMeyYaHHIl.

ABrop o6a3an @. K. YunxapMmy 3a H3roToB/I€eHHE PHCYHKOB, a TaK¥Ke
H3JaTeJbCKOH KOMNaHHH «Bau HOCTPSH}I» 3a BHHMaHHe, C KOTODBIM To-
TOBUJIaCh MNYOJHKAUHSA KHHUTH.

Ann-Apbop, wm. Muuuean
22 man 1928 .. C. II. Tumowenko



I'naBa 1
CUCTEMBI C OJHOH CTENEHbBIO CBOBO/1bl

1.1. CBOBOAHbIE T'APMOHUYECKHE KOJIEBAHHUS

Ecnd cTaTHYecKH HATPYKEHHYI0 YOPYTYIO CHUCTeMy THNA GajJKH HJIH
Bajla BO3JYUIHOIO BHHTA BHIBECTH KaKHM-JHO0 CIIOCOGOM H3 COCTOSIHHS
paBHOBECHSI, TO BHYTPEHHHE CHJIBI H M3THOAIOLHE MOMEHTHI B JedopMu-
POBaHHOM COCTOSIHUH y:Ke He 6yayT 0ojee HaxXOAUTbCA B PaBHOBECHH
C BHEIIHMMH HarpyskamH, H BO3HHKHYT KoJeOaHHs. B ofwem ciayuyae
ymnpyrast CHCTEMa MOXeT COBepIIaThb KoJe6aHHsl MO pasauYHbIM Gopmam
uad Mogam. Hanpumep, pacTsnyTas npoBOJIOKAa MOXKET KoJebaTbCs MO
pasnuYHBIM (OpMaM B 3aBHCHMOCTH OT YHCJIA Y3JI0B, YKJaJbIBAKOUHXCS
Ha ee AJuHe. B mpocreiimem ciydyae KOH(HIypaumuio KoJeGJroleHcs
CHCTEMBl MOKHO 3a]aTh C TOMOILBIO OJHOH KOODAUHATH; TaKHe CJydau
Ha3LIBAIOT cuUcmemamu ¢ 00HOU cmenensro c80600bL.

PacemoTpum cayuaii (puc. 1.1, a), korja rpys Becom W (Tounee Mac-
coil W/g) coenyiHeH ¢ onopo# yepes JIHHEHHYIO YNIPYTYIO BUHTOBYIO NpPY-
XKHHY. ECJIM cuuTaTh, YTO BO3MOXKHO TOJBKO BEPTHKAJNBHOE NepeMenieHUe
rpysa W, a macca Npy:KHHH Majla MO CPaBHEHHIO C MacCoil rpysa, To
CHCTEMY MOXKHO PaccMaTpuUBaTh KaK HMEOILYI0 OJHY CTeleHb CBOGOMHI.
Kou¢gurypanusi cucreMbl GyJAeT NOJHOCTbIO ONPEAENATHCS CMElEHHEM
X Ipy3a OT PaBHOBECHOTI'O COCTOSIHHS.

Kak ToJbKO Ipy3 NpHKpelJIeH K NpYy:KUHe, OH NMpHOOpeTaeT CTaTu-
YyecKoe IepeMelieHue

Sor = Wk, (a)

rae k — cHsa, Bbi3bIBaloWasi YAJTMHEHHE IPYXKHHBI, PaBHOE €IHHHILE;
OHa HA3bIBAETCS JHEeCMKOCMbio npysxcunst. ECIH BeC H3MePeH B HbIOTOHAX
(H), a yaauHeHHe B MeTpax (M), TO XKECTKOCTb NPy KHHbI OyAeT BbIpa-
xeHa B H/M. Jlaa eunmosoil yuaundpuueckold npyxcurer C IJAOTHO Ha-
MOTAHHBIMH A BHTKAMH, MMEIOIMMH CpeiHHil auameTp BUTKa D u Aua-
MeTP NPOBOJOKH d, MKECTKOCTb NPYXKHHBl MOXHO ONpPENeNHTh IO (op-

MyJge *
k = G d¥/(8nD?3), (6)

rae G — MOAYJb YIPYTroCTH IPH CABHI€ MaTepHaJa IIPOBOJIOKH.
[lycTh Tenepb rpy3 BhIBEJEH H3 MOJIOXKEHHs DaBHOBECHS M 3aTe€M OT-
nyuieH, B pe3yJbpTare 4ero BO3HHKAIOT KoJeGaHMs. Takue KosebaHus,

* Timoshenko S., Young D. H. Elements of strength of materials. 5 th ed.
Princeton, N. J.: Van Nostrand, 1968, p. 80
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KOTOPLIE TNOJANEPIKUBAIOTCA TOJBKO ymnpy- — ——
TMMH CHJIAMH TIPYXKHHBI, Ha3bIBAlOTCS
€606001bLMUL, HIN coOcmeeHHbimi. Ecin 3a
HOJIOXKHTENbHOE IPUHATD llepeMelienne x, ¥ ____

HANPAB/JEHHOE BHH3, TO CHJA, BO3HHKA-
Iollasi IPU 3TOM B NpPYXKHHE, AJAsS HPOH3-
BOJILHOTO II0JIOXKEHHUs Tpysa 6yJIeT paBHA 3—

W + kx (puc. 1.1, 6). 3Has, 4To Macca

rpysa paBua W/g, u o6Go3Hauyasl yCKo-

penune d?x/df? uepes X, MOXKHO B COOT- w

BETCTBHH CO 8mopoim 3aKonom Hoepmona =

NOJMYUUTD YpasHeHUe OBUNCEHUS 11
L

(Wig) = W — (W + kx). (8) | W wﬂqﬂ

~ HeficrBylouie Ha rpy3 HeypaBHOBELIEH- Wekx §
Hble CHJIBI TNOKasaHel Ha pHc. 1.1, 6. a)
CuaraemMple B NpaBoH 4YacTH ypaBHEHHsS :
(), obosHauarouye Bec W, cokpaamrcs, LI
3TO O3HA4aeTr, uTo JAH(epeHuHaNsbHoe 8)
ypaBHeHHEe [BHXKEHHS [IJ5 CBOGOILHBIX Puc. 1.1
KoJsieOaHUH CUCTEMBI He 3aBHCHT OT I'paBH- Y
TauMoHHoro moJad. Jlas  IPHBOAUMBIX
HUXKEe PAacCy:KIEHHH BaXKHO NOMHHTb, YTO IepeMEIleHHe X H3MEPSETCs
OT MOJIOKEHHUST CTATHUECKOT'0 PABHOBECHSI H UTO OHO CYHTAETCS MOJIOXKH-
TeJIbHBIM, KOTJla HanpaBJieHO BHHU3.
BBoass oGosHaueHue

p® = kglW = g/, (r)
ypaBHeHHe (B) MOKHO IPEICTAaBHTh B BHJE
4+ px=0. (1.1

OTOMY ypaBHEHHIO MOTYT YIOBJETBOPATH pelleHHs B Bule x = C, cos pt
unu x = C, sin pt, rae C; u C, — NPOU3BOJIbHBIE NOCTOSHHbIE. CyMMH-
pys 3TH uacTHBIE peuleHHs, NoJyyuM ofllee penieHHe ypasHeHHs (1.1):

x = Cy cos pt + C, sin pt. (1.2)
Bujno, uTo BepTHKAJbHOE JaBjeHue rpysa W umeer KoJebaTeJbHLIHA xa-
pakrep, MOCKOJbKY (DYHKIIHH cOs pt U sifl pt ABAAIOTCA HEPHOAHUECKHMH,

IIPUHHMAIOUIMMH OJHH U Te K€ 3HAUeHHsl yepe3 HHTepBaJ BPEMEHH T,
OTKYJa cJjeayer

p (vt + t) — pt = 2m. (m)

DTOT HHTEPBAJ BpPEMEHHU HashIBaeTcs IepuoioM KoJjeGaHuifi. Ero Beju-
YypHA onpejessieTcsi U3 ypaBHEHHA ([):

T = 2a/p. (e)
C yuerom oGosHaueHH# (I) nosyuaeM cjeyomyo GopmyJay:

T:Qn]/k—vg:%]/%z. (1.3)



MoXH0 BHJETH, YTO NMEPHOL KoJieGaHHH 3aBHCHT OT Beca W H 3KeCTKOCTH
NPYXHHBl £ H HE 3aBHCHT OT BEJHYHHH NepeMelleHHs. MOXHO Takke
OTMETHTB, YTO NMEPHOA KoJieGaHUH MOABEelIEHHOro rpysa secoMm W cos-
najaer ¢ nepuoaoM KoJeGaHui npocTelero MasTHHKA, JJIHHA KOTOPOTO
paBHa cTaTHyecKoMy NepemelleHHio O¢r. Ecin 310 nepememente MoXHO
OTIPENEeNHTb TEOPETHYECKH HJIH 3KCNIEPHMEHTANbHO, TO NepHoJ KoJieGaHH i
T onpepensior no opmyae (1.3).

Yucao BO3BPATHO-MOCTYNATENbHBIX JBHXKEHHH B €IHHHIYy BpEMEHH
(T. e. 4HCJO WMKJOB B CeKYHAy) HaswlBaeTcs wacmomol Koaebanuii.
O6o3nauasi yactory KoJaebanui Llepe:-a f, mosyuum

f=+= on T 2n ng 2%]/% (1.4)

Kose6arespHoe ABHKeHHE, ONMHCbIBaeMoe BbipaxkeHueM (l.2), Haswl-
BaeTCA NPOCMbIM 2ApMORUYECKUM O8udcertienm. [las onpeaeseHus NOCTOSH-
HbIX HHTerpUpoBaHuda C; H C, clellyeT pacCMOTpPeTh HauajbHble YCJIOBHS.
[Ipeanosioxkum, YTO B HaYaJbHEIH MOMEHT BpeMeHH (¢! = 0) rpy3W umeer
nepeMelleHHe X, OT IMOJIOXKEHUsI PAaBHOBECHs, a HayaJbHasd CKOPOCTb
paBHa %,. [loncraBasis ¢ = O B Belpaxenue (1.2), noxyuum

Ci = x,. (%)

Haiiaa npoussoauyio BeipaxeHnus (1.2) no Bpemens u nojcrasasd ¢ = 0,
NOJIYUHM
C2 == xo/p (3)

BripaxkeHue, onucbiBawpllee KoJiebaTesbHoe ABHXKeHHEe rpysa W, moay-
yaeM MOACTaHOBKOi B BbipaxeHue (1.2) 3Hauenuii nmoctosaHHbX C; u C,,
4yTO jaeT

X = Xo cos pt + (%¢/p) sin pt. (1.5)

MoXXHO BHJETb, YTO B 3TOM cJy4yae KoJseGaHHe COCTOMT M3 ABYX YacTeH:
nepBasi NpONOPIHOHAAbHA COS pf H 3aBHCHT OT HayaJbHOTO Mepemelle-
HHSA X;, @ BTOpas NPONOPIHOHAMNBHA SiN pf H 3aBHCHT OT HayaJbHOH CKO-
poctn %,. Kaxkayio u3 3THX dacTell MOXKHO NpPeICTaBHTb rpadHyecKH,
KaK NoKas3aHo Ha puc. 1.2, a 4 6, B BHJe 3aBUCHMOCTEH NepeMeleHHs OT
Bpemenu. [losHoe mepeMemieHde x rpysa W npu KosebGaHHsIX B NpPOHU3-
BOJIbHBIH MOMEHT BpeMeHU [ MnoJyuaeM CYMMHDOBAHHEM OpAMHAT JBYX
KPHBBIX B 3TOT MOMEHT BpeMeHM, 4YTO JAaeT KPUBYIO, NMOKA3aHHYIO Ha
puc. 1.2, s.

Jpyroit mMeroj npejcrasJeHHs KoseGaHHil OCHOBAH Ha HCM 0Jb30-
BaHUH spawjaroujuxcs eexmopos. BosbMeM Bektop OP (puc. 1.3) nnunHo#
X, BpAILAIOIUACA ¢ TMOCTOSHHOH YTJIOBOH CKOPOCTBIO p BOKPYT HENO-
JBHXKHOH ToukKH (. Drta CKOPOCTb HA3BIBAETCH Y2080, WM KpYyeosol
yacmomot KoJjeGaHuii. B HauanbHbfi MomeHT BpeMenHu (f = 0) BekTOp
OP coBnagaer ¢ ocbio X; yroJ, KOTOPHI{l COCTABJSET 3TOT BEKTOP C OChIO
X B MOMEHT BpeMeHH f, paBeH pf. Ilpoeknusa BeKTopa Ha OCb X paBHa
X, COs pl H TpeicTasjser coboil mepsoe cnaraemoe Bblpamenus (1. 5)
Bass apyro# Bektop OQ AHHOM Xo/p, NepHeHAHKYIAPHbIA BEKTOPY oP,
BUJIUM, YTO €TO IIPOEKI(HS HA OChb X COQTBETCTBYET BTOPOMY CJlaraeMoMmy
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Bolpaxenus (1.5). [Toanoe NepemerlieHne x Ipy3a npif Koiebanusx nojy-
YaeM CyMMHDOBAHHeM NPOEKLHil HA OCb X IBYX B3aUMHO MepNeHAUKY/Isp-

HbIX BEKTOPOB OC u 0Q, Bpamamoiuxcs ¢ yIJIOBOH CKOPOCTBIO p.
K TakoMmy e peayJbTaTy MOXKHO NPHHTH, €cJH BMECTO BeKkTopoB OP

u OQ paccmorperb BekTop OR, NpeACTaBASIOMUI CYMMY 3THX BEKTOPOB,

H B35Th NPOEKLHIO Pe3yJbTHPYIOMErO BeKTopa Ha ocb x. JLJAMHA 3TOro
BEKTOpa, KaK BHJHO H3 pHC. 1.3,

A= ]/xo (—’-‘—‘?->2, (n)

a YyroJ MexKiy BEKTOPOM M OCblo paBeH pf — a, rje

oL =

(x)

B cooTBercTBHH C BBHILIECKA3aHHBIM BhipaxkeHue (1.5), oueBuaHO, MOXKeT
ObITb NPEACTABJIEHO B 3KBHBAJNEHTHOH ¢opMe

= A cos (pt — a), - (1.6)
rae A u @, onpejesnseMble U3 BbIpaxKeHHH (M) U (K), SIBJSIOTCS HOBBIMH
NOCTOSIHHBIMHU, 3aBHCSILLMMH OT HAYaJbHBIX YCJAOBUH ABHXKeHHs. BuiHo,
YTO CyMMa JBYX MPOCTBIX I'APMOHHYECKHX ABHXKEHHH, OJHO H3 KOTOPBIX
NpONOPIHOHANbHO COS pf, a APyroe sin pf, TakxKe IBAAETCS NPOCTHIM rap-
MOHHUYECKHM  JBH)KEHHEM, MPONOPIHOHAJBHBIM cos (pf — @) (cM.

puc. 1.2, ). MakcumasnbHoe 3Haue-
~ HHe A opaMHAaTH 3Toil KpHBOH, paB-
= Ko 005 Pt Hoe AauHe Bextopa OR (cM. puc. 1.3),
: npejcraByasieT co00f MakCHMajbHOe
0 I z Jz T t  cMelleHHe Tesa NpH KoJebaHHAX OT
4 Z 4 NOJIOXKEHHST PaBHOBECHS H OKaswl-
BaeTcs AaMIIUTYROH KosebGaHHUH.
0) Baaropaps yray o Mexny ABYMs
O Bpauawuumucs  Bekropamu  OP
e %’?sinpt X
R
T T I T t AN S
T I N> S ANE] S
[ T &
/- «
// A \| &8
?\ (%3
6) P NS
P N
N
JENeren | AT NG |« s
It~ Eal .
N\ / I BPZEAN
o = T ot Tt 'R
4 2 4 p . \|
\/ a A
8) p
Puc. 1.2 Puc. 1.3
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u OR MaxkcumanbHas opJAHHATA KPHBOH Ha puc. 1.2, 8 cMelieHa OTHOCH -
TeJIbHO MaKCHMAJbHOW opJAHHATBl KDHBOH, NoKa3aHHON Ha pHc. 1.2, a,
Ha BeJIMUHHY &/p.B 3TOM caydyae MOKHO CKasaTb, YTO Pe3yJbTHPYlOLLlEe
KoseGanue, npeacTaBsgeMoe KPUBO# Ha puc. 1.2, g, oTCTaeT OT nepemerie-
HHs, npEeJCTaBasieMOro KPHBO# Ha pHc. 1.2, a; yroJl o HasbiBaeTcst pas-

w

HOcmbio a3, WIH (Pa306bim Yyeaom

: 3THX ABYX KoseGanuii. Koopaunare x
HEE A u X/p (cm. puc. 1.3) ompegensior,
ASSo_____|__ [ ——7@, XaK rosopsr, ¢$a20By10 MJIOCKOCTD,
S— ~1.—— 777 B KOTOPOH [BHKCHHE OIHCBLIBAETCS
. - L C TIOMOIIbIO BpAallalOUIHXCA BeEK-

! 7 7 TOPOB.
Puc. 1.4 Ipumep 1. Ha cBoGoano omeptyio

6anky aiMHOH 3,05 M M ¢ H3rHOHOH »KeCT-
KocTbio 5,86-10% H-M2 ycranoBJeH Ha BH-

cote h = 0,013 M B cpesreM ceyeHuu poJsera Ganku rpy3 secom W = 910 H (puc. 1.4).

Ilpene6peras pacnpeleseHHOR Maccod Ganku M cuMTas,

NepBOro CONPHKOCHOBEHHUSA HE OTAECASAIOTCH

uTO Tpy3 M OGanka Iocie
JIPYT OT Zipyra NpH Koje6aHHAX, BLIYHCIHTD

4acTOTy M aMIVIHTYAY Pe3yJbTHPYIOWHX CBOGOJAHEIX KoJeGaHuH.
Pewenue. Ilpn peficTBun Harpysku W, mpuioxeHHOH B cepefiuHe mposera Galkw,

CTaTHYEeCKHH IPOrH6

Wis

910-3,053

‘SCT ==

48E1

48.5,86-104

=9,2-1073 M.

Orciona, no dopmyne (1.4) onpenensieM yacTOTy CBOGOAHLIX KoseGanwuii

f__P____l_‘l/L__l_'
T 2n T 2nm Ocr  2m

9,81 3,13 o
VWW 519 ¢

Ipu onpeaeneHHH aMIVIKTYAB YdTeM, YTO B HayaibHbili MOMeHT Bpemenn (I = 0), Koraa
najaolui rpys yaapser no 6ajke, HayajbHOE NEpeMelieHHe X = —O8¢p, a HayalbHas

cKopocTh %o = J/ 2gh.
ITo dopMysne (M) HAXOLHM aMILIHTYALY

A= V(— (Scﬁ‘)2 + Qh‘SCT ==

= V/'84,64-10°° 1 939-10 6 == 18-107 m.

ITockonbKy aMIUIHTY/la U3MepSIeTCsT OT MOJIOMKEHHS CTaTHYE-
CKOTO DaBHOBECHS, TO CJefyeT OTMETHTb, YTO IOJHBIA OpO-
rHG, oGycsoBJeHHBIH nanenueM rpysa, A 4+ Oqp = 2,72 X
X 1072 M.

Npumep 2. Ha puc. 1.5, a rpy3 Becom W nozaselueH Ha
JIBYX MPYXHHAX C KECTKOCTSIMH k; H ky, COElHHEHHBIX IO~
caepoBatenbHo, Ha puc. 1.5, 6 TOT e rpy3 3akpemsieH Ha
JBYX TNpPYXKHHAX C XKECTKOCTSMH k; M ky, COEJIUHEHHBIX na-
parsersHo. JJsi KaxAoro caydasi HaHTH IKGUBAACHMHYI0
2Hcecmrocms k CHCTEMBI.

Pewenue. as cayuasi, npeicTaBJeHHOro Ha puc. 1.5, a,
KaXJasi NpyXHHAa HarpyKeHa ONHHM H TeM Xe Becom W
¥ YIJIHHEHHE KaXJOH B OTA€JbHOCTH paBHO O; = W/k, n

~
Ky

El':|
Ky

Ky
ua
éz
d)
Puc. 1.5

8, = W/ky. Torna mosHoe cTaTHUECKOE MEpEMeIIeBHe Tpy3a COCTABHT O¢q = O -1 8, =

= W/ky - Wik,.

B coOTBeTCTBHH C BbIpaxceHHeM () XKECTKOCTb TPYKHHbI JJIsi 3KBHBAJEHTHOH CH-

ctembl 6yaer k= W/8.y, uan
E= bykyl(ky - ko).
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J5,05m

h=

Puc. 1.6

INoxcrasass HaiiflenHoe 3HaueHue k£ B dopmyay (1.3), MOXKHO BBIYHCIHTL EPHOJ CBOGOJ-
HBIX KOJeGaHMH.

Ilycts B cayuae, n3obpaxkenHoM Ha puc. 1.5, 6, BeqnuyuHa S; — pacTAruBaomas
CHJIa, TNPHJOXKEHHass K BepXHeil NpyxuHe, S, — CXKuUMawomas Cula, IPHJIOXKEHHAS
K HHXHeH npyxusHe. O6e 3TH cuJIbl 06ycJOBJeHb! J1eldcTBHEM rpysa Becom W. M3 ycuo-
BHSL TOI'O, 4TO KaXJas NpPYXHHA JONKHA H3MEHSATb CBOW JJIHHY Ha OJHHAKOBYIO BeJH-
YHHY, HMeeM

Sor = Sylky = Sylky = W/k. (M)
IIaJIee, CIHHHUYHOE nepememeﬂue rpysa BbI3bIBAET BOCCTaHaBJIHBalOIILy}O CHJ]y
k= ky 4 ky, (1)

KOTOpasi paBHA SKBHBAJEHTHON XKECTKOCTH NpPYXKHHBI CHCTeMB. TakHM 06pasoM, AJs
TOrO 4TOOLI TOJIYUHTh IKGUBAACHMHYIO HLECKOCTb NPYXCUHbL TIPH NAPAAACALHOM COeOU-
Henuu npyocur, TpeGyercst TOMbKO CHOKHTb JKECTKOCTH KaxIOH NMpyXKMHbl, Cuibl, feif-
CTBYIOUIHE Ha KaXJAYI0 NDPYXKHHY, MOXKHO MOJYUHTb H3 BBIpaxeHHH (M) H (H):

YUk ke ky + ko

Tpumep 3. depMeHnass KOHCTPYKUHS COCTOMT M3 Duatdopmbl BecoM W = 1,75 X
X 10% H, oneproil Ha ueThipe aGCOMTIOTHO KECTKHE BePTHKaJbHbie CTOHKH M NOAKperJIeH-
HOH 1O KaXJOH CTOPOHE JABYMS JAHArOHaJNbHBIMH IIpeIBapHTEIbHO HAIPSIXKEHHBIMH CTalb-
HbiMd TpocaMH (pHc. 1.6, a). CTOHKH IapHHPHO 3aKpemJieHbl IO KOHLAM; KaXKbii
JHATOHAJBHBIH TPOC HMEeT IJIOLIaJp IIONEPEYHOr0 CeYeHHsI, PaBHYIO (I/I/Q) X 6,45 X
X 107% M2, W npexBapHTeJbHO HanpskeH GoJbluHM ycuaueM. [lpeneGperas maccamu
BCeX 3JIEMEHTOB KOHCTPYKUMH, 32 HCKJIOYEHHEM Macchl IJ1aTdOpMbI, HaliTH NEPHOL T
CcBOGOJHBIX GOKOBBIX KOJEGAHHH KOHCTPYKLHH.

Pewenue. TIpuaoXuM K NEHTPY TSAKECTH NNATHOPMEI B HANPABJEHHH OCH X CHIy P
(cM. puc. 1.6, 6). Ilpu aeficTBUH 3TOH CHJIBI H3MEHEHHE PACTATMBAIOLIEH CHJBI B JHATO-

Hamu AC Gyper S = V' 2P/4. CoorsercTByiouiee yAJIHHEHHEe 3TOH AHATOHAIH COCTABHT
A SL_ V2PVZh _ Ph
FE 4FE 2FE’

a auaroHanb BD yKOPOTHTCA Ha Ty ke BeanduHy. B pesysabrare 5THX H3MeHEHHH

LJIHH JHaroHased BHIHO, 4TO TJardopMa cMecTHTCS Ha O = V' 2A. Takum o6pasom,
" KEeCTKOCTb 5KBHBAJIEHTHOH TNPYXKHHBI JAHHOH KOHCTPYKIHH CHCTEMBI

P V2FE 6,45-2,11.107

3T TR T T 3.0 = 4,46-107 H/m.

W; Sz = w.

k=
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ilonctanasisn mabinenitoe 3uatenie dkectkocTw k B dopMmyabi
(1.3), noay4um

175000 Ty
h == —_— = = .
T == 2m V4’46. Toro.8] = 2%V 0,0004 = 0,126 ¢

UnTartesi0 NpeLocTaBJAsIeTCsl BO3MOXKHOCTb NOKa3arth, YTO B JaH-
r HOM TpHMEpEe rOpH3OHTANbHYIO CcHJIy P He 006s3aTelbHO Ha-
NPaBJSITh NapajlyieIbHO OCH WJIH B IPOH3BOJbHOM HANPABJEHHH
B FOPH3OHTAJbHOH MJIOCKOCTH.

Mpumep 4. Ipeanonoxum, uto rpy3 Becom W (puc. 1.7)
MOJHUMAETCS] MOJXBEMHBIM MEXaHH3MOM H IIPH 3TOM OH JBH-
JKeTcq BBEDX C IOCTOSIHHOH CKOPOCTBIO X3, a B KayecTBe Ipy-
JKHHBl CJYXHT cranpHOi Tpoc, OnpejejHTb MaKCHMaJbHOE
HanpsiKeHHe, BO3HHKAloLlee B TPOCe, KOIjJa BO BPEMsI JBHXKE-
HUSI BHE3allHO OCTaHaBJHBaercss GapaGaH, HaMaTLIBAIOWHH BepX-
Hull Kouell Tpoca. [TycTb Bec rpy3a W == 4,564-10°H, [=18,3 M,
nJaomwajb INomepeuyHoro ceuenuss Ttpoca F = 1,61-1073 M?,
__y Mouyab ynpyroctd Tpoca E = 1,05-10" H/mM?, ckopocTh
%= 0,914 M/c. Becom Tpoca MOXKHO npeHeGpeusb.

"’n‘ B ) Peweriue. Tlpy paBHOMEDHOM J(BHXKEHHH NOJABEMHHKA pac-
TATHBamooWan cujaa B tpoce W = 4,54.10% H, yannnenune tpoca
B J1060it MomMenT BpeMenu 8.+ = WI/(EF) = 0,0049 m. Buaaro-
Nlapsi HayaJbHOH CKODOCTH X INOJHHMaeMbli TIpy3 He ocTa-
Puc. 1.7 HOBHTCSI cpady, a GyjaerT KoseGaTtbcsi Ha Tpoce. OTCUHTBIBasI
BpeMsI OT HEKOTOPOI'O NIPOH3BOJBHOIO MOMEHTA, BHIMM, 4TO Ie-
peMellleHHe IOJAHMMAaeMOro rpy3a oOT NOJOXEHHSI PaBHOBECHS
B paccMaTpHBaeMbiii MOMEHT BPEMEHH PaBHO HYJIO, TOIJa KakK CKOPOCTb paBHa Xo. M3
shipaxenns (1.5) caepyer, uro amnauTyaa KoseGanusi GyJeT paBHa Xo/p, rae p =
= VYV gl8cy = 44,7 c1, %y = 0,914 m/c. Torna MakcHMaJbHOE YAJHHEHHE TPoca Omax =
= §¢p-F Xo/p = 0,0049 J- 0,914/44,7 = 0,0049 - 0,0204 = 0,0253 M, a MaKCHMaJb-
HOe HanpsKeHHe Opax = [4,54-103/(1,61-1073)] X (0,0253/44,7) = 1,595-108 Ia.
MoxHo BHIETb, UTO BHe3allHasi OCTAHOBKAa GapaGaHa yBeJHYHBaeT HaNpsKeHHe TNpH-
MepHO B 5 pas.

| —

3AJAYH

1.1.1. BuHToBast UMJIMHAPHUECKass MpyXHHa (cM. puc. 1.1) umeer puamerp D =
= 2,5-10"2 M BHTK4 N0 CPE/HHHOH JHHUH, AHAMeTpP NpoBosioku d = 2,5-107% M, uncio
BHTKOB paBHo 20. MoayJb ynpyrocTH MaTepuaJja NMpPOBOJIOKH NpH casure G = 0,84 X
X 101 ITa, Bec nojsewenHoro rpysa W = 150 H. Onpenesutb nepuoj CBOGOAHBIX
KosneGaHHi.

Omeem: T = 0,64 c.

1.1.2. CoGoauo onepras Ganaxa (puc. A.1.1.2) uMeer XecTKOCTb NPH H3rKGe EI =
= 9.10%® H-M2, aauna nponera Mexay onopamu /; = 1,8 M, AauHa KoHcoau f, = 0,9 M.

w

A 8
7 5

Puc. A.1.1.2

INpene6peras maccoii 6aaKu, HaHTH yacToTy CBOGOAHLIX KoJeGaHuii rpysa Becom W =
= 3000 H, ycranoB/JeHHOTO Ha He3aKPemJeHHBI KOoHel KOHCOJH.
Omeem: f = 6,48 ¢°1,
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1.1.3. Banka AB (puc. A.1.1.3) xectkocTblo npu uaru6e EI = 9-10* H-m? onepra
koHUaMH A u B Ha npyxunp. YKeCTKOCTb Kaxjo# npyxuHet k = 5,36-10% H/m. Ilpe-

2,13m 09I

el

Puc. A.1.1.3

HeGperasi BecoM Ga/IKH, BHIMHCJHTL MEepHOJ CBOGOAHBIX Ko/eGaHuil rpysa Becom W =
= 5000 H, ycraHoBjexHoro Ha pacctosnuu 0,91 M oT KoHua B.

Omsem: T = 0,533 c.

1.1.4. Llucrepua c Bogoil (puc. A.1.1.4), BecsmasW = 6-10% H, onupaerca Ha
yeThipe BEPTHKAJbHBIE CTOHKH, H3TOTOBJEHHbE M3 TPYG M XKECTKO 3ajie/laHHble IO KOH-

Puc. A.1.1.4

maM. Kampas crofika HMeeT »KecTKocThb npu usru6e Ef = 6-108 H-m?. Bouucauts
nepHO/ CBOOOHBIX KOJE6aHUH LHCTePHb! B FOPH3OHTAJIBLHOM HampaBsJeHHH. BecoM cToek
MOXHO TpeHe6peub.

Omgem: v = 1,95 c.

1.1.5. TIpeAnosIOKHM, YTO JAJIS CHHXXEHHS MAaKCHMaJbHOrO 3HAyeHHs JAHHAMHYe-
CKOTO HampsXKeHHS, BO3HHKAIOUIEr0 B KOHCTPYKIHMH K3 npumepa 1.1.4, Mexay HHXHHM
KOHIIOM TpOCa H MNOJHHMAaeMbIM TIPy30M YCTaHOBJIEHa KODOTKas INPYXHHA, HMelowas
*ectkocTh £ = 3,6 105 H/M. OnpejenuTh MakcHMaJbHOE HANpsKEHHE, KOTOpPOe BO3-
HHKHET B 3TOM CJjy4ae IIPH BHE3anmHo# OCTaHOBKE BepXHero KoHla Tpoca. Hcmosb3oBath
T€ K€ YMCJOBble JaHHKE, YTO u B nmpuMepe 1.1.4.

Omsem: Opmay = 50,8-10¢ [Ja.

1.1.6. B nopraibHO# paMe ycTaHOBJIEHa TsXeJjasi JAByTaBpoBasi Gajlka JJIHHOH
6 M u BHICOTOl momnepeyHoro ceyeHus 0,61 M, KOTOpasi xXeCTKO NPHBAPEHA K JABYM OTHO-
cHTebHO THOKHM cToMKaM (puc. A.1.1.6). Kaxnasa H3 3THX CTOEK H3rOTOBJIEHA U3 IUBeJ-
Jepa ¢ IJowajapio monepeunoro ceuenus F = 2,59-1073 M2, MHuHHMaJbHBIH pajguyc
uHepuuH r = 1,57.1072, E = 2,110 H/mM%. BLIYHCAHTL MEPHO] COGCTBEHHBIX GOKOBBIX
KoJ1e6aHHi B MJIOCKOCTH PaMbi: a) ¢yuTas, yTo TOukH A H B MOJHOCTbIO 3aKPEJIEHH;
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6) npenmosnaras B Toukax A u B Hanuuue mapuupos. [IpeHeGpeun usru6om AByTaBpoO-
BOll 6aJKH M BECOM CTOEK.
Omeem: 1, = 0,813 ¢, 1, = 1,627c.

=
«
179:10% Him S,
I |
| |
| |
] I
| | &
! 6,1m ~
|
|
A By, ¥
Puc. A.1.1.6
1.1.7. JIsyxmposeThasi nepaspe3nas GajJka COCTOMT H3 JBYX LIBEJJIEPOB BBICOTOH
0,152 M ([ = 2-7,24-10"¢ == 1,45-10"5 m*). Ha GaJxy ycTaHOBJIEH 3JI€KTPOABHIaTE]b

y ECE
i % 3
L 3,051 J 152m /JZHJ

L ¥ 1

Puc. A.1.1.7

pecom W = 5,45-10* H B cepeaune npoaera BC (puc. A.1.1.7). Onpepeantb co6-
CTBEHHYIO YacTOTy CBOGOJHbIX BEPTHKAJbHbIX KOJeGaHHI 3JeKTPojBHraTes, npeHeGpe-
ras BJHMSIHHEM Beca GaJKH.

Omeem: f = 5,72 c™1.

1.1.8. HeGospiwoil map maccoff #m NIpHKpENJNeH B CEepPefiHHEe K TYro HATSIHYTOMY
tpocy aauHoil 2! (puc. A.1.1.8). Tpoc He conmporupasercs W3ruGy u umeeT GoJblioe

«ig_ _ & N3,

1
F
|
|
Yy i

Puc. A.1.1.8

npeasaputeabHoe HaTsKenne S. CocTaBHUTh AnddepeHlIHalbHOe ypaBHEHHE JBHIKEHHS
[PH MaJlblX TIONepeqHbIXx KoJeGaHUsX Mapa i MoKasaTh, YTO NPH MOCTOSIHHOM HaTSXKEHUH
TpOCa PACCMATPHBAEMOE JBUIKEHHE sIBJISETCS INPOCTHIM rapMoHHuecKuM. Uemy B 3TOM
c/ydyae paBeH IepHOJ KOJeGaHHi?

Omeem: © = 2n V/ mi](2S).

1.1.9. T'py3 Becom W nopnep:xuBaeTcs TPeMsi NPYXKHHAMH, COETHHEHHbIMH NOCJE-
JIOBaTEJAbHO MOJ06HO TOMY, KaK COEJMHEHBl fBe NpPYXHHbI Ha puc. 1.5, a. Iloxasars,
4TO XECTKOCTb SKBHBAJEHTHOH IIPYXHHLL

b= kikoks
T kyky A+ kika + koks
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1.2. KPYTHJIbHBIE B
KOJIEBAHHS L

PaccmoTpuM  nokKasaHHblH  Ha
puc. 1.8 ynpyrufi BaJ, BepxXHHH
KOHEIl KOTOPOTO KeCTKO 3aKpeIleH,
a K HUXKHEMY MNpHKpeNJeH NepneH- :
JUKYJASPHO OCH Baja abCoJIOTHO -
MKECTKHH JUCK KPyroBoH (opMbl.
Ilopo6uasi  cucTeMa  HasbIBaeTcs ,
Kpymuaobroim — masmuuxom. Eciau a
JUICK [OBEPHYTb Ha MaJjblH yroda
OTHOCHTEJILHO OCH BajJa M 3aTeM
OTIYCTUTb, TO KPYTAIIHH MOMEHT,
NOSABHUBIIUACA NpH 3aKPYUHMBAHUH
Baja, NPUBEJET er0 B JBHIKEHHE, H
BO3HUKHYT CBOGOJHBIE KpymuibHbLe
Koaebarnus. I1lpu 3THX KoJeGaHHAX
MOMEHT, NepefaBaeMblli Ha JHCK CO .
CTOPOHBl 3aKPYyuYeHHOTro Baja, Npo-
NOpLHUOHATEH YIJYy 3aKpYYHBAHHA @
U Bcerja JeficTByeT B HampabJie-
HUM, MPOTHUBOMOJOXKHOM BpalleHHio jucka. Tak, ecau yepes [/ o6osHa-
YHTh MOMEHM UHepYyuu OUCKa OTHOCHTEJNLHO OCH Baja, yepes ¢ — YIJO-
BBl YCKOPEHHS H yepes ky — KPYTALMI MOMEHT, OTHECEHHBIH K elHHHIE
yIJla NOBOPOTA (MeCmKOCMmb NPYMUHbL NpU Kpy4enuu), To AA(hepeHIHu-
aJlbHOe ypaBHeHHE JBHMKEHHS NPUMET BHJ

ce

Puc. 1.8

1= — k. (a)
BBoasa o6o3Hauenue
p2 = kl\/]) (6)
ypaBHeHHe (a) MOXKHO 3alHcaTb B BHJE
¢+ pPe=0. (1.7)

DTo ypaBHeHHe HMeeT BHJ, aHaJOTHuHBIH ypaBHenHuto (l.1) H3 mpejbi-
ayuiero naparpadga, no3ToMy ero pemeHue 6yjJeM HCKaTh B BHJE, aHAJNO-
ruuHom (1.5), uro maer

¢ = @y cos pt -+ (9o/p) sin pt, (1.8)

IJie g ¥ ¢y — COOTBETCTBEHHO YIVIOBOE MTepeMelIeHHe H YTIJI0Basl CKOPOCTh
JIUCKa B HayaJbHBIH MOMEHT BpeMeHH [ = (. Paccyxpaad Tak Xe, Kak H
B NnpeiplaylieM naparpadge, u3 Boipaxenusa (1.8) noaydyum mepHox Kpy-

THJABHBIX KoJeGaHHH
o l/ 1
T= > =2n Pl (1.9)

a €ro yacrora

f=t L) A (1.10)

25



B cayuae Bana Kpyroeoro nonepeuHoro ceueHus AMHHON [ H AHAME-
TPOM d HeCMKOCmb NPYICUHBL NPU KPY4eH il MOXKHO OTPEAeHTDb no dop-
MyJe *

G  nd'G
by =~ =5 ()

rie G — MOAYJb YIPYIOCTH Matepuasna npu casure. Uepes J o6o3HaueH
MOMEHNL CONPOMUBACHUS KPYHEHUID NONEPedHo20 Ce4eHus 8aaa, KOTOPBIH
B CJyyae NONEPEYHOr0o CeuYeHHs KPYyroBod (OpMBI paBeH MOJSPHOMY
MOMEHTY HMHepIHH. )KeCTKOCTb NPYKHHBI IPU KPYUEHHH R, OGLIYHO H3-
mepsiercss B H-M/pan.

Janee, eciM JUCK KpyroBoit (OPMBI SBJASIETCS OJHOPOAHBIM H HMEET
auameTp D u Bec W, To MOMEHT HHEDPIIUH

I = WD?(8g). (r)

OnpefenuB TakuM o6pasoM BeJHYHHBL k; M /, NepHOA H 4acToTy Kpy-
MUAbHbIX K O0AeOQH ULl MOXKHO BbIYHCJANTBL no gopmynaam (1.9) u (1.10).

B 6osiee cioxHOM ciyyae Bala HEKPYTOBOTO NONEPEUYHOTo CeueHus
H TeJla HENpPaBUJIbHOH (GOPMBI BeJIMUHHBL B, U [ onpepensiioT GoJiee CI0XK-
HBIM o6pa3om. OfHAKO, €CAH OTCYTCTBYIOT (POPMYJbI IJisi BBIUHUCJIECHHS
3TUX BEJHYHH, TO HX BCerjd MOXKHO HAaHTH 3KCIEPHMEHTANbHBIM MyTEM.
JLsis Toro uto6b! KosieGanue GbIJI0 YUCTO KPYTHABHBIM, HE0O6X0JHMO COBIA -
JieHHe OCH Basa ¢ IJIaBHOH OCbIO Tesa, NPOXOASeH yepe3 ero IeHTp
taxecTd. OJHAKO, YTOGB BOCHPENSITCTBOBATH JAPYTHM JABHKEHHSM TeJa,
Heo6X0/IMMO BBECTH OTPAHHYEHHS] B BHAE NMOAWHNHHUKOB. CJiefyeT Takke
OTMETHTb, 4TO KPYTHJ/IbHBIE KOJEOAHHSI MOTYT BO3HHMKAaTh H B TAKHX CH-
cTeMax, FJie OTCYTCTBYIOT KpyTHJAbHble AedopMauuu (cM. mpumep 2
B KOHIEe 3TOoro maparpacda).

B mocaenytommem o6CcyKIeHHH ToJaraeM, Yto Baj Ha puc. 1.8 umeer
NOCTOSTHHOE TonepeyHoe ceueHue auameTpoM d. Ecau Ban umeer jBa
yyacTKa ¢ JJIHHaMmHu [y u [, 1 qnaMerpamu d; U dy, COOTBETCTBEHHO, TO MO
(opmyie (B) MOKHO NMOACUYHTATb COOTBETCTBYIOILHE STUM yYacTKaM 3KeCT-
KOCTH Ry M kys NPH KPyuYeHHH. 3aTeM, NIOCKOJBKY JIBA yyacTKa BaJja
MpeACTaBJsIoT co00H NoCaeJ0BaTeNbLHO COeJHHEHHble NIPYXHHEI, pa6oTa-
jolle Ha KpY4YeHHe, KeCTKOCTb NPYXKHHbl 3KBHBAJEHTHOH CHCTEMBI
MOKHO HaHTH U3 BhIpa:KeHHS (JI) mpeaslayliero naparpada.

" Cnyua#t CTynmeHYaToro Baja MOXKHO PacCMOTpeTh MHBIM nyTeMm. Ecau
BaJl, COCTOSAUIMHA U3 JABYX yUacTKOB, HArPY:KeH KPYTAIHM MOMEHTOM M,
TO TOJIHBI YTOJ 3aKPYYHBAHHUA BaJla HAXOJAUM H3 BHIPAXKEHHS

M M oMl | 32Mi, _ 32M 4
C=%a T e — maic T mEG — G (ll+l2_d‘2‘_)'

Takum o6pasoM, BHAHO, YTO YIOJl 3aKPYYHBAHHsS Baja C ABYMsl Auame-
TpaMmu d, H d, paBeH yIJy 3aKPYYHMBAHHsI BaJa C NOCTOSIHHBIM JHAMETPOM
d, n npHBeneHHO# AJMMHOHK L,, onpenensieMoét no gopmyJe

Li=1, -} Ld}/d;. ()

*CM. c. 72 B KH. Timeshenko S., Young D. H. Elements of strength of ma-
terials, nurupoBanuoit B n. 1.1, )
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Ban pnunoft L, u anamerpom d, ' L
UMEEeT Ty 2Ke CaMyI0 JXECTKOCTb Mpy-
JKHHBI, YTO U JIAaHHBIH BaJ ¢ ByMA pas-
JUYHBIMH JUaMeTpaMH, M fABJFeTcH
SKBUBQACHIMHBIM  8AAOM JNA  YKasau-
HOro Caydvas.

PaccmoTpuM Tenepb cJayuait Bana,
onupatoierocd Ha paboTarllHe B YCJI0-
BHSX OTCYTCTBHS TPEHHS  NOMILHE-
HHKH H HeCyllero Ha KOHLAX Bpauia-
olllHecs BMecTe ¢ HHM a6cosoTHO KecrkHe tesma (puc. 1.9). Cay-
yall NpejcTaB/sieT PAKTHYECKHH HHTEPEC:B TAKOM BHJE MOXKHO NpejcTa-
BHTb BaJ C INPOMEJJIEPOM Ha OJHOM KOHIle H POTOpOM TYpOHHBI — Ha
apyrom *.

Ecau jgBa AMCKa 3aKPyTHUTH B . IIPOTHBOINOJOKHBIX HalpaB/eHHSX,
a 3aTeM BHE3aMHO OTNYCTHTb, TO BO3HHKHYT KDYTHJbHbIE KOJEGaHHS.
W3 npuHuuna coXpaHeHHs MOMEHTa KOJMUYECTBA JIBHXKEHHS CJeLyeT, 4TO
IPH TAKHX KOJeGaHHsIX JMUCKH BCETa JOJIZKHbI BPallaTbCst B MPOTHBOIIO -
JIOXKHBIX HanpasJeHUsaX. Takum obpasoM, HMeercsi HEKOTOPOE€ IpoMe-
XYTOUHOE MOMEPEUHOe CeYeHHe, PacrooXeHHoe B Touke P Ha ocH Baja
(cM. puc. 1.9), KOTOpoe OCTaeTCsi HEMOJABHKHBIM. IJTO MONEpeUHoe ceye-
HHE HA3BIBAETCS Y3.4066iM ceveruesm. ETO MOJOMEeHHe ONPEJENIOT U3 CJie-
aywilero coobpaxeHus: o6a AHCKa J0JXKHbB UMETH OJHH H TOT Ke me-
pHOA Kosie6aHHii, TOCKOJIBbKY B IPOTHBHOM C/yuae He Gy /IeT BbINOJIHATHCA
YCJIOBHE, YTO OHH BpaLlAlOTC B MPOTHBOMOJIOKHBIX HaNpaBJeHHAX.

[Tpumenssi dopmyay (1.9) K obenM mnojcHcreMam, MPHMbIKAOUIHM
C IBYX CTOPOH K y3JIOBOMY CEUEHHIO, MOJYYHM

11 Iz kl(l

—L = |/ —X unu
kx1 kga kg

Puc. 1.9

1
:‘I‘Z—’ (e)

TJE Ry U Rys ABJAIOTCS KECTKOCTSIMH NPH KPYYEHHH COOTBETCTBEHHO AJIsk
JIeBO#i ¥ TpaBoil yactell Bana. VX BeIHUHHBI, KaK BH/HO H3 GopMy bl (B),
06paTHO NPONOPUHOHANBHBI ATHHAM COOTBETCTBYIOUIHX YacTell Baja, 4To
B COOTBETCTBHH C cooTHomieHusMH (e) naer a/b = I,/I,. TlockKoabky
crnpaBeiuBo @ + b = [, To HMeeM

a=IL/(Iy + 1), b=11)(I; + I). ()
[Tpumensia popmyasl (1.9) u (1.10) K J1EBOH UACTH CHCTEMBI, OJTYUHM
. T V 32011, .
_2n]/km_2n Ty (1.11)
1 7diG (11 + 1)
f=—= 1/__32_17112_2 (1.12)

C noMmouipto 3THX (GOPMYJ MOKHO TMOACUMTATH MEPHOL H YaCTOTY KpY-
THJAbHBIX KOJIEGAHHH, €CJH H3BECTHHl pasMephl BaJja, MOAYJb YIIPYrocTH

* D710 GbIA OJHA H3 CAMBIX PAHHHX TPOGJEM, CTOJKHYBUIHCh C XKOTOPOH HHXKEHepHI
O6HAPYXKHIH HeoGXOAHMOCTh HMCC/e0BaHHA KPYTHIbHBIX KosleGaHHil.
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NnpH CABHIE G ¥ MOMEHTb! HHEPpUHH MacC NHCKOB, 3aKpEIIJICHHbIX Ha KOH-
1ax BaJa. B NPpUBEACHHEBIX PACCYXKIACHHUsAX MdcCa BaJjga HE YUHUThHIBAETCS,
ee BJHSIHHE Ha mnepHojJ KoJieGaHUil O6yner paccCMOTPEHO Huxke B 1. 1.4.

Kax BHAHO M3 COOTHOLIEHHH (2K), €C/TU OJUH H3 JABYX BpALIAOLUIHUXCA
JIMCKOB HMeeT OueHb G0JbII0A MOMEHT HHEepUUH MacChl MO CpaBHEHHIO
C MOMEHTOM JApPYroro JUCKa, TO MOXHO IIOJIOKUTb, YTO Y3JI0BO€ CE€UEHHE
coBrnajaer C 10JO2KeHHeM GoJblIero JUCKa, U TAKUM 06p330M CHCTEMA
¢ ABYMsI JHCKaMH (cM. puc. 1.9) cBOAUTCS K CHCTEME TOJBKO C OJHHM JIH-
CKOM.

Mpumep 1. IlpeanosoxuM, 4ro ABAa AHCKA, YCTAHOBJEHHble HA KOHUAX Bajda (CM.
puc. 1.9), nmelor Beca Wy = 4,564-10% H, W, = 9,08-10®° H u nuamerpn D; = 1,27 M,
Dy = 1,9 m. Inuna Bana /= 3,05 m, anamerp d = 0,1 M, MOAY/Jb YNPYTOCTH €ro
Mmateprata G = 8,4-101° ITa. Onpenesiutb 4acTOTy CBOGOAHBIX KPYTHJIBHBIX KOJeGaHHi
cucreMbl. Kak H3MeHHTCH 3Ta 4acTOTa, €CJIH Ha JuiHHe 1,6 M AHaMeTp Baja H3MEHHTbH
or 0,1 M no 0,2 m?

Pewenue. nOﬂCTaBJIHH 3aJlaHHBI€ YHCJ/IOBblE 3HAYEHHS B q)OpMyJIy (F), onpenesiuM
MOMEHTHl MHEPIHH MacC AHCKOB:

4,54-103-1,27
8-9,81

.103.
- 73,5 H-m-c2; ]2 :M:2[9,8 H-M-c2.

Iy = 8-9.81

Hcnonb3yst 3TH 3HaYeHHs, a TaKmKe HCXOJIHBIE JaHHblE A/ Baja, no ¢opmyae (1.12)
HoJyuaeM

1 7-0,0001-8,4- 10% (73,5  219,8)
f'= 3 32-3,05-73,5-219,8

= 11,15 ¢

Ecnu puamerp Basa yBesHuuTb oT 0,1 no 0,2 M Ha paune 1,6 M, TO JJIHHA 3KBH-
BaJIEHTHOTO BaJia AuamerpoM 0,1 M B cooTBercrBHH C opMmyJoii (1) Gyner Ly = 1,45 |-
-+ 1,6-0,14/0,2¢ = 1,45 4~ 0,1 = 1,55 M. ITockOAbKY 3Ta IJAHHA COCTABJSET MOJOBHHY
OT NepBOHAYaJbLHOH JJIHHBI 3 M, a 4acToTa O6pPaTHO MPONOPLHOHANbHA KBaJAPaTHOMY
KOPHIO H3 JJIMHE! [cM. popMyay (1.2)], To moayuaeM, 4To B pe3ysibTaTe yCHJIEHHS Baja
yactoTa ysenmumBaercs B )/ 2 pas.

Mpumep 2. MaxoBHK HMeeT MacCHBHBI o6oj BecoM W u cpeiHuM pamuycoM R,
TIPHKPENIEHHBIH K CTYyNHUE YeTHIPbMs NPU3MATHYECKHMH cnuiaMy (puc. 1.10, a). Haiitu
nepuoj CBOOOAHLIX KPYTHJABHBIX KoseaHHH 060ja OTHOCHTeNLHO HEHTPAJbHOH OCH,
npoxoasied yepes Touky O, mnpu BHe3an
HOH OCTaHOBKe CTymHLBI. Maccy cnuu He
YUYHTHIBATb H TIPHHATH, YTO KaXjasd Chuua
HMeeT IJHHY R H XecTKOCThb Npu H3THOE B,

Pewenue. TlycTh, KaK MNOKa3aHO Ha
pHCYHKe, 0607, MOBOPaYHBAeTCS HA Madbil
yron @. Kaxpnas cnuuna Beger cebs Kak
6asKka, OJHH KOHEL| KOTOPOH KECTKO 3ajie-
JIaH B CTyMHIe, a JPYTod BBIHYXKIEH mepe-
MelaTbCst BMecTe ¢ 060joM. K BHemmHemy
KOHLY CNHUBI  IPHJIOKEHbl MONepeyHass
cuna Q W usruGaiomuii Moment M (puc.
1.10, 6). TlpuMeHAs H3BECTHBIE COOTHOLIE-
HUSA JJs XeCTKOocTeH GalKH, MOJYYHM

Q = 12BA/R® — 6Bq/R?; (3)

M = 6BA/R? — 4Bq/R. (u)

Ecsu 0601 cuuTaTh aGCOMIOTHO XKECTKHM,

TO KacaTeslbHasi, NpOBEJeHHas K YHPYroH

JHHHH B TOYKe Ha BHEMIHEM KOHIlE CIHIBI,
Puc. 1.10 JOJXKHa OHTb HanpapJeHa BLOJb pajHyca,
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Takum o6pasom, nonepeynast cuaa Q H HaruGaomuit MOMEHT M CBf3aHLI C YIVIOM IOBO-
poTa @ NPOCTLIM TeOMETPHYECKHM cooTHourenHeM A = R@. IlojctaBisisi 3TO COOTHO-
lieHHe B 3aBHCUMOCTH (3) W (W), HalijgeMm

Q = 6B9p/R%; M = 2B¢/R. (k)

CyMMapHbIii MOMEHT, AEHCTBYIOWUH Ha 0601:
Mg = 4QR — 4M = 16Bg/R. &)

Torpa, oueBHIHO, XKECTKOCTb NPH KPYYEHHH B 5TOM Ciaydae
ke = Mclp = 16B/R. (™)

INoxcraBasist 310 3uHaveHue ky B dopmyay (1.9) u yuuThiBasi, YTO MOMEHT HHEPIIHH MacChl
MaXOBUKa ONpejensieTca BhipaxenneM / =~ WR?g, noayaum

wR3
T=2mn V———ISgB . (n)

3AJAYM

1.2.1. OnpeleJuTb 4acTOTYy KPYTHJIBHBIX KOJe6aHMH TOPH3OHTAJIBHOTO CTEPXKHS
AB Becom W = 18,2 H u anunoit a = 0,51 M, KOTOpHIi NpHKpemJieH B cepejHHe
_IpoJeTa K BePTHKaJbHOMY CTajJbHOMY Tpocy AJuHoit [ = 0,561 M u auamerpoM d =
= 3,2.107% M. CuuTaTb, YTO CTEpXKEeHb SBJSETCS TOHKHM, HO a6GCOJIOTHO JKECTKHM;
MacCy Tpoca He YUMTHIBATb M MOAYJb YNPYrOCTH NpH cABure B3saTh G = 8,4-10%° Ila,

Omegem: f = 0,781 c™*.

1.2.2. Ha puc. A.1.2.2 npesacTaBjeHo yCTPOHCTBO, C IOMOILBIO KOTOPOrO BeChbMa
yIOGHO SKCTIePHMEHTANLHO ONPE/EeIsiTh MOMEHT HHEePIHH Macc TeJ HenpaBHJIbHOH GopMBY.
OHO COCTOHT M3 JBYX NapaJeJbHbIX NJIACTHH, COSJAHHEHHBIX TaKHM 00pa3oM, 4TO BCS
cucTeMa JieHCTBYeT KaK abCOJIOTHO XKECTKOe TeJIO, KOTOPOE NPHCOEAHHEHO K BePTHKaJb-
HOMY CTEPXKHIO H BHYTPb KOTODOrO MOXKeT GbiTb IOMEILEHO NPOM3BOJIBbHOM (HOPMBHI Teso
HeGONBIINX pa3MepoB, Byayuu nyctoreanim (puc. A.1.1.2, @), 3TOT KPyTH/ABHBIH MasTHHK

r T 1 C 1 [ m -]

I (—Tﬁ
a) 4 6)
Puc. A.1.2.2

HMeeT H3MepeHHbIH NepHol To. IIpH NOMemEeHHU B 3TO YCTPOHCTBO TeJa € H3BECTHHIM
MoMentoM HHepumu /y (puc. A.1.2.2, 6), KoTOpoe HauuHAeT KOae6aThCsi BMeCTe C Ma-
ATHUKOM, NEepHOX KoneGaHHH YCTpOMCTBAa paBeH T,. Korja e B yCTPOACTBO MOMEILAIOT
TeJIO C HeUSBECTHBIM MOMeHTOM HuepuuH / (puc. A.1.2.2, ), nepHoa koJeGanuii MasTHHKa
paBeH T,. Hafityu MoMeHT uHepUuu / NOC/EJHETO TeJa OTHOCHTEJNbHO OCH BpALiEHHS,
T. €, OTHOCHTEJbHO OCU CTEpPIKHS,

(13 — 13)

OTBeTI [ = II—W.
i— %

29



1.2.3. Touxuii npusmaTuueckuil crepxenn AB (puc. A.1.2.3) secom W u nau-
HOIl  yJlepHBaeTcsl B TOPH3OHTAIBHOM INOJOKEHHH WAPHHPOM 3a KoHeill A M Npyxu-

N

Puc. A.1.2.3

HOIl ¢ KecTKocTbio £ 3a Kouell B. HaliTH mepuoj KPYTHABHBLIX KoJe6anHi A5 Majbix
3HaueHHil YIVIOBbIX MepeMelleHHl (¢ CTEPKHS B BEPTHKaJbHO@l NuiockocTH, Maccy mpy-
JKHHLI HE YUHTHIBATH M CYHTAThb CTEPMKEHb aGCOMIOTHO JKECTKHM,
W
Omasem: v == 27 =
3kg

1.2.4. Toukuii, HO afcomoTHO xecTKuit crepxkeHb AB (puc. A.l1.2.4) Becom W
H JVIHHOH [ 3aKkpervieH B FOPH3OHTANbHOM TIOMOXMEHHH IUAPHHPOM 3a KoHell A M Bepe-

1

§>f —
A ¢ B
a
l
>
Puc. A.1.2.4

THKadpHOil npyxuHoil B Touke C. Jas ci1ydyas Madbix aMIJIMTYA KosaeGaHnuil npu Io-
BOPOTAaX CTEPXKHS B BEPTHKAJIbHOH NJOCKOCTH BBIMHCJMTbL NEPHON T KoJebaHuii, eciH
JKECTKOCTb NMPYIKHHBI PAaBHsIETCA £ M Macca ee NpeHeOpexuMo Masa.
l W
Omeem: T == 2m — —_
a kg

1.2.5. OnpejenuTb 4acTOThl KPYTHJIBHBIX KojeGanuil aucka (puc. A.1.2.5), ecau
KoHUel A u B Bana xecTKo 3ajenaHbl. O6e 4acTH Baja MMEIOT OJMH H TOT XKe AHaMEeTp

prmeremeerey

I

Puc. A.1.2.5
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d, HO ANMHB MX pasfudnbl — [y u lp. Moment wHepuHH Macch Aucka pasen f.

s L1/ ndG (4 1)
Omeem: | = —= 1 BiLl, "

1.2.6. OnpegenuTh 3KBHBaJEHTHYIO IJIHHY Ly NMpsIMOro Bajia, HMEIOUErO TY Ke
KPYTHJIbHYIO 2KecTkocThb Cj, 4TO H INEHKH KOJIEHYaToro BaJjia, IIOKa3aHHOTO Ha
puc. A.1.2.6. Ilneun kpusomuna CE u DF uMeloT xecTkocTh mpu u3ruGe B. Ilpen-
TnoJaraercs, 4TO MOXUHNHHKH A H B HMeIOT JOCTATOYHBHIH 3a30p, JAOMYCKaoUlHi CBO-
6o1HOe nonepeyHoe nepemeniende mek C ¥ D npu KpyueHuH KoJeHuaToro Bajia. [Tanen
kpusownna EF umeer xecTKocts C,, palHyc KDHBOLIHNA PaBeH 7,

C C
Omesem: = 1 L,
meem: L{ = 2a - o b+ 2 B
[_ ia/ C D 442_] Al | _ x5
/777; ’ ) 77777 77 - 777 - k‘--
= = I wu™ ««) |0
- 77 7777
£ F : 251
a b a L L, A]
N 1
Puc. A.1.2.6 . Puc. A.1.2.7

1.2.7. IBa napajnensubix Baia AB u CD (puc. A.1.2.7) 3akpenyieHbl B MOALIKM-
HHKaX H CBASaHbl ADYT C ApYroM 3y6uaToil mepejaueii. Ha BHelIHeM KoHIe KaXjoro
Bajia NPUKPEIVIeH MacCHBHBIH JHUCK, M BCS CHCTEMA COBEPIIAET KPYTHJbHBIE KOs€6aHUs.
BbluncauTh nepuop  KoJsieGaHHs, €CJH H3BECTHBI cneuglomne JauHble: [4 = [p =
= 116 H-Mm-c"2, [, = ly= 1,52 M, dy = dy = 7,62-1073 M, r;/ry = 1/,. Maccy ay6ua-
THIX KOJIEC M BaJIOB HE YUHTbIBaTb. MOJyJb YNPYrocTH NpPH CABHCE MaTepHaJOB O6CHX
BanoB G = 8,4-101° ITa.

Omeem: © = 0,158 c.

1.2.8. I TOH e CHCTEMBI, 4TO paccMaTpuBajiach B 3ajaue 1.2.7, HaliTn obuee
BhIpaXeHue 1JIsi AMHHBE Lj OXMHOYHOrO 5KBHBAJIEHTHOTO BaJla /IHaMeTpOM dy, Hd KOHIAX
KOTOPOTO YKpeIleHsl JHCKH A

uD.

Omeem: Ly = Iy - (dy/dg)* (ralr))? L.

1.2.9. CranpHoit 0601 Kpyrosod ¢opmel Becom W M paiHycoM cCpeiHeH JHHHH 1
(puc. A.1.2.9) npuKpemIeH K HeNOJBHXKHOH CTYNHILE PaJHyca 7o C NCOMOIMbIO 7 pajH-
albHBIX CITHI, KaXJas M3 KOTOPbIX MMEEeT 3HAuMTeJbHOE INpPEeJBaPHTEJbHOE HATSKeHHe
¢ cuoit Sy, OnpenesuTh MEPHOA KPYTHABHOTO KO-
ne6annsl 06073, MPEANONOXKHB, YTO pPACTATHBAIOLLEE
yCHJIHEe B KaX/I0H CITHIE OCTaeTc HEM3MEHHBIM IIPH
Kone6anuax. CHUB WAapHUPHO 3aKpelsieHbl [0 KOH-
UaM H He COMPOTHBJAITCA H3THEY.

Omeem: © =2n |/
ngSore

1.2.10. TIlnardopMa ¢ pacTsKKaMH H3 [pH-
mepa 3, mn. 1.1 (cM. puc. 1.6), umeer Bec W =
=1,75-10% H, paBHOMepHO pacmpejeieHHLIH 10 m1at-
tdopme. OnpenieHTh IepHOJ KPYTHJIbHNX KoJebaHui
CHCTeMBI OTHOCHTEJIbHO BEPTHKAJIbHOH OCH, MPOXOAS-
med yepe3 LEHTP THIKECTH.

Omsem: 1t == 0,0724 c. Puc. A.1.29
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1.3. SHEPTETUUYECKHHA METOJ

Huorfa yao6Hee 1HCnoap30BaTh NPUHIMA COXPAHEHHs S3HEPTUH B KO-
Je6JoL L XCsi CHCTeMaXx, Te He POUCXOAUT paccenBanus sneprut. C mo-
MOLLBIO MOAOGHOIO NOAX0a OYAET BHOBb MOJYYEHO YPaBHEHHE ABHKEHH
TIpH CBOGOHBIX KOJIEGAHHSIX CHCTEMBI ¢ OJHOH CTeneHpio CBOOOJBI U yCTa-
HOBJIEHO PaBEHCTBO MAaKCHMAJIbHBIX 3HAYeHHI KHHETHYECKOM H MOTEH-
IHaJbHOH 3HEPTUH MPH CBOGOJHBIX KOJEOAHMSMX.

Hcnonb3syst 3HepreTHUeCKH MOAX0/l, BHOBb IPOAHAJH3UPYEM CHCTEMY,
COCTOSIILYIO H3 NPYXKHHBL ¢ Maccoi (cm. puc. 1.1, a). Ecau cHoBa npene-
Opeub MacCOH MNPYXKHUHBL, TO KUHEMUYECKYl JHEpeuio CHCTEMbl MOXKHO
NpeACTaBUTh B CJEAYIOlleM BHJE:

Ex = i:- "2 . (a)

HOITIeHL{u(ZﬂbHUﬂ 9H€p2uﬂ CHCTEMBL B 3TOM CJiy4yae COCTOUT H3 ABYX
yacTeil: a) MOTEHIHAJNbHON 3HepTHH rpy3a BecoM W, MOCKOJbKY OH pac-
noJsiaraeTcsd HH2KE MOJIO2KEHHSA paBHOBeCHﬂ KaK HCXOJAHOI'o COCTOAHHA,
u 6) sHepruu gedopMaliy, HAKOIJIEHHOH B NMPYKUHE NPH NEePEMEleHHH
Ha BeJIMYUHY X. [lepBas U3 yKa3aHHBIX ABYX 3HEPTHH BhIPAXKAETCs B CJe-
JyIolleM BHJIE:

En = —Wx. (6)

Jaa Toro 4To6bl MOACYUTATH BTOPYIO 4aCTb 3HEPTHH, PACCMOTPHM IIpej-
cTaBJeHHYI0 Ha puc. 1.11 quarpamMmy, ONHCHIBAIOULYIO H3MEHEHHe CHIIBL S
peakuMH NPYXKUHB B 3aBHCHMOCTH OT fepemelleHusi x. B cocrosinuu
paBHOBeCHs CHJIa peakLHMH NPYXKHHBI paBHa W, NpH nepeMeiieHdHd x
3Ta cuaa pasHa W -+ kx. Taxum o6pasoMm, 3HeprHs, HakomJeHHas
B NpYyXHHe NPH MepeMelleHHHd X,

E. = Wx + kx¥2. (B)

Cymmupys sHepruH (a), (6) U (B) ¥ YUHTBIBasi, YTO HX CyMMa JOJIKHA

6BITh NOCTOSIHHON B COOTBETCTBHH C 3aKOHOM COXPaHeHHsl 3HEPTHH, MOy -
quM )
’ WX R const. (D)
g 2 2

[TockosbKY B 1paBoil 4YacTH COOT-
HOLIEHHS (T) CTOHT INOCTOSIHHASA Be-
N JUYHMHA, CKOPOCTb H3MEHEHHS] BO'
W BpEMEHH 3TOH BeJUYHHB paBHA
HYJIO; TAKUM 00pa3oM, UMeeM

/2% d(-‘-"-ﬁ+—kﬁ):o. By

0 X dat \g 2 2

We KX — — — ——— — ——

v
KX

BrinosiHHB B paBeHcTBe (1) AHpde-
Puc 1.11, PEHIMPOBAHHE U PA3JIeJIHB PE3YJIbTAT )
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Ha x, TNOJYyYuM YypaBHeHHe JBHXKEHHH, aHAJOTHUHOE [pPHUBENEHHOMY
B m l.1;
W/g) % -+ kx=0. (e)

Ecan rtpebyercss HaHTH TOJBKO COOCTBEHHYIO 4acTOTy KoJsebJwolleiics
CHCTeMBI, TO HeT HeoOXOJMMOCTH paccMaTpHBaTh NOJHOCTHIO YpaBHEHHeE
JBHKeHHs. BMecTo 3TOro MOXKHO DaccMOTpern KOJeG/IONLHHACT Tpys,
nokKa3aHHbIH Ha puc. 1.1, a, B COCTOSHUH MOKOSI B OJHOM M3 JABYX Kpa-
HUMX TOJIOXKEHHUH; NMPH 3TOM CyMMapHasi MOTEHIHajbHas 3HEPTHsA

E; max = kxXhax/2, ()K)

a KHHeTHYecKasi SHeprusi pasHa Hymo. C APyroil CTOPOHBI, KOTAA T'PY3
NPOXOJUT COCTOSIHHE PABHOBeCHs (MpH X = 0), UMesA NPH STOM MaKCH-
MaJIbHYIO CKOpPOCTb, €ro KHHETHUYeCKasad 3HEeprud
W Xhax

E}:maxz_g',—_Q‘_' (3)
B 3TOM CJyuyae nor€eHuuHa/JibHass 3HEPTusa paBHa HYJIIO0. I_IOCKO.HBKy noJi-
Has 3Heprus ocCraeTcsa HOCTOHHHOI:'I, MaKCHMaJibHagd KHHeTHuecKas 3HEep-
T'Hs, J0JKHA OBITh PaBHA MAKCHMaNbHOM NOTEHIKANbHO SHepruu, B pe-
3yJH)TaTe HMeeM

Eﬂmax:Enmax' (113)

DTO MPOCTOE COOTHOUIEHHE SIBJAETCS NMOJE3HBIM NMpPH ONPEJIEJIEHHH CO6-
CTBEHHOH YacCTOThI HJIH NepHoAa KoaebaHui cucremsl. [IpupaBHuBas mis
CHCTEMBI, W300paxeHHoH Ha puc. 1.1, @, BemuuuHsl (K) U (3), NOAYUUM

W xq 2
— n213x _ kx;ax ) ()
3ajiaBasi rapMOHHYECKOe JBHXKeHHe B (opMe, OmpefiesisieMOH BHIPa-
xenueM (1.6): x = A cos (pt — a); £ = —Ap sin (pt — a), BUAUM, UTO
. Xmax = PXmax- (1.14)
TloacraBasis BbIpaXeHHe AJISl Xyax B COOTHOLIEHHE (M), HAHJEM 4acTtoTy
p = VW U epuoj KonebaHus 1 = A

= 21 1/ W/(kg), aHanOTHUHEE IOy -
4eHHHIM paHee B m. l.l1. Hcnonbsosa-
Hue cootHouweHus (1.13) mpu pacuere
nepyuosia HUJAH YacTOTbl KoJeGaHu#

ABJsIETCA OCOOEHHO YJAOOHBIM B TOM
ciaydae, Korjia UMeercs He npocrasd,
nojlobHasa nokasaHHo# Ha puc. 1.1, a J‘fg"\,g
cucrema, a GoJiee CJIOXKHAsg, COCTOSI- / 0
ass U3 HeCcKOJNbKHX KOJeGMomuxcs b ©
dyacrel. Takue cayuaum paccmMOTpeHBI w
B NMPHBOJAHMBIX HHKE npHUMepax. =5
Hpumep 1. HMamepurenn nepemeinenuii co- [—J - *I
fOHT H3 KOpTYycCa, B KOTOPOM HAXOJIHTCHA Tpys
BecoM W, ycTaHOBJeHHBH Ha mnpyxuHe ky 777 7 etddds 4 4
(puc. 1.12). ITguxeHuss Tpysa OTH@SHTENLHO Puc. 1.12
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Kopnyca nmepejaiorcst crpenke BOA, Bpauawouleiics BOKPYr Toukn O u  coejiiHeHHOM
c Apyrofi mnpyxuHOH Kk, Kak TOKa3aHo Ha pHcyHKe. [lpeneGperas Mmaccoit o6enx
APY2XKUH, BBIYNCJIHTB MEPHOJ CBOGO/HLIX KoJeGaHHf CHCTEMbI MPH YCJOBHH, YTO B HEH
HMEET MeCTO NPOCTOe FapMOHHYECKOe JBHKEHHE.

Pewenue. Ilycts %y— MakcHManbHast ckopocth rpysa W npu koaebauun. Torza
COOTBETCTBYIONIAS YF/I0Basi CKOPOCTs cTpesiku BOA 6yuneT %y/b; ecin /— MoMent uuep-
MM Macchl 3TOH CTPETKH OTHOCHTeJbHO TOUKM O, TO NMOJHAs KHHETHUECKasl 3HePTHs
CHCTEMBEI B DaBHOBECHOM IOJIOXKEHHH

. (x)

EH max —

Korpa cucteMa HaxoiuTcsi B KpafiHeM MOJIOXEHHH, UTO OMNpeJeJsieTcsl BepPTHKAaJIbHbIM
nepeMellleHHeM X, rpy3a W, Ha NpYXKHHY K, 6yjieT jeficTBOBaTh PAcTATHBAIONLAs CHJA
Cxy/b; NIDH 3TOM NOJHAS TOTEHUHMANbHAS SHEPTHS CHCTEMBI

1 1 c \2
En max = 5 klxi “"T ky <T> xlzu . (m)

[pupaBuuBas corsacHo coorHomenHio (1.13) Bhipaxenuss (K) H () H HCNOMB3YyS AJS
clyyasi NpPOCTOrO TapMOHHYECKOro JBHKeHHs paBeHCTBO (1.14) Zm= pxy, Halzem
KDYrOBYIO YacTOTy KoseGaHHH

_ 1 - (c/b)? ky
=V Wig+ 15 ™

[Mepuon KosneGauuit paBeH, COOTBETCTBEHHO, BeJHUHHE 27T, NOAENEHHOH Ha MpPaBYIO YacTh
BLIDAXKEHHS (M).

INpumep 2. O6GpaTHLIi MAaATHHK COCTOMT H3 apa BecoM W, yKpenJeHHOro Ha KOoHLE
a6CconoTHO KecTKOro cTepxHsl OA JauHOM /, KOTOPHIH WIapHHPHO 3aKpenJeH B Touke O
M MOJJePKHBAETCS B BEPTHKAJbHOM NOJIOXKEHHH NpyxXHuHOH (pHc. 1.13, a). [Ipene6Gperas
MaccaMu TNpPYXKHHB H crepxHs OA, ONpelesHTh YCJIOBHE YCTOHUMBOCTH H KPYTOBYIO
YacTOTy ManbiX KoJeOaHHi MasTHHKa B IVIOCKOCTH DHCYHKa.

Puc, 1.13 ~
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Pewenue. O6031auum  yepes @y (puc.
1.13, 6) ammiauTyly MpOCTOTO TapMOHHYe- 0
CKoro jBHXeHHS. B 3ToM Kpajlinem noso-
JKEHHH NPYXKHHA HMeeT YyJJIHHEHHe, NpH-
GMH3UTENLHO paBHOE a@y, a rpys W ony-
CKaeTCcsi BHU3 OT CBOETO [OJIOXKEHHSI PaBHO-
BeCHs Ha paccTosiHue

1 o
A= (1 — COS (PM) z-—Q— L. (n)

OTC}OJ[H NOTCHUHANbHAA 3HEPrus CHCTEMb!
B ¢€e KpaﬁHeM NOJMOXKEHHH

| PR 1
Enmax &~ — hka'gu — 5" Wigu. (0)

B BepTHKaJbHOM NOJOXEHHH (CM.
uc. 1.13, @), rie MasITHHK HMeeT YIVIO-
P @), IA y Puc. 1.14

BYIO CKODOCTb @, KHHETHYECKasl SHeprus
npubanxenHo pasHa 0,5/¢2, rae /= W/[/g — MomeHT HHepunn rpysa W OTHOCH-
TenbHO TOYKH O. TakuM o6GpasoM, nMeeM

Ex max = (WI*/2g) qu. (n)

INpupasruBas BbipaxeHus (0) M () H yuuThiBast corsacho (1.14), uto ¢y =pQy, Haii-
JIeM KPYTOBYIO YacTOTY KoJebGaHHH

,,:'L/%(’:;;—l). (p)

Kak Buino u3 dopmyanl (p), yacToTa p uMeeT AeHCTBHTeNbHOE 3HAYEHHE, €CJH BHITOJ-
HAETCH YCJIOBHE

ka® > WI. (©

Ecau 3TO ycsioBHe He BBIMOJIHSETCH, BEDPTHKAJIbHOE MOJOXKEHHE DABHOBECHS MasTHHKA
6y/leT HeyCTOHYHBLIM,

Npumep 3. AGcoMIOTHO TBEpABIH WHIHHAP KPYroBoH ¢opmbel Becom W u paanycoM r
nepekarTbiBaeTcsl 6e3 TPeHHs O LUIMHAPHUECKOH IOBEPXHOCTH pajauyca a (puc. 1.14).
Ipeanonarasi, yTo nepekaThIBAIOUIMHACH UHJIHHAP COBEpIMIAET IPOCTOE TIapMOHHYECKOE
JIBHXXEHHE, HaHTH KPyTOBYIO YacTOTy KoJeGaHHs p NpPH MadblX aMIVIHTYJaX CMELIEHHS
OTHOCHTEJIbHO TMOJIOKEHHS] PaBHOBECHS.

Pewenue. PaccMOTPHM LMJIHHAP B KPaHHEM MOJNOXKEHHH, ONPEJENsIeEMOM YIJIOM @y
(cM. puc. 1.14). B 3TOM NOJOXEHHH LEHTP TSDKECTH IHJIHHAPA MOJAHMMAETCS OT I10JIO-
JKeHHST PABHOBECHSI B HANpaBJIeHHH, MpPOTHBONOJOXHOM IeHCTBHIO CHJBI THMECTH, Ha
BeJIHUHHY

(@ —r) (1 — cos gm) &~ (a— r) ou/2. )

Torpa noteniuadbHast SHEPIUST HMEET BHJ
E _Lly "
nmax = g5~ (@a—r) pu. (y)

B cpeaHeM mOJIOMEHHH TOYKAa KOHTaKta A sBJSETCS MIHCBEHHHIM II€HTPOM Bpa-
HIeHHA UHMJHHAPA, TOSTOMY IIPH YCJIOBHH OTCYTCTBHSI TPEHHS] MIHOBEHHAsl yIJOBas
CKOPOCTh OTHOCHTEJIBHO 3TOH TOYKH

= Pn- (d)
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Toraa kunernueckyio snmepruio, Koropas pasua 0,57 ,62, MOXHO NpeICTaBHTL B Buje

1 W 32 (a—r)2 o
EHmax=‘2_——'T‘(—-_)(PM- (x)

r2

[lpupaBHuBas BepameHus (y) H (X), TMOJYUHM CrleyloLiee BbIpaXeHHE JJI KPYTrOBOil

YacCTOThI.
- 2¢
”*VS(a—r)' ()

3AJAUH

1.3.1. Ha puc. A.1.3.1 nokasaH TsKeJbllf MasTHHK, OCb BpallleHHS] KOTOPOrO
cocraBasier Maabifi yroa f§ ¢ Beprukanbio. OnpesieuTs 4acTOTy MajblX KOJeGaHHI, YuH-
TBIBas TOIbKO Bec W Imapa W npejmoJsaras, uTo Macca
y@ mmapa cocpejoroueda B LieHTpe Tsxkectd C. Cuurarth, 4TO

/ B TPeHHe B MOJAUHMIHHKAX OTCYTCTBYET.

Omeem: p = ]/ ﬁz‘g—

1.3.2. OnpenenuTb COGCTBEHHYIO 4YacTOTy KoJeba-
HHH CHCTeMBI, NOKas3aHHOH Ha puc. 1,12, ecan W =
= 22,7 H, k; = 0,356-10° H/m, ky= 1,79-10% ;H/m,
b=10,102 m, c= 0,051 m. Crpenxy BOA paccmarpu-
BaTb KaK TOHKHH, IOCTOZHHOTO IIONEPEYHOrO CeueHHs
crepxenb Becov W = 1,82 H u cuurtats, 4TO AJHHA
yuyactka OA crpesku pasHa 0,306 M.

Omgem: = 2,72 c’1,

1.3.3. Koraa B nokasanHo# Ha puc. 1.13, a cucreme
K BEDXHEMY KOHIly BEPTHKAJbHOTO CTEpXKHS NpPHKpEIJIeH
rpys BecoM W, = 9,1 H, uvacrora KoseGaHuil CHCTEMEI

Puc. A.1.3.1 paBna 1,5 ¢ TIpu ycranoBke rpyasa secom W, = 18,2 H

yactora paBHa 0,75 ¢~', Kako#l MHHHManpHBIH Bec 10J-

XKeH HMeTb rpys Ws, yCcTaHOBKAa KOTOPOrO CO3/1aeT B CHCTEME YCJOBHS HEYCTOHYH-
BOTO PaBHOBECHS? BecoM CTEpKHS MOXKHO IpeHe6peusb,

Omsem: Wy = 27,3 H.

1.3.4. OnpefenuTh KPYroByI0 4YacTOTy p KOJIEGAHHH CHCTEMbl, NMOKA3aHHOH Ha
puc. 1.13, @, ecliH BepPTHKANbHBIA CTEpKEHb HMeeT OOIIMH BeC wl, paBHOMEPHO pacipe-
JeJIEHHBIH 1O ero JJxHe.

o1/ & 3ka/l ___§_( 4W 42wl >]
Om"e’"'p_l/z {3W—l—wl T\ Wl /]

1.3.5. lng 3amHCH BePTHKAJbHBIX KOJEGaHHH HCIONB3YETCH MPUOOP, CXEMa KOTO-
poro mokadana Ha puc, 1.3.5: aGcosoTHo kectkKasi pamka AOB BecoM W Moxer mo-

L

\. Puc. A.1.3.5
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BOPayHBaTbCsS OTHOCHTENIbHO OCH (), MepNneHiHKyJAsIPHOH IVIOCKOCTH ueprexa. Oupege-
JIHTb KPYTOBYIO YacCTOTY MaJlbX BEPTHKAJBbHBIX KOJeGaHHi rpysa, CuUHTas, YTO MaccaMu
PaMKH H NIPYXHH MOXHO npeHe6peub.

g [k1a* + k; (a g @)?]
Wiz :

Omgem: p =

1.3.6. Ilpusmarnueckuii crepxedb AB Becom W nopjpelier Ha JIBYX BepTHKAJIbHBIX
Tpocax (puc. A.1.3.6) H MOXeT coBepliaTb MaJble KPYTHJbHbIE KOJNEGAHHS B FOPH3OH-
Ta/IbHOH IVIOCKOCTH OTHOCHTeNILHO OCH, NPOXOJsIIel yepe3 cepefMHY MpOJeTa CTEpPXKHA

p77774 4,[/ —

Puc. A.1.3.6

NEePNneHJMKyAspHO TJIOCKOCTH uepTexxa, OnpeiennTh KDYroBYI0 HacTOTY STHX KoJe-
6aHui,

Boa?
Omsem: p = V?lgT(;

1.3.7. Tlonykpyrosoii cerMeHnT UMJIHHApDA COBepLIaeT KoJieGaTesbHble ABHKEHHS,
nepeKaTuBasCh 6e3 TPeHHS N0 IOPH3OHTAIbHON miockocTH (puc. A.1.3.7). Onpenenuts
KPYTrOBYIO 4acTOTY MaJ/IbiX KoseGaHHH, eciH 7 — pajuyc LUWAHHADPA, ¢ — KOOpAMHATa
IeHTpa TsKeCTH, (2 = [g/W — KBajpaT pajuyca HHepUUH OTHOCHTENbHO UEHTPaJbHOMN
OCH.

. cg
Omesem: p = Vm .

1.4. METO4 PEJES

Bo Bcex paccMOTPeHHBIX BhHIIE CIydYasiX 3ajauya CBOAMJIACH K NPO-
CTefeMy Cy4aio KoJeGaHUsl CHCTEMbI ¢ OJHOH CTeNeHbIo CBOGOBI IyTeM
BBEJIEHHsl ONpEeJeJeHHbIX YNPOUAIKX mnpeanoyoxkenuil. Hanpumep,
B cucreme, uzobpaxenHod Ha puc. 1.1, mpeneGperasoch Maccoil mpy-
JKHHBL 110 CpaBHEHHIO ¢ Maccolt rpysa W, a B nokasaHHo#l Ha puc. 1.4
CHCTeMe He y4YHThiBajlach Macca 6alKH. AHAJIOTHYHO B CHCTEME, NpescTa-
BJeHHO# Ha puc. 1.8, npeHeGperanocb MOMEHTOM HHEPIMH MacChl Bajaa
N0 CPAaBHEHHIO C MOMEHTOM HHEpPHHH MaccChl Aucka. XoTsi BBeleHHe IOo-
JOOHBIX YNPOWAIOUIHX NPEANONOKEHUH [Jisi GOMbIIMHCTBA NpaKTHUe-
CKHX CJyuaes NO3BOJSET NOJAYY4aTh JOCTATOYHO TOUHBIE PEILEHHS, B TeX-
HHKe BCTPEUAIOTCS 3a4a4H, B KOTOPSHIX CTAHOBHTCS HEOGXOAHMBIM BHHMA-
TeJbHO PACCMATPHBATL TOYHOCTb TAKHX NPUOIHKEHHBIX NOAXOA0B. s
TOr0 4TOGBI ONpPEAENHTb BJHsSHHE MOAOOHBIX YNPOUIEHHH Ha 4acTOTy
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KoJieGaHuii, pacCMOTPUM NPHOIMKEHIBIH METOJ, Npeitoxkennstii Pe-
JeeMm *. Tlpu MCMONB30BAIHH 3TOTO METOAA HEOOXOAHMO ClesaTh HEKO-
TOpble MPEANOJNONKEHHA OTHOCHTENLHO KOH(QHIYPAlMH CHCTEMBI NPH KO-
Jebanusx. Toraa yacrora XoJe6aHHH OyjeT ONpeNessThCs H3 YCJIOBUH
COXpaHeHHA 3HEPTHH CHCTEMBHI.

B Kkauectse mpocroro nprmepa npuMeHeHUs MeTOAA Penesi BozpmeM
cayvaii, npejacraBieHHbId Ha pHc. 1.1 u o6cy>K)1eHHbm Bnn. 1.1 ul.3.
Ecsin macca npy»KuHbl MaJla N0 CpaBHEHHIO ¢ Maccoii rpy3a W, na dopmy
KosieGaHnil He GY/IeT CYLeCTBEHHO BJAHSATH Macca npyxuHbl. C 10cTaToy-
HOH TOYHOCTBIO MOXKHO IIPEANOJIOKHTh, YTO NEPEMEIIEHHE X IIPOH3BOJIb-
HOH TOYKH MPYXKHHBI, PACHOJOXKEHHOH Ha PAcCTOSIHHUHM ¢ OT 3aKperJieH-
HOro KoHna (cM. puc. 1.1, a), Gyzer TakUM Xke, KaK H B cjlyuae 6e3macco-
BOH NPYXHHBEI, YTO AdeT

X, = ¢x/l, (a)

rfle [ — JJHMHA NPYKHHBI B CBOGOJHOM COCTOSIHHH.

Ecan, Kak H panblie, NPeANoNOKHThb, YTO NIEPEMEIeHHs H3MEHAOTCS
JIMHEHHO, TO MNMOTeHIHAJbHas 3Heprus OyjerT TaKoH Ke, KaK H B cayyae
6e3MaccoBOH NPYXKHHBI, U M03TOMY 3JeCh CJAeAyeT PacCMOTPeTh TOJbKO
KHHETHYECKYI0 3HeprHio cucrembl. OGO3HAUMM Yepe3 @ BeC €HHHILbI
JLIHHBL npyxuubl. Torga macca sjeMeHTa Npy:KHHBI JUIHHOH dc Gyjer
paBHa w dc/g, a ero KMHEeTHUECKAas IHEPTHsA COCTABUT (@ dc/2g) (CXmax/l)®.
IlosHast KMHETHYECKAsi SHEPTHS NPy KHHBI

1 .0
w meax _ Xmax UUI> )
o) (5 ) de =3 (5)- ©
0

DTy BENHYHHY CJeAyeT CJAOKHTb ¢ KHHeTHYeCKOH sHeprHedt rpysa W,
Toraa ycnosue (1.13) paBeHcTBa 3HEPTHA NPHHUMAET BHJ

Xmax (W 4= wl > _ kxi;znax (8)

CpaBHHBasA 3TO COOTHOLIEHHE C paBeHCTBOM (H) m. 1.3, MOXHO cje-
JIaTh BBLIBOJ: JUISl TOTO YTOObI YCTAHOBHThH BJHMSIHHE MACChl NMPYIKHHBI Ha
nepHoi co6CTBEHHbIX Kosebauuii, HeoGXo UMO NPHOABHTL TOJNBKO TPETh
Beca MpyxKHHbl K Becy rpysa W.

DTOT BBLIBOJA, MNOJYUYEHHBIH B TNPEANOJOKEHHH, YTO INepeMelieHHe
NPYKHHBI H3MEHseTCcs MO JHHEHHOMY 3aKOHY, MOXKeT C JOCTaTOYHOM
TOYHOCTBIO HCNOJb30BAThCA JaXKe B T€X CJAy4asiX, KOIJa BeC MpYKHHBI
¥MeeT TOT e nopsijok, yro u Bec W. Hanpumep, xorga w! = 0,5W,
ClIHGKA NPUOIUKEHHOTO pelieHust (cM. I. 5.5) cocTapjsieT NPUMEPHO
0,5 %. Ona wl =W wu wl = 2W cmubka npuvepno pasua 0,8 u 3 %,
COOTBETCTBEHHO.

B xauecTBe BToporo npuMepa pacCMOTPHM cjyuail KojebGaHus Oaniku
IIOCTOSIHHOTO 1OTIEPEYHOTO CEYEHHs, B CepejuHe npoJera KoTopoil pac-

* Rayleigh J. W. S. The theory of sound. London: Macmillan Co., v. 1: 1877,
326 p.; v. 2: 1878. 302 p. (omy6auKoBaH mepeBox 2-ro aura. u3na. 1894, 1896:
Crpert Ax. B. (Paaeit). Teopust aByka. M. — JI.: Tocrexusaar, T. 1, 1940, 499 c.;
T. 2, 1944. 476 c.; 2-e u3n., 1955 — nepesoy 3-ro aura. usp. 1937),
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- B

Puc. 1.15

noJsioxked rpy3 Becom W (puc. 1.15). Ecan Bec w!/ Ganku man no cpabHe-
HHIO ¢ BecoM rpysa W, TO MOXKHO C JOCTATOUHOH TOYHOCTBIO NPEAINoJIo-
HKHUThb, UTO NPOrH6 OajJKH NPH KOJIeGaHUsIX UMeeT TAKYIO ke GopMy, Kak
1 NpodHJIb KPUBOH CTaTHYECKHX NPOrHGOB NpH AEHCTBHH COCPENOTOYEH -
HOH HAarpys3KH, NPHJOXKEHHOH B cepeaune nposera 6anku. Torpa, 06o-
3Hayasi yepes yy MaKCHMaJabHbIH NPOTrU6 B cepeluHe npoJsera GaNKH NpPH
KoJIe0aHHH, MOXKHO BBIPA3HTh [EPEMEIeHHe NPOU3BOJBHOTO MAaJaoro
3/eMeHTa 0asikKH, PAacloJIOXXEHHOro Ha PACCTOSIHHH X OT JIEBOH OTNOPHI,
B BHUJe
3x[2 — 4x3

Yy=tu——p - (r)

MakcumanbHasgs KUHETHYecKas 3HEprua camo#t 6aJkH
1

w /. 3x2—4xd\2 17 Ji
2 | g (gu ) dx =g wl 5. ()
0

%

STy KHHETHYECKYIO 3Hepruio GajlkH NPH KoMeGaHHAX HEOOXOAHMO CJO-
XKUTb ¢ 3Heprueil Wyy/2g rpysa, yCTaHOBJIEHHOrO B CepeJUHE NposeTa
6aJKH, H TaKHM 06pa3oM yuyecTb BJHSIHHE Beca GajKH Ha NEPHOJ KoJie-
Ganuil. B 3tom cayuae nepuox koseGaHHH GYJeT TAKHM XKe, KaK H AJd
HeBecOMOH 6asiKH, K KOTOpOH NpHJIOXKeHa Harpyska

W =W 5wl
Haxe pas Kpainero caydas, korga W = 0 u B cepeiune npoJera
6aJKH NpHUKJaplBaeTcsl SKBMBaJeHTHas cuna, pasHas (17/35) wl, Tou-
HOCTb NPHOJHXKEHHOIO METO0/la OKa3blBaeTCs JOCTATOYHOH AJIfi NpPAaKTH-
yeckHX neseft. ITporu6 Ganku npu NeHCTBHH SKBUBAJIEHTHOH CHJIBI, TIPH-
JIO’KEHHOH B CepeAHHe TNpoJera.

17 3

bor = 25 @l 4557 -

IoacraBnsis 5Ty BeqauuHHy B dopmyay (1.3), uaiiaem nepHoj; co6CTBEH-

HBIX KoJieOaHHH
Oor wit :




)

/
/
/

Y

Puc. 1.16

Tounoe pemenue (cM. 1. 5.10) B 3TOM caydae HMeeT BHI
1= (2/n) V wl(Elg) = 0,637 V wl/(Elg). (%)

Kak BuaHo, omu6ka npubJHKEHHOrO pelleHusl Adaxe IMPH TaKOM orpa-
HHUEHHOM NOAXOJE cocTaBjsieT meHee 1 %.

B kadectBe TpeTbero mpHMepa pacCMOTDHM MPH3MAaTHYECKYIO KOH-
COJIbHYI0 6aNKy, Ha He3aKpelJIeHHOM KOHIle KOTOPOH YCTaHOBJIEH TPy3
BecoM W (puc. 1.16). IlpexnosoxumM, 4to NpH KoJebaHHaX dopma JH -
HuHM nporuba Gansku OyjgeT Takod ke, KaK M B CJydyae CTaTHYECKOTO
HArpyxeHus cujofl, NpuJoxeHHoH Ha cBoGoiHOM KoHLe. O603HAYHB
yepes Y, MaKCHMajbHOe IepeMeilleHHe rpys3a W, MoKeM ONpPeIesHTb
KMUHETHYECKYI0 3HepTrHio 6asnkKH

l

j%(\y'm——m[ i )dx_ = ly“ : (3)
0

[lepuon koseGanuil B 31OM cjaydae OyJeT TAKHM 2Ke, KaK H INEePHOJ
KoJieGaHHil HeBeCOMO#l KOHCOMbHOMH 6a/IKi, K CBOGOHOMY KOHIY KOTOPOH
NpUJIOKEHa CHJIA

=W+ @
OksuBateHTHbIH Tpy3 BecoM 33/140 w! MOXKHO HCNOJIbL30BAThH Jaxe

U B TeX CJyuasX, Korga wl He sBJsieTcst Majol BequuuHoH. [Ipumenss
CKazanHoe K KpaliHemy cayuaio, Korga W = 0, nosyuyaem

33 3 .
Ser = 15 wl( 3ET ) (H)

B pesyabraTe HaxojauM, 4TO Nepuoj KoJebauuil (cMm. m. 5.11)

. Oor  2m 'l/ w4
T=2n V g 3567V Fig- (K)
BuaHo, uto omHGKa NPUOGIHKEHHOTO DEIIEHHSI COCTABJSAET NPHMEPHO
1,5 %.

B paccMoTpeHHBIX C/Iyyasix MonepeyHsix KoseGaHui 6ajok ¢ rpy3oM
Npeanarajoch, 4yro GopMel 6adok Npu KoseGaHuu ObIIH TAKUMH Xe, Kak
GOpMbl KPHUBBLIX NPOrHGOB NpPH CTATHYECKOM MPUJIOXKEHHH HarpysokK.

B rmnpenenbHOM cayuae HeBecoMoil 6GaJjiKd NpeiNoJONKEHHe sIBJAseTCS
cnpapefauBbiM. OjHako, KorAa 0ajka HMeeT HeKOTOpbiM oOpasoM pac-
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NpefieIeHHY 0 MAcCy, 3TO MPenoJokeHue Gy AeT TONbKO NPUOAHKEHHBIM.
Ecau ynopyryto anHHIO 6alKH ONMUCLIBATH HEKOTOPOH pa3ymHo# dopmy-
JIOf, MOXKHO OXHJATb, YTO B pe3yJbTare NOJYYHTCS Xopoluee npubmu-
JKeHHe K TOYHOMY 3HAUeHHIO NepHoia Kosaebauuil. Pasymeercs, ecau 3a-
Jath TOYHYIO (OPMY, MOJYYHM TOUHOE 3HAUEHHE NepHoAa KoJeGaHHi.
Jasi Toro uto6bl NPOJEMOHCTPHUPOBATH BBICKA3aHHYIO TOYKY 3PEHH,
pPaccMOTPHM CHOBa CBOGOAHO omeptyio 6anky (cM. puc. 1.15) 6e3 yuera
Beca W. B stom ciyuae usBectuo (cMm. 1. 5.10), uto Tounas gopma ynpy-
rofl JHHUH NPH KOJIeOAHUSIX OTHOCUTENBHO MOJOKEHHSI PaBHOBECHS OIH-
CBIBAETCS CJEAYIOUIUM BBIPAKEHHEM:

Y=Yy sin jlf_ . ('H)

Kak ¥ panbiue, yepe3 y, B BbpaxKeHHH (J) 0003HAYEH MAKCHMAaJbHBIN
nporu6 B cepeiuHe mpoJiera GalKH, y — NPOTHO B NPOM3BOJLHOH pac-
MOJIOKEHHOM HA PACCTOSHHUH X OT JIEBOH ONOPHI TOUKE MO OCH OaJIKH.
Kuneruueckas sHeprusl Bcell 6alkH B IIOJOXKEHHH PaBHOBECHS
1

w (. . mx\2 wl Gy
Eﬂmax:JAg(yMSlﬂ—T—) dx:—é—-gg— (M)

Yro6bl NOACYHTATH MAKCHMAJbHOE 3HAYEHHE NOTEHI{HAJbHON 3HePTHH
GaJIKi OTHOCHUTENBHO IOJIOXKEHHS! PABHOBECHS, BOCIIOJAbL3YEMCs CJAeAyIo-
LIUM BHIpaKeHHUeM * 1J1s 3HepTUH U3THOHBIX AedopManui:

l

Enmax :—é‘jEl (%)2(1)( (H)
0

[ToacraBasisi BTOPYIO NMPOU3BOAHYIO BHIPAXKEHHSA (J) B COOTHOWIEHHE
(H) 1 BBIMOJIHAA HHTETPUpPOBAHHE, HAHAEM

Elnt o
Enmax:'—4'l3—yw (0)

B 3akJjwooueHHe, NpUpaBHHBAs BbIpaKeHHst (J1) H (0) COTJIACHO YCJIO-
BUIO (1.13) ¥ yuHTBIBASI, YTO UMEET MECTO PABEHCTBO Yy = PYy, NOMYUUM
topMyny AAs 4acTOThl KoJeGaHHH

El
p:n2V wlf' (1.15)

CootBercrByouil nepHo] Kosnebauuil v = 25t/p, 4To NPHBOAHT K TOY-
HOMY BBIpaXKEHHIO (3K), MOJYyYEHHOMY BBIILE.

Kak yxxe roBopHusaoch, paHee, BblOOp (pyHKuu# $Hopmbl M060r0, HO
OTJHYHOTO OT TOYHOTrO BHAA GyJAeT NPUBOJUTb K NMPHUONUKEHHBIM 3HAye-
HUSAM YacCTOTHI WJH Nepuoja KoJjebanufi. OueHb XOPOIUHM BapHAHTOM
BeiGopa GpyHKOUH GopMbl mporuba /s 6anKku NpH KoJeGaHHsAX ABJSETCS
¢opMa KpuBOH mporu6oB, Koraa Gajska HarpyKeHa CTaTHYeCKH cCoOCT-

. *Cwm. c. 220 ku. Timoshenko S., Young D. H. Elements of strength of mate-
rials, uutuposantoi B m. 1.1,
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BeHHBIM BecoM. J1Jist TOTO YTOOBI MOSICHUTD 3TY MBIC/b, PACCMOTPHM TaK XKe
cJlyuail HeHarpyKeHHoil cBOOOAHO onepToi GajikK K JONYCTHM, UTO K Hel
CTaTHYeCKH NPHJIOKEHA paBHOMEPHO pacnpejie/ienHas Harpyska w, obyc-
JIOBNeHHAsa cOOCTBEHHBIM BecoM Oajiku. Toraa nosyuuM CJIeAyiomyio
dopmy nporuba:

16 ;
Y= Yn g (¢ — 206> 1 Px), (m)

rie yy = bwl*/(384E]) — nporu6 B cepejune npoJieta GajkKH.
Kunernueckas sueprusi 6aJKu NpH nepexoje yepes NoJioXKeHHe paB-

HOBECHH
) )

me:j%yzdx: g; [y dr. (1.16)
0 7 0

[Moacrasasia Buipakenue (n) B cooTHouenue (1.16), nainem
Ex max = 0,252 2= p'sf. (»)

MakcumaJibHOe 3HaueHHe MOTEHUHAJbHOH 3HepruHu OaJKH OTHOCHTEJIbHO
NOJI0KEHHS PABHOBECHS] MOXKHO MOJYYHTb, YYHTHIBAsI TO 00CTOSTENLCTBO,
4To BHemHsi pa6oTa CTaTHUYECKH NPHJIOXKEHHOH pacnpelesieHHOH Ha-
TPY3KH OT Beca paBHa 3HepTHH Jedopmauuu npu usrube 6anku. B pe-
3yJabTaTe HMeeM

: 1

E, mx = J—z—wydx. (1.17)
0

[ToacraBasisi Belpaxkenue (1) B cooTHoueHHe (1.17) ¥ BBINOJHSIS HHTETPH-
poBaHHe, MOJYYHM

Eu mox = 0,320wly, — 24,6 =L 42, ©)

[TpupaBuuBast BblpaxkeHus (p) U (C), MPUXOMUM K cjepyiomed gopmyJe:
El

p=987) =i (1)

CpaBHHuBast 3TOT pe3yJbTaT ¢ TOUHbIM 3HaYeHHeM (1.15), BU1HM, 4TO HMeeT
MecTo COBMajeHHe Tpex MepBblX LHQD.

Buipaxenus (1.16) u (1.17) moxHo moicTaBuTh B pabeHcTBo (1.13)
JUIsT 3HepTHH ¢ TeM, YTOGH! MOJYUHTb JJisl YKa3aHHOTO THMA 3ajau obuiee
BbIpaXkeHue JJs p:

i i
p‘z:g_‘wydx jwyzdx. (1.18)
0 0
Ecan noroHHast Macca w H3MeHsieTcsl Mo AJHHe 6aNKH, TO B BbIpPaXK€HHH
(1.18) pyHK1IHIO @ ceyeT OCTABUTD MOJ, 3HAKOM HHTErpaja, HO B cjiyvyae
6aJIOK MOCTOSIHHOTO TIONEPEUHOro ceyeHnst 3Ta BeJuuHHa OyleT NoCTosIH-
HOH U B dopmydie (1.18) ee MOXKHO COKparHTb.
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Heo6xonnmo orMetuts, 4To ynpyras 6anka mnpejctasiseT coboit
cucTeMy ¢ OecKoHeyHO OOJMbHIMM YHCa0oM cremneHed cBoboasl. OHa, mno-
JOGHO CTpPYHe, MOXeT COBEpIlaTh KoJieGaHus pasanuHoro tumna. [Ipu
HCII0JIb30BaHHH MeTola Penies BbIGOp onpeneneHHol QOPMbI 415 KPHBOH
nporu6oB 3KBHBAIEHTEH BBEACHHIO HEKOTOPBIX JAOMOJHHTENbHBIX Orpa-
HHYEHHH, KOTOpBLIE CBOJAT HCXOAHYIO CHCTEMY K CHCTEME C OJHOH cre-
neHbto cBoboAbl. [lofoOHBIE JHOMOJIHUTENbHBIE OrpAaHUYEHHS MOTYT
TOJIbKO YBEJNHYHTb KECTKOCTb CHCTEMBl, T. €. YBEJAHYUTh 4aCTOTYy KoJe-
Ganuii. Takum ob6pa3oMm, BO BCEX pPACCMOTPEHHBIX BbIllle CJydYasiX NpH-
O/MKeHHble 3HaYeHHS YacTOT B CHJIY TOTO, YTO OHH OTPENeNsJIHCh METO-
oM Pejesi, HeCKOJNIBKO MpPEBBIIAIOT TOYHLIE 3HAYEHHs *.

B cayuae KpyTuabHBIX KosebaHHM (cM. pHc. 1.8) monoGublil npubau-
JKEHHBIH METOJ MOXKET ObIThb HCIOJb30BAH AJS OUEHKH BJIUSHHS MOMEHTA
MHEpPILHHN BaJa Ha 4acToTy KoseOaHHA BceH cucrembl. [lycTh wepes |
0603HaYeH MOMEHT HHEpPLHH Macchl Basna, OTHECEHHBIH K eJHHHIE €ero
jaunpl. Torpa, npeanosaras, urto ¢opMa Kkosae6aHHil Takasi Xxe, Kak
H V HEeBecoMOro Basa, MOJY4YHM, YTO YIOJI OBOPOTA IOMEPEYHOTro ceye-
HHf, PacroJloKeHHOI'O HAa PACCTOSIHHH X OT 3aKpelJeHHOro KOHLA BaJna,
paeeH c¢g//, MPH 3TOM MaKCHMa/JbHOE 3HAYEHHe KHHETHYeCKOH 3HeprHH
MaJloro 3/emeHTa Baja paBHo (idc/2) (c@max/l)?.

KiHeTHueckas sHeprusi Jjsi BCEro Baja HMeeT BHJL,

!

(e S (5), Y

Jast Toro 4To6bl OLEHHTH BJAHSIHHE MacChl Bajla Ha 4acToTy KojeGaHus,
HEOOXOAHUMO 3TO 3HAYEHHE KHHETHUECKOH SHEepPTHH CJOXKHUTb C KHHeTHYe-
CKOH 3Hepruel aucka. B pesysbrate mosyuum, uTo mepHoAd KoJebaHHS
OyJeT TakuM ke, KaK M B CJIy4Yae HEBECOMOTO Baja, K KOHIY KOTOPOTO
NPUCOEJHHEHO Te0 MoMeHTOM uuepuuu ' = [ + il/3.

KpyTunbubie Kose6aHHsi BaJOB 6e3 yCTAHOBJEHHBIX HA HHX AHCKOB
MOXHO HCCJIEJ0BaTh TOYHO TaK e, KaK 3To OblJIO CeaHo JJsl monepey-
HBIX KosebGanuit 6anok. Chaenys TeM ke BbIKJIAJKaM, KOTOpPble MPHUBEIH
K BbipaxkeHuto (1.18) nmaa 6anox, MoJyyuM aHAJOTHYHOE BBIpaXKE€HHE
I/l 4acTOThl KoJsieOaHusi BaJloB:

3 !

pzzaj ipdy [ ip*dx, (1.19)
0 0
Te (¢ — yTroJ 3aKpy4YHBaHHUs MPOH3BOJbHON TOYKH 10 OCH, OOYCJIOBJIEH-
HOM TNPHJIOKEHHEM paclpeleseHHOTO KPYTSUIEr0 MOMEHTa, BEeJHYHHA
KOTOPOro paBHa BeJHYHHe of, OTHECEHHOH K eJHHHlUe AJHHBI BaJa.
Uepes a o6ostaueHo YIJOBOE YCKOpEHHEe, u3MepsieMoe B paj/c?.

Mpumep 1. Onpenennts 4actToTy COGCTBEHHBIX KoJeGauwnii rpyza secom W, ycra-
HOBJIeHHOro Ha Gaaky AB (puc. 1.17) mOCTOSIHHOTO MONEPEUHOTO CEYeHHs, AJS CIACAy-

. . X O6crosirestnioe o6cyx/enue Merosa Penes Moxio nafitn B ki, TempleG. F. J.,
Bickley W. G. Reyleigh’s principle and its applications to engineering. 2nd ed.
New York: Dover Publication, 1956. 152 p. )
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|

an n

2

Puc. 1.17

IOUIMX JBYX CJyuaeB: a) B MpPEANOJOXEHHH, UTO BecoM GajKH MOXHO npeHe6Gpeub; 6) ¢
yueToM Beca GaJJKH H C ICMOLIbIO MeToxa Peses.

Pewenue. Tlycts @ u b — paccTOSIHUSI OT I'Py3a 10 KOHUOB Ganku. Torga nporu6
NPH CTATHYECKOM NPHJIOKEHHH Harpysku Ogp = Wa2b?/(3/EI). 3apaBasi KeCTKOCTb
Npy:HHE BHpaxennem 2 = 3[E1/(a®%) u mpene6peras maccoit 6aiku, HaijeM Kpyro-
BYIO 4acTOTY KoJIe0aHHH H3 CJIEJYIONEero BbipaxKeHHS:

_ g 1/ kg 3IElg
p“]/ Sor ]/ 728 Wah? *

Jns Toro uTo6bl yuecTb BJIMSIHHE MacChl 6aJKH, PacCMOTDHM KPHBYIO IpPOrHGOB
Ganku npH JAeHCTBHM cTaTHyecKoit Harpysku W. Ilpor6 B mpou3BOJIBHOH OTCTOSILIEH
Ha paccTosiHHM & OT omophl A TOUKe JIEBOrO yuacTKa GajKu

y1 = (WbE/BIET) [a (I 4 b) — E2].
Jns mporun6a B TOuKe, MPOH3BOJNBLHO PaCMOJIOXKEHHOH ClpaBa OT I'py3a Ha paccTo-
SIHHH 7] OT omopel B, umeeM '’
s = (Wan/6IE1) [6 (I + a) — n2].

Hcnonbays meron Pesess M mpeanosarasi, uTo NpH KoJie6aHHAX MaKCHMaJbHast
CKOPOCTb NMPOM3BOJILHOH TOYKH, Jexalnedl Ha JIeBOM yvyacTKe GaJKH, OnpejessieTcs BhI-
paxennem

‘ y . & 2
U1 =Y 601’1' =ym[a(l+b)—§-],

Tje Yy — MaKCHMaJbHasf CKOpOCTb rpysa W, noJgy4yaeM, 4TO MAKCHMaJbHas KHHETH-
YyeckKas 3Heprus 3TOro yudacrtka

Win ja(—ﬂ—ng: Wy ja__§2_[a(1+b)-§z]2d§:
1]

2g Ser 2g 4aib?
0
.2 wa 12 23a>  &al -
=M [ 3T T 055 15b2J' @)

TouHO TakxkKe paccMaTpuBas NPaBHil yuyacTOK GajJKH, HAaXOJAHM MAaKCHMAaJbHYIO KHHe-
THYECKYIO SHEpPTHIO

(x)

Lo wh (! +a)2 b2 b(l +a)
yMQ_g'[ - — J

12a2 28a? 10a?

TakuM o6pasom, Jjis paccMaTpuBaeMol 3ajauu ycsiosue (1.13) paBencTsa 3nepru# mpu-
HUMaeT BHJ

W + awa 4 pwb  _: ky;“:x
%g Y 2

EXS)
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rie & u f 0603HAYAIOT BeJNHM4HHLI, CTOSI[HE B KBaJPATHBIX CKOOKAX COOTBETCTBEHHO
BolpaxkeHHH () u (x). Hcmoab3ys cooTHouienHe JJisi KPYTrOBOH YacTOTH KoJeGaHHI,
NOJYYHM CJeAyiolLyio PopMyJay:

/ 3IElg

p= W F aaw I pow) @6° ° (1)

[Mpumep 2. 1A mpu3MaTHUeCKOH KOHCOMbHOH Ganku (cM. puc. 1.16) npu W =
= 0 c nomompio meToia Penes nafitH NpHOMHIKEHHOE 3HAueHHE NEPHOAA COGCTBEHHBIX
nonepedHkx kose6anui. CuHTaTh, uTO opMa GanKu NpH KOMeGAHHH COBMAJAET C KPHBOH
CTaTHYECKHX MpPOTHOOB, OOGYCJOBJEHHEIX BECOM GajKH.

Pewenue. Ing paBHOMEPHO paclpejie/eHHOR TONMEPEUHOH HArPY3KH HHTEHCHB-
HOCTBIO W, AeHCTByloLleH Ha 6asKy, CTATHYECKHH NpPOTH6 B TOYKe, OTCTOSUICH Ha pac-
CTOSTHHH X OT 3a/leJIaHHOTO0 KOHILA:

g =0 (el - 6122), “

rae ym= w/*/(8E[) — nporu6 Ha He3aKpEMJIEHHOM KoHue. [10AcTaBJss BhipaxeHue (u)
B npeactaBiaenus (1.16) u (1.17) u uHTErpHpYys, Halifem

52wl 9 o

Ex max = —%nynﬂd; (1)
I 8EI o

Epmax = —l%—‘ Ym = ——SF—yM. ()

[TpupaBHuBas cooTHOweHHs (w) u (II), TOJYYHM YacTOTY KoJeGaHuH

Elg
p=3,530 oIt
H COOTBETCTBYIOIIHA ei mepHoj KoJeGaHUH
T 2n w— 4 3)
~ 3,530 Elg

Tounoe smayemwe AJsi MEPHOJAA OCHOBHOTO TOHA KOJeGaHHI ONpefessieTcsl BEIpaxe-
HHeM (K), OTKyJa BHJHO, YTO MPHOJHMEHHOe pelleHHe MeTOAOM Peses [aeT OUIHO6KY
nopsajaka 0,5 9.

3AJAYH
1.4.1. Ins KoHconbHOH GankH, Moka3aHHOH Ha puc. 1.16, metogom Penesi Bbhiumc-
JIHTh IIEPHOJ NOMepeyHbIX KojebGaHUH JAJs NpeleNbHOro cJayyasi, korna W = 0, T. e.

JJ1s1 OXHOPOJHOH 6ajJkH 6e3 Harpysku Ha cBOGOJHOM KoHle. DopMmy GalKu NMpPH KOJe-
6aHHsX 32/1aTh B CJEAYIOLIEM BHAE:

X
Y=1Ym (1 — Cos T) ’

TJie Yy —— NMpOru6 Ha cBoGoAHOM KoHIe. OTMETHM, 4TO BHIGOP (OPMBI YKA3aHHOTO NPH-
GMHXEHHOTO BKJA JaeT OWHOKY NpH ONpejieJeHHH KoJeGaHHH mopsaka 4 9.

Omam' _2n wld
¢ 'T‘-?ré_é Elg"’

1.4.2. Ina cayvasi, Koraa mokasaHnasi Ha puc. 1.15 6anka umeer o6a KoHLaA He
CBOGO/HO OMepThie, a 3aUICMJEHHbIE, ONPEJENHTb, KaKYIO YacTh €€ MOJHOTO Beca CaejlyeT
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npubaputh K Becy rpysa W, ycTaHOBJEHHOro B cepejMHe INPOJETA, NMPH HAXOXK/CHHH
NepHoja COGCTBEHHHIX MomepeuHnX KoJaeGamuii. CuuTaTh, 4TO hopma Gajku NpH Ko.je-
GaHIsIX CODBIIAgaeT ¢ KPHBOH CTATHYECKHX NMPOruGoB Npu JeficTBHU narpysku W.

Omgem: 13/35.

1.4.3. C nomowpio Merona Peses onpejenuTs TNepHoj CBCCOHBIX MONEPEUHBIX
KoJIeGaHHH GaJKH INOCTOSTHHOTO TOMEPEuHOro CCYeHHs, BeccM w/ H ¢ u3rHCHOH XKe-
cTkocToio Ef, eclu, Kak H B Npeiblayilel 3ajiaue, 06a KoHla GankH 3auemieHsl. [1pen-
noJiaraeTcs, 4To NpH KojeGaHusX 6alku ¢opMa ee mporu6oB coBnajaer ¢ ¢Gopmoi nos-
HOil BOJIHBM KocHHyca. Toraa, momelllass HadajJgo KOODJHHAT Ha JieBOM KoHue Oasku,
KPHBYIO JIHHAMHYECKHX [POTHGOB MNpeJCTaBHM CJelyiomel GyHKUHed:

_Ywm o 2o )
y=—5 (l €os — >

rje yw— Nporu6 B cepejHHe NpoJseTra GajlKH.

i 2m / wld
Omesem: =553 ) -Z-Tg

1.4.4. Jlas pambl, paccMOTpeHHOH B 3ajade [.1.6, npHHSTB, 4TO KaxkJas Bep-
TUKaJbHAs CTOHKA HMeeT MOTOHHMI Bec 2,98- 102 H/M n miapHHpHO 3aKperieHa 3a Bepx-
Huit Konen. OnpejennTb Mepuojl COGCTBEHHBIX MOMEPeUHbIX KojaeGanuil paMbl ¢ y4eTOM
Macchl CTOeK. Mcmosb3oBaTh Te ke UMCJOBbie JaHHble, 4TO # B 3ajade 1.1.6.

Omgem: v = 1,69 ¢ L.

1.4.5. Kakylo d4acTe  paBHOMEPHO  pacnpejeeHHoro  Beca Ganku ABC
(puc. A.1.4.5) crenyer 106aBHTH K Becy rpysa W, yCTaHOBJIEHHOTO Ha HE3aKperJeHHOM
KOHIe, OMpejiesisia 4acToTy COOCTBEHHBIX monepeunblx KoseGanui? Hcnoabzosate Kpu-
BYIO CTATHYECKHX TNPOTHGOB, BBIBBAHHLIX NPHJIOKCHHO B Touke C Harpyskoii.

Omeem: 239/1680 =~ 1/7.

A B w
X 35 ¢
I L | L
I gl B 1
Puc. A.1.4.5

1.4.6. [Ipeanosoxum, 4TO TNpYXKHHa, NoKasaHHas Ha puc. l.1,a ¥ onHcaHHas
B n. 1.1, pactaruBaercst Noj AeHCTBHEM COOCTBEHHOTO Beca W, OTHECEHHOTO K eJHHHIe
JJHHb, a rpy3 W ocHar. C nomomplo Meroja Peses onpefesuTbh YIJIOBYIO 4YacTOTy
OCHOBHOTO TOHAa KOJIeGaHHH TNPYKUHBLI, HCMOJb3YS MPH 3TOM BbIDAXKEHHE JJIs CTaTH-
YECKOTO MNEPeMEleHHsT TNPYKHHbI, OCYCJIOBJIEHHOTO JeHCTBHEM CCOCTBEHHOTO Beca.

Omaem: p = 1,58 V kg/(wl).

1.4.7. PaccMOTpHM TIOBELIEHHBIH Ha JBYX [OC/JEN0BATEIbHO COeJAHHEHHBIX MpY-
HHaxX Ipy3 BecoM W, nokasaHHblf Ha puc. 1.5, @ H onucannbit B 1. 1.1. O60o3nayum
yepe3 /; H W; COOTBETCTBEHHO JJIHHY H OTHECEHHBH K €/IMHMUE JUIHHbI BEC NpPYXHHbI
C KeCTKOCTbIO ky, a yepes [y M Wy — TO Xe, JAJs NPYKHHB C KECTKOCTbIO ky. Cumras,
YTO MepeMeIeHHs Kosebolielicsi CHCTeMbl TaKHe ke, KaK M TpH JIeHCTBHH CTaTHYECKH
NpuJioKeHHoro rpysa W, onpejenuTh Bec, KOTOPH#t caeayeT fob6asute x W s yuera
BJIHSIHHS Beca MpPYKHH.

w k3 - Bw,luks (y -+ k) -+ w. k7

Omeem. 5 (o I ol

1.4.8. OnpefejnTh BeJHUHHY, KOTOPYIO CjefyeT ROGAaBHTb K MOMEHTY HHepIHH [,
4TOObl YY€CcTb BJMSHHE MOMEHTAa HHEpIHH CTYNEHYaToro Balla, KakK [10Ka3aHo
Ha puc. A.1.4.8, rie iy u iy — OTHECEHHLIC K €IHMHHIlE JJIHIILI MOMCHTBI HHEPIHH yya-
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ctkoB | ® 2 Bana, kxj H kxs — HX XKeCTKOCTb npH KpyueHHH. CuuTaTs, YTO pacnpe-
JieJIeHHe YIJIOB 3aKPYYHBAHHS TAKOE Xe, KaK U B CJyyae CTaTHYECKOTO KpPYTHILEro Mo-
MEeHTa, NPUJIOXKEHHOr0 K AHCKY.

. 2 . .
iyl kgg 30 Lk (ki ki) + ialokn

Omeem:
3 (k1 1 kka)?
5 )
{2 \
=
L L,
Puc. A.1.4.8

1.4.9. Ins cnyyasi, onucaHHOro B ycaoBuH 3apaud 1.2.9 (cm. n. 1.2), onpemennts
4acCTOTy KPYTHJbHBEIX KoseGaHHH 060Ja KoJseca. YuecTh BJIHSHHE MacChl # PafHaJbHBIX
cnMy, CYMTas, 4TO Bec KaxJoil crnuusl paseH W.

1 ngSore
27 (W4 Wen/3)r(r—ry) °

Omeem: [ =

1.4.10. Ins cnyuasi, paccMOTpeHHOro B npuMepe 2 (n. 1.2), onpemesuTs 4acToTy
KPYTHJbHBIX KoJeGaHHH Koseca (cM. puc. 1.10, @), yurs BAHsSIHHE Macchl pafHabHbIX
CIIHI| M CYHTasl, YTO KaXJas CIHUA HMEeT Maccy wr/g, paBHOMEPHO PaclpeseNeHHyIo 1O

€e AJHnHe,
NS V4 L6gp
Omeem: [ = on ]/ (W + (116/105) wr] r3”

1.5. BAJIKKH WU BAJIbl, HECYUWHE HECKOJIbKO
COCPEAOTOYEHHDBIX MACC

B xauectBe npusoxenuss Merona Penest paccMoTpum 3ajauy o He-
BECOMOW GaJike, HAa KOTOPYIO YCTAHOBJIEHO HECKOJbKO COCPEJOTOUEHHBIX
mace (puc. 1.18). BBefenne nofo6GHOrO THIIA MOJAENH I/l HCCENOBAHHSA
MOXKHO CBfI3aTh C MjJeeH AMCKpeTH3alHH HEeNpepblBHO paclipejeseHHoH
Maccel 6anKkH, KOTAa 4acTH ee Beca CYHTAKTCs COCPEJOTOUYEHHBIMH B COOT-
BETCTBYIOIIUX TOUKaxX MO ee JJHHEe, C TeM, 4TOObl HMeTb BO3MOXKHOCTDb
NPHOJHAKEHHOTO ONMUCAHWsl AHHAMUYECKHX XapaKTepHCTHK Oanaku. Pa-
3YMEETCsl, CHCTEeMbl COCPEJOTOYEHHBIX IPY30B MOTYT HMEThb MECTO H B AeH-
CTBHTEJNLHOCTH KaK TPYNINbl HAarpy3oK, NPHJOXKEHHBIX K KOHCTPYKIIHH.

W1 WI M/J

oD o) D) .
G S AR SN

= = =

¥
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B nanHom caydae o6o3znauum uepes Wy, W, u W3 cocpenotoueHHble
Harpy3KH, YCTaHOBJICHHbIE HA GaNKy, U€pes Yy, Y, U Y3 — COOTBETCTBYIO-
IlMe UM CTaTHYeCKHe mnepemellleHus. [loTeHuMadbHas 3Heprus aedop-
Malud npu uarube Ganku

1 1 1
Ex max =7W1y1+—§—u’/2y2+ = Walis- (a)

IL'IH TOTO 4TOOBI onpeneJUTh KPYroByrw 4actoty OCHOBHOI'O TOHa KoJe-
6amm, MOZKHO 3anucatbh KHHETHYECKYIO SHEPIHIO CUCTEMBI MPH nepexone
qyepes3 MoJoKEeHUe paBHOBECPIﬂ:

Eqmax= lel + =5 2g Wais + 5 W3y3 (6)
U3 cooTHolenus (1.14) B n. 1.3 umeem
Yr="pryi; Y2=pYs; Ys= pYs (8)
Torna Beipakenue (6) MoxKeT ObITh IEPENUCAHO B CJELYIOLLEM BUIE:
Ex max = (p°/2¢) (W\4ii + Wats + Ways). (r)
IlpupaBHuBast Belpaxkenusi (a) u (r), HaiigeMm
P = T T @

B obmem cayuae ajasi n COCPeNOTOYEHHBIX Macc, YCTAHOBJEHHBIX Ha
6ajKe, Bblpa:KeHHe (1) UMeeT BH],

p= g}g Wy / /;1 Wiy;. (1.20)

Bripaxkenune (1.20) siBisieTcs JUCKPETHBIM aHAMOrOM IMOJIYYEHHOTO Bbllle
Boipaxenus (1.18).

U3 Boipaxenns (1.20) BUAHO, 4TO AJIs1 ONpeAe/JeHHUs YaCTOThl HJIH Me-
pHoza KoJjeGaHHil 6alKH, Ha KOTOPYIO YCTAHOBJEHO HECKOJBKO COCPeNo-
TOYEHHBIX I'py30B, TpebyeTcs 3HaThb ToJbKo Beca Wy, Wo, ..., W, U cra-
THYECKHe MPOTUOHL Yy, Yy, ..., Yn. DETHUHHY NOCJAEIHHX MOXKHO JIETKO
OMNPpe/eHTL METOJIOM TEOPHHU U3THGA Oanok. B Tex caydasx, koraa 6anka
HMEET NepeMeHHOe MoNepevHoe ceYeHHe HIH HeoOX0UMO Y4eCTh BJIHsIHHE
Beca camoi 6asJKH, HEoOXOAMMO pa3buTh 6aJKy Mo JJHHEe Ha HeCKOJbKO
YUaCTKOB H BeC KaxkJAOT0o y4acTKa pacCMaTpHBaTb KaK COCPeNOTOYEHHYIO
Harpysky.

KpyTusabHubie KojieGaHUsI BajloB, Ha KOTOPHIX 3aKpenJjieHO M0 He-
CKOJIbKY a6COJIIOTHO JKECTKHUX TeJ, pacCMaTPUBAIOTCS TOYHO TAK XKe, Kak
H B ciyuyae Ganok. Toraa AMCKpPETHBIA aHAJIOT MOJMY4YEeHHOTO BhbILIE BhIpa-
xkeHua (1.19) umeer BUJA

) 2‘1 If(p,-/jgl 1} (1.21)

B 310M BRIpaxceHnn dyepes ¢; 0603HaUYeH MOBOPOT j-TO abCOJIOTHO JKECT-
KOro Tesa NpPH AeHCTBUH CHCTEMBI CTAaTHYECKHX KPYTALIHX MOMEHTOB.
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YKa3aHHBI KPYTSLMA MOMEHT, NeHcTBYIOUHUH HA f-e Teso, MOJaraeTcs
YHCJEHHO paBHBIM &f;, Thne & — 1 pan/ c-2.

['naBHO# ocobeHHOCTbIO BhIpaxeHui (1.18)—(1.21) siBasieTcst TO, YTO
NOTEHUHAAbHASA M KHHETHYeCKas JHEPTHH, HCIOJb3yeMble NPH HX BHI-
BOJIE, 3aMUCHIBAIOTCA JISA MOJOXKEHHHA paBHOBecHsi cucreM. CTaTHuecKHe
HATPY3KH OGLIYHO SIBJAIOTCS HECaMOypaBHOBEUIEHHBIMH U TpeGyioT mJas
ce6 BBeJleHHS COOTBETCTBYIOWIHUX JIOMOJIHHUTEJNbHBIX 3aKpemJeHHH.
C Jpyrodl CTOpOHBI, KoJeOaHHsA cHCTeM 6e3 mojoGHBIX 3aKpelsieHHH

TaK K€ MOTyT OHLITH HCCJeJOBaHbl METOJAOM Penes NNyTeM HCIIOJMb30BAHH A
q.)I/IKTPIBHbIX 3aerHJIeHI/II71 B TOYKAX, JJd KOTOPbIX U3BECTHO HJH KAKHM-
JHGO MyTeM YCTAHOBJEHO, YTO NEepeMeleHHs B HHUX paBHBl HyJ 0. Cie-
AYEeT TakKKe OTMETHTb, UTO BCe C/laraéMhbi€, CTOALLHE B YHCJIHUTEAAX BbIpa-
xenuil (1.18)—(1.21), 6yAyT NOJIOKUTEJNBbHBIMH, KOTJA JAeHCTBHE H COOT-
BETCTBYIOLlEE €My MepeMelleHHe HaNpaBJe€Hbl B OJAHY CTOPOHY. B stom
caydae OyJeT rapaHTHPOBAHO, YTO BLIYHCJIEHHOE NPHUOJIMKEHHOE 3Haye-
HU€ 4acCTOThI 6y2LeT BcCerja 6OJIbLHe, yeM €€ TOUHOE€ 3HAueHHe.

Mpumep 1. C momowpio merona Pejess onpefeNuTb KPYTOBYIO 4aCTOTy OCHOBHOH
dopMbl KoseGaHuil GaJKu C IBYMS COCDENOTOUEHHBIMH Maccamu (puc. 1.19). )KecTkocTs
6ajku npH u3ruGe paBHa E/, a BJHsHHEM 3aKDeIJIEHHOH MacChHl MOXHO NpeHe6peub,
Jlna mpocroTel cuuTtaTth, uro Wy = Wy= W.

Pewenue. B sToM cayuae GyleM mpejnosaraTb, 4To ¢opMa GalKH IPH KoJeGaHHSX
aHaJOTHYHA KPHBOH CTAaTHYECKMX MNporu6oB IpPH JeHCTBHH NPOTHBONOJOXKHO Hampa-
BJaennblx cua (cM. puc. 1.19). CooTBeTcTBYIOIHE CTaTHYECKHE NPOTUOBLI OMpPEAENSIOTCS
CJIENYIOUHMH BbIPaXKEHHIMH:

W, 3 W ol S5Wis | w3 Wl 5w i3

W= 38ET T 32ET T 96EI ° Y* T B2ET 8ElI ~ 32E1

IMoxacrasasis sTu Beipaxkenus B (1.20), moayunm
V 192E1g
P= BWE

Mpumep 2. Ha puc. 1.20, a npejcrasieHa ynpoueHHast MoJe/b TPEX3TaKHOro 3/a-
HUSI, MEXJYSTaXKHbIe ePEKPLITHSI KOTOPOTO MO0JaraiTcs aGCOJIOTHO KEeCTKHMH, a CTOHKH
cuuraloTcst HeBecoMbiMH. Mcnosbsys Mmeron Pesest, HaliTH npHGJHKEeHHOE 3Hau€HHE
MepPHOJla OCHOBHOTO TOHA CBOGOAHHEIX NONEpPeYHBIX KoJeGaHHH 3faHus. [as mpocTOThl
cuutath, uto Wy = Wy = Wy= W, [, = [y = Il3= [ 4 XeCTKOCTb CTOEK IIpH H3rube
paBHa El.

Pewerue. TIpeanosioxuMm, 4To GopMa IONEPEUHBIX KOoMeGaHHH 3JaHHSI aHAJOTHYHA
tdopMe, 110 KOTOpoH u3ruGaercst 3JjaHHe NPH JeHCTBHHM TOPH3OHTAJNBHBIX CHJ, IO BEJH-

uyuHe paBHEIX BecaM Wy, W, u W3 MeX1ysTaxKHLIX NepeKpbITHH, IPHIOKEHHBIX B LIEHTPS
TSKECTH STHX NepeKpbiTHH. [Js TOro utobbl ompejesuTb GOKOBOE CMELIEHHE MeXIy-

"

P
) T ~
/757\\_.____52_,/5/;@; O
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SN 1 t L ©
T Z T 2 >t E 1

Puc. 1.19
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Puc. 1.20

3TaXHbIX NEPEKPHITHI, PACCMOTPHM CHayasa nepeMeiieHHe §; i-ro NpH OTCYeTe OT BEpX-
HEro NnepeKphiTHS OTHOCHTEJBHO NMEepPeKpHITHS, JeXallero 3TaXKOM HHXKe, NpPH JAeHCTBHH
nonepeyHoll cuabl H;, Kak nokasano Ha puc. 1.20, 6. Tax kKak Ha Kaxayl0 CTOHKY
JIeHCTBYET nonepeunast cuiaa H;/2 W B cepejuHe Iposiera CTOHKH HMeEeTCsl TOYKa Iepe-
ru6a, TO B pe3yJbTaTe IOJyyaeMm

6,-:2[

(Hy/2) (4/2)2 1 H;l3
3E] } = 94ET * (e)

Torpa, yuuteiBasg paBeHctBa Hy= W, =W, Hy,= W, W,= 2W, H,=W,;
+ W, 4+ Wy = 3W, u3 Buipaxenus (e) HaxoAHM
wi 2w | 3w

51:2‘4131’ 8, = 94E1 > T 94F] °
CnenonaTeano, CTaTHYEeCKHEe MNepeMelleHHa, IOKa3aHHble Ha pHC. ].20, a:

6Wis
x1=63+62+51="§m;

5W i3
X3 =03+ 8; = “SiET >

5, = Wi
¥ =0 = oIFT

[ToxcTaBasin HaiileHHbIe 3HaueHHS NepeMelleHu#l B BbipaxceHue (1.20) u yunThiBas pa-
BeHctBa W, = W, = W; = W, naiinem
24EFElg . 21 5wi3

2 = = e o

=%wB ° "= p =V TiEg

Mpumep 3. [IpeanosoxuM, YTO B MeCTe COEAMHEHHS TNPYXHH Ry u ky (cM.
puc. 1.5, @) npuxpensien rpys W. Onpeaenutb MeroioMm Pesies mpuGanxeHHoe 3Haye-
HHE KPYTOBOH 4acTOTHI OCHOBHOTO TOHA KosieGaHHi 5TOH CHCTEMBI.

Pewenue. Tlpu opHOBpeMEeHHOM CTATHUECKOM INPHJOXKEHHH OGOMX TpPY30B TOYKa
COe/IMHEHHS] NIPYXKUH TepeMemaercsi Ha pacctosaiue 2W/k,. Torna HHXHUE KOHel cMe-
maetcsi Ha BeJHuuHy 2W/k; - W/k,. Ecau B xayectBe oOliero 3HamMeHares1s AJs ITHX
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nepeMellen Hii B3ATb kyky, TO NepBoe NMepeMemiente craneT W2ky/k kg, BTOpoe — W (Qk2 +
+ ky)/kyky. TlojcTaBasisi 5TH 3Hauenusi B Boipaxenue (1.20), Haijem

g kot (2 4 2y - k)]
W (2l (2ky T~

”‘V kykog (ky | 4ks)
- W (5} + 4k, &, | 8k-)"

Mpumep. 4. TIpeanosoxuM, 4TO B MPEACTABJIEHHOM Ha puc. 1.8 (n. 1.2) Baae c au-
CKaMH BTOPOH AMCK C MOMEHTOM HHepHMH 2/ NpHCOeIHMHEH B cepeiuHe Baja. Mcrnoab3ys
MeTOJ Pesesi, onpejesHTh KPYroBylO 4acTOTy OCHOBHOTO TOHA KPYTHJIBHBIX KoJeGaHHH.

Pewenue. I Toro 4ToGbl ONpeJeJUTb NepeMelieHHe NPH KPYUYEHHH, NPUIOKHM
KpYTSsliHe MOMEHTbI, YHCJEHHO pPaBHbie 2/0 B cepe/iHHe JVIHHbI BajJa H /o HA KOHIE €ro.
YKasanuble KDPYTSUIHE MOMEHTH BBISHIBAIOT YIJIOBBHIE TNepeMelieHus, paBHble 2/a/2ky
B CepejiuHe JMHHbL Bata U 3/a/2ky - Ia/2k; = 2/a/ky Ha KoHHE ero (ky; — XKecTKceTh
BCETo Bajla Ipu Kpyuenuu). [lonctaBiasisi 3TH 3Hauelins B Bhipaxkenue (1.21), noayunm

o 020 (310 (2hke)] - [ (2L oulky))
T 2T BT R P T (21 ky)?

HJIH

HJTH

4/ TR T
p=) =0t |/ -

3AJJAYHN

1.5.1. Ha koHcoabHYy10 6ajIKy C NMOCTOSSHHON KeCTKOCTbIO NPH H3ruGe, OHH KOHell
KOTOpO# 3allleMJeH, a IPYroi cBoGOMeH, YCTaHOBJEHO JBa rpy3a BecoM W (puc. A.1.5.1).
Hcnoanb3yss Meton Pesesi, onpenesiuTh NepHoj OCHOBHOTO TOHA CBOOOAHBIX KOHEUYHBIX
KoneGanuii, ecau gano: W = 4,564-10* H, [ = 2,44 m, EI = 13,2-10° H-m2.

Omsem: ©v = 0,271 c.

N~
Nl

Puc. A.1.5.1

1.5.2. Ha cBoGonHo onepTyio 6ajlKy CO CBELIHBAIOLIHMHCS KOHLAMH YCTaHOBJIEHO
Tpu rpysa BecoM W, 2W u W (puc. A.1.5.2). )KecTKocTb 6GasIKH MOCTOSIHHOT'O TOme-
peunoro ceyenusi E/ = 14,6-10% H-M?, a ee cOGCTBEHHO pacnpejiesieHHbIH BeC MaJ [0
CpaBHeHHIO ¢ BecaMH rpysoB. Hcnoabsys meron Pesesi, onpejesuTs NMepHOJ OCHOBHOTO
TOHA nonepeyHbHIX KoJsebaHui, ecaun pawo: W = 230 H, a = 0,91 m.

Omgem: © = 0,269 c.

m . W Aasg [w]

a a a l a
=}

Puc. A.1.5.2

1.5.3. TlpexnonoxuM, uto Wy, Wy u Wy ua puc. 1.18 npeacraBnsict pacmpe-
ACJIeHHbI Bec GalKH NMPSIMOYTOJBLHOTO NONEPEYHOro CeYeHHsi, COCPELOTOYEHHBIH B cile-
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JYIOLIMX TOYKAX: B cepejiiHe NpoJeTa GalKH M ABYX TOYKaX, YNaJCHHBIX Ha YETBEPTb
AJHHBL GAlKK OT €¢ KOHUOB. I1YCTh Kawbii 3 yKasaHHHX BecoB paseH wl/4. Metogom
Penes onpejennTs npuOJAMMKEHHOE 3HAYEHHE MEPHOJLA OCHOBHOIO TOHA KOJE€GaHHH.

wl4
Omsem: T = 0,637 —E‘E .

1.5.4. Ha puc. A.1.5.4 npexcraBieHa [AHCKpeTHas MOJeJb C COCPEJOTOYEHHBIMH
MaccaMH JJist KOHCOJbHOH GasKH IOCTOSIHHOTO NOINEePeYyHOro CeyeHus, OJHH KOHel[ KOTO-
poil 3euiemiieH, a Apyroi cBoGosieH. Mcnonsays mMeton Peses, onpelielkTh NEPHOJ OCHOB-

HOrO TOHA KoJieGaHuH.
wl?
Omegem: T = 1,84 V—EI?.

wlf4 wl/4 wl/4 wlf4
. N
—0O0—"C06—C0—0
e L. l L | L | L
4 4 4 4 7
Puc. A.1.5.4

1.5.5. Ha puc. A.1.5.5 npejcTaBjeHa JAHCKpeTHAs MOJCJIb C COCPEOTOYEHHBIMH
MOMEHTAMH HHEPLHH, KOTOpas COOTBETCTBYET Bajly MOCTOSIHHOTO JHaMeTpa C 3ajeJaH-
HBIMH KoHtaMu. OnpeienuTh KPyroBylo 4acTOTY MEPBOFO TOHA KPYTHJBHBIX KOJeGaHHH.

GJ
Omsem: p = 3,35 V "

(L[4 i1/4 i/

[T
Iy

-~
~
Iy

— i

|

1 [ L
4 4 ! 4 4
Puc. A.1.5.5

1.5.6. TlycTb cHcTeMa, paccMoTpeHHas B 3ajaue 1.5.4, npejicraBaser co6oi MOjielb
C COCpPeJIOTOYEHHBIMU MaccaMH JJIf 3aJayd O NPOJOJbHbIX KOJeGaHHAX CTEPXKHS IO-
CTOSHHOTO NPSMOYTOJBHOTO MOMEPedHOro cedeHusi ¢ miaomanbio F. Hcnoan3ys meTof
Pesiest, onpejieiuTh KpYyroByio 4acTOTy p NEePBOTO TOHA MPOJOJbHBIX KOJeGaHHH.

Omeem: p == 1,57 ﬂ
wl?

1.6. BBIHY)KAEHHbIE KOJIEBAHHS. YCTAHOBHWBUIEECS
COCTOSIHHE

B nm. 1.1 6blnu paccMoTpeHbl cBOGOAHBIE KOJe6aHHs CHCTEMBI, CO-
CTosIIeH H3 MPYKHHBI H COCPENOTOUEHHOH Macchl, H MOKa3aHo, 4TO JIBH-
JKEHUE 3TOH CHCTeMBl 3aBHCHT TOJBLKO OT HauaJbHBIX YCJAOBHH ee (usnue-
CKHX XapaKTepHCTHK k u W/g, KoTopble H ONpeessiioT ee yacToTy cob-
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CTBEHHBIX KoJie6aHuil. Ecau cuctema nojsepraercs i
HEKOTOPBIM BHEUIHMM BO3JeHCTBHAM, IOJOGHBIM
3aBUCSLIUM OT BPEMEHH CHJIAM MJH CIelHalb-
HOTO BHAA JBHXEHHAM OINOP, TO AHHAMHYECKOE
noBeJeHHe ee CTAHOBUTCA O6oJjee CI0XKHLIM. Bo
MHOTHX TpPaKTHYECKHX CHTYalUMsX MPHXOAUTCSH
CTAJKHBATBCA C MNepPHOAUYECKH H3MeHSIOUUMHUCS
CHJIaMH, KOTOpble TIPHUKJaJBIBAIOTCA K Macce.
Toraa peakiHMio CHCTEMBI IPH YKas3saHHBIX YCJIO-

BUSX TOKAa3blBalOT BHIHYKAE€HHLIMH KoJieGaHHSIMH. N
B kauecTBe mpuMepa BHIHYXKAEHHBEIX KoJeba- 3 \“"
HUH pacCMOTPHM 3JeKTpoaBHratesb BecoM W 7 {% :
(puc. 1.21), 3akpernJieHHBIH Ha MpPYy¥XKHHE, KOTO- . A jwt
pasi TpensiTCTByeT INepeMelleHUsIM TOJbKO B Bep- ¥ P
w

THKAJbHOM HAaNpaBJeHHH. DTa CUTyallHsl HMeeT,
Kak yxe roBopuJoch B 1. 1.1, KpyroByio 4acToTy

co6CcTBEHHBIX KoMebauuil p =V kg/W. I[lpeano-
JIOXKHM, YTO Bas 3JEKTpoJABHrartessi Bpamaercs
C MOCTOSIHHOH YIVIOBOH CKOPOCTBIO ® H YTO OH HEJOCTATOYHO XOPOILIO
or6anaHcupoBaH (Ha puc. 1.2] 3To nokasaHo B BHIE 3KCLEHTPHUECKOH
Macchl, COCpeNOTOUEeHHO! B ToYKe A). DTOT aucbajanc 6yIeT NOpoXAaTh
Bpallaolyiocs LeHTpobexxHyio cuay P, xoropas, B CBOIO Ouepeb,
BLI30BET BBEIHYXKJEHHbIE KOJIeGaHHSl CHCTEMBI.

B jononneHHe K CHJIE TSXKECTH H CHJe DeaKUHHM NPYKHHBI Telepb
HeoGXOAMMO pPacCMOTpPETh BEPTHKAJbLHYIO KOMMOHEHTY P sin wf Bek-
Topa Bpauaouieiics cuibl. B peayJibrare moJyuuM clepyollee ypaBHe
HHe JIBHXKEHHS:

Puc. 1.21

%;}%:W—(W—{—kx)—{—Psinmt, (a)

rie caaraemoe P sin of Ha3pIBaeTCsl TapMOHHYECKOH CHJI0BOH (DyHKIHeH.
BBozas B ypaBHeHHe (a) 0603Ha4YeHHs

k P,
P =3, ©)
NoJIy4uM
i -+ pix =gsinot. (1.22)

YacTHoe pellleHHe 5TOr0 YpaBHEHHs TOJY4MM, IpejrnoJaras, 4To pe-
lIeHHe X NMPONOPLHOHANBHO (YHKIMH Sin ®f, T. €. MOJOXKHB

x = Cysin of, (B)

rge C; — mocrosiHHasi, KoTopasi BBIOMpaeTcss TaKHM o6pa3oM, 4YTOOLI
peuleHye yaoBaeTBOpsiio ypaBHeHuio (1.22). [ToactaBassa (B) B 3T0 ypas-
Henue, Haigem Cy; =¢q/(p® — ©?). Taxkum ofGpasoM, HMCKOMOE YacTHOE
pellenye uMeetT BHJ

x = ¢ sin ot/(p? — 0?). (r)
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[IpuGaBasisi 3TO YacTHoe pelneHie
K obwemy pewennto (1.2) omnopoi-
Horo ypaBuenus (l.1), nmoayumm
g sin wf
Pt — w?

(1.23)

310 BelpaKeHHE CONEPKUT OBE IO-
CTOSIHHblE HHTEIDHPOBAHHS H $IB-
JasieTcsl OOUIUM pelleHHeM HeOo1HO-
poaHoro ypasuenus (1.22).

JBa nepBbIX CjaraeMblX B Bhbipa-
xennH (1.23) onuceiBarT cBoOOAHbIE
KoJieGanusi, KoTopble 06CYK/1aMUCh BbIlIe, d TpeTbhe CJaraeMoe, 3aBHCS -
i[ee OT BO3MYILAWLEH CHJbI, XapaKTepH3YyeT BHIHYXAEHHble KoseGaHus
cHCcTeMbl. MOXKHO BHJETb, UTO 3TH IIOCJEIHHE KOoJeOaHHsS HMEIOT TOT XKe
nepuoa T = 2n/w, 4ro u nepuoj, BoaMyulatome cuinl. [Toacrasassa o6o-
aHaueHusi (6) B Bblpa)KeHHe (r) M cuHTast cBoOOJHBIE KoJiebaHHs Hecy-
IECTBEHHBIMH *, NMOJYYHM TaK HA3LIBAEGMBIE YCIMAHOBUBLLLECS BbIHYNCOCH -
Hole KOAeOQHUS, OTHCBIBAEMBIE BBIpaXKeHUeM

X = (—[;— sin (nf) (1_—1(5"/;7_2> (1.24)

Muoxurtens (P/k) sin of npeacraBiasier coGoll nepeMeileHHe, 0GYCJOB-
JIEHHOE JeHCTBHEM Bo3Myllawilel cuJabl P sin of, ecad oHa NpuUJ0KeHa
craTudeckd; MHOXHTeNb 1/(1 — @ */p?) yunTelBaeT AMHAMHYECKHH Xapak-
Tep 5To# cHabl. AGCOMOTHASA BeJHUHHA 3TOTO MHOXKHTeNs1 OObIYHO Ha3bl-
BAeTCs Kosppuyuenmom ycunerus *

1
b=|—7r

x=Cjcos pt + C,sin pt +

()

Buano, uto Ko3h¢uuHeHT B 3aBHCHT OT OMHOWeEHUS Yacmom &/p, KOTo-
poe MOJY4arT AeNeHHEM HagA3bi8aeMOll CUCTEME 4acmonbl BO3MYILAOILE
CHJIbl Ha coGCmBeHHYyro wacmomy CBOGOAHBIX KoJsie6aHHH cHcTembl. Ha
puc. 1.22 npeacTas/ieHa 3aBHCUMOCTb Ko3hdHiHeHTa p OT 4acToTHOTO OT-
HOLIEHHsI ®/p, T. €. B cayuae, KOTAA 4acTOTa BO3MYLIAMOILEH CHJIbI MaJjia
110 CpaBHEHHIO C 4aCTOTOH CBOOOJAHBIX KosebaHHiH, Ko3QPUIHEeHT ycHJe-
HHSl IPUMEPHO paBeH eUHHUIle, a NepeMelieHH s SBJSIOTCS MOYTH TaKHMH
e, Kak B cJydae CTaTHUeCKOTo AeHcTBHA cHabl P sin of.

Korjga oTHollleHHe ®/p NOCTHTaeT 3HAYEeHHUs!, PABHOTO eUHHIE, KO3(]-
GUUMEHT YCHICHHS W amnaumylo. 6biHYsCOeHHOLX Koaebarui ObICTPO
BO3pacTaioT U obpamaiTrcsi B 6eCKOHEYHOCTb NPH ® = p, T. €. B TOM
c/lyyae, KOTJ4 4acTOTa BO3MYIllaloileH CHJIBI COBNALaeT ¢ YacToTOl CBO-
60HBIX KOJeGAHHH CHCTEMBI. DTOT CAYUal ABJSIETCS YCAOBUEM PEBOHAHCA.
BeckoHeuHoe 3HaYeHHe aMOJHTYAbl BBIHYX/EHHBIX KoJeGaHUH o3HauaeT,
YTO €CJIM NepHOJHYecKasi cuja JAeHcTBYeT Ha KoJeOJIOILYIOCsS CHCTeMY

* BsanmojeiicTBHe CBOGOJIHBIX KoJe6aHHi ¢ BbIHYXK/IEHHBIMH 6yJeT 06CyXAaaTbCs
B cJeflyiouleM naparpage.
p
1 [IpuM. pep. mep. cM. B KOHLE KH.
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BCErJa B COOTBETCTBYiOIlee BpeMs U B COOTBETCTBYIOUIEM HamnpapJeHHH,
TO aMNJUTYAa KoseGaHHH yBEJIHUHBAETCs, CTPeMsICh K GECKOHEUHOCTH,
IpH YCIOBHH, UTO OTCYTCTBYeT pacCeMBaHHe 3HePTHH. B mpakTHUeCKHX
3ajlayax BCerJa HMeeT MeCTO pacCeHBaHHe 3HEPTrHH, OGYCJOBJIeHHOe
JgeMn¢upoBaHHeM. BJHAHMe NOC/AENHEr0 HA AMIIUTYLY BBIHYXIEHHBIX
KosnebaHuil 6yneT o6CyXK/AeHO HHXKe B 0. 1.9.

Koraa uacrora BosMymiamoueil CH/bl CTaHOBHTCH GOJIblile YacCTOTHE
CBOGONHBIX KoJleGaHHH, KO3((hHIHEHT YyCHJeHHsI BHOBb NMPHHHMAaeT KO-
HeyHoe 3HaueHHe. Ero abcoJioTHAs BeJMUYHHA yMEHbHIAETCS € POCTOM
OTHOINEHHS @/p H CTPEMHTCS K HYJO, KOTJla 3TO OTHOIIEHHE CTAHOBHTCS
o4yeHb GosbiiuM. Takum o6pas3oM, Koria Ha Tesio AefiCTBYeT C BBICOKO#
4acToTol nepHoaHYecKas CHJa, OHA Bbi3biBaeT KOJeOAHHA C OUeHb MaJIoH
aMIJIMTYJIOH, H BO MHOTHX CJy4yasiX MOXKHO CUHTATb, 4TO MPH 3TOM TeJIO
COXpaHsieT CTallHOHAPHOEe IN0JI0XKEeHHe.

PaccmartpuBast 3Hak BblpaxeHus 1/(1 — ®*/p?), BHAMM, 4TO BO
BCEX CJydYasiX, KOT/la BBIIOJHAETCS YCJIOBHe @ < p, 3TO BblpaxKeHHE fB-
JISIETCS NOJIOKHUTEJbHBIM U NepeMelleHHs Macchl pH KoJle6aHHSAX HMEIoT
TO JKe HampaBJieHHe, YTO ¥ Hanpas/eHHe Boamyulaiomed cuasl. C 1pyroi
CTOPOHBI, BO BCeX TeX cJaydasiX, KOTAa @ > p, 5TO BblpaXKeHHe ABJSIETCs
OTpHIIATENbHBIM H NepeMellleHHe Macchl HMeeT HanpasJjeHHe, NPOTHBOIIO-
JIO)KHOe HanpasJeHHIo AeHcTBHSA cunibl. B nepBoM ciaydae rosopsit, uTo
KoJIeGaHHs COBNAMAIOT 110 (ase ¢ BO3MYIIEHHEM, a BO BTOPOM, YTO AHHa-
MHYECKHe NepeMellleHHs] NPOUCXOMAT B NpoTHBoda3e.

B npuBeseHHOM Bblilie OGCYKAEHHH BeJIHYHHA BO3MYLLAMOWEH CHJIBI
6bla MponopLHOHANbHA Sin ®f, HO Te e pe3yJbTaThl ObLIH Obl MOJY -
4YeHbl H B TOM CJyyae, eCJqH YKa3aHHYIO CHJIy CUHTAThb IPONOPIHOHANb-
HOH cos wf. Kpome Toro, BbiHYXAeHHbIe KoJeGaHUsT MOTYT BO3HHKAThb H
NpH nepuoduyeckux Osuxcenunx onop (MIH OsusceHunx ocrosanus). Pac-
CMOTPHM, HaNpHMep, MOJBEMIEHHbIl Ha mpyxuHe rpy3 (puc. 1.23) u
IPEANOJOXKHM, 4YTO BepXHeMY KOHIy NpPYXKHHB 3aJaHO IepeMeleHHe
B BEPTHKAJbHOM HanpaBjeHHH MO FapMOHHYECKOMY 3aKOHY

Xog ™ d sin wf. (e)

Ecan nepemertienne x nojpereHHoro rpysa W namepsithb
OT MOJIOXKEHHsI PABHOBECHSI IPU Xop = (0, TO YyIJIHHEHHe
NPYXKUHBl B IPOH3BOJbHBIH MOMEHT BpemeuH { Oyner
COCTaBJATb X — Xgn - O¢p; BO3HHKAIOILAH B NPYXKUHE
CHJIa, COOTBETCTBYIOUlASl 3TOMY NepeMeleHHo, paBHa
k (x — x¢y) + W. Takum o6pazoM, ypaBHeHHe IBHIKe-
HHA NOJABELIEHHOTO0 Tpy3a NPHHHMaer BHI

%Q:W_[W+k(x—xm,)}- ()

. |

Xoc

[oxcrapass crona Belpaxenue (€) AJs X,y H HCIIOAb3Y S
0603HayeHHs =

pt=Fkg/W;, qon = kgd/W, (3)
NoJly4u™m ypaBHeHIie
£+ pPx = gog Sin (1.25) Puc. 1.23
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KOTOpoe CoBrnajaer ¢ ypaBHeHueM (1.22° “iejoBaTesibHO, MOXKHO Clie-
JaTh BBIBOJI, 4TO 3ajJlaHHe BePXHEMY KOHLY NPYXKHHBI IPOCTOTO [ADMOHH-
yecKoro nepemeltieHus d sin of 3KBUBAJICHTHO HENOCPEACTBEHHOMY INpH-
JIOXKEHHIO BoaMyiiawliel cusibl (kd) sin of. Bce npuBeneHHble Bbllle
paccyIeHHs1 OTHOCHTEJbHO pelleHHss ypaBHeHHs (1.22) npumeHHMb
TaKxXe U B 3TOM Cjydae, H II03TOMY B HTOTe MOXHO C/ieiaTh BBIBOJ, UTO
3JIeCh TaKXe HUMEIOT MeCTO yCTAaHOBHBILIHECS BBIHYXJECHHBIE KOJe0aHuA,
ornpejiesisieMble BbIp aXKEHHEM

d sin of

MoXHO NPUHSATH, YTO YHCAUTEND d SiNl ®f OMHCHIBAET JBHXXEHHE COCPENO -
TOUEHHOH Macchl, KOTJla NepeMelileHHe ONOphl MPOHCXOIHT OYeHb Mel-
JIEHHO (MMM «CTATHYECKH»); Hajauuue MHoxutesas 1/(1 — o?/p?) ykaswi-
BaeT Ha TO OGCTOSITENILCTBO, UTO YACTOTA MepeMellleHHs] onopbl He pPaBHa
Hy/i0. TakuM o6pasoM, Aisi TOro 4toObl BBIYHCJIHTH YCTAHOBUBIIYIOCS
pPeakUHI0 CHCTeMBI, HEOGXOAMMO TOJBKO PpacCMOTPETh IepeMeleHHe
Macchl, 00yCJIOBIEHHOE NepeMelleHHeM OMOpbI.

B HekoTOpHIX ciydasix ynoGHee HMETb JieJlo ¢ YCKOPEHHSMH OMNOpHI,
YyeM C ee NepeMellleHHsIMH, TaK Kak sl nojJyueHus HHGOpMaUuy o ABH-
XKEHHHU ONOPHI HCTIOJIL3YETCsI U3MEPHTENbHbIH NPUGOP N0 HA3BAHHEM aK-
cejepomerp. Hampumep, nepemelieHnsi IpPyHTa NpPH 3eMJAETPSCEHHH,
KaK NMPaBHJIO, U3MEPSIIOTCST U 3alHCHIBAIOTCS B BHAE TPEX B3aHMHO-OPTO-
TOHAJIbHBIX COCTABJSIOIHX 10 OCSM CeBep—IOT, BOCTOK —3anaj 4 Bep-
THKaJIbHOH cocTaBJisiollell ycKopeHuit rpyHTa. [To3TOMy BHOBb BepHEMCS
K 3ajaye o JABHKEHHH OCHOBaHHsi, QOPMYJHPYs ee KaK 3ajady o MepHo-
JAMYECKHX YCKODEHHSIX, a He NepHOJUYECKHX MepeMelleHHAX.

ITpexnosiokuM Tenmepb, YTO HA BEepXHeM KOHIE NMPYXKHUHBI (CM.
puc. 1.23)"3ananHo ciueaywouiee ycJoBHE OTHOCHTENbHO TapMOHHYECKOI'O
YCKOpeHHS:

Xon = asin of. (1)

IIpuMeHuTeIBHO K paccMarpHBaeMoil 3ajade ypaBHeHHe (3K) NpPHHHUMaeT
BHJ,

— R — o) =0. (®)

Jist Toro yto6bl ypasHeHHe (K) HMEJIO TOT e BHI, YTO U ypaBHeHue (H),
clesaeM cjefyloliee npeo6pasoBaHHe KOOPAHHAT:

X=X — Xop; ¥¥ =X — Xon, (om)

rae x* — omuocumenvroe nepemewyertie MacChl oT ocHoBaHHsA. Ilojcras-
Js151 BBIpaXeHHs (1) Il X — X, K ¥ B ypaBHeHHe (K) H BBINOJIHSS COOT-
BETCTBYIOIHe Npeo6pa3oBaHHs, HaizeM

v . W .
A X4 kx* = — _g"xon- (m)
Hcnonb3ysi o6osHaueHUs

0 k . *
p-‘:‘_g) qu:‘—a (H)
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U NOJACTABJss BblpaXKeHHe (M) B ypaBHeHHe (M), NOJIYYHM YpaBHEHHE
i* -+ pPx® = gen sin of, (1.27)

uaeHTHYHOe ypaBHenusam (1.22) u (1.25).

Pemenne ypasuenus (1.27) HaxoAHM TOYHO TaK e, KaK ObLIO CAENaHO
s aHAJHTHYECKHX YpAaBHEHHH B MpelblAyI[HX caydasx, I03TOMY
MOXKHO CJIE/IATh BHIBOJ, YTO PeaKIUs CUCTEMBI, BHIpAXKEHHAA Yepes3 Omro-
cumenorbie Koopdurame: [onpenensiempie cooTHomeHusiMu (/1) ], coBma-
JdeT ¢ peakiuel CHCTeMBI, K KOTOPOH NpHJIOXKeHa pacnpefie/iennas Cuna,
paBHas (W/g) a sin wf. Toraa ycraHoBHBIIMeCs BHIHYKIeHHEBIE KoJeba-
HHSl CHCTEMB{ OTHOCHTEJNLHO CMEI[AIONIEroCsl OCHOBAHHS OIHCHIBAOTCS
BRIpAXKEHHEM

x*= (—-—‘%a—sin wt) (-—1—> (1.28)

1 — 0)2/[)2

HecMoTps Ha To, YTO HaYaJbHOE CMEIIEHHE OCHOBAHHS H €r0 CKOPOCTDb
H3BeCTHLI, a6COMIOTHOE JBHXKEHHE COCPEJOTOYEHHOH MAcCChl HE MOZKET
66ITh paccuuTano. OLHAKO 3TO 06CTOATENLCTBO OOBUHO HE sIBJSETCA CY-
LIIeCTBEHHBIM, IIOCKOJLKY HMEHHO OTHOCHTEJbHOE ABHKEHHE ONpeiessieT
CHJY, JAEHCTBYIOU[YKO B KOHCTPYKUHM (B AAaHHOM cJydyae B NpYXHHE).

Mpumep 1. OmpefenuTs aMIINTYLY BbIHYXKAEHHbIX KPYTH/IbHHX KosneGaHuil Bajia
(cM. puc. 1.8) npu geficTBHH MEPHOJMYECKOrO KPyTsmero Momenra M sin of, ecan
yacTOTa CBOGOJHLIX KPYTHJAbHBHIX KoJeGaHui sroro Baia f= 10 ¢!, wacrota KpyTs-
IEr0 MOMEHTA, ONpelesAOLero BHHYXK/AEHHbE KoJebanus, © = 107 pan/c, yroJs 3a-
KPYUHBAHHS TNPH ASHCTBHH KDPYTSIETO MOMeHTa M (eCHH €ro NMpHJIOKHTh CTATHUECKH)
pasex 0,01 paz.

Pewenue. YpaBHeHHe IBHXKEHHS B 3TOM ciyyae umeeT (cM. m. 1.2) BHR

¢+ r2o = 2L sinat, (0

TAe ¢ — yrost 3akpyunBanus, p® = ky//. BHHYX/eHHble KO/IeGaHHS ONMHCHIBAIOTCS Bbl-
paxkeHHeM
(0] =——-TA'4_2—SiDO)t=——ﬁ"2—2—‘Siﬂ0)t. (l'l)
1(p? — ?) kg (1 — w?/p?)
YuuTbiBasi, uTo no ycaosuio umeeM M/k, = 0,01 u p = 2mf = 207, HalfiteM Makcu-
MaJlpHOE 3HaueHHe AMIUIHTYAbl KoJeGaHui

Pmax= 0,01/(1 — 1/,) = 0,0133 pax.

Mpumep 2. Koseco KaTutcss [O BOJHHCTOH [OBEPXHOCTH C NOCTOSHHOH FOPH30H-
TanbHOH CKOPOCTBIO ¥ (pHc. 1.24). OnpeiesiuTh AMIVIHTYAY BBIHYXKIEHHBIX KoJeGaHUH
B BEPTHKaJbHOM HallpaBJjieHHH rpysa W, npHu-
KpenJeHHoro K OCH KoJieca ¢ IOMOUIBIO MpY-
XuHel, [Ipy cTaTHYECKOM NPHJIOXKEHHH rpysa W
CMeleHHe KOHUA MOPYXKHHB Oqp = 0,098 M,
ckopoctb v = 18,3 M/c W BOJHHCTass NOBEpPX-
HOCTb ONHCHBaeTcs (QyHKuueHr y = d sin nix/l,
roe d = 0,025 M, /= 0,91 M.

Pewenue. PaccMaTrpuBasd  BepTHKaJbHbIE
KoneGannsgs rpysa W Ha TmpyxXuHe, Haxo-
AMM, YTO KBajpaT KpYroBOH YacTOTHl 3THX
KoneGaumi p? = g/0or =100 c"2, Hs-3a Boa-
HHCTOCTH NOBEPXHOCTH, MO KOTOPOH KaTHTCS
Komeco, mewtp O Koseca  Kogebiercs Puc. 1.24




B BePTHKaJIbHOM Harpasjenuu. CudTtas, 110 B HauaibHbift MoMeHT (f = () TouKka KoH-
TaKTa KoJjleca MMeeT KOOpAHHATY x = 0, ¥ moJaras x = vf, MOXHO OMHCATb 3TH KoJe-
GaHusi B BepTHKaJbHOM HanpaBsjeHud ¢yHkuuedl y = d sin (nvt/l). Toraa BuIHYXIeH-
Hble KoJieGaHusi Irpy3a onpefeqsioTcsi BoipaxkeHneM (1.26), B KoTopoe ciepyeT NOJACTa-
BHTb HCXOJHble AaHHble: d = 0,025 M, © = no/l = 20znc™L, p? = 100 c 2. Amnauryia
3THX BHHYX/EHHBIX KoJeGanuit 1/(4n® — 1) = 6,6-10"% M. Ilpu 3anaHHON CKOPOCTH
v = 18,3 M/c KONeGaHHS KOJeca B BEDTHKAJIbHOM HaNpaBJEeHHH Tepejalorcs rpysy W
oueHb He3HauuTeJbHO. EcilH e yBeJHYHTL CKOPOCTh v KoJieca Ha YeTBEPTh €€ BeJHUHHbI,
NOAYYHM © = 57, a aMIUIHTYJa BBIHYXKJEHHBIX KoJeGaHuii crader 1/(n2/4 — 1) =
= 1,73-107% M. YBeJHUHBas CKOPOCTb v Jajblue, MPHJAEM K YCJOBHIO pe3oHaHca (Koraa
nw/l = p), TpH KOTOPOM BO3HHKAIOT YCJOBHA CAMbIX HHTEHCHBHBIX KOJeGaHHH s
rpysa W (3ech BJHMSHHE MaCChl KOJ€CA HE YUYHUTBHIBAETCH).

Mpumep 3. HOas cayuvas gepmeHHOH niaTGopmbl, pacCMOTPEHHOH B npHmepe 3 (Cm.
n. 1.1), u3MeHAoWeecs M0 rapMOHHYECKOMY 3aKOHY [cM. BbipaxkeHue ()] yckopenue
OCHOBaHMsl HampaBJeHo IO OcH x. OnpeleJUTb AMIVIHTYAY YCTAHOBHBLIHXCS BHiHY-
MJIeHHBIX KosleGaHui N1aTgopMbl, ecin a = 5,08 M/c?, @ = 40 paa/c.

Pewenue. Boipaxkenue (1.28) onuchiBaeT yCTaHOBHBLIYIOCS PEAKILHIO CHCTEMBI OTHO-
CHTEJbHO OCHOBAHHSA, a MaKCHMaJbHOe 3HAYeHHEe AMIVIMTYJbI NPH 3TOM J(BHXKEHHH

xt _ Wa 1 )
max — kg l—(02/p2 *

(r)

B paccmatpuBaeMoM mnpuMepe umeem W = 1,5-10% H, k= 3,5-107 H/m; caenosa-
TeJbHO, KBaJApaT 4acTOThl KoJeGaHHUH
kg 3,5-107-.9,81

2 == — 2200 ¢"2,

P="w 1,5-10°
AMnauTysa 3KBHBAJIEHTHOH, CTATHYECKH IPHJIOXKEHHOH CHJIB B OTHOCHTEJNbHBIX KOOp-
JHHATax .

Wa 2-10%.5,08

— — .105
e 981 1,03-10% H,

a Kos(hpUIHeHT YCHJIEHHS B 3TOM cJayuae

1 1
B=—em = T={i600/22%)

= 3,32.

B Hrore, aMmIHTYAy BBHIHYXKJEHHBIX KoJeGaHHHl B OTHOCHTEJbHBIX KOOPAMHATaX MOJy-
yaeM W3 BbIpaxeHHs (p), YTO jaer

* 1,03-105-3,32
xmax = —'—'W— = 0,0098 M.

Hsmenenne HanpsiXK€HHs1 B pPAaCKOCHBIX TpocaX, 06yCJIOBJleHH06 HaHJIeHHOH BeJHUHHOM
NepeMEeILCHH A

V2 ktn,  1/3.3,5.107.0,0098 V2

- —FIos =3,43-10° MMa.

Mpumep 4. BeprukajibHast nepuopnyeckas chia P sin @f npuioxeHa Henocpel-
CTBEHHO K npyxuHe (cM. puc. 1.1, a) B Touke, OTCTOsIEHl HA PACCTOSIHHH ¢ OT OTOPHI.
Kaxkoi#t 6yner ycraHoBuBluasicsi peaknus rpysa W?

Pewenue. TlpepnosoxuM, UTO NMPYKHHA COCTOMT H3 JIByX 4acTell, Kak IOKa3aHO
Ha pHc. 1.5, @. Y4acTOK AJHHOH ¢ HMEET :KeCTKOCTb NMPYKHHBI, PaBHYIO k;, XKeCTKOCTb
NIPYKHHBI JPYTOTO yuacTKa COCTaBJsieT ky, M3 npumepa 2 (cM. m. 1.1) umeem cooTHO-
LIEHHE

kaks

=R (©)
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‘B npoM3BOJbHBLI MOMEHT BpeMEHH DBeJHYHHA CHJBI, NCPEJABaeMO Macce CO CTOPOHBI
HEBECOMOH MPYKHHBI:
fes . kiks  Psinotf
F(t)=—2—Psinol = —12 . (1)
ky - ko ey 1 k2 ky

Bropoit COMHOXKHTe/Ib B BHIpaXKeHHH (T) Mpe/CcTaBJsieT co6oii mepeMeELICHHE Macchl MpH
CTATHYECKOM IPUJTOKEHHH CHJLI, O6YCJIOBAHBAIOMEN BBHIHYXieHHbie KoJaeGaHus.
BBons o6o3nauenue

Acy == Plky, (¥y)
BblpaxeHHe (T) MOXHO IIPEACT4BUTb B BHJE
F (fy = kA, sin of. (D)

Aty (OYHKUHIO 3KBHBAJEHTHOH BBIHYXIAIOMEH CHJBI MOXKHO HCNOJb30BAaTh BMECTO
P sin wf B Beipaxenun (1.24); Torna nepemeliesye NpH yCTaHOBHBLIEHCS peakuuH GyaeT
HMeTb BHJ

1

T—omp (x)

x = A¢p sin of

Hs MMONYUYEHHOTO BbIpaXKeHHs CJIEAYET, YTO HeO0OXOAHMO paccMaTpuBaTh TOJbLKO CTaTH-
YyecKoe InepeMeleHHe Maccbl IpH JIEHCTBUH 3KBHBAJEHTHON B03Mym310m8ﬁ CHJBI, HE-
3daBUCHMO OT TOro, B KaKOM MeCTe€ [MPHKJIAAbIBACTCAd BO3Myllawolasa cCHJaa.

3AJAUHU

1.6.1. HaillTH aMnauTyay BBIHYMIEHHLIX KoJeGaHHH INOJBEIIEHHOrO K INpyXHHE
rpysa BecoM W (cM. puc. 1.23), ecin BepXHHH KOHEL[ MPYXKUHBI NepeMellaeTcs o rap-
MOHHYECKOMY 3aKOHY C aMIWIuTyAol o = 0,0254 M u KpyroBoil yacroToi @ = 180 c¢71,
[pennonaraercsi, uTo NPH CTATHYECKOM TNPHJIOXKEHHH YKa3aHHBLIH Ipy3 BbI3bIBAaeT cMe-
menue 8.p = 0,0762 M.

Omeem: 1,016-10"% M.

1.6.2. [Tokasanubiii Ha puc. 1.21 H nNojABelIeHHBI Ha NPyxUHE TPy3 BLI3BIBAET
cTaTuuecKoe nepeMmeuenue O, = 0,0254 M. Uemy paBHa aMILTHTyJa BbIHYXKJEHHDBIX
KosneGaHuil, o6yCJOBJIEHHbX JeHcTBUEM cHIBI P cos ©f, ecau jaHo: P = 9,08 H; © =
= 10nc™!; W = 45,4 H?

Omeem: 3,25-107% M.

1.6.3. Banka, u3rotobJeHHasi M3 CTaHIapTHOrO /AByTaBpa, AJdHHOH [ = 3,66 M
H ¢ MoMeHTOM HHepuuu [ = 2,4-1075 mM* cBoGognO onepra mo Konuam (puc. A.1.6.3).
B cepenune nposera GalKh YCTaHOBJAEH 3iMeKTpoiBurateap secom W == 4,54+10% H,
poTop KoToporo Bpauaercs ¢ yactoroil 1800 mun~!. H3-3a HeypaBHOBELIEHHOCTH POTOpa
BO3HHKaeT lieHTpobexuast cuaa P = 2,27.10° H. Uemy paBHa aMniuTyja yCTaHOBHB-
WIHXCH BBIHYXJIEHHBIX KoJeGaHHH, ecli He YuMTHBaTh Maccy Oajku?

Omeem: 2,032-107% M.

. AL &70)1‘, 8
-
5 4% s

N~
N~

Puc. A.1.6.3

1.6.4. CraapHasi 6anKa, MMelOllasi MOMEHT HFepUHH IONepeYyHOoro ceyeHuss [ =
= 1,66-10"¢ m*, onepra, KaK moka3aHo Ha puc. A.1.6.4, u HeceT Ha He3aKpenJeHHOM
KoHue rpya secom W = 2,7-10% H. [lojcuntaTh aMIIHTYAy YCTAaHOBHBLIMXCS BbIHY-
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JKNEHHBIX KoseGanuil rpysa W, ecau omopa A coBepmraer MaJbie BepTHKaJbHBIE KOJe-
Ganuna BHAa y4 = d sin wf, rae d = 3,05-107% M, ©® = 30 ¢™!. Onopa B HenojBHKHa,
a BJHAHHEM Macchl 6aJJKH MOXKHO NpeHeGpeyb,

Omgem: 3,33-107% M.

A 8 w
5 7
| 183m l 0,315
Puc. A.1.6.4

1.6.5. I'pys Becom W = 5,45-10* H ycTanoBJIeH B cepelHHE IpoJieTa CBOGORHO
oneproif 6anku (puc. A.1.6.5), H3TOTOBJNEHHOM M3 JIBYX CTaJbHBIX MIBeJIepoB ([ =
= 2.7,24.10"6= 1,45-1075 m*). IlpeneGperas BecoM GaJKM, OIPelEJHTb AMILIATYAY
YCTaHOBHBIIHXCS BHIHYXJEHHHIX KoJe6anui rpysa W, eciH K KOHLY GaJIKH NPHJIOXKEH,
KaK NOKa3aHO Ha PHCYHKe, IeDHOJIHUECKH H3MeHSIOmmics W3rHGarouui MoMenT M =
= M, cos ®f u jpaHo, uTo ® = 0,90p, M, = 1,16-10% H-M.

Omegem: 1,153-1073 M.

5

L92m 1,52M I

Puc. A 1.6.,5

1.6.6. Onextponsuraress Becom W = 7,26-10* H ycranosjen B cepepune npo-
Jera GanxH (cM. puc. 1.6.3), H3rOTOB/IEHHOH M3 ABYX ABYTaBPOB, C MOMEHTOM HHEpIHH
I=2,7-1075 M* u pounHolt 3,66 M. Eciin yacToTa BpallenHsi poTopa SJ€KTPOJABHIaTeNs
paBHa 600 Mun~!, E = 2,110 H/M? u poTOp MMeeT HeypaBHOBEIICHHbIH BeC BEJHUH-
Ho#t 18,2 H na paanyce 0,254 M, To uemy 6yleT paBHa aMIVIMTY/la YCTAHOBUBIUMXCS BHl-
HYXKJEHHEIX KoJle6aHui? Maccolt o6enx GajloK MOXKHO npeHeGpeus.

Omgem: 1,03-107% M.

1.6.7. Ilna cnyvas, npeicTaBjJeHHOro B 3ajaue 1.6.6, NIpeANONIONKHTb, YTO OCb
poropa pacnoJsiaraeTcst Ha paccTOSSHHH 0,51 M OT NMOBEPXHOCTH KDEIUVIEHHS 5JEKTPOJBH-
raTeJisi, KOTOPLEIH yCTaHOBJIEH Ha BepxHeil mosnke 6ankH. KakoBa Gyjer aMIVIHTYyja ycTa-
HOBHUBLIHXCA BBIHYXJEHHBIX YIVIOBEIX KoJieGaHHH, OGYCJIOBJEHHHX JHeHCTBHEM TOpH-
3OHTANILHOK CoCTaBJfAOmEel CHAB P cos @f, ecJH MOMEHT HHEPLMH SJEKTPOJABHIATES
OTHOCHTEJILHO OCH ero poropa paseH 1,16-10% H-m-c™2?

Omsem: 5.14-107% pan.

1.6.8. Ilpennosoxurh, YTO 3JEKTPOABHraTe]b B 3ajade 1.6.6 ocranosseH, Ho
onopet A H B 6alKH NepeMeIlaloTcsi BEPTHKAJIbHO C YCKODEHHEM, M3MEHSIOUWMMCS IO
3aKOHY, 3ajaBaeMOMy BEHIpaxKeHHeM (d). ONpelesJHTb AaMIVIHTYAY YCTaHOBHBIIMXCS
BHIHYXKJEHHBIX KoJeGaHHil 3J1eKTPOJBHIaTesIsi OTHOCHTENBHO OCHOBAHHA, €CJAH JaHO:
a= 1,02 M/c?; = 60 pan/c.

Omeem: 4,88-10"% M.

1.7. BBIHY)KJAEHHBIE KOJIEBAHHS.
HEYCTAHOBHUBIIEECSI COCTOSAHUE
B npempiaymem mnaparpage paccMaTpuBaNoch TOJBLKO MHOCHAELHEE

cnaraeMoe BblpaxeHust (1.23), omuceiBaiomiero BLIHYXAEHHBIE KoJjeba-
Hus. B oflnem ciayyae npusoxenne Bo36yxkaawue KoaeGaH s CHIbL Bbl-
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3bIBAeT TaKxkKe CBOGOJHBIE KoJle-
GaHusl CHCTEMBI, KOTODBIE OIHCHI-
BAIOTCS NEPBHIMH JBYMs cJarae-
mbiMH Bhipaxenus (1.23). Takum
o6pasoM, JeficTBHTeNbHOE JBH-
JKeuue TnpejcraBaser cobof Ha-
JOMEHHEe JBYX TrapMoHHueckux U
IBUKEHUH, HMEIHUX pa3Hble 2
aMIVIHTYJbI d Da3HBle 4acTOThI, p
4yTO B  peayJbTaTe [PHBOAHUT g
K OU€Hb CJIOXKHOMY II0 CBOEMY

xapakrtepy aBHxeHuio. OpnHako Pnc. 1.25

6JaroJaps BJAUSHHUIO 3aTyXaHHs,

HEYUTEHHOTO NpPH BeIBOAe YypaBHeHHA (1.23), cBoGojuble KoJieGaHUs
HCYE3al0T B KOPOTKOE BPEMS U MO3TOMY B PEUIEHHH OCTAeTCsl TOJLKO Ta
YacTb, KOTOpPAsh OTHOCHUTCSA K YCTAHOBHMBIINMCS BbIHYXJIEHHBIM KoJje6a-
HHUSAM, MOCTENEHHO NMOJNEPKUBAEMBIM BO30YXK/a0IEH CUIOH.

Uactuelil cayyalt kKoJseGaHuil npeicraeneH Ha puc. 1.25 rpagukom
3aBUCHMOCTH NepeMemeHuii ot BpeMend. Ha mwrpuxoByio JHHHIO, NpeX-
' CTaBJSAOLULYIO BHIHYXKJIEHHBIE KOoJe6aHHsl ¢ KPYroBoH 4acToToll ®, HakJa-
IbIBAIOTCA CBOGOAHBIE KoseGaHus ¢ 6oJsiee BLICOKOH KpYTroBOH 4acTOTOH p
¥ YMeHblIaIuelcs BCJAeACTBHE BANSHASA 3aTyXaHUs aMIIuTy a0#. Takum
o6pasoM, pesyJbTHpYIOllee ABHXKEHHE XapaKTepH3yeTcsl CIIOLIHOH
JIMHHEH, KOTopast MOCTENeHHO NMPHOMHKAeTCsl K IUTPHXOBOH JIMHUH, OTHO-
camelcs K yCTaHOBUBIUEMYCS COCTOsHMIO. HauajbpHbli mepuoj 3Toro
JBHXEHHUS, T. €. HECKOJIbKO MEPBLIX LUUKJOB, B KOTOPBIX MPHUCYTCTBYIOT
¢BOGO/IHEIE KOJeGAHHs, OGHIUHO HA3LIBAETCSH HeyCmMaHOBUBLUUMCS COCMOS -
nuen. VHoraa npejcraBasieT NpakTHUECKHH HHTepeC H3YYHThb 3TOT BHI
JIBHKeHHs GoJiee 1moApoGHO.

AMnnauryny cBoGOAHBIX KoJleGaHHH MOXKHO HaHTH U3 0OLIETO peleHHs
(1.23), paccmorpeB HauaJbHbE YCJIOBHA. Tak ke, Kak ¥ B 1. 1.1, npu
t =0 umeeM x = x, U X = X,. [loAcTaBasAs B 3TH YCJOBHUS pelleHHe
(1.23) u ero npou3BOAHYIO MO BPEMEHH, HAHAEM NOCTOSIHHBIE

— xy, Cp—= o 9P _
Ci=rxy Co=—— = (@)

\ pt

>

[oacraeisis aTH nocrosiHHele B Bulpaxkenue (1.23), mosyuum
X=xycos pt  — smpt—{—-————w—z(sinwt—%sin pt>. (1.29a)

Ecnu navanbHble yC/OBHS TaKOBHI, 4TO X, = X, = 0, 3T0 BhIpaXKeHHe
yIhpouiaercs 1o
i q : o .
x—m<81nmt—751n pt)- (1296)
Bripaxkenue (1.296) onucuiBaer noBeJieHHe BO BPEMEHH CHCTEMbI IPH A€ -
CTBUH Bo3Mylawiies cuisl P sin @f u cocrout u3 AByXx uacredl. [leppas

OTHOCHTCSl K YCTAaHOBHBIUEMYCS ABHXKEHHIO, DACCMOTDEHHOMY B Npelbl-
Ayuiem naparpade, 4 NponopuHOHa/IbHA Sin wf, Torja Kak Bropas xapak-
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TepHayer cBoOOAHBle KoJeOaHHs ¥ NponopuHoHadbHa sin pf. HIx cymma
HE fIBASETCA I'apMOHHYECKHM JBHXKEHHeM JaXKe TOorja, Korja Ta COCTOHT
H3 JIBYyX rapMOHHYeCKHX (YHKIHi, MOCKOJbKY COCTaBJSIOLIHE HMEIOT
pasJHYHbIE YACTOTHL. ‘

Ecnu pnsi BosOyxjawomed cunibl B3ATh (YHKUMIO P cos ®f BMECTO
P sin wt, to B Beipaxenuu (1.23) cmenyer sin of 3aMeHHTb Ha COs of.
B sToM cnyyae H3 paHHYHBIX YCJOBHH MoJyuaeM clAeLylolIHe 3HaueHUs
TIOCTOSIHHBIX

Ci=Xy——tors Co=-2. (6)

HOI[CTaHOBKa 3THX 3HAuYeHHH B peuienye aaert
X = X, COS pt + —sm pt + —(cos ot — cos pt). (1.30a)

Eciu HauanbHBlE YCIOBHS HMEIOT BUA X, — X, = 0, TO 3TQ BbIpa)KeHHe
npuMer ¢opMmy
X = -pzi—mz(cos of — oS pt). (1.306)
B stoM csaydae 4yacTb XapakTepHUCTHKH CHCTEMBbI, OTHOCSILASICA K CBO-
600HBEIM KoJieOaHHAM, HMeeT Ty JKe aMIIUTYAy, YTO W 4acTb, OIHCHI-
BAOLLAsi YCTAHOBHUBLIEECS COCTOSIHHE, 3@ HCKJIOUEHHEM MHOXKHTENAS o/p.
Oco6bii uHTepec npeicTaB/sier ciaydyad, Koriga uyacrota ¢GyHKIHH
BO3MYyILIAOUEH CHJIBI paBHA HMJIH OYeHb OJIM3Ka K 4acToTe CBOGOJHBIX
KoJieGaHHUH CHCTEMHI, T. €. Korja ® U p 6ausku. Mcenenys stor cayuai,
BBeJeM 0003HaAYeHHS

p— o = 2, (8)
rlle € — MaJnas BeqyuMHA. 3areM nepenuuueM BhipaxkeHue (1.296), onu-

ChiBalolllee peakiHio I[pH AeHCTBHH BO3MYILAOWEH CHJBI, 3a1aBaeMOH
dynkuveit P sin wf, B cjenywomel 3KBHBaIeHTHOH (opme *:

x =P [ pPi® (sin of — sin pt) -+ —— p ©_(sinot + sin pt)] (r)

p— o2 2

Hcnonb3yss TpuroHomerpuueckue (popMyJsibl, BblpaxkeHHe (I) MOXHO
NpeACTaBUTL B BHJIE

X = [(p# ©) COS ((’H—p)t sin m;p)t +

p — <D2
: t —p)t
-+ (p — ®)sin ((’)'2’—’7) oS ((’)2”) ] (n)
Ioacrapasisi o603HaYeHNst (B) B BbIpaXeHHe (1), NOTYYHM
9 sin &f . __ coset .
Xx=—z [ cos(p —e)t - sin(p s)t] (e)

* 310 pemenHe G6bUIO TPENJIONKEHO B yacTHOM pasroBope B 1970 r. U. Yanrom
M3 OTge]a TeXHUUYECKOH MeXaHHKU (upMbl «HIHTEPIKTUB TeKHOMOAXH», T. Canrta-Kaapa,
wr. KaandpopHus,
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PaccMaTpHBas npejes 3Toro BeIpa)keHus, naigem *

q

limx=— 553

e—>0

(pt cos pt — sin pt). (1.31a)

BBoas ¢aszoBbl#i yroJ, MOXHO 3amucaTh
x:——%z—Acos(pt—a), (k)

rae
A= —é- l/"(pz‘)‘z -+ 1, o= arctg (— I/pt). (3)

Takum o6pasom, B npepenbHOM ciyuae, Korga ® = p, aMIJIMTyAa
KosIe6anHsl C TeYeHHeM BPEMEHH CTPEMHTCS K GeCKOHEUHOCTH, KaK NoKa-
3ano Ha puc. 1.26, rae cnjomHas JIHHUS NpeACTaB/sieT B Ge3pasMepHOM
BHlle BhipaxeHHe (1.31a), wWTpHXoBas JHHHS — B aHAJOTHYHOM BHJE
TOJIBKO MepBoe ciaraeMoe. MoXKHO BHJETh, YTO YyKe uyepe3 KOPOTKoe
BpeMsl MepPBOE CjaraeMoe CTaHOBHTCA XOpOLUeH annpoKCHMalueHd mnoJ-
HOrO JMHAMHYECKOTO IOBEJEHHSI CHUCTEMEl, CJIeJOBaTeJbHO, MOXKHO MpPH-
HATDb ‘

limx ~ — & cos pt. (1.316)
e->0 P

Kpubble, npejcraBiennsie Ha puc. 1.26, nokaspiBalOT, 4TO B CHCTEME
NpH pe3oHaHCe aMNJIHTYJAa BBIHYXKIEHHBIX KOJeOaHUH 1IPH OTCYTCTBUU
3aTyXaHHA TEOPETHYECKH CTPEMUTCS K GECKOHEUHOCTH, A/l JAOCTHIKEHHS
KoTOpo# Tpebyercsi GeckoHeyHo Gosbiioe BpeMs. Takum o6pasoM, npH
NPOEKTHPOBAHHH MAlIHHLI, B KOTOPOH HMEETCS BO3MOXKHOCTb YNPaBJSTh
YNOMSAHYTHIM BbILE PE30HAHCUM, He npeacTaBiserT GOJbIIOH TPYAHOCTH
HCIBITaTh €€ MPOXOXKIEHHEM Yepe3 pe30HAHC MPH YCJAOBHH, YTO STOT
NIepexo/i OCYIIECTBJSAETCST HCKJIOYHTEbHO ObicTpo. OaHako, Kak ObLIO
00HApyKEHO SKCMEePHMEHTAJIbHO, eC/IH KOoJefomascs cHcTeMa TakoBa,
YTO YCTaHOBHBLIEECS COCTOSIHHE

JIEXXHT HHXKe 30HBl pe30HaHca, TO /ﬂx

OY€Hb CJIOXKHO MOBLICHTb 4aCTOTY g

BpAllleHHd C TeM, UTOObI 3aCTABUTH 10"

YCTAaHOBKY HpPOUTH uepe3 30H i'/ﬁ—*z
PesoHchZ. P ,HOHOJIHII)/ITeJIbHaZ 7 Vipt) \
MOIHOCTb, 3aTpauuBaeMasi sl 5h- \
STOH I1eJH, pacXoAyercs Ha yBe- \\

JIHUEHHEe aMIJIUTY] KoJebaHus, —’ptl \

a4 3KCchnJayaTallMOHHAasi — 4acTora W\ N | |

BpallleHHs1 MOABHXKHBIX 4acTel
YCTaHOBKH H3MEHsETCS MaJo.
Korpa uyacrora ¢pyuknuu Bo3-
Mymamoned cuJasl 0JH3Ka K 4a- -5
CToTe XoJeGaHHM cHCTeMBl (HO

! .
* Bupaxenne (1.31a) moxer 6uts g -7 (pteospt-sinpt)
TNONYYEHO NPHMEHEHHEM K BBIPAXKEHHIO -

(1.296) npasuaa Jlonuraas. Puc. 1.26
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Puc. 1.27

TOYHO HE paBHa), MOxKeT HabJ/oJaTbCsl fABJEHHE, Ha3biBaeMoe OueHUeM.
AT0 ABJEeHHE ONHCHIBAETCS Bhlpa)KeHHeM (€), NpHYeM JAOCTATOYHO XO-
pomee npubiMxeHHe Jnd AHHAMHYECKOrO INOBEJAEHHS CHCTEMBl TOJY-
yaercsas H3 YOPOUIEHHOH (GopMyJbl, BKJoYawomledl B cefd TOJbKO mep-
BOE cJlaraeMoe:
XAaw — ————q;;ft cos pt. (1.32)
[TockosIbKY BeauYuHa € B mpeActaBieHuH (1.32) mana, QyHKUHs
sin ef H3MeHseTCA MEAJIEHHO, a ee NepPHoJ, paBHbIil 271/, sBaseTca 60Jb-
wuM. CaeloBaTesbHO, MOXKHO CUHTATh, 4YTO mpejcrasnaenue (1.32) onu-
ChiBaeT KoJieGaHHus ¢ NEPUOAOM 27/p U NepeMeHHOH aMIJIMTYJ0#, pPaBHOH
(g9/2pe) sin ef. Takoro poja KoneGaHHsl HapacTaioT M 3aTyXaloT B BHJE
nepHOJHYEeCKHX GHeHHH, MokasanHbX Ha puc. 1.27. Ilepuon Guenus,
paBHHIH /e, yBEJWYHBAETCS, KOrAA 4acToTa KojeGaHH# NMpuO/IHKaeTcs
K yactote p (1. e. npu € — 0). IIpu pe3oHaHce nepHoji GHEHHs CTAHOBUTCS
GECKOHEYHBIM, & pOCT aMIVIUTYABl — HENPEpHIBHEIM, KaK BHJHO U3
puc. 1.26.
NMpumep. Bepxuuil koHew npyxuHbl (CM. pHc. 1.23) HMeeT MOCTOAHHYIO, HaNpaBJeH-

HYIO BHH3 CKODOCTb Up, KOTOpas B HEKOTOpbIi MOMeHT {== 0 CTAHOBHTCS CKOPOCTbHIO
TIPOCTOrO T'apMOHHYECKOT'O ABHMEHHA BHAA

Ug .
Xon = — sin @f. H
on = =2 (1)

Onpene.rm'rb MOoJiHOe BbIPaXKEHHE, ONHCBhIBAIONIEE XapaKTep MNOCAEAYIOIEro ABHXKEHHA
noJiBelIeHHOI'0 Ha MNpYXXHHE rpy3a w.
Pewenue. B atom cJyyae HayaJibHblE YCJIOBHSA ABHXXEHHS HMEIOT BHA

Xo =0; Xp=0p. (x)
[ToacTaBasis 3TH 3HaueHHMs B BEIpaXeHue (a), MOJYYHM
4 qu/p
=0; Cq= =% .- _r Ja
Cl 2 p p-z o ( )

BHOBb nojicTaBAsAs HalileHHLEIe 3HAUYEHHA MOCTOSHHBIX B BhipaxkeHue (1.23) u yuuThiBas
YTO B 3TOM CJlyyae HMEET MeCTO

kgd 2y
qou:% :Pgd:%:
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HafgeM HCKoMoe pelieHHe AJ1s1 peAKLHH

___Ulw . [ )
X =T o ot sin ot T sin pt ). (M)

3AJAYH

1.7.1.. 115 cHcTeMbl, MoKasaHHOR Ha puc. 1.23, naum Bec rpysa W = 45,4 H
A KECTKOCTb NPYXHHH k= 1,79-103 H/M. Ilpeanonaraercs, 4To BO3Myinammas cuiaa
onuchiBaercs ¢ynxuueis P sin wf, rae P = 9,1 H u © = 10 ¢!, 1 HavaJbHBIE YCJO-

BHS CyTb Xp == Xp = 0 npu ¢ = 0. Onpeaenuts CKOPOCTb U Mepememenue rpy3a W B mo-
MEHT BpeMeHH =1 c.

Omsem: x; = 3,73-1073 M, %; = 3,1-10"2 m/c.

1.7.2. KakuMu GyAyT nepeMeilleHHe H CKopocTk rpysa W H3 npeawiayilelt 3ajadx
B MOMEHT BpeMeHH { = 1 c, ec/li BO36yXK/Jamllasi CHJIAa ONHCEIBaeTcs He ¢YHKIHed
P sin ¢, a dyukuuei P cos wf? [Ipeanosaraercs, 4To Bce OCTAJbHBIE HCXOJHBIE JJAHHBIE
TaKHe XKe, KaK_HM B 3ajaue 1.7.1,

Omsem; x; = —8,9-10"% M, %, = 4,6-10"2 m/c.

1.7.3. Tlonyunts BhIpameHHe, aHajoruuHoe (1.3la), npu ycjoBuH, 4TO BO36YKAa-
joias cuJla omHchlBaeTcs He ¢pyHKuued P sin wf, a pyskuuei P cos of.

cx=T
Omesem: x = % sin pt.

1.7.4. Ona 3apaun 1.7.3 mocTpouTh B Ge3pa3MepHHIX KOOpAHHaTaX rpapuk 3aBH-
CHMOCTH [lepeMeLieHHi CHCTeMBl OT BpeMeHH, aHaJIOTHYHEIH NpHBeJeHHOMY Ha pHc. 1.26.

1.8. CBOBOJHbIE KOJIEBAHHAA C BA3KHUM
JAEMITI® HPOBAHUEM

B npeabiaymux o6Cy»KAeHHAX CBOOOAHBIX H BBIHYXKJAGHHBIX KoJjeba-
HHH He paccMaTpPHBAJIOCh BJHSIHHE AHCCHUNATHUBHBIX CHJI, TakKHX, Kak
CHJIBI TPEHHSI HJIH CONPOTHBJIEHHS BO3AyXa. B pesysbrare GblIo noJy-
4eHO, YTO aMIJIHTYJa CBOOOJHBIX KoJIeGaHHH OCTaeTcsi HEH3MEHHOH ¢ Te-
YeHHEM BpPeMeHH, HO, KaK MOKa3bIBAIOT 3KCIIEPHMEHThI, aMIJINTyJa ¢ Te-
YeHHEeM BpEMEHH YMEHbIIaeTCsi, H KoJeOaHHS IOCTeNeHHO 3aTyXaloT.
B cinyuae BBIHYXKIAEHHBIX KOJMeOAaHHH H3 TEOPHH CJejyeT, YTO NPH peso-
HaHce aMIIJINTYJa MOXeT Bo3pactaTh GecnpespenbHo. OQHAKo, KaK H3Be-
CTHO, BCJIEACTBHE AeMIIQHPOBAHHA aMIJIHTYJa NPH YCTAaHOBUBILEMCS
NOBEJEHHH CHCTEMbI BCETa UMeeT HEKOTOPYIO KOHEUHYIO BEJHUUHY JarKe
IpH pe30HaHce,

Jsst Toro 4TOOB NMPOBECTH aHANIUTHUYECKOe 0OCYy:KaeHHe KosebGaHnuH
NpH JydilieM COOTBETCTBHHM JEHCTBHUTEJILHBIM YCJOBHSIM, HEO6XOAUMO
YUecThb BIHSHHE 0emMnpupyrouyux cus. ITH CUILI MOTYT HMETh PasudyHOoe
NIDOHCXOXJECHHE. TPEHHEe MeXAY CYXHMH NOBEPXHOCTSIMH CKOJIbXKEHHS,
TPeHHE MeXKAY CMa3aHHhIMH INOBEPXHOCTSIMH, CONPOTHBJEHHE BO3JyXa
HJIH XKHAKOCTH, 3JIEKTpHYecKoe JAeMndHpoBaHHe, BHYTPeHHee TpEHUE,
00YCJIOB/IEHHOE HECOBEPILUEHHOM YIPYroCThbio MAaTe€pHAaOoB, H T. 4. Cpeau
BCeX YNOMSIHYTHIX NDHYHMH pacCeUBAHHSI 3HEPTHH CJaydal, B KOTOPOM
AeMnHpyowas CHJaa NPONOPILHOHANBHA CKOPOCTH (TakK HasbiBaeMoe
613K0¢ Oemngpuposanue), SIBJASIETCS MPOCTEHIIMM C TOUKH 3pEHHs Mare-
MaTHYecKoro HccjaeaoBaHHusi. [1o3ToMy CHJBI CONPOTHBJEHHS, HMEOLHE
GoJsiee CJI0KHYIO NPHPOAY, OOGLIYHO 3aMEHSIIOT NPH HCCIE0BAHHAX SKGUEA-

3 Tumowenxo C. I, u ap. 65



NCHMHBIM  8ABKUM Oemnpupoearuem..DKBUBATCHTHOE AeMIl-

(upoBaHHE ONPEAENAIOT H3 YCJOBHsA, YTOOBI 338 OLUH IHKJ

IPH HeM DacceuBajioCh CTOABKO K€ JHEPTHH, CKOJIbKO H

Npu NEHCTBHM peasibHBIX CHJI conpoTiBienus. Hanpumep,

K C TIOMOLIbIO TAKOT0O MOJXOAA MOXHO PaccCMarpUBATh JEMII-
¢upoBaHHe, 00YCNOBJEHHOEe BHYTPEHHUM TPEHHEM.

PaccMoTpuM Tenepb cayyai, COCTOAIIHA U3 NPYKUHBI

M COCPEJOTOYEHHOH MacChl CHCTEMBbl, B KOTOPOH HMeeTcs

Bsi3Koe JeMmnbupoBaHue 6jarojaps HaJUH4HIO JeMidepa

w | .} (puc. 1.28). Ilpeanonaraercs, 4T0 Bf3Kas KUAKOCTb

B JemIdepe 0KasplBaeT NMPONOPLHOHAJBHOE CKOPOCTH CO-

c! l NPOTHBJNEHHE JABHXKEeHHI0. B 3TOM ciaydae auddepeHiu-

aJIbHOE€ YypaBHEHHE JBUXKEHHS HMEET BH]J|

Prc. 1.28 %X:W-(WJrkx)—cx.' (a)

KoagduiuenT ¢ npeacrasasieT cobofi Koappuyuenm 6s3k020 demndupo-
BaHUL WU NOCMOSHHYK OeMnpuposanun U HMEeT pasMepPHOCTb CHJIBI, OT-
HECEHHOH K €QUHHIIE CKOPOCTH. 3HAK MHHYC Iepel AeMNbHUpYIOLEed CH-
JIOH 03HAYaeT, YTO 3TA CHJIA BCErJa HMeeT HalpabJieHHe, POTHBOINOJIOXK-
HOE HanpaBjIeHHI0 CKOpPOCTH. PasjenuB JieBy10 M NpaBylo 4acTH ypaB-
Henus (a) Ha W/g u BBelsi 0603HAYEHHS

kg .
pP=—i 2= (©)

NOJYYHM ypaBHEHHE C80000HbIX KOACOAHULL ¢ 6A3KUM Oemnguposanuem
X+ 2nx + p?x=0. (1.33)

TIpu ucCefoBaHHHK 3TOTO YPaBHeHHs BOCTIOJb3YEMCS OOBIYHBIM METOJOM
pelenus JHHeHHbIX AuddepeHnHanbHbIX yPaBHEHHH C MNOCTOSTHHBIMH
Ko3(huIMEeHTaMH U BbifepeM ciefyomee NpPeACTaBleHHe i HCKOMOro
pelLeHus:

x=_Ce™, (B)

rie e — OCHOBaHHE HaTypaJbHOTO Jorapudma; { — BpeMsi; r — TNOCTOSAH-
Hasd, onpejesjsemMas M3 YCJIOBHS TOTO, 4TO NPEACTaBJEHHE (B) HOJIKHO
yIOBJAETBOPSTh ypaBHeHHo (I. 33) [loacraBnsis npeacTaBjeHUHe (B)
B ypasHenue (1.33), moayuum r® - 2nr 4 p* = 0, oTKyJa HaxoauM

r=—n-4Vn—p. (r)

PaccmoTpuM cHadaJsa cnyqau KOTAa BeJHYHHA n?, sapHcAwWas ot
Jemnuposanusi, Menbwe p°. Torja BemHuHHa pi = p° — n® MOJOKH-
TeJbHA U PElIeHHsIMH KBA/IpAaTHOTO YPABHEHHUS SIBJAIOTCA JBA KOMIJIEKC-
HbIX KOPHSA:

fi=—n-Fipy; re=—n-—ip,

[TopcTraB/asisi 5TH 3HAYEHHs NOCTOSIHHBIX B BbIpaxKeHHe (B), NOJYYUM
nBa pewenusi ypapuenust (1.33). CyMma uiu pasHOCTb STHX ABYX peile-
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HUM, YMHOXKEHHHX Ha NMPOH3BONAbHYIO MOCTOSIHHYIO, TaKKe 6yneT peue-
HHeM. B Takom cJlyyae uMmeem

C
Xy = T] (¢! |- er:t) = Cye~" cos pyt;

C
X == 5 (€t — en) = Coe— sin p .

CyMMHpYs 3TH pelieHHs, MONYYHM obuiee pemenue ypapuenus (1.33):
x = e (Cy cos pyt 4 Cysin pyt), (1.34)

rie C; u C, — NoCTOSIHHBIE, KOTOPBIE JOJIKHBI ONpENeNsiTbcs H3 Ha-
YaJbHLIX YCIOBHH. Muoxutenb e~ B pemenuu (1.34) ymeubmaerca
C TeyeHHeM BPEMEHH, I09TOMY BO3HHKILIHNE BHauaJje KoJebGaHus GyayT mno-
CTENIeHHO 3aTyXarh.

BriparkeHHe B Kpyrablx ckoOkax u3 pemenus (1.34) coBmagaer mo
(dopMe ¢ MOJYUECHHBIM paHee pellleHHeM INd 3aJaud O KoJieGanusx Ges
JemngupoBanua [cM. pemenne (1.2)]. Ono npencraBaser co6oil nepuo-
JHYECKYI0 PYHKIHIO ¢ KPYroBo# 4acToTo#

Pa= l/p2 — n?, - (m)

Ha3bIBAEMYIO Kpy2080il wacmomoil 3amyxaowux Kosebarnud npu Oemngpu-
posarti. COOTBETCTBYIONUH €l NepHOL

TIL = EI—' = -21' '1——.' . (e)

Px P V1—(n%p%

CpaBHuUBasi 3Ty BeJIMYHHY C BeJHYHHOH T = 27/p nepuopa, moayyes-
HOH paHee 1715 KoJseGanuii 6e3 AeMndHpOBaHHUs, BHIHM, YTO nepuod Ko-
Aebanuli ¢ Oemngpuposaruem Ty siBJAAeTcs 60Mbell Benuunnoit. OaHaxo,
€CJIM 1 MeHbIle p, TO 3TO YBeJHYEHHE ABJIAETCA HACTOJIbKO HE3HAYUTEb -
HBIM, YTO UM MOXHO TNipeHeGpeub. Jlaxe ecnu xoappuyuenm Oemnpupo-
8aHus n/p nocTUraet tTako# 6OJbIIOH BeJWYHHBI, Kak 0,2, OTHOLIEHHE Ya -
CTOT py/p GAU3KO K €IHHKIE, yTO BUAHO U3 pHC. 1.29, rae nokasaH rpaduk

2
DyHKUMH —705‘- = V 1 ~——’;Z—, NpeACTaBJAOMHUI cobolf ypaBHeHHE OK-

PYXHOCTH B NMEPBOM KBaJpaHTe. b, Ip

Hns onpepenenuss mocToAHHBIX . I
C, u C, BXOAAUIUX B pelleHHE 1
(1.34), npeano/ioxuM, 4To B HAYAJIb- I
HBIH MoMeHT npu { = 0 B npolecce |
KoJlebanus TEJI0 CMEIaeTcs OT MOJo- |
MKEHHS paBHOBECHS Ha BEJHUYHHY X, }
U HMeeT HayaibHYI0 CKOPOCTb X,. 1
HMopcrapass stv ganHBle B peue- |
HHe (1.34) u B ero npoU3BOAHYIO {
110 BpeMmenH, HaligeM I

, 0 02 o nlp
. — Fotn%
Cl _= ,‘(0, C2 —_ Px . ()K) Puc. 1.29
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INojcTapnss HaiiJeHHbIE 3HAYEHHs (XK) IMOCTOSHHBIX B pemeHHe (1.34),
AOJTYYHM

x = e—nt (xo Cos pyt - St +"x° 2o "% sin pnt) (1.35)

B 3ToM BbIpaxKeHHH IepBOe cJjaraemoe, INPONOPLHOHAIbHOE COS pyif,
3aBHCHT OT HauyaJbHOTO TNEpEMEIIEH s X,, TOIAa KaK BTOpOe Cjaraemoe,
NPOTIOPLIHOHAJIBHOE SiN pyf, 3aBHCHT KaK OT HA4aJbHOTO NEPEMELIEHHS X,
TaK U OT Ha4yaJbHOH CKODOCTH X,.

Bruipaxenue (1.35) MoxkeT GbiThb 3alHMCaHO B 3KBHBAJEHTHOH Qopme

x = Ae=" cos (pit — o), (1.36)
rae
A=V C+E=V 5+ (ho+ nx)"/px ()
€CThb MaKCHMaJbHOE 3HAueHHe AMILTHTYJBI;
. C xg -+ nx
o = arctg Cj arctg ( °p . 2 ) (1)

MoXHO CYHTaTh, YTO BBHIPAXKEHHE (1.36) onuchiBaeT mceBAOrapMoOHHYeE-
CKoe JBHMEHHE C YMeHbIUAIOWEHCS N0 3KCMOTEHUHANLHOMY 3aKOHY
aMIIIHTYA0H Ae~", ¢ ($a30BbIM YIJIOM &, H MEPHOAOM T, = 2n/p,.
Ha puc. 1.30 nokasan rpaduk storo AsHxkenus. Oru6aiomas, ypaBHeHHe
KoTopoH umeer BMA +Ae—"f, kacaercs 3Toro rpajuka B TOYKax my,
mji, ma, M3, ..., OPAHHATHl KOTOPHIX OTCTOSAT JAPYT OT APYra HA ONHHAKO-
BOM BPEMEHHOM HHTepBaje Ty/2. [lockoabKy KacaTeJbHbE, POXOAAILHE
B 3THX TOYKaX, HE SIBAAIOTCS TOPH3OHTAJbHBIMH, TOYKH KacaHHs He
COBNAJAIOT C TOUKAMH MAKCHMYMa CMEIIEHHS OT I10JI0XKeHHs PABHOBECHS.
Ecnu xoadduiuent aemnupoBaHUs Mal, PAa3IHYHEM B MOJOXKEHHH ITHX
TOYEK MOXKHO npeHeGpeub. OHAKO BO BCeX CJyyasX BPEMEHHOH HHTep-
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BaJ MEXAYy ABYMS COCeJHHMH KPAallHUMHU CMEUIEHHSIMH PaBeH MOJIOBHHE
nepuoia t,/2. JIns NpoBepKU 3TOro yTBEPKAEHUS NpoauddepeHuupyem
Bbipaxkenue (1.36) oMH pa3 mo BpemeHu, B pe3yJbTaTe MOJYYHM CKO-
poCTb TeJa MPH KojebaHHAX

%= —Ae " p,sin(p,t — ay) — Ane="t cos (p,t — o).
IlpHpaBHHBasi 3To BbIpaxeHHe K HYJIO, HafljeM
tg (ppt — o) = — pi
o

Taxum o6pa3oM, TOYKH MAKCHMYMOB CMEUIEHHS, TJ€ CKOPOCTH PaBHHI
HYJIO, DAacrnoJiaralotcss Ha OJHHAKOBOM BpEMEHHOM HHTepBajie [ =
= qu/p, = T,/2.

CxopocTh JeMndHpoBaHHA KoJeOaHHH 3aBHCHT OT KO3(QHIHEHTa
nemMndupoBanus n/p, npu 3ToM, Kak BHaHO u3 puc. 1.30, oTHomeHHe
JBYX COCEIHHX AaAMILIUTYJA

—nt,
mi Ae 1 )

nt
—¢ A—=—¢. K
Im (1+1) Ae " (ti+7g) ( )

Beanunna 6 = nx HA3bIBAETCSl  A02ApUPMUHECKUM  OeKDEMEHIMOM
;1 (7]
30myxanus W ONIpefessieTcs 1o ciaeayiouel dopmyJe:
Xmi 2nn 2nn
§= In —2mi__

= nry =2 2 (1.37)

XM (i+1) x Pn p

®opmyay (1.37) MOXKHO HCIOJb30BATh VISl 3KCIEPUMEHTANBHOTO OMpe-
JieieHus1 nmapamerpa AemngupoBaHus n. [Aas 3T0ro Heo6XOJHMO TOJbKO
ONPEJEIUTh H3 3KCINEPHMEHTa OTHOLIEHHE JABYX COCEJIHHX AaMIJIHTY],
Kose6anuii. OpHako GoJbiias TOYHOCTh GYJET JOCTHTHYTA B TOM CJyuae,
€CJIH KCIO0JIb30BaTh OTHOIIEHHE IBYX aMIIHTYJ, OTACJEeHHBbIX j IIHKJIaMH.
B 3ToM cayuae ¢opmyna (K) NMpUHHUMAeT BHK

——"—"“—xMi = 61"1;1’ (JI)

a JIOI‘apPl(pMH'-IeCKPIﬁ ACKPEMEHT OIpeaeasaeTcs BbIpaxKeHHEM

XM (i+h)

§=—In i _ (M)
] Xnm 1+

B npusesenHoMm Bhime obcyxkuennn ypasuenus (1.30) npeamosara-

- Jiock, 4TOo n < p. Ecau xe n > p, KopHHu (r) OYAYT AeHCTBUTENbHBIMH

H oTpuuartenbHeiMU. [loxcTaBasia MX 3HaueHHs B BhIpaxeHue (B), MOJY-

4KM JiBa pemeHus ypaBHeHus (1.33), Toraa ofuiee pemeHHe NPUMET BHI

x=Cyert | Cyemst, (1.38)

B stoM ciyuae pemieHne He siBJsieTcsl MEPHOAMYECKHM M HE OMHCHIBAET
Kosle6atesIbHOTO JBHUXKeHHS. BsA3koe conpoTHBIEHHE TaK BEJHKO, YTO
KOTJia TeJIO cMeliaeTcsi oT NOJIOXKEHHsI PaBHOBECHSI, OHO HE COBEpILaeT
KoJieGaTe/IbHbIX JBHXKEHHH, a NOCTENEHHO JABHXKETCSI OOPATHO B MOJIOXKE-
HHe paBHOBecHA. B nopo6HoM ciyuae cucremMa HasblBaeTcsi nepedemnu-
Posarnol, a ee JBHXKEHHE ANEPUOOUYECKUM.
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[ToctosiHuble, Bxoasiipe B peiuenye (1.38), MOXXHO oONpesesHTD,
[OJACTABHB 3HAaYeHHst X = X, U X = X, nNpu { = 0 B camo peulenve H
B ero nepsyio npoussoanyio: C; + Cy = xo; r1C; + r.Cy = %,, oTKyAQ
HaXoJHM

Xo — rgX, riXe — X
C — 0 240 . C — 140 0. H
! n—ras ' 2 rn—rs ()

B pesyabrare pewenune (1.38) npuHumaer BHJ

_ Xg—roXo rixg— Xy .
.X——ri—:r—z—e‘t‘{— r—l_Te 2, (139)

O6wui Buj KpuBO#, onuchiBaiowed pemenne (1.39), saeucut or
BEJIUUHMH 1, X, U X,

MexJy cayyasiMd HEJOCTATOUHOrO AeMNUPOBAHUS U NepeieMndHu-
pPOBaHUA HAXOAUTCS CNENHANbHbIH cayYaii n = p, KOrJa CTeneHnb JAeMnu-
poOBaHHA TAKOBA, YTO ABHXKEHHE CHCTEMBI BEPBbie HAUHHAET TePATH CBO
KoJe0aTeabHblil XxapakTep. Hcnoap3yss o6Go3nauedust (6), Wjist 3TOrO
caydast Haxoium

7

cﬂpzzn%:zpl;—=2 = ()

TJe uepes ¢y, 0603HaueH Kpumuueckuli Kosppuyuenm 613xo020 emngupo-

sanusn. Jaa caydas KpHTHYUeCKOro JeMndHpoBaHMs, Korja n = p,

u3 Bblpaxenus (r) cjaemyer, uro ry = r, = —p " pg = 0. Torga kaxk

pewenus (1.35) u (1.36) 6yyT OTHOCHTBCSA K YaCTHOMY CJYy4Yal0 KpaTHLIX
KOpHeHl XapaKTepHCTHUECKOT0 YPaBHEHHS H NPHMYT BHJ

X == Cye—Pt | Cyte—rt. (1.40)

[ToxcraBnss B peiuenue (1.40) U ero nepByrO NPOH3BOAHYIO 3aJaHHbIe
HayaJbHble YCJAOBHSA, HalzeMm

Cl = Xy Cz = xo + nxo. (H)
Torza ofuiee pelenne npuMer BUI
X =ePt{xy 4 (%o + nxo) t]. (1.41)

Ha puc. 1.3]1 npeacraBneHsl KpHBbie, ONHCHIBAIOLIME 3aBHCHMOCTb
nepeMelieHust OT BpeMeHH B COOTBETCTBHH C BhipakeHHeM (1.41) mpwu

(PUKCHPOBAHHOM 3HAUEHHH X, ¥ HECKOJbKHX 3HaueHHsxX X,. das asyx
‘BepXHHX KpHUBbIX / W 2 Hada/JbHasi CKOPOCTb OblIa MOJIOXKHTENBHOM;
17151 KPUBO# 8 — paBHOH HYJIO, a A5 KPUBBIX 4 U 5 — OTPHLATEJNBHOMH.

B nanpuHedmux o6cyxIeHHsX OyaeM BCerAa CUHTAThb BEJIHYHHY 7
NOJIOKUTENbHOH, T. €. OyJeM npeanoJaraTb, yTo AeMNduHpoBaHHE Npel-
cTaBaser coGo#i cunay conporuBjeHHsi. Toria npu ee nelcTBUH OyAeT
NPOHUCXOMUTb paccedBaHue 3HEPTHH, aMNJHUTYAa KosebaHH# 6Gyler no-
CTEMEHHO yMeHbUIATbCS, a ABHKEHHe — 3aTyxarb. OJHAKO HMeIoTCs
c/lyYyaH, KOTAa NPH ABHXKEHHH B CHCTeMY NPHBHOCHTCA HEPTHs, B pe-
3yJbTATE Yero ¢ TeyeHHeM BPEMEHH MPOUCXOAHT yBEJHUCHHE aMIJIHTY bl
Kone6anuil. B mMoJoGHEIX CJAyYasX HHOTAA HUCMOMAB3YIOT TEPMHH ompu-
yameabHoe Oemnepuposarue. V13 Beipaxkenus (1.34) BUAHO, 4TO €c/u n —
OTpHLATEe/NbHAS BeJHYHHA, TO MHOXKHTe]b €~ yBelIHYHMBaeTCs C Teye-
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Puc. 1.31

HHEM BDEMEHH, BCJIEACTBHE Yero NOCTENEHHO YBeJHYHUBAIOTCS H aMILJIH-
TyAbpl Kose6anui. Cayyall NMoJoXHTENbHOH BeJMYHHBI 71 (KOTAa KoJeba-
HHsl 3aTyXai0T) OTHOCHTCA K ycmoduugomy G6uicer o, TOTAA Kak cayuyal
OTPHUATENbHOA BEJIHUYHHBL 1 — K HEYCMotuugomy O8uUNCEH L.

[Tpumep 1. Teno, cosepuiaioee KoneGaHHs NPH HAJTHUHH BA3KOTO JAeMIMHPOBAHHUSA,
Aesaer 10 moaHeix KoJeGaHuit B cekyniy u uepes 100 LHKJIOB aMIVIHTyAa €ro KoJeGa-
HHA yMeHblnaercss Ha 10 9. Onpenennts norapm})Mqucmﬁ JEeKPEeMEHT, MapaMeTp
- AemndupoBaHus M KospduuneHT AemndupomaHHs n/p. Kak yMeHbwmics 6l mepHoi
Kosie6aHus, eclH 6bl He GbIIO AeMNpHPOBaHHSA?

Pewenue. Tlo dopmyne (M) ompenensieM JOrapHOMHYECKHH JAEKPEMEHT

{ 1,0\
6= niy = —1(-)—'6- In (W) = 0,001054.

llepuoa 3= 0,1 ¢, wacrota — pg = 2n/t;= 62,83 ¢c’1. TakuM o6pa3om noJyyaem,
yTo mapamerp JAemnduposanus n = 0,01054 ¢™1, a kospduuuenT nemnbupoBaHHs
n. _ n _ 001054
p  pp 62,83
Us suipaxenus (€) cilepyeT, 4To OTHOIIEHHE NEPHOAOB NPH HeLeMIDUPOBAHHBIX KoJe6a-
HHAX K NEepHoAy NpPH KoseGaHHAX C AeMIpHpOBaHHEM

I TR —_—
e A VA S

Px

[pumep 2. OnpenesuTs OGLWHHE BHJ 3aBHCHMOCTH NEPEMELIEHAS OT BPEMEHH TMPH JBH-
JXEHHH MOJBELIEHHOH Ha NpPyXXHHE COCPe/IOTOYeHHOH MAacChl, KOTJja HauajJbHOE mepeme-
WEHHe DaBHO Xp, 4 Haua/JbHas#i CKOPOCTb PaBHA HYJIO, €CJHH jeMndHpoBaHHE 60Jblue
KDUTHYECKOTO, T. €. NpPH n > p.

Pewenue. TloacTaBnss 3ajaHHble HayaJbHble YCJIOBHA X = Xo M %, = 0 B BhIpa-
wenne (1.39), moayuum

= 0,000168.

X
x = =2 (e — ree™). P
1 2

HBaxbt auddepeHuEpys 570 BEIpakeHHe MO BPEMeHH, HaiJeM CKOPOCTb H yCKOpEeHHe

1 = —aleXo (crzt _ erlt); (c)
ry —7rp
. r1rsX,
i = rl 2%0 (r2er2t__r1€r,t)_ (’l‘)
17y
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Us sripamenus (¢) BHIHO, UTO CKOPOCTh paBHa Hyao npu ¢ = 0 M { = co H OTpHUA:
TeJbHa JJS BCeX NPOMEXYTOYHBIX MOMEHTOB BPEMEHH f, NOCKOJBKY 06a KODHSl 7y H Iy
oTpHuaTeJbHbl. JlJisi Toro 4To6el HaHTH BpeMs f;, NPH KOTOPOM 3Ta OTpHllaTe]bHAs Be-
JMYMHA CKOPOCTH HMMeeT HauGolibllee 3HaueHHe, NpHpPaBHAEM HYJIO BHpaxeHHe (T),

OTKyjJa HakhjeM
In (ra/r1) . (¥)

ty =
! rn—rg
U3 Buipaxennit (c), (1) u (y) ciaelyer, 4To KpHBas, ONMHCHBaoIias 3aBHCHMOCTL Mepe-
MeIleHHS OT BpEMeHH, HMeeT ofuiuii BHJ, aHaJOrMuHbIH KpuBoH & (cM. puc. 1.31).
Jais 110608 KOHKPETHOH CHCTEMBI ¢ 3aJJaHHBIM K03())HIHEHTOM BSI3KOTO JAeMN(HPOBAHHSA C
TOYHBIe MapaMeTpbl KPUBOH MOXHO YCTaHOBHTb, YUYHThiBas, YTO

ry = —n- VY n®—p% ry=—n—Vy n*—p?

rje f# W p ONpejeasioTcsl U3 BhipaxeHHH (6).

3AJAYH

1.8.1. Teno Becom W = 45,4 H onupaercs Ha TPYXKHHY C KECTKOCTbIO Rk =
=1,79-10° H/M H coejuusiercss ¢ rujpasjuueckuM jemndepom (cM. puc. 1.28), orpe-
ryJMPOBAHHEIM TaKHM OOpasoM, UTO OH CO3[a€T CHAY CONpPOTHBJIEHHS, paBHYI0 4,54 X
X 102 H npu ckopoctu 2,54-10"2 m/c.B kakom OTHOIUEHHH YMEHBIUHTCS aMIVIHTYAA
Kosie6aHHH mocJsie 10 LHKJIOB KoseGaHHH?

Omeem: 0,539/1.

1.8.2. I'pya Becom W = 9,1 H nopsemen Ha mpyxuHe ¢ ecTKocTbio £ = [,79 X
X 102 H/M n mousepxen aemndupoBaHuio Tak, uto n = |/ 5p/2. B nepsonauajbHOM
TOJIOXKEHHH Tpy3y 3ajlaercsi nepememenue xg = 5,1-1072 M. Kakopa 6yzer MakcHMaJb-
Has OTpULATe/]bHasi CKOPOCTb, KOT[a TeJO BEPHETCS B IIOJIOXKEHHE pPaBHOBECHS?

Omgem: —0,24 m/c.

1.8.3. IToxpemrennbiit Ha MpyxuHe ¢ xecTKocthlo k= 1,79-162 H/M B ycaosusx
KPHTHUECKOTO AeMn¢HpoBaHus rpy3 umeer Bec W = 17,6 H. Ecau rpysy sajanbl Ha-
yaJbHhE CMelieHHe xo = 2,54-1072 M u ckopocTh £ = 0,31 M/c, TO 32 Kakoe BpeMs ¢
Mocje Havaja JBMKEHHS TeJO JOCTHTHET MOJCKekus paBHOBecHs x = 0? Hackosibko
MpH 3TOM TIpy3 CMECTHTCS OT [OJIOXKEHHS paBHOBECHS, T. €. UEMY YHCJIEHHO PaBHO
JIOCTHIaeMoe HM HauOoJblliee OTpHLATeNbHOE CMelleHHe?

Omgem: t = 0,5 ¢; (—X)max = 1,26-1075 m.

1.8.4. ITopsewennbiii Ha npyxHHe rpy3 Becov W = 9,1 H kosebnerca ¢ mepu-
ofoM Ty = 1/2 ¢, uMelomeecs B 3TOM cHCTeMe JeMNHPOBAHHE TAKOBO, UTO MOCAE JIECATH
IOMHBIX UMKJAOB KoJeGaHHH aMIVIHTYAa ymeHbluaercss ot x; = 5,1:1072 M g0 x5, =
= 2,55-10"2 M. OnpenenuTh KO3(PULHEHT BA3IKOTO JAeMN(HPOBAHHSA C.

Omeem: ¢ = 2,55-10° H-c/m.

1.8.5. CHcreMa NPYXHH C COCPeNOTOYEHHOH MacCcOH HMeeT COOCTBEHHYIO 4acTOTy
KoseGaHusi f B cJayuae, KOr4a OTCYTCTByeT AeMmndupoBaHHe. BbIUHCIHTL yacToTy KO-
nebands f, Korja Ko3(pULHEHT BA3KOTO AeMIpHPOBAHHA ¢ = ch/2.

Omeem: fy = V'3f/2.

1.9. BBIHY)KAEHHBIE KOJIEBAHHA C BA3KHM
JEMII® HPOBAHUEM

B npempiaymem naparpade GplaH paccMOTpeHsl cBOOO/HbIE KoJleOaHHsl
NOJABELICHHOH HA NPYXHHE COCPEJOTOYEHHOH MAacchl C BA3KHM JeMIpH -
roBaHHeM. PaccMOTpuM ciaydaH, KOTJa KpOMe CHJBl YIPYTOCTH — RX,
FO3HUKAIIEeH B NpysKuHe IPH PaCTsiKEHHH, H CHJIbL CONPOTHBAEHHS —
cX MMEEeTCsl ellle NMPHJOXKEHHAs H3BHE K KoJeOJIoleiicsi Macce BO3MYIa-
[olas CHJIA, H3MeHsIIomascsa o rapMoHHYeckoMy 3akoHy. Kak yxe Gbiso
nokasaHo B 11. 1.6, Takoro pojia BO3MyIaioias CHJa MOXET BOSHHKHYTD.
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npH pabore 3JEKTPOJABHIaTeNsl ¢ HeorGasaH-
CHPOBAHHBIM  POTOPOM, BpAaULAOLIUMCS C TIO-
CTOSHHOH YIrJIOBOH cKOpocTblo ®. Takum 06-
pasoM, Bpamamoulascs LeHTpobexHas cuna Q,
NpUJIOXKEHHAas, KakK MokasaHo Ha puc. 1.32,
HMEET BEPTHKAJIbHYIO COCTABJSAULYIO Q cos wf. K
Ilpu TaKHX YCJOBHAX YpaBHEHHe JBUXKEHUS
NOJBELIEHHOTO 3JIEKTPOABUTaTeNs] Maccoii m

HMEeT BHJ,
mx = —kx —cx + Q cos of. (a)
PasznenuB Ha m JIEBYIO M IPABYIO YaCTH U BBEJs 3“ ﬁ,ﬁ"‘“ﬁ
o603HaueHHs J( §D { -
X R
p> = kim; 2n =c¢/m; q=Q/m, (6) J'
NOJIyYUM YypaBHEHHe c 2
- %4 2n% 4+ pP’x = g cos ol (1.42)
apasiouieecs: AHGpepeHIHANbHLIM Y paBHEHHEM Puc. 1.32

JIBIKEHUSI NPH  BbLHYNOeHHoLX KorebaHusx
¢ en3kum Oemnguposaruem. HactHoe peinenne ypapHeHus (1.42) MoxHO
B3ATb B BHUJE

x = M cos of + N sin of, (1.43)

rie M v N — npousBoJibHbE NOCTOSIHHBE. [lns onpejesieHUsT 3THX
NOCTOSIHHBIX NOJACTAaBUM npencrasienye (1.43) ansi UCKOMOro peiieHHs
B ypaBHeHHe (1.42) u Torma nonyuum

(—o*M 4+ 2noN 4+ p*M — g) cos ot +
+ (—@*N — 2noM -+ p*N) sin ot = 0.

D10 paBeHcTBO OyJeT YJOBJNETBOPSTHCS NPH JIOGHX 3HAUEHUSX mepe-
MEHHOH { B TOM cJlyyae, ecJH OYAyT PaBHBl HYJIIO BblpaXKEHHs, CTOSILIHE
B ckoOKax. BcienctBHe cKasaHHOro AJsl OonpejesieHUs] NOCTOSHHBIX M
H N rnonyuaeMm jABa JUHEHHBIX anreGpaHuecKuX ypaBHEHHS

—o*M + 2n0N + p*M =g,
—o?M — 2noM + p*:N = 0.
OtKyna Haxoaum

—_ qrP—e’) . _ q (2nw)

M = (p? — 0%)% + dn?@?’ N= (P* — 022 L 4n2w?’ (B)

[MopcraBnsisi 3TH BbIpaXKEHHs MJIsl TOCTOSIHHBIX B MNpeJCTABJEHHE
(1.43), nonyuum vactHoe pewenue ypapuenus (1.42).

O61ee peieHne ypaBHeHHs (1.42) paBHO CyMMe 4acTHOTO pEILEHHS
(1.43) u o6wero peutenus (1.34), naiinennoro B 1. 1.8. Takum o6pazowm,
paccmarpuBasi TOJBKO cJy4Yal AOKPUTHYECKOrO JeMNQHPOBaHHS, NO-
Aydum

x =e"(Cycos pyt 4 Cysin pyt) + Mcosof -+ Nsinof.  (1.44)
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[MepBuie nBa caaraeMelx B BoipaxkeHuu (1.44) onuceiBaror demngpu-
posarHbie c80600Hble KOAeOaHus, TOrAAa KaK JABa NMOCAENHHX — demndgu-
posarnvie evinyncdernole Korebanus. CBOOOLHEE KoseOaHHs, KakK yxe
rOBOpUJIOCH, B TMpelblaylleM naparpade, HMEOT NepHod T, = 27/py,
a BBIHYKJeHHble KoJeGaHusi — nepuog T = 2n/w, KOTOpPHIH COBMajgaer
C MepHOJOM BO3MYILAOIIEH CHJIBI, BhI3bIBalOLIel 3TH Kojebanusa. Buauo,
yto Gnarojgaps TPHCYTCTBHIO MHOXKHTeas e~ cBoGOJHBIE KoJeOaHHs
NOCTENEHHO YMEHBINAIOTCSl H OCTAlOTCA TOJBKO YCTAaHOBHMBLIHECH BbI-
HYXKJIEHHbIE KoJieOaHHsi, ONUCHIBAEMBIE ABYMS MOCJEIHUMH CJlaraeMbIMH.
ITH BBIHYXKJEHHBIE KOJEGAHHA TNOANEPIKUBAOTCA GeCKOHEYHO J0JIro
6marogapsi AefCTBHIO BO3MYIlawllell cHIbBl U NO3TOMY HMeloT 60Jblioe
NpaKTHYeCKoe 3HaueHHe. Bhime B N. 1.6 yxe o6cyKIaqHCh TaKHe Bbl-
HYXKJeHHble KogebaHus Ge3 neMndHpOBaHHA, HO 3JeChb PacCMOTPHM ToO,
KaK Ha HUX BJHfeT JeMNQHpOBaHHUE.

Bripaxenue (1.43) pisa ycTaHOBHUBIIETOCS MOBEAEHHST CHCTEMBl MOXKET
ObITH 3aNHCAHO B CJeAyIoLLlell 3KBUBAJeHTHOH ¢opMe ¢ (a3oBLIM YTIJIOM:

x = A cos (of — 0), (1.45)
rie
A = /WT_‘_Z = q — Q/PZ .
VA V(P — P +dne* V(1 — 0¥/p?)* + 4n*e%p*’ (r)
O=arcle <_/]‘v’1—> = arctg pfinw“’ = arctg 1210)({5;72' (m)

Takum 06pasoM, BHAHM, YTO YCTAHOBHBIIHECS BbIHYXJCHHbBIE KoJe6aHHA
C BASKHM JeMndHpoBaHHEM MNpEACTABAAIOT COOOH NpOCToe rapMoHHYe-
CKOe JBHIKEHHE C TOCTOSHHOU ammauTynolt A, ompelensieMoil Belpaxe-
nueM (r), $asoBbiM yrioM 0, ompesessieMbIM BbIpaxkeHHeM (1), ¥ MepHO-
goM T = 2nt/o.

Hcnoan3ys obosHaueHnsa p* u g us (6) ¥ BRoAsL o6o3HAUeHHE Y AJA
Koaghpuyuenma Oemnghuposanus

Y =nlp = C/Cup’ (€)
MOXHO NOJCTaBUThL BbIpaxkeHue () B npexcraBiaenue (1.45) U nonyuutsb
x = (Q/k) B cos (of — 0), (1.46)

Tle Kopghuyuenm ycurenus
p=1/V T — ¥R 1 2yolp) (1.47)

Kpome Toro, seipaxenue (n) asas ($asoBOTo yria MOXKHO NpeJCTaBHTb
B CJejylolleM BHJE:

2
= arctg 2ol (1.48)

M3 npencraBnenusa (1.46) BHAHO, YTO aMIJIMTYJAY YCTaHOBHBUIEroCs

BbIHY XKJE€HHOTO KoJiebaHUsT MOMKHO onpeneuTb, YMHOXXHB BE€JIHUYHHY
nepeMeleHusa npH CTAaTHYECKOM HAarpyXeHHH

Xer = Q/k ()K)

Ha KoshbHuueHT ycugaenns P. DroT Ko3hdHUHEHT 3aBHCHT He TOJBKO
OT OTHOLIEHMSI YacToT ®/p, HO M OT Ko3dduuieHTa 1eMAGHPOBAHHA Y.
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Ha puc. 1.33 mnokasamo p : -
H3MeHeH1e KO3hPHIIHEHTA YCu- 7=0
JeHHs1 B 3aBHCHMOCTH OT
OTHOIIEHHsI YacToT ®/p AIA f 0,10
pasINuHbIX 3HAaYeHUH Koshdu- 3
nHeHTa JeMndupopauus. K3 015
3THX KPHUBBIX BUAHO, YTO KOIJAa 0,20
HaBfi3aHHAs YIJOBAas 4acToTa
® Maja no CPaBHEHHIO ¢ co6- 2
CTBEHHOH YIJIOBOH 4acToToii p,
Kospbuument ycuaeHusi P ue-
3HAUYUTETbHO OTJIHYAeTcs OT
enuuuubl. Takum o6pasom, npu — \
KojiebaHuu  nepeMelleHHe X \
NOJBELICHHOR  COCPENOTOUEH-

HOH Macchl NpHOGJIH3HTENLHO . 1,00 10,70 050
coBnajaer ¢ mnepeMenieHHeM, § 0,5 10 15 w/p
006y CJI0BI€HHBIM JefcTBHEM Puc. 1.33

BO3MYLAOLIEH CUIBl @ cos of.

Korpa yactora @ BesHKa IO CPaBHEHHIO C YacTOTOil p, T. €. KOrja
HaBsi3aHHAsA 4YacToTa HaMHOIO MeHbllle, 4YeM COOCTBEHHasl 4acTora,
BeJIMYHHA KO3(POhHUHEHTA YCHJIEHHs1 O6/au3Ka K HYJIO HE3aBUCHMO OT
CTeneHd JAeMndHpoBaHHs. IJTO O3HAYaeT, YTO BBICOKOYACTOTHAs BO3-
MYyLIaIo[as CHJIa MPAaKTHUYeCKH He BHI3bIBAET BLIHYKJEHHBIX KoJeOaHHH
CHCTeMBI C HU3KHM 3HaueHHeM co6cTBeHHOH yacToThl. Kak BHAHO, B 060HX
KpafHux caydasax (0 € p H ® > p) demndHpoBaHHe 0KasbiBaeT JHILb
BTOPOCTENEHHOE BJHSIHHE HA BeJHUHMHY KosdhduuueHta ycuaesus f.
Takum ob6pasoM, B 060HX YKa3aHHBIX CJAydYasiX BbIHYKAEHHHIX KoJjeba-
HUH BIIOJIHE JOMYCTHMO NOJIHOCTBIO NMpeHeOpeub BJAHsIHHeM JeMidHupoBa-
HUS H HCNOJIb30BATh DellieHHd, NMoJydeHHble B 1. 1.6.

Korpa yacrora ® craHoBHTCS GJH3KOH YacToTe p, T. €. OTHOIIEHHE
o/p 6AU3KO K eIMHULE, KOIPOHUHEHT YCHAEHHS PE3KO YBEeJHYMBAeTCS
M ero BeJINYHHA NPH Pe30HAHCE WJH B OKOJOPE30HAHCHOH 06JacTH cTa-
HOBHTCSA OYEHb UYBCTBHTEJLHOH K H3MEHeHHIO KodpuumrenTa aemndupo-
Banus. Cyeflyer TakxkKe OTMETHTb, YTO KO3hdHUHEHT f HMeeT MaKCHMaJb-
HYIO BeJIMYMHY NpPH 3HAYEHHUSIX OTHOIIEHHS ®©/p, HECKOJBKO MEHBIIHX
equHuIpl. [ToM0KHB npousBoAnylo GyHKUHH P mo ®/p pasHO# HyO,
HafJeM, YTO MakCHMyM HMeET MeCTO MNpH

= =VT—27% (3)

0,25

[Tpu Manpix 3HayeHHsiX Ko3hPHULKEHTA AeMNGHPOBAHHA MAKCHMAJIbHOE
3HaueHHe Ko3(duuHeHTa B BO3HHKAeT B TOUKe, Jexailei oueHb GJH3KO
K pe3oHaHCy, INO3TOMY INPeACTaBJAseTCs BIOJHE JAONYCTHMBIM B3SITh
B KayecTBe MaKCHMa/JbHOIO 3HaueHHe KO3(HIHEeHTa B u ero 3nayeHue
npu pesonance. Torna us Boipaxkenuit (1.46), (6) u (e) noayuaem mpu-
GJHKeHHOe 3HAYeHUe MAKCHMAJbHOH AMILIMTY AbI

Q 1 Q 1 Q

__Q _Q . Q 1 _
Amax =~ boes = S = Jam = we (1)
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0 1 2 w/p

Puc. 1.34

W3 ckasanHoro cjejyer, uto XoTsi jAeMndHpoBaHHe HMeeT O4YeHb He-
3HAYMTEJBHOE BJHAHHE HA DE30HAHCHOE NOBEJieHHe CHCTeMbl B 00J1acTsX,
JIOCTATOYHO YJAaJeHHBIX OT pe30HaHca, OHO MNpHoOperaeT OCOGEHHO
Ba)KHOe 3HaueHHe BOJH3H PE30HAHCHOH OOJMAaCTH M ero y»e HeJb3si He
YYHTHIBATh, €CJIH TPeOYyeTCsl NONYYHTh HMEIOUHe NIPAKTHYECKOE 3HAYECHHE
pesyJabTaTHl.

PaccMoTpHM Tenepb COOTHOIIEHHS MexAy (Gas30BbIMH YIJIAMH AJs
cJyuaeB YCTAHOBHBIUHXCSA KoJeGaHu# U JefCTBHS BO3MYULAlOLIeH CHJIOH,
BbI3bIBaloLled 3TH KoseGaHHsl. IDTO COOTHOUIEHHe XapaKTepH3yercs
¢asoBbiM yriom 6 B BolpaxkeHuu (1.46), BequyHHA KOTOpOro 3ajaercs
dopmydioft (1.48). Tak Kak Bo3MyIlalOllasi CHJIA H3MEHSETCSE B COOTBET-
CTBHH C (YHKUHEH COs @f, a BbIHYXKJEHHblEe KOJeOaHHS IPOHUCXOAST
coraacHo cos (of — 0), To MOXHO CKa3aTb, 4YTO DeaKLHsl OTCTaeT oT
GyHKUHH BosMyulalomel cHIbl Ha yroa 0. Takum o6pasoM, Koria cuna Q
(cM. puc. 1.32) mampaB/jieHa BHH3, NOJBEIIEHHAs Macca, Ha KOTOPYIO
oHa JIeACTBYET, ellle He JOCTHIJIA CBOETO CaMOr0 HH3KOIO IOJIOXEHHMS,
3TO HACTYyIaeT ToJAbKO uepe3 0/w, Korja cuna Q 6yxer HMeTh HampasJe-
HHe, cocTapaswomee yroa 0 c¢ BepTukaibio. M3 dopmyast (1.48) BuaHo,
YTO BeJHUHMHA yrJaa 8, kak H Ko3ppHuiHeHTa B, 3aBHCHT KaK OT CKOPOCTH
3aTyXaHHs, Tak K OoT OTHOLIeHHs yactoT. Kpueble Ha puc. 1.34 moxasml-
BalOT M3MeHeHHe ($a30oBOro yria 0 B 3aBHCHMOCTH OT OTHOILEHHS 4acTOT
o/p ANl pa3NUYHBIX 3HAUYeHHH KodhdIHeHTa AemndupoBanus. [Ipu oT-
CYTCTBHH JeMNpHPOBAHHS BEIHYXK/EHHbE KOJe6aHusi B TOYHOCTH COBNA-
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nator 1o ¢aze (0 = 0) ¢ KonebaHUsIMH BO3MYILAOMIEH CHJIb M5 BCeX
3HaueHH# ®/p < | H B TO ke BPeMs OHHU pasjuyaroTcs 1o ¢gase TOYHO Ha
ICJOBHHY IiHKJA (0 = n) npu ©/p > 1. [IpH 3TOM yCJOBHH, KaK BH/HO,
¢a3oBLIfl yrol IpH pe3oHaHce (® = p) sBJAAETCS HEONPEeJeJEHHBIM.
[Ipu pmeMndupoBaHHH MOXKHO BHJIETH HemnpepbiBHOE W3MeHeHHe (aso-
BOTO yrsa 0 c yBeJHYeHHeM OTHOLIEHHS ®/p. Kpome TOro, He3aBHCHMO
OT BEeJNHYHHBl KO3pdHulUMeHTa AeMNHPOBAHHSI NPH pE3OHAHCE HMeeM
9 = n/2. TakuMm o0pasoM, IpH pe30HaHCe BLIHYXKACHHLIE KOJeGaHHs
OTCTalOT OT BO3Myllaiolmled CHJAB HA 4eTBepTh UMKJAA. Ha puc. 1.32,
HanpuMep, cHJa @ HanpasJeHa BHH3, KOrja KoJefJiolasics Macca
HPOXOJUT uepe3 CBOe cpelHee noJoxkenue. Korma ke macca ABuKeTcs
K CaMOMy HH3KOMY IIOJIOXKEHHIO, cujia () H3MEHsieT CBOe HanpaBjeHHe
Ha yroJ /2 W AeHCTBYeT Telepb ykKe B FOPHU3OHTANLHOM HalnpasJeHHUH,
cJieBa Hamnpaso.
st 3Haveduil o/p, AOCTaTOYHO YAAJEHHBIX B Ty HJH HHYIO CTOpPOHY
OT pe3oHaHca, MaJblil Ko3(pOhHUHeHT AeMNdUPOBAHUS, KAK YXKE OTMe-
yasioch, OKa3blBAaeT JIHIb BTOPOCTENEHHOE 3HAUeHHe Ha BeJUYHUHY ¢a-
30Boro yrua. KMHaue roBopsi, npH OTHOIIEHHH YAaCTOT, 3HAYHTEJBLHO
MeHbIleM €IHHMLE!, (a3oBblH yroa 0 npakTHuYecKH paBeH HYJIO, TOTJA
KaK IpH OTHOLIEHHH, 3HAYUTENbHO 60JIbIIeM eAHHHUIBI, 3TOT yroJ npak-
THYeCKH paBeH m. Takum o6pasoM, BausiHHe JeMIbHpoBaHUsS HA (aso-
BB yroJ MOXKHO TakiKe He NPHHHMAaTh BO BHHUMAaHHe BCerja, 3a UCKJIO-
yeHHeM obJsacrell, Jexamux BOJH3M TOYKH PE30HAHCA HJH OKOJIO Hee.
TMpumep 1. Ilyctb monnbii Bec HeOTGaJaHCHPOBAHHOTO 3JEKTPOABHraTess (CM.
puc. 1.32) W = 4,54-10® H, HeypaBHOBemenHas Macca my = 1,79-10% H-mM%/c, a uentp
ee TAMKECTH JIEXHT Ha PACCTOSHMH r; = 2,564-10°2 M oT ocu anexkTpoxsuratens. Yacrora
BpAlllgHUsl POTOpA 3JEKTPOIBHraTe]si paBHa 600 MuH™!, mepeMelieHHe MpPYXKHHbI TIPH
cTaTHuecKoM HarpyxeHuu Ogp = 2,54:107% M, Ko3(pUUHEHT BA3KOrO JeMidupOBAHHS
¢=1,79-10* H-c/M. OnpefenuTb aMIVIATYly yCTAHOBHBLIHXCS BRIHYXJEHHBIX KoJseGa-
HHHl IpH yKa3aHHOM 4acToTe BPAIEHHS, a TaKXKe IIPH Pe30HaHCe, KOrja ® == p.
Pewenue:
600

(0=2n(-—-6—0—-

> = 20m; 2= 400n2;

s & . cg _ 1,79-1009.81 _ .
P =g = 38600, n =g = oo = 19,3

= & 2= . 2
9= = 0,386-400n2.

Hcnosnesya Bripaxkenue (r), mosyuaeM
A q _ 0,386-400m2 e 119.10 o
V (0® — @2)2 - 4n2e? V(38600 — 400712)% -I- 4- 19, 32- 4002 ' ’

Ipu pesonance HMeEM @ = p = 1/ 38 600, Toraa ¢ nomolplo (k) moayuaem

__Q__(o__l/38600_ .
Amax =5 = 7 = o108 D807 0
Tipumep 2. [as cHcTembl ¢ femndHpOBaHHeM PacCMOTPETb CAyYaHd H3MEHSIOLEerocs
N0 TapMOHMYECKOMY 3aKOHy nepeMellleHns1 ocHoBaHus (puc. 1.35), a uMeRHO:
Xoen= d cos ©f, ()

NONTYyYHTb BBIPAXKEHHC, ONHCHBAIOLlEe YCTAHOBUBINEECS IOBEJEHHE CHCTEMLI IpPH 3a-
JaHHON (YHKUHM BO3MYLIAOLLEH CHJIBI,
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Peweriue. YpaBHeHHe ABUKEHHA B pace
K CMATPHBAaEMOM CJiydae HMCeT BHM
FAVAVWWA m ) .
. mi =-—c(X— Xgen)—k (X~ xocn),
=l (1)
c rae
T ) Xgen = —do sin ©f, (M)
[TopcraBuB Bripaxenusi (K) # (M) B ypas-
o HeHue (), TOCTe TpPeoGpa30BaHHsS MO-
Xoen=0 €05 Wt X JY4HM
Puc. 1.35 mx -+ cx 4+ kx = d (k cos of — co sin wf).
(1)
BBoasi B mpaBylo 4acTb 3ITOrO ypaBHeHHs1 (ha30BRIH yroJ, MOXKHO 3amHcaTh
mx + ¢x + kx = Bd cos (o — @), (o)
rie
B =V T c?; ()
¢ = arctg (—cw/k). (p)

Kax BHAHO, B JaHHOM CJiyyae BMECTO CHJbl ( COs ®f HMeeM BO3MYINAIOMYIO CHJIY B BHJE
¢yHRUuE Bd cos (0f — @); NpH TOM pellleHHe MOXHO MOJYYHTb, 3ameHHB B (1.46) Q
Ha npousseneHue Bd u BBeAs (Ha30BLIH yTos ¢, YTO B Pe3yJbTaTe JaeT

X =

p cos (wf — ¢ — 0). (c)

Ipumep 3. HeycranosmBlieecss ABHKEHHE CHCTeMbl NPH LOKPHTHYECKOM AE€MIIHPO-
BAHHH MOXeT GHITh HCCJAEJOBAHO C YYETOM HayaslbHbIX YCJOBHH B BhIpaxKeHHH (1.44).
HafiTu 3axoH ABHXKEHHSI YKa3aHHOH CHCTEMbl NMPH CBOOOAHBIX KOJ€6aHHSX, €CJIH Ha CH-
cTeMy JeficTByeT BO3MYyIlaomas cusaa BHAa Q cos of.

Peuseniue. Hcnonbays Hayalbubie YCNOBHA X = X H X== %o TpH = 0"u3 BHI-
paxeuns (1.44) u ero mepBoi NMpPOH3BOAHOH, ONMpeJe/isieM MOCTOSHHbIE HHTEI PHPOBAHHSA

tg+n(x—M) —No .
. (1)
P
TToacraBiass aTH 3HaueHus B Bblpaxenue (l.44), Hafinem

x = e M (xo cos ppt + i_;’—z—x"— sin p,lt) -+
n

Ci=xg—M; Cy=

+M l:cos ot —e (cos pat + pL sin pnt> +
i

+N (sin of —e ™ sin pnt> . )

Ecay B35ITh HauaJbHble YCJIOBHS B BHIE Xy = Xy = (0, TO HeyCTaHOBHBIIAsics YacTb 00-
[IET0 NMepeMeIleHHs] CHCTEMBI
_ MnL+ No .
Xy = — e (M cos pnt—l——_i_-sm pnt> . )
Pr
BeIpaxasi 3Ty HeycTaHOBHBLIYIOCS yacTh OGILIETO pelleHHsl B opMe, copepixaiei ¢aso-
BbIH YroJ, NMOJY4YHM

xy = — e cos (put — ), (x)
Pz
rje
=V (Mpy)? + (Mn + No)?, )
VP = arctg (Mn 4 Mo)/(Mpy). (v)
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3AJAUYH

1.9.1. B cepeanne npoJsiera cBOGOJHO OriepTOH GaiKH YCTAHOBJIEH 3JEKTPOJABHIa-
renr Becom W = 9,1.10° H (cM. 3amauu 1.6.3 u 1.6.4 B n. 1.6). Maru6Has xkecTKocTb
6aJIKM TAaKOBa, YTO CTATHYECKHI NPOTHG B cepeinHe mpoJeTa cocTaBiaseT §qr = 2,54 X
X 1073 M, a BeJHYHHA BSI3KOTO AeMnbUPOBaHUS o6eCreunBaeT YMEHbIUIEHHE aMIVIUTY Bl
CBOGOJHBIX KoJeGaHHH [0 TNOJOBHHEI ee IePBOHAYaJbLHOrO 3HAYeHHS 3a HeCATh LHKJIOB
KoseGanuii. Yactora BpalleHHs poTopa 3JeKTpoaBuraTesis paBHa 600 mun~t. Ipu stoit
YacToTe BpAlleHHS H3-3a HEOTOaJaHCHPOBAaHHOCTH pOTOPa BO3HHKaeT HEHTPoGexHas
cuta Q = 2,27-10% H. IlpeneGperasi BIHsIHHEM paclipele/leHHOA MacChl GaJKH, OIpe-
JeJIUTh aMIUIMTYJY YCTaHOBMBIUMXCS BBIHYXKJIEHHBIX KOJieGaHHii,

Omeem: A = 0,02 m.

1.9.2. YcraHOBKAa ¢ BpawlalollWMHCS JeTaisiMH, uMelouiass Bec W = 7,26-10% H,
CMOHTHpOBaHa B cepelHHe IIpoJieTa ABYX MapajJe]bHbIX CBOGOJHO ONEepPTHIX JABYTaBPO-
BHIX 6aJIOK ¢ ANuHOH [ = 3,60 M H MOMEHTOM HHEpIHH IonepeyHoro ceuenus [ = 2,67 X
X 1075 m*, Porop ycraHOBKH, Bpamatomuiica ¢ uactoroifi 300 MHH™!, uMeer HeypaBHO-
pemennbiii Bec 181,6 H, naxopsmuiics Ha paccrosuun 2,54:1071 M or ocu Bpamenus.
KakoBa Gyfer aMIJIETYAa YCTaHOBHBINMXCH BBIHYXJEHHBIX KoJeGaHHH, eclH 5KBHBa-
JIEHTHOe BsI3Koe feMndHpOBaHHe NJA pacCMaTpHBaeMoH cHcTeMbl cocTasjsier 10 9, kpu-
THYECKOTO JleMnbHpOBAHHSI? |

Omeem: A = 1,12-107% M.

1.9.3. C nomowpio KpuBbIX (cM, puc. 1.33) cocTaBHTb ypaBHeHHe TreoMeTpuye-
CKOTO MeCTa TOYeK HX IHKOB JJs KoshbHIHeHTOB JeMndHpOBaHHA.

Omeem: Bmax = 1/V 1T — o¥/p.

1.9.4. Oas cucreMbl ¢ JemndHpOBaHHeM, [OJBepKeHHOH JeHCTBHIO BO3MYINAIOWed
cunl Bufa Q sin of, samucath BbIpaXKeHHe, XapaKTEPH3YIOWee yCTaHOBHBILeeCs IOBe-
JleHHe CHCTeMbl B (b(())pMe, cojepxawell ($a3oBhii yro:;. . i

(0 —

Omsem: x = T Bcos(wt—6); 6= arctg(mp—> .

1.9.5. B npelmoJOXKEHHH, YTO YCKOPEHHe OINOphbl H3MEHSeTCs 110 FapMOHHYECKOMY
3aKOHYy £op= a COS ®Wf, TOJYYHTb BBHIPaXKEHHE, XapaKTepH3ylollee YCTaHOBHBILeECS
NOBeleHHe CHCTeMbl ¢ aemndupoBanneM B (opMe, cofepxauied (asoBbld yroJ.

Bd v o k
Omsgem: x = % fcos(wt —¢@—0); ¢ = arctg (W)

1.9.6. Jns cucrembl ¢ feMndbHpoBaHHEM, B KOTOPOH Ornopa cMellaercsl Mo 3aKOHY
Xon = d sin ©f, 3amucaTh BHIpa)KeHHe, XapaKTepH3YIOLlee YCTaHOBHBILIeeCS IOBELeHHE
cucTeMbl B ¢opMe, cojepxameil ¢a3oBbifi yroJ.

—ma 2no
% ﬁCOS((Dt—e), 0 = arctg (7::-0)—2>.

1.9.7. 3anncaTh BbIpaXKeHHe, XapaKTepH3ylouwlee YCTAaHOBHBLIeeCS IOBeJeHHe
(B dopme, copepxaieil Ga3oBblii Yroa) CHCTEMB ¢ AeMIpHPOBAHHEM, €CJIH ONOpA HMeEeT
ycKopeHune ¥op = a sin of.

—ma ®w2 — p2
cos (0t —0); 0= arctg { ———).
B cos (wt —0); g (5

1.9.8. [Ins cHCTeMbl C JOKPHTHYECKHM JeMIpHPOBAHHEM IOJYYHTb BbipaxKeHHe,
XapaKTepH3yIoUlee HeYyCTAHOBHBIUEeCS JBHXKEHHE TNPH JeHCTBHH BO3MYWAIOUIEH CHJIBI
Q sin ¢, Pemenue npeicraButh B $hopMe, aHAaJOTHUHOH (opMe BbipaxeHus (p) B mpH-
Mepe 3.

Omeem: x* =

Omeem: x* =

Omgem: xy = —e ™ <N cos ppt Mm_’;{—N_rz sin pnt> .
P

1.10. 9KBUBAJIEHTHOE BSI3KOE JEMII$ UPOBAHHE

Kak yxe orMeuanoch B Hauaje n. 1.8, pasnuuHble BUABI AeMipHpPO-
BaHHA MOTYT ObITh 3aMEHEHbl HEKOTODBIM IKBUBAACHMHbIM BA3KUM Oemngpu -
posanuem *, 4TO B pesy/bTaTe NPHUBOJAMT K JHHEHHOMY aHbDepeHHalNb-

* Jacobsen L. S. Steady forced vibrations as influenced by damping. — Trans.
ASME, 1930, v. 52, N. 1, pp. 169—18].
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HOMY YypaBHEHHIO 1Js rapMOHHYecKoro ABHxxeHHs. HanGosee paxknoe
BIHSIHHE NeMN(UPOBAHHA B 3ajaue O BHIHYXJEHHBIX KOJIeGAHHAX MNpO-
SIBJSIETCS] IpH pe3oHaHce NHOo0 BOMH3H pe3oHaHca. [Tostomy paccMoTpum
pa6oTy, coBepllaeMyi0 BO3MYIalOLieH CHJIOH B TeYeHHE OJHOTO IMKJA
NpH YCTAaWOBHUBIIEMCSl TNOBEACHHH CHCTEMbI, KOTOpas paccMaTpHBasach
B mpenpiaymeM naparpade. B sTom ciywae paGora, copepiiaeMasi CH-
s0l Qcos @! 3a ONMH IIHKJM:

T
Ug= [ Q(coswt) xat. (a)
0

CKOpoCTh £ MOXKHO NOJYYHTb, NpoauddepeHitnpoBas Beipaxenue (1.45)
N0 BpPEMEHH: :
X = —Ao sin (of — 0). (6)

[ToxcTaBnsisi 3TO BHIpa:KEHHE B COOTHOILIEHHE (a) M HCNoJab3ys (GopMyJibl
TPHUTOHOMETpHH, HaHIeM

T
Ug=—CQAo0 _[ (cos wf) (sin wf cos 8@ — cos wf sin 0) df.
0

B pesyJapTaTe HHTErpHpPOBAaHHA TMOJYYHM
Ug = nQA sin 0. (B)
AHanoruuHo onpejesasieM pacceHBaeMylo 3a OJMH LHKJ paGoTy AeMndu-
[yiowe cuabl CcX:
T
U,= [ cx aat. (r)
; :
[ToacraBnsis BhipakeHHe (6) B coOTHOLIeHHe (T), Haiinem

T
U, = cA%* j sin® (wt — 0) dt,
0

4TO TOCJ€ HHTETPHPOBAHMS JAaer
U, = ncA?o. ()

Takum o6pasoMm BHocuMmas sHeprua U, yBeJHYHBAeTCs B 3aBHCHMOCTH

OT aMIJIUTY bl A 10 JHHEeHHOMY 3aKOHY, TOTA2 KaK pacceMBaeMmasi 3Hep-

rua U, BospacrTaer NpONOPI{HOHANBHO KBaipaTy aMmmauTyibl. OnHu

6yAyT pPaBHBL TOJNBKO B TOUKE MepeceueHuss KPUBBIX QYHKIHH 415 060X

BHJIOB 3Hepruu (puc. 1.36). Orcrofa, npupaBHAB BhIpaxeHHus (B) u (1),
MOXHO OMNPEJENHTb AMIIUTYAYy TNPH YCTAHOBUBIUEMCSI COCTOSIHHH

Qsind

= e

A o (e)

[Mpu pesonance (0 = p) ¢dasopwrii yron [cMm. Boipaxenue (1.48)] pasen

7/2, a aunauTya A KOCTHraeT MaKCHMaJIbHOTO (NpH ¢ & ¢yp) 3HAYEHHS

Amax = _E%— . ()K)
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U eqopmayun
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& | N
i Yd6oexnas
i 2 o amnaumyda
Amnaumyda deqopHayuy
Pue. 1.36 Puc. 1.37

ITO BbIpa)KEeHHE COBNAJAET C AHAJOTHYHBLIM BbIpaXKEHHEM (H), TMOJYYeH-
HbIM B MN. 1.9 uHBIM crnocoGom.

CooTHomeHHe (I) BbIpa)KaeT 3HEPTHIO, PACCEHBAEMYH0 38 CUeT BA3-
KOro JeMnQUpoBaHua 3a OAMH LMK/ NPH BBIHYKAEHHBIX KOJeGAHHAX.
ITO BbIpaKEHHE /s 3HEPTHH MOXKHO NPHPABHATbH TOMY BBIPAXKEHHIO,
KOTOpO€ COOTBETCTBYEeT HEKOTODOMY HHOMY THINY JeMndupoBaHHsI, H
B pPe3yJIbTaTe ONPENENIHUTD IKBUBANCHMHOIL KOIPPDUYUenm 8a3K020 demngpu-
POBAHUS Coy. PaccMOTpUM, HAmpuUMep, KOHCMPYKYUOHHOe Oemnguposa-
Hue, KOTOPO€ NPOUCXOAUT 33 CYET BHYTPEHHErO TPEHUS B KOHCTPYKIIHOH-
HBIX MaTepHaiax (HanpuMmep, CTalb WJHM aJIOMHHHEBBbIE CILIABHI), KOTO-
phle He SIBJSAIOTCA HAeaJbHO YNPYTUMH. DHeprus, paccedBaeMasi B €JIH-
HHIe oObeMa MarepHana, Ha puc. 1.37 mpencTaBieHa 3alITPUXOBAHHOM
06s1acTbI0 BHYTPH nemau eucmepesuca. Iletnss o6pa3oBaHa KPUBBIMH
3aBHCHMOCTEH HAanpsKeHHA OT AehOpPMaluM NPH yBeTUYeHHH (UM NpPH
«HATPYXKeHHH») U YMEHbIUEHHH (MJH NPH «pa3rpy3Ke») BEJIHYMH HANpsi-
xenus H aepopmanvu. Ha puc. 1.37 nokasaHo, Kak MPOHCXOMHUT MOJHOE
¥3MeHeHHe HanpaBJeHHsl Ha o6paTHoe NJs HanpsKeHHs U Aedopmanuu
NpH OJIHOM UMKJE KojebaHudA. [Ipy TakoM MexaHu3Me AeMiUpPOBaHHs
3HEPIUsi PACCEeHBAETCsl MOYTH MPONOPLHOHAABHO KBAApaTy aMIJIHTY B
Jebopmanuu *, a ¢opMma neTsH rucrepesuca NPaKTHYECKH HE 3aBHCHT
OT aMIUIUTY/bl H CKOPOCTH JedopMaluu.

IlocKolbKy aMmiuTyja KoJe6aHMsi IPONOPLUOHANbHA AMILIUTY /e
ZedopmauuH, To paboTy, pacceMBaeMyl0 3a OJHH LUKJ NPH KOHCTPYK-
IHOHHOM JAeMN(HPOBAHHH, MOXKHO IPEACTABUTh B BHJE

Uy = sA?, (3)

rge s — xo03(phUUUEHT nponopUHoHadbHOCTH. [lpHpaBHHBasi COOTHO-
wenus (1) ¥ (3), HaljeM >KBUBAJEHTHOE 3HAaueHHe KO3(pQPUIHEHTOB
BSI3KOTO JAeMI(HUPOBAHUA

S _

o= (1.49)

Coxp =

* Kimball A. L. Vibration damping, including the case of solid damping. —
Trans. ASME, 1929, v. 51, N. 30, pp. 227—236.
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Muoxureas s/n uMeer pas-
mepHocTb KoadduuueHra k

p . _—1 1 OGBIYHO TpeJcTaBasieTcs,
1T | deoset Kak B oTHoweHu (1.49), B
| { Bujle Mk, rie mn — Gespas-
% 77 ' ~77777  MepHas BeJHYHHA:
- s
F —

X — nk? (H)
KOT .
Prc. 1.38 oTopasi HAa3LIBaeTCs KO

apuyuenmom  KOHCMPYK-
YuoHHo2o Oemndpuposarus.
DTy BeJHYHHY MOXKHO CBSI3aTh C BeJHUHHON 3KBUBAAEHMHO20 3HA-
denus KOIppuyuenma 8:13k020 OeMADUPOBAHUS V,xn, OBOYCJIOBIEHHOrO
JKECTKOCTBIO Cpeapl, pasfenuB npejcraBiende (1.49) Ha BesnuuHY
cxp = 2pm lcMm. Boipaxkenue (o) B m. 1.8] # BocnosibsoBaBmKch, 0603Ha-
yenneM k = p?m [cm. Boipaxeuue (6) B nm. 1.9], uro paer
CakB p

YBKB—W'“%" . (150)
Ecnn 310 mpeicTaBieHHe S Yk, MOACTAaBHTh B Buipaxkenue (1.47),
KO3(QhUIHEHT YCHJIEeHHS @PH YCTAHOBHBINEMCS IOBEJIEHHH CHCTeMBbl
npyMeT BUA

Byee=1/V (I — 0¥p?? + 0. (x)

Hakoneu, rnpu pe3oHaHCe HMEEM Ypes = M/2, Ppes = 1/M. Toraa us
npenacrapaenuss (1.49) n BolpakeHHs (XK) HOJNYYHM

Amaxz'}%" (JI)

B xauectBe BTOpOro mpuMepa omnpejeseHHs SKBHBaJeHTHOTO 3Haye-
HHUS Ko3(dunHeHTa BSA3KOro AeMngupoBaHHs paccMoTpuM pHc. 1.38,
rjie TeJ1o, NPUKpeNJeHHoe K NPYXKHHe, CKONb3HT N0 NOBEPXHOCTH, KOTO-
pasi CO31aeT CONPOTHBJEHHe JIBHKEHHIO 3a cueT TpeHHdA. B cayuae
CYXOro TpeHHsl OOBIYHO HCHOJL3YIOT 3aKOH KyJsona *, corsacHo xoro-
poMy cuJsa Tpenus F nponopliHoHa/lbHa HopMaJabHOH cuae N, ¢ KoTopoil
ofe MOBEepXHOCTH NeHCTBYIOT IPYyr Ha Apyra

F = pN, (M)

rne p — Koapuyuenm mpenusa. V13 axkcnepuMeHTOB cJiefiyeT, 4To KoO3¢-
duUMeHT TPeHMs INPH JABHXKEHHH CO CPABHHTeJbHO HeGOJBIIMMH CKO-
pOCTSIMH iBJisieTcsl NMPAKTHUeCKH NOCTOSHHOH (M MeHblue#, yeM B CO-
CTOSIHHH TIOKOSl) BesiM4MHOH. Dosee toro, ciyuau, rie HMeeTcs TpeHHe
KaueHHsi, a He CKOJIbXKeHHs, TaK»XKe MOTYT pacCMaTpHBaTbCA C NOMOLIBIO
3akoHa (M).

* Coulomb C. A. Théorie des machines simples, en ayant égard au frottement
de leurs parties et & la roideur des cordages. Nouvelle édition, 4 laquelle on a ajouté
les mémoires du meme auteur, — Paris: Bachelier, 1821. 368 p.
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Cuna tpennst F (cM. puc. 1.38) Bcerfa aedcTByeT B HANpABJCHHH,
NPOTHBOIIOJOXHOM HAaNPAaBJEHHIO CKODOCTH JBHIKEHHS TeJa, YTO HMeeT
MECTO H B THJpaBJHYeCKOM amopTusatope. OIHAKO CONPOTHBJICHHE,
06yCJIOBJICHHOE TpeHHeM, OyJieM CYHTATL I[I0CTOSIIIHBIM, HE3aBHCSLIHM
oT ckopoctH. Ilogo6Hbii Mexanusm JemndupoBaHHSI HOCHT HasBaHnHe
KYAOHOBCKO20 mpenust, IPHYEM B 3TOM CJy4ae MoJyyeHue CTPpororo pelie-
HHS ¥, ONMHCBHIBAIOLIETO MOBEJEHHE CHCTEMBI PH AEHCTBHH BO3MYILAOIEH
CHJIBI B BHJI€ TADMOHHUYECKOH (byHK\IJ.HH, sABJIsieTcs 60Jiee CJOXKHBIM JE€JI0M,
4yeM B cayyae BSISKOTO AeMmncupoBanusi. [las onpenesneHust 3KBHBaJCHT-
HOT'O 3HAYEHHS NOCTOSTHHON BSA3KOTO JeMndupoBaHus, KoTopoe Tpebyercs
NOJACTABHTh BMECTO CONPOTHUBJEHHA, 0OYCJIOBJIEHHOIO TPEeHUeM, MOJACUHU-
TaeM pa6oty U,, cuabl Tpenusi F, pacceMBaemylo 3a OJMH LHKJ:

U,, = 4AF. (1)
IlpupaBHuBasi 3TO COOTHOLUEHHE K BBIPAKEHHIO (), MOJYy4UM
4F
Cmm:m. (151)

B stom canywae BenuuuHa Ko3(DGHUIHEHTA Cuyy 3aBHCHT HE TOJILKO OT
cuJbl F U 4acTOTH , HO TaK¥Xe H OT aMHJII/ITy}IbI A xoaebauus. Pasne-
JIB Bpra}KEHHE (1. 51) HA BEJHUYHHY Cyp == 2pm ¥ BBeAs 0003HauYeHHs
k = p®m, 115 5KBUBAJEHTHOTO 3HAYEHHS KO3(dHINEHTa BI3KOro AeMIl-
cpHpOBaHHﬂ NoJY4UM

UKB ~ LI 2Fp . (152)

Cxp nAkw

C Hcnonb3oBaHHEM TOJYYEHHOTO BBIPAXKEHHSI MIST V,xs AMIVIHTYAA
YCTAHOBUBIIKXCS BBIHYXK/EHHBIX KoJieOaHHH ¢ S5KBHBAJIEHTHHIM BSI3KHUM
JAemn@HpoBaHHeM

Q/k

- . 0
V (1 w¥/p*)? + [4F/(nAk)]? (©)

Pewasi sto YpaBHEHHE OTHOCHTEJILHO A HaXoJuMm
A — Q V11— (@FmQ? (1.53)

1 — w2 p?

IlepBBIlt COMHOXKHTENb B IPaBOH YacTH 3TOTO BBHIPAXKEHHs OINpeNessieT
nepeMelleHHe IPH CTAaTHYECKOM IPHJIOKEHHH HATpy3KH, BTOPOH $B-
Jasiercsl KoapdHIHeHTOM ycuJeHHsi. BuiaHo, yto 3TOT KO3hDHIHUEHT sB-
Jsiercsl JeHCTBHTENBHbIM YHCJOM TOJBKO INPH

FIQ < =n/4. (mm)

B npakTHyeckMX NPUJIONKEHHsX, KOTJA, KaK MPABHAO, HMEIOT MECTO
HeOOJIbIIHe CUJIBI TPEHUSI, AaHHOEe YCI0BHe Bhinousercsi. OHaKo, KpoMe
3TOro, cjeiyer OTMETHTh, YTO B TeX CJAyUasiX, KOTJa ycJoBHe (1) BHINOJ-
Hstercsl, KO3(QpHLUHEHT YCHACHHS CTAHOBHTCSl GECKOHEUHO GOJBIINM NpHU
pesoHaHce (®w = p). DTO 0OOCTOSATENLCTBO MOXKHO OOBSCHUTbH, CPABHUB

* Den Hartog J. P. Forced vibrations with Coulomb and viscous damping. —
Trans. ASME, 1931, v. 53, p. 107
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g paccenBaemyio sHepruio U,, c¢ paGortoit Uy,
COoBepIIaeMON BO3MYLLAIOWEH CHJIOH NpH pe-
30HaHce. PeninB HEPaBeHCTBO (II) OTHOCHTEJABHO
cusibl F U mojctaBUB Pe3yJbTAT B BbIp aXKeHHE

(1), nosyuum
Up < 7QA. P)

Ho us nepagenctsa (nn) caenyer, yto pabora U,
npu pe3oHaHce paBHa tQA, oTci0ja HepaBeHCTBO

Ur < U, (c)
Takum o6pasoM, BeJHYHHA pacceHBaeMoil 3a
OJIMH IIMKJI SHEPTHH MEeHbIe 3HepPruH, NOoABO-
JUMOH H3BHe. 310 OOGCTOATEJNBCTBO  HJJIO-
crpupyercs puc. 1.36, rpe wTpuxoBasi JHHHS,
OTIHCHIBaeMasl YpaBHEHHeM (H), HMeeT MeHbIIHH
yroJ HakJOHA, UYeM CIJIOLIHAS JIHHHSA, COOT-
BeTCTBYIOIlAsl BLIPAXEHHIO (B), €CJAU BBINOJ-
geos wt HfeTcsl ycJoBue (I).

B kauyecTBe TpeTbero mnpuMepa, HJIIOCTPH-
PYIOLLEr0 KOHIIEIIIHIO S5KBUBAJEHTHOTO BS3KOI0
JeMngupoBaHHs, BO3bMeM CJyuad KoJeDaHHs
TeJsa, NOTPYKEHHOTO B CPefly ¢ MaJjod BfISKOCTbIO THMAa Bo3Ayxa. Ecau
Mmacca TeJa MaJja, a o0beM BeJHK, AeMmIdupyloulee BJIHSIHHE COMpPO-
THBJIEHHS] CPeAbl MOXKeT OKa3aThCsl 3HauuTeabHbiM. Ha puc. 1.39 npes-
CTaBJieHa Jierkas noJsas cgepa, CoOBepIIAOUasi BEIHY K eHHble KoJebaHus
B BO3JyXe, Tje CHJY COHpOTHBJIEHHH CpeAbl MOKHO npuénmerHo
NpPeACTaBUTb B CJEAYIOIEM Bnue

= "2— px2CpAp. (1)

Puc. 1.39

B Boipaxkenuu (T) uyepe3 p oGo3HaueHa YJenbHas IJOTHOCTb Cpelbl;
Cp — K03dduuHeHT JoOOBOrO CONPOTHBJEHHS; Ap — mjowaib npo-
eKLMH Tesa Ha MJIOCKOCTb, NMepNeHANKYIAPHYIO HanpaBJeHHIO ABHXKeHHS
(cM. puc. 1.39). B stoM cayyae cuia CONPOTHRAEHUS NPONOPIUOHANBHA
KBaJpaTy CKOPOCTH M BCErja HMeeT INPOTHBOIMOJIOXKHOE HANpaBJeHHUe,
PaGora cunel P, paccedBaeMasi 3a OAHH LHKJI:

T /4

Up=4][ Pidt. )
0

ITopcraBass BuipaxkeHHs (T) U (6) B coOOTHOLIeHHe (Y), C yUETOM PaBeHCTBA
Cp = (1/2) pCpAp mnoayuum
T/4

Up = 4CpA%a® | sind (at — 0) dt.
0

*) Vennard J. K. Elementary fluid mechanics. 4th ed. New York: John Wiley
and Sons, Inc., 1961. 570 p. Kosdxpuusuent so6osoro conporusienus Cp he SBAseTCs
NIOCTOSTHHOH BeJIHUMHOM, a 3aBHCHT OT yuc1a PeliHosbica, KOTOpoe sBisieTca (PyHKIHeH
ckopocTd. B patnom O6CYKJIEHHH HCTIOJB3YETCs HeKOTOpOe CpejlHee 3Hauenue Kospdu-
muenra Cp.
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BrinonHsAs MHTEerpHpoBaHHe, HaljeM

8
Up :TCPA3(1)3' ((b)
TIpHpaBHHUBAaHHEM 3TOTO BBbIPAXKEHHS BBIpAKEHHIO (X) MOJYYHM
8CpAwm
9KB __"gﬂ - (1 54)

Taxum 06pa3oM, 5KBHBaNEHTHOE 3HAYEHHE MOCTOAHHON BSA3KOTO JeMINpu-
pOBaHHA B JAaHHOM cJy4Yae NPSAMO NPOMOPUHOHANbHO BenuunHaMm Cp,
A 4 o. Kak u Bhue, pasnenum Bhipaxenue (1.54) Ha c,, = 2pm u
BBeJleM ofo3HaueHue k = p*m, 4TO /151 SKBUBAJEHTHOIO 3HAUE€HUS KO3()-
¢uIHeHTa BA3SKOIO JeMN(pHpOBAaHHA JaeT

_ Coxs __ 4CpAowp
‘Vaﬂng CI(p - 3nk ’ (155)

npu 3TOM aMIUIUTYyJa YCTAHOBUBIUHXCSI BBIHYZKIEHHBIX KonebaHHui

- Q/k (x)
VT — o*/p?) | (8CpAw?/3uk)’ /

BosBens B KBajpar JIeBYK0 H NpaBylO YacTH PABEHCTBA (X) H BBIMOJHHUB
. HeoO6XoIuMble TNpeo0pa3oBaHHUsA, MONYYHUM CJeaylollee OUKBajpaTHoOe
ypaBHeHHe:

< 8%1;0)2 >2A4+k2<1“‘* ?: >A2_-Q”: , (156)

KOTOPOE MOMKHO peUIMTh MO H3BeCTHOH ¢opMyJsie OTHocHTenbHO A2
3ateM BBIUMCASEM aMIJIHTYAy KoseGammii A = 1/ A%

[TogBoast UTOT CKa3aHHOMY, OTMETHM, YTO 3KBHBAJEHTHOE 3HAUEHHE
NOCTOSIHHO# BAIZKOTO JeMI(pHPOBAHUA MOXKHO BCerja ONpeJeNHTb Anf
TPOM3BOJBHOTO BHJA MeXaHu3Ma JeMnHpoBaHUs, NPHPABHAB PaGOTHI
THMOTETHYECKOTO BA3KOTO JeMndepa M peasbHOH KOHCTPYKLHH. B BbI-
pakeHuu JJs1 paboThl HCNOJb3yeM BbipaxkeHHe (6) 4715 CKOPOCTH CHCTEMBI
IIPH YCTAHOBHBUIEMCS JBH)KEHHH W FapMOHHYeCKOH (QYHKLHMH BO30OYyKia-
IOIIeH CHJIBI, TPH 3TOM 3KBHUBAJEHTHOE 3HAYEHHE MOCTOSHHOH BSIZKOTO
IeMnpupoBaHHs ONpelesieM COOTHOUIEHHEM

1 A U
Con = g | REdE = 4% (1.57)

T oA’
0

rle R — cujia CONPOTHBJEHHS. 3aTeM MOXKHO INPOBECTH YNpPOIICHHBIH
JHHAMHUECKHH aHAJH3 CUCTEMBI, HCIOJB3YS MOJyUYeHHOe TAKHM 00pasoM
3HaueHHe (.. DoJjiee TOro, NPH 3TOM MOXHO paccMaTpHBaTh OJHOBpe-
MEHHO HECKOJIbKO TUMNOB JemndupoBanusa. Hanpumep, 148 KoMOHHALHHU
KYJIOHOBCKOTO H BfI3KOTO TPeHHsl W3 BeipaxeHus (1.57) moayuaem

4F
Coxe = Ao +c. (1)
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[Toctynasi ¢ nmonyueHHBIM BHIPaXKEHHEM ISl (., TaK, Kak 3TO GbLIO
ClleNIaHO Bbllie, MPH OMpejeNeHHH aMIJHTYAB A BBIHYXAEHHBIX Koje-
6aHnii nMmeeM craenywollee ajnredpanueckoe ypaBHe}me:

()4 (ro) e+ A (Y &0

KOTOPO€ MOKHO DELIHTh 10 H3BECTHOH dpopMyJIe.

1.11. OBOBIIEHHAS MNEPHOAHYECKAS
BO3SMYILIAIOIIAS CHJIA

Bo Bcex mnpegpiiymix oOGCYXKIEHHSX BbIHYXKAEHHBIX KoJeGaHuH
npejnoJjarajiocb, 4To BO3MYILAOLIAf CHJAA OMHCHIBaeTCs (yHKIHeH,
NPONOPLUHOHANIBHON JH60 sin wf, aAH60 cos wf. B obmem ciayyae MOTyT
BCTPETHTBCS BO3MYILLAIOIIHE CHJIBI, ONHChIBAEMbIE NIepHOJHUECKHUMH (Y HK-
uusAMH 6oJiee CJ0KHOTO BHJA. B naHHOM naparpade 6yjer o0cyXKAaTbCs
NIOBeieHHe CHCTeMBbl C OJHOH CTemneHbio CBOGOJBI NPH JAeHCTBHH TaKHX
BO3MYILAOMIHUX CHJI.

PaccmoTpuM, nanpuMep, OJIHOUMJAMHJAPOBBHIHA ABuraretb (puc. 1.40).
Koraa rtakoit nsurarenb uMeer Heor6anaHCHPOBAHHBIE JIeTalH, COBEpLIA-
Iol1lMe BO3BPATHO-NOCTYIAaTesIbHOE JABHKEHHe BHYTPH KapTepa 4, nocien-
HHE TOPOKJIAIT NEPHOAHYECKYI0 BO3MYILAIOLULYIO CHTY, KOTOpasi Bbi30BET

KoJsebaHue BceH cucreMmbl. [lpu

H3yUeHHH YKa3aHHBIX BBIHYXK-
&W_—r_—“\l JeHHbIX KoJebaHui morpebyercs

3HaHHE TOYHOTO XapakTepa BO3-
MyuLamouieli CUJbl, a ocobyio Bax-
HOCTb MMEET OTHOIIEeHHE ee Ie-
puoja K NnepHoiy COOCTBEHHBIX
KOoJIe6aHU# CHCTEMBI.

[Tpun uccaenoBanuyu Bo3mylla-
Iomed cuJbl Maccy latyHa 2
MOXHO IPEJICTaBHUTb C JOCTaTOU-
HO# TOYHOCTBIO B BHJE JBYX CO-
CPeJOTOYEHHBIX Macc, OJHa H3
KOTOPBLIX OTHOCHTCS K TaJjblly
KpuBowuna 3, japyras — K mop-
wHio /. Bce ocranbHble Heypas-
HOBeIIeHHbIe JBHXKYLIHECS MacChl
MOTYT OBITb TaKXe€ OTHECEHbI
K YKa3aHHbIM ABYM ToukaM. B pe-
gyJaprare 1norpebyercss paccMoT-
pPeTb TOJIBKO JIBE COCPEJOTOUYEH-
54 Hbele Maccel M, u M, (cM. puc.
1.40). Ecau 3a mnosoxuTeabHoe
BbIOpATh HanpaBJieHHe CHJ BHHS3,

l+r

BepTHKAJbHAas COCTABJSAONLAS
CHJBI HHEepLUHH Macchl M;:
Puc. 1.40 F, = —M,0% cos of, (a)
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TIe€ © — YIJOBast CKOPOCThb BpalleHHsI KOJEHYaTOro Bajla BOKPYT
OCH &; r-— pajMyc KpHBOILIHNA; ®f — yroJ, COCTABJSEMBIH KPUBO-
[IUIIOM C BePTHKAJbHOH OCBIO.

BosBpaTHo-nocTynaTe/ibHOe JBHKEeHHe Macchl M, fBJAserca Gogee
cnoxubiM. OGo3HayMM 4yepe3 x mnepemelleHHe Macchl M, OT BepXHei
MEPTBOH TOYKH TMOPLIHSA, a4 YePe3 & — YToJ Mexkay MATyHOM H BEpPTH-
KajbHod ocbio. M3 mpupenennoro ueptexka (cM. puc. 1.40) umeem

x =1(l —cosa) 4 r(l —cos wit); (6)
rsin of = [ sin a. (B)

U3 cootHoweHnusi (B) caenyer sina = (r/l) sin wf. Jlauna [ waryHa
OObIYHO B HECKOJLKO DPa3 MNpeBblinaeT JJIHHY pagdyca r KPHBOLINNA,
NO3TOMY C JAOCTaTOMHOH TOYHOCTBIO MOXKHO TMOJOXKHTh

I — L sin® of &2 1 — - sin? of
cosa = — 5 sin ol & — 5 Sin® ot,
yAEPKAB TOJbLKO MEpPBble JBA ClaraeMblX B Pa3joXeHUH QYyHKIHU B PAL
Teiopa. IloacraBasia mocsefHee BbIpaXKEHHE B COOTHOWIEHHe (6),

HaljeM
2

x=r(l — coswt) 4 —;—[-sin2 of. (r)

Juddepenuupys nosyyeHHOe BbIPAKEHHE MO BPEMEHH, ONMpPENeJHM CKO-
pPOCTb BO3BPATHO-TIOCTYNATENbHOTO JBHUXKEHHsT Macchl M,:
r’e

57 Sin 20,

X =rowsinof +
a mnpopuppepeHIUpoBaB ABaxJbl, NOJYyYHM YyckopeHue. Torma cuia
HHepUHH, JeHcTBylowas Ha Maccy My

Fo= —M,y0? <COS ot |- ;—COS 20)f> . (m)

CyMMHpYs 3Ty cHJy ¢ CHJIOH (a), MOJYyYHM OKOHYATeJNbHOE BbiPazKeHHe
AJIS BO3MYLIAMOLeH CHJIbI

F (t) = — (My + M) 0% cos of — 4~ Myw?r cos2at. ()

Crejyer OTMETHTB, UTO TNOJYYEHHOE BbIpAXKEHHE CONEPKHT J[Ba
C/laraemblX, OJHO H3 KOTOPHIX HMeeT KPYTrOBYIO YacTOTy, PaBHYIO 4acToTe
BpaujeHHsa Baja [BUrartess, Apyroe — HMeeT KPYTLOBYIO 4acToTy, paB-
HYI0 yABOEGHHOH 4acToTe BpauieHus. OTcioja MOXHO CHAEJIaTh BbIBOJ,
YTO B paccMaTpHUBaeMOM CJydae HMeeTcsl JBe€ KDHTHYECKHE YaCTOTHI
BpaileHHsl Bajla. ABHraressi: nepBasi, KOTJa YacToTa BpaUleHHs BaJja
JABUraTessi B OJHY CEKYHJY COBNAajaeT C YacTOTOH COGCTBEHHBIX KoJe-
Gannit cucremsl f = 1/t, u BTOpas, KOrja yacToTa BpalleHHs JBHraTesi
PaBHa MOJIOBHHE 4acTOThl COOCTBEHHBIX KoJeGaHuil. COOTBETCTBYIOIHM
BBIGOPOM KECTKOCTH £ TIPYXKHHB MOXKHO BCerja ciejaTb Tak, YTOOBL
HacToTa coOOCTBEHHBIX KoJieGaHHil Oblj]a JOCTATOYHO ylajeHa OT yKasaH-
HBIX KPHTHYECKHX 4acTOT BPALEHHs M TeM CaMBIM YCTPAilUTh BO3MOXK-
HOCTh BO3HHKHOBEHHSI GOJIbIIUX KoJeOaHHui,
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Cnenyer HOMHHTb, 4TO BHIPa)eHHe (A) AU CHJIBI HHEPILHH MacChl,
copepuiaioliefi BO3BPATHO-NOCTyNaTe/NbHOE [BHXKEHHE, OBLIO NOJYYeHO
MyTeM yJepXaHHs TOJbKO NepBhIX JABYX useHoB psaa Teilsopa ansa
dyukuuu cos a. Bosee Tounoe BeIpaxkenue OyAeT COAEPXKaTb, KpOMe
TOTO, €llle H TAPMOHHKH Gojiee BBICOKOrO NoOpsjka. A 3TO mpuBeneT
K TOMY, YTO NOSIBSITCS KDHTHYECKHE YaCTOTHl BpaileHHsi GoJiee HH3KHE,
yeM paccMaTpHBANHCh Bhlimie. OJHAKO OHHM INPAKTHUECKOTO 3HAUEHHS
HE MMEIOT, TaK KaK COOTBETCTBYIOUIHE HM CHJIbI OYAyT CJAHIIKOM MaJbl,
yTOGbl BHISHIBATH CYLIECTBEHHBIE KOJMeOaHHsI CHCTEMbI.

B ofuieM ciyyae nepHOJHYECKYIO BO3MYILAIOMLIYIO CHJY MPOU3BOJb-
HOTO BHJA MOXHO MNDEACTABHTb B BHIE MPUSOHOMEMPULecKozo pada
(pada Dypoe): J

F(t)=ay -+ a; cos of - a, cos 20t + ... -+ by sinot + bysin20f 4. .. =
= ay-+ Y] (a; cos iot -+ b; siniot). (1.58)
=l )

IMepuon Bosmymawomeit cuiasl T = 2n/w, KospHIHEHTH @y, a;
H b; SIBASIOTCS IMOCTOSIHHBIMH, KOTOpble TpeOyercsi ONpelesHTh.

Jl;ns TOro uTo6B ONpeNeanTs Mo6oH K3 Kodbduiuentos paaa (1.58),
ecau usBecTeH BHJ ¢yHKUHH F (f), HEOOXOJAMMO BOCNOJB30BATHCS CJle-
ayromeit npoueaypoii. Ilpeanosoxum, Tpebyercst omnpelenuTb Koaddu-
HHeHT q;. Torga o6e uactu npeacraBaenust (1.58) MOKHO YMHOXKHTb Ha
cos i®f U npouHTerpuposats ot ¢ = 0 1o ¢ = T. MoxHo moKasars, 4TO
HMEIOT MECTO CJIeAYIOUlHEe COOTHOLIEHHS:

T T

J ay cos iot dt =0; f a; cos jot cos iwt dtf =0,
0 0

T T
| by sin jot cos vt dt = 0; | aicos? iof dt = LT =ar—,
0 0
rae [ M j — uessle uueaa I, 2, 3, ... Mcnoabsys 3TH COOTHOWIEHHS H3
npeicrasienns (1.58), Haxoaum
T
a;= = | F(t)cosiat dt. (1.59a)

0
HOC’I‘YHaHV aHAJOTHYHBIM 06pasoM H ymHoXasi npeicrasieHue (1.58)
Ha sin [@! W HMHTErpHpPYs, NOJYUHM
T
b= [ F()siniotdt. (1.596)
0
Y, HakoHen, yMHOXHB npeicrasieHue (1.58) Ha df ¥ npoMHTErpHPOBAB
or t =0 jgo t = T, HaligeMm
T
aoz-lT—j F(t)dt. (1.598)

0
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Buano, 4To eciim H3BECTHO aHAMMTHUECKOE BbipaxeHue QYHKIHH
F (¢), ¢ nomoubio dopmys (1.59) MOKHO onpejesHTb KO3((HLHEHTHI
npexnctabaenns (1.58). Ecau dynxuus F (f) 3agaerca rpaguyeckd U He
npeiCcTaBsieTcd BO3MOXKHBIM BBIPa3UTh €€ B aHAJHTHYECKOH Qopme,
clieflyeT Ui BeIMHCJEHHS HHTerpanoB (1.59) ucrmosnb3oBaTh NPUOMHIKEH-
Hblll YHCJEHHBIH MeTol.

[Mpepnosaras, Yyto Bo3Myllawlias CHJa NpejcTaBjeHa B BHJE TpHU-
TOHOMETPHYECKOTO pfijJia, 3alHilieM YpDaBHEHHE AJs BHHYXKAEHHBIX KO-
nebaHui ¢ JeMOQHpOBaHHEM B CJEAYIOUIEM BHJE:

mx + cx -+ kx = aqy + a; cos ot + a,cos 2wt . .. 4-
-+ by sin ot 4 by sin 20t 4. . . (1.60)

O6uiee peienHe 3TOTO YPaBHEHHSI COCTOMT H3 JBYX 4YacTed: OJHa
U3 HHX ONHKCHIBAeT CBOOOJAHbIE KOJeGaHMs, ApYras — BbIHYXKAEHHHIE.
CBo6ojHble KoJieGaHua 6y YT NOCTENCHHO 3aTyXaTb BCJAEACTBHE BIAHSIHHSA
JemndupoBaHusi. BBIHYXJIEHHBIE KoJeOaHHA MIs cjydyasl JHHEHHOTO
ypaBHeHHsi OGYyAyT NPeACTaBIATL COOOH HajloXKeHHe YCTAHOBHBIIHXCS
BLIHYKIEHHBIX KoJieOaHuH, OOYCJOBJEHHBIX KaXXIblM YJEHOM psia
(1.58). B cBoio ouepenp, 3TH nocjelHHe KoJebaHHsI MOXKHO HCCJIe]0BaTh
TOYHO TaK ke, Kak B . 1.9, OTciofa MOKHO CJ€JaTh BHIBOA, YTO GOJbILHE
BbIHYKJEHHbIe KoJeGaHHsi MOTYT BO3HHKHYTb, KOTJa MepHOJ OIHOTO
u3 ujseHos psana (1.58) coBnaser ¢ mepHoJOM COGCTBEHHBIX KoseGaHHH
CHCTEMBI, T. €. ecsid nepuox 7 Bo3myuiaioulell cuabl Oyjaer Ju60 paBeH
TOYHO, JHOGO KpaTeH NEPHOAY Tg. -

Npumep 1. [as peleHHs cHCTeMbl, NOKa3aHHOH Ha pHc. 1.40, HmeioTcs caepylomue
KCXOjiHblEe JaHHBe: Bec nopmHs Wpg=.2,72.-10 H; Bec maryHa Wy = 1,36-10 H;
Mg = 2W/3=0,91-10 H; Mpg= Wn+ Wi/3 = 3,18-10 H; mnosebii Bec ABH-
ratens W = 2,27-10% H; uactota BpaueHnus ABurartesss 600 MuH~); pajnyc KpHBOIIHNA
r= 0,203 m; anuua matyHa [ = 0,609 M; XecTKOCTb NpyXuHH k= 2,06-10° H/m.

[Npene6peras BAHsSHHEM AeOPMHPOBAHHS, HAWTH MaKCHMaJbHOE NepeMelleHHe ABH-
rareJqs OT IOJIOXKEHHSI PAaBHOBECHA IPH YCTaHOBHBIIHXCA BBIHY2XKJA€HHbBIX KoJieOaHHSIX

cHeteMbl. [lpeanosiaraercsi, YTO KPHBOLIHI TOJHOCTBIO OTOalaHCHPOBAH.
Pewenue. Haunem c onpejiesieHust coGCTBEHHOH KPyroBOR 4YacTOTH KoJeGaHus

CHCTEMbI -
_ kg 2,06-108-9,81 e -1
”“VT* W~V8883—-94,3c .
Kpome roro, umeem v
o= 20028 _ 905 = 62,83 2,

OTKY/la HaXOJHM
. ® 62,83 2 20 4

p 94,3 3’ p 3
"% 13 HaliicHHOTO OTHOLIEHHS Y4CTOT BHJAHO, YTO YacTOTAa BO3MYIIAIOWER CHJIbI, MPO-
NOPLHOHAMLHON COS ®f, PACIOJIOKeHa HHIKe Pe30HAHCHOH YacTOThl, TOr/la KaK 4acToTa
CHJIBI, NpOMOPUHMOHAJBHON €OS 20f, JIEXKHT Bbillle pedoHaHCHOH uacToThl. IlpeneGperas
KOMINOHEHTAMH BO3MYWIAOEH CHJB ¢ GoJlee BLICOKHMH 4aCTOTaMH, MOJyyYyaeM Hasloxe-
HHE BJHAHHE TOJBKO CHJ HHEPIHMH, NpEACTABJAseMbIX BEIpaMeHusiMH (a) H (&), WM, YTO
TO XKe caMoe, HX CYMMOH (e). 3amHchiBas 9TH cjaaraeMble B BUJE

P; cos of = — (M; + M,) w?r cos of;

P, cos of = — % M,0?r cos 20t (%)
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ftostyanm

(0,91 - 3,18) 10-4005:2-0,203
9,81

0,2o3> 3,18-10

0,609 ( 9,81

Py = — (M; -+ My) ? = = 3,341.10% H;

Py = — - Myor = — ( > (400712) 0,203 = — 0,867-10% H.

BHOBb BOCIOJIb30BaBIUHCh BHIpaxeHHeM (1.24) u3 n. 1.6, HalifeM, 4TO A/ BHIHYXKJCHHBIX
KosieGaHuii Ge3 neMnGHpOBaHHS, OOYCJOBJIEHHBIX JeHCTBHEM JBYX BO3MYINAIOMHX CHJ
[cM. Boipaxkenus (k)], mepeMemenus

' ( 1 >cosmt—— —3,341.10% 1 > o0sof —
1= [ — w2/p? T T 2,06-10° ( T—a49)°¢ -
= —2,92-1073 cos wt;

R _.__1.._> cos 20f = —0,867-10° ! >cos of =
TR (1—4@/,92 ~ T 2,06-10° (1—16/9 -

- =0,54-1073 cos wt.
MaxkcuManbuoe nepememeﬂue HMEET MECTO IIpH ol = X, 4TO Aaer
(%1 -+ X)max= (2,92 -+ 0,54) 1073 = 3,46-1073 m.

Mpamep 2. Ha cucreMy ¢ ofiHOH cTemeHblo cBOGOABI JeHCTBYET BO3MylIalollas
cuaa F(f), KoTopast H3MeHseTCs B 3aBHCHMOCTH OT BPEMEHH B COOTBETCTBHH C JHAr paMMoii,
npusefeHHod Ha pHc. 1.41. Tlpenebperas BAMAHHEM JAeMN(HPOBAaHHA, PacCMOTPETb
YCTaHOBHBIUHECH BbIHYXJEHHEIe KOJIeGaHHsI, KOTOphle NIPH 3TOM BO3HHKAIOT, €CJH Macca
M TIPYXHHBL M €€ KECTKOCTb £ TaKOBbl, YTO OTHOLIEHHEe 4acToT &/p = 0,9.

Pewenue. HauneM ¢ TOro, 4to npoBeJieM IapMOHHYECKHH aHaJH3 3aJaHHOH CHJIBI,
NPeJNnoJIOKHB, YTO PYHKIHSA, ONHCHIBAIOLIAS 3Ty CHJIY, MOXET GhITh NPeJCTaBJIeHa B BHAE
TpuroHoMerpuueckoro psaa (1.58). Has aroro BocmosbayeMcss Boipaxcenusamu (1.59),
C NOMOLIbIO KOTOPHIX HafaeM KOs(pQHUHEHTH g, a; U b; paja. on/

/o

BasaB cHauana BbipaxeHnue (1.59B), BHAMM, YTO WHTerpaj j F () dt npencras-

0
JsieT coGoH MJIolaAb 06/IacTH, 3aKJIIOYEHHOH MeXy 3a/laHHOH NHJI0006pa3Hol AuarpaMMo
(cM. pue. 1.41) u ocblo abclikce Ha MHTepBaJe ¢ KOOPAMHATaMH { = 0 u { = T = 2n/o.
OyeBHJHO, YTO 3Ta IJIOLIAJb paBHA HYJIO, OTKYJa ciaefyer, 4to ag = 0.

OGparuBIUHCh AaJjee K Bhipaxenuio (1.59a), BuauM, uTo Kaxjas OpjuHATa jAHar-
pammbl (cM. pHc. 1.41) fonkHa GHTH YMHOXEHa Ha cos (! W 3aTeM NPOHHTErPHpPOBaHA
or t =0 no t = 2n/e. [ockonbky bynkuus F (f) newetnas, a GyHKUHS coS i®f yer-
Hasl, UX NMpousBejieHue GyeT TakxKe HeyeTHOH QyHKUHeH, OTKYy/a cJeayeT, UTO HHTerpaa
B BoipaxkeHHH (1.59a) Takke GyjaerT paBeH HyJIO, T. €. a; = 0

U unaxouel, B3sB BhipaxeHue (1.596), BUAHM, YTO Kaxjas opauHaTta GpyHKuUMH F (f)
Ha puc. 1.41 pomkHa GHITb yMHOXEHa Ha Sin i®f W NpOHHTErpHpoBaHa oT { = 0 J0

t=2n/w. B 3toM ciayuae GyHKUHS
Flt) F (t) Ha oTpeske or =0 j0{= n/®
P SIBJISIETCS] CHMMETPHUHOR OTHOCHTENbHO
t= n/20, a Ha HHTepBaje OT { = T/®
1o t = 2n/@ oHA CHMMETPHYHA OTHO-
/ cutenbHo ¢ = 3n/2w. Onnako, Korja i
or ar 4r t SBJAETCS YETHHIM LeJHM YHCJIOM, CO-
o W OTBETCTBYIOLIHE YHaCTKH GYHKIHH Sin {0f
SIBJISIIOTC AHTHCHMMETPHYHBIMH COOTBET-
CTBEHHO OTHOCHTEJBHO TOueK ! = 7/2®
u { = 3n/20. TakuM o6pasoM, nOJIy-
yaeMm, yTo npH == 2, 4,6, ... Ko3pPu-

Puc. 1.41 nuents b; = 0.

€la
€
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Koraa { -— HeueTHOe LeJioe uHcJO, ofe ¢yuruuu F (f) u sin (0! gsamoTcs aHTH-
CHMMETDHUHBIMH OTHOCUTENBHO OpaHHAThl ¢ = 5t/w. Toraa u3 BhipaxkeHus (1.596) noay-
yaeMm

on/w /20

bi=% J F(t)sincotdt:-4Tm J F (t) sin iof dt. (3)
0

BHoBb o6pamasich K puc. 1.41, BHAHM, 4TO Ha uHTepBase oT [ = 0 fo / = n/20 uMeeM
F (t) = 2Pwi/n. TlofcTaBUM 3TO BBIpaMEHHE B HHTErpal (3), O yIUM

8Po /20 p in/2
bi=—— | tsin[mtdt:,—f—zj usinu du.
T L4
0 0

IlpouHTerpHpoBaB H MOJCTaBHB NpeJesIbl HHTErPHPOBAHUS, HaiineM

8P . I 8P (i—1)/2
b= S = (DT @)
rne i =1,3,5,7, ...
YuutbiBast, 4To ay = 0, a; = 0, ¥ HCNOJAB3Yys BhIpaxKeHHe (M) JJSI TPHTOHOMETPH-
yeckoro psaa (1.58), momyuum

F () = iﬁ <smmt—-§?sin3mt+%sm5mt_...). ()

Hanee, jaas TOoro 4ToGHl MPEACTABHTL MHJA00GPa3HyI0 AHAarpaMMy, INpPHBEJEHHYIO Ha
puc. 1.41, B BHAe TPHIOHOMETPHYECKOTO pPsifia, HEOOXOAHMO TOJBKO MPOCYMMHPOBAaTh
CHHYCOM/Ibl C HEUETHbIMH YHC/IAMH BOJH Ha HHTepBaje oT { = 0 1o { = 2n/w. Bosee
TOTO, 3/1eCb MOMHO BHJETh, YTO PAAb (K) GBICTPO CXOASATCH, NMOITOMY AJS NpPaKTHKH
BaXKHbIM AIBJSIETCH TOJBKO NEPBHH ujeH psAfa. Taxum o6pa3oM, BO3Mylaiollast CHJa,
H3MEeHAIOWANACSA 0 MHA006pa3HOMY 3aKOHY, OKAa3blBaeT HAa CHCTEMY NMPHMEPHO TaKoe e
BJIHSIHHE; KaK H BO3MYLIAIOLIas CHJAa, H3MEHSIOasics M0 CHHYCOHJANbHOMY 3aKOHY
C HECKOJIbKO MeHbIUeH aMIJIHTYAoOH BHAa

F(t)= %sin ot ()

Jas Toro yro6bl ykasaTh Ha He3HAUHTeJbHOE BJIHSIHHE BTOPOTO WJeHA Psifia, OT METHM,
uto npx ®/p = 0,9 Ko3bHLHEHT ycHAEHHS

B 1
YT T = Gaelp)E
TakuM 06pasoM, aMIVIMTYAA BHIHYXK/JCHHBIX KoJeGaHul, 06YC/IOBJIEHHAsT BTOPHIM YJIEHOM

psiia, cocTaBasieT ToabKo 0,159/32 = 0,0177 oT nporu6a npH CTATHYECKOM TPHIOKEHHH
cuiel 8P/m2, Torsa Kak Ko3bdHUHEHT YCHJEHHS NJis NepBOTO YJaeHa psfa

By = ——

I — w?/p*
Ciei0BaTeIbHO, MOXHO C/€JaTh BBIBOJ, YTO NPHOGIHXKEHHOE BhbipakeHue (;1) faeT
omu6Ky, MeHbpmyio 0,4 %, a OpHOIHXXEHHOe pellleHHe, ONHCHIBAKILEE MEepPEMEIleHHe
B HCXOJHOH 3ajaue, MPH STOM HMeeT BHJ

8PB
X =

—0,159.

= 5,26.

sin wf. (M)

3AJAUYH

1.11.1. Hcnoabsyst paHHble npuMepa |, MpHBEJEHHOTrO BHILIE, MOCTPOHTH KPHBYIO
83aBHCHMOCTH [epeMelleHHs OT BpeMeHH X = f (f) I/l YCTAHOBHMBIUHXCS BBIHYXJAEHHLIX
Kosie6aHHH CHCTeMBbI, [OKa3aHHOH Ha pHc. 1.40.
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1.11.2. Pasnoxuts BoaMywawoinyl cuay F (f), rpaguK KOTOPOH mnpeiCTaBJeH
Ha puc. A.1.11.2, B TPHTOHOMETPHUECKHH DS

Omgem: F (f) = 4; (sin of —%—sin 3wl 4+ ) .
Fit)
p e
0
T/w nw |Itjw |étjwt
-P —

Puc. A.1.11.2

1.11.3. PasnoxuTe BosMmymaiomylo cuiy F (f), rpaduk KOTOpoR mpeicTaB]eH
Ha puc. 1.11.3, B TpuroHoMerpuuecKu#l ps.

Omgem: F (f) = —?ni(cos ot — —;—- cos 3ot + ) .

F(eh

I4 e

njw | xje | rjw | 4rjw t

Puc. A.1.11.3

1.11.4. PasnoxuTe BOaMywaiomyio cuay F (f), rpaguK KOTOpPOH TmpeiCcTaBieH
Ha puc. A.1.11.4, B TpUroHOMeTpHYeCKHHA psL.

Omegem: F (t) = —2:—:— (sin of — —l-—sin 20f 4 —;3— sin 3wt — ) .

p)
F(t)1
P |
i /
Vﬂ/u Vu/w t
_le_
Puc. A.1.11.4
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1.11.5. Pasnoxute BoO3Mywamowyio cuay F (f), rpadHk KOTOpoH npeiacTaBJieH
Ha puc. A.1.11.5, B TPHTOHOMETPHUYECKPH psiji.

Omaem: F‘(t) == %— -%— (sin of |- —-21—sin 20t 4 —;-sin 3of |+ )
Ft)
P
0 n/w in/w bn/w njw ¢t .

Puc. A.1.11.56

1.11.6. IMonyyuts ofilee peuieHHe JJifA 3ajJa4d 06 YCTAHOBHBLIHXCS BHIHYXKIEHHBIX
KoieGaHHAX ¢ JieMnbHPOBAHHEM CHCTEMEI C OJHOH CTeNeHbio CBOGOALI, €C/IH BO3MYlla-
oA CHsia OmHchiBaeTcs ¢yHkuuel Buia (1.58).

Omesem: x =

a, + i a; cos (iw! — 0;) + b; sin (iwf — 6;)
kD kY (T—Ratpe - @viep)?

1.12. BOSMYUAIOUWASA CHJIA NPOU3BOJIBHOI'O BHJA

B npexbiayiiem naparpade 6bl1 paccMOTpeH OOLIMH Cay4yal nepHOLH -
uecKOH BO3MyULAOWieH CHJB, KOTOpas MoOXKeT ObITb NpPeACTaBJeHa
B Buie paja Pypre. Onnako Ana cayuasa eosmyujaroujell cusvt npous-
80461020 8u0a CHJIa MEHSIETCS: BO BpEMEHH He N0 NIepHOAHYeCKOMY 3aKOHY,
_TIO3TOMY 3J€Chb CJefyeT HCNOJb30BATh HECKOJbKO HHOH NOAXOA K pemie-
HHUIO 3aJauH. ’

PaccmotpuM JHddepeHIHANbHOE YDaBHEHHE JBHXKEHHS JeMI(HpPO-
BaHHOI CHCTEMBI C OJHOH CTeNeHbIo cBOGOAL! (puc. 1.42, a) npu meficTBHH
BoaMmywnawowe cuast Q = F () npou3BoJbHOTO BHJA

mi = —cx — kx + Q. (a)
qDDM
. T TG ()
MWW ]
. N——
T}
C (o]
0
t' dt’ ¢
P |2 -
Xoow Xocn Xocw X t
a) 6)
Puc. 1.42
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Pasjenus ypaBHeHnHe {a) Ha m H CJlejaB COOTBETCTBYIOLiHe npeobpaso-
BaHHUs, TOJYUHM

%4 2ng + pix =g, (1.61)
rje
F ,
g=2 L) iy (6)

SIBJISIETCS] BO3MYLIAIOLIEH CHIOH, OTHEeCEHHOM K efuHuIe Maccul. [1pu Boi-
Boje ypasHeHust (1.61) npennosaranoch, YTo cusa ¢ spasiercss GyHKIHeH
(UKTHBHOTO BpPeMeHH ¢', Kak Nnoka3aHo Ha puc. 1.42, 6. Torga B npous-
BOJIbHBIH MOMEHT BpeMeHH ¢’ MOXKHO MOJCUUTATb NpUpPAUiEHUe UMAYALCA
g di’, ToKasaHHOE Ha PHCYHKe 3alUTPHXOBAHHBIM INPSIMOYTOJbHHKOM.
ITOT UMNyabe cooluiaeT eIMHHIIE MacChl MTHOBEHHO€ yBeJHYeHHEe CKO-
pocTH (MJIM npupauieHue CcKOpocmiL)

dx = g dt’ (B)

HE3aBUCHMO OT TOTO, YTO HA 3Ty MacCcy MOIYyT JeHCTBOBaTb M JPyrHe
CHJIB} (HAIpUMep, CHJIa YIIPYTOCTH) M HE3aBHCHMO OT BEJHYHMHEI Nepeme-
[EHHsT U CKOPOCTH 3TO# Macchl B MOMeHT ¢'. PaccMarpuBasi 3To npupatie-
HHUEe CKOPOCTH KaK Haya/JbHYIO CKOPOCTb B MOMEHT ! M HCMNOJb3Yys BHI-
paxenue (1.35) u3 n. 1.8, moayuumm, UTO npupauieHue nepemeuierus
CHCTeMbl B JIOGOH MOMEHT BpeMeHH ¢ OyneT HUMeTb BUJ

.y qdt’ . '
dx = e—nit—t >Lpn— sinp, (t —t'). (r)

[TockobKY Tako# e 3(hdeKT BLI3bIBAeTCS KaXKAbIM NpUpPAllEeHHeM HM-
nysabca ¢ di’ Ha uurepBase ot f' = 0 jgo ¢’ = ¢, To B pe3yspTare He-
OpPEPLIBHOTO JIEHCTBHA BO3MYLIAOUleH CHJBI ¢ MNOJAYYHM Clefyioliee
BbIpaxeHue JJIs MOJHOTO IepeMelleHHs:

11
—nt
x =2 j‘e""q sinp, (¢t —¢)dt’. (1.62)

p
.

[Tono6ubie nNpeACTaRJeHHS B MaTeMaTHKe HAasblBAKOTCS UHME2PANOM
Hroamens.

Boipaxenune (1.€2) npencrapisieT noJHoe nepemelieHne Npu JeHCTBUH
BO3MYILLAIOMWEl CHJbI § Ha HHTepBaje BpemeHu oT O fo £. OHO BKJIOYaeT
K4K YCTAHOBMBIIHMECS, TaK HEYCTAHOBHBLIMECS (QOPMBI H OCOOEHHO
YJ0GHO NPH HCCIEL0BAHHM TOBEJEHHS CHCTEMBI NPH KoJebaHusX, Korjpa
JEACTBYET BO3MYINAKOLIAS CHJA Npou3BoJbHOrO BHJAa. Ecim dyHkuuio
g = [ (f') He mnpemcraBisieTcs] BO3MOXHBIM BBHIPA3HTL aAHAJMTHUYECKH,
uurerpan (1.62) MOXHO BCerAa BBIUHCJAHTH NMPHOJHMKEHHO C IOMOLIbIO
COOTBETCTBYIOIIETO MeTOJa TpadHuecKOro HJIH YHCJIEHHOTO HHTErpPHpO-
Bauusi. s Toro uTo6bl yuecThb BJHSIHME HAYaJbHOTO CMELIeHHS X,
¥ Haya/JbHOI CKOpocTH £, npu { = 0, HEOOXOAMMO TOJILKO K BLIPAXKEHHIO
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0 t’ t 0 T 27 jt t
a) 6)
Puc. .1.43

(1.62) npubaButp pemenue (1.35) u3 m. 1.8, yuuThiBalinee ykasaHHble
‘HauasbHBlEe YycqoBusi. Toraa oflee peuleHHe NPHMET BHJ

t
x=e "N [xo cos pt + Fodnxy sin pyt + 1 j e"t'gsin py, (t — t’)] dt.
Pxr Pr ;

(1.63)

Ecnu npeneGpeub BaMsiHMeM JeMndHpOBaHHs, mnojaydyaeM n = 0 H
pz = p, B pesyJabraTe 4ero BblpaxkeHue (1.62) mpHHHMaeT BHA

t
x:%\J‘qsmp(l‘ — t')dt'. (1.64)
0

B Tom cayuae, Korja y4uTbiBaeTcs BJHsHHE HayasJbHOTO CMEINEHHs
X, W HauanbHOH cKopocTH X, npH [ = 0, BbIpaxkeHue (1.63) Ge3 yuera
JeMnHpoOBaHHSI CTAHOBHTCSl TaKHM:
t
quinp(t —t)dt'. (1.65)
0

x——:xoCOSpf—l—%Sinpt—l-%

B kauecTBe npumepa npuMeHeHHs! BolpaxkeHHst (1.64) mpeanonoxum,
YTO K Macce Ha puc. 1.42, @ BHe3anHO NpHUJIOXKEHA NOCTOSIHHAS cula Qy
(puc. 1.43, a). Ilopo6Hbll XapakTep IHHAMHYECKOIO HATrPYKEHHS OINH-
CBIBAeTCsl Tak HasblBaeMOH cmynensamoti ¢ynxyueid. B 3ToM cayuae
uMeeM g, = Q,/m = const. Torna Beipaxkenue (1.64) mpuMer BHJ

t

@[ g
X = szmp(f Y ()

STOT HHTErpaJg  JerkKko BBIYHCASAECTCSA, UYTO Jaer
x =4 (1 — cos pt) = % (1 — cos pt). (1.66)

M3 npusenenHoro pemeHus cjeiyer, uTo IIpH BHE3aITHOM MPUJIOKEHHH
NOCTOSTHHOH 1O BeJHYHHEe CHJIbl BO3HHMKAIOT KoJeGaHHusl ¢ aMIJIHTYJOH
Q./k, HanoXeHHBIE HAa CTATHYECKOE CMEIIEHHE TOH e BeNWUHHb Q,/k
{(puc. 1.43, 6). Takum o6pa3oM, MaKCHUMaJbHOE IepeMelleHHe, BO3HH-
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Puc. 1.44

Kalcliee NMPH BHe3aNHOM NPHJOXKEHHH CHJbl, B 2 pasa Gospuie rnepeme-
. IeHHsA, OGYCJOBJEHHOTO CTATHYECKHM NPHJIOXKEHHEM CHJIBL.

B paccMOTpeHHOM Bbllle cJydae MOCTOSHHAs cuaa Q JjedcTByer
B TeueHHe GeCKOHEUHO GOJILLIOrO NMPOMEXYTKa BpemeHnH. Eciau ke oHa
JIEACTBYET TOJBKO Ha INPOMEKYTKE BpEMEHH f;, HMeeT MeCTO npamo-
yeoavroul umnyave (puc. 1.44, a). B Teuenue BpeMeHM, KOrjia CHJIA He
paBHa HYJIO, MOBeJIeHHe CHCTEMbI B TOYHOCTH COBIAJIaeT C TeM, UTO AaeTCs
euipaxenneM (1.66). IToBejienne ke B cienyioulee 3a f; BpeMsi MOXKHO
OnpeJIesIUTD ¢ TIOMOLILBIO HHTerpaa Jlioamesns, 3aHMCaHHOrO s Kaxaoro
13 JIByX HHTEpPBaJOB BpeMeHH: 0T 0 10 ¢, H 0T ¢, 210 {. ToJbKO HHTETrpHPO-
BaHHe 110 MEepBOMY HHTEpBasNy JaeT OTJHYHBIA OT HYJA pe3ynabTar, Mo-
CKOJIBKY BO BTOPOM MHTEPBaje BpeMeHH (GYHKIHA BO3MYLLAIOUIEH CHIIbI
paBHa Hymo. CyMMHpYs CKa3aHHOe, pelleHHe Aid pacCMaTpUBaeMOTo
caydasi MOXKHO NpeICTaBHTb B CJeEIYIoUeM BHJE:

npu O<iti<ty . x=—%—(1 — cos pt), T. e. (1.66);

npH =1t x=-2[cosp(t —ty) —cos pt], (1.67)
AHaJoruynpie pesyJbTaThl MOTYT OLITh MOJYYEeHBI, €CJIH HMITYJbC
npsAMOYrosbHOH dopMbl (cM. puc. 1.44, a) paccMaTpUBaTh Kak CyMMY
ABYX CTYNEHUaThiX (yHKIHMH, uTo MoKasano Ha puc. 1.44, 6. Ileppas
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cTynenyatas GyHKLHs NpHHUMaeT 3Hauenue Q, npu ¢ = 0, BTOpass —
Q, mpu t = {,.

Tpetuii MeTON NONYYEHHs TOTO Ke pe3yJbTara, 4TO COJEPIKHUTCS
B BolpaxkenHH (1.67), 3ak/mouaercs B onpefeIeHMH NepeMEUleHHs H
CKOPOCTH CHCTeMBI B MOMEHT BPEMEHH {; ¢ MOMOINbI0 BhIpaxeHus (1.66).
B peayJabrate mnoJydum

Xt = —le— (1 — cos pty); (e)
X4, = Q;p sin pty. (K)

Ecau 3TH BeJHYMHBL paccMaTpHBaTb KaK Ha4daJbHbIE NEpEMEIEHHE
H CKOPOCTB, 3aJlaHHbBI€ B MOMEHT BPEMEHH tl, pPE€3yJAbTHPYIOLIEE NIBHKEHHE
CHCTEMbI IIDH CBO6OI[HbIX KoJieOaHHAX MOXKHO NpeacTaBuTb B BHIE

x=xlcosp(t—tl)—}——x;‘—-sinp(t—tl). ()

[ToacraBnsisi 3HayeHus (e) u (K) B BhIpaxKeHHe (3), MOCJE HECJOKHBIX
TPUTOHOMETPHUECKHX mpeoOpa3oBaHUil CHOBA MPHJAEM K MOJYyYECHHOMY
Bullle perteHuto (1.67).

AMnauTyny cBoGOIHBIX KoJsieOaHHH, BO3HHKIIHX IOCJ]E BO3JAEHCTBHS
HMITyJIbCA NPSAMOYTOMbHOH (OPMBI, MOXKHO ONpelesNHTh 1o GdopMyJe

A=V xi,+ Fe/p). (n)
IToacraBass B hopMyJy (1) 3HaueHus (e) H (3K), nocJye yInpoleHHH HalleM

A=-1 V3T — cos ply) =2sin (&)= 2sin (). (®
M3 nocnennest 3anucH BelpaxeHHs (K) BHAHO, YTO aMITHTY/ia CBOGOMHBIX
KoJIe6aHHH 3aBHCHT OT OTHOLUEHHS f,/T, Fle T — NepHoA CBOGOAHBIX
KoJiebaHHH cHCcTeMBbl. B3sB B KauecTBe JJIHTENbHOCTH UMIYJbCA NMPSIMO-
yrosibHOH (opMbl BpeMs f; = T/2, MOJYUYHM 3HaueHHEe aMIIHTYAbl A =
= 2Q,/k. TlepememneHus cUCTEMBl BO BPEMEHH NpPH NEHCTBHH HMITYJbCa
nokasaHbl Ha pHc. 1.44, . B sToMm ciyuae cuna Q nefictByer B HampabJie-
HHH nepememeHus oT O 1o A U COBEpLIAET B CHCTEME MOJOKHTENbHYIO
no 3Haky pa6oty. Korja cuja HauMHaeT JeHCTBOBAaTh B KpaHHeM MOJO-
JKEHHH, CHCTeMa, B KOTOPOH OTCYTCTBYeT JeMndHpOBaHHE, COXpaHSET
3Ty SHEPrHI0, B pe3yJbTaTe Yero MPOUCXOMSAT CBOOOJAHBIE KoJeOaHHS
OTHOCHTEJPHO HayajbHOFrO mHepeMelleHHs1 2Q/k, COOTBETCTBYIOIETO MO-
MEHTY BpEMeHH ;.

PaccmoTpuM} Bropoli creuuanbHelfl cayyai, 3aaB JJIHTENBHOCTD
uMnyabca {, = 1. M3 BelpaxkeHus (k) cjefyer, YTO NPH 3TOM AaAMILIH-
Tyfa A = 0, a nepeMeleHUs] CHCTEMBI BO BPEMEHH HMEIOT BHJ, MOKA3aH-
HHIHT Ha puc. 1.44, 2. B 3TOM cay4ae mocTOsSIHHASL CHJIa COBEPILIAET MOJIO-
}KUTENBbHYIO MO 3HaKy paboTy Ha mepeMemeHHH ot 0 mo A, Kortopasi
PaBHA 10 BeJMYHHE OTPHLATEJNBHOH paboTe HA O6pPaTHOM NepeMellleHHH
or A no 0. ITosTomy mosiHasi copepiaemasi pabora paBHa HYJIO, H CH-
CTeMa ocraeTcsl B IOKOe IOcCJe INpeKpPalleHHa AeHCTBHS CHJBI,
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Puc. 1.45

IIpeanosokuM, 4YTO pPAA CTYNEHYaAThiX (PYHKUUH UYepepyIOUUXCs
3HAKOB, AeHCTBYIOIHUX TaK, KaK II0Ka3aHo Ha puc. 1.45, a, npousBoauT
B pe3yJpTaTe NOCJAeJ0BATEJbHOCTD HMIYJbCOB INPAMOYTOJbHOH (OpPMBI
(puc. 1.45, 6). [1ycTb AIUTENTHHOCTb HHTEDPBAJTA BPEMEHH MEXIY CMEXK-
HBIMH CTYNIeHYaThIMH (YHKUHUSMH paBHa /2. Torja jaeficTBHe uMmyJsbca
6yJeT Bcerja cosnajaTh Mo ¢ase CO CKOPOCTbIO H OH GyJeT coBepliaTh
MOJIOXKHUTEJIbHYI0 PaBoTy Ha KaKAoM HHKJe KoJjebaHHsi. B cooTBeTCTBHH
C NMPHHIHUIIOM HAaJOXKEHHS MOXKHO CJAeJaTb BBIBOJ, YTO aMIJIHTYJa CBO-
GOJHBIX KOJIeOaHHH TOcsIe 7 HMMYJBCOB NPSMOYTONBbHOH ¢opmbl Oyrer

A, = 2nQ,/k. ()

TakuMm ofpasom, NpH KaxkAOM LHKJIe KoJe6aHHH aMmIIHTyla yBe-
anuyuBaercss Ha 2Q,/k, B pesyJjbrare 4Yero CyMMapHoe IIepeMelleHHe
cucTeMbl cTpemuTcs K OeckoneunoctH. Ha puc. 1.45, 6 nokasana KpH-
Basi, JEMOHCTDHPYIOILAs 3TO HApacTaHHe NMepeMelleHHst TOCae HECKOJb-
KHX MepBbIX HUKJOB KoseGanuii. 3 ckasaHHOro MOXKHO CJesaTh BBHIBOJ,
uyTo B J000H mepHod (YHKIHM BO3MYILLAwOmEH CHJbl NIPH COBMNAJEHHUH
JacTOT BO3MYmialomed CHJIbl U cHcTeMbl OYyAyT BO3HHKaTh OGOJblIHE
AMIIUTYIBI BHIHYXKAEHHBIX KoJle0aHHH, €CJH 3Ta Cuja COBepluaeT MpH
KaXKJI0M HHKJE TOJOXUTENbHYI0 pabory. TakuMm o6pasoM, HCIOJb30Ba-
HHe uHTerpasna J{oameas: LSl ONpeJesNeHHs NepPEeMEnleHUsi CUCTEMBI BO
BPEMEeHH TpH JeHCTBHM O0GOOIIEHHOH NepHOAHYECKOH Bo3Mymiarome
CHJIBI TIDEACTABsET cOO0H METOJ, OTJIHUHBIH OT NpHuBefeHHoro B 1. 1.11,
rje JMHAMHYECKHE HATPY3KH GbLIH TIpeicTaBJjeHH B BHAe psijoB Pypsoe.

INpumep 1. Onpexenuth 3aKOH JABHIKEHHSI CHCTeMBl C OXHOH CTemeHbi0 CBOGOABI
6e3 neMnpupoBaHHUA NpH ACHCTBHH BO3pAcTAIOMEHd HO JIHHEHHOMY 3aKOHY CHJbI, Ha3bl-
BaeMoil aunednod ynxyued (puc. 1.46, a). Ckopocts Bo3pacTaHHs QYHKUHH Q B €aH-
HHIly BpeMeHH paBHa O

Pewenue. B panuoM npuMmepe QyuKUHS BOMYINAWMEH CUJBI, BEIPaXKeHHAs yepes
6Q u t’, umeer BHJ

Q= dQt', (M)
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a4 OTHECEHHAdA K €AHNHHLE MAacChl CHJAA

q:—ag—t’. (n)

ITpuMenuTenbHO K AaHHOMY chydaio Bhipaxkenne (1.64) naer
8Q | i
x=—th’ sinp (t— ') dt’.

mp
0

Toraa nocsie MHTErPHPOBAHMS MO YACTHAM MOJYYaEM HCKOMOE pelleHHe
6Q 1
X=w—r—({ ——sinpt). 0
o (1 —sinpt) (0)

M3 nosyuyeHHOro pellleHHsI BHAHO, YTO 3aKOH JABHXKEHHsI B CJyuae Bo3pacTaioliefi Io
JIHHEHHOMY 3aKOHY CHJBI IIpejcTaBJisieT cO60H CyMMY JIHHEHHO BO3pacTaiollero CTaTH-
yeckoro nepemeinetus 6Qf/k n nepeMeinenuii npu cBOGOAHBIX KOIeGaHUAX C AMILIHTYAOM
8Q/kp (puc. 1.46, 6). CKopocTb B NpPOH3BOMBHBLI MOMEHT BpeMeHH ! paBHAa [epBOH
NPOH3BOAHOH BEIPAXeHHS (0) IO BpeMeHH

) ) 25
xz-?Q-(l—coSpt):—k&O—cos :[) ()

Takum 06pasoM, cCKOpPOCTb DaBHA HYJIIO B MOMeHTH BpeMmenu {= 0, T, 27, 37, ...;
B T€ Xe MOMeHTH BpemeHu T = 0, T, 27, 37, ... paBeH HYJIO YroJ HaKJOHa KPHBOM,
ONHCHIBaIOIe 3aBHCHMOCTb IepeMellleHHs] OT BpeMeHH (cM. puc. 1.46, 6). Kpome Toro,
B MoMent Bpemenu T == /2, 3t/2, 51/2, ... ckopocTb Bcerja HMeeT TNOJOXHTEbHOE
3HayYeHHe C MaKCHMyMoM, paBHbiM 20Q/k.

ITpaBas uyacTb BhIpaxkeHHs (m) AJIsI CKOPOCTH COBNajaer no ¢opMe ¢ NpaBOH YacTbIO
BhIpaxkeHHus (1.66) ass nepeMeleHuil Ipy JefiCTBHM HATPY3KH B BHAE CTYeHUATOH QYHK-
HHH. DTO OOBSCHSETCS TeM OOGCTOSITeJILCTBOM, YTO JIHHEHHO Bo3pacraiomas (QYHKIHS
[pONOPUHOHANbHA BPEMEHH, a He fIBJSETcs MOCTOSHHOH BEJHUYHHOHN, He 3aBHCSINEH OT
BpeMeHH. MOXKHO TakxKe OTMETHTb, UTO (HYHKLHS BO3MYINAIOMWEH CHJIBI, H3MEHsIomeHcs
BO BPEMeHH MO NMapaboJHYeCKOMY 3aKOHY, O6YyCJIOBJHBaeT (GYHKLHIO CKOPOCTH, COBNA-
JAOmyIo 1Mo ¢opMe ¢ MmpaBofl yacTblo BHIpaxeHHs (0) AJs NepeMelleHHi, H (QYHKIHIO
YCKOpeHHSI, COBNAJaiomyio mo ¢opMe ¢ npaBoii YacTblO BHIPaXKeHHS (1) AJS CKOPOCTH.

Mpumep 2. BHOBb NONYYHM BBHIpAXEHHS HJA [EDEMElIeHHH NDH BBIHYKIEHHBIX
KoJeGaHHSAX Oe3 JeMI(HPOBAHHA CHCTEMBI C OJHOH CTENEHBIO CBOGOAMI, €CIH BO3MYIIAIO-
mas Cujaa fABJAETCS rapMOHHYecKOl ¢ynkuuefl. DToT cayuail pasbupancs H noApoGHO

. X
Jodr |
K

200t

7109
1

Puc. 1.46
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ofcyxjancg Buie B nn. 1.6 u 1.7. [Ipeanonoxum, uro dyHkIHs BO3Myuiawoulell CHIH

HMeeT BHJ
. 1
Q@ = Quax sin o?’. (p)
Cuay, OTHeCeHHYI0 K eJHHHLe MAcChl, NPEJCTaBHM B BHJE
g = Gmax sin of’, (c)
rae Jmax = Qmax/m.

TMopctasum npexcrasienue (c) B Bepaxenue (1.64). Torpa monyunm
¢
x:gi"p—“—jsin of'sinp (t —t')dt'. (1)
0

Hcnonbayst TpHroHomeTpHyecKyio ¢oOpMyny st NPOH3BEJEHHS] CHHYCOB M BHINOJNHSS
HHTETPHDOBAaHHe, NpPHBeJeM BbipaxKeHHe (T) K BHAY

¢

x= q:;;x j[Cos (0" — pt 4 pt’) — cos (0t + pt—pt')] dt’ =

0
t
= qg“;" 6[ {cos [(© + p) ¢ — pt] — cos [(— p) ¢ + pt]} dt’,

KOTOPLI#f MOXHO HMHTErpHpOBAaTh HENOCPeJCTBEHHO. BBINOJHHB HHTEIpHpOBaHHE, NOcJe
YOPOUIEHHH TOJYYHM
_ Qmax

: ® |

x=— (sm of o Sin pt) T ofp? - (v)
CpaBHHBast 3TO BblpaXkeHue ¢ BrpaxeHueM (1.296) B n. 1.7, BUANM, 4TO OHH COBMNAJAIOT.
IlepBuii COMHOXHTEJb B BHpaXKeHHH (y) NPeACTaBJseT CTaTHYECKOe IepeMelleHHe
CHCTEMBI TIpH JeHCTBHH NMOCTOSHHON HAarpy3kH Qmax; WIeHb, BXOJsL{He BO BTOPOH COMHO~
JKHTE€JIb, OIIHCHIBAIOT YCTAHOBHBILUEECS H HEYCTAHOBHBLIEECS NOBEJEHHE CHCTEMEI; TPeTHH
COMHOXHTEJIb SIBJISeTCH KO3Gb(HUMEHTOM YCHIeHHs P NPH OTCYTCTBHH JeMNdHPOBAHHS.
OTMeTHM, 4TO YCTAHOBHBLIASICS YacTb NEPeMELICHHH CHCTeMbl BO BPEMEHH COJEPIKHTCS
B PEIIEHHSX, TNOJNYUYEHHBIX C NOMOLIbI0 HHTerpasna JlioaMeas, ecJH He NPHHUMAIOTCS BO
BHHMaHHe Haya/JbHbe YCJIOBHS.

Hpumep 3. [das cucreMbl, noKasaHHOH Ha puc. 1.42, a, onpelesuTh 3aKOH JBHXKe-
HHSl TIPH HaQJHYHH JeMNbHPOBAHHS, €CJH COOTBETCTBYIOMas CTyneHYaTass (YHKLHSA
npeicTaBjeHa rpapukoM Ha puc. 1.43,a. =

# Pewerue, B 3TOM cayuae JJ1si HAXOXIEHHS 3aKOHA JABHXXEHHS NIDH HaJHYHH JeMII-
(GHpOBaHHS Haj0 TOACTABHTL CHJY, OTHECEHHYIO K efMHHUe Macchl, ¢; = Q/m B BH-
paxenHe (1.62), orkyxa moayyum

¢
—nt
xqu—j‘e””'sinpn(t—t)dt’. (P)
Pn
0
Boipaxenne () MOXHO NPOHHTErpHPOBATHL IO YACTAM H NPEJCTaBHTh B CJAENYICIIEM BHJE:
X = 1 [l — (cos ot + 2 sin pnt>:' . ‘ (x)
k Pu

[MosyueHHOe pemIeHHe TPeACTAaBAAET COGOH CYMMY CTAaTHYECKOTO mepeMeileHusi Q/k
H TIepeMENeHHsl IPH CBOGOAHHIX KoJeGaHHsX ¢ neMnduposanueM (cM. n. 1.8), y xoto-

PBIX aMILTHTYAa
3
Ae M = ——% e Vl + <__P’:. > , (1)
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a ¢$a3oBHfl yroa
ay= arctg (n/py). (1)
Ecnu npene6peun nemubupoBaHHeM, TO BHpaxeHHe (X) coBmajaert ¢ (1.66), ammintyna A
CTaHOBHTCH paBHOH Q/k, $ha3oBbIli yroa o, o6pamaercs B HYJb.
Mpumep 4. ITonyunTs BEIpaXEHHE VIS KPHBOH Ha pHc. 1.45, 6, onachBamomed

NOBeJICHHE CHCTEMB! IIPH OTCYTCTBHH JeMNGHPOBAHHS IJs HHTEpBala BpeMeHH 51/2 <
< f < 3.

Pewerue. Oynkuus Bo3MymaoIes CHIBl SBJSETCS NEPHOAHUECKON H HMEET TOT JKe
IePHOL, 4TO H caMa cHcTeMa. Bynem paccMaTpuBath BpeMeHHOH HHTepBaa KaK MePHOJ
C—Dr<<t<<it, rnei=1,2,3, ..., n. Obuiee Bblpa)k€HHE, OMNHCHIBAIOIEE IOBe-
JeHHe CHCTEMBl Ha NepPBOH NOJOBHHE {-TO IePHOJA, MOXHO 3aMHCaTh C ITOMOLIBIO BhIpa-
xeHua (1.66) (cm. puc. 1.45, @), yro naer

n—l1

x”l:%2{l~cosp[t——(i—I)T]}—%Z{I—COSp {t—(2i—l)—;—-]}.

=1 i=1

()

AHaJIOTHUHO MOXKHO 3amlHCcaTh 3aKOH JABH2KCHHA A4 BTOpOfI IIOJIOBHHBI 71-T'0 NE€pHOJAA

1

2{1—cosp[t—(i—l)1:]—l—l—cosp {t—(2i—l)—;—]}_—_

i=l

. _0

1
g k

- %’ Z {cos [pt -— (2i — 1) #] — cos [pt —2 (i — 1) n]}.
i=l

Hcenonesys TpuroHomMeTpuueckue (GopMyabl A5 KOCHHYCOB Da3HOCTH JABYX YIVIOB, IO-
JYYHM

n
Xy, = %Z {cos pt cos (2{ — 1) m - sin pt sin (2{ — 1) m —
i=l
—cosptcos2 ({ — 1) —sinptsin2 (i -~ 1) m}.
YunTeiBasi, YyTo 3Havenrd sin (20 — 1) 7 u sin 2 ({ — 1) 7 Bcerga paBHbI HYJIO, 3aMHIIEM
n
Xy, = —-le— Z {cos pt [cos (2{ — 1) m —cos 2 ({ — 1) =]}
i=1
ITpeoGpasoBanus, aHaJOTHYHBIE HCIOJBL30BAHHLIM BBILE, [PHBOAST
OKOHYATEJNbHO K CJEAYIOUIEMY BbIpaXKEHHIO:

2n
X, =— le cos pt. ()

Bpemennoii orpesok 51/2 < ¢ < 3T COOTBETCTBYET BTOPOIi MOJOBHHE TPETHETO nepuoja;
B pe3yJbTaTe AJs n = 3 H3 BbIpaxKeHHs (11) HMeeM

Xy, =— 621

cos pf. . (3

3AJAYH
1.12.1. Onpegennth 3aKOH IBHXXEHHS CHCTEMBl C OJHOH CTENEHbIO CBOGOLEI NPH
OTCYTCTBHU J€MIGHPOBAHKSA, €C/AH (PYHKIHS BOMYLIAIOUEH CHIIbl HMEET BHJ, NPHBENEH~
HBH Ha puc. A.l1.12.1,
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Omegem:

x:T(l—cospt), oIty

le [cos p (t — ty) — cos pt] — —= QZ [1—cosp(t—H)], H<t<ly;

X = Ql —— [cos p ( — ;) — cos pt] — —— 2 [cosp(t—1tg) —cosp(t—t)], ¢ >t,.

1.12.2. OnpejpeluTb 3aKOH JBHXKEHHS CHCTEMbl C ONHOH CTeneHbio CBOGOAB NPH
OTCYTCTBHM JieMI(PHPOBaHHA, eClH (PYHKUUA BO3MYLAIOUEH CHJAbLI HMEET BU/, NMPHBEAEH-
HbId Ha puc. A.1.12.2,

Omsem:
O t sinpt> .
5= <1 cospt — ——+ 2P0 ) 0t <t
x:-———Q1 [—cospt-}— Sinpt — sinp (1 — t) }, >t
k Ptl
q
q
&
a4y
t i,
0 z
ki - 0 ty t
Puc. A.1.12.1 Puc. A.1.12.2

1.12.3. Onpenenuth 3aKOH ABHXKEHHS CHCTEMbl C OJHOH CTeNeHbio CBOGOABI NpH
OTCYTCTBHM JAeMN(HPOBaHHA, eCcJH (YHKUHS BO3MYILAIOWeH CHAbl HMeeT BHA, NOKa3aH-
HbIH Ha puc. A.1.12

Omeem:
x:—i—l-(l-cospt), 0<i<iy;
O [ t— 1 sinp (t —t;) .
X=— 1 — cos pt — — o —Th) }, <t <ty

sinp(t — ;) —sinp (¢t —t,)
p(ta— 1)

x:T[—cospt+ }, t > t,.

1.12.4. OnpepesuTb 3aKOH ABHIKEHHS CHCTEMBI C OAHOH CTeNeHbi0 CBOGOABI NpPH
OTCYTCTBHH JeMN(HPOBaHHA, €CAH (DYHKUMSA BO3Mymlalowell CHJbl HMeeT BHJ, NpHBE-
JMeHHBI Ha puc. A.1.12.4.

x—:_——Ql <_t___smpt> s OIS

& t pti
Q { t sin pt ty (1 — 1) tysinp (t —ty) }
o o _ L <t < by
& h ph i (t,— 1) + pty (t2 — 1) ST
Q [ sin pt tysinp (t—ty) sinp (t —t,) }
X — . It
2 e T TG p—T) :
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4

0 t, t, t 0 . t, t
Puc. A.1.12.3 Puc. A.1.12.4

1-12.5. OnpejesuTs 3aKOH ABHXKEHHS] CHCTEMBI C OJHOH CTEMNeHbIo ;CBOGOAK IMpH
OTCYTCTBHH JAeMN(HpoBaHHs, ecau QyHKuus Bo3mywatomed cuasl (puc. A.1.12.5) uame-
HSIETCST IO MapaGoJuueckoMy 3akoHy Buma Q = Q, (1 — #/83).

Omesem:

Q 2 12
x:—k—1 [(l‘i'th{)(l‘COSpt)——[%—] , 0TIty

Ql{ 2 2 . )
x=—=—{———[cos p ({ — t;) — cOS pt] — ——sinp ({t —¢;) —cospt}, t> 1.
7 P“ti[ p( 1) pt] oL p( 1) Pi > 1

1.12.6. OnpefieNNTh 3aKOH JBHUXKEHHST CHCTEMbl C OJHOH CTemneHblo CBOGOABI MPH
OTCYTCTBHH JeMN(MUPOBAHHS, €CH (YHKUHsA BosMyuatoumell cuantl (puc. A.1.12.6) nsme-
HAETCA MO MapaGoHuecKoMy 3akoHy Buia Q = Qy (¢ — #,)/#.

Omeem:
Q1 2 > 2t 12 2 sin pt
=l ——=) (11— —t =t SISt
= (1) 0 —eospn— o =B | 0<e<n
& 2 2 sin pt
x=—7 R [cos pt cosp(t—tl)]—cospt—i——E— , t>t.
07 Bepuuna Koo
4 a
Bepwuna
Puc. A.1.12.5 Puc. A.1.12.6

1.12.7.70npene/iuTh 3aKOH IBHXKEHHS CHCTEMBI C OJIHOH CTeNeHbio cBOGOABI NPU
OTCYTCTBHH JeMNHPOBaHHs, €CJH BO3MYIIAIOWIAS CHJIA ONHMChIBAETCS TPHTOHOMETPH-
yeckoil Qgynknueli Q = Qq sin [m#/(2¢,)], mokasanHo#t Ha puc. A.1.12.7.

Omeem:

o ( 0 ) B ,
X=— sin wf Tsmpt B, m‘2—t1-, 0ty

_ (;1 [cosp(t—tl)——%)—sin pt] B, t>t.

®

1.12.8. OnpenenuTh 3aKOH JABHXKEHHR CHCTEMBl C OJAHOH CTENEHbIO CBOGOJBI IIPH
OTCYTCTBHH [I€MI(GUPOBAaHHA, €CJH BO3MYINAIOWAS CHJA OfHCHIBA€TCH TPHTOHOMETPH-
yeckol (yHKLHeH, moxasaHHOH Ha puc. A.1.12.8.
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Omeem:

% — Cil [t — cos pt — (cos @t — cos pt) B],
kL

x:%—{cosp(f—tl)——cospt—l— Iicospt—l—%sinp(t—»tﬂ] B, t>i.

Hoow Bepuiuna a
- — of-————————
Bepwuna
0 ¢ t 0 t t
Puc. A.1.12.7 Puc. A.1.12.8

1.12.9. Insa cHcTeMBl ¢ OfHOH cTenenbio cBoGoibi (cM. puc. 1.42, a) onpeneaunts
3aKOH JBHIKEHHs NPH OTCYTCTBHH JAeMn(HPOBAHMA M JAEHCTBHH BO3MYIIAIOUIEH CHJbI
B BUAE JuHeHHOo Bo3pacTawoumefl gpyunxuun (cm. puc. 1.46, a).

Omgem:

on 2,2
2n _pi—n

xz_& [t_z’_;__l_e—"t ( e cos pat £ sin pnt> ] .
p P Pn

1.13. MPOH3BOJIbHOE NEPEMEWEHHWE OIOPbI

B psje mpakTHYecKMX 3ajay IOBeAeHHe KoJeG/IoLeiics CHCTEMBI
06yCJIOBJIEHO HEe HENOCPEeJACTBEHHBIM JeHACTBHEM BO3MYLLAIOUIEH CHJIBI,
a nepemeleHneM onopbl. BoiHyxkJeHHble KoJeGaHHS, BbI3bIBAEMbIE H3-
MEHSIOMHMUCS 110 FaPMOHHYECKOMY 3aKOHY INepeMelleHUsMH H yCKope-
HHSIMH ONOPHI MPH OTCYTCTBHU JAeMI(HPOBAHHA H NPH HATHYUH BA3KOTO
CONPOTHBJIEHHS, 06CYXAaNiCh COOTBETCTBeHHO B 1. 1.6 u 1.9. B nannom
naparpadge 6yAyT paccMaTPUBAThCSA clyyaH, Ije 3a]aHHble NepeMelleH s
ONOPHLl  ABMAIOTCH TPOH3BOJbHBIMH (DYHKLUHUSMH BDEMEHH.

PaccMOTpHM CHCTEMY C OJHOI CTerneHblo CBOGOABL ¢ AeMI(HpOBaHHEM
(puc. 1.47, a) U DPEANONONKUM, YTO INEepeMelleHHe OIOPHl Xop ABJAETCA
3ajlaHHO# aHanuTHYecKoH (yHKuueHd BpemMeHH. Torja ypaBHeHHe JBH-
JKEeHHSl NPHHUMAaeT BHJ

mi=—c(x — %on) — k(X — Xgp), (a)
yTO 1ocje npeoOGpasoBaHHs JAaeT
mx 4 cx -+ kx = kxoy -+ cXoy. 6)

Ecau BblpameHHe JJ151 MepeMelleH s Xy, Aonyckaer auddepeHunpoBaHue
110 BpeMeHH, B NMpaBo# yacTH ypaBHeHHs (6) 6yleM HMeTb JBe aHAJHTH-
yeckue ¢yukuuu. IlepBas M3 HMX 3KBHBaJeHTHA BO3MYyLIalOLleH CHIE,
paBHOH kx,, H NPHIOMKEHHOH HENOCPEJICTBEHHO K Macce, BTopas aHa-
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‘l/ N
g=fit')
K
FAMAANA =F(t!
___I}_ .
4 o) [o] 0
Zs /
t at’ t
¥_X) t

a) 6)
Puc. 1.47

JOTHYHA CHJE CX.,. PasjenuB obe dactu ypasHeHHs (6) Ha maccy m,
HOJY4HM

£ 4 2nX 4 p* = Gon = Gom + Gomz, (1.68)

Gom = p*Xon=p*F (') = (') ()

SIBJISIETCST OTHECEHHOH K eJHHHUILIEe MAacChl SKBUBAJEHTHOH CHJIOH, O0YCJIOB-
JEHHOH TmepeMelleHHeM Xg, OMOPHI;

rae

2n .
Gonz = F Gour- (I‘)

Tak ke, KaK B cayuae (yHKUHH, ONMUCHIBAIOUHX BO3MYLLAIOLIME CHJbI,
npeanosaraeM, 4To TepeMellleHHe X,; H COOTBETCTBYHIAs eMy CHJa
Jomp ABASIOTCS GYHKLUHAMH (UKTHBHOTO Bpemenu (' (puc. 1.47, 6).

C yueToM CKa3aHHOTO JajibHeMHIlee pacCMOTpPeHHe IIPOBOAMTCS aHa-
JIOTHYHO TOMY, KaK 3To Jesanoch sl GYHKLHH, ONHCHIBAOLIEH BO3MY -
waomue cujnl. OQHAKO B 3TOM cjyyae NMpHUpalleHHe HMIYJbCa COCTOUT
u3 ABYX uacTefl M BbIpa)KeHHe ANA NPHPALIEHHS] CKOPOCTH B MOMEHT
BpeMeHH HMeeT BHJ

dx == (qoul - Jonz) dt’, (Il)

e mepBoe CjaraemMoe MpeacTaBiaseT cofo# 3amTPUXOBaHHYO 001acCTh
na puc. 1.47, 6. B npou3BOJIbHBLIE MOMEHT BpPeMeHH [ NpHpalleHHe
nepeMelieHHs

o1 . N
dx = e~ nli—t") _p; (qonl + qonz) sin pn (t —t ) at'. (e)

B CHJIy TOTO, UTO Il€peMeleHHe OINOoPbl OKA3bIBAET HENPEPLIBHOE BJIUA -
HHE, CyMMapHO€ MepeMelleHne MacChl NPHHHMAET BHA

t

e t

r= = 56’“" (Gont - Goma) sinpa ¢ — ) dt’,  (1.69)
0
YTO SABJSETCS 60.Hee MNOJIHBIM Bpra)KeHHeM A5 HHTeraJIa IlloaMeJIﬂ,

YeM NpHUBOJMBIUEECS paHee BbIpaXKeHHe (1.62) B n. 1.12.
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Ecan He yuuteiBaTh AeMIpHpPOBaHHsA, NOJAyuYuM n = 0 U p, = p,
u Toraa BelpaxeHue (1.69) ynpoiaercs no
¢ t
x:—l—jqomsinp(t —t)dt' =p [ xousinp(t — 1)t (1.70)
P 0 0
31ech nepBoe BHIpAXKEHHe CoBnajaer 1o ¢opMe ¢ BhipaxkeHneM (1.64)
U3 m. 1.12.
PaccmoTpuM fasee caydail 3alaHHOTO YCKOpeHUs %o, onopel. Tak xe,
Kak 3T0 GBLJIO CAesaHo B m. 1.6 NpU paccMOTpPeHHH BBHIHYIKIEHHBIX KOJe-
OaHuil, BOCIO/JIb3YeMCs CJEAYIOUIHM npeoOpa3oBaHHEM KOOpAHHAT:

X=X — Xom; X=X —Xony ¥'=3%— Fon, (}K)

rae uepes x* o6o3HAYeHO NepeMelleHHe Macchl OTHOCHTEJIBHO OIOPHI.
INoacraBnsia BelpameHus (XK) AJass X—Xoq, ¥ — Xon U £ B ypaBHeHHe (),
nocjae npeo6pasoBaHHs MNOJYYUM

mi* -+ cx* | kx* = — m&q. (3)

Crosimiuii B nmpaBof 4acTH 4YJeH 3TOTO YPaBHEHHs 3SKBHBAJIEHTEH
BO3MYyLIAIOEH cHle — Moy, AeHCTBYIOLIEH HeMOCpeACTBEHHO HA Maccy.
Ecnn ypaBHenue (3) pasieiuTb Ha m, HalifieM

B onE 4 ket = g, (1.71)
rjae
q;n = - 2011 = _f(t’) (H)

ABJsIeTCA (PYHKUMeH, OIMCHIBAOILEH B OTHOCHTEJNbHBIX KOOpJHHATaX
BO3MYLIAIOULYI0 CHJY, OOYCJOBJEHHYIO YCKOPEHHEM OIOpHI.
Ypapuenne (1.71) ananoruyno (1.61) u3 m. 1.12. Orciofa MOXKHO
clieJaTh BLIBOJI, UTO JHHAMHYECKOE NOBEJEHHE CUCTEMBI B OTHOCHTEJbHBIX
KOODJAMHATAX COBIajaeT 1o ¢(opMme C PacCMOTPEHHBIMH B NpPeJBIAYLINX
cayyasx. B nanHoM ciyvae unrterpan Jlijoamesst Ajs nepeMelleHHs] OT-
HOCHTEJIBHO ONOpbl NpPH HaJIHYHH JeMIQHPOBAHHSI HMEET BHL

t
. —ni - Ny
x :—%——Se”f Gonsinp, (¢ —¢)dt. (1.72)
g
0

Ecan gemneupoBanne orcyrcrByer, pemenne (1.72) npunumaer
fosiee poCTOH BHJ,
t
[ gasinp (¢ — 1yt (1.73)

0

Jo6aBuM, yto aGcoioTHOE AHHAMHYECKOE MepeMeleHHe CHCTEMbl MOXKHO
ONpeAeJUTL B TOM cJyudae, eCJH 3aJaHbl HadaJbHBIE yCJ0OBHSAA OTHOCH-
TEJIBHO TIIepeMelleHHusT H CKOpPOCTH OIIOPHI.

Mlpumep 1. TIpeanosoxum, uto omopa (cM. puc. 1.47, 4) BHE3aNHO CABMHYJACh
BIIPAaBO B COOTBETCTBHH CO CTYIeHYaTOA (YHKUHeR, nokasanHo# Ha puc. 1.48. Ompe-

JEJHTE 3aKOH IOBEJEHHS CHCTEMEI B YCJIOBHAX OTCYTCTBHA JIEMHCI)HPOBHHHS npy BHE3am-
HOM CMEIIECHHUH OIOpHI.
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Koen Aoew

a - |6d

0 t’ t D tl t
Puc. 1.48 Puc. 1.49

Pewenue. B 3TOM ciiyuae H3 BbipaxeHHd (B) HMeeM o= p’d = const, u Torpa
pemterne (1.70) ansg caydas OTCYTCTBHS JAeMNbHPOBAHHS NPHHHMAaeT BHJ

¢
x:pdJ.sinp(t~t’)dt'::d(l—cospt), (x)
0

KOTOpHIA coBmajiaer ¢ BhipaxeHneM (1.66), 3a HCKJIIOYEHHEM TOTO, YTO MHOXHTEJb Qi/k
3ameHeH noctosiHHOH d. TakuM 06pa3oM, BHJHM, 4TO JBHXEHHE HpPEJCTaBJAET COOOH
cBOGOAHBIE KOJEGAHUSA C aMIUIHTYAOH d, HaJlOXKEHHblEe HAa CTaTHYeCKOe NepeMenleHHe TOH
JKe BeJIHYHHBI,

Mpuamep 2. B kauectBe H/UTIOCTPauMH Hemosab3oBaHHusi pemenus (1.69) paccmoTpum
nepeMelieHHe OMOpPH B BHJE JHHeHHO Bospactaioweil ¢ynkuun (puc. 1.49). Yroa na-
KJIOHa NpsAMOfi JIHHHH HAa PHCYHKe paBeH oTHoueHHio 0d K efuHune BpeMenu. TpeGyercs
NOMYYHTh BbIpayKeHHe /IS 0GYCJIOBJEHHOTO IMEePEeMEelIeHHEM ONMOpPhbl JIBHIKEHHS CHCTEMBI
¢ pemndupoBanueM (cM. puc. 1.47, a).

Pewenue. TlepeMemenue onopsl, BolpaxenHoe uepes ¢ u &d:

Xon — t,sd, (Jl)
1n03TOMy GYHKUMS (opy, ONMUCHIBAIOLIAs BO3MYILAIOHIYIO CHJIY B BbIPakeHHH (B), mpH-
HHMaeT BHJ

Gom = p'dd. (M)

BTOpy10 uacTh 3KBHBAJIEHTHOH CHJIbI, OTHECEHHOH K €/lHHHLE MacChl, Npe/CTaBJIsieM
BhIpaxKeHHeM (T):
Goug = 2n6d. (n)
[MoscraBasasa BbipaxXeHHs (M) W (H) AJA Gogy H gome B peiuenue (1.69), monyuaem
t
—nt
x:xl-i—xz:—.(w—;—j‘e"t’(p%‘ +2n)sinp(t —¢)dt’. (0)
Ty
TTocsie HHTErPHPOBaHUS TEPBasi YacTh PeEIICHHs NPHHHMAeT BHJ
8d o —nt I 1o oy
x| :—p?{pt—2n-|-e |:2ncospnt+p—i(n —pn) sin pntJ}, (m)
a J1g BTOPOH 4YacTH HMeeM
%, = 2nbd [1 _ ot (cos pat + pi sin pnt>:| . (p)
i

TTosnyueHHoe BbipaxKeHHe JJs NMEepPBOH YacTH PeIleHHs XapaKTepH3yeT HNOBeJCHHE,
aHaJOTHYHOE IOKa3aHHOMY Ha pHc. 1.46, 6, HO TOJBKO B 3TOM CJy4ae KoJeGaHHS mocTe-
IIeHHO 3aTyXxaroT. Ecau npeHe6peun feMnpHpoBaHUEM, TO BhipaxeHHe (1) CBOAHTCA K (0)
u3 n. 1.12, korna Bmecro 8d Gepem 8Q/k, Kpome Toro, Brpaxenue (p) AJst BTOpoH
YacTH pemeHHsi coBmajgaer ¢ (x) s n, 1,12, ecau 2n8d samenuts Ha Q,/k.

Npumep 3. [Ipeamonoxum, uTo HA puc. 1 .49 HaKJIOHHAS NMpSAMasl ONMHCHIBAET HE mepe-
MEILIeHHE ONOPHI, a ee YCKOpPeHHE %o H UTO YToJ HAKJIOHA MPAMOHl paBeH oTHOWEHHIO Oa
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K eénuinue Bpemenn. [1ycTh H3BECTHO, YTO B MOMEHT BpeMeHU
¢t = 0 3anaHbl HavyaJbHLIE YCJIOBHS OTHOCHTEJNBHO NIEpeMelle-
HHA X ONOPEL H €€ CKOPOCTH Xo. /L1 cHCTeMHI ¢ ofHO# cTe-
IeHbI0 CBOGO/bI 63 eMN(pHPOBAHHS ONPEAEJHTb O6YCJIOB-
JIEHHBIH JIBHKEHHEM ONOPbl 3aKOH aGCOJIIOTHOTO NepeMele-
HHSI B MOMEHT BpeMeHH f.

Pewenue. B sToM ciiyuae QYHKUMS, ONHCHIBAIOLIAS BO3-
MYILAIOIYIO CHJY, COIVIACHO BbIDAXKEHHIO (H) HMEET BHJ,

Goy = —t'8a. (c)
~ [oacrasnsas sTo BhIpaxenue B pemenxe (1.73), monyunm
t
8
K= — p" jt"sinp(t—t’)dt’. ()
0

Hurterpupysa BoipaxeHue (T), HaHleM nmepeMelieHHe B OTHO-
¢ CHTEJbHBIX KOOPJAHHATAX IIPH OTCYTCTBHM AeMIHPOBAHHS

I — da 1
* e (f— —si
W - x* = 5 (t 3 sin pt> , (y)

L a TakxkKe CKOPOCTh JBHIKEHHS
Puc. 1.50 o = ba
= i

IlonHoe pewenHe mpejCTaBIsieT CYMMY TeDEMCIIEHHSI ONMOPHl H OTHOCHTENLHOrO

nepeMereHHss. TakuM o6pa3oM, Y4YHTHIBas BbIPaXKeHHe (3X) H HauaJbHHE YCJIOBHSA,
HakjJeM a6COJIOTHYIO CKOPOCTb JBHKEHHS

(1 — cos pt). )

1
= ’Eon -+ X = x.ono -+ j ':"on dt,‘i—;‘* =
0

. £2 l
= Xgmo ~+ Oa [-—z-m——z(l—-cospt):' (x)
p
H a6CoJIIOTHOE NepeMelleHHe

¢
X = Xon + x* =xono+x.onot + jx.on dt' 4 x* =
4]

. 3 1 1
= Xono + Xome! + Oa [-%——'——Z—<t——sin pt>:'. (w)
p p

Ilpumep 4. JlugproBass kaGuHa Becom W Ge3a aemndepa (puc. 1.50) monseiieHa Ha
THOKOM Tpoce C IJIOIa/bio nonepeyHoro ceueHust A u MoxyJaeM ynpyrocta E. Ka6una
ONyCKaeTcs1 BHH3 C IOCTOSSHHOM CKOPOCTBIO U, KOFAa B Jie6ejKe BKJIOUaeTcs TOPMO3,
YTO BBI3bIBAET 'YIJIOBOE YCKOPEHHE, paBHoe a/r, IJe r — pajuycC MOAbeMHOro GapaGaHna.
Ilpy 3TOM YCJIOBHH TpOC NepecTaHeT PaCKPYYHBATbCSI 4Yepe3 NPOMEXKYTOK BpPEMEHH,
paBHbI vy/a, cuMTas OT MOMeHTa BpeMeHu { = 0, korja Obl1 BKJIOueH TopMo3. Haiitu
nepemelleHHe x KaOuHbl 3a uHTepBan BpeMenH 0 <C ¢ < vy/a, mosarasi, uTO B MOMEHT
BpeMeHH { = (0 AJHHAa cBOGOJHO BHCSILIEIO TPOca PaBHA [ H OHA He MeHsIeTCS IPH TOp-
MOXKEHHH.

Pewenue. auupii npumep npejactasnaser co6oli cayuyal, KOrja 3aJlaHo HOCTOSIHHOE
(paBHOe —a) yckopeHue omopbl. Torja COIMIACHO BbipaxkeHHIO (1.73) mpu OTCYTCTBHH
AeMnpHpOBaHUS MepeMemeHHe KaGHHBI B OTHOCHTENBHBIX KOOPJHHATaX HMeeT BHA

!
x*:—%—jsinp(t—t')df':—’%(1‘*(305!’1)» (1)
0
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Kax u B npepiAylileM NPHMEpPE, 3TO NEePEMelleRHe B OTHOCHTENBHBIX KOOP/[HHATAX MOXHO
CJOKHTL C IepeMellleHHeM BePXHero KOHLA Tpoca H TeM CaMbiM MOJYYUTb BbipaxKeHHe
JJisl CYMMAapHOU DeakluH
12 1
x:xon—l—x*zvot—a[—2—-—-’7—2(1—cospt) . ()
PasyMeercsi, neACTBHTeJIbHBIE KOHCTPYKUHH JH(PTOB TAKOBBI, YTO TOPMO3HEIE yCTPOH-
CTBa BKJIKOUAwTCH GoJiee IJIABHO, a Ji06asg CKIOHHOCTb K KoJieGaHHSIM NOAABJSIETCA COOT-
BETCTBYIOUMMH aMOPTH3aTOpaMH.

3AJAYH

1.13.1. OnpenenuTh 3aKOH JBHXKEHHS CHCTEMBI C OHOH CTeneHblo cBOGOALI 6e3
AeMNpUPOBaHHSA, €C/IM epeMellieHIe ONIOPLl 3alaHo B BHJIE, T0OKa3aHHOM Ha puc. A.1.13.1

Omesem:
t sin pt
= —_— <iL<!;
* d<f1 pt1>’0\\1
x:d[ sinp (¢ — 1) — sinpt —|—cosp(t—t1)}, t> 1.
pt

1.13.2. OnpepenuTh 3aKOH ABHIKEHHSI CHCTEMBI C OJHON CTeneHblo cBo6OAbl U 6e3
JeMndupOBaHUs, €CJM YCKOPEHHe Orophbl 3aaHo B BHJE, MOKa3aHHOM Ha puc. A.1.13.2,

Ormegem:
N AN
e p? t ph » ISish
sinp(t—t1)~sinpt> Py
Pl , > 1.
Koo
g S ——
|
I
|
|
|
0 t, t 0 t, t
Puc. A.1.13.1 Puc. A.1.13.2

1.13.3. OnpepenuTb 3aKOH ABHXKEHHS CHCTEMBI C OJHOH CTENeHbIo cBOGOALI H 6e3
JleMnpUpoBaHus, €cIH MepeMelleHHe Onopbl 3aJaHO B BHAE, MOKa3aHHOM Ha

puc. A.1.13.3.
Omeem: .
x=di (1 —cospt) — (dy +d) (- — BLL)  o<r<ty
41 pty
— dy4-dy | . .
x‘—dlcospt~d2cosp(t—t1)——pt———-[smp(t—tl)—smpt], t>1t.
1

1.13.4. Onpeenuth 3aKOH ABHMKEHHS CHCTEMBI C OJHOH CTENEHbIO CBOGOALI M 6e3
leMndupoBaHHs, €CJH YCKOpeHHe ONOphl 3ajaHO B BHJE, NOKa3aHHOM Ha

puc. A.1.13.4.
Omeem:
. a; a—aq ¢ sin pt¢ .
x*:_——ﬁ-(l——cospt)——z?—-—~—<T~T>, 0y
= — Z; [cos p (t — #1) — cos pt] —
a,—a sin p (¢ — ¢;) — sin p¢
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XBI:H

d

-,
Puc. A.1.13.3 Puc. A.1.13.4
1.13.5. OnpesieJiuTb 3aKOH JBUIKEHHSI CHCTEMBI C OJHOH cTenmeHblo cBoGoAbl 6es

JleMndHpOBaHHsl, €C/IM I€PEMellenre OMOPhl 3ajlaeTcst, KaK MmokasaHno Ha puc. A.1.13.5,
B BHje napaGonnyeckoll GYHKIHH BHJA

Ko =d[l—(—t;)*/1]].

Omeem:
2 . 2t 2
x:d[——Z—T(l—cospt—ptlsmpt)—l——————_,— , 0y,
P2t} 51 31
(2 - \
x:dtp‘-’tf [cos p (t — 1) — cos pt — pt; sin pt]—l—cosp(t—tl),‘,», >t
1

1.13.6. OnpegenuTs pEaKLHIO CHCTEMBI C OJHOH CTemeHblo cBOGOJAbI 6e3 JeMnpHu-
pOBaHHsl, €c/iM YCKOPEHHE ONOpHI 3ajiaercs,: Kak mokasaHo Ha puc. A.1.13.6, B BHIe
napa6onnueckoil QPyHKUHH BHAA £on = ai’/t}.

Omeem:
2
x* _—_._—%- [-;—,-—-bi—,(l —cospt)] , 0TIy
1 T
£t e Tcos pt — cos p (1 — 1)ty sin p (E— )]
i
-l-COSp(t——il)}, t}«il.
Hoon 5(,’/](11'.-’1‘!’0 chn
d——————— — a
0 t, t o ty t

Puc. A.1.13.5 Puc. A.1.13.6

1.13.7. OnpepenuTs 3aKOH IBHIKEHHS CHCTEMbl C OJHOH CTelneHbl0 cBoGOIbI Ge3
JleMnHpOBaHUsI, ec/id MepeMeleHse ONOpH 3alaeTcsi, Kak NMoxasaHo Ha puc. A.1.13.7,
B BHIE TPHTOHOMETPHUECKOH DYHKUHH Xon= d cOs 1t/2f;.

Omesem:

x = d (cos of — cos pt) B, 0 = n/2¢, 0 <t < 4y

x = —d [cos pt 4 (0/p)sinp (t — t)1B, { > 4.
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1.13.8. Onpenenuth 3aKOH ABHXEHHS CHCTEMbl C OJHOH cTemeHnio CBOGOAHI Ges
neMndupoOBaHHS, €CNH YCKOPEHHe ONOphl 3ajaercsi, KakK MOKasaHo Ha puc. A.1.13.8,
B BHJE TPHIOHOMETPUYECKOH DYHKUHH Fop= a [l — sin (wt/24;)].

wmr Omsem:

= — e [1—cospt — (sinat — 2 sin pt) . :
x o7 cos pt sinw P sinpt )Bp|, o= TR 0K
* a 1) .
x == cos p (¢ — t;) — cos pt — cosp(t—«tl)——p—smpt Bes >t
X . .
oc{; Bepwura Ficn

a

Bepwuna
0 t t
0 t t
Puc. A.1.13.7 Puc. A.1.13.8

1.13.9. Ucnonb3ya pelueHHe, TIOJNyueHHOe B NpuMepe 4, AJas [OKa3aHHOH Ha
puc. 1.50 cucremsl 6e3 nemndupoBaHHs, OMPEAENHTb aMIVIHTYAY CBOGOAHBIX KoJeGaHuH,
KoTophre Gyner coBepmiath Ka6uHa JHdTa MOC/€ 3aTOPMaKHBaHUS INOABEMHOIO MeXa-

HHU3Ma,
A* = l/-fa Vl—cos Po |
P a

Omgem:
1.14, YACTOTHAS XAPAKTEPHUCTHUKA

HmnynbcHble Bo3gelcTBHSA, paccmorpenHble B mm. 1.12 u 1.13, BbI-
3pIBa/MIM  KoJiebaTe/bHble [BUXKEHUsI YNPYTHX CHCTEM; MaKCHMaJbHble
3HAYEHHsT BO3HUKAIOIUX NPH 3TOM NepeMellleHHH MOTJIH ObITh HUJIH MeHb-
UIHMH, HJIH PaBHBIMH, HJH 6OJBIINMH, YEM COOTBETCTBYIOULIHE MEpeMelle-
HHsI TIPM CTAaTHYECKOM HarpyzKeHHdH. B ofuiem ciayyae MakCHMalbHOE
3HayeHHe JAUHAMHYECKOTO IlepeMellileHHsl 3aBHCHT OT XapaKTePHCTHK
cHCTeMbl H OT TPHUPOAbl HATPY3KH. [/ cHCTeMbl ¢ ONHOH CTENeHbIO
cBoGoab 6e3 neMnupoBaHHsi NepHOA (HJH 4acToTa) COGCTBEHHBIX KO-
JeGaHuil ABJAseTCs XapaKTepHUCTHKOH, KoTopas onpejesseT XapakTep
MIOBEJEHUsT CHCTeMBI NpH JeHCTBHH 3aJaHHOH BO3MyLiaolleHd CHJBIL.
Kpome Toro, ¢opMa H IJUTEIbHOCTb HMITYJbCa BO3MYLIAIOMWEH CHJIBI
camH 1o ce6e 0OKa3blBAIOT Ba*KHOE BIAHAHHE HA XapaKTEPUCTHKH CHCTEMBI.
I'paduky 3aBHCUMOCTH MAaKCHMAaJbHbIX 3HAYEHHH NepeMelieHHH OT He-
KOTOPBIX T1apaMeTpoB CHCTeMbl WK (YHKIMHM Bo3Myliatolle#dl CHJbl Ha-
3bIBAlOTCA #acmomuoli xapakmepucmuxoti. Takue 3aBHCHUMOCTH Tpe-
CTaBJSIIOT HHTepec LA KOHCTPYKTOPOB, MHOCKOJBKY OHH MO3BOJSAIOT
npefcKasaTh OTHOLIEHHE MAaKCHMAJbHOTO 3HAyeHHsl AMHAMHUYECKOTo Ha-
npsizKeHusl, BO3HUKAWIIEr0 B KOHCTPYKIUH, K COOTBETCTBYIOLIEMY CTa-
THYECKOMY HamnpsikeHHio. [IpeacTaBisieT UHTepec TaKXKe H BpeMs, KOTAa
BO3HHKAaeT MaKCHMajlbHOe 3HayeHHe JHHAMHYECKOTO INepeMelieHHsi CH-
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q X
ol T,,’ B t=2t/10
I t,=t/18
7
| |
i t, ¢ O T 2t t
a) s
Z
-1
G)
Puc. 1.51

CTeMBI, NO3TOMy B JAaHHOM maparpade O6yAyT oO6CyKAaThCs Kak 3Ta
33aBHCHMOCTh, TaK H YacTOTHAsl XapaKTepUCTHKA.

PaccMoTpuM HMIyJbC NPAMOYToJibHOH (oOpMbl, TOKAa3aHHBIH Ha
puc. 1.51, a u yxe nojgpo6Ho obcyxieHHbd B 0. 1.12. B nanHOM mapa-
rpade NOJ0XKHM, YTO HMIYJbC NPSMOYTONbHOH GOPMBI AJIHTENBHOCTHIO
f, = 1/2 TakoB, 4YTO croco06eH BbI3BaThb MAaKCHMaJbHOE 3HAUeHHE Mepe-
MeIleHHs Xy = 2Q/k. D10 MaKCHManbHOE 3HAYEHHE DABHO TOMY, 4TO
UMeeT MeCTO IPH BHE3alHOM NPHJIOXKEHHH CHJbl @, GeCKOHEeUHOH AJMH-
TeJbHOCTH (B BHJe cTyneHYaTtod dyHkuuH). Takum o6pasoM, HMIYJbCY
NpAMOYTroJbHOH GOPMBI, AJIHTEJNBHOCTh KOTOPOT'O NMpeBbIIaeT T/2, Bcerja
6yzeT COOTBETCTBOBATh IepeMellleHHe, MaKCHMaJbHOEe 3HAueHHe KOTO-
poro B 2 pasa NpeBHIIIAET Me€peMelleHHe CHCTeMbl NMPH CTATHUYECKOM
Harpy»xenud. Hcnoabsya o6o3nadenne

T = Ql/kv (a)
B YKa3aHHOM CJIy4ae MOXEM CUYHTATh
X/ Xer = 2, t = T/2. (6)

Ecii AHTeIbHOCTD HMIYJIbCA NPSIMOYTOJIBHOH (POPMBI MEHbIIE, 4eM
T/2, MakcuMa/bHOe 3HAaUeHHEe MepeMelleHHsi GyIeT MeHbIle, YeM’ 2xq;.
Hpmvxepbx, HJJIIOCTPHpYIOILIHE CKa3aHHoe, NMpHUBejeHb Ha puc. 1.51, 6,
rie npeicTaBieHbl 3aBHCHMOCTH NepeMelleHHi npu ¢, = T/10 u ¢, =
= 21/10. Bo Bcex mnoAOGHHIX cJayyYasX mepemelleHHe mnpHoGperaer
MaKCHMaJ/IbHOe 3HauyeHHe IOCJe 3aBeplueHHsl JeHCTBHSI MMIyJbca, MO-
CKOJIbKY CKODOCTb Ha HHTepBaJie BpeMeHH #; SIBJIAETCS MOJIOXHTeJIbHOM
[cMm. Bbipaxenue (k) B n. 1.12]. OTciona cienyer, YTo AAsi HAXOXKIACHHS
MaKCHMAJIbHOT'O 3HAYeHHS TlepeMelleHHsl, a TaKXe MOMEHTa BpeMeHH,
KOI'Ja OHO BO3HHKaeT, HYXKHO paccMoTpeTh BbipaxeHue (1.67) pas
t = t;. D10 BHIpa)KeHHe MOXHO Nepenucarb B Ge3pasmepHoil dopme

LI cosp(t —t,) — cos pt. (B)
Xer
HubdepeHurpyss 3T0 BbIpaxKeH¥e MO BpEMEHH, TOJYUYHM

xL: plsinpt —sinp (¢ — 4)1. (r)
T
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ITpupaBHHBas BblpaxKeHHe, cTosiuiee B CKOGKaX, HYJIO, MOJYYHM ypas-
HEHHe /ISl BpeMeHH fy BO3HHKHOBEHHsI MaKCHMaJbHOTO 3HAu€HHs mepe-
MelleHu s

sin ply == sin p (ty — t,), ()
OTKYy/Ja HaxoiuM

__JE__{_ p2tl . (e)

Hs peisenns (e) cienyer, uto BpeMs f, JuHe#HO 3aBHcuT OT f;. Kpome
TOTO, TNOCKOJbKY HHTEpPeC NpejCTaBJSIOT 3HAYeHHs pf;, OTHOCALIHECS
K obnactu 0 < pf; < m, To coorBercTBylomed o6GaacTbio A ply fAB-
asetcs n/2 < pty < m. HOlICTaBJIS{S{ BbIpaXE€HHE IS pty, MoNydaeMoe
13 (e), BMecTo 3HaueHHH pf, CTost,Hx B (B), HalineM

2 — 2 sin 2L = )/ 2 (1 — cos pty). (k)
. Xco

BripaxeHnue (k) coBnanaer ¢ BeipaxkeHHeM (3) u3 n. 1.12, koropoe 6b110
NIOJIy4eHO C MIOMOIILBIO ApYroro noixona. TakuM o6pasomM, cnekTpaibHas
XapaKTepHCTHKA AJS HMIYJbCOB NPSAMOYTroNbHOH (DOPMBI MOXKET ObITh
npeicTaBleHa B CJEAYIOLIEM BHJE:

npu 0 < £/1 < t/2 umeem

nt1 .

= 2sin —- T4a
9 (1.742)
xc'r
t 1 2t
—,’;‘—=T(1+——T‘ , (1.746)
npu ¢,/v = 1/2 umeem
x .
ey (1.748)
¢ |
X = (1.74r)

I'paduku Ge3apasMepHEIX 3aBHCHMOCTEH Xy/Xqr H /T OT 1,/T mpexcras-
JeHbl Ha puc. 1.52, a u 6. U3 Boipaxkenns (1.74a) BuAHO, 4TO €CIH AJH-
TEJBHOCTb HMIYJIbCa MeHbILe, ueM t©/6, AHHAMHUECKoe MNepeMelieHHe
6yneT MeHbLIe oﬁycnomenﬂoro CTATHYECKHM TPHUJIOKEHHEM HarpysKHu.
C jpyro#t CTOPOHBI, €CJAH AJHTENBHOCT HMIYJbCA JEXKHT Mexay T/6
H T/2, OTHOLIEHHE Xy/X,, pacnosaraerca mexiay 1 u 2. Pasymeercs,
Korja f; == 1v/2, 3HaueHue Xx,/X., Bceria pasHo 2.

K tult

Xt

7

1
2

1 (1+2t,[T)]4
2sinmtyft 4

&

o
@
ol e —

Nl——_——— e —
EN[V

|-
]
S PN .

]
4
4

(=]
~=

g)
Puc. 1.52
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q B cBere ckasanHoro mpesic-
QF———— TaBJseT HHTepec TO 06CTOSsI-
TENBCTBO, YTO TpaduK 3aBHCH-
MOeTH Ko3(pdHIHEHTa YyCHJCHHS
JJI  BBIHYXKJAEHHBIX KOJeGaHHH
npeacTaBiseT Co00H CNeKTpaib-
HYI0O XapaKTEpHCTHKY B COOTBET-
CTBHH C oOIpefle/ieHHeM, NpHBe-
JEHHHIM B JaHHOM naparpade.
Ha puc. 1.33 B n. 1.9 npexcras-
JICHO CeMelCTBO KPHBBLIX 3aBHCH-
MOCTH P = Xy/Xer OT OTHOLIE-
. HHus yactoT ©/p. CienyeTr HanoM-

HHUTb, YTO KpPHBblE OTHOCHJIHCH

I ! | 1 TOJNILKO K YCTAHOBHBIIEHCA Y4CTH

0 ! z J 4t/T mOBeNEHHS CHCTEMBI H MOCTPOEHBI
in 6) ObLIH [J11 pa3/IM4HBIX 3HaYeHHH
T

K03 U HeHTOB AeMNbHPOBAHHS.

Ecnu 6bl IpH 3TOM OBLIH YUTEHBI

HEeyCTAaHOBHBIIMECS YacTH Mepe-

(1+¢,/t)]2 MelleHHH INpH KojebaHHAX, TO
KPHBBIE CIIEKTPaJbHBIX Xapakre-
pHcTHK (cM. puc. 1.33) pacnoJja-
raquch Obl HECKOJIbKO BBHILIE, HO

| HesHauuTeJbHO. DBosee  Toro,

N

D~

[ !

z 4 "t/T  xora nemndupoBanue HMeeT GOJL-
8) moe 3HAuEHHe B 3a/a4aX O Bbi-

Puc. 1.53 HYXIEHHBIX KOJIeGaHHAX, OHO

4acTO He Y4HTbIBaeTcs NpH pac-
CMOTPEHHH CIIEKTDAILHBIX XapaKTePHCTHK, 06YCJIOBJIEHHBIX HMIYJIbC-
HBIMH  BO3JeHCTBHSIMH.

Huskue 3HaueHHus Koa(p(pnunemos JeMNnHPOBAHHSA HMEIOT He3Ha-
UHTEJIbHOE BJIHSIHHE HA YKa3aHHble MAKCHMAJIbHBIE aMIIUTYbI, KOTOpPLIE
BO3HHKAIOT elle 10 TOro, Kak pacceeTcsi 3HAUMTeNbHAsl YacTb SHEPIHH.
OpHako B ceMeHCTBe KPHBBLIX, ONHMCBHIBAIOLMX CHEKTPaJbHbIE XapakTe-
PHCTHKH 0OpH JeMndHpPOBAaHHM, KaxKAas KpHBasg, KoTopas COOTBET-
CTBYyeT 3HaueHHI0 KoddduuueHTra nemndHpoBaHHsI, MOXKeT ObITh BCerja
IIOCTPOEHA /IJ1s1 BO3MYILAIOIIEH CHJIBI TPOM3BOJIBHOTO BUAA. JIJIs MPOCTHIX
CJ1yuaeB 3TO MOXKHO CAEJIAaTh, HCIIONB3YS IPH PELIEHHH COOTBETCTBYIOLLHE
aHaAJIMTHUECKHE BbIpamKeHust AJs1 GYHKIUH, HO B 6oJiee CJOKHBIX CJay-
yasix cjeiayer npuberaTb K UHCJEHHBIM IOJAXOAaM,

Mpumep 1. Ha puc. 1.53, @ mnpeicraBnieHa ¢yHKIHSA, OINMCHIBaOHlast BO3Mylla-
IOLLYIO CHILY, JIHHEHHO H3MEHSIONIYIOCH OT HYJId 10 Q, 3a BpeMs £, a 3aTeM OCTaIOILyIOCsH
nocTosiHHOH. IlepeMeltenne cHcTeMsl C o;moﬁ CTeneHb0 CBOOOAN H 6e3 AeMIdHPOBaHH S
NpH JefCTBHH YyKa3aHHOH BO3MYyUIAiolWlef CHJIBI NPEJACTABJASAETCH B CJEAYIOLLEM BHJE
(cM. 3agauy 1.13.2):;

O ¢ sin pf \ .

%=L <_t1 -=f ) 0< i<ty @)
_Q sinp(t—tl)—sinpt}
x_T[l—|— L R ()
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Onpenesuth AJ8 YKa3aHHOTO CJydasi CHEKTpajibHble XaPAKTEPHCTHKH M COOTBETCTBY-
olMe BpeMeHHLe (YHKIUH.

Pewerue. Vi3 BripaxeHHil (3) H (M) BUAHO, YTO MaKCHMaJdbHOe 3HAYeHHE MepeMelle-
HuA OyJeT HMeTh MecTo nocie BpeMenH f;. Takum 06pasoM, 37lech NMpejCTaBJsIeT HHTEpeC
TOJIKO BbipaxieHHe (H), KOTOpOE IepenuileM B 6e3pasMEepHOM BHJE

x 1 ) .
= [pty + sinp (¢ — £) — sin pt]. (x)
HOuddepenunpys Bripaxenne (K) 0 BpeMeHH, HOJYuHM
¥ L fcos p(f— ty) — cos pt]. (1)
Xer 51

ITonarast Bhipakenue, CTosillee B KBaJPATHBIX CKOOKAX, PABHEIM HYJIIO, MOJY4YHM ypaB-
HEHHe OTHOCHTE/JIbHO BPEMEHH

cos ply = cos p (I — 1), (m)
OTKYyJla HanjeM
_ pty
ply =+ 5 (1)

Kak n B paHee NMOJNYUEHHOM cJydyae, BpeMs fn JHHEHHO 3aBUCHT OT ;. KpoMe Toro, u3
BhIpaXKeHHust (M) cJejlyeT, YTO BeJIHUHHA ply NMPHHHAMAET 3HAYEHHS B HHTepBase ply>> M.
IMoacraBnss pemenne (H) B BhIpa)keHHe (K), MOJYYHM

2 . ph 1 —
=1+4—sin-5g==1x —V 2 (1 — cos pty). [§)

m

Xer

310 BHpaKeHHE JaeT KaK MaKCHMAJbHble, TAK H MHHHMaJLHbIE 3HAUEHHS Xy/X¢, KOTOpbIE
3aBHCAT OT BeJHUHHB! pfy. JINsl MaKCHMasbHBIX 3HaYeHHH STHX BEeJHUYHH B HHTepBale
t > {; umeeM

Y T .owy |,

| s T3 (n)
tw 1 51 )
2= (1), (»)

Ha puc. 1.53, 6 u 6 npejcTaB/ienbl rpaguKy COOTBETCTBEHHO JJIst BEIpaxeHud (n) u (p).
Kaxk BHIHO H3 3TOl YacTOTHON XapaKTepUCTHKH (cM. puc. 1.53, 6), HanGosbluee 3HaYUeHHE
xul%or= 2 BO3HHKaeT mpH {= 0, 4TO COOTBETCTBYeT CJydal0 CTyNeHYaToH (YHKIHUH.
[pu #; < 7/4 BenHuHHA Xy/Xop TIPHOH3HTENLHO PaBHA 2, YTO He HAMHOTO OTIMUAETCS
OT caydas cTynendyatodl ¢GyHKUHH. ITOCKOJNBKY NpPaKTHYECKH HEBO3MOXKHO MOJNYYHThb
PaBHBIH HYJIO OTPE30K BPEMEHH, HHTEPECHO yKa3aTb, YTO GECKOHeYHO MaJbiH, HO KO-
HeYHBIH OTPe30K BPEMEHH NMPHBOJMT NPAKTHYECKH K TOMY e pesyabtaty. [Ipu #; > 1T
BeJIHYHHA Xy HE HAMHOTO NpeBHIIaeT 3HAY€HHEe Xcp, @ MPH JOCTATOYHO GOJIBLIOM OTpe3Ke
BPeMEHH Harpy3Ky, IO CYILeCTBY, MOXHO PacCMaTPHBaTh KaK CTaTHUECKYIO.

Mpumep 2. PaccmoTpuM  coaywalt  uMnysabca  OpSAMOYTOJIBHOH  ¢GoOpMBI  (CM.
puc. 1.51, a), BO3/ieHCTBYIOIETO HA CHCTEMY C OJHOH CTeneHbIo CBOGOAB H AeMrpupoBa-
HHeM (cM. pHc. 1.42, a). YKazaHHyo QYHKIHIO JJIsi BO3MYyIIAIOeH CHJIB MOXHO Npej-
CTaBHTb B BHJE CYMMHI CTynenyarodi ¢yHKIuu (paBHOA Q,), 3allaHHOM B MOMEHT Bpe-
MeHu ¢ = 0, u BTOpOH cTyneHyatoi ¢yHKIMH (paBHON —Q;), 3a1aHHON B MOMEHT BpeMeHH
t = t,. Takxum o6pa3oMm, Ge3pasMepHEle NepeMelleHusl (IPH { > f;) CUCTEMBI C jaeMIdH-
pPOBaHHEM MOTYT GRITh ONHCAHBI BhIpaxeHueM (cM. mpumep 3 u3 n. 1.12)

X =t [cospn(t—z‘l)—i—pisinpIl (t—tl)}—
n

Xer
— (cos put + L2 sin pnt> . (c)
Pn

Tpe6Gyercst mOSYIHTh BBIPAXKEHHS AJIST YACTOTHOH XapaKTEPHCTUKH W BPEMEHH BO3HHK-
HOBEHHS MAaKCHMAJbHBIX 3HAUeHHI nNepeMellleHHH.

115



Peweriue. Bripaxenue (c) MOXHO YIPOCTHTb, HCHOAB3YS TPUTOHOMETpHuECKHE (OP-
MyJIBI, H TOTJla mocJae npeoGpa3’oBaHHi MOJYUHM

X ot (A cos pgt -- Bsin pyt), (1)
Xer

rae
A = ot <cospnt1 —%sinpntl)—l; (y)
B — ¢t <sinpnt1—i cospntl)—i. ()

Px Pa
Jnddeperuupys peipaxeHue (T) 0 BpeMeHH H NMPHPABHHBasi pe3yJbTaT HYJIO, HafizeM
1 paB —nA ) )
Ty == P arctg <W ; (x)
— A B

sin p,zltM = ﬂé?ﬂ ; COS pﬂtm = _:DII_C__!L ’ ' (H)

rae C = (p; - n%) (A* - B?),
[loacrasasis npejctaBjennst (1) B Bbipaxkenue (T), Hocse NMPHBEAEHHs NOAOCHBIX
YJIEHOB MOJY4YUM

X _ ,
—e /ltM l/ 1 + e2”t1 ‘*‘2@’”1 cos pn I (q)

Xer

Koraa nocrosiHHas geMndHpOBaHUsSI IOJaraeTcsi PaBHOH HYJIO, BbipaxeHue (u) NpH-
HMMaeT TOT e BHA, YTO H (XK) AJIsI clydyas OTCYTCTBHSI AeMII(HPOBAHHS.

OnncaHHble B JaHHOM Naparpacde npuMepsl IPHBOAST K NPOCTHIM BbIPAXKEHHSIM AJIS
OTHOLUEHHH ty/T ¥ Xpy/xer, HO HE clieayer 3a6bIBaTh, YTO OHH OTHOCSITCS K HCKJIOYHTEJb-
HbHIM cayyasiM. B ofmeM e ciyyae TPYAHO ONPEAENHTh HHTEDBAJN BPEMEHH, B TeUeHHe
KOTOPOrO BO3HHKHET MaKCHMaJbHOe 3HaueHue nepememeHuii B cucreme. Kpome Toro,
YPaBHEHHE OTHOCHTEJNBHO OTHOLIEHHS fy/T MOMET GbITh PeleHO MPOCTHIMH CIOCOGaMH.
[TosToMy 3HaueHHR Xm/Xer U /T HajO TIOJYYATb C MOMOLIBIO METOA MOC/€0BaTEbHEIX
NpuGIHKEHHH, 3a1aBasi N0C/]e/10BaTeJbHble 3HAUeHHsI A/ 0e3DasMEPHOrO BDEMEHH f,/T.
JlAst KaMaoro 3HaueHus fy/T; MOXKHO TOCTPOMTb TI'DadHK 3aBUCHMOCTH ¥/xop OT #/T,
OTKYZAA NOJYYHTb 3HAYEHHS Xp/Xer H iy/T.

3AJAYHU

1.14.1. TlocTpouTh IpadMKHM AJIs HACTOTHOH XaPAKTEDHCTHKH M BPEMEHH fy/T Mo-
AIBJIEHHS MAaKCHMaJIbHBIX 3HAaUeHHR nepeMeIleHHH B 3aBUCHMOCTH OT fy/T AJsl NOKa3aH-
Hol Ha puc. A.l.14.1 dyHKuMH BoaMywaiomed CHJBI (NpeACTaBIeHHE AJIsi MepeMelleHu
B3sITb M3 3ajauu 1.13.1).

1.14.2. 3anauy 1.14.1 pewuTb Ansi nokasaHHOH Ha puc. A.1.14.2 ¢pyHKLMH BO3-
MyIAIOImel CHJIB (IpeACTaBJeHHEe AJs NepeMelleHHi B3sThb M3 3ajauu 1.12.4),

t t 0 t 2yt

Puc. A.l1.14.1 Puc. A.1.14.2
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1.14.3. 3apauy 1.14.1 pewmnTs ihsi nokasannoH Ha puc. A.1.14.3 dyHkumm Bo3-
Mywiamouei CHibl (pejcTaBJeHHe JJis NMepeMelleHHH B3ATh M3 3ajaum 1.13.4).

1.14.4. 3anauy 1.14.1 pewnTs Aas noxasanHoil Ha puc. A.l1.14.4 dyHKIHH BO3-
Myuwiamomwes cuiibl (npeicTaBienue JJisi TlepeMewleHuit B3ATb M3 3ajaun 1.12.3).

0 g
24, 4
I
l
4, }
|
I —
0 t t 0 ty 2ty t
Puc. A.1.14.3 Puc. A.1.14.4

1.14.5. 3apauy 1.14.1 pemnts ;s noxasanHoit Ha puc. A.1.14.5 napaGonnueckoit
$yuxuun Bra Q = Q,1%/t] (npeicTaBieHne IS NepeMelleHHil B3STb H3 3aaTH 1.13.6).
1.14.6. 3anauy 1.14.1 pewnTsb 115 nokasanHoH Ha puc. A.1.14.6 napaGonnueckoi

dynxunn Bosmywaowed cuisl Buga Q@ = Q (1 = £2/t3) (npexpcTaBienne 1Js nepemelue-
HHH B34Tb M3 3afaun 1.12.5). :

a 04 Bepuwuna
01 _________ Ql /0
Bepuwuna
o . CI-W t 0 ty t
Puc. A.1.14.5 Puc. A.1.14.6

1.14.7. 3anauy 1.14.1 pemntb 1js nokasanHod Ha puc. A.1.14.7 tpuronomerpu-
yeckoil (YyHKIHH BosMyuwlawmeid cuibl BHia Q == Q, cos n#/(2/;) (npexacTapienue AJs
nepeMelleHnii B3sATh H3 3ajayu 1.13.7).

1.14.8. 3anauy 1.14.1 pewnTh 15 NOKa3aHHOH Ha puc. A.1.14.8 Tpuronomerpu-
yeckoit QyHKUMH BosMymamoweld cuabnl Buaa Q = Qg sin m#/(2t) (npexcraBnenue pas
nepemetiennd npu 0 <C ¢ <C 24, B3ATb M3 3ajaum 1.12.7; npuueM a1y dopMyay Hano
MOJNYYHTh TaKXKe ]IS BpeMeHH { > 21).

a4 Bepwuna q Bepwuna
Q1 01 _____

|

|

|

f

l ——
0 &y t 0 t 2t t

Puc. A.1.14.7 Puc. A.1.14.8

1.14.9. TlocTpouTh rpaduk A5 Ge3pa3MepHbIX TEPeMelleHHH X/Xop H AJA BpeMeHH
tw/f IOSIBIEHHS! MAKCHMAJIbHLIX 3HAYCHHI TlepeMEMIEHHHl B 3aBHCHMOCTH OT f1/T jJsi pac-

CMOTPEHHOTO B Ipumepe 2 cayuas C JeMndupoBaHHEeM, B3AB KO3(pOHIHEHT jpeMidupo-
Banusg vy = 0,1.
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1.15. YACJEHHBIE CITOCOBbI
_’\AM’;WW\,_ ONPEAEJIEHH JUHAMHUYECKHX
m q NMEPEMELLEHHUHA

~_-I:c}—-ﬂ Bo MHOTHX BaXKHBIX AJA NPaKTHKH
07 3azavyax (yHKIMH, ONUCHIBAIOIIHE BO3-
e MYyILLalllie CHJbl, He YJAaeTcs BHI-
Y pasuTh B AHAJUTHYECKOM BHJE, IIO-
Prc. 1.54 3TOMY HX NPEACTaBJSAIOT JHGO B BUAE
HaGopa TOuYeK Ha juarpaMmme, JHOO
B BHie Tabaun. B mnofoOHBIX cayyasx MHOTAA MOXKHO aNNPOKCHMH-
pOBaTh UCXOJHBIE JAHHBIE C MIOMOLLbIO (POPMYJI, MPUMEHSIEMBEIX B METOAAX
[OCTPOEHHs KPUBBIX MO TOYKAaM, M 3areM INOACTABJATb MNOJy4YeHHEIE
sasucuMoctd B uHrerpan Hroamens. Onnako GoJee obWidd moaxon AJs
onpeneseHUsl IMHAMHYECKOTO IMOBENEHHsS CHCTEM COCTOUT B HCIOJb30-
BAHUH HEKOTOPBIX NPOCTHIX HHTEPMNOJANMOHHBHIX (PYHKUHA B MNEPHO-
JMYECKH TMOBTOPAIOLIHXCA CePUAX BeUUCAeHUH. ITocaeiHnil yIOMAHYTH I
METOJ, UHCJIEHHOTI0 UCCAEe0BaHUA U OyJeT o06CyXKAaTbCsl B AAHHOM Napa-
rpaje TNPUMEHUTENBHO K HECKOJbKHM THIAM HHTEPIOJHPYIOMHX
Gy HKIHH,

[1peano/sio:KuM, 4TO Ha CHCTEMY C OJHOH CTeNeHbI0 CBOGOEL C AeMNpH -
poBauueM (puc. 1.54) gmefictByer cuna Q, HM3MEHAIOUlAsC BO BPEMEHH
HEKOTOPHIM NPOM3BOJBHBIM 00pasoM, AaHAJOFHYHBIM IIOKa3aHHOMY Ha
puc. 1.55. D1y HenpephiBHYI0 QYHKIMIO, OMHUCHIBAIOILYIO BO3MYILAIOILY IO
CHJIY, MOXKHO NMpPHOJNHKEHHO NPEACTABUTh B BHJAE HA00pa CTyNEHUYATHIX
GyHKUMH ¢ pa3IHUHBIMM 3HAUEHHSAIMH B Pa3JM4YHblE MOMEHTHI BPEMEHH,
Kak mokasaHo Ha puc. 1.55. IlepBoe 3HaueHHe CTyNeHUYaTOH (PyHKIHMH
pasHo AQ, B MoMeHT BpeMeHu ¢ = 0, BTopoe — AQ B MOMEHT BpPeMeHH

q
st L~
T \\\ “““ +
sk N\ i
s | W i
e 1\\
) D\W\ t-! ti \\ -

Puc. 1.55
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t=1¢ W 1.4 B npou3sBOJIbHBIH uHTEpBaJ BpeMeHH ¢, < ! < {;
JUHAMHYECKOE TIOBEJEHHE CHCTeMbl TNpPH BO3AEHCTBHH BO3MylLawollei
CHJIbI, MpejcTaBnseMOfl YKa3aHHOH cTymenuaroili QyHKuuell, MOXHO
OMUCaTh BhIpaXKeHUeM (eM. npumep 3 us m. 1.12)

i—1

X = % 2 AQ; {l — e () [COSPn(t —1t;) +’£;5m pa( _tf)]}‘

j—0

(1.75a)

B MoMeHT BpemeHH {; 3TO NepeMeiieHHe

i—l
X; = % 2 AQ; {1 —e—n(ti—1)) [cos Pt —t;)+ % sin pg X

j=0
Xt — 1)1}, (1.756)

YTO B CJy4Yae OTCYTCTBHA JeMndupoBaHHsS AaeT

i—1
x:%x AQ;[1 —cosp(t; —t,)], (1.758)

j=0

B nanHoM Meroze BesuyHHa AQ; HEKOTOPOH THNHUYHOH CTENeHH
MOKeT OBbITb JHG0 MOJIOXKUTENbHOH, JUO0 OTPHLATENbHOMN, UTO 3aBHUCHT
OT yIJIa HAKJOHA KacaTeJbHOH K paccmaTtpuBaeMoii kpuBo#. las moay-
YeHHsl JOCTATOYHOH TOYHOCTH B paccMaTpHBAaeMOM MeTOZe CJenyer
BEIOHPATh JOCTATOUHO MaJible LIard M CAMOKOMIIEHCHPYIOLIHeCs] MOTpell-
HOCTH IJOLiafu obsacTH, Jexaiiefl Moi rpapukom ¢yHKIHH, OMHCHI-
Baolled Bo3Myiiawiyio cuny. Peub uper o ToM, 4To6b! 3a1ITPHXOBAHHbBIE
nJowamt Ha puc. 1.55, nexauiye Bblie KpUBOH, GbUIH NPHUMEPHO PABHBI
He3alTPUXOBAHHBIM IIOILAAAM, JIEXAlUM HHXKe Kpuboi. Mcnoawnsosa-
HHME TaKOro NpHeMa O3Hayaer, YTo KaxkJbli (1ocje nepBoro) Imar HayH-
HaeTci B MOMEHT BpDEMEHH, KOTAa OpJHHAaTa KPHUBOH paBHa cpendeil
BBICOTE OPAMHAT Ha 3aJaHHOM LIare. DTO MOMKHO BHAETH HAa PHCYHKE.
Pasymeercs, ecau QYHKUHs, ONHCHIBAIOILAS CHJY, MPEICTABJASET HM-
NyJbC, JAEHCTBHTEJBHO OTpPaHHYEHHBbIH TOPHUSOHTAJILHOH M BEPTHKAJb-
HBIMH JIHHUSIMH, TO METOJ MPHUBEJET K TOUHOMY pe3yJbTaTy.

Jlpyroii MeToj COCTOHT B HCIOJNb30BAHUH JHHHH, NapalelbHbX
ocaM KoopauHar (puc. 1.56). B 3ToM cayyae KpuBasi annpoKCUMHPYeETCs
pPAIOM HMNYJbCOB NPAMOYTOJbHOH (OPMBI, PA3JHUHON BENUUYHUHBI H JJIH-
TeabHOCTH. [l mosyyeHHs NOCTAaTOUYHOH TOUHOCTH BEJHYHHA Q; THIMHY-
HOTO MMIIyJbCa JOJKHa ObITh BhIGpaHa TakoM, 4ToObl OHA paBHsJIACh
opJuHaTe KPHBOH B cepejlHHe BpPEMEHHOTO HHTepBana Af;, KaK MOKa3aHo
Ha puc. 1.56. B npou3BosbHBEIA HHTEpBAN BpeMeHH [;_, < ! < {; peak-
I[HI0 CHCTEMBI C OJHOHM CTENeHbIO CBOGOABI C JEMN(HPOBAHHEM MOXKHO
BBEIYHC/JIHTD, NPEICTABHB €€ KaK CyMMY BJHSHHHE Ha4YaJbHBIX YCJOBHH
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B MOMEHT BPEMEHH f; ; H BJIHAHHUS HMINYJbca, ACHCTBYIOIIEro Ha HH-
TepBaje BpemeHH Af;, uTO jaaer

X = e—n(1~t;.1) [xi,l oS o (t — tiy) -+ Lﬂ# sin py (t — t;_ 1)]
b1

- —(‘;—i {1 — e~ "(t—1;1) [cos po(t—ti 1)+ —:;-sin prlt — t,-_l)]}

'(1.76a)
B KOHIIC HHTepBaJIa 3TO BBIPAXKCHHUC MNPUHHUMACT BHI
x; == e—ndt; {xi_l cos pyAt; + % sin pAAt,-} + & X
I
x[1— et (cos p, Aty + ——sin padt:) ] (1.766)
b1

YTO B CJay4dyae OTCYTCTBHSA ,U,eMH(prOBaHI/IH Jaet
X; = X;_1COS pAt; + =L sin p Af; - /l (1 —cospAty). (1.76B)

Kpome Toro, MoxkHO HalTH CKOPOCTb X; B KOHIle HHTEpBaJa BDEMEHH,
KoTopas, OyJAyud NojeNeHHOH Ha 4YacTOTy p, UMEeT BHUJL

S — —x;ysinp At %1- cos p At; + ——% sin p A¢;.  (1.76r)

Buipaxenus (1.76B) u (1.76r) nmpejcraBasioT CoG0H peKyppEHTHBIE
thopMyJin! AJ1s1 onpesiesieHHs] AHHAMHYECKOTO IePEeMENeHHsl CHCTEMBL NPH
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OTCYTCTBHH JeMN(HPOBAHHUS B KOHIE [-TO I11aTa H TeM CaMbIM HaYaJbHBIX
ycnoBud B Hauaje mara (i + 1). ITociemoBarelbHO HCNOMB3Ys 3TH
(GopMyJIBl, MOXKHO NPOCHENHTH, KaK H3MEHSIOTCS BO BPEMEHH lepeMe-
IIeHHS] H CKOPOCTb CHCTEMBI C OJHOH CTeleHbio CBOGOAB!, HO GOJIBIIM I
HHTEPEC MPEACTAaBAsieT NnepemenleHHe *.

[Tonyuennsle Bpille peKyppeHTHbIe Gopmynl (1.768) u (1.76r) nosso-
JIAIOT HAXOJAUTb NEPEMENIEHHS B KOHIle [-TO HHTEpBaja BPEMEHH IyTeM
NIOC/IEIOBATENbHBIX BhIYHCAeHHHA. Ipyroél nmogxop sakJiouaercss B ompe-
Jle/IeHHH NepeMellleHH# (B MOMEHT BpeMeHH f;) MpH AeHCTBHH BCeX mNpe-
ABLAYLINX HMIYJLCOB NpPSIMOYTOJbHOH (opMbl. s ciayuass KoseGanui
Ge3 nemMnpHpoBaHHsl JAHHBIH 10JX0J OCHOBBIBAETCS HA HCIOJb30BAHHH
caenyoumel  GopMyJbi:

i
X=X, COS pt; +- %Siﬂ pt; —{—',IE—Z Qjlcosp (t; — ¢;) —

=1
—c0s p b — ty9)]. (1.76x)

[Tockosbky B mocseauem caaraemom ¢opmyisl (1.761) HeoGXoAUMO Mpo-
H3BOJUTb CYMMHPOBaHHE UJEHOB Psifia, NPH HCIOJAb30BaHUH 3TOH (op-
MYJIbl TPEGYETCs BBINOJNHATD GOJIblIee YHCA0 apHpMeTHIECKHX Oonepaiui,
yeM 1o ¢opmysam (1.768) u (1.76r). [TosTomy ¢ enbio o6neryeH s mpo -
BEJICHHS PACcueTOB NpPH ONPeJeJeHHH OKOHUATETbHOIO BHAA 3aBHCHMOCTH
NepeMellleHHi OT BpeMeHH NPeNoYTHTeNbHee HCNOMb30BATh BBIPAMKEHH S
(1.768) u (1.76r). Onnako, ecau TpeGyercs ONpefeauTb TOJBKO Mepe-
MellleHHs1 B KOHKPETHOe BpeMsl, TO Jyuiue Bbi6path ¢opmyay (1.76x).

[Ipy HCHONb3OBAHUH UHMEPROAAYUU KYCOYHO-NOCMOIHHOZ0 MUNQ,
ONHCAHHOM BbIIIE, HE BCEra yAOGHO Ae/aTh PAaBHBIMH NMOTPELIHOCTH MJI0-
mag4 obsacrted, JexaumluX Haj rpapukoM OGyHKUMH BO3MYIUIAOILEi
CHJIBI U TOA HUM. Bosee rpy6GbiM MOAXOAOM SIBJISIETCS BBIGOP OPAMHAT
KPHUBOH, OTHOCSIIMXCA K Hadaay (MAH KOHIlY) HHTEpBaja BPEMEHH,
B KayecTBe 3HAUEHHs1 UMIYJbCaA NMPSAMOYTOJbHOH GOPMBI (HJIH CTyreHYa-
To# pyHKuUKH). [IpH 5TOM A5 COXpaHEHHS 3aJaHHON TOYHOCTH PelleHHs
MOXeT MoTpe6oBaThesl GOJbllee YHCJAO LIArOB MO BPEMEHH, W IPH Bbl-
YHCJIEHHH MOXKEeT CTaTb 3HAYMTeJbHOH owubka okpyzaenus. Jns Toro
uyTOOBl H36€XXaThb YKa3aHHBIX TPYAHOCTEH, MOXKHO BOCIOJB30BATLCS HH-
TEPNOIHPYIOUUMH QYyHKIHAMH Gosiee BbICOKOTO nopsiika. Ha puc. 1.57
MOKa3aH JIOTHYECKH BLITEKAIOMUA W3 CKa3aHHOTO CNoco6 mpejacTaB/eH s
HMIYJIBCHOTO BO3MYIEHHS C MOMOIIBIO HAKJOHHBIX JIHHHH U BEPTHKAJb-
HBIX moJsioc. [lais 3Tolt unmepnorayuu Kycouro-aunelnozo muna nepeme-

* Pewenue 3afauy 0 Kose6GaHHAX CHCTEMb! 6€3 AEMIPHPOBAHHSA C KyCOUHO-NIOCTOSH-
HEIM THIOM HHTEDPHNOJAUHOHHOH (QYHKUHH BO3MYIIAOUWEH CHJBI MOXKHO MOJYYHTh Ipa-
(HYECKHM crOcOGOM, NMOCTPOHB HA (PA30BOH MJOCKOCTH, Tfie B KAueCTBE OceH KOOpAHHAT
BHIGpaHBl % W £/p, 3aBUCHMOCTH AJifi NepeMemeHH i, KOTOophle GyRyT HMeThb QopMy IyT

;

okpyHocTeHl. Cv. Lamoén J. Etude graphique des vibrations de systémes a un
seul degré de liberté. — Revue Universelle des Mines, de la Metallurgie, des Tra-
vaux Publics, Ser. 8, 1935, t, 11, N. 7, p. 213—226; Jacobsen L. S., Ayre R. S.
Engineering vibrations. New York: McGraw-Hill Book Co., Inc., 1958. 564 p.
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Aty At, | At At;

Puc. 1.57

IIeHHE CHCTEMBI C OJHOH CTeNeHbIo CBOOOABI U JAeMndHpOBaHHEM HA HH-
TepBaJjie BpeMeHM MoxKeT ObiThb NMpPEJCTaBJEHO B CJEYIOIEeM BHJE:

X = e=n(t—t;_y) [xi_l cos pr(t — tia) + i% sin py (¢ — ti_l)] +
pi
4 i { — e—n(t—t14) [sm prlt — tia) an sin pg (f — t,._l)]} 1+

A 2 2
+ kA?‘ { ty — p—'; +e=n(t—ty_y) [~p;’— CoS py(t — ti_y) —
pZ—n®
— BT snpatt — 1))} (1.77a)

rae AQ = Q;—Q;_;. Tlocnennee ciaraemoe Bhipaxkenus (1.77a) mepe-
NHCAHO H3 pelleHus A5 3aJayd O KoJeOGaHHUAX C JAeMI(pUPOBaHHEM,
KOTJla BO3MYILAONIAsl CHJIA ONHCHIBaeTcsl JHHeHHOH dyHkuued (cMm.
sagauy 1.12.9). B KoHue i-ro uHTepBaja BpemMeHH Bblipaxenue (1.77a)
6yner umerh dopmy

X;1— nx;
xi=e—"Afi[x,-_1c05pnAti+ izl > izl

Qi1
A X

sin py At,.] -+

% [1 — e—nbty (cospnAt,-—}——?’i—sinpnAti)] +kAA(§l [ i———f)_,—’:—{—
2

2n p: —n?
- e—nbty (——,— oS py At; — —=o—— sin py Ati)]. (1.776)
p? Pipx
Ecnu gemnupoBanHeM npeHeOpeyb, H3 3TOTO BHIPAXKEHUS TMOJYYHM

x,:xi_lcospAti—l—fi—;—smpAti+-QZ'—1(1 — cosp At;) -

AQ; . .
+ = (p Aty — sin p AL); (1.778)

122



OTKYJad HAXoJuM Bpra}KeHHe A4 CKOpPOCTH
xq

i AQy
D

pk At;
><(1 — Cos p At)). (1.771)

Berpaxkenust (1.778) u (1.77r) npeacraBasor coboii peKyppeHTHbIe
topMysbl, aHajoruydple Qopmyaam (1.768) u (1.76r) ansa uMnysabca
npAMOYroJanHOH GopMel. [aa Toro 4tolbl ONpeeNHTh NepeMelleHHe
TOJBKO B MOMEHT BPEMEHH #; /s caydas OTCYTCTBHsI JeMmndHPOBaHHUs
NpH KYCOYHO-JAKHEHHOH WHTEPHOJSLHK, MOXHO B3ATb CJeAYIOLHH
BapHaHT GOpMYJIBL

= — x;_; sinp Af; -+ 2L cospAt~]—Q”smpAt

X

— X; = X, COS pt;

o . 1 4
+%&wn%?2mmme—m—

—cOSp (t; — tj0)] - kAt L[Atjcos p (t; — 1) -+ —l-sinp(ti—tj)—

ti-l)]}»

rje nocJefHsis Ipynma cjaaraeMbix B3sita H3 3ajaud 1.13.4.

TNpumep 1. Ha puc. 1.58, a—e nokasaHH deTbipe pa3NHYHHIX CIocoGa INpeicTa-
BJIEHHA QYHKUHH BO3MYLIAIOWEH CHJIbI C HCTIOJIb30BaHHEM BEPTHKaJbHbIX nosoc. Ha Beex

q q

— _;_ sin p (¢ — (1.771)

a 4

2

. Tt
\<{Q,cas~z-t—i

Wi
AN

N\
N\

0 2] t, t 0 b t, &
At—m ! At 7] 1

q a) Coyvai t q d) Cayvad 2
At

4 &

Ns;slézﬁ

\ x?\w\

N\

sy

v,

11
i
I
|
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t 0 b ]
at=77 £t

6) Cayvad 3 2} Cyvad 4

Puc. 1.58
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Puc. 1.59 Puc. 1.60

STHX DHCYHKaX NPHMEHSIOTCS MOCTOAHHBE wwaru no. BpeMenn Af = #,/10. Ileperie Tpu
ciayyass OTHOCATCA K MMIYyJbcaM NPSAMOYToJbHOH (OpMBHI, TOrja KakK MNOCAEIHHH —
K HMMNYJbCY TpaneuenjanbHOH ¢GOpMBl (C HCMOJIb30BaHHEM KYCOYHO-JHMHEHHOH HHTep-
nonsuux). B moaxoxzax, K KOTOpHM oTHOCATCH pHC. 1.58, a—6, BeJHUHHBI HMIYJILCOB
ONpe/ieIANNCh 3HAYEHHSIMH ODAHHAT KPHBOH COOTBETCTBEHHO B Hadaje, KOHIE H cepe-
JuBe wara. Js yao6cTBa cpaBHEHHS YKa3aHHBIX CJydaeB Gbl1a BbIGpaHa ONMMCHIBaeMast
ypaBHEHHEM

Q = Q, cos [nt/(2t)] (a)
KpHBasi, JJIs KOTOPOHl H3BeCTHO TOYHOE pellleHHe NPH OTCYTCTBHHM JeMN(HPOBAHHS (CM.
sajauy 1.13.7):
G ( nt 2nt>
% =—5- (cos 5%, cos —— B, (6)
rie
B = /[l — (x/4t)2]. (8)
B KkauecTBe CIeNHaJbHONO cayuyas TOJOXKHM f; = T/2, W TOrAa BuIpaxenue (6)
NpHMET BHJ 0
4 . mt it
:—?f smﬂ—cos-? . (r)

BbIYHCANTL M TpEJCTaBUTL IpaduuecKH H3MEHEHHS TepeMeIleHHH BO BpeMeHM JJISl CH-
CTeMH TNpH Kosae6aHusix Ge3 JemndupoBaHHS Ha HHTepBase BpeMeHH 0 <! < if; pas
yeThpeX Crnoco6OB INpeJCTaBJeHHs KPHBHIX, NOKa3aHHBIX Ha puc. 1.68, a—e. Ilpen-
noJiaraercsi, YTo HauajibHbie YcaIoBHA NPH L= 0 xo = 0 u %= 0 u 4TO BeJHUKHH Q,
H k2 paBHH €JHHHIE.

Pewenue, Jlns mepBHX Tpex CJIydYaeB BOCNOJb3yeMcsi EBhipaxeHnusMu (1.76B) u
(1.76r); B cBOIO ouepeab, BhipameHHsa (1.77B) u (1.77r) NpPHMEHHMBI 1Js caydas 4.
CorJIacHO HCXOJHHIM TapaMeIpaM B 3TOM NpuMepe uMeeM Af; = 1/20, pAt; = n/10 =
= 18, cos pAt; = 0,951, sin pAt; = 0,309, 1 — cos pAt; = 0,0489, pAt — sin pAt; =
= 0,00514.

[MonyuenHble pemenns yjao6Hee NpPEACTaBHTh B TaGauuHofi dopme, nostomy B Taba. 1.1
NpHUBEeJEHH BCe IIarH BBHIYMCJAEHHH IJS NEPBOro cayvas.

BHauasle MOXXHO 3aNOJHHTbL HEPBbIE MIECTh CTOJAGIOB B TabJHILe, NCMECTHB Hayasb-

Hble 3HAYEHHA Xy H Xo/p (B JaHHOM IpPHMepE paBHEIE HYJIO) HAa NEPBOH CTPOKE CTOJIGIOB
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1.1. Pewenne pas caysas 1 u3 npumepa 1

1 2 3 4 5 6
3
. s -
‘ 4/t Atyty Q; Q;/k S <
| oy
S| ol
0 0 — — — — —
1 0,1 0,1 1,000 1,000 0,0489 0,309
2 0,2 0,1 0,987 0,987 0,0483 0,305
3 0,3 0,1 0,951 0,951 0,0465 0,294
4 0,4 0,1 0,891 0,891 0,0436 0,275
5 0,5 0,1 0,809 0,809 0,0396 0,250
6 0,6 0,1 0,707 0,707 0,0346 0,219
7 0,7 0,1 0,588 0,588 0,0288 0,182
8 0,8 0,1 0,454 0,454 0,0222 0,140
9 0,9 0,1 0,309 0,309 0,0151 0,095
10 1,0 0,1 0,156 0,156 0,0077 0,048
7 8 9 10 11 12
- - 3 -
Py bl Q .
{ a N 2 ; x; X
2 = M K g A
- w-; e Ala
s " B R
® ®
0 - — — — 0 0
1 0 0 0 0 0,049 0,309
2 0,0407 0,015 0,294 0,095 0,190 0,584
3 0,181 0,059 0,555 0,180 0,408 0,790
4 0,388 0,126 0,752 0,244 0,676 0,901
5 0,643 0,209 0,857 0,278 0,961 0,898
6 0,914 0,297 0,854 0,278 1,226 0,776
7 1,166 0,379 0,738 0,240 1,434 0,540
8 1,364 0,443 0,514 0,167 1,553 0,211
9 1,477 0,480 0,201 0,065 1,558 —0,184
10 1,482 0,481 —0,175 —0,057 1,432 —0,608

¢ HomepaMH cooTBeTcTBeHHO 11 M 12. Torga BeJqHYHBBHL Iyl BTOPOH CTPOKH CTOJNGLOB
7—10 nojCYHTHIBaEM IO CJAELYICIIHM (OpMyJiam:

cTonben, 7 x, cos pAt; = 0;
croaben 8 xqsin pAt; = 0;
cronber 9 I (£,/p) cos pAt; = 0;
croer, 10 (&/p) sin pAt, = 0.
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1.2. Ilepememenus aia mnpumepa 1

Crnyuau
i/t = — Touwoe pemrenue
1 2 3 4

0,0 0 0 0 0 0

0,1 0,049 0,048 0,049 0,049 0,049
0,2 0,190 0,187 0,189 0,189 0,190
0,3 0,408 0,397 0,404 0,403 0,404
0,4 0,676 0,652 0,666 0,665 0,667
0,5 0,961 0,917 0,942 0,941 0,943
0,6 1,226 1,156 1,195 1,193 1,218
0,7 1,434 1,332 1,388 1,386 1,408
0,8 1,553 1,416 1,489 1,488 1,504
0,9 1,558 1,383 1,475 1,474 1,484
1,0 1,432 1,223 1,332 1,331 1,333

B 570l TOuKe BEJIHYHHBI ¥; U %;/p MOXKHO MOACUHTATHL MO Bhipaxenusm (1.768) u (1.76r),
1oCJ/I€ YEro NnoACTaBHTb COOTBETCTBEHHO B cTOJGUE! 11 M 12; npu 3TOM HMeeM

croaben 11 = cronbeu 5 | cronbeu 7 4 cronbew 10;

cro6en 12 = crosnben 6 — croaben 8 - croatern 9.

Bce nocaenyromuye cTpoxu TaGJaHIBI 3alHCBIBA€M IO TEM Ke NMpaBHJaM, UTO M AJS mep-
BOH CTPOKH.

AnanoruyHsIM 06pa3oM MOXKHO pPacCMOTPETb OCTAJbHBIE TPH CJydYasi H3 JAHHOTO
npHMepa, MOJy4eHHble TAKHM 06pasoM JJsl BCeX wueThipex CJydaeB nepememenus. Hx
TOYHBIE 3HaueHHs IpuBelenbl B Taba. 1.2. T'paduxu, mocTpoenHble 1O NOJMYUEH-
HBIM pe3yJbTaTaM, NPHBeJeHB Ha pHC. 1.59, rae cniIOWHOMA JIMHHEH NpeiCTaBIEHO TOY-
Hoe pemenne. Kax M ciefoBano oxHjAaTh, KpHBasi, OTHOcslascs K caydawo 1 (cM.
puc. 1.58, @), JexuT BBl KPHBOH A8 TOYHOTO peIleHHH, TOTJa Kak B ciyuae 2 (cM.
puc. 1.58, 6) — kpuBasi JIEXKHT HHXKe TOYHOIO peIIeHHs; B caydasix 3 H 4
(cM. puc. 1.58, 8 u &) 5TH KpuBble NPAKTHYECKH COBNAJAIOT C TOYHLIM pELUEHHEM, HO
H3 CONOCTaBJIEHHS YHCJOBBIX AaHHbIX M3 Tabi. 1.2 cienyeT, uTo o6a crnocoba HHTEPIOJ -
LHH JAlT 3HaueHHs, HECKOJBbKO MEHbILHe, YeM TOYHbIE,

IMpumep 2. [IycTh cHCTema C OAHOH CTemeHbi0 CBOGOALI 6e3 nemndupOBAHHS MMmeeT
JKECTKOCTb MPyKuHH k = 1,787-10° H/m u nepuop cobcrBenHbIX KoneGanuit T= 1,2 c.
Bosmymaromas cusa Q u3MeHsieTcsl BO BPEMEHH TaK, KaK IoKasano Ha puc. 1.60, a.
YuHcyoBEE jaHHBIE A1 CHAB @ npHBeleHbl B crosbue 3 tabu. 1.3. Kak BHinO u3
puc. 1.60, a, B kayecTBe HHTepnoJupynlledi BbHIOpaHAa KYCOYHO-NOCTOSIHHASL (PYHKUHSH
C TOCTOSHHBLIM wiaroM no BpemedH Af; = 0,1 c. B KauecTBe 3HAUeHHSI KaxJOrO HM-
nyJbca NPsMOYTobHOH (pOPMBI BHIGPAHO 3HAYEHHE OPAHMHATHI KPHBOH B CepejuHE luara.
KpoMe Toro, mpegnoJiaraercs, YTO HadaJbHBIE YCJOBHS B JaHHOH 3ajnaue: xo = 0 H
X%o= 0 npu { = 0. BbIYHCJIUTb H NMOCTPOMTH TPahuK NepeMEIleHHsI CHCTEMbl Ha HHTEp-
Basie BpeMeHn 0 <C ¢ < 1,6 c.

Pewenue. B paccMoTpeHHOM npHMepe HmeeM Afi/t = 1/12, pAt; = m/6 = 30°,
cos pAt; == 0,866, sin pAt; = 0,5, 1 — cos pAf; = 0,134. B Tabn. 1.3 npuseneHs Bce
sTanel BblupcaeHuil, a Ha puc. 1,60, 6 mocTpoeH rpadHK 3aBHCHMOCTH IlepeMelleHHS
OT BpPEMEHH.
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1.3. Pemenus naa npumepa 2

b~ <t 2,91
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SAIAYN*

1.15.1. OnpefesinTs BHpaXKeHHe I CKOPOCTH %i, TOAEJNEHHOM Ha 4acToTy p, AAs
c/lyyas, KOTRa PEAKUHsl CHCTEMH NPH koJeGaHHsX 6e3 JeMndHpOBaHHA Onpejessercs
pupaxennem (1.767).

Omsem.

1

X; . x 1 .

5= — Xosinpt; + — - Cos pt; —I—TZ;QJ‘[ —sinp (i — ;) +
l::

+sinp (t; — £0))

1.15.2. OnpezeJanTh BHpPaXeHHe AJs CKOPOCTH X;, MOAENEHHOH Ha yacToTy p, AJ4
cayyast, KOrJa PeaklHsi CHCTEMH NpH KojneGanusax 6e3 NeMIGHPOBaHHS OMpelelseTcs
pbipaxkennem (1.777).

Omeem:

i
¥y ; ; 1 :
So= —xosinply+ “rcospt; + 7= Y {Qal—sinp @ — 1)+
i=1

. A . 1
+smp(ti—t,-_1)]+ﬂ% [ — Atysinp (6 — )+ —-cos px

1 1
X{ti — ;) — —-cospt; *tj-l)]j-

1.15.3. TlonyuHTh BHIpaXKeHWe, aHajJorHuHoe (1.75B) A/ KyCOYHO-THHEHHOH HH-
TEPNOJAAUHOHHON (QYHKLUHH, HCTONb3yeMOH A/ MNPEICTaBJIECHHA HMIYJbCHOrO BO3AEH-
CTBHS ¢ NOMOIBIO TOPH3CHTAJbHBIX MoJoc (cM. 3agauy 1.13.2).

Omeem:

i
1 AQy 1
Xp= e AQo(lmcospt,-)—{—E-zt—j [Atj+-p—smp(ti—tj)~

j=!
—_ -I—Sinp(t,'—tj)]}.
p
1.15.4. OnpelenuTb BHpaXKeHWe NI CKOPOCTH Xi, NOACNEHHOH Ha 4acToTy Py,

ISt cayuasi, KOrja nepeMelleHHe CHCTeMB NPH KoJeGaHHAX ¢ AeMNdHPOBAHHEM Npej-
cTaBJsiercs BhipaxeHueM (1.766).

Omegem:
%"-=e—"A’i [ — xy_y sin py Ay —i—-xi"%‘—i- cos pg Aty — —:—X
n bt A
- . . 2
x(xi_l cos py At; + f’—‘l—_%i sin py At,-)} 4+ -% e Nl (1 + —1,72_") %
i

X sin py At;.

* BhiyucieHUs, HEOGXORUMBlE JJf DEeHHS 3ajau 3Toro maparpada, peKoMeH-
JyeTcs BHIMOJHATH ¢ Momompio nmporpamM Ha OBM. [lns storo Ha s3bike BEWCHK
cOCTaB/IeHa Tporpamma ¢ pasjedeHHeM BpeMend moj HasBanHem CONFORCE (sbiumc-
JIeHHe TepeMemienuii npu AeHCTBHH BO3MYymiaiomell CHJBI, TIPEJCTaBAseMOR KYCOYHO-
NOCTOSIHHON (yHKIMel); pacreyaTKa TEKCTa IPOrpaMMbl NPHBEJEHAa B NPHIOXKEHHH.
Ananornunyio nporpammy nop Haspannem LINFORCE (Bosmymaromas cusia npeicra-
B/AETCA KYCOUHO-JHHEAHON GYHKIHEH) MOXKHO NIONYIHTb MyTEM H3MEHEHHS B IIpOrpamMme
CONFORCE onepartopoB A/ BHYHCICHHs KOHEUHBIX Pa3HOCTeHl B PEKYPPEHTHHX ¢Gop-
MyJiax, Ha KOTOPBHIX OCHOBHIBAIOTCH 3TH NPOTPaMMBI.
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1.15.5. [Tony4uTb CaMOCTOATEJNLHO DPe3y/bTaThl, MNPHBEEHHHE I cayyas 2
B Ta6a. 1.2 (cm. mpumep 1). Ilpn noBTOpHHIX NpHMeHeHHSIX BbIpaxeHuil (1.76B) u
(1.76r) mcrnosnb3oBath (OpMY, aHAMOTHUHYIO Taba. 1.1.

1.15.6. ITonyynTb CaMOCTOATENbHO pe3yJbTaThl, INPHBEJEHHBE MJs chaydas 3
B Ta6a. 1.2 (cM. npumep 1). Tlpn noBTOpHBIX npuMeHeHHAX BblpaxeHui (1.76B) u
(1.76r) ucnonb3oBaTh (GoOpMY, aHAJOTHUHYIO Ta6a. 1.1,

1.15.7. TIoNy4HTb CAMOCTOATENbHO pe3yJbTaThl, NPHBEACHHHE [JA caydas 4
B Tabn. 1.2 (cM. mpumep 1). TIpu NOBTOPHHX mNpHMeHeHHAX BblpaxeHui (1.778)
u (1.77r) ucnosan30BaTh (OPMY, aHAJOTHUHYIO TaGa. 1.1, HO C JOMOJHHTEIbHBIMH CTOJIO-
LJaMH.
1.15.8. Hcnoap3ys nokasansbiii Ha pHc. 1.56 METOA KYCOYHO-TIOCTOSHHOH HHTED-
MOJISIHH, ONMPEREJIHTb H IOCTPOHTH TPapHK A5 NepeMelueHHA B CHCTEME C OQHOH CTe-
NeHbI0 CBOOOJBI M 6e3 JeMndHPOBAHHSA, Ha KOTOPYIO AEHCTBYET BO3MYLUAIOMAS CHJIA,
npejcraeiasemas gynkuued B 3agade 1.12.7. Hcnosb3oBaTh MOCTOSHHBIN 10 BPEMEHH
war Af; = £,/10 u paccMoTpeTs OTpe3oK BpemenH 0 <C ¢ << {,. HauasbHbie yCJIOBHSA
CyTb xg = Xp = 0, BesmuuHel Q) u k paBHbl efuHHIe. CpaBHHTL IOJIyueHHble pe3Y.ib-
TaTbl C TOYHBIM DellieHHeM 9TOH 3ajayH, cuuTas, 4to t, = T/2.

Omsem: x;9 = */3 (TouHOE 3HayeHHe).

1.15.9. 3anauy 1.15.8 pemntb, HCNOMB3YA METOJ KYCOUHO-ITHHEHHOH HHTEpnoOJis-
IHH, NOKa3aHHOH Ha pHc. 1.57.

1.15.10. 3anauy 41.15.8 pemntb, HCNOAB3YA AJjs (YHKIHH, ONHCHIBAIOLIEH BO3-
MYILIAMILYIO CHJY, BbIpa:KeHHe H3 3ajaud 1.12.8.

Omgem: x;0 = ?/3 (Tounoe 3HaueHHe).

1.15.11. 3apauy 1.15.10 peunTb, HCNOJAB3Ys METOJ KYCOYHO-JHHEHHOH HHTepnoJif-
I{HH, NOKa3aHHHIH Ha puc. 1.57.

1.15.12. Hcnonpsys nokasaHubiii Ha puc. 1.57 MeTox KyCOUHO-JHHEHHOH HHTep-
NOJISALUHH, VI ONHCAHHOH B IIDHMEPE 2 CHCTEMbl OMpEJEeJNHTb H IOCTPOHTb rpadHk (Ha
orpe3ke BpemeHH 0 < £ <C 1,0) 3aBHCHMOCTH NepeMeLIeHHH DPeakUHH OT BPEMEHH IpH
JE€HCTBHH BO3MYILIAIOILEH CHJIbI, 3aJaHHOH HHXKe:

L, C ... 0,0 0,1 0,2 0,3 0,4 0,5
Q,H......... —=3,7 —613 —69,6 —64,9  —52,7 37,2
ti,c ..o 0,6 0,7 0,8 0,9 1,0
Q,H......... —15,9 16,8 50,1 68,5 78,5

Omgem: 6,93-1072 m.

5 Tumowernko C. I1. u ap.



I'nasa 2
CUCTEMBbI C HEJIMHEUHBIMU XAPAKTEPUCTUKAMH

2.1. NPUMEPbl HEJIMHEHHbBIX CHCTEM

[Tpu o6cyxaeHuH B 1. | KoseGaTenbHBIX CBOACTB CHCTEM C OXHOH
CTeneHblo CBOGOJABI MpeAnosaaranoch, YTo CHJIA, BO3HHKAWOIAs B OpY-
JXKHHe, Bcerjga NpOoNopUUOHaAbHA ee mnepemelleHHsM. [Ipu 3toM OpljIO
o6HapyKeHo, YTO c/ayyal BSI3KOro AeMndupoBaHHs, Koria AeMrndHpyio-
asi CHJIa MPONOPLHOHAIbHA CKOPOCTH, Topasfo Jerue Nojgaercs pac-
CMOTPEHHIO, YeM ApYTHe criocobbl paccenBaHus 3HepTrHHU. [as Toro 4tont
H36exaTh MaTeMaTHueCKHX TpyJAHocrelt, B n. 1.10 Gpljio BBeleHO Npef-
crapjeHue o6 3KBHBAJIEHTHOM Bsi3KOM JeMmndupoBaHuu. Kpome Toro,
Macca BCerja CUHTajach HEeH3MeHHOH BO BpeMeHH. B pesyJabrate cka-
3aHHOTO ypaBHEHHe JABUXKEHUS TAKOH CHCTeMBl SIBJISIETCS OOBIKHOBEHHBIM
JUHeHHbIM JubdepeHIHaNbHBIM ypaBHEHHEM BTOPOTO MOPsAKa C TMO-
CTOSIHHBIMM KO3bdHULHEeHTaMH BHJa

m& -+ c% = kx = F (£). 2.1)

D10 ypaBHEHHE OYeHb XOPOWIO ONMHCHIBAET MHOTHE NMPAKTHYECKHE 3a]ayH
M UTpaeT LEHTPANbHYIO poJb B JHHEHHOH Teopuu KoseGanuil. OpHako
HMEETCsl TaKKe MHOXKECTBO (PH3HUECKHX CHCTEM, 1Jis KOTOPBIX JIHHEHHbIE
AuddepeHIHaNbHble YPABHEHHA C MOCTOSHHBIMU KOS(Q@HUHEHTaMH siB-
JSIIOTCS HEJOCTATOUHBIMH JJIs1 ONMUCAHHUsS JABHXKEHHMs, NMO3TOMY JJisi HC-
clel0BaHHs NOAOGHBIX CHCTEM HEOGXOJAUMO pacCMaTpUBaTh HEJTHHEHHbIE
nudepeHHaNbHEIE YPABHEHHS.

EcaM He yuMTHIBATH BO3MOXKHOCTH H3MEHEHHs Macchl, OOUMH BHJI
ypaBHEHHS ABHXKEHHUs CHCTEMBI C OJJHOH CTEIeHbio CBOGOAbI MOXKHO IIpex-
CTaBUTh B CJELYIOLleM BHIE:

mi - F (x, %, ) =0. (2.2)

B janbHefiieM cHCTeMBl C HeJTHHEHHBIMH XapaKTepHCTHKaMH 6yJeM pac-
CMaTpUBATh KaK HeAUHELiHble CUCIIeMbl, UX JBUIKEHHE KaK HeauteliHoie
Koaebanus, WIH Heauretlinoe Ounamudeckoe nosederue. C caMoro Hayazia
C/leflyeT OTMETHTDb, YTO INPHHIHI HANOXKEHHS, HEOJAHOKPATHO HCIOJb30-
BaBILMiics B 1. |, HeNPUMEHHM JJisi HeJduHeHHHX cHcreM. Hampumep,
eclM yBeJHUYMTh B 2 pas3a BeJHYMHY (QYHKUMH BO3MYLIAMOWEH CHJbL, TO
COOTBETCTBYIONIHE NepeMelleHHs HeIHHeHHOH cHcTeMbl He 06si3aTesbHO
6ynyT yaBauBaThesi. B ofllem cayyae HenMHeHHbie KOJeGaHHs He sIB-
JIIOTCS TAPMOHHMUECKHMH H HX YacTOTHl H3MEHSIOTCS B 3aBHCUMOCTH OT
AMIJTHTY ABL.
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a)

Puc. 2.1

d)

¥

OnuH ¥3 BaXKHBLIX THIOB HEJIHHEHHOCTH BO3HHKaeT B TOM ciydae,
KOTJa CHJla OTIOpa NPYKHHBl He NPONOPLHOHANbHA €e AepopMaLHusM.
Ha puc. 2.1, a nokasaHa KpHBasi 3aBHCHMOCTH Harpy3kH OT nepeme-
LUeHHs I8 HeJHHeHHO-YNPYTOH «npyscunsr ¢ sospacmarowedt xecm-
Kocmuoo», TAe YroJl HaKJI0HA KPUBOH yBeJIHUYHBaeTCs ¢ POCTOM HArpy3KH.
IItpuxoBasi JIUHUS HA PHCYHKe siBJISIeTCSl KacaTeJbHOH K KpHBOH B Ha-
yajne KOOpPAHHAT, €e YroJ HaKJoHa R XapaKTepH3yeT HadyaJbHYIO JKeCT-
KocTb. Anajoruyuo Ha puc. 2.1, 6 npejcrasjeHa KpHBasi 3aBHCHMOCTH
Harpy3kH OT nepeMelleHHs sl HeTHHeHHO-yPYTOH «npyscutbl ¢ ymero-
WIAoWelicsl cecmKocmptoy», TIe YToJ HaKJIoHA KacaTeJbHOH YMEHbLIaeTcs
¢ yBeJMueHHeM Harpysku. Ha o6oux pHCyHKAaX KpPHBble CHMMETPHYHBI
OTHOCHTEJIbHO TOUKH Hauasna KOOpPAHHAT, U B 3TOM CJjyyae rOBOPAT, YTO

npyxuHa obyanaer cummem-

punnoil xapakmepucmurod 80c-

cmanasausaowed cuabi. Ecan
KpHBasi 3aBHCHMOCTH Harpysku
OT MepeMelleHHsT HeCHMMeT-
pUYHA OTHOCHTENBHO TOYKH
Hayajsia KOODJAHHAT, TO TOBO-
pPAT, YTO UMeeT MeCTO goccma-
HABAUBQIOWAS. CUAQ C HeCUM-
MEMPUUHOL XAPAKMEePUCMUKOL .

IIpumep cHcTeMbl, HMe-
I0eH XapaKTepUCTHKY THNA
DPYXKHHBI €, Bo3pacTawmen
JKECTKOCTbIO H HECUMMEeTPHUY-
HOH XapaKTepHCTHKOH BocCTa-
HaBJHBalOWeH CHJbI, Dpel-
craBjeH Ha puc. 2.2, a. He-
Goabmias Macca m YKpenJeHa
B cepeJMHe PacTAHYTOTO Tpoca
AB jpauuoii 2!/, xoropmiil

5.
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2(S+FEA[L)sin6
g)

c. 2.2

S+FEA[L
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NpeaBapHIeJbHO HanpsiKeH pacTArMBaolleH CHJIOH, 0603HauyeHHOH OYK-
so#t S. Korna Macca nepemelnacics B 6G0KOBOM HanpaBJAeHHH Ha PacCTOs -
HHe X OT MOJIOXKEHHsI PABHOBECHS, B TPoce, KakK MOKa3aHo Ha puc. 2.2, 6,
BOSHMKAaeT BoccTaHaBJaupawoad chaa. Takum o6pa3oM, CHCTEMa MOXKeT
copepmarh CBOGOAHBIE KOJeGaHHs!, I KOTODBIX ypasHCHHE ABHKEHHs
HMeeT BHJ

mi 2 (S + L2 ) sind=0. (2)
B ypaBuenuu (a) uepes F, £ 1 A oGo3HaueHbl COOTBETCTBEHHO MJOLLANb
IONePEYHOro ceueHusi TPoca, MOJAYJb YNPYLOCTH €ro MaTepHajia U H3-
MeHeHue JJIHHbI [, 00YyCJOBJIEeHHOe nepemMelleHUeM x; yroa O xapakrte-
pU3yeT OTKJIOHEHHe Tpoca OT BepTUKaau. 3 mnpeacraBjseHHOH Ha
puc. 2.2, a cxeMbl HMeeM CJEAYylOLIHe IeoMeTpHueCKHe COOTHOIICHHA:

A=y EF2—1 sinh=———r 6
VoI VEre (6)
Tocse noACTAaHOBKH 3THX COOTHOLIEHUH B YypapHenide (a) HOAydum
] 2 2 __
m;e+2[5+ FEWVE + ’)] X0 (2.3)
) 1/'12 T 12 N

STO TOYHOE HeJNHHEHHOe ypPaBHEHHME [ABHIKCHHSI MOXKHO 3aMeHHThL Gosee
NPOCTHIM (HO MeHee TOUYHBIM), BOCIOJIb30BABIIUCh NPHUOJIHKEHHBIMH
COOTHOILEHH IMH

x2 . ~ X
AQ/’—'z—l—, SlﬂeN-l—- (B)

[ToacTaBUB 3TH COOTHOLIEHUsI B ypaBHeHHe (a), NOJY4YHUM

mi+ Bt v (2.36)

JE

Iro audpdepeHuranbHOe ypaBHeHHe, NMPUOJIUKEHHO OIHCHIBAlOLLEe IBH-
JKeHHUe, COMEPIKHUT WIeH C X B TpeTbeli CTeleHH H, CJeJ0BaTeJbHO, sB-
JsieTcs ellle U HeJHHeHHbIM. Ecau cuja S npeiBapuTesNbHOro Hanpsixe-
HUS BeJHKa, a nepeMeleHHe Mano, To KyOHYeCKHM YJeHOM B YPaBHEHHH
(2.36) moxHO npeHebpeub. [IpH 5TOM JBHKEHHE MACCHL ABJSETCS NOYTH
rapMOHHYECKHM, YTO OIpEeNsieTcsi OCTAIOLIUMHCS 4YjeHaMH. B apyrux
cIyuasx HeoGXOAMMO YUHTHIBATb KYOHUECKHil WJeH; NpH 3TOM BOCCTa-
HABAMBAIOLLAA CHJA UMeeT BHJ, NpeicTaBieHubld Ha puc. 2.1, a. Tlo-
CKOJIbKY YroJl HakJOHA KacaTeJbHOH K KpHMBOH, ONHCHIBalOIlEeHd 3aBH-
CHUMOCTb Harpy3ku OT MepeMelleHHsl, yBeIUYHBAeTCs C YBeJHUEHHEM
nepeMellleHusi, 4acToTa KoseGaHuil OyJleT YBeJIMUMBATHBCA C POCTOM
AMIJIHTY JIBL.

CieflyeT OTMETHTb, YTO HEJIMHHEHHOCTh CHCTeMbl Ha pHC. 2.2, a CBfl-
3aHa C pacCMOTPEHHEM TI'EOMETPHH CHCTeMbl NpPH OOJBbIIMX NepeMelle-
HHMSX, a He C HeJHHeHHBIMH CBOHCTBaMH MarepuaJja Ttpoca. Hpyro#
TIPUMED 2e0Mem PUHECKOL HeAUHEGHOCM U TIPEACTABIAECTCS NPOCMbLm MASM-
Huxkom Becom W W JauHoH L (puc. 2.3). B OTK/IOHEHHOM Ha yroa ¢ ot
BEPTHKAaJH MOJIOKEeHHH Ha MasiTHHK feficTByeT paBHHi WL sin ¢ Boc-
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CTAHABAHBAIOWLIT  MOMEHT  OTHO- Yy
cuteNpHo ToukH nojseca C. Taxkum

obpasoM, ypaBlieHHe Bpallarte/b- 7 P ﬁ
HOTO JBHKEHHS] OTHOCHTEIbHO TOUKH //// N\
nojBeca IMpPHHUMAaET BHJL //// ;p/}\\
. . AN
Te - WLsing==0. (r) </ \\\\
[ToacraBasis B 3T0 ypasleHHe Bbi- // \\\
paxeuve [ = WL*g ana Momentra _ 7 \\ -
HHEPIH MACChl, MOJYYHM ) X
= sing=0. (2.4a) ~ N Yw
W - X
Js Manbix aMnanTy A GyHKIHH sin ¢ L
TIIDUMEPHO PaBHA YAy ¢, H TOTHA
Puc, 2.3

IBHXKEHHE MOXKET paccMaTpHUBAaTbCs
KaK npoctoe rapMmonuveckoe. Ecau
XKe AMNJIUTYJA He MaJsia, BOCCTAHABJIKBAOLIHA MOMEHT IPONOPUHOHAJNIEH
QYHKLIMH Sin ¢, KOTOPYIO MOXHO Pas3JioXXHTb B creneHHod pan. [lod-
CTaB/fsl JBa MEpBbIX YJ/eHa psAla B ypaBHeHHe (2.4a), Haiiiem

0+ 4 _%):. (2.46)

B atom cayuae BHAHO, 4TO Yros HakJoHA KPHUBOH, ONHUCHIBawuleld 3a-
BUCHMOCTb BOCCTAHABJUBAIOUEO MOMEHTA OT yIVIa ¢, YMeHblIaeTcs
C yBeJMUeHHeM yIJa ¢, cJeJoBaresbHO, 4acToTa KoJeGaHHH yMeHb-
UIaeTCsl C yBEJNHUEHHeM aMILJIATY Ibl.

ITpn cpaBuennn ypasuenuit (2.36) u (2.46) oGuapy:KuBaeTcsl, UTO
HEJIHHEeHAHble UJeHbl B HHX HOJIKHBl CTPEMHUTbCA KOMIIEHCHUPOBATH APYT
Apyra B KOMOMHMDOBAHHOWA CHcTeMe THMa, NoKa3aHHOH Ha puc. 2.4.

\ A -5
\
- \ -0
" \ -
W\ ///
D -~
—~ \\ Z
\ == () 3
- =
/ 8 ~ \\\
————e "y \\
. ‘{ ‘ \/
¥ mmgwﬂ/\
s &
Puc. 2.4
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X X C/ef0BaTe/IbHO, € IIOMOUIBIO TOPH-

) e 30HTA/BHOrO MPEJBAPHTENLHO Ha-
s et % . TpsixeHHoro Tpoca AB, coelHHEH-
N ” [‘rw'WVXV\/W\«/ HOTO ¢ MasiTHHKOM B Touke D mep-
VMW e PEAVAAMAYY - IEHIRKYJISIPHO  TLIOCKOCTH KoJseba-
LA~ l—~MAMA HHS, MOXHO NOJYYHTB GoJsiee TOYHOE
s NpHOMHKEHHE K UBOXPOHHLIM KOle-

X s banuam.
L Ha puc. 25,6 u 26,6 no-
0" Ka3aHbl TPapHKU KYCOYHO-JIHHEH-

HbIX BOCCTAHABJHBAOIHX CHJ, KO-
TOpHE MOXKHO pacCMaTpHBaTh Kak
NpHUOJIHKEHHEIE TpeJICTABJIeHUs He-
NpEePLIBHEIX KPHUBBIX, H300paxkeH-
HbIX Ha pHc. 2.1, a u 6. B ne#-
CTBHTEJNBHOCTH 3TH rpadHKH COOT-
BETCTBYIOT JIMHEHHO YNpPyruM pas-
poigHoin cucmemam (cM. puc. 2.5, a
H 2.6, a). XoTa NpPYXKHHB HA 3THX
PHCYHKAaX SBJSAIOTCH JHHEHHO ynpy-
THMH, ABHXKEHHE MacC OINHCHIBAeTcCs
He HenpepblBHBIMH (QyHKUUAMHU. [To-
Jlo6HBIE CHCTeMBI OYAYT mOAPOGHO
paccMoTpeHbl HuXKe B 1. 2.5. Onnako
3Jlech NOJIe3HO YKAa3aTh Ha BO3MOXK-
HOCTb NPHOJHKEHHOrO IpejcTaBJe-
HUS HEJTUHEHHOH BOCCTAHABJIMBAIOUEH CHJIBI KYCOYHO-JHHEHHOH (YHK-
IIHH B BHJE IMOCJENOBATENbHOCTH NPSAMOJHHEHHBIX OTPE3KOB 2.

Ecnu 1QuHaMHyecKHe Harpysk, JA€HCTBYIOlIHEe HA CTPOHTENbHOE
COOpY?K€HHEe HJIH YacTb KAaKOH-MHOO MaIIHHDBI, BHI3BIBAIOT TOSBJEHHE Je-
(opMmanuii, NpeBBILAOUIAX NpPefesN YNpYrocTH MaTepHasa, pe3yJbTH-
pylolllee IBHXKEHHe HasblBaeTcs Heynpyeum. XOTH INPH HOPMANbHBIX
ycnoBusiX paboT oCbIYHO He JONyCKaeTcsl BBIXOA M3 ympyroifi obmacTtu,
IJI1  MHXKEHEepOB-KOHCTPYKTOPOB 4acTO TIPEACTAB/IAETCS HHTEPECHBIM
YBeJHYHTb JOJTOBEYHOCTh KOHCTPYKIHH HJIH YCTAHOBKH, paGOTAIOUHX
B 3KCTpeMaslbHBIX YycjaoBHsiX. Hanpumep, 3jpaHue npH MHTEHCHBHOM
Harpy>KeHHH OT B3pblBAa HJH 3eMJeTpsiceHHs OyreT aedopMHPOBAThCH
HeyInpyro.

Ha puc. 2.7, a npeacraBieHa cxeMa HAeaJH3HPOBAHHOH MPSIMOYTOMb-
HOH CTaJIbHOH pambt 3[laHHA, HAa KOTOPYIo AeHCTBYeT 60KoBasi Harpyska P,
NPHJIOKEHHAS Ha YPOBHE MEPeKPHITHsS. EC/H KecTKOCTb CTOEK IpH
H3rube MeHbLIe KeCTKOCTH 6aloK npu u3rHbe U HAarpy3Ka YBeJHYH-
BaeTcs 10 GECKOHEYHOCTH, TO Ha KOHIAaX CToeK o6pasyloTcs TaK Hasbl-
BaeMble naacmudeckue waprupet (I1LI). 3aBHcuMOCTb HArpysku P or
nepeMellleHHs X ABJseTCs JHHeHHOH 0 3HAYeHHs HAarPy3KH, paBHOTo P,
{(cM. uHMI0 [ Ha puc. 2.7, 6) H COOTBETCTBYIOLLETO MOMEHTY BO3HHKHOBE-
HHA MJacTHYecK#X Aedopmalnui B MartepuaJge. Jlajee 3Ta 3aBHCHMOCTh
(nmuuusA 2) nepexoNUT B KPHBYIO, aHANIOTHYHYIO NOKa3aHHO# Ha puc. 2.1, 6
ANS ciyyas NPYXKHHB ¢ YMEHbLIAIOIEHCs KecTKOCThIo. [lpu CHATHH
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Harpysku martepHas BeleT ce6s Kak ynpyruii (y4acTok KpuBo#t 3 Ha
puc. 2.7, 6). dra 4yacTb AHArpaMMbl MpeACTABAfCT COOOH NPAMYIO JiH-
HHIO, NapajJjesbHyio JHHWM [ yuacTKa ynpyroro Harpyxenus. Ecau
3aTeM NpPHKJaJblBaeTCs Harpys3ka B MPOTHBONOJOXHOM HaNpaBJIEHHH,
HOSIBJARIOTCS Y4acTKH KpUBHIX 4 H & Ha puc. 2.7, 6; caexyiolas 3arem
pasrpy3Ka OMHCBIBAETCS JIMHHEeH 6. DKCIepPHMEHTHl MOKA3BIBAlOT, YTO
ecJHM MakKCHMaJsibHble TNOJIOXKHUTeabHasi Py, W oTpulartejbHas Py, CHJbI
(T. e. opAMHaTHI To4eK B M £ Ha AMarpamme) paBHBbI IO BeJH4YHHe, obpa-
3yeMas IIpH LHKKJ/JIHYECKOM HATPYXXEHHH nemas aucimepe3uca CHMMe-
TPHYHA OTHOCHTE/JIbHO Hauyajd KOODAHHAT *.

KpuBoJsnHelinble y4acTKH JAHarpamMmel Ha pHc. 2.7, 6 3adacTyio 3a-
MEHSIOT MPSIMbIMH JIHHUAMH, MPHOJIHIKEHHO ONHCBHIBAIOILHMH JECHCTBH-
TeJIbHOE NoBejxeHHe cHcTembl. [logo6Has ymnpolieHHas AHarpaMma 3aBH-
CHMOCTH HarpyskH OT NepeMelleHHs, HasbiBaemas OuAuHedHol Heynpy-
20t soccmanaeausaoweli cuaol, nokasasa Ha puc. 2.7, 6. OHa upejcras-
JisieT JBe TapaJjJieJbHble JHHHH 2 H 4, XapakTepHu3yloliHe Heynpyroe
noBeJeHHEe CHCTEMBbI, H CeMeHCTBO NapaJsJjejbHblX JUHUH (JUHUH [ H
3 — THUNHYHBIE TpPEACTAaBHTENH 3TOTO CeMEeHCTBA), XapaKTepH3YIOmHX
ynpyroe noBejieHHe, Ecau yribl HakjaoHa JHHUA 2 M 4 paBHB HYJIO,
KakK T0Kas3aHo Ha puc. 2.7, ¢, AHarpaMma OIHCBIBAaeT ynpyeonaacmude-
CKyto soccmanagausaowyo cuay. Takum obpasoMm, KOrAa TIoBeJeHHe
CHCTEMBI Mpeanosaraercss JHO60 HAEaAbHO YNpyruM, JH60 HIeanbHO
NJaCTHYeCKHM, rpadHK 3aBHCHMOCTH CHJbl P OT X COCTOMT H3 NpPSIMO-
JHHEHHBIX oTpe3koB. Hanpumep, paccMoTpuM paMmy, MOKa3aHHYK Ha
puc. 2.7, a, ¥ NPEANOJOXKHM, YTO Harpyska P yBequuHBaeTcsi 1O 3HA-
yeHusi Py (cM. Touky A Ha puc. 2.7, &). Ecan npeanosoxuTb, 4To nJjaa-
CTHYECKHe ULIapHHPB (cM. pHc. 2.7, a) obpasyloTcs BHe3anHo, nepeme-
meHHe OylerT yBeJIHYHBATbCH, HE CONPOBOXKAASCH COOTBETCTBYIONIHM
pPOCTOM HarpyskH, KakK IOKa3aHO YYacTKOM TOPH3OHTAJbHOH JIHHHH
ot A go B ua puc. 2.7, 2. YMeHblIeHHe HArpy3KH BbI3bIBaeT YMeHblile-
HHE CMelLleHHs B COOTBETCTBHH C KpHBOH & (cM. puc. 2.7,¢) u T. 1.

PaccmarpuBaemMasi NMpH HCCJE40BAHUH YNDPYTONJACTHYECKOrO TMOBe-
Jenusi 6ajloK W paM NeTJsi THcTepe3Hca npeicTaBasieT co60l AUCKPETHYIO
MaKpPOCKOMHYECKY0 (OPMY KOHCTPYKIHOHHOIO JAeMN(HpOBaHHSA, KOTO-
poe ofcyxknagoch Beite B n. 1.10. B paHHOM ciydae npeanoJsiaraercs,
YTO BCe pacceHBaHHMEe 3HEPTHH NMPOHCXOAUT B NJACTHYECKHX LIAapHUPAX,
a B caMOH KOHCTPYKLHH 3HEeprHsi coxpaHsercss HeusMeHHoii. Hasosem
ONHCAHHBIH MeXaHH3M pacCeHBaHHS ynpyeonaacmuyeckum Oemngupo-
sanuem, KOTOpoe TpejcTaBisieT co6oH YacTHBIH caydail eucmepe3uctozo
Oemncpupogarusn. TIpw 3TOM YCHJHS NPeACTABJIAIOTCA KYCOYHO-JIHHEeMH-
HbIMH (DYHKUHSIMH TIepeMellleHHsl H HMEIOT HEeKOTOpOoe CXOJACTBO C KyA0-
HOBCKUM mperuem, KOTOPOE TaKKe OTHOCHTCA K THIy THCTePE3HCHOTO
JaemngupoBaHust, paccMoTpeHHoro B m. 1.10. Ha puec. 2.8, a usobpa-

* Ramberg W., Osgood W. R. Description of stress-strain curves by three para-
meters. — NACA, Tech. Note, 1943, N. 902; Goel S. C., Berg G. V. Inelastic earth-
quake response of tall steel frames. — Journal Struct. Div. Amer. Soc. Civil Eng.,
1968, v. 94, N. 8, pp. 1907—1934; Popov E. P., Pinkney B. R. Cyclic yield re-
versal in steel building joints. — Journal Struct. Div., Amer. Soc. Civil Eng., 1969,
v. 95, N. 3, pp. 327—353.
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6)
Puc. 2.8

- XeHa CHCTeMa ¢ OJHOH CTemeHbi0 CBOOOJBI C CONPOTHBJIEHHEM B BHJE
cusbl TpeHus F, a Ha puc. 2.8, 6 nmpejicraBieHa ¢opMa NeTId THCTepe-
3huca sl 3Toro cJaydas. Ecau mocsne nepBoro npujaoXeHusi cuaol P
HE BO3HHKAeT OCTAaTOYHOH CHJIbI TPEHHS, FpadHK 3aBUCHMOCTH CHJBI P
OT TepeMelleHUsT x TpejcTaBiasiercs: JAUHUAMH [ W 2 Ha puc. 2.8, 6.
ITocaenyiomee yMeHbUIeHHe, a 3aTeM M H3MeHEeHHe 3HAKa HarpyiKeHHs
NPEACTABJSAIOTCA JHHHAMHU 3 U 4; NPH 3TOM H3MEHEHHH 3HaKa HArPy3KH
MPHBOAHT K TMOBTOPHOMY HAarpy)XeHHIO B COOTBETCTBHH C JHHUAMH 5
1 6. B atoM cayyae GunuHefiHas AHarpamMMa COCTOHT H3 JBYX HAaKJIOH-
HbIX JHHHH 2 ¥ 4 (06e JUHHU UMEIOT TAHT'eHC HAKJ/IOHA, PAaBHbIA YKEeCTKO-
CTH k NIPYKHMHBI) H MHOXECTBA BEPTHKAJbHBIX JHHHI, JBE H3 KOTOPHIX
npejcTaBJeHs! B BHAae JHHHH 3 u 5.

HHTepecHo OTMETHTb, 4TO €CJAH TAHIEHChI YIVIOB HAKJOHA JHHHH
tuna I u 3 (cMm. puc. 2.7, &) B3ATb paBHBIMH GECKOHEYHOCTH, A TAHTEHCHI
YIJI0B HaKJ/IOHa JuHU# THna 2 U 4 (puc. 2.8, 6) MOJIOKHUTb PABHBIMH HY.JIIO,
o6e 3afauH, NMPEeACTABJECHHbIE HA 3THX PUCYHKAaxX, CTAHYT HAEHTHYHBIMH
C MareMaTHuecKofl TOUKH 3peHHs. [lpeapiayimias 3anauya OTHOCHJACH
K CAYHAl0 eCmKONAGCMUHYECKOL BOCCMAHaBAUBaiowell cuabl, KOTaa Je-
dopMauua 3JaeMeHTa B ynpyroié o6JacTH mpeanoJjaraercsi MaJjod Mo
CpaBHeHHIO ¢ JedopMalMsIMH MaTepHala B IJIACTHYEeCKO# o00JacTH.
C npyro#i cTopoHH, 3Ta 3ajada ONMCHIBAET MOBHILIEHHE I'py3a 6e3 mpy-
KHHBI, KOTJA €ro JABHKEHHIO MPENATCTBYeT TOJNbKO TPEHHeE.

Kak yxe ynomuHajoch B 1. 1.10, Bce H3BeCTHbIE MEXAHH3MbI pacceH -
BaHHsl, 3a HCKJIOUEHHEM BS3KOTO AeMNpHPOBAHHS, MPHBOIAT K HEJMH-
HeHHBIM KoJebGaHuAM. Hanpumep, XKUIKOCTHOe (HJIH OCYILECTBJSIEMOE
N0 3aKOHY «CKOPOCTb B KBajpare») aeMndupoBaHHe 00YCJIOBJEHO MPO-
MOPUHOHANBHBIM X | % | YWICHOM, NOSIBASIIOWUMCST BYYPABHEHHH JBUKEHHSI
TeJsia, NepPEMEILAtomerocss ¢ BBICOKOH CKOPOCTBIO B XKHAKOCTH. OnHako
B JanbHelinieM Bcerja OyZneM TNpennoJsiaratb, 4To Macca H XapaKTepH-
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CTHKY JeMNpUPOBAHHA H KECTKOCTH KoJjie6aTe/bHOH CHCTEMBI HE H3Me-
HSIIOTCS1 BO BPEMEHH H 4TO (DYHKIHA BO3MYILAIOMEH CHJILI HE 3@BHCHT OT
nepeMelentst, CKOPOCTH H YCKOpeHHs. YNOMSAHYThbie IPelnoJIoKeHus
MO3BOJSIOT paccMaTpHBaTh 3aJauM YCTOHYMBOCTH KoJieGaHHH, Bf3KO-
YOPYTOCTH U aBTOKOJeGaHUH *, 4TO BHIXOJHUT 3a PAMKH JAHHOH KHHTH.

3AJAYH

2.1.1. Ha puc. A.2.1.] nokasaHa cocpeflOTOYeHHAs Macca i, 3aKpellJleHHass Ha
yeThbIpex JHHEHHO YIPYTHX NPYXKHHAX, KaX1asd H3 KOTOPLIX HMeeT XKecTKOCTb k H AJIHHY [
B HEHAINpSIKEHHOM COCTOSIHMH. 3amucaTh: a) HeJHHeHHOe ypaBHeHHe JBHIKEHHS C YUETOM
GOJIbIIKMX TepeMelleHHi MacChl B HanpaBJeHHH OCH x; 0) MPHOJHXKeHHOe HeJHHeiHoe
ypaBHEHHE ABHXKEHHS C yYeTOM OOJIbLIHX NepeMellleHHH; B) NpHOJHXEHHOE JIHHEHHOEe
ypaBHEHHE NPH MaJbIX NepeMelleHHsIX.

Omeem:

a) m& + 2kx (2 — VB x2) = 0;
6) mi + 2kx [1 4 x2/(212)] = 0;
B) m& + 2kx = 0.

2.1.2. Tlokasanuass Ha puc. A.2.1.2 cucTeMa aHaJOTHYHa PACCMOTPEHHOH B 3a-
nade 2.1.1, 3a UCKJIIOUEHHEM TOTO, UTO YTOJ, COCTABJAeMBIH; KaK 10H; 1PYKHHOHC OCBIO X,
paBeH 45°. 3ammcath: a) HeJMHEHHOe yDaBHEHHE [IBHXKEHHS C yu4eTOM GOJIbIIHX Iepeme-
LeHUi Macchl B HANPaBJIEHHH OCH x; 6) NPHOJHXKeHHOe JHHelHoe ypaBHeHHe ABHXKEeHHS

OPH MaJblX NepeMelleHHsTX.
Omsem:

a) mi 2 [ 2x— I L SE— | '
v 14+ 1(1+V20) VL 1/(1— YV oxgi)?
6) mx + 2kx =0.

-

L yTr t

y/77774

Puc. A.2.1.1 Puc. A.2.1.2

2.1.3. /15 NpHKPENJIeHHOTO K NPYXKHHE MasiTHHKA, [TOKa3aHHOTro Ha puc. A.2.1.3,
8anucaTh: a) HeJHHEHHOe YyPaBHEHHE ABHXKEHHS C YYEeTOM GOJBbIIHX YIJIOB HAaKJOHOB;
6) npHOITHIKEHHOE JHHEHHOe yPaBHEHHe JBHKEHHsS [IPH MaJblX YIrJax HAKJOHOB.

* O6cyxaeHue BONPOCOB aBTOKOJNEOAHHH H YCTOMYHMBOCTH KOJeGaHHH CM. B TJa. 7
H 8 kH. Den Hartog J. P. Mechanical vibrations. 4th ed. New-York: McGraw-Hill
Book Co., Inc., 1956, 436 p. (ony6nnkoBaH mepesop: Hen-Iapror Ix. MexaHHUecKHe
KosnebGaHust. M.: ®dusmarrus, 1960. 464 c.).
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Omsem: )
. . F .|
a) cp—|——lg1— [sm(p—l— —W-cos(cp~6)J =0,
rae

I3+ 1 sing Iy (I — cos @)
= - | = "
F k< cos 0 2) » 0 arctg[ I,+1, sin(p:l ’

6 b+ ( 4+ 1 )v=0.

2.1.4. [Ins cBA3aHHOTO C NPYXHHOH MasiTHUKa, NOKasaHHoro Ha puc. A.2.1.4,
3amucaTh: a) HeJJHHEHHOe YPaBHEHHE [BHXEHUS ¢ yuyeToM GOJBIIKX TIOBOPOTOB; 6) NPH-
6JHXKeHHOe HeJHHelHOoe yDaBHEHHe JBHXKEHHS C Yy4eTOM GOJIbLUMX IOBOPOTOB; B) IPH-

6JHXKeHHOe JIHHeHHOe ypaBHEHHE ABHKeHHs NPH MaJBIX YIJax HaKJIOHOB.
Omeem:

o4 -2 sing kg l I [l— ly - ]
Vet g G e T e |

X sing = 0;
PN g g b N 2 1 A
Dk ot g g () g0

5) ¢+ 4 ¢ =0.

\
\\
2
ol L \
\ 2 \
I .
[ « 4
W X
Puc. A.2.1.3
Puc. A.2.1.4

2.1.5. Ha pucyHnge noka3aHa Macca, CBS3aHHasl C YCTaHOBJEHHOH HaKJOHHO Npy-
JKHHOH, JJIMHA KOTOPOH B HEHANPSKeHHOM COCTOSSHHM paBHa [.¥B 0JHOM M3 yCTOHYMBBHIX
PAaBHOBECHBIX TOJOXEHHUSX MNPYXHHA HAaKJOHeHa K TOPH3OHTY, KaK IIOKa3aHO Ha
puc. A.2.1.5, moa yraom 0. 3anucaTh HeNHHeHHOe ypaBHEHHE ABHIKEHHS 3TOH CHCTEMBI
¢ yuetoMm GOJIBLIMX MiepeMellleHHH B HaNpaBJeHHH OCH X.
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Omeem:
! (lcost—x) ' _0
V24 x2—2ixcos b | '

mi’l-{-klx——lcosﬁ-{-

2.1.6. B nepeBepHYTOM MasTHHKE HMMEETCS JIHHEHHO YNpyras chOHpa/bHas Npy-
KHMHA, ycTaHOBJeHHAasAs Ha onope (puc. A.2.1.6). 3ammcats HesnuHefiHOe ypaBHeHue
JABHKEHHS € yueToM GOJBLIHX YIVIOB HAaKJIOHZ 5TOH CHCTEMHI,

Omeem:

= | kupg g .
L WE q>——7—smq>_0.

Puec. A.2.15

O J o) \ -
I X
T
m y" \
\
o] Kn@ —
> Puc. A.2.1.6

X

2.2. ONPEJEJIEHUE CKOPOCTH H NEPHOJA
KOJIEBJIIOIMEHCST CUCTEMbI HENOCPEACTBEHHbBIM
HHTETPUPOBAHHEM

PaccmorpuMm cBoGopHble Kosie6aHHs CHCTeMBl 0e3 jaeMnHpoBaHHA
U C HeJMHeHHOH yrpyrol CHMMETpHYHOM BOCCTaHaBJHBAIOWEH CHJIOHN.
YpaBHeHHe ABHXKEHHMS B ITOM CJydae HMeeT BH]

mi -+ F(x)=10 (a)
X+ p?f () =0, (2.5)

rae caaraemoe p*f (x) = F (x)/m npejacraBiisieT OTHECEHHYIO K €AHHHLE
Maccbl BOCCTAHABJHBAIOULYIO CHJAY Kak (GYHKLHIO TepeMElleHHs X.
B ypaBHeHuM (2.5) YCKOpE€HHe MOXKHO IpPEACTaBHTbL KaK NPOHM3BOLNYIO
CKODPOCTH

HJIH

o dE _ di dx _di L dGp ©)

@ T I d T i YT Y T4k

[TopcraBass 3To npeiacTaBieHHe B ypaBHeHHe (2.5), NoOJyYHM

N I ) (8)
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[Tonaras, uro BoccramaBiauBaoman cuaa pif (x), oTHeceHHAs K eii:
HHIE Macchi, 3a[aeTCs1 KPUBOM, noKasaHHol Ha puc. 2.9, H 4To CKOPOCTb,
COOTBETCTBYIOLLAas KOOPIMHATE X, KpafHero noJIOXKeHHs, paBHa HYyJIO,
MOXKEM NPOHHTETPHUPOBAThb YPaBHEHHe (B) W HAHTH

== | [Od=p [[Od o)

Taxkum obpasom, [jsi MOGOTO MOJIOKEHHs KOJEGMOLIEHCS CHCTEMBI ee
KHHeTHUeCKAs] SHEPTHf, OTHECeHHAs K eIMHHIE MacChl, paBHA NOTEH-
11aJbHOI YHEPTHH, NPEJCTABJIEHHOH NJIOIablo 3aIITPHXOBAHHOI 06sa-
CTH noj kpuBo#l Ha puc. 2.9. MakcHManpHOe 3HAUEHHE KHHETHUYECKas
HEPTHs HMEET, pasyMmeercs, B KpaiHeM IOJIOKEHHH, M TOT[Aa COTJIACHO
cooTHoweHHw (1.13) B m. 1.3 nmosnyyaem

1,
Exmax:—Q‘ Xmy=p Jf(E)dg_ 1f max- (2.6)

X

Hs ypaBHeHHd (T) HAXOAHUM CKOPOCTb & KoJebJiollelics Macchl B NIPOU3-
BOJIbHOM IIOJIOXK@HHMH

b=l p ]/2 [ rea (a)

OTKYJla TOBTOPHBIM HHTETPHPOBAHHEM MOXKHO HAaHTH NMPOJOJIKHTEIbHOCTD
JI0O00H vacTH wMKJa. TakuM o6pasoM, MJIHTENBHOCTb IIHKJA

T == —j‘ : 2.7)
V i<§> i3
0

CJIelIOBaTeJIbHO, eCc/Ii aHAJNUTHYECKOe BbIpaXKEHHE sl BOCCTaHaBJIHBA-
oed CHJBl 3aJaHO, TIEpHOJ KoJieOaHHs | CHCTEMBl MOXKHO ONPEIEIHTh
¢ momolblo HHTerpana (2.7). Kpome toro, us cootHomenus (2.6) MOXHO
MOJNIYUHTb BHIpaXK€HHE WIS CKODOCTH X, B KPaHHEM IOJIOKEHHH B 3daBH-
CHMOCTH OT TepeMellleHHsI Xy B ,
KpaiHeM NOJIOXKEHHH. IDTO BBIpa- pfix) —
JKeHHe YA0OHO HCNOJb30BATh NPH q

ompeJieNIeHHH MaKCUMaNbHOH CKO- §
POCTH TNepeMeilleHHs] B HeJIHHEH-

HOH cHcTeMe, B KOTOpPOH ObLIO 0/ >
3aJaH0 Ha4yaJbHOe CMeIlleHHe, a /e X

3ateM [IpeJOCTaBJieHa BO3MOXK- i é a8
HOCTL  KoJjiebaTbesi  CBOGOMHO. ' ,// X

o -
C 1pyroii CTOPOHEI, 3TO BHIpAXKE- ———"
HHE MOXKHO HCIIOJIb30BaTh AJIs Puc. 2.9
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i onpefleyIEHHa  MaKCHMaJbHOI'O rnepemérnié-
5 HUf NPH 3aJaHHOH HAYaJbHOH CKOPOCTH.
Takyio HauabHYIO CKOPOCTh MOXKHO NPHAATH
Macce ¢ NOMOUIbK HMIYJbCA, AJIMTENbHGCTb

4+ 7,4164 KOTOpPOTO Majla 0 CPaBHEHUIO C MepHOAOM
P KoJieOaHHs CHCTEMBHI.

PaccMoTpuM Temepb HECKOJBKO YACTHBIX

21 cJlyyaeB, HayaB CO CJiy4as BOCCTaHAaBJIHBa-

IOl CHJbI, TNPOMOPIHOHANBHOH JH0GOH
| | | HeYeTHO!l CTeNeHH X:

0 2 4 PXw f(x) = 2201, (e)
Prc. 2.10 rJe 1 —- [OJIOXKUTEJBbHOE LeJIoe YHCJAOo, a
KpHUBASi 3aBHCHUMOCTH HArPy3KH OT nepe-

MellleHHsI CHMMeTPHYHA OTHOCHTEABHO Hayasa KoopanHnar. IloacraBasis
npejcTaBJeHHe (€) B cooTHouleHHe (2.6), HahleM

/1
px,,

V-;l ’ ()K)

YTO JaeT Xy = —+pxy Npu 1 = 1, Xy = 0,707 pxg npu n = 2 u 1. A
IoacraBup 3arem Boipaxkenue (k) B dopMyay (2.7) B NpPOUHTErpHpPO-
BaB, MOJYYUM

Xy=

x

T 4Vn \S‘
VxZn £2n

B cayuae nuueitnoil BoccranaBaHBamlled cHIbl (1 = 1) ellle 0JHO HHTe-
rpUpOBaHHe JAaeT

(2.82a)

- 1 0
[
p 2 P yi—u
0 V—x‘z“ g I
rie u = x/x,. Korma n = 2, BoccTaHapiuBawllas CHJa TPONOPIHO-
HanbHa x%, M Torza Q)OpMyJIa (2.8a) naer

4
= -— arccos u
p

1

41/2

j ~ 42 j e (1)
‘l/ Pxm VT—us
I-Inc.noxaoe 3HayeHHe TMocJefHero HHTerpaja B ¢opmyJe (M) H3BECTHO

U3 CIIPaBOYHBIX TA6JIHI HHTErpatoB u pasio 1,8541/y/2. Toraa dopmy.ia
J15 mepuoja coOCTBEHHBIX KoJeGaHHH npHHUMAaeT BUJ

= DS (2.86)
pXy

B stom caywae mepuona kosebaHuii o6paTHO NpONOpPLHOHANEH aMIJIH-
tyge. Ipadux sasucumoctd (2.86) nmepuoja OoT aMOJIUTYAbI KoJeGaHHH
npeicTaBaed Ha puc. 2.10 U OTHOCHUTCA K NOKasaHHOH Ha puc. 2.2, a
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cucTeMe, KOTJa cunia S TNpeaBapuTeNbHOTO DACTAXKEHHsS Tpoca paBHa
HYJIIO.

Ecan HavanbHoe pacTskeHde Tpoca Ha puc. 2.2, @ PaBHO Hymo
nMeeM GoJiee o6UIMiA caydyall Kone6aHusi, B KOTOPOM BOCCTAHABJIHMBAIOILAS
CHUJIa, OTHEeCeHHAas! K eIHHHLe MaccChl, UMeeT BM]

P*f (x) = p* (x + ax?), (%)
rie p? = 25/ml; & = AE/2S[?. Torpa ypaBHenue (2.6) 3anumuiem
Ey = = pxyl T-haxi/2 (1)

H npH & = ( OHO MPHUMET BHI X, = —£=pXxy. g TOro 4To6bl BHIYHCIHTD
nepuoa cBOGOJHBIX KoJsieGaHHH, NMOACTaBHM IpeJcTaBJjeHHe (K) B ¢op-
myJay (2.7). Torza noJjyunm

dx

_4_J :
p ; V(xfa—x2)+a(x:a—x4)/2

HJIH
dx .
'I/(xi — [ +a (xf,I + £%) /2]

st cBeieHUs] SJMJMNTHYECKOTO HHTErpaja B NpaBOH YacTd MOCJEN-
HEro BHIpaXKeHHs K CTaHAapTHoH dopme BBeieM 000O3HAYEHHS

U==X/Xy, U=0xXk,
YTO Jaet

1
:if du (M)
p 5 VI—w)[T+ov(l +u2)/2]

HJITH

4 /'"2— du
=) 7(5 VI— @@+ ot ()

Hcnonb3ysi TaGauubl 3JUTHITHYECKUX HHTErpajsoB, Hafaem
1

| Vemmerm — (%) ©
0

rie F(a/e, @) — saauntudecKuil WHTErpaj mepsoro poia. B npejcras-
JeHuH (0) HCIOJb3YIOTCS cJeayouye o6osHauyeHdss 3: ¢® = a® + b%
sin? ¢ = % [a® (b* + 1) 1.

CpaBHuBasi MHTErpainl (H) 4 (0), nonyuaem a? = 1; b* = (2 4 v)/v.
CnenoBatesibHo, umeeM ¢ = V2 (I - 0)/v, ¢ = arcsin 1 = 7/2. B pe-
3yJbTaTe BbIpa)ieHHe (H) NMpPHHUMAeT BHJ

b (Ve £ e
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Ecaun oTk/J0HEeHHe XapaKTePHCTHKH NPYXKHHBI OT JHHEHHOTO 34KOHA
OYEHb MaJlo, MOXKHO IOJYYHTb @ H ¥ PaBHBIMH HyJ0. Torga BeIpazke-
HHe (2.9) cBOAMTCS K BHIPAXKEHHIO (3), COOTBETCTBYIOUIEMY CJIYYAal0 JIH-
HeilHOH BoccTaHaBAMBawIed cuiapl. C Apyro#l CTOpPOHBbI, €CaH KO3(hH-
IIHEHT & H CKOPOCTb U OYEHb BEJHKH, NEePBbIM YJIEHOM B BHIpAXKEHHH (K)
MOXHO npeHe6Gpeub. Ce10BaTeNbHO, BeJHUYHHA 1 - v B BbIpakeHuH (2.9)
CTAHOBHTCSl NDHMEDHO DABHOH U, OTKYJAa NMPHXOAHM K BBIPaXKEHHIO AJIs1
nepuofa KojsieGaHU# T

o _T:4l64 ()
Prul o

®opmyaa (1) coBnaznaer ¢ (2.86) 3a HCKJIOYEHHEM MOSIBHBLIETOCS B HeH

MHOXHTENs V&, 4TO OGBSICHSETCS HATHYHEM p®ax® B BblpaxeHHH (K)
BMecto px®. Jlas moGoro MPOMEXYTOYHOrO cJayyasi, HaXOAAIUIErocs
MeXJy 3THMH ABYMsI KPaHHHMH, HEOOXOAHMO BBIYHCJSATh UHCJIOBLIE 3HA-
YeHHst Beanuuusl ¥V v/[2 (1 4+ 0)] u ONpeNesuTb € MOMOLLbIO TaBJHI
COOTBETCTBYIOIlee 3HAYeHHe 3SJTHITHYECKOr0 HHTerpasna.

B NPEMECTBYIOMHX BbIK/MAJKaX PAacCMaTPHBANCS CIydail NpyKHHbI
¢ yBeJHYHMBamoUleHcs KecTKocThlo [cM. BelpaxkeHue ()], Korma Boccra-
HaBJHBalOUlasi CHJIA YBEJHYHBAETCSl C POCTOM MepeMellleHHsi. Tenepb
PacCMOTPHM CJy4aH NMPYXKHHBI ¢ YMEHbIIAOUIEHCS XKEeCTKOCTbIO H BO3b-
MeM cJleflylollee BhIpaXK€HHE IJsi BOCCTAHABJHBAIOUIEH CHJIBL:

P (x) = p* (x* — ax®). (p)
[lpomenviBass Te e BHIK/MAJKH, YTO H paHee, BMECTO BhIpaXKeHHil (1)
H (H) Nosy4yum

s

Ty = pXMV1~06Xr3/2' (c)

4
=TV SV(l—uwz—v)/v—uz] ) (1)

B rtabixnax HHTErpasioB HCroJb3yercs gopma

du 1 a
et = F (4 0), (y)

rge sin ¢ = 1/a. CpaBHuBass uHTerpajul (t) ¥ (y), HaxomuM a® = 1,
b* = (2 — v)/u, ¢ = n/2. CrnenoBaTe/bHO, BbIpaXKeHHE (T) NMpPHHHMAET

BH
49/ 9 v T
=— 2_vF<1/———2__v, T)- (2.10)

Kak u Bblie, pisi Mo6bX 3HAYEHHH KOI(DMHUIHEHTA o M CKODOCTH U
NIEPHOJL T MOXKHO 6e3 TpyJia ONpelesNuTh C 1OMOUIbIO Bhipaxkeuus (2.10),
HCHOJIb3YA TaGJHUBl 3JJWNTHYECKHX HHTErpajioB.
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[Tyrem coorBercTByomero noaGopa koddpuiHenta & B Bbhipaxke-
HUSX (K) U (P) MOMKHO TOJYUHTb MPHOJHKEHHOE OMHCAHHE pPa3IH4YHBIX
cJyyaeB MpPYKHMH KaK ¢ BO3pacrawilell, Tak ¥ ¢ yMeHbHawlleiics xe-
CTKOCTh10. B Gosee ofuieM cjyuae, Korja BOCCTAHABJIHBAIOULASL CHJA
MOXKeT ObiTb NpEACTaBJeHa B BHAe mosinHoMa p*f (x) = p? (x + ax® +
+ Px?), 3amaua Takke MoxkeT OLITh pelleHa ¢ NOMOLLbI) SJJIHNTHYECKHX
HHTETPAJIOB *.

Jpyrofi npuMep CHMMETPHUYHOI'O BHJA BOCCTAHABJIHBAWINEH CHJIbI,
VI KOTOPOr'0 MoOKeT OBITh NOJIYYEHO TOUHOE penieHHe, NpeACTaB/IsieT
coboit MasATHHK (cM. pHc. 2.3). 31ech ypaBHeHHe ABHKeHHs [cM. ypaB-
Henue (2.4a) B n. 2.11 umeer Bux ¢ + p*sing =0, rue p* = g/L.
B naHHOM ciiyuae yrJoBbiX KoJieGaHui#l cooTHouleHHsi (2.6) u (2.7) npH-
HUMAIOT CJeAYIoIYI (opMYy:

¢

M
1 -, o
E\max = 5 U= p- J f(‘-IJ) d‘IJ = En max> (2.11a)
. 1]
Py
=1 49 _ (2.116)
p VAR Y

0 V 2 [ 7(pay
]

Jas MasiTHMKA M3 YKa3aHHbIX COOTHOIIEHHH MojyyaeMm

(== =t pi/ 2(1 — cos qy); (@)
Pry Py
iS do 2 s‘ de (x)
p V 2 (cos @ — cos @y) P )V sin® (qy/2) — sin? (¢/2) :
0 0

T ==

BBoust o6ospnauennsn £ = sin (¢,/2) 1t HoBYIO nepemensyio 0, Takyo, yTo

sin (¢/2) = k sin 0 == sin (¢,,/2) sin 0, ()
Ha#HjeM
2k cos 0 4O
d I q
? VT—Esin?0 (%)

[Mogcranisis Beipaxenus (1) U (4) B (X) U yUuTbIBasi, 4YTO COIJIACHO COOT-
HOoweHHIO (1) nepemenHast O uamensiercst ot 0 1o ©/2, TOrxa Kak yroj ¢
Hamensercss or 0 A0 @, NOJYUYaeM CleAYIollee BLIPAXKeHHe epHoia KO-
JebaHni:

1 —k%sinz 0

4 ab 4
. I (2.
T = ’ T—frare F (k, m/2), 2.12)

* Duifing G. Erzwungene Schwiungungen bei verdnderlicher Eigenfrequenz. —
Braunsweig: F. Vieweg und Sohn, 1918, 134 S.; Weigand A. Die Berechnung ireier
nicht-linearer Schwingungen mit Hilfe der elliptischen Funktionen. — Forschung auf
dem Gebiete des Ingenieurwessens, 1941, B. 12, N. 6, S. 274—284.
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KOTOpOe HMeeT CTaHAapTHYIO (ODPMY 3SJJIHIITHYECKOTO HHTErpajsa mnep-
BOro pona. Yuc/aoBbIC 3HAYEHHS HHTeTrpajsa H3 Belpaxenusa (2.12),
COOTBETCTBYIOIIHE PA3JIHYHLIM 3HAYEHHAM k, MOXKHO TIOJYYHUTD U3 TAOJMHUIL.

Ecan makcHManbHOE YIJIOBOE IIepeMelleHHe ¢, MasiTHHKa Malo,
MaJla H BeJMYHHA R M, CJICN0BATeNbHO, MOXKHO NpeHeGpeYb ciaraeMbiM
k?sin® 0 B Beipaxenuu (2.12). Ilpu sTom wuHTerpan CTAHOBHTCS paB-
HBIM 70/2, a nepHoj COOGCTBEHHBIX KOJeGAHMH MasiTHHKA IDH MaJibix
yrJiax HaK/JAOHA [IPHHHMAeT 3HAYeHHe T = 21/p.

Mpumep 1. TIpeamonoKHM, YTO KOHTEHHEp, COAEPKALMH 3aKpelsieHHyI0 Ha mpy-
JKHHAX Maccy m, MajaeT ¢ BHCOTH A Ha IIEMEHTHBIH ToJ, BoccTanapanBaomas cuia, ¢ Ko-
TOPOH NMpPYXHHBLI JeHCTBYIOT Ha Maccy, B COOTBETCTBHH C 3KCIEPHMEHTAMH MOXKET OLITh
NpHOJHXKEHHO NPEeJCTaBJEHa B BHJE

F (x) = auxb, ()

rjie X — NepeMeleHHe Macchl OTHOCHTEJNbHO KoHTefiHepa. OMNpeJe/HTh MaKCHMAalbHOe
nepeMenieHHe Macchl OTHOCHTENILHO KOHTeHHepa IPH YCJOBHH, YTO BO BpeMsl MajeHHs
KOHTEHHepa Ha NoJ IPOHCXOJMT HeYNPYTHH yjap.

Pewenue. TIpu BHe3aNHOM yjape yNaBIIHH KOHTeHHED HMEET OTHECEHHYIO K €IHHHLE
Macchl KHHETHUECKYIO SHEePTHIO, paBHYIo gh. PasnenuB BbIpaxenue (1) Ha 1, MONYYHM
p? [ (x) = ax’/m; torna coornomenne (2.6) mpumer Bua E = gh = ax?/6bm =
= Emax®. OTKyZa Haxojum

K max

1

6mgh \ 6
xM:< o > ’ ()

Mpumep 2. TlonyunTb RbIpaxKeHHe JJIsi HAYAJBHOH CKOPOCTH, KOTOpasi HeOGXomuma
AJIs1 TOrO, YTOOLI Macca B 3ajaye 2.1.5 (eMm. m. 2.1) «mepeckounsa» U3 moJioxenus ¢ 0 <<
<< m/2 B monoxenue ¢ O > n/2.

Pewenue. Bocnonb30BaBIIMCh 3HEPreTHYECKUMH IPEJCTABJEHHAMH, BHJHM, YTO
HayaJpHasi CKOPOCTb MOJIKHA ObITb IO KpaliHei Mepe TakKoi, 4ToObl HayalbHas KHHETH-
yeckasi 3Heprusi Oblia paBHA NOTEHLHANbHOH 3HEPTHH, HAKOIVIEHHOH B NMpYKHHE, KOIja
OHAa 3aHMMaeT BepPTHKaJbHOe nosoxenne (0 = 7/2). Vamenenne NJMHBI NPYXHHBI IPH
OTKJIOHEHHH OT BEPTHKAJBHOIO II0JOXEHHsT MOXKHO NpeCTaBHThb B Buje A = [ (1 — sin 0),
Toraa noreninuanbHast SHepPrusi, HAKOIVIEHHAsI B IPYKHHe, Ep may = RA2/2 = RI2 (1 —
— sin 0)%/2. TlpupaBHHBas 3TO BLIpAKEHHe NAYaJbHOH KHHETHUECKON SHEPrHH Macchl,
TIOJTYYHM YCJIOBHE «IIPOIIEJKHBAHHS»

%y =1 (1 — sin 0)) &/m. (3)

3AJAYHN

2.2.1. Ha puc. A.2.2.1 nokasan Gydep, yCTAaHOBJEHHBH B TYNHKE KEJE3HOAOPOXK-
HOro myTH. Bydep umeer npyuny c Bospacramolieif eCTKOCTbIO, KOTOpasi JaeT BOC-
TaHaBJIWBAOMYIO cuay Buaa F (x) = k (x -- ax®), rae k= 7,15-10* HM u oo = 3,1 X
X 10% m~2, TlpunsB, yro Bec Barosa W = 1,75-10% H, a ero ckopocTb IpH NOAXOje
K TYNHKY cocraBaser 0,254 M/c, ONpeiesHTh MaKCHMAJbHOE NepeMeleHHe 6ydepa,
MaKCHMaJbHOE 3HAY€HHE BOCCTAHABJHBAIOIIEH CHJIBI, a TaKkKe BpeMs (CYUMTasl, 4TO yAap
npoucxonut npu ¢ = 0), 3a KoTopoe oHO 6yjeT focTurHyTo. CUHTaTh, YTO Macca 6ydepa
Maja MO CPaBHEHHIO C MAaccod BaroHa H YTO IOCJe YAapa MeX/]y HHMH COXPaHsIeTcs
KOHTAaKT.

Omgem: x, = 5,4-102 M; Py = 3,89-10% H; 1/4 = 0,308 c.

2.2.2, TlpexnosoXuTh, YTO NPYKHHBI Gydepa u3 sajaun 2.2.]1 3aMeHeHH Ha CH-
CTEMY TaKHMX, KOTOpPbl€ JalOT ROCCTAHARJHBAWIYIO CRJIY B BHAe (YHKIHH TaHTeHCa,
Kak ToOKasano Ha puc. A.2.2.2. Ilycts xecTkocts k= 7,15-10* H/M, a mpejenbHoe
nepeMelesye, IPH KOTOPOM BOCCTaHABJMBAIOmAS CHJIA CTAHOBHTCS GeCKOHEUHO 60Jb-
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imoit, coctaBaser x; = 0,254 M.”OnpejenuTs MakcHMaJbHble TEpPeMeIeHHS X H BOC-
CTaHABJHBAOINYIO CHAY Py

Omsem: xyy = 0,121 M, Py = 1,07-10% H.

P
T 2x
’y ( //’
— h A
p 077777 4 1
s _‘%"" . 0
) XX
4
7
O e
/
7 . //
Puc. A.2.2.1 Puc. A.2.2.2

2.2.3. TIpyXuHHE ¢ yBeJIMYHBAIOMEHCH KECTKOCTbIO, YCTaHOBJEHHBle B Gydepe u3
sajaun 2.2.1, 3ameHeHbl Ha CHCTEMY MPYKHH C YMEHbIIAMOUEHCS KECTKOCTbIO, KOTOPhIe
JaloT BOCCTAHABJHMBAIOIYIO CHJIY B BHAe (YHKIHHM runep6OJHYECKOro TaHIeHCa, KakK
noxasaHo Ha puc. A.2.2.3. [I;s yKa3aHHOTO CJyYasi CYMTaTh, YTO TAHTEHC YIVIa HAKJIOHA
KpHBOH B Hayasle KoopauHaT k = 1,79-10% H/M n uto mpegeibHoe 3HaueHHe BOCCTa-
HaBJIMBAIOIEH CHJIBI, KOTODOe MOXKeT o6ecHeyHTh KOHCTPYKuUus Gydepa, P; == 4,54 X

X 108 H. OnpenesHTb CMeIleHHE Xy ¥ CHIY Py, KOTOphie BO3HHKAIOT IIPH CTOJKHOBEHHH
paroHa ¢ 6ydepom.

Omsem: x = 8,02-10"2 M, Py = 1,44-10* H.

2.2.4. Pemutb 3agauy 2.2.3 pjs c/yyast BOCCTaHABJIMBAIOmEH CHJIBI, ONMHCHIBAEMOMH
9KCNOHeHIHaMbHOH (yHKIMeH (puc. A.2.2.4).

Omgem: xy = 8,07-102 M, Py = 1,42-10% H.

P P /
I// 1//
K// Kl-/‘
R L__)'L ------- Py YA
/ I /
/ ﬁtg? // P,(f-E""‘/P‘)
a N 0
y X X
/ 7
s/ /l
-~/ /1
/ , /
Puc. A.2.2.3 Puc. A.2.2.4

2.3. MPUBJAMXEHHBIE METOJAbl MCCJEAOBAHHUSA
CBOBOJIHbIX KOJIEBAHHH

B ofiem ciayyae TOYHOE pelieHHe HeJHHEeHHOro AuddepeHIHalbHOTO
YPaBHEHHsI He MOXeT ObITb NOJYYEHO, MO0ITOMY 3[eCh MOTYT ObITh NpH-
MeHeHBl TOJbLKO NpHGJIHKEHHble MeToAbl. B Js060oM ciaydae HeJHHeHHbIe
KOJIe6aHHsI MOKHO OITHCATbh COOTBETCTBYIOILHM 00pa3oM I0A06paHHbIMH
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QYHKIHAMH BpPEMEHH, YAOBACTBOPSIOUIHMH HEKOTODHIM CIELHaNbHbIM
kpuTepusi. B pannoMm naparpage GyAyT paccMOTPeHBI fBa ILIHP OKO
H3BECTHHIX METOJd, OCHOBAHHBIX HA HCIOJNB30BAHHH YINOMAHYTHIX NpPH-

GAHIKEHHBLIX TPeACTaBJeHH .
MeToa noc/ieloBaTeNbHBIX NPUGIHIKEHHH. ECIH OTKIOHEHHEe Xapak-

TEPHCTHKH NDPYKHHBL OT JHHEHHOTO 3aKOHA CPABHHTE/bHO MaJso, ypaB-
HeHHe JBHKEHHA NpPH CBOJOJHBIX KoJiebaHHSAX CHCTeMbl C OjHOH CTe-
neHblo cBoGojbl Ge3 jieMndHPOBAHHSA MOXKeT ObITh NMPEACTABJIECHO K CJe-
nytoued gopwme:

X4 p*x-Faf(x)=0, (2.13)
rje o — MaJjas BeJHUMHA; [ (X) — HOJWHOMHAJbHAs (PYHKLUM: C MH-
HHMaJILHOH CTeNneHblo X, He MeHblueH AByX. [Js clicTeM, B KOTOPBIX
KpHBasi 3aBHCHMOCTH HAarpys3kKH OT IEePeMelleHHsI CHMMETDHYHA OTHO-
CHUTEJIBHO HauaJjad KOOpJAWUHAT, HMeeM

F = X wxlx) (@)
=]

O6b1uno noJo6HbIH caydall moayyaercss pH OCTABJIEHHH TOJBKO BTOPOTO
HOJIOXKUTENBHOTO YJIeHa B BBIPAXKEHHHU (a) M MOACTAaHOBKE 3TOrO BLIDaXe-
Hus B ypaBuenue (2.13). [Ipn 57oM ypaBHEHHe ABHXKEHHS NPUHHAMAET BHI

£ 4 pPx + ax® = 0. (2.14)

OnfHH M3 MeToJ0B JJisl ONHCAHH$S ABHKEHHS TNOMOOHBIX K8a3uUAUHElHbLX
cucmem COCTOHT B OIpeJeJeHHH NepHOAHYECKHX PpelIeHHH NyTeM Io-
CJIelOBATEJbHBIX NPHOIHKEHHH *.

Jonyctum, uyto B MOMEHT BpeMeHH ¢ = ( HayajbHble YCJIOBHS /s
CHCTEMBI HMEIOT BHA X, = Xy, X = 0. [Ipeanosioxenne o rapMoHHYECKOM
3aKOHEe JBHXKEHHS JHHEHHOH CHCTeMBl, 3aMeHHBLICH NefiCTBHTENbHYIO
CHCTEMY, JaeT cJeayloliee Bblpa:KeHHe:

X = Xy COS pit, (6)
rie yepe3 p, oOo3HAYEHA KPYroBas 4YacToTa 3aMeHSAIOLIEH CHCTeMbI.
Bripaxkenue (6) MOXKHO paccMaTpHBaTh KaK IepBoe NMPHOJHKEHHE pelle-
HHus ypaBHeHHus (2.14), yloBJjeTBopsiollee 3aJaHHBIM HayaJbHBIM YCJIO-
BusiM. [ToCKOJMIBKY KO3(POHUHEHT @ MaJ, MOXKHO IMPEANOJNIOXKHTh, 4TO
KpYyroBasi 4acToTa p; He CYLIeCTBEHHO OTJIHYAeTCH OT YAacTOTHl p JIMHEHHOH
CHCTEMBI, M TOlJAa MOXKHO 3aMHCaTh

pP=pi+ (0" —pl), (8)

2
rae p° — pt — manas penwunHa. [lojcraeass BbipaxkeHnue (B) B ypas-
Henune (2.14), noJgyuum

&4 pix+ (p" — p) x Fax’ =0. (r)

* Kpuiioe H. M., Boromo6os H. H. Bpenenne B Henupeiinyio MexaHnky. Hu-t
CTPOHTENbHON Mexaunku. 3an. kad. maT. ¢usuku. T. I, II. Kuen: usn-so AH YCCP,
1937. 363 c.
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ITepsoe npubankenue (6) ATst X Tenepb MOKHO MOACTABHTD B [Ba MOCNeA-
HHX cjaraeMbix ypasHeHHS (T), KOTOpble SABJSIOTCH MaJbIMH BEJHYH-

HamH, 4yrto jgaer £ - p12x = —Xy (p2 — pf) cos pit — ocx,ad cos’ pit.
C yuerom pasencrsa cos® pit == (3 cos pyt + cos 3p,t)/4 nonyuaem
o 3
Epptr=— (0 ) cospt - cospt. ()

C maTeMaTH4ecKOl TOYKY 3peHHs, 3TO ypaBHeHHe HMeeT (opMmy, aHaAJIO-
THYHYIO CJYYar0 CHCTEeMbI ¢ OJHOH CTeneHblo cBOGOABI 6e3 JeMngHpoBa-
HUsI, B KOTOPO# HMeercsl BO3MYILAIOILHE CHJbl B BHJE FapMOHHYECKHX
¢yurumit, OfHaKo 37ech NEpPBblii CTOSALLHH B MPaBOH YacTH ypaBHEHHS
YjeH onuCchbiBaeT (YHKUHIO BO3MYIIAIOMWEH CHJBI, HMEOWEH Ty Xxe ya-
CTOTY py, UTO H Yy 3aMeHsiiomell CHCTEMBl. JTO MpPHUBEAET K TOMY, 4YTO
JIMHAMHYECKHE TepeMelleHusl cHcTeMbl Oy 1yT GeCKOHEYHO BO3pactaTh CO
BpeMeHeM H He OyJeT BHINOJHSATBCS YyCJOBHE CBOGOIHBIX KoJeGaHH#
C TMOCTOSIHHOM aMIuIuTyao#. g ycTpaHeHHA TAaKOro JIOXKHOTO peso-
HaHca HEOGXOJHMO MOJOXKHTL KOS(POHIHEHT NMpPU COS pyf PABHBIM HYJIIO.
DT0T war ABJASETCs CYIUECTBEHHOH OCOGEHHOCTBIO METOAA MO KpaiHew
Mepe [OTOMY, UTO TeM CaMBbIM YJAeTCs NOJYYHTb NPHOJHIKEHHOe 3Haye-
HHE /ST HaCTOTLI

pr=pt - (2.15)

[MockoabKY cllaraemMoe p* MOXKeT pacCcMaTpHBaThCsl KaK NepBoe MpHOAH-

Xeuue Jasi pi, Buipaxenue (2.15) npeicraBiasier coGoit Bropoe npuEiu-
JKEHHe, COCTosilllee M3 MePBOro H J0GABOYHOTO ujeHa 3axy/4.
OcTaBluMMCsl cJiaraeMbiM YpaBHEHHs1 (1) COOTBeTCTByeT ofulee pe-
leHye
)

. oLXM
x = Cy 08 pyt -+ Cysin pyt + 32""%

cos 3pyt. (e)

Hast toro 4toGbl YIOBJETBOPHTH 3aJaHHBIM HAayaJbHbIM YCJOBHSM
(xo = Xy, X, = 0), MOCTOSIHHBIE MHTErPHPOBAHHs CJENyeT B3ATb B BHIE
3 2
Cr = xu — axu/(32p7), Co = 0.
CaiefioBaTeIbHO, BTOpOe NMpHOJHXKEHHe /18 QYHKUHH, ONMHCHIBAIOLLEH
JBHXKEHUE CHCTEMBI,
3
xM
5 (COS 3p;t — COS pi). (2.16)
Py

a

X == Xy COS p{d -+
v M P1 " 39

Takum 06pasoM, ONPABOUHbIH YJI€H BO BTOPOM NPHOJHIKEHHH COAEPHKHT
GoJiee BBICOKYIQ TapMOHHKY, NpPONOPLHOHANBHYIO cOs 3p,f W MOKa3aH-
Hylo rpaduueck# Ha puc. 2.11, a. EcTecTBeHHO, YTO BeJHYHHA OTKJO-
HeHHS OT KpHUBOH, H3o6paxaiomed (QYHKUHIO KOCHHYCA, 3aBHCHT OT
BeJTMYHHBI Ko3dduuuenTa a. CaelyeT TaKxke YYHTHIBATb, YTO Kpyronas
4acTtoTa p; YBEJHUMBAETCS C POCTOM aMILJIMTY[bl, 4TO BHIHO H3 Mpex-
craBjieHHolt Ha puc. 2.11, 6 3aBHcumocTH (2.15).

Ecax HEO6XOAHMO MOJYUYHTH TPeThbe MPHOJIHXKEHHE s (YHKLHH,
OIHCBbIBAIOIIEEl JBHXKEHHE, CJEJNYEeT I[OJCTABHTh BTOpPOe MNpPUOJIHKEHHE
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6)
Puc. 2.11

(2.16) B ypaBHeHHe (T) U BHOBb [1POJiesIaTh Te K€ BHIKNAAKH, YTO H paHee.
Opuako 3JeCb TPHTOHOMETPHUYECKHE MpeoOpa30BaHWsA CTAHOBSTCS J0O-
BOJIbHO TPOMO3AKHMH, MHO3TOMY »KeJaTeJIbHO BOCHOJIB30BAThCS OoJee
npocThiM npuemMoM. C y4YyeTOM. CKA3aHHOTO 3aMETHM, UYTO BBIpAXKEHHUH
(2.15) u (2.16) MoxKHO 3anucaTb B ciaenywoulell dopme:

2 .
p=p1+0c; X= @ ap. (k)
CrnefnoBate/IbHO, BbIPAXKEHHS BTOPHIX NPHOJHMKEHUH JJIsi 4acTOTHI KOJe-
GaHHs ¥ mepeMelleHHs COeprKaT BeJHUHHY o B nepBoil crenenu. Torna

IJIs1 IOJIy4eHHUsI NocJeNyIoIHX IIpI/I6JIH}KeHI/II:I Hal0 yaepxKaTb HONOJHH-
TeJIbHbIE YJIeHBl B psAAax

X = @ + apy + &Py + @y + -5 (2.17a)
p2 = p% -}~ acy +- e -+ o 4+ ... (2.176)
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O6a psijga cojepaT CTENeHH MaJjiofi BeJMUMHBL . B 3THX psgax ¢,
®1, P, ... CyThb HeH3BeCTHble (PYHKIHH BDEMEHH, Cy, Cqy C3, ... — NO-
CTOSIHHBIE, KOTOpBIE JOMKHBI OBITh BHIGpAHB TAaKHM 00DPasoM, YTOOHI
YCTpPaHAJHCh YCJNOBHS DE30HAHCA, KAakK 3TO JeJajoch NPH MOJTYYEHHH
BTOPOTO MNpHOJMXKEHHS. YBeJAHYHBAs YHCIO YJIepKHBAEMbIX YJIEHOB
pAjia, MOXKHO TOJYYHTH KEJaeMOe YHCJIO MOCJef0BaTeNbHbBIX NPHOIH-
XKeHHuil. B mocsenyiomeM H3/M0KEHHH ONMYCKAlOTCs BCE YJEHBI, COLEpKa-
e o B crerneHH Beluie Tpetbed. [loactaBasia npexacraBienus (2.17a)
u (2.176) B ypaBHenue (2.14), nafijem

G0+ a4 &G + @@ -+ (pF -+ ey - aos - o) (o + 2y +
4 a2y - oBpg) - L (g -] apy - 2Py | a?ps)® = 0. (3)
[locje mpHBeEHHSA NOAOGHLIX YJIEHOB M OTGDACHIBAHHS BCEX YJIEHOB,

COJIEpXKAIMX o0 B CTENEHH BbIlle TpeThel, ypaBHEHHE (3) MOXKHO mepe-
nucath B BHJE

o+ pio -+ o (@1 + pipr + a0 + 93) - o (@2 + Py + cao +-
+ a1y + 3(P(2)(P1) + o’ ((P:s + P%(Ps + ¢3go + €291 + 192 - 3(P(2)CP2 +
+ 3qoe1) = 0. (n)
JlanHoe COOTHOLIEHHE JOJKHO BHIIOJHATBCA NPH JMAOBIX 3HAYEHHAX
MaJsiofi BEJIMYMHBL &, a 3T0 O03HAyaeT, YTO KO3(h(HIUUEHT NPH KaxKAOH H3

TpeX cTeneHeil o JoJKeH ObITb paBeH HyJ0. Takum oGpasom, BMECTO
COOTHOWIEHHSI (M) MOXHO 3amucaTh CJAELYIONlYlQ CHCTEMY YDaBHEHHH:

E4.90 -+ P%(PO =0;
(-151 —+ P%(P1 = —0Q — (Pg§
§2 - Prgs = — a0 — €11 — 3603 ()

- 2 2 2
P31 P1Ps = — CsPo — CoP1 — 1Pz — 3PPz — 3PP

Hcnonb3ysi Te ke, YTO M Bblille, HadalbHble ycJoBHA (T. €. npH { = 0

HMEEM X, = Xy, Xo = 0) U NOJCTaBAsAs HX B npeicrabjeHus (2.17a),

HaHJieM
P (0) -+ ag; (0) -+ &?p; (0) + o’y (0) = xy;

@ (0) + a1 (0) +- o2 (0) + a3 (0) = 0.
[TockoabKY 31€Ch, KaK M BBIlle, 3TH COOTHOLIEHHS [OJKHBI BBINOJ-
HATbCA M) JIOOBIX 3HAYeHHH KO3(p(hHLHEHTA o, HMeeM

9o (0) = xu; ¢ (0) = 0;
@1 (0) = 0; @ (0) =0
@ (0) = 0; @5 (0) = 05 (1)
3 (0) =0; ¢3(0) =0.
PaccmarpuBasi mepBoe YpaBHEHHE H3 CHCTeMBl (M) H COOTBETCTBYIOLLHE

€My HayajbHble YCJIOBUS, 3alHCaHHKLIE B IIEPBOH CTPOKe BbIpaxKeHHd (1),
HalJeM

Qo = Xy COS Pyl (M)
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[ozacrasasisi 370 nepBoe NPHOJMKKEHHE B NPABYIO YacTb BTOPOTO ypaB-
HEHHsI M3 CHCTeMBl (H), TOJY4YHM

M

. 3‘3
3 3
@+ p?(pl = —(1X)y COS pyf — Xy COS"pyf = — (CIXM + T ) %

x3
X COS pyt — —- COS 3pyt.

Jns ycrpaneHHsl yCJIOBHS BO3HHKHOBEHHSI Pe30HaHCa IOCTOSIHHYIO ¢
cjenyer BblOpaTh Tako#, YTOGHl MepBoe cjaraemoe, CTosiee B NpaBoH
YACTH YpaBHEHHs, PaBHSJIOCH HYJIO, YTO JAaeT

¢ = — 3x%/4. (1)

O6uree pewenne A1 GyHKUUH ; HMEET BHJ

3

¢, == C, cos pyt -+ C, sin pyt - cos 3p4t.

32 ?
ﬂJ’[H TOrO UYTOObI YAOBJETBOPHTD HAYAJbHBIM YCJOBHSM, l'lpe,II,CTaBJ]eH‘

HBIM BO BTOPOH CTPOKE COOTHOIeHHst (Ja), HaHgem C; = —xM/32p1,
C, == 0. Torma OKOHYATEJbHO MOJNYUHM

3
X
¢y = 55;;—1 (cos 3pyt — cos pyt). (0)

Ecnu orpanuuurb pacyeTsl oOllpejesieHHeM BTOPOro IPHONHKEHHS U
NOACTABUTD BbIpaXeHHs (M), (H) H (0) B npeacrasienus (2.17a) u (2.176),
TO MPHAEM K CJeyioleMy BhIpaXKeHHIO:
ax) , '
X = XnCOS Py |- T (cos 3pyt — sin pyt), (1)
P1
rae
P p? 4 Buxd/4. (p)

DTH pe3yJbTaThl B TOUHOCTH COBNANAIOT C BBIPAXKEHHSIMH, MOJNYYCHHBIMH
sbiie [cM. Boipaxkenus (2.15) n (2.16) 1.

JI1st moNlyueHHs TPEeTbero NPUONHKEHHsT NOJACTABUM BbIpaKeHHs! (M),
(1) 4 (0) B NpaByio 4acTb TPETHErO YPaBHEHHSI CHCTEMBI (K)

.. 1
@2 1 P%‘Pz = —— CaXpy COS Pyf - 3 (T — COs P1t) [ 5(COs 3p,t —
-— COS pyt)].

Hcnonpsys wusBecTHble TpPHUrOHOMeTpuuecKHe ¢GopMyJabl Aaf (QYHKIMH
KPaTHHIX YIJIOB, MOXHO 3TO YPaBHEHHe NMPHBECTH K BHAY

. ) 3 343,
@2+ Pie = — Xu <C2 - 1—2'551;) Cos pyt — 12801 cos 5pyt.
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I[Jlﬂ TOTO t{’I‘O6b‘l, KakKk H Bblille, HCKJWOUYHTDH YCJIOBHH BO3HHKHOBEHHU S
peaonanca, NOJO2KHUM

4
3x,
12857

Co = ((‘)
Torga oGHIHM pelmienHeM s q)YHI(ILHH Py 6y£[‘e’[‘
5

X
(s == Cy COS pyt -{- Cysin pyt + -@“;—m cos 5 pyt.

Ucnonb3ysi TpeTbio CTPOKY COOTHOLUEHPIH (m), Ha#hgeM NOCTOfHHbIE
HHTErpupoBaHu
5

*u
Cl —_ 'W, C2 = 0,
OTKyJa nOoJYYHM
5
Ps = 1024 4 (COS 5p1t - COSpJ) (T)

Torna TpeTbe l'lpl/I6JIPl}K6HPle, ONMHCbIBAIOIILEE pEAKUHUIO CHCTEMBI, INpH-
HAMaeTr BUXA
3 2.5

"X
X == Xy COS Pyt -| 32 - (cos 3pyt — cospyt) + o5 4;{ X
X (COS 5pyt — €oS pyi), (2.18)
THe p, ONpeessieTcsl BblpaXKeHHeM
9 3o’ 3a’x?
pr=p 4 4“ — T (2.19)

I Toro 4ToObl NMOJYYHTh YeTBepToe NPHONHKEHHE, TOJACTABHUM Bblpa'
KEHHS IS @, Py, Pa, € H Co B TOC/EJHEE YpaBHEHHE M3 CHCTEMBbl (K)
W, NPOJETAB T€ K€, YTO H Bbillle BHIKJIANKH, HaileM

3 2,5

ax "X,
X = X, COS pif + —5— p, ™ (cos 3pyt — €OS pyt) 4+ —ror T024p] (cosb5p it —
asx;’;
— COS pyf) + 507685 (cos 7p;t — 6cos3p,t 4 5cos pyt),  (2.20)

TJie 4acToTy p; ONpejiesisieM M3 BbipaXKeHHS
2.4 3,6
p2-p2 I 3axi “3a Xy n 9a°x
= 4 128p? 512p%

2.21)

B 3akmoueHue yKaxeMm, UTO METOJ MOCJAeNOBATEJbHBIX NPHOJHKEHUH
COCTOMT B MpPEACTABJEHHH TEPEMEIleHHH NpH HeJHHeHHBIX CBOGOJAHBIX
KoJieGaHuaX psAfaMH GOYHKUHH, MONYyYaeMbiX B COOTBETCTBHH C BhIOpaH-
HOH opMO#l /1S mepBoTo NpUOAHKEHHs, noA06HOH NpeacTabaeHuio (6),
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a 34TeM fI0CJI€/l0BATENILHOTO pEIIeHHS] CHCTeMbl ypABHEHHH, NOAOBGHO
cucTeMe (K), C y4€TOM HaYalbHbIX YCJIOBHH, aHANOTHUHBIX YCJIOBHAM (J1).
IIpubankenue, nosyyaemMoe Mo 3TOMY METOAY, IO CYLIECTBY yAOBJETBO-
psieT YPABHEHMIO JBHXEHHSI TOJNbKO B Te MOMEHTH BpPEMEHH, 'KOTja
KoJiefaTe/bHas CUCTEMAa HaXOAHTCH B KpaldeM HWJIH CPeIHeM IMoJioXKe-
HHAX. XOTsi TEOPETHYECKH YHCJO I0C/eN0BATeNbHBIX NPUOJIHKEHUH,
KOTOpble MOTYT OBITb MOJIyYeHbl, HEOTPAHHUYEHO, OOBLIMHO 15l NPAKTH-
YECKHUX leJieil OKa3blBaeTcs JOCTATOYHBIM BTOPOTO NPUOJIMMKEHHS.

Meton ycpeanenus Putua *. JIpyro#i cnoco6 npub/auKeHHOTo HecJe-
NOBaHUs HEJIEHEHHBEIX KoJiebaHHil ¢ IOMOLIbIO PSIIOB OCHOBAH HAa TOM,
UTO CpeJHee 3HAYeHHE BO3MOXKHOH paboThl 3a IMKJ I0JATaeTCsi PaBHbIM
HYMO. DTOT NOAXOJ, H3BECTHHIH KaK MeTOJ ycpeiHeHHs Putna 4, mMoxer
Jath 6oJiee TOYHOE pelleHHe, YeM METOJ MOCJEe0BaTebHEIX MPHOJIH XKe-
HUH, IDH TOM e CaMoM YHC/le yJepKHBaeMBIX WIEHOB psaa. Bouee
TOTO, NpUMEHEHHE METOJia OCPEJHEHHsI He OTPAHUUHBAETCS KBa3uJHHel -
HBIMH CHCTEMAMHM. DTOT METOJ, MOXKET NPHUMEHSIThCS H JIA MCCJAefOBaHUS
KaK CBOOOJHEIX, TaK H BBIHYXJEHHBIX (CM. CJefyIOWHH mnaparpad)
KoJie6aHui.

PaccMoTpuM cBoGOAHBIE KOJeGAHHST CHCTEMBl C ONHOH CTENEHbBIO
cBoGoipl Ges JemndupoBaHMsl, JJsi KOTOPOH YypaBHEHHe IBHMKEHHII
MOXKHO 3amnHcaTth B CJeLyIOUleM BHJE:

%+ f(x) =0, (2.22)

rJe cjaraeMble B JIEBOH 4acTH ONHUCHIBAIOT CHJIY HHEPIHH M BOCCTA-
HaBJIMBAIOLLYIO CHJY, OTHECEHHble K eJMHHMIe Maccel. COTrJIacHO NpHH-
uuny Jlanambepa ypasHenue (2.22) MOXKHO pacCMaTpHBaTh KaK ypaB-
HeHHe JMHAMHUECKOTO DAaBHOBECHS, B KOTOPOM YNOMSIHYTHE JABe CHJIBI
yPaBHOBEWIHBAKOT APYT Apyra. Ecau cucreMe 3ajaercst BO3MoXHoe nepe-
memenue 8x, To paGoTa, coBepiuiaeMasi IpH 3TOM yKA3aHHBIMH CHJIaMH,
JOJKHA DABHATHCS HYJIO, YTO JaeT

[ +f(x)]6x =0. (y)

Ilpn npumeHeHun Mertoaa ycpeiHenusi Putua*® npeanosaraeMm, uto
NpHOJIHKEHHOE DelIeHHe JJIsi 3aJa4d O CBOOOJHBIX KOJeGAHHSAX MOKHO
3aJaTb B BHJE psijaa

X =ayPy (£) + a9 () + asps(t) + ... = l};’l a;9:(f), (2.23)

rae ¢, (f), @, (¢), ..., — BoIOpaHHEle QYHKIHH BPEMEHHM; a;, d,, ... —
BecoBble KO3((HIHEHTH, ONpejesisieMble H3 YCJAOBHS, YTO BO3MOMKHAS
pabora, coBepulaeMast 3a ONHMH UHMKJ, paBHAa Hymo. Bo3avoxHble nepe-
MelleHusi BoiGupaeM B dopme

dx; = da;; (t), (d)

* Ritz W, Uber eine neue Methode zur Lésung gewisser Variations — Probleme
der mathematischen Physik. — Journal fiir die reine und angewandte Mathematik
(Crelle), 1909, B. 135, N. 1, S. 1—61; lanepkun B. T. Crepxuu HinuracTuubl. Pagbl
B HEKOTOPHX BOIpOCax YNPYrOoro DAaBHOBECHS CTEPXHEH H NJIACTHHOK. — BecTHHK
HHXKeHepoB, 1915, 1. I, Ne 19, c. 897—908.
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nocje d4ero paloTy MHTEIDHPYEM MO WHTEPBAJy BDEMEHH, DaBHOMY
JUIUTEJBHOCTH OJHOTO LHKJA:

Z;OJ [£ + f ()1 8a,9; (¢) dt =0, (x)

OTKYJAa noJy4dyaeMm

[+ F e @ dt=0;
0

J U F O at =0
0
(2.24)

fiz+Fene. @ a=o.
0

Cucrema ypaBHeHHH (2.24) npencraBasier coGoH n  anrefpanyeckux
ypaBHeHHH, perasi KOTOpPhIE MOXKHO ONPEENUTh BEJUUHHE 4y, Gy, ..., Q.
B kavecTBe npumMepa paccMOTPUM KBa3HJHHEHHYIO CHCTeMYy, IJs
KOTOPOH ypaBHeHHe JBH:KeHHsi HMeeT BHJ (2.14). Ecaum B KauecTse
NepBOTO NPUOJ/HKEHHS B3ATh pPelleHHe IS 3a4a4H O CBOOOJHBIX KoJje-
6anusx
x = a;, (£) = a; cos pyf, ()
TO NepBOe ypaBHeHHE cHCTeMbl (2.24) npuMeT BUJ

j [— p2a; cos pyt + p*a; cos pyt + aad cos® pit] cos pyt dt = 0.
0

YuuteiBas paBeHCTBA

r
E

2n
2 . 2 — .
jcos mtdt = o OJ cos? p, td (pit) = =

p:
0
r { 27 3
—_ 4 — on
Jcos‘ prtdt = o J cos® py td (pyt) = o
0 0
Haiaem :
2
pi=p' 4+ 24, (2.25)

OT0 BHIpaXKE€HHE COBMajaeT ¢ BhpaxKeHHeM (2.15), moJyueHHBIM
METOJI0OM MOoCJeJ0BaTe/bHBIX NPUOIUKEHHH, H M3 HEro MOXHO Ompe-
NeNUTh BEJHYHHY @y B 3aBUCHMOCTH OT p, p; U o. Onpefensisi U3 ypaBHe-

HUs (2.25) Ko3(GHIUHEHT @y M TMOACTABJSAS €ro B NpeicTaBieHHe. (L),
TnoJIyqaeM

(D3 — 02y
x=2]/(—’ﬁgaﬂ cos pyt. (2.26)
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B kauectBe 60Jiee TOYHOTO NPUOJHIKEHHS, YAOBJAETBOPSIOWErO YCAO-
BHAM CHMMETPHHM B AAaHHOM INpPHMepe, MOXHO B3ATb [Ba uJieHa psna

x = a;9; (f) -+ a9, () = a, cos pyt + a, cos 3p,t. ()

[Tonacrasasis npeAcTasjcHHA (4) B NepRble [Ba YPAaBHEHHsS CHCTEMBI
(2.24), nocjie HHTETPHPOBAHHS TNOJydYaeM CHCTeMY JBYX KYOHYECKHX
ypaBHeHHH, KOTOPYIO MOXHO PeILHTh YHCJAEHHO H OMNpeNeJNHTb Ko3dh- -
GHIHEHTH a; H a@,. XOTH 3Ta 4acTb HCCJIeOBAHUS SIBJISIETCS CJIOKHOH,
ONHAKO TPYIHOCTH HOCSAT TOJIBKO anreGpandecKHi Xapakrep.

2.4. BbIHY)KAEHHbIE HEJIMHEWHDbIE KOJIEBAHUSA

B npenpiaymem naparpade paccMaTpHBATHCh TOJbKO CBOOGOIHBIE KO-
gedannsi HeJlMHEHHBIX cucTeM. 31ech e 6yaeT o6CyKIaThCsl YCTAaHOBHB-
uleecsi TNOBeleHHE HeJIHHeHHOH CHCTeMBl, Ha KOTOPYIO BO3JEHCTBYET
nepHoAHYecKasl BO3MYyllLamollasi CHja, M NPHMEHEHHe MeToja ycCpelHe-
fiust Putua* nnis noJyueHusi NpUONHIKEHHOTO pelleHHs .

ITpennoJioxkum, 4to B cHCTeMe HMeeTcs JeMIdupoBaHHe, NpOMNOP-
IIHOHA/NILHOE HEKOTOpPOH (YHKUHMH f; (£) CKOPOCTH, M BOCCTaHABJHBA-
1oLas chaa, NponopiHoHaNbHAs NPOH3BOJLHOH QYHKIUH f, (x) mepeme-
wenusi. Ecan nHa maccy aeficTByer BosMymiamuias cuja B BHIE NepHO-
Au4eckoid GyHKuUH mf; (t), ypaBHeHHe ABHXKEHHS MOXeT OBITb 3allHCaHO
B CJEAYIOIEM BHJE:

£ - 2nfy (X) + pfa(x) =[5 (), (2.27)

rJie cjlaraemMble COOTBETCTBYIOT OTHECEHHBIM K €JIHHULIE MACChl CHJIaM HHEp-
IIMH, CONMPOTHBJEHHS NBHXKEHHIO M BOCCTAHABJHBAWILE BHEIUHEH cHJe.
CoraacHo MeTofy ycpenneuusi Putua® npennosnaraem, 4to npuGaHKEHHOE
pelleHHe AJsi YCTAHOBUBIUUXCS KOJIeOAaHHH MOXKHO NPEACTaBHUTb B BHUE
psijia, aHanorHuHoMy psiay (2.23) B n. 2.3. W3 ycaoBusi Toro, uro Bo3-
MOXKHasi paGota 3a OAMH IUKJ BBIHYXKJAEHHBIX KoseOaHuil JoJKHA paB-
HSITBCSl HYJMIO, MOJiyiaeM CHCTeMYy ypaBHEHHH BHAa

[ 12+ 2nfy () + p%h (0) — O @ () dt =0, i=1, 2,..., n. (2.28)
0

PaccMoTpuM mepBbIA YACTHBIH cayual, Korja OoTCyTCTByeT AemndipoBa-
uue. Toria ypaBHeHHe JBHKeHHSA

£+ p?(x 4= px®) =gcoswf. (2.29)

[TonyuenHoe COOTHOIIEHHE TIpeAcTaBasieT co0Ofl XOpoWO H3BeCTHOE
ypasrenue [Hwoddunea, kotopoe noipo6Ho paccMorpeHo HHiodduurom
B ero Kuure * mo kosebGaHHsM. BblHyXJeHHble KoJeGaHUSl MNOA0OGHOTO
THIA SABASIOTCS CHMMETPUYHBIMH OTHOCHTENbLHO TTOJIOXKEHHST PaBHOBECHS,
U NPH OTCYTCTBHH JeMI(pHPOBAHHS AHHAMHYECKHE MepeMelleHHs] CHCTEMBI

* CM. ku. Duffing G. Erzwungene Schwingungen bei verdnderlicher Eigenfre-
quenz, UMTHPOBaHHYIO B n. 2.2.
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6yayTt aubo coBnajgaTh mo ase, nubo orcraBaTh Ha 180° or Bo3myma-
olefi cuabl. B kayecTBe nepBOro npuGJHAKEHHS MOXHO BbIGpaTh

x = a,9; () = a, cos wt. (a)

Torna meppoe ypaBHeHHe M3 cHcTeMbl (2.28) mpumer BHA
r

J [ %y coswl -+ p*a, cos of &+ pad cos® wf) — gcoswl]cos it dt = 0.
0

Tlocae HHTETPHPOBAHHSI H IIpHBEACHHS NMoJo6HbIX YJIEHOB NoJMy4HuM

3pua? ;
piay = %h = &’q +q. (2.30)
st mo6blx 3ajaHHbIX 3HAYE€HHH napaMeTpoB p?%, p H ¢ H3 YpaBHEHMs
(2.30) nosyuaeM 1Ba COOTHOILEHHS MeXKAy aMIJIMTYAOH @; U 4acTOTOH ®
BO3MYIIawIell CHJbI NPH YCTAHOBHUBUIMXCS BBIHYKAEHHBIX KoJe6aHHAX.
C Touku 3peHHs1 yno6CTBa rpadHYecKOro TMNpeACTaBJIEHHS YacTOTHBIX
XapaxTepHCTHK (anajornuuoro puc. 1.22 B n. 1.6), B cnyyae npyKHHBI
€ BO3pacTalolllell XKeCTKOCTbIO JYyYIle HCN0JAb30BaTh ypaBHEHHE

3pa} ? q

(- Dt ean
a B CJyyae TPYXKHH C yMEHbIIAWIIeHCsl KeCTKOCThIO 6oJiee yI0GHBIM
6yneT ypaBHeHHe

3uai w? -
l11':(1-_ p_2>a1—-%. (2.32)
Metox nmoctpoenusi rpadMKoB 3aBUCHMOCTH aMIUIMTYABl @ OT OTHOLIE-
HHsl 4acToT w/p coryacHo ypaBHeHusM (2.31) u (2.32) npuBeseH HHXKe.

YpaBHenue (2.31) MOXKHO mMpeACTaBUTb KaK HaJloOXeHHe KyOHuecKoH
(YHKUHH OT a B JIEBOH YacTH ypaBHEHUS M JHHeHHOH (QYHKUHMH OT a
B npaBod wactH. Ha puc. 2.12, a nokasanbl kyGuyeckas (PyHKLIHUS H
'Habop MUHEHHBIX GYHKUMH U151 psila 3HAYeHUH OTHOLUEHHS 4acToT w/p.
Haknonnas junus I Ha puc. 2.12, @ cooTBETCTBYyeT BEPTHKAJIbHOH JIH-
HAH o/p = 0 Ha puc. 2.12, 6, nepecekaiomeli Ky6uuecKyio napabosay
B Touke A. 3HaueHHe aMIUIUTY/Ib @; B TOUKE N€peceyeHHs Ha pHuc. 2.12, 6
o6o3HaueHo uepe3 A’. Ha puc. 2.12, @ nunus 2, ans KoTOpoH BHINOJ-
‘Haetca ycaoBhe 0 < w/p < 1, nepecekaeT KpHBYIO B TOuKe B; cooTger-
CTByoIast eff Touka Ha puc. 2.12, 6 o6o3nauena uepes B’. ['opusoHTaNb-
Hast quHusA 3 Ha puc. 2.12, @ gomkHa Obiia Gb H306pa)KaTb PE30HAHC
B CJydae JIMHEHHOH cHCTEeMbl, HO B JaHHOM CJyd4ae el COOTBETCTBYET
apyras napa touek (C u C’) Ha puarpamve. C yBeJHYEHHEM yrJa Ha-
KJioHa JHHHH Ha puc. 2.12, a Bo3HHKaeT YCJOBHE, NPH KOTOPOM JIH-
HHUsl 4 He TOJbKO NepeceKaeT BEPXHIOI BETBb KPHBOH B TOUKe [, HO H
OKasblBaeTcsl KacaTeJbHOH K HHXKHell BeTBH B Touke E. COOTBETCTBY-
omue ToukH D’ u E’ [1s 4acTOTHOH XapaKTepUCTHKH Ha pHC. 2.12, 6
nonajaioT Ha Kpumuseckyto wacmomy (g, = p), TAe TaHTeHC yraa
HakjioHa TpaduKa YacTOTHOH XapaKTePHCTHKH paBeH OeCKOHEYHOCTH
(Touka E'). Bosiee KpyTO NOAHMMAaIOIHeECS] BBEPX JHHHH Ha puc. 2.12, a,
aHaJIorHYHble JIMHHM 5, mepecekalnT KyOHuecKyio napa6osy B Tpex Tod-
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(@/p)

wlp

Puc. 2.12

Kax (Hanpumep, B Toukax F, G u H), KOTOPHIM COOTBETCTBYIOT TOUKH F’,
G' u H' ua rpaduke 4acTOTHOH XapaKTePHCTHKH. TakuM obpasoM,
CIJIOIIHAST XHPHasi JUHHA Ha puc. 2.12, 6 pmaer rpacduueckoe mnpejn-
craBjeHne ypoBHs (2.31).

YacTroTHasi xapaKTepHCTHKA JJsi OPYXKHHBl C BO3pacTaiollel xecT-
KOCTBIO MMEET aCHMOTOTY B BHJE THIepOoJBl, KOTOpas NOKa3aHa IUTPH-
X0BO# JuHHell Ha pHc. 2.12, 6. OHa COOTBETCTBYeT CJy4ar CBOGOAHBIX
HeJHHeHHBIX Kosiebanuii, Koria B ypaBHenuu (2.31) Benuuyuna ¢ moJga-
Faercsl paBHOH HyJi0. B pesysbTare COOTHOLICHHE MEXIY AMIJIHTYAAMH
M 4acToTaM# npH CBOGOAHBIX KOJIeGAHHSX NPHHHMAaeT CJAENYIOIHH BHIA:

3 2 2
= =;“;—— 1, (2.33)
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Li€ ® — Kpyropasi 4acToTa HeJauHeHHBIX KosaeGanui. Kpome Ttoro,
3ajlaBasi pPas/NHYibie 3HAUYEHHS HArPys3Ku ¢, MOXKHO NOCTPOMTL * ceMeil-
CTBO YAaCTOTHBIX XapaKTePHCTHK (M200paykeHbl CIJIOIIHBIMH CBETJIBIMH
JUHUSIMH), aHAJOrHUYHLIX ‘CJOIUHOH JKUDHOH JIMHHM, IIOKa3aHHOH Ha
puc. 2.12, 6. TeomeTprueckoe MeCTO KPHTHYECKHX ToueK THNa £’ (B Ko-
TOPBIX TaHIMeHC YIJa HaKJOHA KacaTelbHOH paBeH 6eCK0HeqHOCTn)
AJIsl YKA3aHHBIX 4ACTOT MNPEJICTABJIEHO IITPHXNYHKTHPHOH JHHHEH Ha
puc. 2.12, 6. YpaBHenue 3ToH KPHBOH MOXKHO NOJYYHTDL, NpopuddepeH-
uupoBaB ypaBHeHHe (2.31), B BHie

:l:;ll' — _7)2_ 1. (234)

Bosppamasce k ypasHenuio (2.32), 1IIOAYYEIIHOMY s CJydast npy-
KHHbl C yYMEHDLINAWOIIEHCS IKECTKOCTbIO, MOXKHO TaKye MOCTPOHTh Xa-
pakTepHBId TpadMK YaCTOTHBLIX XaPaKTEPHCTHK, HCIOJb3Yys ONHCAHHBIH
Beimte npueMm. Ha puc. 2.13, @ nmpeacraBienbl NPHMEHHTENLHO K JaH-
HOMY CJyyaio rpaduk KyOHYecKoH mapabo/ibl H ceMeHCTBO COOTBETCTBY-
IOUX TNPaBOH yYacTH ypaBHeHHUs (2.32) nNpsAMBIX JJS psijla 3HAYEHH
o/p. Kak quuusa I, TakK ¥ JUHHASA 2 HMEIOT [0 TPH TOYKH NEPECEUEHHUSs]
¢ rpagukoM KyOu4yecKoH nmapaboJbl, JHHHS 3 HMeeT OJHY TOUKY nepece-
YEeHHs] W OJHY TOYKY KacaHus, a Kaxaas U3 NPSAMBIX 4 U H HMEIOT IO
OJIHOH TOUYKe IepeceueHHsa ¢ KyOuueckKo# mnapabosaoil. Toukam A—J
Ha puc. 2.13, a coorBerctByoT TOukH A'—J’ Ha puc. 2.13, 6. B atom
clyyae TrpaduK 4YacTOTHOH XapaKTePHCTHKH HMEeT BepPTHKAaJbHYIO
KacareJbHylo B Touke f1', H KPUTHYECKasl 4aCTOTa BOSHHKAaeT B TOM
clyyae, KOTrja yacTora BO%MYHLaIOLU,eH CHJIBl HMEET MEeHBIIYIO Benmey,
YeM yacToTa pe3oHaHCa B JHHEHHOH cHcTeMe (wy, < p).

[Tosnarasi B ypaBHeHuH (2. 32) g = 0, NOMyYHUM ypaBHEHHE MOKAa3aH-
Ho# Ha puc. 2.13, 6 WTPHXOBOH KpHBOH

2 2 2
'jfl =1 -‘;—2 (2.35)

KoTopasi IpejcTaBaser co00¥ ypaBHEHHe 3JJIHICAa H COOTBETCTBYET
cayyaio cBOOOAHBIX KoJeGaHHH. Ha 3TOM ke pHCyHKe B BHJE IUTPHX-
NYHKTHPHOH KpHBOH [PE/ICTABJEHO FEOMETPHUECKOE MeCTO KPHTHYECKHX
Touek THrna [’ jJa psja 4acTOTHLIX XapaKTEPUCTHK. YpaBHEHHE 3TOH
KpuBOH mosyyaem auddepeHnupoBaHHeM ypaBHeHus (2.32), 4to paer

ua} ®?

A= R (2.36)
" Tunwl nokKasaHHBIX Ha puc. 2.12, 6 u 2.13, 6 4aCTOTHBIX XapaKTepPUCTHK
SIBJISIIOTCS MaTeMaTHYCCKUMH MOJIC/ISAMH ABACHUA NEPECKOKA, Habmionae-
MOTO B 3KCIIEDHMEHTAX C HEJHHeHHbIMH MeXaHUYECKHMH CHCTEMaMH IpH
JeHCTBHH BO3MYILAIOIIMX CHJI B BHJAE TFapMOHHYECKHX (YHKIHE **.

* Klotter K. Non-linear vibration problems treated by the averaging method
of W. Ritz. — Proc. Ist U. S. Natl., Congr., Appl. Mech., Chicago, Illinois: Ed-
wards Brothers Inc., 1951, pp. 125—1831.

** Cm. xH. Duffing G. Erzwingene Schwingungen bei veranderlicher Eigenfre-
quenz, LUTHPOBAHHYIO B 1, 2.2,
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Puc. 2.13

B cayuae npy»KHHB C BO3paCTaiollell KeCTKOCTbIO 3HAUHTENIbHOE YBeJH-
yeHHe YacTOThl BO3MYIIAOIEH CHJIbI (HAaYHHAS C €e HYJIeBOTO 3HAUYeHHs
® = 0) npuBeeT K TOMY, 4TO aMILIHTY /1Bl YCTAHOBHBILErOCA COCTOSHHSA,
KOTOPBIM COOTBETCTBYeT JIeBasi BeTBb KPHMBOW Ha puc. 2.12, 6, IOCTHTHYT
HeKoTopo#l ToukH THna F’. M3-3a Haquuusi BHEUIHHX BO3MYILCHHH CH-
crema 6yjer HMeTh CKAaUOK aMIVIHTY/bl H3 TOUYKH F' B Touky H' Ha KpHu-
Boi; mpH 3TOM (ha3oBbIH yroJ H3MeHsercs CKaykoM ¢ 0 na 180°. JdaJab-
HeHllee yBeJHYEHHe YacTOThl BO3MYLIAIOUIEH CHJIBI 00y CJIOBJIHBAET 110-
BeJeHHe CHCTEMBI, KOTOPOMY COOTBETCTBYET MOHOTOHHO YObIBaioLlas
yacTb NPaBOH BETBH YaCTOTHOH XapakKTepHCTHKH. C nmpyro#i CTOpPOHHI,
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€C/IM 4acTOTy BO3MYIUIAIOUIEH CHJBI NOCTENEHHO YMeHbINaTbh, HauyxHas
C HEKOTOPOTO €e BHICOKOIO 3HaueHus (6OJbIUEro, 4eM @yp), TO aMIJIH-
TyJa YCTaHOBHBUIETOCSl COCTOSIHHA OyJeT MOCTENEHHO YBEJHYHBATBCS,
noka He OyleT AOCTHTHYTa KpHTHYecKas Touka E’. 3aTeM ammiuTtyjaa
CKaYKOM M3MEHHTCS OT TOYKH E’ 0 Toukn D’ n TakiKe CKauKOM H3Me-
HHTCs (asosbid yroa ot 180° po 0. IMocsenyomee yMeHbIIeHHE 4aCTOTHL
BO3MYIlaiolleH CHJIBI NIPHBEAET K TOMY, YTO AHHAMHYECKHE MepeMeleHH S
cHcTeMbl OyAyT yObiBaTh Bhosb ydactka D'C’'B’'A’ kpusoil. Takum
006pasoM, MOXHO BHJETb, YTO NPH YMEHbLIEHHH YACTOThl BO3MYUIAMOMIEH
CHJ/IbI aMIIMTYAA J0JIKHA UBMEHHTBCA CKAYKOM U3 ToYKH E’ B Touky D',
NOCKOJIbKY B CJy4ae o < @y, HMEETCS TOJbKO OJHO peLlEHHE.

Kak 6buo mnokasano K. ID(JIOTTepOM *, IITPHXOBAasl W ILITPHUXOYHK-
THPHAsl JIHHHH HA pHUC. 2.12, 6 ouepyHBAIOT 06JacTb HEYCTOHUMBOCTH;
IIPH 3TOM TOYKH Ha KpUBOH E’G’ OTHOCATCS K TAKHM YCJIOBHSIM, KOTOPBIE
HE MOTYT ObITb OOHApyKeHbl B pPeaJbHbIX (U3HYECKHX cHCTeMaX. TakuM
o6pa3soM, Touka E’ JeqMT IpaBylo BETBb YacTOTHOH XapaKTEPHCTHKH Ha
YCTOHUHBYIO BepXHIOI0 yacTh E'G’ M HeycToHUMBYIO HHXKHIOI0 YacTh E'H'.

B ciyuae npyXHHBEI C YMEHbIIAIOWEHCS KECTKOCTbIO NPH MOCTENEH-
HOM YBEJIHYEHHH YaCTOThI BO3MYHIAIOMEH CHIBLI OT @ = 0 10 ® > Wgp
aMIVIHTY/la YCTAHOBHMBILErOCS COCTOSAHHS OyJAeT HM3MEHSTbCS MO KpH-
Boit C'F'H'G'I'J" (em. puc. 2.13, 6). C Apyroit CTOPOHHI, ecau TO-
CTENEHHO YMeHbIIATh YaCTOTH BOSMYILAIOMIEH CHJIBI C © > ®yp A0 HYJIS,
TO PEaKIHIO cHCTeMbl GyneT onuchiBaTh yuactok J'/'G'D'F'C’. B mep-
BOM CJyyae NMPOH30HIET MEPECKOK M3 TOUKH H' B Touky G, rae ¢pas3oBbiil
yros uamenutesi ot 0 no 180°. B nociienneMm ciyuae umeercs Nepeckok
u3 ToukH D’ B TouKy F’, rae ¢asoBwiil yros BHOBb u3Mensietcsi ot 180°
Ao 0. 3pech 06s1acTb HEYCTOHUHBOCTH OIPAHHYHBAETCS BEPTHKANbHOM
JHHHEH @/p = 0 W KPHBBIMH, ONHCHLIBAEMBIMH ypaBHeHHsMH (2.35)
H (2.36). Takum oGpasom, Touka f’ Ae/HT JIeByIo uacTh rpaduKa YacToT-
HOH XapakTepHCTHKH Ha HEYCTONYMBYIO BepxHiK uyacth B'E'H’
yCTOHYHBYI0O HHXKHIOI yacTh C'F'H'.

PaccmorpuM Tenepb 3anauy, omuchiBaeMyio ypasHenneM Jliodduura
C BASKHM CONpPOTHBJIEHHEM, IJie CHJIa AeMIGHPOBAHHS NPONOPLUHOHANbHA
CKOPOCTH (C KO3((QULUEHTOM NpPONOPLHOHAIBLHOCTH n). B 3TOM cayuae
ypaBHEeHHE JBHKEHHS MOXeT ObITb 3alHCAHO B BHAE

%4 2nx + p?(x 4 px®) = g cos wt. (2.37)
YCTaHOBHBLUEECS COCTOSIHHE NPH BBIHYXKAGHHBIX KOJNEGAHHSX Telepb

Gyaer BK/ouaTh B ce0st GasoBuIH yroJ v, NO3TOMY NepBoe MPHOJIHKEHHE
Bo3bMeM B ¢opMe

X =.6, cos (of — ) = a, cos ot + b, sin wf, (6)

2 2 2
e ¢y =ai + b, tg ¢ = by/a;. Insa Toro uto6e MeTonOM yCpeqHEeHH s
Purna* onpesesnte aBe nocrosiHHBE a; M by, BOCIIOJIb3YEeMCS

_* Klotter K., Pinney E. A comprehensive stability criterion for the forced vib-
rations of non-linear systems. — Journal Appl, Mech,, 1953, v, 20, N, 1, pp, 9—12.

6 Tumomwenko C. 1. u Ip. 161



ABYM#l ypaBHeHHAMH CHcTeMbl (2.28), KoTopble B 3TOM C/l1ydae mpH-
MYT BHJ
;

j [£ -+ 2n% + p?(x 4= px3) — gcoswf]cos wf df = 0;
0 .

,
J [£ 4+ 2n% + p? (x = px®) — gcos wf} sin wf df = 0.
0
TlogcTaBuB B 5TH ypaBHeHHs NpejcrabieHHe (6) AJasi X U NPOHHTEIPH-
poBaB, NOJYYHM CJAEAYIOIHE YypaBHEHHS:
— 00? + 2nwb, + p*a, + _3_;;2_;21131%_ —q=0; (8)

— byo? — 2nea; + pby, = ZEE o, 0

Hcnionp3ysi COOTHOWEHHS a; = €, C0S P U by = ¢, sin ¢, Haigem
. 3puci
2nocy siny (——(oz-{—pzi—’i‘rﬁ)clcosw-qzo; (m)
% 2 po_ p°met b
— 2106, COSY + ( — 0% + p £ —5— oy simp =0. (e)
YMHOXKas ypaBHeHHe (1) Ha cos |, a ypaBHeHHe (€) Ha sin { u CKJajbi-

Basf HX, NPHAEM K YpaBHEHHIO

32C2
N . L N e (39

C apyro#t CTOpPOHBI, yMHOXasl ypaBHeHHe (1) Ha H u { u ypaBrenue (e)
Ha cOos W BbIUMTAsh M3 NEPBOrO yPaBHEHHS BTOPOE, HakJeM

2nm = T‘i- sin . (3)

BosBoasi B KBaiapar ypaBHeHHS (X) M (3) M CKJajblBas HX, HMeeM
20102 2 -
— 0+ p? 4 2D a2t = ()" (2.38)
[Nousennoe neneHue ypaBHeHHsI (k) Ha (3) Aaer

2
= aretg —— pfi ST (2.39)

[Nocaennne ABa ypaBHEHHUS CBSI3BIBAIOT aMIIUTYAY ¢; H (a30BbIH yroa ¢
C 4acToTofl « BO3MYyIlaomlefi CHABL /15 MPOH3BONBHO 3ajaHHBIX 3Haye-
HHfi mapaMeTpoB p*, B, n MU ¢. Ecau nocTosiHHyl AeMNQUpPOBaHUA n
NOJIOXKHTb PABHOM HYJIO, TO MOJYYHM, YTO (pa30BbIfi yroJ NpuMeT 3Haye-
Hue O uau n, b, = 0 W ¢; = a;, TOra ypaBHeHHe (2.38) mpuMer BuJ
ypaBHeHHst (2.30), nony4eHHOTO Bhlllle JJIA CAydas OTCYTCTBUS AeMIpH-
pOBaHHA. :
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Hasa toro 4Ttobbl MOCTPOHTb IpaduK YaCTOTHOH XapaKTepPHUCTHKH,
npeobpasyeM ypaBHeHHe (2.38) B caexpywomue aBe (GopMbL:

3pd _ _‘ij___l a4+--L1 1 _ (noc) (2.40)
4 p? p? q*

3pc} | w2 q 2nwey)?

—%CL=<1 — pz>cl— 4 ]/1 —(Tl, (2.41)

rjie nepsas M Bropast ¢opMmbl O6YAyT HCHOJB30BATLCA AJsl CJaydaeB Mpy-
"KHH COOTBETCTBEHHO C BO3pacTawlleil H yMeHbIUAWWEACs KECTKOCTSAMH.

[Ipu orcyrcTBuM JAeMndupoOBaHHS 3TH yPaBHEHHsI TNPHHHMAIOT BHA
ypasrenuit (2.31) u (2.32). IlpaBbie yactu ypaBHeHuit (2.40) u (2.41)
y2&e He NPEeACTaBJAT CO60H ypaBHEHHH NPSAMBIX JHHHH, NO3TOMY
B IaHHOM CJyyae rpapuyeckoe NOCTPOEHHe YaCTOTHOH XapaKTepHCTHKH
ABJsercs 6oJiee CJ0XKHBIM, 4eM NPH OTCYTCTBHH JeMnpHpoBaHHs. TeM He
MeHee, OOWMH BHJA Pe3yJbTHPYIOUIHX IPadHKOB CXOJEH M IPEACTABJIEH
Ha puc. 2.14 u 2.15 AJs NpyXHH COOTBETCTBEHHO C BO3pacTaloled H
YMEHBIIAIOWEACA KECTKOCTSMH.

IIITpuxoBasi KpuBas Ha pHC. 2.14 UMeeT TOT e CMBICJ, YTO H aHAJO-
THYHasi KpHBasi, nojydyaemasi no ypaBHeHnuwo (2.33), a reomeTpuyeckoe
MECTO TOYEK, B KOTOPBIX YaCTOTHAsA XapaKTePHCTHKA INeEpeceKaer 3Ty
KPHBYI0, COOTBETCTBYIOULYIO CJydarw CBOOOJAHBIX KoJeGaHHB, MOXKHO
HalTH, pewias CHCTeMy ABYX ypaBHeHHH (2. 33) u (2.40). B pesynbrarte
HOJTYYHM

q/2np q

€1 pes = Opea/p 2”(l)pea’ (2.42)
TII€ Wpes — PE3OHAHCHAR HACMOMA; Cy peg — PE3OHAHCHAR aAMNAUMYOQ.
YpaBHenne (2.42) oIMCBIBaeT CEMEHCTBO THNEP6ON B MJOCKOCTH Cy
H ©/p (CM. WITPUXNYHKTHPHYIO JIHHHIO Ha pHc. 2.14). CrenoBatesbHo,
AJis1 1I0GOTO KOHKPETHOTO 3HAYEHHS BeNHYHHbI §/(2np) MOXKHO TIOCTPOUTD
runep6osiy no ypasHeHHIo (2.42). Ee nepeceuenne ¢ KpHBOH A5l cBOGOJ-
HbIX KoJleOaHHH AacT NpHOJIHIKEHHO MaKCHMalbHOE 3HAYEHHE, KOTOpOe
MOKeT JOCTHYb aMIIHTYJAA NPH YCTAHOBHUBIUMXCS BBHIHYXKACHHBIX KOJe-
Ganusx. Ecau TpeGyercsl 3HaTh TONLKO yKasaHHOE MaKCHMajbHOE 3Ha-
U€HHe, HeT HYXJAbl CTPOHTb NOJHOCTBIO rpadUK YacTOTHOM XapakTe-
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PHCTHKH H TEM CAMbIM MOXKHO H36eXaTh TPYIHOCTEH IOCTPOEHHS rpadu-
KOB TIpH pelleHuH ypaBHeHus (2.40).

AuanoryuHo CKa3aHHOMY, WITPHXOBas KpHBas Ha puc. 2.15 umeer
TOT K€ CMBICJ, YTO M TakKas e KpHBas, nojyyaeMas W3 ypaBHEHHs
(2.35); npu 3TOM reoMeTpHYeCKOe MEeCTO TOYEeK, rJie Tpaduk uacToTHOH
XapaKTepHCTHKH IIePeceKaeT COOTBETCTBYIOILYIO KPHBYIO, IOCTPOEHHYIO
JUI caydass cBOGOAHBIX KoJeGaHWH, MOXKHO HalTH, DEUNIMB CHCTEMY
ypaBHeHH# (2.35) u (2.41). Pe3syabTupyioliee BHIpaXKeHHE HMEET TOT XKe
BHJ, UTO H NoJyueHHOe paHee BbipaxeHue (2.42), mosToMy WITPHUXNYHK-
THDHas JHHHS Ha puc. 2.15 aBasiercs Takofl ke rumep6oJioii. B stom
cyyae BO3MOXKHO CYIIECTBOBAHHE JBYX TOYUEK IepeceYeHHs rpaduKoB,
yKasblBawlllee Ha Ha/JuyHe BepXHell BeTBH YaCTOTHOH XapaKTepHCTHKH,
KOTOpasi He HMeeT (H3HUYECKOTO CMBIC/IA.

B cucremax ¢ Ma/ibM eMIOQHPOBAaHHEM TEOPETHUYECKOE YCJOBHE pe-
30HaHca, npejcTaBJeHHoe Touko# R Ha puc. 2.14 u 2.15, moxer B jeH-
CTBUTEJIbHOCTH OKa3aThbCsl HEJNOCTHIKUMBIM H3-32 BO3HHKHOBEHHS Iiepe-
cKoka. Ha kaxnoM H3 3THX pPHCYHKOB BO3MOXKHOCTb II€PECKOKa BHH3
OTMEYeHa NepexoJioM U3 Touku D B Touky D’, mepeckoKy BBEPX COOTBET-
CTByeT mepexoJ u3 Toukd J B Touky J'. Haiuune BHENIHUX BO3MylIeHHH
MOXKET BbI3BaTh MpPEXJEBPEMEHHBIH IepecKoK, TeM CaMbiM HCKJ/Ioouas
BO3MO>XHOCTb BO3HHKHOBEHHsI JeHCTBHTeJNbHOro pe3oHaHca. IIpu orcyrt-
CTBHH YIMOMSIHYTOTO BHEUIHEro BO3JeHCTBHS CKayoK Ha KaXKIAOM H3
PHCYHKOB npHOJIUKEeHHO wu306paxasncs Obl NepexomoM H3 TOYKH R
B Touky R’ Ha rpaduke 4acTOTHOH XapaKTEPHCTHKH.

Jas cucreM ¢ pemndupoBaHueM (asoBOH YroJ NIpH H3MEHEHHH 4a-
CTOTH ® Bo3Mywawuleil cuapl oT 0 10 co H3MeHsIeTCsl HeNpephlBHO OT
0° no m. Ilpu pesoHaHce ¢a30BbIA yroJ TEOPETHYECKH DaBeH /2, HO
B JIEHCTBUTENBHOCTH OH H3MEHSIEeTCSl CKAUKOM IIPH BO3HHKHOBEHHH Iepe-
CKOKa B cucreMe. lIpu 3ToM OH H3MeEHseTCSl OT 3HAYEHHS HECKOJBbKO
MeHbIIero (MAH GoJblIero), yeM /2, 10 3HaYeHHs HeCKOJNbKO GOJIbILEro
(UM MeHbLIEro), ueM /2.

Meron ycpensenus Putna® ycnmemno NpUMEHSJICS K PasIHYHBIM 3a-
JauaMm, BKJIouYasi cBOOOJHBIE M BBIHYXKIEHHble KOJ1eOGaHHs HeJIHHeHHBIX
cucreM. BBICOKasi TOYHOCTh Obl1a NOCTUTHYTA * NPH HCNOJNb30BAHHH
OJIHOUJIEHHOTO NMPHOJIMIKEHHS AJs1 CHCTEM C BOCCTAHABJIHBAIOLILEH CHJIOH,
ONHUCHIBAEMON CHMMETPHUYHBIMH (QYHKLHUSMH n-TO MNOPsAAKa, a TaKkxe
KYCOUHO-THHEHHBIMH (YHKIMAMU. YpaBHeHue J[liodduHra ssiasiercs
TOJBKO OJHHM M3 IIPUMEPOB TaKoro Tumna. Iljns cuctem ¢ BocCTaHaBJIHBa-
IOIIUMMH CHJIAMH HECHMMETPHUYHOrO BHja TpeOyercsi HCMOJMb30BaTh MO
KpaliHeHd Mepe JABYUYJIEeHHble NPUOGIHXKEHHA H NIPH 3TOM GBHICTPO pPacTyT
TPYIAHOCTH anre6panyeckoro Xxapakrepa.

2.5. KYCOYHO-JIMHEHHBIE CHCTEMBI

Kak yxe ynoMuHajgoch B 1. 2.1, HeKOTOpbIe KOJIeG/IOmHecs: CHCTEMBL
06./12/1a10T KYCOUHO-THHEHHBIMH XapakTepHUcTHKaMHu. [lopo6Hble CHCTEMBI
2aYacTYI0 OKa3blBAIOTCS HECJTOXKHBLIMH JJISl HCCIEIOBAHHSA, 8 B HEKOTOPHIX

* Cm. cr. Klotter K. Non-linear vibration problems treated by the averaging
method of W. Ritz, uutuposannyio B m. 2.4.
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caydadxX MO3BOJSIOT NOJYYHUTh TOUYHble pelneHHs. K 3ToH KaTeropuu
OTHOCSITCSI CHCTEMBI C NpYyXHHaMH, He 00/ajalolluMH JIHHEHHO-ynpy-
TMMHM XapaKTepHUCTHKaMH, HEyNnpyrue MarepHaJbl ¢ KyCOUHO-JIHHEHHBIM
NOBeJEHHEM, BKJIo4ast yIpyronacTHYecKHe, a Takake H CHCTEMBI C COMpo-
THBJEHHEM B BHJE KYJOHOBCKOTO TpeHHs. [logoGHEle cucTeMbl GyayT
o6cyxaThes B JaHHOM maparpade C LeJbio HCC/IeA0BAaHHS HX NMOBEJeHHs
npu cBOOOAHBIX KoJie0aHHAX C HayaJbHBIMH YCJOBHsIMH B ¢opme mnepe-
MEILEeHHS1 ¥ CKOPOCTH, NPH BBHIHYXKJIEHHBIX KosebaHusiX, 00yC/JIOBIEHHBIX
JeficTBHEM BO3MYILAIOLIUX CHJ B BUJE NEPHOAHYECKHX QYHKIHUH, a TaKkKe
JJI onpejeseHHs] HeyCTaHOBHBIIEroCs IOBEJEHHS] NPH INPOH3BOJILHOM
BO3ZEHCTBHH.

Ha puc. 2.16, a nokasana koJsefJiolascs cCucTeMa ¢ MaccoH, ycra-
HOBJIEHHOH B 3a30p MeXAy ABYMS JIHHEHHO YINPYTHMH IpPYyXKHHAaMH.
Ec/iu n3MepHuTh nmepeMelleHHe MacChl OTHOCHTENBHO CPEIHHHOTO MOJOXKe-
HHSl, TO CTAaTHYECKas AHarpaMma 3aBHCHMOCTH Harpy3KH OT I€pPeMEIeHH
nNpHMEeT BHA, NMOKa3aHHBIH Ha puc. 2.16, 6. B atoM cayuae mepuosa cBo-
GOJHBIX KoJleGaHHH 3aBHCHT OT BeJHUYMHBI 3a30pa M APYTHX I1apaMeTpoB.
[Ipennosioxum, 4yTO B MOMEHT BpeMeHH ! = ( HauajbHOE NepeMelleHHe
MacChl paBHO HYJIIO, a Haya/lbHasi CKOPOCTb paBHa %,. BpeMs, Heo6xo-
IMMoe 111 TOro, uToOBpl MPOHTH AJMHHY 3asopa Xi,

X1 .
t:—x;'. (a)
I[Tocne nmpoxona wepes 3a3op Macca BCTymaer B KOHTaKT C NpaBoil Mpy-
XKHHOH, W JajbHefluee JBHXKEHHE HOCHT TapMOHHYECKH#l XapakTep M0
TEX Mop, IMoKa Macca He OTCKOUHMT OT NPYXKHHBI Yepe3 Bpems f,. Bpewms,
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B TeYeHHe KOTOPOro CKOPOCTb H3MEHSAETCs OT X, A0 HYJf, PaBHO OLHOH
YeTBEPTH TepHOoja COOCTBEHHBIX KoJleGaHHWH Macchl m, NPHKPEMJIeHHOH
K NpyxkHHe ¢ ecTKocThio k. Takum o6pasom, BpeMs, 3a KOTOpPoe JOCTH-
raercs MaKCHMaJbHOe NepeMelleHue,

T Xy n m
Ly — e = ——
fhl tl —+ Qp 'tO H 9 V 3 . (6)
CaegnoBare/bHO, MOJHBIH TepHOA KoJeGaHHH JeHCTBHTEJbHOH CHCTEMBI
o Axn 2n 4y V' m n
T——4t]\[——'—£;— “I—T—-—}T'V)- 27 % - (240)

Jla.nee 3daME€THM, YTO MAKCHMAJIbHOE liepeMeleHHe MaccChl, OﬁchIOBJIeHHOE
3aJJaHHOH HayaJAbHOH CKOpPOCTBIO, paBHO CyMMe€ JIJIHHBbEI 3a30pa x; H
AMIIUTY bl YNOMSHYTOrO BBIIIE TApMOHHUYECKOrO JBHXKEHHS:

Xy =X, +l%:x1+,\'¢0 ]/% (2.44)

Hsmenenne BO BpeMeHH MepeMelleHHs] H CKOPOCTH TIPH KoJeGaHHsX
CHCTEMBI 6e3 neMNUpOBaHHA NMOKa3aHO Ha puc. 2.16, ¢ u 2. OTMeTHM,
YTO CKOPOCTb Ha TOCJNEIHEM PUCYHKe SIBJIsIeTCs TNOCTOSIHHOH, HEeCMOTps
Ha TO, YTO Macca He HMeeT KOHTAKTa C OJHOH M3 MpYKHH.

Jast 3anaHHBIX 3HaYeHHH BEJMYMHBI 3a30pa X;, MACChl M H KECTKO-
CTH INpyxXHHBl k mepuox KojebGanuil t [cM. dopmyny (2.43)] saBucur
TOJIBKO OT HayaJbHOH CKOPOCTH X,. Korjpa BenuuuHa X, npubaHKaeTcs
K HYJIIO, MEepPUOJ KoJeOaHHH CTPeMHTC K GeCKOHEYHOCTH, a KOTAa CKO-
pOCTb CTaHOBHTCA 6€CKOHEYHO GOJIbILOH, MepHoj KoJeGaHUH NpHHUMAaeT
snauyenusa 2n/p. Ha puc. 2.16, @ npexacraBied rpaduk koseGanui Ais
3THX CJlyyaeB, H3 KOTOPOTrO BHAHO, YTO NofobHas cucreMa Gyjper cTpe-
MHTbCSl BOHTH B P€30HaHC C BO3MyLlalomed CHJIOH, ONHCHIBaeMOH Mpo-
H3BOJLHOH mepuoauyeckKo# dyHKIHeH, uMelomeld nepuos GOJMbIUHH HIH
paBHbill 27m/p. OpHako aMIJIMTYAa TaKHX BBIHYKAEHHBIX KoJeGaHHH
GyneT Bcerja MMeTb BepXHHH Npejies, 3a HCKJIOYEHHEM CJydasi, KOraa
nepHos (GyHKUHH, ONHCHIBAIOLIEH BO3MYIIAIOUIYIO CHJIY HJIH OIHY H3
€e rapMOHMYECKHX KOMIIOHEHT, paBeH 2m/p.

[Tpeanonoxum tenepp, 4to cHcteMa Ha puc. 2.16, a mepBoHAYaIbLHO
HaxoJuTCs B NMOKOE H Ha Hee BO3AEeHCTBYeT BO3MYyIAOLlasi CHJa B BHJE
CTyneHyaTod (yHKUHH, TOKazaHHOH Ha puc. 2.16, e. Ilpu nefictBun
NOCTOSIHHOH CHJBI Q, YCKOpeHHe MacChl NP4 NPOXOXKIEHHH Yyepe3 3a30p
6yzer ¢, = Q,/m. Torza CKOpPOCTb H TI€peMelleHHe COOTBETCTBEHHO
COCTaBAT

L=qu; x=q,t?*2. (B)

[Tocsiennee BrpaxkeHHe npexacTaBisier coGoll mapabosy Ha OTPE3Ke OT
t =0 po t=1t rpaduka 3aBHCHMOCTH [iepeMelIeHHsI OT BPEMeHH
(puc. 2.16, oc), a npeipiayllee Bbpa)kKeHHE €CTb ypaBHEHHE TNPAMOH
JHHHH Ha TOM Xe caMoM OTpe3Ke rpaduka ckopoctdH (puc. 2.16, 3).
B 3toM cayyae Bpemsi, HeOOXOZHMOE HJsi TOFO, YTOOH Macca NpouIa
aa3op xy,

h— )/ B )
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4 CKOPOCTb B MOMEHT BpeMeHHu f;
R ]

xl = qutl == V 2%1&- (11)

Koraa nponcXoauT conpuKOCHOBEHHEe MAacChl ¢ MpaBof IIPYXKHHOI, Macca
¥MeeT HayalbHYI0 CKOPOCTb Xy, M TOTAA DeakH#i0 CUCTEMEI HAa OTpe3ke
BpeMeHH [; < < [, MOXHO NDEACTaBHTb B CJENyIOUIEM BHJE:

x=x+2sinp(t — 1) + 211 — cosplt — 1), (e)

rJe BTOpOE c/araeMoe B NPaBOH HacTH OGYCJOBJEHO BJHSHHEM Haualb-
HOH CKODOCTH X;, a NOCJeJHee cJaraeMoe xapaKkTepu3yeT BJHSIHHE BO3-
MyIlaolled CuJbl. ITH JBa CJlaraeMBIX NpPeACTABJEHbl IITPUXOBLIMU JIH-
HHSIMH Ha oTpeske f; < [ < f, (cM. puc. 2.16, ), a rpaduk cymMmsl
BCEX TPEX CJaraeMblX NoKa3aH CIJIOLIHOH »XupHOH JuHuei. [Ipoxnudde-
PEHIHUPOBaB BbIpakeHHe (e), HalieM, YTO B MOMEHT BpEMEHH

. 1 v
tM = tl —{‘ —p— arc'[g (—‘ ——“S:l//,;e ) (245)

MaKCHMaJIbHOE MepeMelleHHe
2 X 2
re=rn b2 Y (Y 4 (. (2.46)

[locko/IbKy yKasaHHasi KpHBas CHMMETPHUYHA OTHOCHTENLHO BPeMeHH ly,
TO B 3HayeHHe X, OHA NPHXOJHUT TAKXKe H B MOMEHT BPeMEeHH f,, YTO JaeT

ty = 2y — 1. (x)

3aTeM Macca BBIXOAMT H3 KOHTaKTa ¢ NMpaBOH NMPYXKHHOH M Ha OTpe3ke
t, <t <1, rpadpuk ee JBHUXKEHHS NpejacTaBjaseT mnapabony (cM.
puc. 2.16, o). dra napabosa cUMMETPUUYHA OTHOCHTENBHO TOYKH, COOT-
BeTCTBYIOLIeH BpeMeHH f3. Torma mjs 3TOro oTpe3ka BPEMEHH MOXKHO
3anucaTh

ty=1t, + t; t, =1+ 2t (3)

B MomeHT BpeMeHH f, Macca BHOBb BXOJHT B KOHTAKT C MPaBOH NPYXKH-
HOH M BHOBb IOBTOPSIETCSl ONHCAaHHOE BHLIe nepemelieHHe. CooTBeT-
CTBYIOLLAsT 3aBUCHMOCTb CKOPOCTH JBHIKEHHS OT BPeMEHHU NpHBeJeHA Ha
puc. 2.16, 3, The MOXKHO BHJETH, YTO 3TA 3aBHCHMOCTb SIBJISIETCS JIHHEH-
HOH TOrja, KOIKa Macca He HAXOAHTCS B KOHTAKTe C NpPYKHHOH.

Ecnin B MOMeHT BpemeHM [, mocTosiHHas cusaa (@, BHe3amHO Yyjaa-
Jsgercss U3 cuctemsr (cM. puc. 2.16, €), To GygeM HMeTb NPSAMOYTOJBHBIN
HMIYJbC BMECTO cTyneHdaTto# ¢yHxknuu. B mMomeHT BpemeHu £, cucTeMa
HMeeT HEeKOTOpoe IMepeMelleHHe X, U HEKOTOPYIO CKOPOCTb X, KOTOpHIE
MOXHO ompejesuTh H3 rpaukoB Ha puc. 2.16, oc u 3. Ucnoansysa stH
BEJTHYHHbI B KayeCcTBE HAua/bHBIX YCJAOBHH, MOXKHO OMNpEIEJNHTbL mocje-
Iylollee MoBeJeHHe CHUCTEMBl INpH CBOGOAHBIX KoJebGaHMsSX, NoCTymnas
TOYHO TaK Xe, KaK NpH NOCTPOeHHH rpadukoB Ha pHc. 2.16, 8 ¥ 2.

B kayectBe BTOPOrO mpuMepa Kycouwo-auriedHol ynpy2old cucmembl
pPaccMOTPUM YCTAHOBKY CHMMETPHYHOH KOHCTpyKUMH Ha puc. 2.17, a.
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Dra cucTeMa Moxoxa Ha H306pazkeHHYIo Ha puc. 2.16, a, Ho B Hell uMeloTCA
JOTNOJIHUTEJNbHEIE TIPYXKHHBI, Jaiolllie BOCCTAHABJAHBAIOLULYIO CHJY MpPH
JIOG0M OTJHYHOM OT HYJS MepeMellleHHH OT CpPeiHero NOJIOKEeHUS.
Crathyeckasi juarpaMMa 3aBHCHMOCTH Harpys3Ku OT MNepeMellleHHs AJis
3TOro cJayyas nokasaHa Ha puc. 2.17, 6, rje npsMas, BHIXOAfIIAS M3
HayaJia KOOpAHHAT, HMeeT TaHTeHC yIJla HAaKJoHa, paBHbIH k;, a y nps-
MBIX ¢ GOJIbLIHM YIVIOM HAKJOHAa TaHreHC 3TOro yrja paBeH k,. Eciu
nepeMelleHue CHCTeMbl HHKOTAA He NpeBHIIaeT —X;, ABHXeHHe OygeTr
OPOCTHIM TapMOHHYECKHM, HO €CJIM NepeMeIleHHs [0 BeJHYHHe NpeBH-
LIAJOT X;, XapakTep MABUXKEHUS CTAHOBUTCH 6oJiee CJOXKHBIM.

Jaa toro uro6bl H3yYHUTh XAPaKTEPUCTUKH 3TOH CHCTEMBI NpH CBO-
60aHBIX KoJeGaHHAX, NOpPENNOJNOXKHM, YTO B MOMEHT BpeMeHH [ = 0
HayaJbHOE MepeMellleHHe MacChl PaBHO HYJIO, HO HMeeTcsl HayajbHas
CKOpPOCTb Xy > piX1, TAE py = 1/k1/m. [Ipy Takolff ckopocTH Macca
Gyger mepeMelathCsl AaJblie TOYKH X;, H TOLAA 3aBHCHMOCTbL NepeMe-
IeHHs OT BpeMeHH OyzeT HMeTb BHJ, NOKa3aHHBIA Ha puc. 2.17, e.
Ha orpeske Bpemenu 0 < ¢ < f{; mepeMmeleHne 3ToHl CHCTEMBI OMMUCHI-
BAeTCS BbIpaXKEHUEM

Zy .
X = —%=sin pi¢ H
DL pl 1 ( )
a CKOpPOCTh MMEEeT BHJ

X = X COS pyt. (x)
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B MoMeHT BpeMeHH #; Macca JOCTHTHET TOUKH X;, TJie KOHUaeTcs nepBas
ynpyraa obsaacte. Torga us BblpaxkeHHsl (M) HaXOAUM 3TO BpeEMs:

1 . p1x
{; = —— arcsin 2422 Ja
1 I %o H ( )

a COOTBETCTBYIOLLYIO CKOPOCTH HAXOAHM H3 Bmpamemm (x):

Ry= X, ]/1 p1x1 . (m)

Hanee Mmacca BcTymaer B KOHTaKT ¢ BerHeﬁ npapoll NpYKHUHOH
(cm. puc. 2.17, @) u Toraa ypaBHEeHHe [BHKEHHsI NPHHHMAeT BHJ
77155 + klx + (kz —_ kl) (x - xl) - 0
HJH

mix + kox = (ko — ky) X1 (1)

B npaBofi yacTH ypaBHEHHS (H) CTOHT BEeJHYHHA, KOTOPYIO MOXKHO
paccMarpuBaTh Kak NCEBAOCTYNEHUYATYIO (PYHKIHIO BO3MYILAIOWEH CHJHL,
IPHJIOKEHHYIO K CHCTEME C XKECTKOCThIO NPYKHHHL R,. B paMkax takoro
NOAX0Aa CYMMAapHYIO PEaKIHI0 MOXHO BBIUHCJAATH KaK CYMMY BJHSIHHS
HayaJbHBIX YCJIOBHI B MOMEHT BpeMeHH f; U BJIHSHHSA ICEBJOCTyIeHYaToON
¢yukuuu. B pesyabtate nonyqaeM nepeMem,eHHe

X—xlcOsz(f—t1)+—smpz(t—t1)+ k ——— X [l — cos py X
\ k k .
X —tjl= (1 — =) 2+ xcos py(t —t1)+%smp2(t — 1)
(0)
H CKOpPOCTb
. k . 5
X = — g pxasinpy (t — t) + 2y cospy (E — 4y). (m)

B Boipaxenusix (o) u (n) uepe3 p, o603HaueHa Kpyropasl 4acTora

ps = V' kym IIPH TapMOHHYECKOM JBHKEHHH BO BTOPOH ympyro# obJa-
crtd. M3 BeipaxkeHust () BHAHO, YTO MaKCHMyM AHHAMHYECKOTrO MepeMe-
IIEHHS HMeeT MeCTO B MOMEHT BpEMEHH

k2X1

M~t1+—arc € o (p)

[lepBerii unen B Bhipaxkenuu (0)

1 =[1 — (ky/k)] X, (C)

YKa3blBa€T TOUKY, B KOTOPOH NMpoXoAslias noj GObLIIHM yIJIOM npsiMasi

Ha puc. 2.17, 6 nepecekaeT moJOXUTeNbHYIO och X. [anee, xospduuuenTt

NIPH KOCHHYyCEe B BbIpaXKeHHH (0) XapaKTepH3yeT Haua/JbHOe IepeMelleHHe
Ry

—_— Xy = X1 —
7 1— X1

OTHOCHTE/IbHO TOUKH nepeceueHHsl. MOXHO NMpeACTaBHTh, UTO IITPHXOBAs
JIMHHA Ha puc. 2.17, 6 u3o6paxkaeT rapMOHHYECKOE IBHKEHHE, CMELLeH-
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HOE€ BO BTOPYIO ymnpyryio o6maactb. [ToJyuHKa 3TOro ABHKEHHS Ha4H-
HAeTCs B MOMEHT BPEMEHH /{H 3aKaHYHBAeTs] B MOMEHT f3. OTH 3HaYEHHA
BPEMEHH HAXOAHM U3 BbIpakeHuit {{ = ty — 1/(2ps); t2 = tw + 7/(2p2),
a BpeMsi f,, COOTBETCTBYIOlllee BTOPOH TOYKE KacaHHs WTPHXOBOH
CIJIOUIHOH JIHHHH, TOJy4YaeM H3 BblpaXKeHHd

2 ka1

ty =1, +— arct . T

2 1+ P2 gklp2x1 ( >

Kaxk u B npeablaylleM cay4dae, NOJHBIH NepHoJ KoJaeGaHHs MOXKHO onpe-
JeNMUTh No ¢opmyae

T= A4ty —dt, - ——arctg (ﬁ’ﬁl—) . (2.47)

P2 k1pax1

OTMeTHM TakK e, 4YTo, Kak BMJIHO H3 Bblpa)keHHs (0), NepeMelleHHe

Macchbl, 00yCJ/I0B/IeHHOe 3aJaHHOH HayalbHOH CKOPOCTbIO, PABHO CYMMe X|

M aMIVIUTYAbl [apMOHHYECKOI'O JBHIKEHHS, CMEILEHHOT0 BO BTOPYIO
yOpyryio o6JacThb:

= (=)t V) e (). e

OueBujHO, 4TO, AR TOro 4YTOGH BXOAALLYIO B Gopmyasl (2.47) u
(2.48) ckopocTb &, BBIpPa3uTh 4Yepe3 HAYaJbHYIO CKOPOCTb Xy, HaZO BOC-
N0JIb30BATHCA PABEHCTBOM (M).

Ecnn Ha cucteMy, NMoka3aHHYIO Ha puc. 2.17, a, pelicTByeT Bo3MyLa-
Iolasg  CHJa, ONHMChHiBaeMass TrapMoHH4Yeckoi ¢yHkuue#d Q@ sin wf, ee
ypaBHeHHE J[BHIKEHHs CJejyeT 3anucaTh OTAENbHO I KaXA0H H3
Tpex obJacTedl H3MEHEHMS] NepeMellleHHs X CJeayluM o6pa3oM:

A — X < X < X UMeeM mx -+ kyx = Q sin ot; (y)
1A x; < x uMeeM m# |- kyx == Qsin of -+ (ky — ky) X1; ()
A X < X; UMeeM mX - Rox = Q sinof — (ky — ky) x,. (x)

XoTal 3TH ypaBHEHHsI MOTYT OBbITh HCNOJb30BAHBI /sl ONpEIeNeHHs
HEYCTAHOBHBIUETOCS NOBEJCHHA CHCTEMbl, OHH HEYJOGHBI [/ HCCIeN0Ba-
HUA ycraHoBuBuUIerocsa nosejgeHus. K. Knorrep* uccaejoBan 3ToT cay-
Yyal BBIHYXJEHHBIX KoJeGaHHH ¢ MOMOWbIO MeToja ycpeineHusi Purual,
HCIIONb3yA OJHOYNEeHHoe npubanxenne. Ha puc. 2.18 npejcrasieH psg
rpaguKOB YACTOTHBIX XAapaKTePHCTHK JJIl OTHOIUEHHSA XKECTKOCTEH
kiyky = 1/2. s toro urtobbl 31U rpadguku Oblin 6Ge3pasMepHBIMH,
CTPOATCA 3aBHCHMOCTH OTHOLIEGHHS X/x; OT w?/p® ana psjga 3HaueHHH
napaMerpa Harpysku § = Q/(kuxy).

Jaa HaoCTpauut Heynpyeux KYco4Ho-AUHeUHbLX cucmem o0paTHMCs
K cHcTeMe, MokKasaHHOH Ha puc. 2,19, a, rae macca m npukpenseHa
K KOHIy rHOKOH BepTHKaNbHOK cTofiku, [Ipennonaraercs, 4to npuaoxe-
HHE TOPH30HTANbLHOH Harpyskd P BBI3pIBAaET TOJLKO Majbie NEepeMelne-
HHSL X H 9TO cHcTeMa o0J1ajaeT yNpYTonJacTHYECKOH XapaKTepHCTHKOM

* Klotter K. Non-linear vibration problem treated by the averaging method
gf \tN.IRlltIz. — Div. of Engng Mech., Stanford University, Techn, Rept. 1951, N. 17,
arts 1, 11, )
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(em. nm. 2.1). Takum 06-
pasoM, craTHYeckas Jua-
rpaMmMa  3aBHCHMOCTH Ha-
IPY3KH OT TmepeMelleHHs

Ky !
K, 2

(puc. 2.19, 6) umeer pas-
HBIH HEKOTOpOH OTJIHYHOH

OT HyJ1sl KOHCTaHTe k TaH-

5,/
reHc yrJja HakJoHa [0 TeX
MOp, TOKa OKOJO ONOpPHI ,
CTOfiKH He o6pasyercs BHe- '

3alHO IUVIACTHYECKHH mIap-
uup (/1U]). B ator MoMmeHT
-OpJHHaTa juarpaMmbl paBHa

0
/
a
i
a
,y/

AN
—

MaKCHMaJLHOMY 3HauenHIo
Py ¥ TaHreHC yrja HakJoHa
KpuBoH — HyJ0. Ilpexro-

/

\\ 2,0

1,0 —— ]
P 0,5 T———.l.
0

JIOXXHM, YTO B MOMEHT Bpe- 04 2 ———

MeHH ! = (0 HavajJbHOe Ile- { 2 3 4 wyp?
peMelleHHe MaccChl paBHO Puc. 2.18

HYyJ/JIO, a JJd HayaJdbHOH

CKOpOCTH BBINOJIHAETCS

yoIoBHE X, > pxy, TAe p = V k/m, x, — nepemeillenue, JOCTHTHYTOE
B MOMEHT BpEMEHH !y, Korga obpasoBajcsi mnuacTHyeckuil mapuup. Ha
oTpeske BpemenH 0 < ¢ < f; MMeeM cJefylomlHe BHIpaXKeHHsT IJIs nepe-

MEULEHHA H CKOPOCTH:

X= %‘lsin pt; % = %,cos pt, (1)
LB B
— m Kgl—————— 3
2 i i
P R— -———T—- —— AT\ ———f———
~ I
T
P x4 4 ! | I
w 7 I | [
0 ] ] | 1 -
P g) t1 t,‘ t? t,m‘f‘f t
p -4 @ __ s ; 6)
* 1/ 1 X
l «/ | XL A
Al | uf
1| . I |
0
X xS xg X |
| c
| /O ph-l 8 A
L ty ettt Nt

Puc. 2.19
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KOTODBIM cooTBeTcTBYIOT MuHuH [ Ha puc. 2.19, ¢ n e. Iloacrasnas x; =
= Py/k B Bbipaxenus (1), NOJYUHM

. P [)
1 Y st — [P
t]_:—;-arcslﬂ ( kxo ), Xl_xo ]/1 ( kxO ) . (1[)

ITocsie Toro Kak o6pa3oBaJicid NJacTHYeCKMil LIapHUp, T. €. Ha OT-
pe3Ke BpPeMEHHU I, < | < £, UMEeM CJeAyKliue BblpaxkeHHs AJs mepe-
MELIEHHS H CKOPOCTH:

x=x+ %0 —1t)—

dtn BeIpaxkenus (ypaBHeHHs napabosbl W NPSIMOH JHMHHM) NPEICTaB- -
JIeHbl JHHHsMH 2 Ha puc. 2.19, ¢ u 2. Kak BugHo u3 BblpaxeHui (w),
MaKCHMaJlbHOE MepeMelleHHe X, Oylner B MOMEHT BpPEeMEHH

gy L (B T
=t =t+= ) (55) — b (2.49)

Pult—t)? . . . Py (t — t1)
Nl 6 A Y 5 ; x:)c1~~—-——1“m L, ()

IIpH 3TOM €ro aMmjiauTyjlaa

, — )2 T/ kip\?

=1+ by — 1) — P BE S T BT 1] (2.50)

[Tocne storo MomeHTa BpeMEHH [, B OCHOBAHHH CTOMKH IEpecTaer
paboraTth NJaCTHYECKUH IApHUP, H TPAEKTOPHS JBHXKEHHS MaccChl Orpa-
HMYHBAeTCs yNPYTrOoH BeTBbIO JHAarpamMMbl 3aBHCHMOCTH Harpyskd oOT
nepemeineHus (nuuus 3 Ha puc. 2.19, 6). Ilpu ¢ > {, noBejeHHE CHCTEMBI
B cayuyae cBOGOJHBIX KosebGaHu#l mpexacTaBiser co60i MpocToe rapMOHH-
YecKoe JBHXKCHHE, OIHCHIBAEMOE BLIparKeHHeM

x*xni‘__[l*cospt]—xocr+ Pk cos pt, (1)

TIE Xoer — OCMAMO4HOE nepemeujerue, 0OyCJOBJICHHOE NJACTHYECKHMH
JedopManMsAMH Matepuana U paBHOe

Koor = Ty — —- == 2N [( 1’;:; )2— 1]. 2.51)

I/I, HaKOHeL, CKOPOCTb B 3TOM JHana3oHE BpPEMEHH MO2KHO HaHUTH
U3 BBIpaKeHHUHA
PMp

— — sin pt. (3

X = —

BripaxenusaM (1) U (3) COOTBETCTBYIOT KpHBBIe 3 Ha pHc. 2.19, ¢ u e.
W3 Bropoil GopMbl BHIpaxeHHs (1) BUAHO, YTO HOBBIM IOJIOXKEHHEM DaB-
HOBECHSI MPH KO0Ae6aHuax ¢ ocmamoyroimu Oegpopmayuamu Oynet ocma-
mouHoOe nepemewjerue Xqor (cM. puc. 2.19, 8).

Ecnu nmokasannasi Ha puc. 2.19, a cucreMa nojsepraercsi HMIyJbC-
HOMY HarpysXeHHIO, TO €€ DEaKIHIO NPH 5TOM MOXKHO ONpPEJeNHTh TakK
XKe, KaK 3T0 jesnalioch BhIlEe JIs cJyyas, KOrja 3ajaHa HadalbHas
CKOpocTh. B 4acTHOCTH, MOXKHO PaccMOTPeTb NPSAMOYIOJbHBIH HMIYJbC
BEJHYMHOH @, M AJHTEJLHOCTBIO f,, a TOJYYHB pELIEHHA AJA DpAAa
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pa3uYHbIX 3HAYeHU# NapaMeTpoB, MOXKHO MOCTPOUTH * rpaduku dya-
CTOTHBIX XapAaKTePUCTHK CNEKTpanbHbIX (YHKHUHA, TOKa3aHHBIE Ha
puc. 2.20. Dt rpadukH XapakKTepH3YIOT 3aBHCHMOCTb 6e3pasMepHOro
MaKCHMaJIbHOTO 3HAYEHHsI MepeMeIleHHs! X,/x; oT Ge3pa3MepHOro Bpe-
MEHH ¢,/T 1Js1 pasHYHBIX 3HAYEeHHH OTHOWWeEHHsi Py/Q,, BKIOYast Cay-
Yail ynpyroro moBeieHusi, paccMoTpeHHHH B m. 1.14 (cM. puc. 1.52, a).
Korga 60KoBoe mnepeMmelieHHe x CTAHOBHUTCS! OOJBIIAM IPUMEHHTEJIbHO
K reometpuu puc. 2.19, a, cielyer yyHTHIBaTh BJHsIHHE 00YCJIOBJIEHHOTO
CHJIOH 3€MHOTO NMPHUTSIXKEHHSI MOMEHTa mgx, KOTOPHIA cjenyeT H06aBHThb
K MomeHty PI, o6yc/JOBJIEHHOMY JeHCTBHEM T'OPH30HTA/IbHOH CHJIBIL.
B 3ak/ioueHHe NpuBeJeHHOTO OOCYXAEHHSA KyCOUHO-JIHHEeHHBEIX 3anay
C KYCOYHO-JHHEHHBIMH XapaKTepHCTHKAaMH BOCCTAaHABJMBAIOIIUX CHJI
PacCMOTPHM cuUcCmeMy ¢ KYAOHOBCKUM MpeHueM, KOTopas KpaTKo pac-
‘cMaTpuBajack B n. 2.1. Kak u B npeabaylieM cjaydyae, OTMETHM, UTO
6JI0K Ha puc. 2.21, @ uMeeT He OJHO NOJOXKEHHE CTATHYECKOTO paBHOBe-
cusi. B neHCcTBUTENLHOCTH OH HMeeT GeCKOHEUHOE MHOXKECTBO TAKHX IIO-
JIOXKEHHH B JHanasoHe mnepeMmelieduii — A< x<A, rne A= F/k o6o-
3Hayaer TAaKoe I0JOKEHHe CHCTeMBl, Korja cujia tpeHus F u Boccra-
HaBnuBawllag cuiaa kA paBHbl. [lajee oTMeTuMm, 4TO cujaa TpeHus F
Bcerga JeficTByeT B HAIpaBJeHHH, NPOTHBOIOJOXKHOM HarpaBJeHHIo
BEKTOpa CKOPOCTH JBHIKEHHSI CHCTEMBI. 3aTeM HajJ0 Hamnucarth ABa AHG-

* Design of structures to resist the ellects of atomic weapons. — U. S. Army
Corps of Engineers, Manual EM 1110-345-415, 1957,
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dbepennHanbHBIX  ypaBHEHHA ANS  CBOGOAHBIX  KOJIeGAaHHH CHCTEMDI.
Korna 6aox (cM. puc. 2.21, a) jnBuKeTcs BIPaBo, TO HMeeM

mi+hkx=—F, x>0, (a)

a TNpH JBHXKEHHH BJEBO —
mi+4kx=F, x<0. (6")
YpaBHenus (a) u (6) MoryT ObITh 3amucaHbl B 6ojiee KOMNaKTHOH dopme
%+ kx = — Fsign (), (")

rae GyHKLIHs sign (£) o603HayaeT 3HAK CKOPOCTH.

IIpenanonoxuM, uyto 60K Ha puc. 2.21, @ mepeMecTH/NH BIPABO Ha
BeJIMUHHY Xy 2= A H 3aTe€M OTIYCTUJIM C HayalbHOH CKOPOCTbIO, PABHOM
Hymo. Korxa 670K ABuXKeTCS BJIEBO, CJlEAYyeT HCNOJb30BaTh ypaBHe-
Hue (6), pelieHHeM KoToporo Oymer

x =%, €08 pt 4 = (1 — cos pt) = A + (xo — A)cos pt.  (2.52a)

B 310 Bpems BblpaxkeHHe AJIsl CKOPOCTH HMEET BHJ
X = —p (xy — A) sin pt. (2.526)
Takum o6pasom, ABHKEHHe HA OTpe3Ke BpeMeHH 0 < [ < 7/p siBAsieTcsi

rapMOHHYecKHM, a p = Y k/m siBAseTcss KpPYTOBOH 4acTOTOH 3TOro
NBUXEHHSI. B MOMEHT BpeMeHH { = n/p MaKCHMalbHOE OTPHIlATENbHOE
nepemelnenye paBHO —(x, — 2A), a 3HaK CKOpPOCTH H3MEHSIeTCS OT MH-
Hyca fo miaoca. 3ateM, B CJERYIOUHi OTPe30K BpeMeHH t/p < t < 2n/p
6JIOK JBHIKETCS BNpaBO, H TOTRA, pelias ypaBHeHue (a'), mosydaeMm

X = —(xp — 2A) cos pt — %(1 — €08 pt) = —A — (x, — 3A) cos pt;

(2.53a)
IpH 3TOM BbIpAaXKEHHe AJSI CKOPOCTH HMeeT BHJ

X = p(x9— 3A) cos pt. (2.536)
Takum o6pa3om, BHAHM, YTO Ha BTOPOM OTpE3KE BPEMEHH JIBHIKEHHE
TaKKe SIBISIETCS TaPMOHHYECKHM H HMEET Ty K€ YacToTy.
Paccmotpenne Boipaxenuit (2.53a) u (2.536) mokaseiBaer, 4TO mep-
BO€ M3 HHUX ONHCBHIBaeT KosiebaHHe ¢ aMIIUTYJNOH X, — A OTHOCHTENbHO
npaBoro MNoJOXKeHHsi paBHOBecHs (B Touke x = A), a BTopoe — KoJieba-
HHE C aMIIMTYXOH X, — 3A OTHOCHTEJBHO JIEBOTO MOJIOMKEHHsI PaBHO-
Becusi (B Touke x == —A). Takum o6Gpa3oM, 3a BpeMs 5/p BeJHYHHA
MaKCHMaJbHOTO NMepeMeleHnsl yMeHblaercss Ha 2A, a 3a Bpems 2n/p —
na 4A. Tlpoponxas paccMOTpPEHHE Jajibille, BHIUM, YTO aMILIMTY.1a
JABHIXEHHSl YMEHbLIAeTCs Ha BEJHUYHHY 2A 3a KaxKAbIA NMOJYLIHKJ 1O TeX
nop, NOKa aMIJIUTyAa He CcTaHeT MeHblle#, uem A. [locse uyero 670k
OCTAaHOBHTCA B ONHOM H3 KPaMHHX MOJOXEHHWH BHYTPH objactH —A <
< x< A
Ha puc. 2.21, 6 u ¢ npeacrasjenb rpaguki 3aBHCHMOCTEH nepeMe-
IIEHHA H CKOPOCTH NOKa3aHHOTo Ha puc. 2.21, a 6soka ot 6e3pasmep-
HOTO BpPEMEHH, Korja 3ajaHbl HadajlbHble YCJOBHSI BHaa x, = 10,5A;:
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X, = 0. Amnoautyapl 3THX TpadHKOB YMEHbINATCA 0 JHHEHAHOMY
3aKOHY B COOTBETCTBHHM C BBIpaXKCHHEM

XM Em X 2pt
T - @54

OTOMY BBIpaXKEHHIO COOTBETCTBYIOT HAKJOHHLIC HITPHXOBBIE JUHUH, OTH-
faromue Kpupble Ha puc. 2,21, 6 ¥ 8. B COOTBETCTBHH C BHIOD aHHBIMH
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HaYaJbHBIMH YCJOBHSIMH MAacca MNpEeKpaulaeT CBOe [BHXKEHHE B TOUKE
x = —0,5A, cosepumB 2,5 nukKIa KoseGanui. ITOCKOJbKY B MOMEHTHI
BpeMeHH ¢ = m/p, 2mn/p, ... nemnbupyoouas cujia MeEHsIeTC CKadKo-
ob6pa3Ho, TO YIJbl HAKJOHA KPHBOH Ha puc. 2.21, 8 UMEIOT B 3THX TOY-
KaxX paspHBHI. :

XoT Ha KaxJOM MOJYIMKJE CHJa TPeHHS H3MeHsieT CBOE HampaB-
JIEHHe, JJsi CHCTeMBI, TOKa3aHHOi Ha pHc. 2.21, @, He mpeacraBJsier
TPyZAa HCCJEN0BaTb HeyCTAHOBHBLICECS MOBEJAEHHE NpPH JAEHCTBHH HM-
IyJbCHOrO Bo3mymieHusi. OfHaKo HCC/IeN0BaHHE YCTAHOBHBLIErOCs I10-
BeJeHHsl TPH JEHCTBHH BO3MYILAIOLIEH CHJBlI B BHJAE MNepHOAHYECKON
Gyukunn tHnA Q cos wf mMpeiCTaBisieT H3BECTHHIE TPYAHOCTH. [Ipu6iu-
JKeHHOe pellleHHe, OCHOBAHHOE HA MPEACTABJCHHH BSI3KOTO JeMmpupoBa-
HHsl, NpuBeJeHO B M. 1.10, HO MOXKHO TOJYYHTb H TOYHOE penieHHe *.

Ha puc. 2.22, @ u 6 mpexpcraBieHsl rpadukd A1s Ko3bhuuueHTa
ycunenus kx/Q u $a3oBoro yria 6, moCTPOEHHBIE JJISi CJyyasi BbIHYXK-
JEHHBIX KoJieOaHHH CHCTEMBI C CONPOTHBJEHHEM B BHAE TpeHHs. Kaxnoi
KpHBOH Ha 3THX pHCYHKax COOTBETCTBYET OIpejeseHHbIH YpOBEHb
JAeMNpUpOBaHHUs, onpefenasieMbli otTHouleHHeM F/Q. LltrpuxoBasi JuHHSA
Ha pHc. 2.22, a o6o3HauaeT Mpejes, BBIIIE KOTOPOTO BO3HHKAT 6e3-
OCTaHOBOYHBIE KoJiebaTeJbHble JABHXKeHHs. Huxke storo mnpepena npu
JABHKEHHH HMEIOTCS MPOMEXKYTOYHbIE OCTAHOBKH, IJIe CHJIa TPEHHS HMEeT
HEKOTOpOe MOJIOXKHUTEJNbHOE 3HayeHHe P, Jexauiee B aHamnasoHe —F <
< P<F.

3AJAUYH

2.5.1. Ona usobpaxenHoi Ha puc. 2.16, a cucteMbl IPHHSTE, YTO Ha Hee JEHCTBYeT
NPSMOYTO/IbHEIA HMIYJLC BENIHYKHOH Qn H JJHTEJBHOCTBIO fn (cM. pHC. 2.16, ). Iyctb
tn — BpeMsl, paBHOE TOMY BpeMeHH, KOTopoe Tpebyercs, YTo6H cKopocTb X (puc. 2.16, 3)
JIOCTHIVIa CBOEro MepBOro MaKCHMAaJbHOTO 3HaueHHsl. Onpejle/uTb yKa3aHHOe BpeMsi I,
H aMILIHTYAy HOCJe[yIoUHX CBOGOAHBIX KoJseGaHuil.

Omsem: | 0,

n *1\.
tn=108+ » arctg( Ep >,

=V R ()

2.5.2. IlycTb Ha cHcTeMy, H300paxeHHYI0 Ha puc. 2.17, @, nedcTByeT BO3Myuiaio-
mas cuja B BHJE CTyNeHYyaTod ¢YHKUHH, paBHOH Qn = kyX; U NPUIOKEHHOH B MOMEHT
BpeMeHu ¢ = 0. OnpejeJuTb 3HaYeHHe MAaKCHMaJbHOTO MepeMelleHHs] Xy H BPeMs [y,
NpY KOTOPOM OHO HMeeT MecTo.

Omesem.

=2 (Y 2 V)5 = (1Y ).

2.5.3. IlpeanoyoXuThb, 4TO YNOMSHYTHIH B 3ajgaue 2.5.2 uMnyJbC NPHKJIAbIBAETCS
TOYHO B MOMEHT BPEMEHH fp, KOTJd Macca JOCTHI'aeT TOUKH X = x; M3JOMa JHaTPaMMBL.
Onpeneauts BpeMs fn H aMINIHTYAY NOCJAEAYIOIUX CBOGOAHBIX KoJeGaHHil.

* Den Hartog J. P. Forced vibrations with combined Coulomb and viscous
friction. — Journal Appl. Mech., 1931, v. 53, N. 15, pp. 107—115,
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2.5.4. TlpeanonoxuTh, 4TO HAa CHCTEMY, H306paxeHHylo Ha puc. 2.19, a, ¢ MoMeHTa
kx,
1,5 °
Onpejle/iNTb BEIpaXKEHHs A MaKCHMAJbHOTO NEPEMeINeHHsl Xy H BPEMEHH fy €e Io-
ABJICHHS.

Omsem:

m 3
tM:BYSB‘I/—,:'—; XM = ;1 .

2.5.5. [IpemnoJioXuTb, 4YTO Ha CHCTEMY, H306paxeHHyl0 Ha puc. 2.19, a, ¢ MOMeHTa
BpeMeHH f = ( jeficTByeT NpsMOYTOJbHOH QOPMEI HMITYJIbC BeJHYHHOH Qn = kx,;. Cun-
Tas, YTO HUMIYJLC MPEKPAIaeT CBOe AEHCTBHE B MOMEHT BPEMEHH fn, Korja obpasyercs
MJIACTHYECKUH WADHUP, OUPENENUTb BHIPAXKEHHS IS MaKCHMAaJbHOFO NMEPEMEINEHHS Xy
H OCTAaTOYHOTO [€pPEMEINEHHS Xger.

BpeMenu f = 0 fleficTEyeT cuJla, OMHChIBaeMasi cTynenuaTodl bynkumed ¢ Q, ==

Omeem:
3%y X
M =5y Xoer = 5

2.5.6. V3ob6paxenHulit Ha puc. 2.21, @ 6/10K cMemaercs W3 HEHTPAJbHOTO MOJOXKe-
HHA Ha paccTrosHHe Xy = 0,254 M, a 3aTeM oTmyckaercs 6e3 HauaJnLHOH CKOpocTH. BJaok
umeer Bec W = 9,08 H; xecTkocts npyxunbl k= 1,79-102 H/M. CKO/MbKO BpemeHH
6yJeT coBepllaTh KoJieGaTe/IbHOE ABHXKEHHE YKa3aHHBIH GJIOK, €CJH KOI(QQHUHEHT Tpe-
HHS PaBeH 1/,

Omsem: 2,26 c.

2.5.7. TlpeanosioxuM, YTO KeCTKOCTh NPYKHUHBI, H300paxeHHOH Ha puc. 2.21, a
cucTeMHl £ = 4W, rjae W — Bec 6oka. Ecsid aMIIHTY/la CBOGOJHBIX KOMeGaHHH YMeHb-
waercs ot 0,635 g0 0,671 M 3a 10 UHKJOB, TO UeMy paBeH KO3(bbHLUHEHT TPEHHS?

Omsem: 0,25,

2.5.8. Macca, mnokalanHas Ha puc. A.2.5.8, a, coeiuHeHa C TNpPYXHHAMH, HMe-
IOUIUMH HEOJAHHAKOBLIE JXECTKOCTH, NMOITOMY CTaTHYecKas JHarpaMMa 3aBHCHMOCTH Ha-
FPY3KH OT nepeMeuieHus (puc. 2.5.8, 6) sBAfETCS HECUMMETPHUHOH OTHOCHTEJBHO Ha-
yaja KoopAuHar. [1pexnonarasi, 4To B MOMEHT BpeMeHH { = ( HavaJbHbIE YCJIOBHSI HMEIOT
BHA Xy = 0 H X, = 0, onpeJeNHTbh 3aBHCHMOCTb NEpPEMEUIeHHs] H CKOPOCTH OT BpEMEHH
3a OJIHH TOJIHBIH UHKJ CBOGOJHOTO KoOJeGaHHSA.

Omgem:

T 3 VA
"—”(V“fq+ Vk_) ¥u = %o Vk—

XY

> < 1K

a) 4)
Puc. A.2.5.8
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2.5.9. Ilycte Kaxjas U3 NPYXKHMH, NMOKa3aHHBIX' Ha pHc. A.2.5.9, @, mpexBapu-
TeJBHO CKAaTa YCHJIHEM P; B COOTBETCTBHH CO CTAaTHYeCKOH IMarpaMMoH 3aBHCHMOCTH
Harpysku ot nepeMmeienust (puc. A.2.5.9, 6). JIns HauaNbHBIX yCIOBHH Xo = 0 H %4 5=
# 0 onpejesquTh 3aBHCHMOCTb IepeMEIleHHS H CKOPOCTH OT BpPeMeHH 3a OJHH IoJ-
HEIH IIHKJ CBOGOAHOTO KoJeGaHHs.

Omeem:
2 k% %V x‘,)z Pi\2 P,
T arcle gy s <T +< % > — %
P
1K
!
h
0 .
X
_.._Pl
~ |k
1
a 6)

Pue. A.25.9

2.5.10. Ilycte ympyras CHCTeMa ¢ KyCOYHO-MHEHHOH XapaKTEePHCTHKOH HMeer
CTaTHYECKYIO JHArpamMMy 3aBHCHMOCTH Harpy3KH OT NepeMelleHHs, KaK IO0Ka3aHO Ha

F
| e
pl— 1
|
Ay
=Xy ol/ 1 }
| X X
|
|
—1-A
o
P
Puc. A.2.5.10

puc. A.2.5.10. OnpefesuTb 3aBHCHMOCTb IeDEMEIIEHHSt U CKOPOCTH OT BPEMEHM AJIA
OJIHOTO ITOJIHOTO IKMKJIA CBOGOJHBIX KOJIEGAHMH NMpPH HAYaJbHBIX YCJOBHSX CJIEyIOEro
BHAA: xy = 0; Xy > pyx;.

Omsem:

4 ko X
T = 4¢; + — arct < 271 > ;
1 P2 € kypyxy

e () V TERTH(ET
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2.5.11. IlpumesntesbHo K GuinHeliHoM AMarpamMme THCTepe3ncd, MOKa3anHoi ua
puc. 2.7, 8 u ofcyxnasmeiics B m. 2.1, npuxars, uto k; = bky. Jlas cayuas Bospeii-
CTBHSl HA CHCTEMY C yKa3aHHOH XapaKTePHCTHKOH CTYIIEHUaTOH BO3MYLIAlOUIeH CHJBI
¢ Qun = kyx; onpefeNuTb 3aBHCHMOCTb TEDEMEILIEHHS OT BPEMEHH.

Omsem: xy; = %1 (1 -+ V'5), xoer= 4x,/V'5.
2.5.12. PaccmotpeTsr 3afauy 2.5.11, B3aB Qn = 2k;x;.
Omgem:

xy = 1,(6 + 21/ T0), xm=4x1(l+% ve).

2.6. YACJIEHHbIE PEHMIEHHS HEJHUHEWHBLIX CHCTEM

YpaBHeHHSI JBHKEHHS] HEJTHHEHHBIX CHCTEM MOTYT OBIThH BCerja pe-
EeHBl NPHOIHKEHHO HIaTOBBIM METOJOM. MHOI'He M3 XOPOHIO H3BECTHBIX
METO/I0B OCHOBAHbI HA HCIIOJIb30BAHUH JJIA OTBICKAHHUS pelleHHi GopMya
3KCTPaNoOJAUUH H MHTEPNOJISILIHH, KOTOpble NPUMEHSIIOTCS AJIsi psija Ma-
JIBIX, HO KOHEYHBIX, HHTEPBAJOB BpeMeHU. B naHHOM maparpade paercs
OMHCaHHe U CPaBHEHHe psifia 3(pheKTHBHHIX MOAXOJJOB TAKOIr0O THMA, AaHO
TaKxke KpaTKoe 06CY:KJAeHHe NPYTHX MOAXOJOB.

O6muit BUA ypaBHeHHS JBHKEHUsI CHCTEMbl C OJHOH CTENEHbI CBO-
60ofbl H HeMHHEHHOH XapakTepHUCTHKOM

=71 x x). (2.55)
Penlenne MoxHO HauaTh C OnpejeseHHsi HAauaJbHOIO YCKOpeHHUst (B MO-
MeHT BpemeHH { = 0) u3 ypaBHeHusi (2.55), uto jgaer

2, = (0, % %,). (2.56)

Hckomoe peiilenne ypaBHeHHs (2.55) B M000il Moc/AefyOUIHA MOMEHT
BpeMeHu { OyleM 3anuchiBaTh B Clelylomel CHMBOJHYECKOH dopme:

x = F (1). (2.57)
Ha puc. 2.23 nokasaH rpaduk ABHKEHHS, NPEACTABISIOMUH COBOH
IMaJKyl0 KpPUBYIO B IJOCKOCTH xt. Uepes xq, Xo, ..., X;, ... 0003HAUEHBI
3HQUeHHA NepeMeHleHus X B MOMEHTHl BpeMeHH ¢y, fp, ..., ¢;, ..., OTCTOSI-
X .
' F(t)
0 i >/
77 S g U S —_
XL—z ———————————— -—_;’1/
Xy ——“‘%7/
ol S—— T
Xy
0 t, t; iz tiqg - fti t
At, at, At at;
Puc. 2.23
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LHe ApYr OT Apyra Ha AMHHY BpeMEHHBIX HHTepBanoB Af;, Af,, ...,
At;, ... . DTu BpeMeHHble HHTEPBaAbl OObIUHO GEpYTCS TMOCTOSIHHOH AU~
TeJbHOCTH Af, 4TO He ABASETCSl 00s13aTeJbHBIM MPAaBHJIOM.

B moxxone, KoTopeil B JadbHefiieM OyJeM Ha3blBaTh KaK METOJ
yCpeqHEeHHs TI0 YCKODEHHI0, CKOPOCTh X; B MOMEHT BpEMEHH oIlpeje-
JseTcs Mo NpHOAHKEHHOH Qopmyne

g gy 2R A (2.58)

rge X;_; — CKOPOCTb Ha TpeblIyllleM BpPEMEHHOM HHTEpBaJe f; ;.
Janunas dopmyna, H3BeCTHAA KAK NpasuA0 mpaneyut,, NOKA3bIBAET, YTO
3TOT MNOAXOJ B TOCJeJHHEe TOABl NpPHOOpesN H3BECTHOCTb KakK Mmemod
Howomapra * ¢ p = 1/4 unu memod ¢ nocmosnuoim ycpeoHenuesm no yeko-
peruto. ABTODBl TNPENNOYHTAIOT HA3BIBATL €ro Mermodom YcpeOHeHus
no ycxoperuwo. Ha KaxIoM luare mo BPeMeHH YCKOpeHHe OepeM Kak
cpenHee apudpmeTHueckoe oT ¥;_; U £;. AHaloruyHo mo mpaBuJy Tpamne-
HUY  onpefesseM H INpPHOJHXKEHHOE BHIDAXKEHHE JMJIs MepeMenieHHs

. |
xi=xi—1—’"f'i:12+—xlAti, (2.59)

e CKOPOCTb Ha KaxXJl0M 11are 1o BpeMeHH 0epeM Kak cpejlHee apH(pMeTH-
yeckoe oT X;_; u %;. IlogcranoBka Buipaxkenus (2.58) B (2.59) naer

Xp= X1 -+ XA A (B - X)) (A4 (2.60)
Jlnsi Toro 4ToGbl ONPEAENHTh MOTPEHIHOCTb, OGYCJIOBJEHHYIO Helocpes-

CTBEHHBIM HCIIOJb30BaHHEM BbipaxkeHHsa (2.60) nns omnpepenaeHus x;,
MOXKHO BOCIIOJIb30BAThCSl pasJfoxeHueM B paj Teitnopa, yto gaer

)2 .)3
si= o Mg+ G g - B 26
£i=fi_1‘|‘Afi55i_1+(A—ti)2'-’(f'21 + - (2.62)

2!

[Toacrapnas pasnoxkenue (2.62) B Bblpaxkenue (2.60) W BblUMTAsi U3 pe-
3yJabraTa pasgoxkenue (2.61), HaiifeM owubky a0karbro20 Yeewenus pada
(M ocmamounoitl 4aren)

R — (At o - (Ati)* )
» =1 M

00 0 =R Rat oo (263)

[lepBoe cnaraeMoe B 3TOM OCTATOYHOM YJjieHe psAfa fABJseTcs HaubGoJee
CYIIECTBEHHLIM H Ha3blBAETCH . 2AQEHbIM HACHOM OUWUOKL AOKAALHOZ0 Yce-
uenus paoa.

B nannom meroge BbipaxkeHue (2.60) He HCINOJIBb30BAJOCH HEmoCpe]-
CTBEHHO, & BMECTO Hero MoCJe/lOBATEbHO MPUMEHSIIHCh BbIPaXKEHHS
(2.58) u (2.59). ITockoNbKY BeqMYHHA £; He H3BECTHA 3apaHee, PELIEHHE
HeOOXOJMMO OTBbICKHBATb, NpHOEras Ha KaXAOM mare K HTepanusM;

* Newmark N. M. A method of computation for structural dynamics. — Jour-
nal Eng. Mech. Div. Proc. Amer. Soc. Civil Engrs, 1959, v. 85, N. 5, pp. 67—94,
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HUXKe TPHBEJAEHbI PEKYPPEHTHble COOTHOLICHHS AJsl ONpejeseHus j-i
HTEpAlMHM Ha (-M aare:

(£)j=Air + (X)), A472, j> 1, (2.64)
(x:1); = Bi_1 + (%:);A1,/2; (2.65)
(%:); =T, (x3);, (%2);, (2.66)
rie
Ay =%+ £;_,A8/2; (a)
Biy=x;, -+ % 4AL/2. (6)

Jlanublit HTEpaLHOHHBIH MPOUECcC SIBJASIETCS] HE3ABHCAIIHM OT HauyaJbHbIX
yCanoBHi, MOCKOJbKY Tpefyer HCHNOJAb30BaHHS CHENHAIbHOH (PopMYJIbI
JUI ONIpeJie/IeHHsl Ha Ka)K/OM Ilare rno BPEMEeHH MePBOro MPUOIHKEHHS.
Onpenenus £, u3 BuipaxkeHus (2.56), MOXKHO HAuaTh BBIYHCASATHL HTEpa-
UHIO JJI$ MEPBOrO liara, Haxo/Jsd MNpUOJAHKEHHOe BbIpaXkKeHWe sl Xy
C TIOMOLIbIO IKCMPANOASYUOHHOU dopmyrol Didrepa:

(1)1 = %, + ZAty. (2.67)

Torna mepBele npubaukeHus Aas X; U ¥, HAXOAHUM COOTBETCTBEHHO MO
dopmynam (2.65) u (2.66). Bce nocaenyoolnpe uTepanuH Ha NEPBOM
[are rno BPeMEHH COCTOSIT B NIOBTOPHOM HCHOJB30BaHUM dopMmya (2.64),
(2.65) u (2.66). ,

Jas Toro uTo6bl HauaTh MTEpPANMOHHBINH MpPOIECC HA i-M [uare 1o Bpe-
MEHH, MOXHO CHOBA BOCIOJIb30BaThCs (popMmyJsol Dijepa U ONpelesnThb
nepsoe NpuUGAMKeHHe 118 £;:

(Xih = X1+ Xi, AL, (2.68)

B ¢opmynax (2.67) u (2.68) npeanonaraercsi, Y10 yCKOpeHHE sIBJsIETCS
NOCTOAHHBIM BHYTPH Inara no BpemeHH. [loacraBassi £; U3 mOCJEIHETO
BelpaxkeHusi B ¢opmyay (2.59), moayduumm

X;= X1+ XA - X (AL)Y2. (3)
Boiunras u3 Bbipaxkenus (B) pasnoxenue (2.61) B psia Teisiopa ansa x,,
TIOJTYYHM OCTATOYHBIH 4JieH psja

Rim 0 g OO0 Ry Rat e ()

B pmanmoM BbIpa)keHHH abcCoJIIOTHAsl BeJHYHHA TJIABHOTO YJieHa BIBOE
Gosbire, ueMm B Buipaenu (2.63). Jljasa Toro 4ToGbl MOBLICHTH TOYHOCTh
pesyabTaToB, MOJYyYaeMblX HA NepPBOH HTepalHH [-TO 11ara, MOXKHO BOC-
N0JIb30BaTLCSl CJEAYIOUIEH HEeCKOJBKO OoJsiee CJIOKHOH (opmyJoH, Ko-
TOpasi copaBefJiiBa TOJNbKO NMPH NOCTOSIHHOM Illare mo BpeMEHH:

() = %ip + 2%, 4AL (2.69)
9T0 BBIpaNKEHHE OXBATHIBAET JBA OJHHAKOBBIX INATA MO BPEMEHH OT f;_,
J0 f; (cM. puc. 2.23) ¥ B HEM HCIOJb3YETCsl 3HAUEHHE YCKOPEHHs Cpej-

HEA TOYKH B MOMEHT BpeMeHH f;_;. [lojcraBiss Boipaxenue (2.69)
B (2.59), naiizem

Xi

=Xiq (X X0+ 28, A0 AY2. (n)
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Cropoctb %;_, MOXKHO pasnoxkuth p paj Teittopa:

,\?i_z = A'C,-_l — f,‘_lAt ‘]L flLl (At)2/4 —_— (e)
IToacrapasis psad (€) B BhIpaxeHue (1) 4 BHIYKTAST H3 MOJYUEHHOIO PE3yib-
TaTa Belpaxenue (2.61), HafineM rjaBHbIi WieH OIWHGKH JIOKAJLHOTO yCe-
ueHusi psga

” Af)® . .
x:%xi-lx (}K)

KOTOpHIfi coBrnajaer [cm. Boipamenue (2.63)] ¢ R,,.

Bripamenust (B) ¥ (1) ABASIOTCS A6HboLMU (HIIH OMKPbUMbIALY) IKCMPQ-
NOASYUOHHOIMU hopmyramu (MU «npeduKmopos), ¢ MOMOUbIO KOTOPBIX
NpHONHKEHHOE 3HAUEHHe X; B SIBHOM BHJE BbIPaxKaercsi uepe3 pamee
HaljeHHble 3Hauenus X, £ u £. C apyroii cropoHsl, Beipaxenue (2.60)
HA3LIBAETCH Hea6HOL (WIH CKPLUMOL) UHMEPROASYUOHHOL  (HOpMYAOL
(nu «koppexmopom»), KoTopasi NO3BOJMsIET HAXOAUTh GoJiee TOUHBIE 3HA-
UEHHs X;, €CJIH HalJIeHo Npu6MHKeHHOe 3HAYeHHe ¥;. MeTon ycpenHenust
0 YCKOPEHHIO COCTOMT B OJHOKPATHOM HCIOJIb30BAaHHH MNPENUKTOPA,
nocjie 4ero NpHMEHAITCA HTepauud ¢ KOppekTopoM. Takol MOAXo[ H3-
BECTEH KakK Memo0 npeduKmopa-Koppexmopd.

Muasi pemeHnii uTepamMoHHOrO THHa TpeGyercs HCMOJAb30BAaTh He-
KOTOPBLIH KPHTEPHH [/ OCTAHOBKH MpoIecca HJAH H3MEHEHHs niara,
a Takxe HeoOXOJAHMO 3aJaBaTh MNpejesbHOE YHCJO BHLINOJHSEMBIX HTE-
paunid. Haubosee yno6HbIM KpHTepHEM CXOAMMOCTH Mpouecca Ha (-M
uiare fiBJS€TCS CPaBHEHHE PA3HOCTH JBYX MOCJ/e0BaTebHbIX 3HAUEHHH X;
1 ry1aBHOTrO wieHa B R,. OJHaKO BHIYHCJEHHE NPOH3BOAHLIX 60Jiee BLICO-
Koro nopsiika, 4yeM BTOPOH, He COBCeM YAOOHO (IpHYHHA COCTOHUT B TOM,
4TO caMH no ce6e paipl Telsopa fBAAIOTCS HE OYEHb XOpoluel 3KcTpa-
HOMAUHOHHOK dopmyJiok). Bosee yno6HbI KpHUTEPHIl COCTOMT B KOHTPO-
JIHDOBAHHH YHCJA 3HAYAWMX HH(P B X; CAEAYIOUIUM 06pasoM:

|(x3)5 — (x| e (i), (2.70)
rie &, — 3ajaHHas MaJjas BeauudHa. Hanpuwmep, xenmast noJyuutb
NPHUOJHIKEHHO TOYHOCTH 10 YeThblpeX 3HaYauuXx LHGpP, MOKHO B3ATh
¢z = 0,0001. MmeHHO ¢ TaKO# TOYHOCTbIO MOJIYUEHB PEIIeHHs YHCIOBBIX
NpUMepoB B JAaHHOM naparpade.

MNpumep 1. PaccmOTpHM yike 3HAKOMOE YHTATENIO JHHefHOE ypaBHeHHe JIBHKEHHS
CHCTEMBI C OJIHOH CTeneHblo CBOGOAL

mx - cx - kx = Q (¢). (3)

3necy sapano: m == 1,79-102 H-c?/m; c= 2,15-102 H-c/m, &= 1,61 H/m, Q(¥) =
= Q, = 40,1 H (crynenuarass ¢yuxuus). Torna umeeM p==}Ek/m=3 ¢, n=
= ¢/(2m) = 0,6 ¢, y = n/p = 0,2 u ypaBHeHue (3) npuHuMaeT BuA

E+ 1,28 L 9x =9, (n)

Tounoe BbIpaXkeHHe /IS NHHAMHYECKHX M€PEeMElICHHH CHCTEMBI TpH JeMngHpOBaHHH
H JiefCTBHH BO3MYyILaloled CHJIB B BHJAE CTYNEHYaTON (PYHKIHH Q; H3BECTHO:

= [1 —e ! (cospnt+ Lsinp;ﬁ)} =G
k Px

k [1—

— Ae™" cos (put — ay)), ()
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X107
3,75
a._
i 1,0
250 ———Af—— (7/:*
1,25
l i 1
0 1 2 3t

Puc. 2.24

me pr=p V1= =3V096cy A= V14 (alpy? =3 Vs, ax=

= arclg (n/py) = arctg (0,2/1/0,96). Ha puc. 2.24 npescTaB/eH BHJ TOYHOTO pelI€HHS

JJ1 JIaHHOTO CJIy4ast.

FoToBsACh NPHMEHATH YHCJEHHBIH COCO0 pelueHus, 3alHIleM ypaBHeHHe (H) B popme

(2.55):
£=9—09 —1,2% (m)

Ecsin Haua/bHEE YCJAO0BHSA B3AThb B BUJE Xo = 0 u %o = 0, TO Haya/JbHOE 3HaYeHHE YCKO-
penus [cM. ypasuenue (2.56)]
=09 (m)

ByjaeM ucnmoab30BaTh MOCTOSHHBIA wwar mo BpemeHd Af = 0,1 ¢ H BeCTH BHIUHC/IECHHS
€ TOYHOCTBIO /IS TIepeMellleHus 10 JeTHpex 3Havamux uudp [cM. HepaseHcTso (2.70)].

Pewenue. Tlepsble TIpHGJIHIKEHHS HA EPBOM Liare BBUHC/SEM IO CAeAYIOWHM dop-
MyJaMm:

(2.67) : (x); = 0+ 9-0,1 = 0,9;

(2.65) : (x1); = 0 + 0,9-0,1/2 = 0,045;

(2.66) : (x1); = 9 — 9-0,045 — 1,2.0,9 = 7,515,
Bropoe npu6nuxende aaer

(2.64) : (x,)g = 0,45 1 7,515.0,1/2 = 0,82575;

(2.65) : (%) = 0 + 0,82575.0,1/2 = 0,041288;

(2.66) : (x1); = 9 — 9-0,041288 — 1,2-0,82575 = 7,6375.
Tperbe npubiauxenue jaer

(2.64) : (x1)s = 0,45 - 7,6375-0,1/2 = 0,83188;

(2.65) : (x;); = 0 - 0,83188-0,1/2 = 0,041594;

(2.66) : (¥1)3 = 9 — 9-0,041594 — 1,2.0,83188 = 7,6274.
UerBeproe npubnukenue jaer

(2.64) : x; = 0,45 - 7,6274-0,1/2 = 0,83137:

(2.65).: x; = 0 -~ 0,83137-0,1/2 = 0,041569;

(2.66) : x; = 9 — 9-0,041569 — 1,2-0,83137 = 7,6282.
ITaToe npubnuxkenue naer

(2.64) : %, = 0,45 1- 0,76282-0,1/2 = 0,83141;

(2.65) : x; = 0 1- 0,83141-0,1/2 = 0,041570;

(2.66) : x; = 9 — 9-0,041570 — 1,2.0,8314] = 7,6282,
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BanHo, uTo peineHHe fJ1s MEPBOTO 1ara MOJMYYEHO C TOWHOCTBIO IO YETHIPEX 3Haua-
mux uupp. 3a mATH UMKJIOB HTepallMii mepBoe NPHOIHXKEHHe [Js BTOPOTO-Iiara ompe-
IessieM CJelyIOLIHM 06pasoM:

(2.64) : (xg)y = 0 1= 2-7,6282-0,1 = 1,5256;

(2.65) : (xy); = 0,08314 J- 1,5256-0,1/2 == 0,15942;

(2.66) : (:\;2)1 =9—9-0,15942 — 1,2-1,5256 = 5,7345.
Bropoe mpufnukenue naer

(2.64) : (xg)g = 1,2128 - 5,7345-0,1/2 = 1,4995;

(2.65) : (xp)y = 0,08314 4- 1,4995-0,1/2 = 0,15812;

(2.66) : (:\':2)2 =9 —9.0,15812 — 1,2-1,4995 = 5,7775.
Tperbe npubAHKEHHE NaeT

(2.64) : (x9); = 1,2128 - 5,7775-0,1/2 = 1,5017;

(2.65) : (x)3 = 0,08314 4 1,5017-0,1/2 = 0,15823;

(2.66) : (xg)3 = 9 — 9-0,15823 — 1,2-1,5017 = 5,7739.
UYerBepToe NpUGAUKEHHE JaeT

(2.64) : (xg); = 1,2128 - 5,7739-0,1/2 = 1,5015;

(2.65) : (xp)4 = 0,08314 4 1,5015-0,1/2 = 0,15822;

(2.66) : (x5)g = 9 — 9-0,15822 — 1,2-1,5015 = 5,7742.

Ha 3ToMm mare no BpeMeHH pemleHHe CXOJZHTCS C TOYHOCTBIO 10 UeThipeX 3Hauamux uHp
Ha 4YeTBePTOM LMKJe HTepaluid.

W3 rta6n. 2.1a, rae npuBefieHbl pesyabTaThl Aas 20 maroB no BpeMeHH, MOXHO
BHJIETD, UTO NPUC/IHKEHHbE 3HAYEHHST X COBNAAAIOT C TOYHBIMU [[OJydeHHBIMH C TOMOIIBIO
BHIpaxKeHHA (K)] BmIOTH Jio Tpex 3Hauwamux uubpp. TakuM 06pa3oM, NOKasaHHbe Ha
puc. 2.24 TOYKH NpPAKTHYECKH COBNAJAlOT C COOTBETCTBYIOUMMH TOUKAMH Ha KDHBOH,
NpeJCTaBASIOMER TOYHOe pelieHHe,

2.1a. Pewenns npumepa 1 MeTONOM OCPeNHEHHSI MO YCKOPEHHAM

Pemenne ansa x, Peurenne ansa x,
M- 10-2 M- 102
P f ¢ Yucao : . C Yucno
HTEpanui i HTEp alu it

npuGnu- npr6au-

JKEHHoe TouHOE JKEHHOe TOYHOe
01]0 — 0 0 11 1,1 3 3,89 3,87
1|01 5 0,105 0,109 12 1,2 3 3,80 3,78
2102 4 0,402 0,410 13 | 1,3 3 3,62 3,59
3103 4 0,843 0,857 14 1,4 3 3,37 3,34
4104 3 1,38 1,39 15 | 1,5 2 3,08 3,05
5105 3 1,95 1,97 16 | 1,6 3 2,78 2,75
6 | 0,6 3 2,50 2,52 17 | 1,7 3 2,49 2,46
7107 3 3,00 3,02 18 | 1,8 3 2,23 2,22
8108 3 3,41 3,42 19 | 1,9 3 2,03 2,02
9109 3 3,69 3,70 20 | 2,0 3 1,90 1,90
10 | 1,0 3 3,85 3,85

Jpyro#i crnoco6 nosyd4eHHsl NPUOJIHKEHHOLO pEIIEHHs ypaBHEHHA
(2.55) usBecteH Kak memod Aunelnoeo yckopenus. Kak chexyer us

184



€ro Has3BaHHA, B 3TOM crnocoGe MPHHATO MPEANOJIOXKEHHe, YTO YCKope-
H¥e H3MeHseTcs M0 JHHEeHHOMY 3aKOHY H JJIHMHE L1ara no BpemMeHH. B co-
OTBETCTBHH C 3THM JONYLIEHHEM BhIpaKeHHe AJs1 X Ha Liare mno Bpe-
menn Af; (cm. puc. 2.23) MOXKHO 3amucaTb B BHJIE

()= Fi1 -+ (B — B /AL, _ (n)

rae BpeMs !° OTCYMTBIBaeTCs OT Hayana wara, Ecau yckopenue H3me-
HAETCSA MO JIUHEHHOMY 3aKOHY, TO, COOTBETCTBYIOILAS_eMy, CKOPOCTb 6y-
JeT H3MEHATbCA BO_BPEMEHH MO NapaboJIMyecKOMY 3aKOHy, a mepeme-
neHHe — Mo KyOHYecKoMy, H TOTAAa HMeeM

2y =Eia+ Xt + (& — X)) ()24¢; (0)
x(t'y=xi1+ Eial' 4 X (P2 4 — Xia) (C)/(6AL). (m)

B KOHIE Iara no BPeMEHH CKOPOCTb M TepEMElleHHE HMEIOT BHJ
X=X (i + X;) Ali/2; (2.71)

Xy = Xi_y -+ Ria A - (2%, 4 X;) (AL)Y6. (2.72)

Bripaxenue (2.71) coBnanaer ¢ BHpakeHueM (2.58) Meroja ycpeaHeHHs
10 YCKOPEHHIO, a BeIpakeHHe (2.72) HeCKOJIbKO OTJIHYAercs OT COOTBET-
cTBylomiero emy Beipaxkenus (2.60). Ecnu Belpaxenue (2.62) ana £;
NOJICTaBHTh B BbipaxeHHe (2.72) M U3 NOCJEAHEro BHIYECTh Pa3JOKEHHE
B psan Teinopa nist x; [Bbipaxenue (2.61) 1, To nosyyuM raaBHBIH YJIeH
OCTaTKa JJIsl 3TOro cJyyasi:

w IYAL
Ry ='——(-2'4l—) X;('ﬂl. (p)

CpaBHuBasi BeIpaxeHHs (p) U (2.63), BUAMM, YTO NepeMeleHus, onpese-
JsieMble METOJOM JHHEHHOro YCKODeHHs, AOJIKHBI ObITh 3HAUHTENbHO
6osiee TOYHBIMH, YeM IOJYyYyaeMble METOAOM YCPEeJHEHHBIX YCKOpEHHH.
OpHako, Kak ObLJIO IOKA3aHO B IIPOBEJEHHBIX HCCJIENOBAHHAX ¥, METOJ]
JINHEAHBIX YCKOPEHHMH SBJAETCS TOJBKO YCJAOBHO YCTOHYMBHIM, a 3TO
03HayaeT, YTO NpPH ONpejeseHHBIX HeO6MaronpUATHBIX YCJAOBHAX Hakam-
JIHBAeMbl€ MOTPEIIHOCTH MOTYT CTaThb OECKOHEYHO GOJbLIMMH. MeTon
YCPeAHEHHbIX YCKOPEHHH, HanpOTUB, ABJseTCs O6e3yCJOBHO YCTOHYH-
BbIM, XOTSl U M€Hee TOYHBIM.

IlpumenuM MeToJ JIMHEHHBIX YCKOpPeHHH B JAyXe, AaHaJOrMYHOM
ONHCAHHOMY BHIIIE JJIS TMOAXOAA C YCPeJHEHHbIMH yckoperusmu. Ilo-
CKOJIbKY BbIpaxkeHHe (2.71) ananoruyHo (2.58), To U peKyppeHTHOe BhIpa-
JKeHUe j-H WTepauHu LIS X; COBNAJAET ¢ BhipaxeHueM (2.64). Has nony-
4eHMsT COOTHOIIEHHUS], HEMOCPECTBEHHO CBSISEIBAIOILETO X; U X;, HalAeM X;
13 BhIpaxenud (2.71) u moacraBuM ero B (2.72). Torpa mosyyum

X;=Xi_1 -+ Q%1 + %;) Aly/3 4 £;_y (AL)Y6. (2.73)

* Cum. cr. Newmark N. M. A method of computation for structural dynamics,
UMTHPOBaHHYIO B I, 2,6,
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B pesyasrare npHXoauM K CAEAYIOLMIHM PeKYppPEHTHBiM dopmynaam j-i
dTepaluMy A X;:

(x:); = Bi-t - (x:);A8:/3,
rue
1= Xi_1 + 2x'[_1Ati/3 + X1 (Al;)‘“’/G (C)

[Toayuennnie Boime dopmydnl (2.67), a Takxke (2.68) uau (2.69) MoxHO
BHOBb HCIOJIb30BaTh AJIs1 MOJYYEHHs HA KaXJOM LIare nepBoHayaJbHBIX
3HaYeHHH B HTEPAaNHOHHOM IIpolecce.

Korpa npuBefieHHyI0 B npuMepe | 3ajauy peiiajd MeTOAOM JIHHEH-
HBIX YCKOPEHHH, OBLIH NOJNYy4YeHbl pe3yJ1bTaThl, IPHBeeHHbIE B Ta0a. 2.16.
B paHHOM caydae GOJNBIIMHCTBO NPHOIHKEHHBIX 3HAYeHHH X OJHXKe
K TOYHOMY DEIIEHHIO, YeM NpuBeJileHHble B TabJa. 2.1a, U OblJIH NMOJY4YeHB
METOJOM YCDeJHEeHHBIX YyCKopeHHH. [IpoBepHB 3TH MeTOALI HAa JTHHEHHOH
3ajaye, NPHMEHHM HX Telepb AJf HCC/eJOBaHHs NPHMEPOB HeMHHEHHBIX
3ajau.

2.16. Pewrenns npumepa 1 METOROM JHHEHHBIX yCKOPeHHi

Pewenue gna x, Pewenue aasa x,
M- 102 M- 1072
P £ e Uncno ; t., ¢ Yucno
HTep alu i t HTepanuit
TRamnoc | Towoe Pewce | ounoe
010 — 0 0 11 1,1 3 3,88 3,87
101 5 0,108 0,109 12 | 1,2 3 3,79 3,78
2102 4 0,408 0,410 131 1,3 3 3,61 3,59
3103 4 0,853 0,857 14 | 1,4 3 3,36 3,34
4 | 0,4 3 1,39 1,39 15 | 1,5 2 3,06 3,056
5105 3 1,96 1,97 16 | 1,6 3 2,76 2,75
6 ( 0,6 3 2,52 2,62 17 | L,7 3 2,47 2,46
7107 3 3,02 3,02 18 | 1,8 3 2,22 2,21
8108 3 3,42 3,42 19 | 1,9 3 2,03 2,02
9109 3 3,70 3,70 20 | 2,0 3 1,89 1,90
10 | 1,0 3 3,85 3,85

Mpumep 2. JIBHiKeHHe NPOCTOrO MAATHHKA, MOKA3aHHOrO Ha puc. 2.3 (cm. m. 2.1),

ONMCHIBAaeTCS HeJHHEeHHbIM ypaBHeHHeM (2.4a)
$+ p*sing =0,

rae p* = g/L. Ecau nonoxute JIMHY L YHCIEHHO PaBHOH YCKODEHHIO g, NoJYy4UM
p? = 1. Hauanbubie ycj0BHS BO3bMeM B BHAe @p = 7/2, @y = 0. B n. 2.2 68110 noJay-
YeHO TOYHOe BrIpaxkeHue (2.12) as1s mepuHojia KoJeGaHHsi MasiTHHKA. Mcnoab3ys Havuadb-
HOE yCNOBHE BHAA Qg = Py = /2 NO Ta6JHUAM SJJIHNTHUECKHX HHTErpajioB, Hailiem
k= F (k, n/2) = 1,8541. Orcioa cJenyeT, uTO 4eTBEpTh MNepHOAA T/4 = kip =
= 1,8541 c¢. C ppyrofi cTopoHsl, ecn B3ath p = k = [,8541, To noayuuM 1/4 = | c.
HiMeHHO 3TO 3HayeHKe B CHJIY €ro MPOCTOTH H GyJeT HCNOJb3OBAHO HHIKE.

Takum o6pasoM, ypaBHeHHE, KOTOpOEe Haj0 pelliaThb YHCJIERHO, HMeeT BHJ

§ = —p? sin ¢ = —3,437687; (M

NMpH 3TOM HayaJbHble YCJOBHA TaKOBBI:
o = —p? sin /2 = —3,437687. )

186



2.2. PeayastaThl pacyeroB AJs mpHmepa 2

MpubnnxeHusie 3HadeHns ¢, paj
! tl, ¢ Hucno wrepauni MeToj ycpeAHEeHHhIX MeTtoa JHHEHHBIX
YCKOpeH i YCKOPeHH it
0 0 — 1,5708 1,5708
1 0,1 2 1,5536 1,5536
2 0,2 2 1,5021 1,5021
3 0,3 2 1,4163 1,4163
4 0,4 3 1,2967 1,2966
5 0,5 3 1,1442 1,1440
6 0.6 3 0,9608 0,9603
7 0,7 3 0,7496 0,7487
8 0,8 3 0,5154 0,5140
9 0,9 3 0,2646 0,2627
10 1,0 4 0,0051 0,0025
11 1,1 2 —0,2546 —0,2577
12 1,2 3 —0,5059 —0,5093
13 1,3 3 —0,7409 —0,7444
14 1,4 3 —0,9530 —0,9564
15 1,5 3 —1,1376 —1,1407
16 1,6 3 —1,2913 —1,2939
17 1,7 3 —1,4123 —1,4142
18 1,8 2 —1,4994 —1,5007
19 1,9 2 —1,5522 —1,5529
20 2,0 2 —1,5708 —1,5708

B rta6n. 2.2 npuBejeHs pe3yabTaTh Ajsi 20 waros nmo BpeMeHH (c marom Af=
= 0,] ¢) KaK METOJOM YCPEAHEHHbIX YCKOpeHHIi, TaK H METOJOM JIHHEHHBIX YCKODEHHH.
BesHuHHA yra ¢ B MOMEHT BPEMEHH fyo AOJKHA PABHATHCSA HYJIO, H METOJ JIHHEHHBIX
YCKODEHHH JaeT MeHbIlee M3 NOJy4aeMbiX OCOMMHM METOAAMHM NPHC/HXKXEHHOe 3HAaYeHHe
@0. OiHAKO 06a METOAA AAIOT NPABHIbHOE KOHEYHOE 3HAaueHHe YTJIa (g = —1,5708 pan.
Ha puc. 2.25 nokasan rpaduK NpPHONMXXEHHBIX 3HAYEHHA Yrja ¢ B 3aBHCHMOCTH OT
BpEMEHH.

Mpumep 3. B KauecTBe BTOPOTO mpHMepa C HejHHEeHHOH 3ajauedl pacCMOTPHM CJe-
Jylolliee ypaBHEHHE ABHIKEHHS CHCTEMBI, B KOTOPOH HMeeTCs NMPYKHHA C BO3pacTaiolel

HKECTKOCTBbIO: . .
mx - ok 4 k (x + 0x%) = Q (¢) (@)
% 4 2nx + p? (x 4 ax®) = q (). )

W3 sagaum 2.21 (cM. 1. 2.2) Bo3bMeM caejyiolmue paasnbe: rii= 1,79 H-m/c, k=
= 715 H/Mm, p*=4 ¢, a= 1,55-10 M, ¢ = Q ({)== 0. JIna yKa3aHHbIX S3HAYEHHH
napaMeTpoB ypaBHEHHE, KOTOPOe HeOGXOJHMO DellaTh UHCIEHHO, HMEeT BHA

HJIH

x= —p? (x 4+ o) = —4 (x | 2x2). ()
IMopcTaBsin HawadbHble YCaAOBHA Xo =0 u Xo= 0 B ypaBHeHue (L), MOJY4HM
%= —4 (0 - 0) = 0. (1)

Pe3yabTaThl, MOJyueHHBIE OGOHMH METOJAMH C HCIOJb30BaHHeM 20 IIaroB MO BPEeMEHH
¢ maroM Af = 0,025 ¢, npuBesess B Taba. 2.3. Ha puc. 2.26 nokasan rpapuk npH-
GJIHIKEHHBIX 3HAYEHHH NepeMelleHHs X B 3aBHCHMOCTH OT BpPeMeHH. MakcHMasbHOe 3Ha-
qeHye, npu6aHKeHHo paBHoe 0,05 M, HosABJAsfeTcA, KaK 3TO H JAOMXKHO ObiTh, BOJIM3H
MOMeHTa BpeMeHH fy, = 0,30 c.

XoTsl mpHMepHl ¢ HTEPAIlHOHHEIMH pacueTaMH H3 3Toro maparpada
MOXKHO pelaTh C TOMOUIbIO Ka/lbKyJasTOPOB, TEM HE MeHee, BBHIYHC/IH-
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TeJIbHblE ONlepalHi CTAHOBSATCS JOBOJLHO TPYIOEMKHMH, NIO3TOMY JIyyilie
BocnoJib3oBaTbhcsi IBM. [lns pacyeTor npumepos 1, 2 u 3 MeTooM ocpen-
HEHHbIX YCKODeHHI OBIJIM HCIOJB30BaHBl CHelHaJbHble NPOrpPaMMbl
s 9BM mon HasBanueM coorBeTcTBenHo AVACIA, AVAC2A,
AVAC3A. TlporpamMmnl 6biiu cocTabaenst Ha sisbike BEMCHK, TekcTsl
HX TpUBefileHbl B MPHUJIOXKEHHH. [IJIsS HCO/Nb30BaHHUSI METOJA JIHHEHHBIX
YCKOpEHHH STH [porpaMMbl JIETKO MepefesiaTh B HPOTPAMMBI
LINACIA, LINAC2A, LINAC3A nyreM H3MeHeHHs] BCEIO HECKOJbKHX
CTPOK B KaxJoH u3 uux. Kpome Toro, 6OJbIINHCTBO 3a1a4, NMPUBEJAEH-
HBIX B KOHIIe 3TOoro maparpacda, MOXKHO peIlHTh, C/erka H3MEHHB 5TH XKe
HPOTPaMMHI.

2.3. Peaynbrathl pacueToB AJsl mpHmepa 3

TIpubnuxxkenusie 35avenus x- 1072, o,
; ti’ c R MpH MeTcAAe YCKOPEeHHH
- YCPeRHEHHBbIX JIMHeHH bIX
0 0 — 0 0
1 0,025 3 0,634 0,635
2 0,050 3 1,27 1,27
3 0,075 3 1,894 1,895
4 0,100 3 2,511 2,512
5 0,125 3 3,107 3,110
6 0,150 3 3,672 3,676
7 0,175 3 4,188 4,194
8 0,200 2 4,637 4,644
9 0,225 2 4,997 5,004
10 0,250 3 5,249 5,256
11 0,275 3 5,377 5,384
12 0,300 3 5,374 5,378
13 0,325 3 5,239 5,241
14 0,350 3 4,982 4,979
15 0,375 3 4,617 4,610
16 0,400 2 4,165 4,154
17 0,425 3 3,646 3,632
18 0,450 3 3,079 3,063
19 0,475 3 2,481 2,463
20 0,500 3 1,864 1,845
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Ecnu ypaBHeHHe JBHXeHHS (2.55) fABAAETCS JHHEHHBIM, TO NpPH
YHCJIEHHOM peIlleHHH MOXHO H306eXaTb HCNOJb30BAHHS HTEpPalHil ¢ He-
apHeIME  GdopmyaamH. [lpsMas gopuysa aunedunod asxcmpanorsyuu
VISl METOJA YCPEIHEHHBEIX YCKOPEHHH MOXKeT ObITh NOJyYeHa NOACTaHOB-
kol BoipaxkeHu# (2.58) u (2.60) B ypaBHeHHe (3), peuliHB KOTOPO€ OTHO-
CHTEJBHO X; NOJIYYHM

X =Q;/m", (2.75a)
rne
m* = m -+ cALy2 + k (AL)4; (2.756)
Q: = Qi —c (%1 + £i1AL/2) — k[xiy + XA -+ X5 (AL)/4].
(2.758)

B kauecTBe HArpyskH Q; oObluHO OepyT ero NoCTOSIHHOE CpeJHee 3Haue-
Hue Ha ware Af; no BpeMeHH. ¥YpaBHeHHe (2.75a) npexcTaBiasieT co6oH
ABHY10 GOPMYJTy 1JIs1 YyCKOPEeHHS £;, BEIpaXKeHHOT0 Yepe3 H3BeCTHhIE K Ha-
yajy mara 3HayeHus X;_i, %;_; U ¥;_;. DTO BEIpaXKeHHE BMECTe C BbIpa-
skenuaMu (2.58) u (2.59) nosBossieT BEIUHCAATD X;_y, X;_; U X;_; HA KaxX-
gom mare. TakuM o6pasoM, HMeeM NpHeM NPAMOH 3KCTpanoJsliH, He
3aBHCSIIUA OT HauyaJbHOTO NPHOJMKEHUS H He TPeOYIOIUH HTepauui.

Kak Meroj nuHeHHBIX YCKOPEHHH, TaK H aHAJOTHUYHBIE €My METOMBI
MOXKHO TaKXe NMPHMEHATb B COYETAHHH C NPOLEAyPOH NPsMOH 3KCTpa-
nodsiuudd, BoJee Toro, ypaBHeHHe JBHXKeHHs A/ HEJIHHEHHOH CHCTEMEI
MOXKeT ObITh JMHEAPH30BAHO HA MaJOM Liare 1o BpeMeHH, OyAyyH 3anu-
CaHHBIM Yepe3 NpPHPAIIEHHSA CJAeAYIOIUM 00pasoM:

mi_lA.fi + ci—lei + ki—lei == AQ, (276)

3nece Ax;, A%;, A%; u AQ; — npHpaileHust COOTBETCTBEHHO MNepeme-
LeHHsl, CKOPOCTH, YCKOPEHHsl H HArpy3KH Ha [-M Iuare; m;_j, C; 1 H
k;_, — 3HAuEHHs MAacCHl, NOCTOSIHHOM 1eMN(HPOBAHHS H KECTKOCTH B Ha-
yajie Kaxaoro mara. ®opMysel IBHOH CXeMbl, aHAJOTHYHEBIE BHIPAXKEHHUIO
(2.75a), MOXHO 3anucaTb OTHOCHTENBHO NpHpamleHuii yckopenusa AZ;,
ckopocTd AX; U mepeMmelenus Ax;.

[Ipu ompeneneHuu TNpHpalleHHs TNepeMelieHHs JHHeapH30BAHHBIX
CHCTEM, a TAKKe NPH HCIIOJNb30BAHMH MIATOBHIX IPahHUeCKHX MpHeMoB **
OTBICKAHHsI DEIUeHUs B Cayuae cHCTeM Oe3 AeMN(HPOBAHHSA H C BO3MY-
WAOMUMH CHJIAMH BHAA KYCOUYHO-THHEHHBIX (PyHKLHH NOJE3HO HCNOJMb-
30BaTh TOUHBIE BEIpaxKenus (cM. 1. 1.15). OgHako, ecsiu cHcTeMa ABJAETCS
CYILECTBEHHO HEJHHEHHOH, /IS MOJYYEeHHs XOPOINHX Pe3yJabTaToB C MNO-
MOLIbIO JIOGOr0 M3 YINOMSHYTHIX NPHEMOB TpeOyeTcss NPHMEHATb TOrO
MJIH MHOTO THNA HTEPALHIO H KOPPEKTHpYylouyio npoueaypy. Takum o6-
pasoM, Korja HeoGXOmyMo NpUGerath K MOMOLIH HTEPALHH HJIH KOpPeK-
UHH, MOXKET 0Ka3aTbCsl NPEAIIOUTHTENbHEIM GoJiee NPsIMOH NOAXOJ THIA
IpeIHKTOP-—KOPPEKTOP.

* Wilson E. L., Farhoomand I., Bathe K. J. Nonlinear dynamic analysis
of complex structures. — Int. J. Earthq. Engng. Struct. Dyn., 1973, wv. 1,
N. 3, pp. 241—252.

** Jacobsen L. S. On a general method of solving second order ordinary dif-
ferential equations by phase-plane displacements. — J. Appl. Mech., 1952, v. 19,
N. 4, pp. 543—553.
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Dosee Tounnle, ueM onuUCaHHbIC 3/leCh, METOALl MOXXHO HAfTH B JUTe-
patype mno uucjeHHoMy aHanuady *. HauGoJsiee wacto ucnoJib3yembie
MOAXOAbl OCHOBBIBAIOTCS JIHOO HA pa3jiokKeHHH HCKOMON (QYHKIMH X ==
= F (f) 1 ee NpOH3BOAHBIX B pAALl Tefnopa **, nu60 Ha UCNONB30BAHUH
dopMyJs1 HHTETPHPOBAHHMA [/ NOJHHOMHAJbHBIX HHTEPIOJHPYIOWHX
¢yukuui ***. OHH opHeHTHpPYIOTCA Ha AuddepeHIHANbHBIE YPABHEHH S
NepBOTo MOPAAKa H OTPAXKaloT Ty TOYKY 3PeHHd, 4TO J0O0e BhIpAXKEHHE
BHJA ypaBHeHH (2.55) ¢ npon3BOAHBIMH BTOPOTO MOPSIKA MOXHO TPE-
cTaBuUTh B (opMe [BYX ypaBHeHHil mepBoro mnopsjaka. IlocaenHion
dopMy mosyuaeM BBEJEHHEM BCIOMOTATE/IbHOH 3aBHCHMON NepeMeHHOi

X =y. (2.77a)
IToacraBassi mepeMeHHYIO Yy BMecTo X B ypaBHenue (2.55), mosyuaem
y =T xy). (2.776)

YpaBuenus (2.77a) u (2.776) npeAcTaBJSIOT CHCTeMY ABYX ypaBHEHHH
NepBOTO MOPSJKA, KOTOPYIO MOXKHO HHTEIpHPOBATh UHCJAEHHO, HCMOJb-
3ys napaJjjelbHble OJUHAKOBBIE BLIDAXKEHHS [l 3KCTPANOJSIIHH HE-
H3BECTHBIX X U y. XOT#l 3TOT MpPHEM H NPOCT, 3/leCh He YAAaN0Ch 060HTH
ToT aKT, uTo ypaBHeHHe (2.77a) umeeT GoJsee crnelHpHYecKYIO GopMmy,
yeM ypaBHeHHe (2.776). bonee 3¢pdeKTHBHBIA NOAXOJ COCTOHUT B TOM,
4TOOB BMECTO HCIOJIb30BAHHS NapasjeNbHOH OJUHAKOBOH 3KCTpamnoJs-
IIHH BBIPA3HTh Y, a 3aTeM H X B BHUJAe psAfa. Ec/H mocTymuTh corsiacHo
CKa3aHHOMY, JaJbHeHmas MEeTOAOJIOTHS CBOJUTCS K TOMY e YHCJIEHHOMY
peILIeHHIO YPpaBHEHHUS BTOPOIO NOPsJLKa C HCIOJb30BaHHEM JBYX IOCJIEN0-
BaTeJbHBIX SKCTPANOIUPYIOWHUX GopMyaT /I £ U X, KaK U ONHCAHO B [aH-
HOM mnaparpade.

3AJAYH

2.6.1. PaccmMoTperh mpuMep 1, B3SB BMECTO CTyneHyaTOH (GYHKIMH JIHHEHHYIO
¢yHKuuio Bufa Q (f) = 9¢. Bce ocrajbHble HCKOMBbIE JaHHble B3SITh H3 npHMepa 1.

Omeem: x9 ~ 1,93-107% M.

2.6.2. Jlasa paccmorpenHol B npuMepe 1 JuneiiHoi cucremsl B3aTh Q (f) = 0, a na-
yalbHHe YCJIOBHSI TPUHATL B BHAE X = 2,54-1072 M; %y = —2,54-10"2 m/c. Bce
ocTajIbHble JaHHBle B3fATh T€ K€, YTO H B NpuMepe I.

Omgem: x;, ~ 1,4-1072 m.

2.6.3. BuoBb paccMoTpeTh npHMep 2, H3MEHHB HayaJbHOE YCJOBHE: BMECTO @y = 0
B3sTb @y = 2,618 pan/c. Bce ocTajbHble JaHHBIE B3ATb Te XK€, YTO H B yKa3aHIOM IpPH-
Mepe.

Omgem: @ ~ n/2 pan. :

2.6.4. Jlsnia cucTeMbl, paccMoTpeHHOH B 3azase 2.1.1 (cm. m. 2.1), ¢ nomoubio
MeTOJla YCpeJHEHHHIX YCKODEHHH ONpejesIHTh NHHAMHYECKHe NepeMelleHHst NpH CBOGOX-

* Carnahan B., Luther H. A., Wilkes J. 0. Applied numerical methods. —
New-York: J. Wiley, 1969. 604 p.

** Runge C. Uber die numerische Ausflésung von 'Differentialgleichungen, —
Mathematische Annales, 1895, B. 46, S. 167—178. Kutta W. Beitrag zur niherungs-
weisen Integration totaler Differentialgleichungen. — Z. Math. Phys., 1901, B. 46,
S. 435—453.

*%* Bashiorth F. An attempt to test the theories of capillary attraction with
an explanation of the method of integration employed by J. C. Adams. — Camb-
ridge: University Press, 1883; Moulton F, R. Differential equations, — New-York:
Macuillan, 1930,
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HEX KoJleGauusx, B3AB B KayecTBEé HayaJlbHHIX YCIOBHH Clefyoilue: X, = i/4; Xg =
= yo = §o = 0. Hcrnonb30BaTh TaKOE ypaBHEHHE [BHKEHHS M CJCIYIOILHE 3HAUEHHS
napameTpoB cucTeMbl: k= 1,79-10° H/m; [ = 0,102 m; m = 1,43-10% H-c?/m. Basarb
MoCTOSIHHBI war mo Bpemenn Af = 0,1 ¢, YHC/IO WIArOB MPHHATH PABHBLIM JECSTH H I10-
CTPOUTb TPadHK MOJYYEHHOTO DeLIeHHS .

"Omeem: %max =~ 4,06-1072 m/c.

2.6.5. Jlag cucTeMbl, paccMOTpeHHOH B 3ajaye 2.1.6 (cM. m. 2.1), ¢ moMompio
METO/a JIHHEHHEIX YCKOPEHHH OIpPEe/eJHTb JHHAMHYECKHE NMEPEMEIIEHHS NMPH CBOGOIHEIX
KOeGaHHAX C HauaJbHBIMH YCJIOBHAMU BHIA: @y = 0, ¢, = 10,64 pag/c. Mcnosnb3oBaTh
TaKoe yPaBHEHHE [IBHKEHHS M cle/yIolHe 3HaueHH s napaMeTpoB cucrtemel: W = 22,7 H;
= 0,254 M; k= 1,16-102 H-M/pan. B3sTb NOCTOAHHBIA wIar no BpeMeHH Af =
= 0,025 ¢, yHCJIO 1IAroB MPHHATH pPaBHbIM 20, MOCTPOMTb rpaduK NOJYYEHHOrO pe-
[IEHHUS.

Omsem: Qmax ~ n/2 pan.,

2.6.6. BHoBp paccMoTperb TpuMep 3, HO XapaKTEPUCTHKH NPYXKHHbI B3ATh He
u3 3ajaun 2.2.1, a u3s 3afaun 2.2.2. C noMoILpIo METO/la YCPeJHEHHBIX YCKOPEeHHH omnpe-
AeJIUTh MaKCHMaJbHOe NepeMellleHHe H BpeMsi, KOrja OHO BO3HHKAeT.

Omgem: xy ~ 0,121 M; ty ~ 0,725 c.

2.6.7. BHoBb paccMoTperb npuMep 3, HO XapaKTEPUCTHKH NPYXKHHBI B3ATb HE H3
sajaun 2.2.1, a u3 3afavu 2.2.4. C noMompio MeTojla JHHEHHEIX YCKOPEHHH ONpejeNHuTh
MaKCHMaJbHOE IepeMelleHHe H BpPeMsi, KOrjja OHO BO3HHKaerT.

Omsem: xy ~ 7,95-1072 M; ¢y =~ 0,50 c.

2.6.8. Pemntb 3agauy 2.5.2 (cM. m. 2.5) MeTOJOM yCpeIHEHHBIX YCKOpEHHH *,
HCIIOJb3YS CJe/yIOUHe 3HAYeHHs MapaMeTpoB cuctemsl: m = 1,79-10%2 H-c¥/m; &k =
== 1,79-10% n2 H/m; ky = 4k;; x, = 2,54-1072 M. '

Omsem: xy =~ 3,81-1072 M; tyy = 0,75 c.

2.6.9. Pewntb 3azauy 2.5.4 (cM. m. 2.5) MeTonoM JHHeHHHIX yCKOpeHH# *, Hc-
M0J1b3Ys CJEAyIOlHe 3HAUeHHS TapaMeTPOB cucTeMsl: m = 1,79-102 H-c?/m; £ = 1,79 X
X 102n2 H/m; x, = 2,54-1072 M.

Omsem: xy = 3,81-1072 m; ty =~ 1,22 c. .

2.6.10. Pemnts 3anauy 2.5.11 (cM. n. 2.5) MeToxOM JHHEHHBIX ycxonpeum'i *,
HCIONb3YSl CJeJYIOUlHe 3HAYEHMs] NapaMeTpoB cHcteMbl: m = 1,79-102 H.c%/m; k==
= 1,79.102n% H/m; x; = 2,54:10"% M.

Omsem: xy = 8,23:1072 m; ¢y ~ 1,62 c.

* 3agaun 2.6.8, 2.6.9 u 2.6.10 cocTaB/eHb A1 CHCTEM C KYCOYHO-JHHEHHBIMH Xa-
PaKTePHCTHKAMH BOCCTAHABJIHBAIOIEH CHJIB, H HA KaX/[OM 5Tale HCCIENOBAHHS BEJH-
YHHA B H3MEHFeTCS CKauKOM OT eIMHOTO NMOCTOSIHHOT'O 3HAYeHHs 1O APYroro.



Fnasa 3
CUCTEMBI C ABYMS CTENEHAMH CBOBOJbI

3.1. NIPUMEPbl CHUCTEM C JABYMS CTENEHSIMH
CBOBO/J bl

B rn. 1 u 2 paccMaTpuBalnCh TOJIBKO CHCTEMBI, HMEIOMIHE OJHY CTe-
neHb cBOGOAR. B manHOH M cienyomedl riaBax GyAyT OGCYXKAEHBI CH-
CTeMBI, HMMeIoIle HECKOJIbKO CTemneHed CBOGOMABI, MPOCTEALIHMH H3 KO-
TOPBIX ABJSAIOTCS CuUCmemst ¢ 08Ymsa cmenenami c8o600s.. Koudurypaius
TAaKOH CHCTEMEl MOJHOCTBIO ONpejessieTcss ABYMS KOOPAHHATaMH (HJH
NepemMelleHHsIMH), a Ui TOro YToOHl OMHCATh ee JBHXKEHHe, TpebyeTcs
JBa auddepeHUHANbHBIX YDaBHEHUS,

Ha puc. 3.1, a nokasaHsl Be MacChl M, U My, COEJMHEHHbIE CO CTEH-
KOH H Apyr ¢ JAPYyroM MpY>XHHAMH, HMEIOIHMH KO3((UIHMEHTH XKeCT-
KOCTH COOTBETCTBEHHO k; M k,. IIpeamonaraercs, yro mMacchl MOTyT JBH-
ratbCsl TOJIbKO B HalpaBJe€HHH OCH X H YTO B CHCTEMe OTCYTCTBYET Kak
TPeHHe, KaK W JApYyrue BUABI CONPOTHBJIEHHA. B KayecTBe KOOpAHHAT,
ONpeJeNsiollX ABHKEHHE CHCTEMBl, BO3bMEM IepeMEeIleHHS] X; H X,
Macc OT HX MOJNIOXEHHH CTaTHYECKOTO PAaBHOBECHS, MPH KOTOPHIX OTCYT-
cTBYIOT Aeopmanuu B npyxuHax. Ha puc. 3.1, a npuCyTCTBYIOT Takke
U BO3MyMaOlHe CHJIbI, ONHChiBaeMbie QYHKUUAMU @ = F; (f) 1 Q, =
= F, (f) 1 IpUJI0KEeHHbIE COOTBETCTBEHHO K MaccaM m1, H m,. CHJsl, Jei-
CTBYIOLHE HA MacCChl CO CTOPOHHI NIPYXKHH NPH NepeMelleHUsIX BO BpeMs
HOBIXKEHMSA, ToKasaHbl Ha puc. 3.1, 6. Mcnonbsys Bropoit 3akon Helo-
TOHA, MOJIYYHM YDaBHEHHS JBHXKEHHS AJIS MacC m,; U M, B BHJIE

mky = —Ryxy + Ry (X3 — %) + Qy; (a)

Myfy = —Ry (X3 — X1) + Q. (6)

IIpu x; > X, 3TM ypaBHeHHS He U3MEHSIOTCS, MOTOMY YTO B 3TOM cJydae
CXUMaoWas cHia Ry (X; — Xg), ¢ KOTOPO# NpyxKuHa JeHCTBYET Ha Kaxk-

Jylo Maccy, 6yneT HMeTh 3HAK MHHYC B ypaBHEHHH (a) H 3HAK IIIOC —
B ypaBHeHuH (6). IToxcraBuB BXoJsiluHe B 3TH ypaBHEHUsS UJIEHHI, 3allH-

11eM
mEy + (ke + Ry) %, — koxy = Qg (3.1a)

m2£2 — kle + kzxnz = Qz. (3.16)

Takum o6pasoM, moJyyeHa cHCTeMa ABYX JHHEHHHX AuddepeHnuanh-
HHIX YypaBHEHHH BTOPOTO MOPsAAKa C NOCTOSHHBIMH KO3(hbUIHEHTaMHU,
Jlns ucciaenoBaHusi CBOGOAHBIX KOJIEGAHHH 5TOH CHCTEMBI MOJIO-
KHM Q; ¥ Q, paBHBIMHM HYJIIO, TOTAA NOJYYHM OJHOPOAHBIE YPABHEHHS
myxy + (ky + k) X; — koxy = 0; (8)

Moky — Roxy + kyxy = 0. (r) .
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Kak ¥ Bbllue JJ151 cUCTeMbl C OfHOH cTeneHnlo CBOGOMAbI, GYJNEM HCKaTh
pewieHHs B caenyomed dopme:

x, = Asin (pt + @); (m)
Xy, = Bsin (pt 4 ). (e)

DTH BbIpaKeHHs T0Ka3blBAIOT, YTO cOOCMBeHHble hopmet Koreban uti o6enx
Macc OMKChIBAIOTCS OJHOM M TOH e rapMOHHYeCKOH QyHKIHeH ¢ Kpyro-
BOH yacToTol p H ¢a3oBbIM yTIJoM ¢. BykBamMu A u B o603HaueHbl MAKCH -
MaJibHbIe 3HAYeHHSs NepeMelleHHi, WIH amnaumydet, TpH KoJebaTelbHbIX
aprxennax. Iloacrasnss npexacraBneHuss (&) U (e) B ypaBHeHHS (B)
H (r), NONYYHM CJEIYIOIYI0 CHcTeMy anreGpaHuyecKHX VpaBHEHHH:

. (ky +- ky — p*my) A — kB = 0; (k)
—kyA + (ky — p’my) B = 0. (3)

OnHo M3 BO3MOXHBIX pellleHHH 3THX ypaBHeHHi uMeer Bug A = B = 0,
4TO COOTBETCTBYET HAXOXXIEHHIO CHCTEMbl B MOJIOXKEHHH DaBHOBECHS H
He faeT HHGOPMAIHH O KojeGaHHsAX. DTH ypaBHEHHS] MOT'YT HMETh He-
HyJIeBble PerieHHsl TOMbKO B TOM CJy4Yae, KOrja OrnpelejHTe/]b MaTPHII,
COCTaBJIeHHOH H3 Ko3ddHuHeHToB npH A u B, pasen Hyio:

(k1 ky — pPmy —ky
. =0. (n)
—k, (ky — p*ms,)
Pasnoxenne onpepenutensi HMeeT BHJ
(ks + ko — p’mu) (ke — p’mo) — K =0 (x)
WIH
mymyp* — [myky + my (ky + ky)] p* + kiky = 0. ()
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310 BhIpaXeHHe, KBaAPaTHYHOE OTHOCHTENbHO p?, NMpeicTaBiaseT coboi
yacmomuoe (MW xapakmepucmuteckoe) ypasrerue cuctembl. OHo HMeeT
JIBa KOPHS (HA3bIBa€MBIX XapaKTePHCTHYECKHMH 3HAYEHHSMH), KOTOpPLIE
MOKHO 3amnHMcaTh KaK pelleHHs KBaJpaTHOTO ypaBHEHHUS

bV
P?,z = - lgaz lac ) (™)
rie
a = mmy; b = — [mk, + my (ky + k)1,
C = klk‘Z' (H)

HOCKOJ’[be BbIpaxeHHue, Ccrosdllee mojJ 3HAKOM KOpHS, BCerjd IIOJIO2KH-

TeJBHO, TO 063 KOPHS p; M p3 SBJSIOTCS JeHCTBHTENbHBIME. OUYeBHIHO
TakKxKe, YTO 3HAYEHHE KBAJPaTHOro KOPHS MeHblle, 4eM — b, H, cJenoBa-
TeJbHO, 00a KODHS MOJIOXKHUTeNbHB. KpoMe Toro, perleHus (M) 3alHCaHbI
TakK, YTO HMeeT MecTo p; < p,. LakuM o06pa3oM, XapaKTepHCTHUECKoe
ypaBHeHHe JaeT JBa 3HAaueHHd COOCTBEHHBIX KoJeGaHHi, KOTOpble 3a-
BHCAT TOJILKO OT PU3HUECKHX IIOCTOSIHHBIX, OMPEJENSIOUUX 3Ty CHCTEMY.

TlojCTaBHB XapaKTepPHCTHYCCKHE 3HAUCHHS P U ps B OJJHOPOJIHbIE
ajare6pavyeckye ypaBHeHHS (k) M (3), oOHAPY2KHM, UYTO HEJb3Sl IOJY-
YUTh JeHCTBUTEJNbHBIX 3HaueHHH Aaa A u B. OgHako 3TH ypaBHeHHs
MOXKHO MCIIOJIb30BATL JJis II0JYYEHHS] OTHOIUEHHH ry; = A;/B, U r, =
= Ap/Bs, COOTBETCTBYIOUHX p: H pa:

Ay ks ky — pims .
[y == — = - = — N 6]
V=B T Rt R — s (0)
A ky _ ky—pim,
NS TR T E T kB (m)

DTH OMHOWERUS amnAumyd XapakTepuayioT GopMbl ABYX COOCTBEHHBIX
yactor KosaeOGaHHH (OHH TaKKe HAs3bIBAIOTCS eAABHbIMU (Oopmamu Koie-
6arnuil) cucreMbl. OHH IBOHCTBEHHBIM 06pa30oM OINpefeasIoTCs U3 ypaBHe-
HUA (K), U MX BEeJHUYHHA 3aBHCHT TOJBKO OT PU3HUECKHX MOCTOAHHBIX /7y,
my, ky u k.

O603HauMB MEHBIIYIO UAaCTOTY uepe3 p;, a COOTBETCTBYIOLlee el OT-
HOIIEHHE aMIJIMTYJ 4Yepes #y, NpeACTaBaeHHs (A) U (e) 3amumeM B BHJIE

x1 = By sin (pyd - ¢4); (p)
xz == By sin (paf + @1). (c)

DTH BLIPAXKEHHUs TIOJHOCTBIO ONPEACJAIT nepsyio (opmy KoJebaHus,
KOTOpast HHOTJia Ha3bIBAeTCsl 0CHOBHOU (hopmoti Koaebarus. OHA IPEACTaB-
JsleT rapMOHMUECKOE ABHMIKEHHe o0eHX Macc ¢ KDPYroBoH uacToTofl p;
1 $a30BbLIM YIA0OM (. [1pH 3TOM ABHKEHUH B JIOGOH MOMEHT BPEMEHH OT-
HOIUEHHE TepeMeleHHi x{/X5 PaBHO OTHOUIEHHIO aMILIHTYA 7;. B KaxiIoMm
IHKJIe KosefaHuH o6e Macchl IBaXJbl IPOXOAAT Yepe3 MOJIOXKEHHs paB-
HOBECHS H OJIHOBPEMEHHO JOCTHIAIOT CBOUX KPaHHHX TOJOXKEHHH. 3jech
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HE HaKJ/aJblBAeTCsl HHKAKHX OorpaHuveHufi Ha (asoBble YIVIEL, HO B CO-
OTBETCTBHHU C BHIODAHHEIMH NPEACTABJIEHUAMH (1) U (€) OHH JOJIKHBI OLITh
OIMHAKOBBEIMH JJI51 06eux mace.

ToncranoBka Gosbluell KPYroBOH 4acTOTHl p, H COOTBETCTBYIOIIETO
OTHOLIEHHS] AMIINTYJ r, B NPeACTaBaeHHs (1) W (€) 1aeT BhIPaXKeHHs

X1 = reBa sin (pof + o); (1)
Xg = By sin(pof -+ o), (v)

OMNHCBIBAIOLIHE 8MOpYi0 hopmy KosaebaHus. ITO NPOCTOe TapMOHHYECKOE
JBHKEHHE 06eHX MAcC MPOHCXOMHUT C KPYTOBOH YacTOTOH py, U OBIIUM /IS
HHUX (HaA30BLIM YTJIOM ¢,. B 3TOM cJIyuae oTHOIIEHHE NepeMeleHH i BCcerna
X1/x5 == ro.

O6iee pewenue ypasHeHHH (B) H (T) npeacTaBisier coboli cyMmy pe-
weHu# (p), (c), (T) u (y) AJasA IIaBHBIX GHOPM KoseOGaHuii:

X1 = X] -+ X] =By sin(pit + @1) + r2Bosin (paf -+ ¢o); ()
Xo = X2+ x5 = Bysin(pi? -+ @1) + Besin (pof -1 o). (x)

OTH BBIPaXKEHHs CONEPIKAT YeThbIPe NPOU3BOJNBHEIX MOCTOSIHHBLIX HHTETPH=
poBauus (By, By, ¢y H @,), KOTOPble MOXKHO HalTH, PACCMOTPEB YeThIpe
HayaJbHBIX YCJAOBHSA JJ5 NepeMelleHUH H CKOpPOCTeH o6eHx Mmacec B Mo-
MeHT BpemeHH ¢ == 0. Boipaxkenus (¢) u (X) ONHUCHIBAIOT JOBOJBLHO CJIOXK-
HbIE€ 1O XapaKTepy IBHKEHHs, KOTODblE He SIBJISIOTCS IepHOAHUECKHMH
A0 TeX Mop, NOKa COGCTBEHHbIE YAaCTOTHI p; H p, HE CTAHYT COH3MEP HMBIMH.
Cucrema coBepLIaeT YHCTO FAPMOHHYECKOE JBUKEHHE TOJNBKO B TOM CJY-
uae, €CJIM C JOCTATOYHOH TOYHOCTBIO YJaeTcsi HauaTb €ro fno OJHOH M3
ee IJIaBHbIX PopM KoseHaHui.

I npoH3BOJIBHOH CHCTEMBI € JIByMs CTENEHsIMH CBOGOABI BCeria
MOXKHO ONPEeJeJNHUTh €€ 4acTOTh H GOPMBI KosleGanuil Tak, Kak OblJIO MOKa-
3aHO BbllIE JJIsi CHCTeMBbl, M300paxkeHHOH Ha puc. 3.1, a. ITocKoJabKy
YpaBHEHHA IBUKeHUS JIOObIX CUCTEM CO MHOTHMMH CTENeHSAMH CBOGOMb!
HMEIOT OJMHAKOBYI0 (OPMY € TOUKH 3DEHHS MaTeMaTHKH, MOJyuyeHHEM
AaJbHEHAIMX PELIeHHH MoKa 3aHMMaTtbcs He OyjaeM. DTo OyAeT CAeJIaHo
CHCTEMATHYECKHM 06pa3oM MaTPHUYHLIMM METOJAMH HHKe B 3TOH TJaBe,
a Takxe B I 4.

B KauecTBe BTOPOTO MpPUMEpPA CHCTEMBI C ABYMS CTENeHSMH CBOGO/IbI
paccMoTpHM 3aKperJIeHHYI0 Ha NMpYKHHax Mmaccy (puc. 3.2, a). Bee Tpu
NIPYKHHEBL, [IOKa3aHHBIE HA PUCYHKE, JIEXKAT B OJHOH IJIOCKOCTH H HMEIOT
KO3()pULHEHTHl XeCTKOCTH k,, k, u k;. Tlpeamonaraercs, uto Macca
3aKpenJsieHa TakuM 06pa3oM, YTO MOKET IepeMEllaThCsl TONBKO B IJOC-
KOCTH NPYXKHH (T. €. B INIOCKOCTH XY), ¥ TOT/a €e ABHIKEHHEe MOXKHO OIMH-
CaTh C NOMOIIBIO NPOEKUUH HA OCH X W y HEPEMEIICHHUS OTHOCHTEJIbHO
noJlokeHus: papHoBecus. Ha puc. 3.2, a moxasaHbl Takike BO3MYLIAIOMHE
cuabl Q. M Q,, HanpasJeHHblE [0 OCSM COOTBETCTBEHHO X M . Ecau pac-
CMaTpUBaTh TOJBKO MaJble I[epeMellleHtsi, TO MOXXHO CYHTaTh, YTO
BOCCcTaHaB/IHBatomue Cuiibl Ry, Ry, u R (puc. 3.2, 6), ¢ KOTOPLIMH TpY -
KHHBI IEACTBYIOT HA Maccy, HMEIOT Te e HANpPAaBJIeHHsl, YTO H NPy KHHEI
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X

Puc. 3.2

B IOJIO2KEHHH paBHOBECHSA. C YYETOM 3TOI'O AONYHIEHUSA YPABHEHHSA JABH-
2KEHHS MaCCbl MOXKHO 3allHCaTb B CJIEAYIOIIEM BHJIEC:

3
mi, = 21 R;cosa; + Q,; ()

3
mij, = 21 R;sina; + Q,, ()

rane N
R; = —k;(x,cosa; + gy sina;). (1)

" [ToncTaBUB BhipaxkeHue (1) B ypaBHeHHs (1) U (4), nocJ/e NpUBEJeHHs 0~
JOGHBIX YJIEHOB MOJYYHM
3
mi;, —+ ¥ k; (x; cos?a; + yy sin?a;cos ;) = Q; (3.2a)
i=l

3
miy+ X ky (6, cos a; cos a; + yy sinfa;) = Q. (3.26)
{=1

Ha puc. 3.3 nokasaH TpeTHii NpuMep CHCTEMBI C JBYMSi CTENEHSMH
cBoboibl B (popMe JABYX JHCKOB, YCTAHOBJIEHHBIX Ha BaJy, KOTOPHIH

Py P,
% \
\ \ 3
4 Kypt \154/ Kp2 \24 Kxp3
11--C I C— =

e 7777 X
o A
Puc. 3.3
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3akpenJgeH B Toukax A u B, a B Tou- oy y
kax C u D uMeer ornopsl, nNpensiTCTBy- A 8
olHe GOKOBOMY TepEMENIEHHIO B 3THX \

toukax. Tpu yuacTka Baja HMEIOT Ko- |

3(pHLHEHTHl XKECTKOCTH NPH KPYUEHHH, Yy ﬂMMAMIWCWVWWW- W
paBHHEe kg, Reo U Ry, Ha pucyHke | . o \
TaKXKe IM0Ka3aHbl CTeNeHH CBOGOAB! MTpH = »%\(/‘ \SJ&/
yrjax noBopoTa ¢; H ¢, IHCKOB, MO- \

MEeHTb! HHepLHH H3 Macc [, U [,, npuJo-
KEeHHBle K HHM KpyTsmue moMentsl Ty

‘\

W
u T,. B 3T0M C1iyuae ypaBHeHus yrJo- P, N [ A~
BBIX JABHXEHHH HMEIT BHJL —”"’6 / "’e 1/

L = — Ry -+ Ry (9 — ¢1) -+ Ty m m
) (1) Puc. 3.4
Loy = — ki (93 — @1) — Ry @y + T
©)
OTH YypaBHEHHSi MOXHO Tmepenucath B HHOH (opme:
5§y - (Ryy + Ri) 01 — Rioe = T3 (3.3a)
I13§2 — Rio®y + (Ryx -1~ Rys) @2 = T,. (3-36)

B kauectBe nocseHero npuMepa pacCMOTPUM Mapy NMPOCTbIX MASITHHKOB,
COEJHHEHHBIX MNPYXKHHOH (pHuc. 3.4). OHH HMMeIOT OJMHAKOBLIE NJIHHY [
U Maccy m, a wapHupsl A 0 B no3BoJisiioT UM cBO60AHO KOJ1€6aTLCS TOMBKO
B HJIOCKOCTH PHCYHKA. KoHMHUIypanus CUCTEMbl NMPH LBHKEHHH ONpeje-
Jsietcs yraamu ‘0, u 0,; npu 3ToM BO36GyKaaoumue Koaebanus CHIAb P,
H P, neAcTBYIOT B FOPH30HTAJbHOM HanpaBJeHHH. B npeamnosioxkeHHH
MaJIblX MepeMeIeHHH CHCTeMbl 3anuiueM ypaBHEHHE ABHKEHHS

mi*§, = —mglo, + kh® (8, — 8,) + P,l; (a)
mi2Q, = —mglB, — kh¥0, — 0,) + P,l. (6')
DTy CHCTEMY MOXHO NepenHcaTh B CJAELYIONUeM BHIE:
mi®®, + (kh® + mgl) 0, — kh?0, = Pl (3.4a)
mi20, — kh?0, + (kh* + mgl) 0, = P,l. (3.46)

Buato, uto B KaXA0M H3 MPHBEJEHHbIX APHMEPOB YPABHEHHS JABHKEHHS
HMEIOT OJHHAKOBYIO GopMy. DTO CBOHCTBO ypaBHEHHE OyleT HCHOJb30-
BaHO B cJjelyloileM naparpade.

3.2. YPABHEHUS JABW)XEHHUS B YCHJIHAX:
KO3®PHUHEHTbBI )XECTKOCTH

YpapHeHus (3.1a) u (3.16) MOXHO 3anucaTh B MampuuHot gopme *:

0 myjl i, — ky ky | | Xy Q.
* BBenende B ORepalMH C MATPHUAMH cM. B Ki.: Gere J. M., Weaver W. Matrix
algebra for engineers. — Princeton: D. Van Nostrand, 1965. 168 p.
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DT ke COOTHOIUEHHS MOMKHO NPEICTaBHTh TaKxkKe H B GoJiee KOMNAKT-
HOM BHje

MX + SX =Q, (3.6)

rge npeamnonaraercsl, uto X, X H Q — BeKTOp-CTONOLEL:

=il x=l)e=fal .

a8 u M- marpuupl Bujaa

Sn 812} [kl -k — kz] |:m1 0 ]
S= = 7 M= . 6
[821 Ss2 — ks ks 0 m, ©)

Ypasuenne (3.6) MOXKHO paccMaTpPHBaTb KaK CHCTeMY ypasHenuil deu-
HeHus 8 YCUAULX, BHIDAXKEHHYIO B MaTpuuyHoH dopme. [Togo6Has repmu-
HOJIOTHSI 3/1eChb BBOJHUTCS, TMOTOMY 4YTO 3TO YypaBHEHHe TNpEACTaBJsieT
60JIbIIOH KJACC YPaBHEHHH JBHXKEHHsI, B KOTOPbIX KOMIIOHEHTaMH sB-
JISIIOTCST JIHOO CHJIBL, JTHOO MOMEHTH! (HJIH roBOPs OGOOLIEHHO — YCUAlU).
Mampuya scecmxocmuy S HMEET B KayeCTBE 3JIEMEHTOB KO3(D(HIHEHTHI
BJAMSHUS KECTKOCTH, a B mampuye macc M B KadecTBe AMAroHajJbHbIX
3JIEMEHTOB CTOSIT MacChl /11y H My, XOTs /51 60bIIHHCTBA 3a/a4 MaTpHIla
Macce sIBASIETCS AHArOHAJNbHOH, HMEIOTCS HEKOTOPble CHCTEeMBI, Tle 3TO
He tak. [logo6Hble ciaydan o6cyxxfeHH B n. 3.4. :

O6paruM BHHEMaHuWe Temepb Ha CBOHCTBA MaTpPHIBI 2KecTKOoCcTeH S
H Ha MoJIyUeHHe ee 3JIeMEHTOB HEKOTOPhIM YNopsifioueHHbIM nyTeM. IIpo-
H3BOJIbHBIA 3JeMeHT S;; MaTpHIbl NpeJACTaB/saeT Co60H YCHIHE, COOTBET-
CTBYylOLIEE TepeMellleHH IO TUNa £, 00y CIOBJIEHHOTO PABHLIM €IHHHUIE fepe-
MellleHHeM THNa j. 3ajaBasi eIWHHYHbIE TepeMelleHHs VIS KaxIoH Hu3
Koopdunam nepemewerus (B KaXKIblH MOMEHT BPeMEHH) H BBIUHCAASA CO-
OTBETCTBYIOIIHE YCHJIHs, NMOJYYHM Bce TakHe ycuaus. Ha puc. 3.5, a
H 6 3TOT NPOHECcC NMoKa3aH NPHUMEHHTENIbHO K MPUMepy | H3 MpeaplayLlero
naparpada. Ha puc. 3.5, @ 3ajaHo eInHHYHOe TNepeMmelleHHe X, = I;
MIPH 3TOM CUHTAETCs, YTO X, = Q. CraTHYeCKHe CHJ/bl, HEOOXOJAUMBIE IS
BBINOJIHEHHSI 2TOr0 YCJOBHsI, 0603HaueHB! yepe3 S;; U S,; (Kochle uep-
TOUKH Ha BEKTOpPAX YCHJAHH CJyKaT A5 HANOMHHAHHUS O TOM, 4TO 3TH
yCHJHs SIBAsOTCS yAep:KuBalomumu). O6o3HaueHune S;; OTHOCHTCA K
yeuauio THna 1, HeoGXoAUMOMY MJISl CO3/laHHS EJHHHYHOTO mnepeMe-
leHHsa THNa 1, a uepe3 S, 0603HaUEHO YCHJIHE THNA 2, HEOGXOAHMOe A5
CO3JlaHHA eJHHHUHOTO NepeMelllenuss THna 1. VX BenuuuHnl Sy = &y +
+ ky, Sy = —Fky, U OHH COCTABJSIOT NMEPBHIH CTO6EL MATPULBI KECT-
KOCTH. DJIEMEHTBI BTOPOT'O CTOJ611a MAaTPHIH S mosiyuyaeM B COOTBETCTBHH
¢ puc. 3.5, 6, Ha KOTOPOM MOKAa3aHO eJHHHYHOe MepemelleHHe X, = |
(npu 3ToM x; = 0). B naHHOM ciydae cusbl S, = —ky, U S, = ks
Ounu npeacrapasiior co6of cuibl Tuna 1 U 2, Heo6XoaUMble AJS CO3NAHUA
eAHHHYHBLIX Nepememenuil Tuna 2. Jas auHelino ynpyrux cucrem (¢ mMa-
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a)

X=1
Ky Sz Ky j Sy I
—= MWWV -
I
L |
2 (o] o) o N >
d)
Puc. 3.5

JIbIMU TiepeMeilleHHsIMM) MaTpPHLbl *KECTKOCTeH BCerAa SIBJSIIOTCS CHMMe-
TPUUHBIMH *, M 3]eChb TaKXKe BHJHO, UTO S;; = Qg = —&,.

Ecau ypaBHeHHs [BH:KEHHSl JJI# BTOPOro INpHMepa IMpPeAbIAYyilero
naparpada lcM. puc. 3.2 u ypasnenus (3.2a) u (3.26)] 3anaTh B MaTpuu-
HOH ¢opMe, MOJYUHM

m 0][% 3 cos’a;  sina;CoS O‘i:l [ X Q,
: ki = . 3.7
{O m} [yl} + lél [sin o; COSa; sin®a; A Q, (3.7)

B ypaBuenuu (3.7) nepBulfl CTOJIOEI MAaTPHIBl XKECTKOCTH MOXHO MOJY-
YHTh HENOCPEACTBEHHO H3 yeIoBHs X; = 1 (toraa y, == 0), a BTopoii cTo-
6ew — u3 ycaoBus y, = 1 (rorma x; = 0).

AHanOTHYHO YpAaBHEHHS JBHXKEHHS JUIsl TPeTbero mnpumepa [cM.
puc. 3.3 u ypasuenus (3.3a) u (3.36)] B MaTpuuHo#t dopme npHHUMAIOT

BU ]I
[11 0] [@1} +- {km + Ra — Ryo J I:(Pl] . I:TI-J (3.8)
0 ILjl¢ — Ry koo -+ Ris | | @2 T, '
B nannom cinyuae nepeMmelleHHsl NPEACTABMASIIOT MOBOPOTHI, MO3TOMY CO-
OTBETCTBYIOLLHE YCHJIHS ABJSIOTCS NIAPaMH CHJI HJIM MOMeHTaMu. Matpuna
Ko3(pdHIIHEeHTOB, CojepxKailias I, u I, 6yjer no-npexuemy paccmarpu-
BAaTbCsl KaK «MaTpHlla Macc», XOTsl 3TOT TEDPMHH He COBCEM YJaueH.

Kak u Bbliue, 3JeMeHThl MAaTPHILBl XKECTKOCTH MOYKHO HAaHTH H3 YCJIOBHI
¢, = 1 (ans mepBoro cronbua) U @, = 1 (151 BTOpOro cro.s6ua).

* O6ocHoBaHHE MOJAOGHOIO YTBEDK/JCHASA NMPHBOJHTCA Ha ¢. 34—36 ku.: Gere J. M.,

ggaver W. Analysis of framed structures. — Princeton: D. Van Nostrand, 1965.
p-
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W, HakoHeu, 3anHimeM B MaTpHYHOH (opMe YpaBHEHUS ABHKEHHS
AJsl nocaensero npumepa fcm. puc. 3.4 u ypaBHenus (3.4a) u (3.46)]

mi? vél‘W+W1_Wﬂ>ﬂ"Hq (3.9

0 me||8,] | —kh* kR -mgl|]|e, Pyl '
OIIHaKO B AHHOM cCJiy4a€e HMeeM KOM6HH8LLH}O BOCCTAHaBJ/JHBAIOUIUX YCH-
JII/Iﬁ, O6YCJIOBJI€HHI)IX BJAHAHHEM KdK »KECTKOCTH, TAK H CHJIbI TSIXKECTH.

Ecau asist yKa3aHHBIX JABYX THIIOB BOCCTAHABJIMBAIOUIX YCHIHIT KOIddH-
ILHEHTDLl BJAHSIHHMSA 3aMHCaTh PasjesbHO, MOJYy4YHM

S*=S8-+G, (3.10)

S kh*  —kh? G mgl 0~ ()

== . . — . B
—kh®  Rh? 0 mgl

B npeapiaymux caydyasx HMeNH MeCTO OObldHble KOIhbHUHEHTLI BJHSI-

HUsl JKECTKOCTH, TOrAd KAk B TOCJAEAHEM YKe BCTPedalorcs Koadgii-

YUEHMbL BALUSAHUS CUABL MANCECHU, KOTODbE ONPeAesIoTCs KaK YCHJIHS,

1eo0X0UMble U CO3JaHHsl eJHHHYHBIX ITlepeMeleHni MpPH HaJHYHH

CUJIbl TSI’KeCTH. LceaH cHJIa TAXKeCcTH He YUHTBLIBAETCHA, 3JEeMEHThl Ma-
mpuybl G cuavt msgcecmy noJaraiwTcs PaBHbLIMH HYJIIO.

riae

3AJJAYH

3.2.1. Jlas nBYyXMaccoBoi cHCTeMBb!, NoKadaHHoH Ha puc. A.3.2.1, ompeaesnuthb
MaTpHIY XKECTKOCTH S M 3aMHCaTb B MAaTPHUYHOH (OpMe ypaBHEHHE [BHUXKEHHS B YCHIHSAX.

a4 G,
e e
Ky m, K2 m, K3
FWMWAMANNA ]
o] Q —_—
/ [e) 9 // K
. o
X A2
Puc. A.3.2.1

3.2.2. TlycTb KECTKOCTH NpPYXXHHIHA DHC. 3.2 paBHbl By = ky = kg =k, a s
YIJIOB 3aJaHbl CJaefylolmHe 3HaueHus: oy == 0°, a, = 120°, ag = 210°. Onpeznenutsb
S/IEMEHTLI MATPHIbL KECTKOCTH JJISl NOJIBEIIEHHOH HAa NPYXHHAaX MAacchl, BLIPa3HB HX
yepe3 KeCTKOCTb R.

3.2.3. Ha puc. A.3.2.3 nokasaH JBOHHON MafITHUK C NPYXHHAMH, NPHCOEAUHEH-
HBIMH K MaccaM my W miy. B KauecTBe KOOPAWHAT NMepeMelnenuii B3sTh Majble mepeMelie-
HHAL X; H Xp Macc B rOPH3OHTAa/JbHOM HanpaBssieHuH. [locTpouTh MaTpuuy ecTkocTH S
H MaTpuLy cust TaxecTd G JJIs STOH CHCTEMHI, a TaKXKe 3anHcaTh B MATPHUHOMN tdopme
yYPaBHEHHS JBHXKEHHS B YCHJIHSAX,

3.2.4. ITokasaHHbli Ha puc. A.3.2.4 1BOHHON MasTHUK HMeeT B OGOHX ImapHHpax
paGoTaioulue Ha KpyyeHHe NpPYXHHbl. IIDHHHMAs 3a KOOpAMHATHI MepeMelleHUl MaJible
TODH3OHTAJIbHBIE MepeMelleHHst X; U X Macc, NOCTPOMTb Matpuubnl S u G; 3anucaTk
B MaTPUYHOH (OpMe ypaBHEHHs ABHXKEHMS,
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3.2.5. [las noxasannoii nHa puc. A.3.2.5 JBYX3TaxHOH paMbl 3/laHHs OLPEJE]HTb
MATpPHIlY KECTKOCTH S H 3aMHCaTb B MAaTpHYHOH ¢opMe ypaBHEHHsI ABHKEHHS B YCH-
ausx. CYHTaTh, YTO FOPH3OHTA/bHble GaJKH SBJSIOTCS a6COMIOTHO KECTKHMH M B Ka-
YeCcTBE KOODJIHMHAT IE€PEMEIeHHH HCMOMb30BaTh MaJjble NepPeMElleHHsl X¥; U X3 B TOPH-
30HTa/bHOM HanpasJeHHH. CTOAKH paMbi SIBJASIIOTCH NPU3MATHYECKHMH K HMEIOT Ke-
CTKOCTH NpPH H3rube, paBHble E[; HA HHXHeM 35Taxe W El, — Ha BepxHeM.

3.2.6. AGCOMIOTHO KECTKHH NPH3MATHYECKUH CTEPXKeHb ONMHPAETCS B BEPTHKAJIbHOM
MOMOKEHHH Ha WAaPHUP, 8 OT GOKOBLIX NMepeMelleH il MOjKpenJieH (3a BepXHHH ¥ HHKHHKT
KOHIbI) YCTAHOBJIEHHBIMH TOPH3OHTAJIbHO npyxKuHamu (puc. A.3.2.6). 3pech [, A u p —
COOTBETCTBEHHO JJ/IHHA, NUIOLLA/lb MONEePeYHOro CeYeHUus: H MIIOTHOCTb MaTepuana CTEPXKHS.
ITocTpOHTL AJisl 9TOH CHCTEMbl MATPHLLI JKECTKOCTH, CHJ THMKECTH M MAcC, HCIOJb3Ys
B KayecTBe KOOPJHHAT [MepeMellleHHi Malbie nepeMeltenHs X, M 0, ueHTpa TaXecTH

(troukn C) cTepHsA. 3anHCaThb ypaBHEHHE ABUXKEHHS B YCHJHAX B MatpHuHOl (opme,
BKJIIOYHB B HHX FOPH3OHTAJNbHYIO cHay Q¢ U MoMenT T, NpHAOKeHHbie B Touke C.
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Puc. A.3.2.6

Puc. A.3.2.5
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3.3. YPABHEHUS JABHW)XEHHUSI B INEPEMEUIEHHUSAX:
K039 PdHUHUEHTbI NOAATIAHUBOCTH

I craTuvyecKH ONpEeJENHMBIX CHCTeM HHOTAa yHAoOHee paGoraTh
He C ypaBHEHHSIMH [BHXKEHHs B YCHJHSIX, a4 C YDAaBHEHHUSIMU JBHIKEHHS
B nepeMelieHusX. COIMIacCHO TAKOMY MOJXOJY BHIpAXKeHHUS IS Koopdu-
Ham nepemewjerull (JMHEHHBIX NepeMelleHHH MJH YIVIOB MOBOPOTOB)
CHCTEMBI 3allMCHIBAIOTCA C HCMNOJNb30BAHMEM HX xectkocreld. C 3TOH
1leIbl0 BBeleM o6o3HaueHHe

§ = 1/k, (a)

KoTopoe OyjeM paccMaTpHBaTb KaK nOOQMAUBOCIL NPYNCUHbL, UMeOweL
scecmrocmp, paBHy k. CoriacHO 3THUM 0G03HAYEHHSIM ONpENeTUM MO0-
JATINBOCTb 00eMX NPYXKHMH, NOKa3aHHBIX Ha puc. 3.1, a, B Buge §; =
= Uk u 8, = 1/k,.

IlpeanosoxkuM, 4To cHABL Q; M Q,, HAeHCTByMIIHe Ha MacCh (cM.
puc. 3.1, @), OBIM NPHJIOXKEHBI CTATHYECKH (IO3TOMY HEe BO3HHKAJH
cuJIbl HuepuuH). IIpH TakoMm yCJOBHH NepeMelleHUst MacC, BbIpaXKEHHbIE
yepes NMOAATAUBOCTH O; U 8,, MPUHUMAIOT  BHJ

(X)er = 61 (@1 + Q2); ()
(X2)er = 01 (Q1 + Q2) + 8,Q,. (B)
OTH BHIpAXKEHHS MOXKHO NPEJCTaBUTh B MaTPHUYHON ¢opMe
Ll s vlel ;
X2 Jer 8y 8, +6,] [ Qe

IlogoGHble COOTHOLIEHHS MEXKAY NepeMelleHHsIMH H YCHJIHAMH MOTYT
OLITh COCTaBJIeHbl B ellle 0oJiee KOMNAKTHOH (opme

xcr =FQ, ()1)
rae depes F o6o3HaueHa mampuya nodamaugocmi
F::l:FII F12:|:|:61 61 ]' (e)
F21 F22 62 61 + 62

DJleMeHTaMH MaTPHILBI SIBJISIIOTCS KOIPPuyter Mo 6AUSH UL NOOAMALUBOCTLL,
KOTOPbIE ONPeAeNsIOTCs KaK nepemelieHdsi, 06yC/AOBAEHHbIE e HHUYHBIMH
YCHJHUSIMH, COOTBETCTBYIOLUIUMH 3THM IePEMEIlEeHHAM.

DJleMeHTHl MATPUIBLI MOJATIHBOCTH MOXKHO MOJYYHTL CrocoGOM,
KOTODBIH HCHOJIB30BAJICS MPH MOCTPOEHHH MATPHILI KECTKOCTH. [Ipous-
BOJIbHBIH 3J1eMeHT F;; MaTPHLBL TOJATIHBOCTH NPEACTABIsIET COO0H mepe-
MellleHHe THIa {, o0yc/AoBAeHHOe NeHCTBHEM €IHHHYHOIO YCHJIHUsS THOA j.
IlpukJjaneiBasi eIUHUYHbIE YCHJIHS B HaNpaB/JeHHH COOTBETCTBYIOIIMX
KOODJHHAT nepeMelleHUH (KaxXIblll pa3 no 0AHOMY YCHJIHIO) M BHIYHCJISS
noJiyyaeMble B pe3yJbTaTe NepeMelieHusl, OnpejeuM BCe 3JIEMEHTHl Ma-
Tpuuel. Ha puc. 3.6, a, 6 3TOT npoilecc nokasal jJjsi CHCTEMbI, H3006pa-
KeHHoH Ha puc. 3.1, a. M3 puc. 3.6, @ BHaHO, YTO eJWHHYHAs CHJA
Q; = 1 craTHuecKH mMpUKJIAJbIBAETCS K Macce m;, TOTJA Kak K Macce M,
CHJ He npHaoxkeHno. [losyyaeMele NpU 5TOM CTaTHUYECKHE MepeMelleHus
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obo3Hauennl Ha pucyHke 6ykBamu F, u F,,. O60o3nauenne Fy; OTHOCHTCS
K mepeMelleHnIo THna 1, o0yc/loBJeHHOMY AEHCTBHEM €IMHHYHOTO YCH-
nus tuna 1, Fy — nepemellleHye THNa 2, o6ycJOBJEeHHOE BJIHSHHEM YCH-
aust tuna 1. Venosb3ysa o6o3Hauenue (a), HaljeM BeJHYHMHB F; =
== [, = 0; = l/k;, cocraBisiiouiie nepBbli cToJ0EL, MaTPHUBl KecT-
KOCTH. DJieMeHThl BToporo crogbua B Marpuue F nosyuaem B coorBer-
cTBHH ¢ puc. 3.6, 6, HA KOTOpPOM I[OKasaHa eNMHMYHas cuaa Q, = 1,
NPUJIOXKEHHAS] CTATHYECKH K Macce /71, a K Macce /1y He NPHJIOKEHbl CHJIBI.
B stoM caydae mopaTIHMBOCTH Fip = 8; = l/k;, Fap = 8; + 0, =
= (ky - ky)/(kik,) ¥ mpepcTaBASIOT COGOH mMepemellenus Tuna 1 u 2,
ofycJoB/enHble JeACTBHEM eJUHHYHOH CHJbl THma 2. Martpuua nopnart-
JUBOCTH, TaK YK€ KaK MaTpuULa XKeCTKOCTH, BCeTJa CHMMeTpHYHa * 1.
JUHEHHOH ympyroH cHcreMbl (KaK CBOACTBO OODAalleHHs CHMMETPHYHOM
MaTpHUbl), H B 3TOM ciay4yae umeeM Fy, = Fy = 8.

[Tpunoxum Ternepb cuabl Q; M Q, IMHAMHYECKH, MPH 3TOM HEOOXO-
IHMO TIPUHSITH BO BHHMAHHE CHJIBl MHEPUHMH — m, %, H —mMmyX,, U TOIIA
ypaBHeHHe (I) NPUMET BHJ

al [61 6, |:Q1 —‘m1£1:| (%
sz“ 8, 8 + 0, Qs — mak, ' )

Ecnu nas1 mace M yckopeHu# 3anucath OTAeJbHble MATPHLBI, TO YpaBHe-
HHUe (3K) MpHMeT pa3BepHYTYIO GopMy

{Xr—,_[al & ] ([Q1}_ m 0:\ x1]) (3.11)
X | 8 6481 'l Q 0 my]|%s ’ ‘

*) CHMMETPHYHOCTb MATPHLB! IIOJATIHBOCTH CJEAYEeT H3 TEeOpeMbl B3aHMHOCTH,
Jx. Maxkceensna, nokasanno#i uM B 1864 r. Cu. Maxwell J. C. On calculation of the
equilibrium and stiffness of frames. — Philosophical Magazine, Ser. 4, 1864, v. 27,

Pp. 294—299; nepensn. The scientific papers of James Clark Maxwell. v. 1, Cam-
bridge: University Press, 1890, pp. 598—604.
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KpaTkas 3amuch KOTOPOH HMeeT BHA
X =F(Q — mX). (3.12)

M3 3Toro COOTHOLIEHHSI CJAENyeT, 4YTO JHHAMHYECKHE MepeMeLleHHs
paBHBl NPOH3BEJEHHIO MATPHIbI MOAATIHBOCTH HAa YCHJIHA, paccMaTpH-
Baemble B 3afaye. Kak BHELIHHE NPHJIOKEHHbIE YCHIIHSA, TAK H HHEPIHOH -
Hble YCHJIHSl BXOJAT B CTOsIlee B CKOOKax BbIpa)KeHHe B MPaBOH YacTH
ypaBHEHHUS.

s Toro uTo6bl CPaBHHTL 3TOT METOJ C TEM, YTO PacCMaTpHBaeTCs
B npeapiiyileM naparpade, pemnm cootHoiuente (3.6) orHocHTesbHO X:

X =§1(Q— mX). (3)

Bripaskenue (3) nosyyeHo B MPeANoJoKEeHHH, YTO MATPHIA KECTKOCTH S
He ocobeHHasi, MO3TOMY CyUiecTByeT obpaTHasi marpHuua S-'. CpaBuu-
Bas ypaBHeHus (3.12) u (3), noJayuaeMm COOTHOUIeHHe

F=8§7, (3.13)

KOTODBIM MOJKHO NOJIb30BAaThCs TOTAA, Korja maipuun F u S coorser-
CTBYIOT OJTHHM H TE€M K€ KOOPAHHATAM OJHOH M TOH ke cuctembl. Hanpu-
Mep, ecqd B3siTb MatpHuy, obparnyio matpuue F u3 Boipaxkenus (e),
H HUCNOJB30BaTh 0003HAYEHHA (a), TO MOJYYHM MaTpHIly

1 1 61 += 62 —61 . 71‘“1 -+ kz - kz
F'==5, { 88 by k|’ ()

ABJSAIOLLYIOCSI MaTpHUEeH KEeCTKOCTH JMJIsi CHCTeMbl, MOKa3aHHOH Ha
prc. 3.1, a [cm. Beipaxkenue (6) B m. 3.2]. Pasymeercsi, ecsin matpuua
JKECTKOCTH CHCTeMbl 0COGEHHAfl, TO COOTBETCTBYIOLLIEH eH MaTpHubl Mo-
JATJIHBOCTH HE CYILIECTBYET.

HOCI(OJ'[be CHCTEMaA, IIOKa3dHHas Ha pHC. 31, a, ABJIFETCA CTaTH4ye-
CKH onpenennmoﬁ, TO /11 HE€ MAaTpHUA NOAATJHBOCTH NOJYyUYaeTcs JIETKO,
UTO, KakK NpaBHJIO, HE TakK IMPOCTO IOJYUHTb B CJiydyae CTAaTHUECKH He-
onpenenuMbiX cHcTeM. sl GosbIIHHCTBA KoJeBMOLHXCs cHeTeM Godee
NPOCTbIM HABJAETCA TNOAXOH C HCIIOJb30BAHHEM ypaBHEHHﬁ JBH2KEHH A
B YCHJIHAX C K03¢)¢)HHHEHT3MH 2KECTKOCTH, HO HMEETCs MHOTrO CJyuaes,
Kora yJoOHee MPOTHBOMOJOXKHBIE noaxon. B caeayrouem npumepe no-
Ka3dHO HCIHOJIb30BaHUE KOSWHHHEHTOB BJHAHHSA TOAATJHBOCTH.

Mpumep 1. Ha puc. 3.7, a nokazaHa KOHCOJIbHO 3aKpenJieHHasi Gajlka C yCTaHO-
BJIEHHBIMH Ha HEH B CepejiHHE NpPOJeTa H HAa He3aKPENJEHHOM KOHLE MacCaMH COOTBET-
CTBEHHO m; W my. Ilpeanosaraercs, yto npu3Marhyeckass 6ajika HMeeT XKecTKoctb E/
npu uarube., PaccMaTpHBas TOMILKO MaJible MepeMelleHHsi, O6YCJOBJEHHblE H3THOHBIMH
nepopMallHsAMH, BO3bMEM B KayecTBe KOOPAHWHAT IepeMellleHHH NpOrubnl y; ¥ Yy, B Ha-
npaBJieHHd OCH y. B aToi 3apaue Tpebyercst MONYYHTb ypaBHEHHS ABHIKEHHS B Mepe-

MEIEeHHSIX, HCNOJb3ysl KO3(M(HIHEHTH BJHSIHHA MOXATJIHBOCTH.
Pewenue. JInsi Toro 4tobbl HaATH HCKOMBlE KOSGQHIMEHTH NOJATJIMBOCTH, NpH-

KJajblBaeM CHayasa eJIMHHYHYIO cHay Q; = | (cM. puc. 3.7, 6), H Toraa MOJYYHM
I 513
Fu=ggr Fo= 3557 ()
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Puc. 3.8

3aTeM NpPHKJAJbIBaeM €HHUYHYIO GaJKy
Q= 1 (cM. pHc. 3.7,6) H HaxoQuM

i 53 3
o .
3-—{_%&—_ Fio = —Zﬁ[—, Fzg = —-—BEI- (J])
Ry
1, 25 B pesysnbrare MaTpHUA IOJATIHBOCTH
Sﬂ NpHHHMaeET CJIEJIYIOILlHﬁ BHI:
Puc. 3.7 = %8E] |5 16, .

Torpa samuueM MaTpuuHyl0 OPMY ypaBHEHHR IBHXKEHHS B NePEMElEHHAX Kak

ol =mms W (el =5 W)@

OGpameHHe MaTpHlbl NOAATIHBOCTH JaeT

48EI [ 16 —
— F~1 — —
S=Fl= =[5 [_ 5 2] . (o)

STy o6palleHHYI0 MaTPHIY MOXKHO NOJYYHTb HENOCPEJCTBEHHO C MOMOWbIO Mpolecca,
nokKasaHHoro Ha puc. 3.7, 2 u 0. OJHAaKO HeNoCpeJCTBEHHOE OINpefieseHHe KecTKocTeill
B NOJIOGHOTO THIA 3ajjauax fABJAgeTcA 6oJiee CAOKHEIM, 4eM oOrnpefleieHHe MOJAaTIHBOCTEH.
CnenoBaresibHO, €CJH TpeGyercss HAHTH JKECTKOCTH, TO Goslee MPOCTO 3TO CAeJaTth ¢ IMo-
MOIIBIO OOGpalleHHs MaTpHUBI IOJATIHBOCTH.

TNpumep 2. Flpocrefiiasg cxeMa, nokasanHas Ha puc. 3.8, @, COCTOUT H3 JABYX NpPH3-
MaTHyeckux 6ajJioK ¢ ecTKocTssMH EJ npu usrube. K He3akpemeHHOMY KOHIY paMbl
npHcoelMHEHa Macca m, a Magble (0GYCJOBJIEHHbE JepopMallusiMH NpH H3ruGe) nepe-
MEIIEHHS X; H Y; He3aKpeIWIeHHOTO KOHIA HMeIOT OJIHHAKOBHIH MNOPSJOK BeJHYHHHI.
Tpe6yercss 3anucaTb ypaBHeHHs [BHXKEHHS B YCHJIHSX, MCIOJb3ys KOODAMHATH nepe-
MeIlleHHd X; U Y; MU He YUUTHIBAsi BJIHAHUS CHJ THXKECTH.

Pewsenue. Tak ke, Kak H B TNpe/IbIIYIIEM TNpHMepe, 3/€Cb POPas3no Jerde ornpe-
JeNATh NOJATJIHBOCTH, 4eM KecTKocTH. Ha puc. 3.8, 6 u 6 mnoka3aHbl INepeMelleHHd,
00yCJIOBJIEHHHE JlefiCTBHEM eIMHUYHBIX Harpysok Q. = | u Qy = 1 B ToM cayuae, Korja
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TIPHKJIAJILIBAETCST TONLKO OJHA M3 3THX HATPy-
30K. B pesysbraTe MaTpHLa NOAATIHBOCTH NPH-

HHMaeT BHA
3
] m
O6pawas sty MaTpuuy, HafifeM
S:F-1=%[_§ _2J ®)

Torga ypaBHeHHS [BHXKEHHS B YCHJIHSX 3a-
MHINeM KaK

m 0+6E1 2 —3[x]_ [Q
i e Y
(©

Mpumep 3. B xauecTBe TpeThero mnpumepa
onpejeJeHHs MNOAATIHBOCTEH pPacCMOTPHM JBa
alCoOJIIOTHO XKeCTKHX MasiTHuka (puc. 3.9, a),
COeJIHHEHHBIX PAaGOTaloOIMM Ha KPY4YeHHe CTEepHK-
HeM C 2XKeCTKOCTbIO Ry mTpH KpyueHHH. Tpe-
6yercs MONYYHTb YPABHEHHS [BHXKEHHS B Iie-
peMellleHHsIX NpH Maiablx nosoporax (6; u 0,)
MasiTHHKOB BOKPYT OCH X.

Pewenue. Tak Kak A5 JaHHOH CHCTEMBI
HECJIOKHO ONPEeNETHTb KO3(p(PHIUHEHTH MATPHULBI
JKECTKOCTH (MaTpHIIbl CHJI TSKECTH), 3allHILeM
HX cpasy:

s*:s+c=[ fx _k“']+[mgl 0 ]
K ky 0 mgl

(1)

[TocKOIbKY MaTpHIA KECTKOCTH S SBJAETCH 0COGeHHOH, MAaTPHUB NMOAATAHBOCTH F ==

= 8§71 He cymectByer. TeM He MeHee, cyIIeCTByeT o6paTHas MaTpulle S* MaTpuua BHAa

; 1 ky -+ mgl k
F* = (8%)1 = K -+ mg K ] . )
mgl ke - mgl) | ke - mgl
Dnementsl Marpuupl F* Hesnb3st pasjesnuTh Ha KOdDQHIHEHTH BIAHSHHH MOAATIHBOCTH
H CHJI TSIXKECTH, [TI0TOMY HX CJeJyeT paccMaTpHBaTh Kak ncesdonodamausocmu. FIX MOXKHO
OIpEeJeJIHTb HEeloCPe CTBEeHHO, NPHKIabiBast eAHHHYHBIE MOMEHTH (HJH JAIOLIHEe TOT XKe

pesyabtar cunt Py = 1/l u Py = 1/l) Tak, xak nokasaso Ha puc. 3.9, 6 u 6. B coor-
BETCTBHH C puC. 3.9, 6 3amuuieM yCJOBHE PABHOBECHS MOMEHTOB

mgl Ft, -F-mgl F} =Pl =1 (})

H YCJIOBHE COBMECTHOCTH INPH KPY4YEHHH

Puc. 3.9

mgl F*
Fyy—F4 t—éik— (x)

Pemasi cucteMy 1BYX ypaBHeHu# (¢) u (X), HaliIleM BBIpaXKEHHE 3JEMEHTOB MaTpPHIEI

F* . kR + mgl .
" mgl (2ky -+ mgl) (1)
F‘fl = e

mgl (2ky + mgl) ’
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KOTOPHIE COBNAAAOT C BHIPaKEHHSMH JJISI 3J1eMEHTOB, CTOSIHX B MePBOM CTOJ6UE Ma-
TpHUB (Y). AHaJOTHYHO MOXKHO ONPENeNHTb, HCTOJB3Yyst puc. 3.9, 6, BHIPAXKEHUS IJs
3JIeMEeHTOB BTOporo crosabua matpunsl F*, Torpa sanucaHHbE C MCNOJb30BAHHEM Ma-
TpHUH F* ypaBHeHHs I/ NepeMellleHHH B TaHHOM NpHMepe HMEIOT BHUJ

[al=e ([ =10 ) g
3AIAYH

3.3.1. lasa ABYXMaccoBO#d cucTeMbl M3 3afaud 3.2.1 ONMpefeJuTh KO3((DHIHEHTH
MOAATIMBOCTH, TPUJIOKHB ITOOYEPESHO K MaccaM /m; M My €AHHHYHBIE CHJbI. 3amHCcaTh
B ManPl?HOﬁ ¢opMe ypaBHeHHe [BHKEHHS U NPOBEPHTb CNPABEJHBOCTb COOTHOIUEHHS
S= F.

3.3.2. K nokasauno#i Ha puc. 3.3 (cM. m. 3.1) cHCTeMe NMpPHMEHHTb METOJ, OCHO-
BaHHBIH Ha MCMOJb30OBAHHK YPABHEHHH JBHXKEHHS B nmepeMelleHHsX. IToayuynTh nmpsaMbIM
HyTeNi KO3((hHIMEHTE! MOJATIMBOCTH H NPOBEPUTb, CII PABEIHBOCTD, COOTHOUIEHHS S =
= F1

3.3.3. BHOBb paccMOTpeTh COeAMHEHHBIE NPYXKHHOH H IIOKasaHHble Ha pHC. 3.4
(cM.’n. 3.1) mapy MasTHHKOB W omnpeneauth MaTpuuy F* ncespomonaranBocTeii’nyTrem
obpamenust Matpuisl S*, Kpome Toro,®onpenennts aneMentsl MaTpuusl F* memocpen-
CTBEHHO, TPHJIOXKHB €JHHHYHbIE YCHJHS, COOTBETCTBYIOIIHE KOOpJHMHATaM MepeMele-
uus 0; u 0,.

3.3.4. Jlns ABYX3TaxKHOM paMbl, paccMaTpHBaeMoift B 3ajaue 3.2.5, ONpeAeNHThb
MOJATJIMBOCTH MYTEM IIPHIOKEHHUS €JHHHYHBIX CHJ. 3amHcaTh B MaTPHYHOH (opMe ypas-
HEHHS IBHKEHHA B nepeMelleHHsIX 0 NPOBEPHTD . CTIPABeJHBOCTb COOTHOLIEHHS S=

3.3.5. IMocTpouTh MaTpHIily MOAATAMBOCTH Fc anst paccMatpuBaeMolt B 3ajaue 3.2.6
cucrembl Ge3 yuera cuJ TsKecTH. [losiyunTs MaTpuly Sc INyTeM OOpalleHds] MaTpULbl
F., sareM myTem cymmupoBaHusi ¢ Matpuueli G, moJyuuTh MaTpany Sp, nocie uero
o6 pauleHHeM MaTpHUB Sf noayuuts matpuuy FJ.

3.3.6. CBoGoxuo omeprast Ganka (puc. A.3.3.6) uMeeT ycTaHOBJIeHHbIE B TOYKaXx,
OTCTOSAIMX OT KOHIOB M APYT OT APYra Ha TpeTb JJIHHBI 6aJKH, COCPEIOTOUEHHbIE MACChl
my ¥ my. Tlpeanosiaraercs, 4To Npu3MaTHYeCKas 6ajKa HMeeT NpH u3ruée xecTkocTb £1.
Hcnomb3yst y; M Y3 B KaueCTBe KOOPAMHAT MepeMellleHHs, ONpeAeqHTb KO3DhHUHEHTH!
MOJATIMBOCTH M 3aIlMCATh B MaTpHYHOH (opMe ypaBHeHHS ABHKEHHS B NEPEMELIEHHSX.

Y
% Y
SO
B \A/ _/ /#}- X
2 Taz ’
L | L | L
3 - 3 ' 3 !
Puc. A.3.3.6

3.3.7. Ha puc. A.3.3.7 nokasana cBoGojHO oneprasi 6ajJKa C OJHHM CBelIHBa-
IOMMMCS KOHIIOM (KeCcTKOCTb Npu uarube paBHa EJ) u ¢ JByMst MaccaMu my u my. Ompe-
NenuTs MaTpuny F HOmaT/IHBOCTH, OOGPAaTHTh €e /s MOJYYEHHS MaTPHIBI XKeCTKOCTH
S = F! u 3anucaTb B MaTpHYHOH (opMe ypaBHEHHS JIBHMKEHHS B YCJIOBHSX.
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3.3.8. Kam/nii s;1eMeHT ropu3oHTanbHoll pamel (phc. A.3.3.8) mMeer momepeunoe
CCUCHHE NPAMOYroaLHOA (opMbl ¢ xecTkocTaMH EJ npu usru6e u GJ npu KpyueHHH.
Ornpesie T MaTpHLy NOAATIMBOCTH AJIS NEPEMEMEHHH y; H yg B BEPTHKAILHOM HAIpa-
BJIEHUH, OGpaTHThL €e H 3aIUCaTb B MAaTPHYHOH (JOPME YDABHEHHS ABHMKEHHS B YCHIHSIX.

¥

o

Puc. A3.3.8

3.4. COBMECTHOE JEWCTBUE HWHEPLIHOHHBIX CMJI
H CHJ1 TAXECTH

Jinsa 60/bIIKHCTBA PACCMOTPEHHBIX B JAHHOM TIJIaBe CHCTEM C ABYMs
CTEPIKHAMH CBOGOJBI MATPHIBI MacC M CHJ TSIXKECTH ObIM AHATOHAJb-
HhIMH. CBfI3aHHBlE C HX COBMECTHBIM BJIMSIHHEM WYJIEHbl ypAaBHEHHH IBH-
XKEHHsS MOSBUJIKMCh TOJILKO BO BHEIMArOHAJNbHBIX 3JEeMEHTaX MaTpHIL
XKeckoctedr M mopatyuBocTel. Ilogo6HOro THIA COBMeCTHOE BJIHSIHHE
Ha30BeM ynpyeum e3aumooelicmeuem, NOCKONAbKY 3TH cJaaraemble ypaBHe-
HUH onpeaensiiorcs JAHGO KECTKOCTHBIMH CBOHCTBAMH, JIHGO CBONHCTBaMH
NOJATIHBOCTH YNPYTHX 3JEMEHTOB. BHefHaroHabHble 3JeMeHThl MaTPHIL
MacC H CHJ THAXECTH MOXKHO IOJIyYHTb H NMyTeM H3MeHeHHsl (opMbl 3a-
MHCH YPaBHEHUH JBHKEHHS. DJIEMEHTHI NEPBOTO THIIA YACTO MOSBJSIOTCS
B YPaBHEHHSIX [BHXKEHHS CHCTEM C aOCOJIIOTHO 3KeCTKHMH TeJaMH H HX
HA30BEM UHEPYUOHHOIM 63aumolelicmauem, TOTAA KaK BTOPOH THN GyJeM
Ha3bIBaTh 2pasuUMAYUOHHbIM 83AUMOOELiCMBULM.

Haa Toro urobbl mMokasaTh, KaK MOXET BO3HMKHYTb HHEPIHOHHOE
B3aHMOJeliCTBHe, 3aMHLIeM YPaBHEHHs ABMXKEHHS B YCHJHAX IJ8 MoKa-
3aHHO# Ha pHc. 3.10, a cuCTeMbl, HCHOJIb3Y A Pas/IHYHbIE CrIOCOGHI BEIGOPa
nepeMelleHHA. AGCOMIOTHO XKECTKHH CTepXKeHb Maccoll M 3akpenJeH
B Toukax A u D Ha npyXHHaX ¢ XKeCTKOCTAMH k; U k,. CTepkeHb 3aKpen-
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>

ga=1

Puc. 3.10

JIeH TaK, 4TO He MOXKeT MepeMelaTsCsl B HANpPaBJEHHU OCH X H JBHXKE-
HYe coBepllaeT TOJNbKO B IJIOCKOCTH xy. Touka C ecTb IEHTP THAKECTH
CTepxHA, [, — MOMEHT HHEpLMH MAacC OTHOCHTEJbHO MpPOXOIsieH ue-
pe3 Touky C ocH z (Ha pHCYHKe He noka3aHa). Touko#i B o6o3HaueHa Ta-
Kasl TodKa CTepPXKus, AJIS KOTOPOH BBHIOJNHSAETCH YCJOBHE

kily = Roly. (a)

[IpunoxkeHHas B Touke B H Hanpas/ieHHas napaJljesNbHO OCH Yy CHJIa Bhi-
3bIBAET TOJLKO CMelleHHe 0e3 MMOBOPOTa CTEPXKHS, a2 MOMEHT BBI3bIBAET
TOJIBKO MOBOPOT 6e3 CMelleHHs.

Ha puc. 3.10, 6 npeactaB/jieH oiMH H3 ci10cOGOB BbIGOpA KOOPAMHAT
niepeMeLeHd i 1715 OJ0OHOH CHCTeMBbl, B KaueCTBe KOTOPBIX B3SATHI 44 —
nepeHoc TOYKM A B HampaBJeHHH OCH y U 04 — MOBOPOT CTEPXKHA OT-
HocuTesqbHo ToukH A. Ha pHcyHKe Takke MOKa3aHbl MPHIIOKEHHBIE
B Touke A ycuausi Q4 M T4, 0oOyCTOBJEHHbIE peaKIHed NPYXKHH CHJIBI
B Toukax A n D, a Tak»Ke nHepUHOHHbIe CHJbl B Touke C. Ecau Ha cxeme
€o CBOGOJHBIM TeJIOM MOKa3aHbl 3TH HEHCTBHS, TEJNO MOXKHO paccMaTpH-
BaTh KaK HaxoAsllleecss B COCTOSSHUHM Ounamudeckoeo pasrosecus. Toraa,
npumensis npunyun Harambepa 1Jsl NONYyUEHUsS] YPAaBHEHUS] PABHOBECHS
B YCHJHSIX B HalpaBJIeHHH OCH Yy, HalaeM

m(§a+ llé;i) + Riya-Fha(yy -104)1=0Q,. (6)

Has Toro yroGbl MOJNYyYHTh BTOPOE YPABHEHHE PABHOBECHS, NMOACYMTAEM
MOMEHTBI OTHOCHTEJIbHO TOYKH A H 3amuiem

m(Ga 4 60.) b - IcBahy (g -+ 104) 1 =T, (8)
B MatpuuHo#l dopme ypamuenus (6) H (B) HMeIOT BHI

m ml Ty, Ry ks kel y. Q
[ 1 J {/x}{ﬁ[l ' J\J: AJ, (3.142)
mll [c }-Illl] BA fIx’Q[ kgl“ 0 i TA
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rje NpHCYTCTBYIOT YJIeHbl, XapaKTepH3YIOlHe KaK HHEPIHOHHOEe, TaK H
ynpyroe B3aHMOJIEHCTBHE.

B kauectBe BTOpOro BapHaHTa BHIOOPA KOOPAHHAT NEPEMEIUEeHUH AJs
3TO# CHCTEMBI BO3bMeM yp H Oy (COOTBETCTBEHHO mepeMellleHHe TOYKH B
B HampaBJeHHH OCH Yy H TIOBOPOT CTEPIKHS OTHOCHTEJBHO TOUKH B)
u coorBerTcTByomHe yeuana Qg u Ty, Tlocrynasi Tak ke, Kak U BEHIIe,
3angieM B MaTpHYHOH (opMe ypaBHEHHUsl JABHKEHHS B YCJIOBHAX

m mis B Ry - ko 0 ys 0s
[mla Ic—l—mlg][eB]‘}‘[ 0 klli+kzl§][63]:[TB]’(B'MG)

rje HMEITCH UJIeHbl, XapaKTepH3yiolllie HHePIHOHHOe B3aHMOJEHCTBHE,
H OTCYTCTBYIOT UJIEHBI, OMHCHIBAIOLHE YNPYroe B3aHMOJEHCTBHE.

Ilpu BhiGope TpeThbero BapHaHTa KOOPAMHAT BOCIOJb3YEMCS LEHTPOM
TskecTH (Touka C) B KauecTBe TOUKH, ONpeensioel JBHKEHHe CTePXKHS
KaKk abCoJIIOTHO KecTKoro tesa. B 3ToM cjayvae KOOpAHMHATaMH nepe-
MelleHHs ABJAITCA Yo U O¢ (T. e. MepeMelleHHsl B HAaNPaBJIEHHH OCH Y
U NOBOPOT OajKH OTHOCHTEJbHO TOYKH C), a COOTBETCTBYIOIMMH YCH-
ausiMu 6yayT Q¢ u T. Torjga npuMeHHTENbHO K paccMaTpHBaeMo TodKe
ypaBHEHHA ABHXKEHHS NDHHHUMAIOT BH]

m 07 [Jc ky+ke  kelo — kil Yc Qc 314
0 te ) Loe) Tl bbbt w4 mE) oo = |72 | G149
rje HMMeloTcsl 4YJeHBl, XapaKTepuaylouue YIpyroe B3aWMOJEeHCTBHE, H
OTCYTCTBYIOT UJIEHbI, OMHCHIBAIOIlHe HHEPIHOHHOe B3auMmojelctBue. Ta-
KUM 06pa3oM BHJUM, UTO XapakTep B3aHMOJEHCTBUS, NMPHUCYTCTBYIOILErO
B cuCTeMe ypaBHEHHH JBHXKEHHS, 3aBHCHT OT BbIOOpa KOOpJHHAT nepe-
MeILeHH H.
B npousBosibHOM MaTpuile Mace Buaa (3.14a) ee 371eMeHTHl MOXKHO pac-
CMaTPHBATh KaK KO3hhuyuermol 8AUAHUA UHEpYuU, KOTOPbIe olpejess-
I0TCA KaK YCHJIHMSA, HeOoOXOAHUMBIE /51 CO3JlaHHUSl eJHHHYHBIX YCKOpEHHH:

M [Mu M12] [m mly ]
T My My | T Lmly Ie+mb ] ()

TlpousBonbHbIf sJemMeHT M;; MaTpulBl Macc NpeacTaB/aseT coGoH ycH-
Jie THna i, HeoGXoAuMoe JIJsi CO3JaHHsi E€JHHHYHOrO (MTHOBEHHOTIO)
YCKOpEeHHsi THIa j. DTO onpejeseHHe COBNAjaeT ¢ TeM, 4TO GbLIO JaHO
o151 KoshpuuueHTa BIHSHHS JKECTKOCTH; NPH 3TOM BBIUHCJEHHE 3J€-
MEHTOB CTOJ6I0B MaTpuilbl M NPOBOJUTCS TaK ke, Kak OblIO ONHCAHO
NPUMEHHTENBHO K 3JeMeHTaM cTon61uoB maTpuubl S. Ha puc. 3.10, 6 u e
NOKa3aH Mpollece, Npyu KOTOPOM B KauyecTBe XapaKTepHOH TOUKH JJIsl ONH-
CaHMsa JIBUXKEHHH abGCONIOTHO KECTKOCTHOTO CTEpXKHS B3fATa Touka A.
Ha puc. 3.10, ¢ npeacraBiensl MoMeHTl M;; U My, HeoOXoAUMBIE AJIS

CO3/1aHHsI €AMHHYHOTO yCKopeHusi §j, = | mpu 8, = 0, a Takxke Mo-
MeHTBl My, U My, (cM. puc. 3.10, &), HeoOXoguMBle /151 CO3JaHHUS €lu-
HUYHOrO ycKopeHust 0,4 = | npu §, = 0. JA15 HarIsIHHOCTH YCKOPEHUS
H300paxeHbl Tak, Kak GYATO OHHM SIBJSIIOTCS TepeMelleHHsIMH, a ABOH-
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Hble YEPTOUKH Ha CTPeJKax NPH TouKe A cysKaT HANOMHHAHHEM O TOM,
YTO 3TH CTPEJKH H300PaxKaioT YCHU/IHS, HeOOXOMHMREIE ISl CO3JaHHS €lH-
HHYHBIX yCKOpeHHH. M3 ycJioBHH IHHAMHYECKOrO paBHOBECHSI BHJHO,
4T0 KO3(Q(QHLHEHTAMH BJHSHHS HHEPUIHM SBJASIOTCH BENHYHHB My =

=my, Moy = Mo = mli 1 Mo = I + mlf, YTO MOXKHO TaKXe€ BHJAETh
H3 BbIpaxeHus (r).

31ech MOXKHO TaKxXe ONPENeNHTb 00pamueie KOIPpuyuermol 6aus-
HUSL 3Hepyuu, KOTOPbIE, IO ONpEJEJEHHIO, SBJSIOTCH YCKOPEHHSIMH,
00yCJIOBJIEHHBIMH €IMHHYHBIMH CHJIAMH, H aHAJOTHYHBl KO3(DdHIMEHTaM
BAHsHAA nojgatauBoctH. O6parHas Matpuua M™ cymectsyer B ToM ciy-
yae, ecnu matpuua M Heocob6enHasi. Torzaa, pemass ypaBHeHus (3.6)

OTHOCHTEJIbHO YCKODEHH A X, NOJIYYHUM YpaBHEHHE IBHKECHHA BHAA
X =M1(Q — SX). (3.15)

[logo6Hble ypaBHEHHS MOXKHO CPAaBHHTh C YpaBHEHHSIMH B MepeMelleHUsX
[cm. ypaBHenue (3.12)], paccMoTpeHHEIMH B NpeAbifylueM mnaparpade.
OnHako nojoGHbIA NOAXOJ MNpPEICTaBAseT BTOPOCTENEHHBIH HHTEpeC H
Gonbie B 3TOM naparpade obcyzkaatbess He Gyger. HUroGbl mpoaemMoH-
CTPHPOBATb MPOSABJEHHE B3aHUMOJEHCTBHS CHJ TSAXKECTH, PacCMOTPHM
COEJMHEHHYIO NDYXXHHOH napy MasaTHHKOB (cM. pHc. 3.4). Mx ypaBHe-
uHuAa gBuxenus (3.4a) u (3.46), nosyueHHble BbIE, COAEPKAT B3aUMOJIEH-
CTBHs, OOYC/JOBJIEHHBIE TOMIbKO YNpyroctbio. OfHAKO, €CJH CJIOXKHTDb
ypaBHeHusi (3.46) u (3.4a) W TNoOJAy4YeHHOe B pe3ysbTarte ypaBHEHHE
paccMOTpeTb COBMECTHO ¢ ypaBHeHHeM (3.46) KaK CHCTEMY, TO HOJYYHM

mi®  mi? 0, ( 0 0

0 mhp 0, + | —kh® kh? +
mgl mgl ) 0, Ty T, o
= A

Tl o mallle, T, |’
rae Ty = Pyl nu T, = P,l. TlepBoe ypaBHeHHE MNOJYUYEHHOH CHCTEMBI
NpeJCTaB/sieT YCJOBHe DaBHOBECHS JHHAMHYECKHX MOMEHTOB OTHOCH-
TeJbHO TOYKH A J/151 BceH CHCTeMbl, NIOKa3aHHOM Ha puc. 3.4, Toraa Kak
BTOpOe ypaBHEHHE IIPEJCTaB/IAET yCJIOBHE PABHOBECHSI MOMEHTOB OTHOCH-
TEJbHO TOYKM B TOJbKO AJf NpaBoro MasiTHHKa. [Ipu HCHOJb30BaHHUH
JUHeAHOH KOMOHWHAIMH MCXOJHBIX YPaBHEHHH KaK B MaTPHILY Macc, Tak
H B MaTpHIY CHJ TSKECTH BBOJASTCH BHEIMArOHAJbHbIE 3JIEMEHTHI; IPU
3TOM HCYe3aeT CBOHCTBO CUMMETDHH MaTpPHIbl XKECTKOCTH. ¥ paBHeHHe (1)

MOXHO TaKXe pacCMaTpuBaTh KaK pe3y/JbTaT YMHOXEHHS ypaBHEHHS
(3.9) u3 n. 3.2 Ha TPAHCNOHHPOBAHHYIO MaTpHuy AT, e

A 1 0 - 11
=1 1] A=lo 1] )
a OykBa «T» 0003HayaeT TpaHCIOHHpoBaHHe. TakuM 06pa3oM, ypapHe-
HHe (1) B KPaTKOM MaTpPHUYHOM IIPEJCTABJIEHHH HUMEET BHJ
A™®O + AT(S 4 G)O = A"T. ()
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CHMMeTpHﬂ MaTpHIl KOo3(@uUHeHTOB GyseT BOCCTAHOBJEHA, €CJIH nepef
MaTpHUaMH cToi6uaMu © 1 © M3 ypaBHeHHS (3K) OCTABHTb €IHHHUYHYIO
MaTpHLY

I = AAT, (3)
rge A™! — MaTpuua, ofpatHas matpHue A:
At [ 1 0 ]
B pesyJsbraTte ypaBHeHHE (3K) NPHMET BHJ
A™AA-'O + AT (S 4+ G)AA—'® = A'T ()
HJIH )
MA6A+(SA+GA)9A=TA, (316)
rae
oere| )
4 L0 46 ]
T,+T
TA:ATT:[ 1—; 2];

0 -1 { O . My ATMA —mp2 | 1]'
BA =y p— v,,él _JF ez ) A== = m l l ,

. kh2[0 0]_
SA:ASA: 0 1 )

2 1
GA:ATGAzmgl[l l]' ()

YpapHenns (3.16) npeacTaBASIOT BAPHAHT CHCTEMbl ypPABHEHHH JBHIMKE-
HHSl B YCHJHSX, B KOTOPBIX B KauecTBe 0O0OWEHHbLX YCUAUL BHICTYIIAeT
MaTpuua-cronben T4, a B KauecTBe 0606wennbix nepemeuienil —
MaTpuua-crosiben O,. Ilogo6Has 3ameHa koopaunatT (mepexos ot ©
K ©4) HaspiBaerca npeobpasosarues koopdunam. CUMMETPHS MaTpPHIL
npeo6pasoBaHHBIX KO3((HIHEHTOB YCTAHABJIMBAETCs 6Jarogaps ToMy,
UTO KOMepysnmmole npeobpasoeanus suga M, = A™A npusogar K cum-
METPHYHBIM MartpuuaM. Kak BHAHO, B HOBBIX KOOpAMHATAX ypaBHEHHs
HMEIOT YJIEHBl, ONHCBHIBAIOLIHE KAaK HHEPIHOHHBIE B3aHMOAEHCTBHS, TaK

B3aUMOJEHCTBHSA CHJ TsKe-
y CTH, M He HMeIOT YJIEHOB,
XapaKTepU3YIOLHX B3aHMO-
JeHcTBHsA, 0O0YCJIOBJIEHHBIE
YHOPYTOCTBIO.

Npumep 1. Ha puc. 3.11
MOKasaHO  aCCOMNIOTHO  JKeCTKoe
L b T€JiO, IPHCOEJHHEHHOE K KOH-
COJIBHO SHKPGHHGHHOﬁ Gaake.

IMycte /¢ — MOMeHT  uHepHMH
Puc. 3.11 Macchl TeJa OTHOCHTEJAHHO OCH 2,

317
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Puc. 3.12

npoxojsiuieil uepe3 HeHTp TsKecTH (Touky C). Dra Touka pacrnosaraeTcsi Ha OCH X Ha
PaCCTOSIHHH b OT He3aKpeIlVIeHHOTO KoHua 6ajiku. [IpepnoJaraeTcsi, 4TO mnpH3MaTHye-
cKasi 6aTKa HWMeeT )ecTKocTb E/ mpu u3ruGe. PaccmaTpuBasi TOJNBKO Majible NepeMelie-
HHS B IJIOCKOCTH XY, OGYCJIOBJIEHHbie H3THOHBIMH JeOpMaLisIMH, H CUMTasi, YTO JaH-
Hasl CHCTEMAa HMeeT JiBe cTeneHW CBOGOJbI, 3aMHCaTh YPaBHEHHS JIBHXKEHHS B Nepemelie-
HHSAX,

Pewenue. Ecan B kauecTBe KOOPJAHHAT NepeMelleHHs] BHIGpaTs MPOrH6 yp M HOBO-
poT O3 ToukH B a6COJIOTHO JKEeCTKOTO TeJ1a, TO JIETKO NOJYYUTh KO3((HLUHEHTh NOAATIH-
BocTeli. Kpome TOro, 3JeMEHTHl MaTpHLLI MacC COBMNAjaloT C 3JMeMEHTaMH MaTpuukbl (T),
3a HCKJIOYEHHEeM TOTO, 4YTO AJIHHA [, 3aMeHsieTcs Ha paccTosnue b. Takum o6pasom,
MOKHO 3aMHCaTh YPaBHEHHS JBHIKEHHS B NepeMellleHusiX AJ1s pacCMaTpPHBaeMoi TOUKH B:

Yg ! 22 31 ( QB“_ m mb ig \), )

6y | 6ET [ 31 6 | \|Tp mb Ic + mb? by
B KOTOpPBIX HMEIOTCA KaK HHEPUHOHHBIE B3aUMOJIEHCTBHS, TAK M B3aHMOJIeHCTBHS, ©6-
YCJIOBJIEHHbIE€ YIPYTOCTBLIO.

C upyroﬁ CTOPOHHI, €CJH JBHXKEHHS abCOJMIOTHO KeCTKOro TeJja paccMaTpuBaTh
B Touke C, NMOJYYUM CJeLyliHe YpaBHEHHSl B NepeMelleHHsX:

v ;T2 431636 3(I+ 2)
0, | = BEI { 3(1 -+ 20) 6 |
T Q¢ m 0 gc T
< ( Te | | o 1 [éc j) (1)

B KOTOPHIX OTCYTCTBYIOT WJEHbI, OMHCBIBAIOIMIHE HHEPIHOHHbIE B3aHMOJEHCTBHSA, HO
HMEIOTCSL 4YJIEHBI, XapakTepu3yiollHe GoJee CJHOXKHbie B3aHMOJIEHCTBHS, OOYC/IOBJIEHHbIE
YIPYroCThio.

Mpumep 2. PaccMotpum 0Osodinod cocmasnod maamuux (puc. 3.12, @), cocrosmuit
H3 JBYX COEJHHEHHBIX B TOYKe B a6COJIOTHO JKECTKMX TeJN, IWAPHHPHO 3aKPemyeHHBIX
B Touke A. [IpH HaJHUYHH CHJI TAKECTH 5TA CHCTEMA MOXKET KOJIe6aThCsl B IJIOCKOCTH XY.
B kavectBe KoOpamHAT mepeMelmenus BosbMeM Mannie noBopotsl O, u 0,. Tesa mmeloT
MacChl 1y H my, UEHTPH TAMKECTH HaXoAATca B Toukax C; u C,, uepes /; u I, c6o3Ha-
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HeHb MOMeHTH MHepIHH Macc OTHOCHTENLHO ocel z, mpoxoisiuue gepes sTH TOUKH. Tpe:
GyeTcs 3amucaTh YpaBHEHHMS ABHIXKEHHS NAHHOH CHCTEMBI B YCHJHSX.

Pewenue. Vicnonbsys npunuun [lanambepa, 3anuiieM ypaBHEHHE IHHAMHYECKOTO
paBHOBeCHST MOMEHTOB OTHOCHTEJBHO TOYKH A 1/ Beeil cucteMsl (cM. puc. 3.12, a)

1,61+ 1,6, 4 mih30, + my (18, + hy8,) (I + hy) + mogh,8; +
~+ myg (10) + hy0;) =T, + 7. (0)

AHanOTHYHO, U3 YCJIOBHSA DABHOBECHS! MOMEHTOB OTHOCHTENBHO TOUKH B jas BTOpOro
Tesla IoJy4aem

18, + my (lél + h3by) hy + moghsbs = T. (m)
ITepenucas ypasHennst (o) u (n) B MaTPHYHOA (BoOpMe, HMeeM

[h+m%+%W+@)b+m@0+M]Pﬂ+

mylh, I, + myh3 B,
(myhy + mal) g moheg [91 ] . [Tl + Tz]
+ [ 0 mzhzg] 0, | = r, | (p)

YpapHenne (p) HanOMHHAeT ypaBHeHHE (1), MOCKOJAbKY OGOGLIEHHbIE YCHIHA HE COOTBET-
CTBYIOT KOODAMHATAM MEPeMEIeHHs, W MaTpPHIbl KOS(h(OHIHEHTOB SIBJMSIOTCS HECHMMe-
TPpUYHbIMH. OJIHAKO, €c/H H3 ypaBHeHHs! (0) BbiuecTb ypaBHenHe (I), TO Pe3yJbTHPY-
Ioliee ypaBHeHHE BMeCTe C ypaBHeHHeM (IT) 1acT CJEAYIOULYIO CHCTEMY :

T,
n} ©

MOLGO =T =

rie M 1 G — cHMMeTpHYHEIE MAaTPHIB! BHJA

M — [ Iy + myhi + m,l? mlh . ]; ()
mylh, 1y 4+ myh3
l 0
G:[(m1h1+m2)g } )
0 mzhgg

Tenepb nepBoe ypaBHeHHE 5TOH CHCTEMBI NPEJCTABJSAET -YCIOBHE IHHAMHYECKOTO PABHO-
BeCHsl MOMEHTOB OTHOCHT@JIbHO TOYKH A TOJNBKO JJIsl IEPBOTO TeJa.

CummMerpuuHble MaTpUIEl M B G MOKHO HOCTPOHTH HEMOCPEACTBEHHO KAK MATPHILLI
KO5(QHIHEHTOB BJIHAHHS COOTBETCTBEHHO HHEPLUMH M CHJ TskecTH. Ha puc. 3.12,6 u ¢
CXeMaTHYHO Npe/cTaBJenbl ycaoBust 8, = 1 (upu 6, = 0) u 6, = 1 (npu 6, = 0), Ko-
TOpbie TPeGyIoTCA JJIS ONpefieleHHsT 3JeMeHToB MaTpuubl M. M3 puc.3.12, 6 BHAHO, 4TO
BeJIHYHHBl

M21 = mzlhz; (q:’)
My = Iy + mhi +mol (I + hy) — Moy = Iy + myhi + m, 12 (x)

NPEJICTAB/IAIOT OO 3JeMeHThl NepBoro croabua Mmatpuusl M [cM. Bhipaxkenme (T)].
Ha puc. 3.12, 6 HaxOxuM 3JEMEHTHl BTOPOro cTosGNa

Moy =1, + myhy; ()
Myy = Iy 4 mohg (I 4 hg) — Myy = mih,. ()

OneMeHTH MaTpHUbl G MOXKHO OIpe/lesIuTh aHATOTHUHBIM 06Pa3oM, B3SB BMECTO yCKope-
HHA eJJHHHYHbIE TIePeMEeIeHHt S,

3.5. CBOBOJHBIE KOJIEBAHUSA BE3 JAEMIO®UPOBAHUSA

B m. 3.1 mas aByxmaccoBofl cucTeMbl, MOKA3aHHOH Ha puc. 3.1, a,
OblIM TIOJTyYeHDLI BBIpAXKEHHS /sl COGCTBEHHBIX 4acTOT M (OPM NPH CBO-
Goanbix KoJeGanusax Ges geMndupoBaHusi. DTy ke 3a4ady pPacCMOTPUM
BHOBb C IIOMOII[bI0 GoJiee (OPMANbHOTO NMOAXO0JA, IO3BOJSIOMIETO MOJY-
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YATH BHIDA:KEHH A, IPUMEHHMBIE KO BCeM KOJ/1e0MIOMHMCSI CHCTEMAM C IBYMS
CTeNeHsIMH CBOGOABI. ByayT paccmoTpeHnl ypaBHEHHsT ABHXKEHHS Kak
B YCH/IHAX, TAK H B [IEPEMEIEHHUAX, H 0OCYXKAEHO I10JyUeHHEe NTPOH3BOJIb-
HBIX [IOCTOSIHHBIX [IPH 3aMaHHH HaYaJbHBIX YCJOBHH B BHJIEC NI€PEMEIICHU I
1 cKkopoctei. Kpome Toro, 6yayT npoaHannsupoBaHbLl H [POHJIIIOCTDH-
POBAHBI NMPHUMEPAMH HECKOJbKO CHEINHaJbHBIX TEM, OTHOCSIIMXCH K BO-
npocy cBoGoaubIX Kosebanuit. Ecau k gByxmaccoBoii cucteMe, I0KasaHHOH
Ha puc. 3.1, a, He NMPUIOXKEHBl HATPY3KH, YPABHEHHs IBHKEHHS B YCH-
Jqusax (3.6) mpexcraBum B dopme

MX + SX =0, (3.17)

rae yepes 0 o6osHaueHa MaTpUIA HYJIEBBIX HArpy3oK. [Ipu obcyxkaeHusx
B jpaHHoM mnaparpade OyneM paccMaTpHBaTh TOJBKO JHATOHAJNBHBIE
Matpuubl Macc (Kak 3TO HMEET MeCTo B CJyyae, I[OKa3aHHOM Ha
puc. 3.1, a), Torna ypaBHenue (3.17) B pasBepHyTOM Buiae OyAeT HMEThb

BHJ
M 0 £ iS S X 0
[ 11 [1]+[, 11 12][ 1]:[ ] (3.18)
0 Moy, Xy | Sor Sea | | X ] 0]
[Ipeanosioxxum, 4TO 3TO CHCTEME OJHOPOAHLIX YpPaBHEHHH YJIOBJETBO-
pSIIOT TapMOHHMYECKHE pelIeHHsT BHJA, BBEIEHHOro paHee B 1. 3.1, a
HMEHHO:
X1 = Xy sin (pt + @); (a)
Xy = Xyg sin (pt + (P)g (©6)

B npexacraBnenusnx (a) u (6) 4epes Xy H Xy, 0003HAUEHBI MAKCHMAJbHBIE
3HAYEHHUS, HJIH aMIVIMTYIbl, KoJeGaTeJbHBIX JBHKEHHH.

[ToacraBnsis npencrabienust (a) u (6) B ypaBhenus (3.18), nosyuum
CHCTEMY anrebpauyeckux ypaBHEHHH

—-P*Mirxyn + S1Xm + SiaXwe = 0; (B)
—P*MasXys + Sa1Xw1 + Saa¥ue =0, (r)
HJIH B MAatpHYHOH dopme
Si — p*Myy Si2 Xm1 0
[ So1 Saa — P*Ma } [ X2 ] - [ 0 :| . 2

Yto6bl cyulecTBOBaNH HEHYJEBBIE DEUICHHs /s MepeMelleHHi, ompene-
JUTeNb yYPaBHECHUH (X) NOJKEH pPaBHATHCS HYJIO, Y4TO JAeT

Su — p*Myy St
) =0. (e)
Sa1 Sag — p*May,
PasjioxeHue 3TOro onpenesuTesisi UMeeT BHJL
(S11 — P"Mu1) (Sz2 — p°Mp) — Sty =0 (%)

HJIH
MMy, (p°) — (M11Sg2 + MaeS1y) p* + S11Sp2 — Sty =0. (3)
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3T0 XapakTepUCTHYECKOe YypaBHEHHE SIBASETCA KBaJPAaTHBIM OTHOCH-
TeJNbHO p? ¥ €r0 KOPHH NPEACTABJSIOT XapaKTEPHCTHUECKHE 3HAYEHHS 1JI5

3ToH cucreMmbl. Pellas ypaBHeHHe (3) no dopMmyJsiaMm [Jisi KBaApaTHOTO ajl-
re6pauyeckoTo ypaBHeHHUs, HalaeMm

2 —b+ YV b2 —4dac
Pl 2= V2a ) (3.19)
rae
a=MMz; b=—(MuSs + MsSn);
¢=811Sn» — S5, =S| (%)
TlopcraBasass 3unaverHst (1) B HOAKOpeHHoe Bhipaxkenuwe b? — 4ac u3

pemienus (3.19), BIANM, 4T0 OO BCET /(A NOJOXKHTENBHO, TIO3TOMY KOPHH p‘f
M p3 SBASIOTCA JeHCTBHTENbHBIMH uucTami. Jlasee, ecau onpeienuTenb
MaTpHubl S, pPaBHBIH NOCTOAHNOH BeJHYHMHE ¢, He OTpHIATEe/IeH, TO KO-
petib KBaJIpaTHbLl OyeT Meublle W paBeH b, Mo3ToMy 06a KOpHS pi

H p3 GYAYT HOMOMUTENLHLIMH (11 paBHbl HyJ0). [Togcrassis Xxapakre-
PHCTHUECKHE 3HaYeHHst pi U pi B OAHOPOIHBIE YpaBHeHHUs (B) H (I), MOXKHO
3allcaTh pelleHiss KaK OTHOWeENHs £, W fy AMIUVIHTY[

Ant, - S S — piM,,
ry == T = - — 3 3203
! Xamoz, 2 Syy = piMy, —Sa1 ’ ( )
Xar1, o2 812 Sy PiMa.
gy SN2 2 S piMe 3.206
- Xme, ¢ S = piMy, —Su ( )

O6a 3Tu npeacraBleHUs A PELIeHHH CMpaBejMBbl, YTO BULHO H3
ypaBHeHus (k). Kak u B ofliem cayuae OALOPOAUBIX aareGpanyecKHX
ypaBHeHHH, 3jech MOryT ObITb 10JyUYeHbl TOJNBKO TaKIle PelIeHHs, KO-
TOpBIE COJIeP2KAT MPOH3BOAbHBIC NocTosiHble. Takum o6pasoM, abcosor-
HaA BeJHYHHA aMIINTY] He MozKeT Obltb OllpejeseHd, a MOXKHO HaHTH
TOJBKO HX OTHOLICHHS M/ popmbl KoseGaHuil. Bropo#t nHaeke (1 u 2)
B Bblpaxkenuax (3.20a) u (3.200) /18 amnmiuTyA O3Hauaer cOGCTBEHHbIE

(MU raBuble) GOPMEI KoMeGaHWi, COOTBETCTBYIOLIHE KOPHSAM pi H pi.
Kak u B n. 3.1, pewenus (3.19) xapakTepuUCTHUECKOIO ypaBHEHHs 3a-
MIHCAHBl TaK, 4TO BBIMOJHSETCS YCJIOBHE p; < p,. MeHbllee 3HayeHHe
NpeACTaB/seT KPYroBylo 4YacToTy NepBOH HJAH OCHOBHOH (OpMBI KoJe-
6aHuii, a GoJsblliee COOTBETCTBYET BTOpOH opMme KoseGaHHH.

Urobbl nMokKazaTh NpHMED BbIYHCJAEHHS 4acTOT H (GopM KosebGaHHH,
npuUMeM JJIsi CHCTEMBI, IOKa3aHHOH Ha puc. 3.1, a: my; = my = m;
JKECTKOCTH NPYXUH Ry, = ky = k. Torga M, = My = m, S;; = 2k,
Sip = S = —k, Sss = k.

[To dopmyse (3.19) noayuaem

e R ®)
pis%%:&&éﬁ ,/n . (o)
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Puc. 3.13

TloacraBnsis HalijeHHble 3HAYEHHs 3THX KOpHeH B ONHO H3 BHIpAXKEHHUMN

(3.20a) u (3.206) ans OTHOLUEHHH aMIIHTYJ, HaiifeM /s nepBoil GOPMHI
KoJiebaHui

_xml,l_ 2 ﬂ ~l+l/-5___
r= ar 1TV 5 ==0,618 (M)
H AJa BTopo# (OpMBI KoeGaHHH
. 2 . —1—V5 -
ry= mre T TVE 5 = —1,618. (n)

Pasymeercs, MOXHO KaK YrOJAHO H3MEHSITb BEJHYHHY aMIUIHTYH 3THX
ABYX (opM, HO HX OTHOLUEHHE JOJKHO OCTABAaThCA MOCTOSHHBIM. Ha
puc. 3.13, a nokasaHa JByXMaccoBasi CHCTEMA, KOJIEGJIIOLIASCS [0 OCHOB-
HOH (opMme, H yKa3aHbl Ge3pasMepHble 3HAUEHHs! AMIUIMTY], OTHECEHHbIe
K aMmnautyfie KosjeGaHHH BTOpOH Macchl. AHajloriusHo Ha puc. 3.13, 6
nokasaHa BTopas ¢opMa KoJsebaHHH; npH 3TOM Ge3pa3MepHble 3Haye-
HHSl aMIUIHTYJ TaKXe OTHEeCeHbl K aMIUIUTYJ€ BTOPOH MAaccChi.

Ecnu BMeCTO ypaBHeHHH JABHXKEHHS B YCHJHSIX B3STh ypaBHEHHs
ABHXXEHHs B NepeMelleHUsX, ypaBHeHHe (3.17) npumer BHA

FMX + X =0. (3.21)
PasBepHyTras ¢opma ero Takosa:
- FaM FioMos 7 1 % X 0
i; 11V 12 2-:|L"1j|+|:1]:{ ] (3.22)
FyuMy  FpaM,, X Xa 0

Toacrapnss npexacrabienus (a) H (6) B ypaBHeHue (3.22), noJayyum
c/enytouHe ajre6panyeckue ypaBHEHHS:

—p* FuMyxyg — p*F1aMagiys + X == 0; (0)
—P*FuMyxng — P*FaaMapXng + Xys =0, (1m)
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KOTOpre MO2KHO Hpe}.ICTaBHTb B BHJE
FuMy — A FioMs, X1 o 0 (p)
FoMyy FoaMsy — A X2 1o P
roe A = 1/p*. Jlasa toro 4yToGBl CYLIECTBOBAJH HE PaBHBIE TOXKAECTBEHHO

HYJIIO pelleHHUs, JOJKEH PABHATHCS HYJIO ONpe/IeuTeNb MaTPHILI KO3d-
¢unpentor (p). OTxkyma nosyudaem

(FiuMyy — ) (FoeMgy — &) — FloMyyMag = 0 (c)
HJIH
A — (FiuM,y - FosMag)y A - (Fy1Fag — F?z) M 1Moy = 0. (1)

YpaBHeHue (T) ABJAsieTCs XapaKTEPUCTHUECKUM, COOTBETCTBYIOLUIUM OJ-
HOPOJHBIM JH(depeHUHaNbIEIM yPABHEHHSM JBHXKEHUS B INepemelle-
HHUSIX, H €ro KOpHH NpeicTaB/sdaioT o6paTHble BeJHUHWHBI KBaipaToB KPy-
roBbix 4actor. KOPHH MOXKHO ONpejesIuTh MO OAHOH M3 CJEAYIOLIHX

bopmya:

M, e = —digﬂ*‘le (3.23a)
HJIH
2 1 2
Pl 2= M —divVe—3 (3.236)
rae

d = — (F\My + FyMy); e= (F11F22 — F%z) MMy = I F l MMy, (y)

B dopmyaax (3.23a) u (3.236) 3naueHue A, (6osbluee U3 JBYyX 3HAYEHHH A)

COOTBETCTBYET pi (T. €. MEHbIIEMy W3 ABYX 3HaueHuil p°), a 3HaueHue Ao
(MeHbInee U3 ABYX 3Ha4Ye€HUH A) COOTBETCTBYET p3 (T. €. 60OJIbIIEMY H3 IBYX
3HaueHuii p*). O6a KopHs (M HX oOpaTHble 3HaueHHUs1) OyAyT JeHcTBHTeNb-
HBIMH H TIOJIOXKHTE/IbHBIMH UHCJaMH, eCJH IOJOXKHTEJNEH OnpejesuTeb
marpuubl F.

i ITopcraBUB XapakTepuCTHYECKHE 3HAUYCHHS Ay U Ay B OJHOPOJHbIE YPaB-
HeHHs (p), NOJNYyYHM JyasbHble COOTHOLIEHHA OJis OTHOIUEHHH aMIVIH-
TYA ry H 13

M1, 1 —F1aMj9 FaaMys — Xy
Iy — =4 = 5 324a
! XM 2, 2 FuMp—M —FauMy ( )
M1, 2 — F1aMay FogMyy — Ag
2 XM 2, 2 Fi1iMis — Ay —FauMy ( )

NPaBUJIBHOCTb KOTOPBIX MOXHO NPOBEPHTb C IOMOLIbIO YpaBHeHHA (c).
Ecau cHOBa nMoJoXHUTh, YTO B H300paxKeHHOH Ha puc. 3.1, a cucreme

MacChl H ¥ECTKOCTH NPYXKHHBI HMEIOT OJHHAKOBbIE 3HAYEHHs, TO KO3(-

(ULMEHTH BJAMAHUA THOKOCTH OyayT paBHbl Fyy = 8, Fjp = Fy = 90,

Foo = 28 (rpe 6 = 1/k).

Torpa no ¢opmyse (3.23a) noaydynm

=\ m m —VE)mb m&
7»1:.(3+—V25)i=—— (@) hy= (8 125) =3es ¥

0,362 °
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T. €. BesqHuuHbl, obpatHele (k) u (;1). TlojcraBasisi HaliieHHBIe 3Haye-
Hus () u (x) B BeIpaxenus (3.24a) u (3.246), HaliieM OTHOIUCHHS aMILIH-
TYA 1s1 mepBo¥_ QopMbl Kose6aHui

o Xmi, 1 - 2 e e VB- _
= mer - TRVE 5 =0,618
H JJs BTOpOH (opMBl KoJeGaHwuii
2 ] —
ry = A1, 2 e = 1 2ﬁ = —1,618,
X 2, 2 1—V5

KOTOphbIE COBMANAIOT C paHee HalJeHHBIMH 3HaueHHsAMH (M) u (H). OT-
CloJla CAEAYeT, YTO YacTOTH H (GOPMEI KoJieOaHHH He 3aBHCAT OT BEIOOpa
(bOpPMBL ypaBHEHHS JBHKEHHS .

OnpenenuB XapakTepHCTHKH KoJeGaHHH JAaHHOH CHCTEMBI, MOXHO
3amkcaTth TOJIHOE peleHHe JAs CBOOOAHBIX KosleGaHuH B BHIE CYyMMEI
COOCTBEHHBIX (hOpM

X1 = Xy 2,1 810 (Dol + (1) - FaXyp,2 SIN (Dot - @o); (1)
Xp == Xyr2,1 SIN (D1l + 1) - Xar 0,2 SN (pof - ). (1)
B nepBoM H3 5THX BHIPaXKeHHH BMECTO Xy, H Xy 1,2 HCIIOJB3YIOTCS BBIpa-

KEHHSA F1Xy9 1 H FaXyg, ». BblpaxkeHHs (1) U (4) MOXKHO 3alHCaTh TAKXe B
CJIEAYIOUMX 3KBHBAJEHTHBIX (opMynax:

xy = 11 (Cy €08 pyf + Cy sin pyf) -F 1o (C3 €08 pyt -+ Cysin pot);  (3.25a)
Xy = C; cos pyt - Cy sin py! + C5¢08 pyt -+ Cy sin pyf. (3.256)

ITpoauddepenunposas Boipaxkenus (3.25a) u (3.256) mo BpemenH, mo-
JYYUM BBIpaXKeHHs AAsl cKopocTef

Xy = —piry (Cy sin pyt + Cs cos pyf) —

— pary (Cg sin pot — C4 cOs pyt); (3.258)
Xy = —py (Cy sin pyt — C, cos pyf) —
— ps (Cg sin pgt — C, cos psyt). (3.251)

UeTeipe mnpouaBoabHble mnoctosiHHele Cy, C,, C3, C, B BhIpamkeHHAX
(3.25a)—(3.251) MOKHO ONpEJeNHTh, HCIONB3YS YeThipe HauaJbHBIX yC-
JIOBUSl LJIsl NepeMelleHHs] H CKOpocTH. Jlnsi cuCTeMBl ¢ JAByMs crene-
HSAMH CBOOOJbI B MOMEHT BpeMeHH ¢ = 0 3TH ycnoBust GyJjem 0603HauaTh
Xo1, Xo1, Xoz,Xoe- I10JCTABAAS HAYANbHbIE YCAOBHS B BhIpaxkeHus (3.25a)—
(3.25r1), ompenenum

Xo1 — T2X, Xo1 — raXgo
C — 01 2402 C — 0. . 326
1 rn—re ’ 2 pr(ri—ry)’ ( )
r1Xes — 7, FiXos — X
C3= 102~ 0l . C4= 1%X02 oL
ry—re Pa(r1—rs)

Jns uamoctpanuy NpHMeHEeHHS STHX BHIpaXKeHHH onpenenseM IAHHA-
MHYECKHe IepeMellleHHsl CHCTeMBl (cM. pHc. 3.1, @) npu HauanbHBEIX
YCJAOBHAX BHAA Xo; = Xg2 = | H Xo = Koo = 0. Benuuuusl p,, ps, ry
H ry yxe uspecTHbl [cM. Bepaxenusi (x), (1), (M) u (H)] gas cucrems,
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Yy KOTOpO# paBHBI Macchl H KECTKOCTH NPyXkHH. [loxcTtaBasis H3BeCTHHIE
BEJHYMHBI H HauyaJbHble YCJOBHSA B BhIpaxkeHHd (3.26), HalineM ciexyio-
M€ 3HAyYeHHs TNOCTOSHHBIX wuHTerpuposanus: C; = 1,171, C, =0,
C,=0uC; = —0,171. Torna Bulpaxenus (3.25a) u (3.256), onucwiBawo-
IHE HOBBIE CHCTEMBI, MOXKHO NPEICTABHTh B CJEAYIOIIEM BHJE:

x, = 0,724 cos p,t + 0,277 cos p.t; (1)
Xy = 1,171 cos pyt — 0,171 cos p,t. (u)

B naHHOM cJjydae BbIpa>K€HHsA [/ NEPEMEIEeHHH CHCTEMBl COAEpIKaT
TOJMbKO (YHKIHH KOCHHYCa, TOCKOJbKY pPaBHBl HauyajbHble CKOPOCTH.
Ecin paBHBEI HYJI0 HayaJbHBE NEPEMELIEHHS, 4 HauyaJbHblE CKOPOCTH
OTJIMYHBI OT HYJ5, BHIDAXXEHHS JAMHAMHYECKHX nepemelleHHH GyayT co-
Jepxartb TOJAbKO (yHKHIHM cHHyca. [lanee, cBOoH BKJajg B MNOBEAEHHE
cHUcTeMBl jaioT obe coberBeHHble (GopMbl KosaeGaHull, 32 HCKIIOYEHHEM
cJIy4yaeB, KOTJa HayaJbHBIE YCJOBHSA CHCTEMBI COBNAAAIOT C OXHOH M3
3THX coGcTBeHHBIX ¢opM. Hanpumep, eciay HauvanbHbIE NEpPEMELLEHHSA
B TOYHOCTH COOTBETCTBYIOT XapakTtepy TnepBoi ¢GopMbl KoJeGaHus
(Xo1/Xo2 = 1) TIPH %o, = Ko = 0, IMHAMHUYECKHE TepeMellleHHsI CHCTEMBI
NPHUMYT BHA
X1 = X1 COS Pil; Xy = X COS pPif,

4YTO B TOYHOCTH COBmNajaer ¢ nepBoil (opmol KosaebGaHHH.

O6o6uias ckasaHHO€, OTMETHM, 4YTO, €CJH, KaK MNpearnoJsaraercs,
co6eTBeHHble GopMbl Kosebanuit umetor BHA (a) U (6), TO MOXKHO nepenTH
OT OJHOPOAHBIX AH(pbhepeHInaNbHBIX YPaBHEHHH CBOOOAHBIX KoJe6aHuH,
nono6HbIX ypaBHeHusim (3.17) uau (3.21), k cucteme anreGpanueckKux
ypaBHenu#l. [losaras omnpejenuTesb MaTpHUbl KO3(DPHUIIHEHTOB PaBHBLIM
HYJII0, MOJYYHM XapaKTepPHCTHYECKOe ypaBHEHHE, H3 KOTOpOro omnpene-
JisieM 4acToThl U ¢opMbl KosebGanuii. I1pu Takom nozxxozae dopma peLieHHs
ABJSIETCS YCTAHOBJIEHHON, HO BeJIHYMHA BKJaja COOTBETCTBYIOWIHX (HOPM
B CyMMapHOoe JHHaMHYecKoe NepeMelleHHe HOJIXKHA ONPEAeaaThCs C 110-
MOLIbIO HayaslbHBIX YCJOBHI.

Jnas Toro 4To6el 06CyIHTh HECKOJNBKO OCOOBIX CHTYyAalUHMH, CBA3AHHBIX
co CBOOOJHBLIMH KoJsie6aHHAMH, CHOBA PACCMOTPHM JBa MPOCTHIX MasnT-
HHKa (cM. puc. 3.4), coeiHHEHHBIX NPYXHHOH. I 3TOH CHCTEMH 3J€-
MEHTHl AHaroHaJbHOH MaTpuibl Macc [cMm. Buipaxenue (3.9)] umeiorT BHI
My, = M,y = mi?. Kpome TOro, BMECTO MaTpHUbI S TaM HCHOJb3YeTCH
MaTpHuua S*, cojepxaiias o6yCJOBJIEHHbIE CHJIAMH TSXKECTH 3JEMEHTHI
BUJIA

Sty = S3o = kh* + mgl; Sfo= 83 = —kh".

Hcnonbays 3TH 3HaueHus, no dopmyJe (3.19) onpenenum Kpyroeble ya-
CTOTHI COGCTBEHHBIX KoJe6aHHH

ary Okh?
P A L B o)

3arem u3 Boipaxenuil (3.20a) u (3.206) MOXXHO HAHTH OTHOILEHHS aMILIH-

TYI
ri=1 r, =—1. (a")



Puc. 3.14

Ha puc. 3.14, a u 6 nokasanbl nBe coGCTBeHHBIE GOPMBI KoJieGaHHi, Tae
GespasmepHbIE. 3HAUEHHs] aMIJIMTYJ OTHeCeHbl K 3HAUEHHIO aMILIHTYJIbI
npasoro MaaTHHKA. [Ipn konebanusax no nepeoi Gopme MasiTHHKH nepe-
MeIaloTCsl B OHOM H TOM Ke HanpaBjJeHHH C OJHOH H TOH Ke aMILIHu-
Tyno#l (Kak ecJH Obl 3TO OBl OAMH MasTHHK); NMPH 3TOM CBs3bIBAOILAS
MX TpyXHHA He nepopmupyercsi. IIpd KosneGanuax no BTOpoil ¢opMme
MasiTHUKHM KauyaroTcsl C OAHHAKOBBIMH AMIIUTYAAaMH B IPOTHBOIOJIOKHBIE
CTOPOHBI, MNO3TOMY INpYyXHHAa TNEDPHOAHYECKH pAaCTATHBAETCH H CXKH-
MaeTcsi.

Dta cucTeMa SBJASIETCS CHMMETDHYHOH OTHOCHTENBHO BEPTHKAaJbHOH
IJIOCKOCTH, paBHOOTCTOSALLEH OT 000MX MasATHHKOB. Kak BHIHO H3
puc. 3.14, 6, Bropas ¢dopMa coOCTBEHHbIX KoJeGaHHH SIBJSIETCA CHMMe-
TPUYHOH OTHOCHTEJNbHO 3TOH IJIOCKOCTH H HA3bIBACTCS CUMMEMpPUYHOL
¢opmoti korebarud. Uro6sl npencTaBuTh 3Ty GopMy KoJieGaHHH, MOXKHO
MCIIOJIb30BaTh MOJIOBHHY CHCTEMBI, 3aKPENHB HEMOABHXKHYIO NPYXKHHY
B TOYKE, PacNO/IOXKEHHOH B cepeliMHe ee npoJseta (B 3TOM cilydae pdek-
THBHAs KECTKOCTb TOJIOBHHBI NPYKHHBI paBHa 2k). C 1pyroil CTOpOHBI,
neppas ¢opma coOCTBeHHBbIX KoJeGaHHH (cM. puc. 3.14, a) Gyner aHTH-
CHMMEeTDHYHA OTHOCHTE/JbHO YNOMSHYTOH IVIOCKOCTH CHMMETDHH, BCJEL-
CTBHE YEro OHa W HAa3bIBAETCH AHMUCUMMEMPUUHOL (hOopmMOl Korebanuli.
B 3toM ciyyae MOXKHO NOJIB30BATBHCS MOJOBHHOH CHCTEMBI, €CJIH T103BO-
JINTb CPeJHEeH TOYKE INPYKHHH CBOOOAHO IepeMelaTthCsi yepe3 IIoC-
KOCTb CHMMeTDPHH (C/IefOBaTeNqbHO, 371eCh 3(PGEKTHBHAS MKECTKOCTb IO-
JIOBUHBI MPYXKHHBI paBHa HYJ/0). B obmeM ciyuae B Kose6aTesbHOH CH-
cTeMe, HUMeOLEeH eIHHCTBEHHYIO IJIOCKOCTb CHMMETPHH, OYAyT BO3HH-
KaTb OTHOCHTEJbHO 3TOH MJIOCKOCTH TOJBKO CHMMETDPHYHAS H AHTHCHM-
MeTpuuyHast (GOpMbl, NOITOMY BMECTO HCXOJHOH CHCTEMBI MOXKHO pac-
CMOTpETH JIB€ MPUBEJEHHbIE CHCTeMbl. OflHa H3 HHX JOJIXKHA ObiTh 3aKpen-
JIeHa B MJOCKOCTH CHMMETPHH C TeM, YTOGbl MOSIBHJAHCH TOJBKO CHM-
MeTpHyHble QOpMBl NepeMelleHHH, a Apyrasi JOJ2KHA AONYCKATh TOMbKO
aHTHCHMMETPHYHBIE MepeMelleHHU .
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Ecnu Ha coejuHeHHbIE NPYXKHHOH MasATHHKH He JEHCTBYIOT CHJIBI
TAXKeCTH, Marpuua S* TepexoguT B Marpuuy S, SBJAOILYIOCA OCO-
GeHnHoii. B 3TOM CJydae KODHH (3) NPHHHMAIOT BHJ

h 2k ’
p1=0, Pe=—7 o (6")
Tenepsr nepBasi (opMa KoJNeOGAHHH CHCTEMBI COCTOHT H3 JBHXKEHHS CH-
CTEMBI KaK JKECTKOTO TeJld, KOTOPOE MOSBJSIETCS PH OTCYTCTBUH JeMII(H-
poBaHusi. CoGCTBEHHAs 4aCTOTA TAKOH ¢hopmbl OBUINCEHUA KAK HECMKO20
meaq paBHa HYJIO, a I€PHOJ paBeH GeCKOHEYHOCTH. XapaKTepHCTHYe-
CKH€ YpaBHEHHs, HMeIolIHe TOJNbKO NOJOXKHUTENbHbIE KODHH, Ha3blBAlOTCS
HOJIOKUTENBHO OIIPEJe/IeHHBIMH, a YPaBHEHHUSI C OJHHUM HJIH GoJsiee HyJle-
BBIMH KODHSIMH Ha3bIBAIOTCS TOJOXKUTEJNLHO MOJYOINpeleJeHHbIMH. B co-
OTBETCTBHH C 3THM KOJeO6JIoliecss CHCTEMB C OJHUM HJH GOJIBILINM YHC-
JoM (GoOpM JBHXKEHHS KaK KECTKOTrO TeJa HHOTJA HAasbIBalOTCA 10AY-
onpedeseHHbIMU CUCTEMAMU.

B xauectBe Apyroro cjayyasi, OTHOCAIIErocfl K Iape MasTHHKOB,
NPEAIONOKHM, UTO HMEETCS CHJIA TSXKECTH, HO KECTKOCTb COeAHHHUTENb-
HOU MPYy»KHHBI paBHA HYJIO; DU 3TOM BTOpas KPyromas 4yacToTa B BbIpa-
KEHHAX (3) COBNAJAET C NIEPBOH, T. €. HMEET MeCTO Caydal Kpamrotx Kop-
Hetl. MasiTHHKH MOTYT KoJie6aThCsl HE3aBHCHMO C OXHHAKOBOH 4acTOTOH,
a BHYTPEHHEH CBfI3H MeXJy HX aMIVIMTyJaMH He CYIIEeCTBYET.

C zmpyro#i CTOpPOHBI, €C/IH COeJHHAIOLULAs MAsTHHKH IIPYyXKHHA HMeEET
MaJyio (HO He paBHYIO HYJIIO) KECTKOCTb, TO TOBOPAT, 4TO o6e YacTH
CHCTEMBI fABJSIOTCA CAQ60 c8a3aHKbIMU. B sTOM ciyyae yactora KoJjeba-
Huil Bo Bropoii opMe Oyler HeHaMHOIO Bhlllle, YeM YacToTa KoJeGaHHuH,
COOTBETCTBYIOILAsE NepBOH ¢opme (cM. BbipaxeHue (3) 1. [Ipexmosoxum,
4YTO KoJieGaHHs CHCTEMbl BO3HHKAIOT NPH HayalbHBIX YCJOBHSIX BHJA
0pp = 0y, Bps = 0, Bgy = By = 0. M3 BeIpaxkenus (3.26) HaxoxuMm

Ci = —C3 = 0,/2, C, = C, = 0. Toraa coryiacHO BbipaxeHusaM (3.25a)
d (3.256) nns AMHAMHYECKHX TepeMelleHHH CHCTeMBl MOJYYHM

61=—e2—°-(COSp1t+c03p2t)==90cos (p";p”)t cos 24 +2p2)t 5 (8')

8, =20 (cos pyt — cos pf) = —B,sin LLIL gin Gipdl ()

Korna wactoThl p; U py UMEIOT GJH3KHE 3HAYEHHs, KaXjJ0oe€ H3 Iepeme-
mweHHd 6; M 0, CONEPKUT NPOU3BEJEHHE TPHTOHOMETPHYECKHX (GyHKUUM,
B apTryMEHTHl KOTOPBIX BXOJAT /60 HH3Kas (p; — pa)/2, n160 BBICOKAs
(p1 + p2)/2 4actothl. B pesyJsibrare Gyner BO3HHKATh SIBIEHHE, Ha3bBae-
Moe Guenuem (cM. m. 1.7). B Hauase mpouecca pasBHTHs ABHXKEHHUS CH-
CTEMHI JIEBLIH MafITHHK KoJsebJseTcs ¢ aMIIUTY10# 6,, a IpaBblil HAXOAHTCA
B moxoe. Jlajee aMIJIUTyJa Y NEPBOrO MasiTHHKAa yMeHbIaeTcsl, TOTja
KaK y BTOPOro OHa Hapacraer. B MOMEHT BpeMeHH f = mt/(p; — pa)
JIeBbIH MasiTHUK IepeCcTaHeT KosebaTbCs, a NpaBblil KoJsebseTcs ¢ aMIJIu-
Tya0# 6,. 3aTeM KoseOaHUsl NEPBOro MasiTHHKA HAYHYT YBeJHUYHBATLCH,
a BTOPOTO YMEHbLIAThCS, NOKA B MOMEHT BpeMeHH ¢ = 2n/(p; — p2)
COCTOSIHHE CHCTEMBI He GyIeT CHOBA COOTBETCTBOBATb HCXOJHBIM Hayajb-
HEIM yCJI0BHsAM. [Tojo6Has KapTHHA NOBEIEHHS NOBTOPSIETCS] GECKOHEUHO
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JIOJITO, €clM B CHCTEME OT- ¢
CYyTCTByeT  jAeMndupoBaHHE,

C yMeHbIIEHHEM KECTKOCTH
NPYXKHHBI pacreT nepuoj Oue-
HHs1. Pasymeercs, TNpH xkect- a)
KOCTH NpyXuHb k = 0 masar- %
HHKH He B3aUMOJEHCTBYIOT, [
I09TOMY COOTHOIIEHHE MEXKIY /]\
¢opmamu Kose6aHu#l craHo- ’

BHTCS1 HEOIpeJesIeHHBIM,

0,732 !

Npumep 1. Hasa noxasansod Ha
puc. 3.3 CHCTEMEHI IPHHSTh, YTO KaX-
Jasi 4acTb BaJla HUMeeT IOCTOSHHYIO 2,732 6)
JKECTKOCTb Ry IIDH KPYYEHHH M 4TO Puc. 3.15
Iy = 2[,. Onpeleauts peaxiuio CH- C
CTEMH IIPH CBOGOJHBIX KOJeGaHHAX,
BO3HHKAIOIHX TIPH BHe3anmHOM ocTaHOBKe B TouKax A u B Basa, Bpamaiomerocs ¢ mo-
CTOSIHHOH YIVIOBOH CKODOCTBIO (g.
Pewenue. Y13 ypaBHenus (3.8) (cM. m. 3.2) BunHO, uto My = I;, My = 21,

Si1 = Sop = 2ky, S13 = Sg; = —ky. Ucnonsays ate paHHble U3 Bhipaxenus (3.19),
OTIPEJEJHM XaPaKTePHCTHYECKHE 3HAYEHHS
o B=V3) k _ k.
Pil=——g— =, — 08347
p3 =(3_+1{3_).-ki=2,366ﬁ‘_, (')
2 Iy Iy

a u3 Bbipaxkennit (3.20a) u (3.206) — OTHOIIEHHS aMILIHTYJ
ry = ———2 '_2_
Y+V3) (1—V3)

Ha“puc. 3.15, @ n 6 nokasaHbl COOTBETCTBEHHO II€pBasi M BTopasi (OpMbI KoJeGaHHi,
TNpHYEM 3HAYEHHS AMILIHTY] JaHbl B 6e3pasMEPHOM BH/E H OTHECEHHI K BEJHYHHE aMILIH-
TYAbl KoJjieGaHHH NPaBOTO AHCKA.

Vs soipaxennit (3.26) HaxoiuM 3HayeHHss NOCTOSIHHEIX C; = C3 = 0, Cp =
= 1,352 V I/ky, Cq= —0,05024¢, V Ti/ky. Tlocoe uero ¢ mOMOMBIO BhIpaXKEHHH
(3.25a) u (3.256) onpefessieM yIJOBbe NepeMEIEHHS CHCTEMBI

@1 = (0,992 sin pyt + 0,137 sin pat) o V T1/kxs (x')
@2 = (1,352 sin pyt — 0,0502 sin pst) @y V 11/ky- (3")

= 0,732; ry = = —2,732. €")

Npumep 2. Cucremy, noxasannyio Ha puc. 3.10, @ H3 npegmaymiero naparpada,
MOXKHO paccMaTpHBaThb KaK YIPOIIEHHYIO CXeMy aBTOMOGHJISI, ONEPTOrO Ha NEpefHHE
H 3ajHue NPyXuHBl. [ljs TOro 4ro6bl HCKJIIOYHTh HHEDUHOHHOE B3aHMOAEHCTBHE, NpH
PACCMOTPEHHH NMONEPEYHBIX M YIVIOBBIX NepeMellleHHH BOKPYT NONEPEYHOH OCH HCIOJb-
syem uentp taxectd C. Ilpeanonaraercsi, 4To H3BECTHBI CJELYIONIHE XaPAKTEPHCTHKH
aBTOMOGHJIA :

mg = 1,46-10% H, k; = 3,57-105 H/m, ky = 4,47-105 H/m,
Ic= 1,74-10° H-m-c?, [, = 0,102 m, l; = 0,152 m.

OnpenesHTL 4acTOTHl H (OPMBI KOJEGAHHHA CHCTEMBI H HCCJENOBATh MOBEJEHHE aBTOMO-
6uiist mpu CBOGOAHBIX KOJeGaHHsX, €C/H HMeeTcs HayalbHOE nepeMemenne A B Bep-
THKaJLHOM HallpaBJieHWH Ge3 moBOpOTa:

(Hoc= As 8c =0, gy = éoc =0).
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Pewenue, Vicnonbdysa ypasuewust (3.14B) u3 mnpesbiayiiero naparpada, BO3bMeEM

My = m= 1,49-10% H-c?M, My = Ic = 2,23-10* H-c?/m,
Sy = by 4+ kg = 6,7-10% H/M, Sj3 = Spy = koly — kyly = 3,18-10% H,
Sy = k3 k.d3 = 1,42-10¢ H-m.
Jans yKazaHHBIX JaHHBIX H3 Bhipaxenui (3.19), (3.20a) u (3.206) caenyer

p1 = 6,13 pan/c, py = 9,42 pap/c,
(t, = 1,02 ¢, 15 & 0,67 ¢V,

r = —2,86 m/pag = —0,05 m/rpag,

rs = 0,48 m/pag = 0,008 m/rpaz.

Ha%puc. 3.16, a u 6 fnpencrapyienbl nepBasi H BTOpas (OPMBI KoJeGaHHH, 3HAUECHHS
KOTOpPbIX OTHECEHBl K MOBOPOTaM. DTH (POPMhI SKBHBAJIEHTHHI MOBOPOTaM aBTOMOOHJIS
K4K JKEeCTKOTO TeJa OTHOCHTEJbHO ysJoBuX Touek O’ u O, pacrmoJioXeHHbIX Ha pac-
CTOSIHHSIX COOTBeTCTBeHHO 2,87 M BrnpaBo H 0,48 M BaeBo oT Touku C. Ilpu Kone6anusx
0 nmepBoil $popMe aBTOMOGH/b B OCHOBHOM COBEpINAET IIONEpPEYHbie NEpeMElleHHs, B TO
BpeMs 'Kak BTOpPOH (popMe COOTBETCTBYIOT B OCHOBHOM YIJIOBHE KoJie6aHHSI BOKPYT IoOIe-
pedHOH OCH.

Hcroan3ysl 3ajaHHEE HauajdbHhle YCJIOBHS H3 BhIpaxenu#t (3.26), ompesensem
MPOH3BOJIbHbIE TOCTOSIHHBIE HHTerpHpoBanua C; = —C3 = —A/10,99, C, = C; =0
U, naxoHeIl, B COOTBETCTBHH C BbipaxkeHHsMH (3.25a) u (3.26a) HaiifieM, 4TO KOMIIOHEHTHI
JABHKEHHSI aBTOMOGHJS HMEIOT BHJ

Yo = (0,856 cos pt + 0,145 cos p,t) A, (n")

8, = —0,0911 (cos p,1 — cos p,t) A (")

c =

H TPEACTaBASIOT CJOXHYIO HeNepPHOJHYECKYI0 KOMGHHANHIO IIONEPEuHBIX H YIVIOBBIX
KoJe6GaHHH,
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3AJAYH

3.5.1. Jaa cucremsl u3 sagauu 3.2.1 (cM. m. 3.2) NpUHATB, 4TO My = My = m
M UTO k) == k, = k3= k. OnpejleNdTh XapakTepucTHUECKHe 3HAUCHHS P M P}, a TaKKe
OTHOLICHHS AMIVIHTYZ 7y U 7z, B3STb BEJHUHHB xp = Xo3 = A UM %o = Xg3 = 0 B Ka-
YeCTBE HAYaJbHBEIX YCJIOBHH H ONpPEAC/NHTE MOBEJEHHE CHCTeMbl NpH CBOGOAHEIX Ko/eGa-
HUSIX.
iaOmeem:ry =1, ry = —1.

3.5.2. Hcnosb3ysi 3HaueHHs apaMeTpOB, NPHBENEHHEIX B 3ajaue 3.2.2 (cM. 1. 3.2)
NPHMEHHTEJBHO K IIOKAa3aHHOW Ha PHC. 3.2 cHCTeMe, ONMpEENHTL XapaKTepPHCTHYECKHE
3HaueHHsA pf M p}, a TaKKe OTHOWEHHS AMIVIATYA 7y H ry. OnpejieJuTb TaKXe NOBee-

HHE CHCTEMEI IIPH HAYaJbHBIX YCJAOBHAX Xor = A, yo; = 0, X3 = §o; = 0
Omsem: ry=—V'3/2, ry=7Y3/2.

3.5.3. Ilyctb Aast cucTeMBl, paccMOTpeHHOH B 3agaue 3.2.3 (cM. m. 3.2), namo:
my=my=m, ly= L= 1, ky= ky= 0. Haiitu p3}, p}, r; u r, u onpenennts peax-
LHIO CHCTEMB NDH CJEIYIOIHX HAualbHBIX YCJOBHAX! Xoy = Xgg = 0, %oy =g = 0.
Omeem: ry = 1/(1 +V2), r,=1/(1—V2).

3.5.4. IlpuHAThb, YTO A48 IBYX3TaXKHOH paMbl, pacCMOTPEHHOH B 3ajaue 3.2.5 (cM.
n. 3.2), pauo: my = 2m, my=m, hy = h, = h, El;= El, = EI. Haiitn p3, p}, r,
H 73 M ONpeJeIHTb NepeMelleHHs] NPH CBOGOJHBIX KOJeGaHHSX, €CJIH K HHXHeil 6ajke
paMbl BHe3aNHO NPHKAajbIBaeTCs CTaTHYecKas Harpyska (Qy)cr.

Omeem: r; = 0,894, r, = —0,014.

3.5.5. IlpuHATH, YTO AN CHCTEMBI, TNOKa3aHHOR Ha puc. 3.7, @ (cM. mpuMep |
B 1. 3.3), MaHO: my = my= m. Halitu 3Hauenust Ay, Ay, 7, H r, C TIOMOIIBIO BHIpa-
xeHwd (3.23a), (3.24a) u (3.246). OnpenesHTh MOBeJ€HHE CHCTEMBl TIPH BHE3aNHOM
TIPHJIOXKEHHH K He3aKDelJIeHHOMY KOHLY Oa/lKH CTaTHYeCKOH Harpysku (Qg)cr.

Omgem: ry = 0,168, ry = —2,68.

3.5.6. Ilis cucteMbl, nokasanuod Ha puc. 3.8, @ (cM. mpumep 2 B 1n.3.3), naiitn
Ay, Ag, 1y m ry. Jlano, uTO MpH ynape Macca NpuOGpeTaeT CKOPOCTb Uy B HaIpaBJieHHH
ocH X (Xgy = Ux, Jpy = 0, Xgy = goy = 0). Onpefe/UTh IBHKEHHS CHCTEMBI NpH CBO-
GOJHBIX KOJIeGAHHMAX C YYeTOM YKa3aHHBIX HaYaJbHBIX YCJAOBHIl.

Omgem: ry = 2,41, ry = —0,414.

3.5.7. IlycTb Aast CHCTeMEl, paccMOTpeHHO# B 3ajaue 3.3.6 (cM. n, 3.3), naHo my =
= my = 0. Halttu Ay, Ay, ry u ry. [IpenOS0OKHTD, 4TO GasKa BHE3ANHO NafaeT CO CBOHX
ONOp H NMpOJIETaeT PacCTosHHe A, moc/Ie Yyero CHoBa OKa3blBAeTCSl ONEPTOH aHAJOTHYHBIM
00pasoM. OnpeiesHTb JBHKEHHSI CHCTEMb NPH CBOGOJHBIX KOJeGaHHAX C yUeTOM YKa-
3aHHBIX HayaJbHBIX YCJOBHIi.

Omgem: ry = 1, ry = —1,

[ 8.5.8. Haittn Ay, Ag, ry M ry AN CHCTEMBI, paccMOTpeHHOH B 3ajiaue 3.3.8 (cM.
n. 3.3), cuuras, uT0 my = my= m u R = EI/(GJ) = /5. Kpome Toro, ompeseauTh
JBHXXEHHEe CHCTEMbl NPH BHE3allHOM TNPHJIOXEHHH K MEpBOH Macce CTaTHYeCKOH Ha-
rpysku (Qy)cr- _ _

Omeem: ry = 1/(1 4 V'2), ry= —1/(1 — V3).

3.5.9. [lpexnonaraercst, yro Matpuia M Macc A/l CHCTEMBI C ABYMS CTENHSIMH
€BOGO/b! SIBASIETCS He HAronanbHOR, a 3anoanenHoll. Haiitu p}, pd, 7y H ry, HCHIOAB3YS
YPaBHEeHHS [IBHXKEHHS, BHpaXKeHHHIE Yepe3 YCHJIHS H KO3(hOHUHEHTHl MKeCTKOCTH.

3.5.10, PewnTh 3amauy 3.5.9, HCNOJb3YS ypaBHeHHs ABHMKEHHS B nepeMeIneHH X
H KO3(pHIHEHTH NOAATIHBOCTH.

3.5.11. Pewnts npumep 2 u3 janHOTO naparpacda, paccMoTpeB Touky A Aas onu-
CaHHS JBHIXEHHS aBTOMOGHJS KaK MECTKOTO Tesa. Y PABHEHHS JBHXKEHHS B YCHIAHAX
AJISt yKa3aHHOH TOYKH ObLIH nosyweHbl B BHJe (3.14a) B n. 3.4, (Jlns pemenus 3Toi sa-
Aayn moTpeByeTcst MCMOMb30OBATh Pe3yJIbTATHl pelleHHs 3ajaud 3.5.9).

Omsem: ry = —4,08 M/pan; r, = 0,73 m/pan.

3.5.12. [lns nokasanHo#i Ha puc. 3.11 cucremb (cM. mpumep 1 B m. 3.4) HafiTn
1 Ay, 7y M ry, OpunsB b= /3 u Ic = 2mb?. HcnoabaosaTb Touky B pas paccmo-
TPEHHS IBHXEHHSI KaK MKECTKOrO TeJla H yPaBHeHHe [BHIKEHHs B NepeMelleHHsX, MoJy-
ueHHoe B . 3.4 [cM. ypaBuenus (M)]. (Ilns pewenus srofl safauu norpeéyercs HCNOJb-
30BaTb pe3yJbTaTHl peweHHs 3aiayd 3.5.10.)

Omgem: r; = 0,578(, ry = —0,578.

8 Tumouwenko C. TI. H ap. 225



3.6. BbIHY)KAEHHBIE KOJIEBAHHY BE3 JREMII®HPOBAHMUA

PaccmorpuM Tefiepb TapMOHHUECKHE BO30OYKIAEHHSI CHCTEM C ABYMS
crenensimH cBoGoipl. IlpennonoxxuM, HanpuMmep, YyTo Ha ABYXMAacCOBYIO
cucreMy (cM. puc. 3.1, a) AefcTBYIOT BO3MYINAIOLIHe CHJBl B BUAE QyHK-
IHH CHHYca

Ql - Pl Sil’l (Dt; Q2 - P2 sin (Dt, (a)
UMeIOIIHe OAHHAKOBYIO KPYTOBYIO YaCTOTY ® W Pa3JHYHbIE 3HAYEHHS aM-
ity Py v P,. B 3TOM cayyae BelpakeHHBIe yepe3 jefiCTBHE ypaBHe-
Husi (3.6) JBHIKEHHS B YCHJAHAX NPHHHMAIOT BHJ '

MX -- SX = P sin of, (3.27)

P |n

B arom naparpade takxke OyAyT pacCMOTpPeHBI TOJBKO CJAy4aH C AHATrO-
HalbHBIMH MaTpHUAMH Macc, H TOrJa B Pa3BEepPHYTOM BHAE ypaBHEHUS
(3.27) 6ynyT TaKumH:

Mll 0 fl Sllslz Xy 1)1 . .
[ 0 Ma, ] [xz ] + [321322} [Xz] = [P2J51nmt. (3.28)

YacTHble pelleHHS 3THX YPaBHEHMH MOXHO B3sITb B BHe X; = A; X
X sin l; xo = A, sin of uan B Gonee KpaTKol gopme

X = A sin o, (p)

rue

A
rge A = [ 1|~ AMAAUMYOb.  YCMAHOBUBLLUXCS KOACOAHULL.
Ay

[ToxcraBnss npencrabjeHuss (6) B ypaBHeHus (3.28), nonyuum cie-
JyWIIyI0 CHCTEMY anre6panuyecKHX YypaBHEHHH:

Sy — oM S12 Ay Py
[ Sa1 Sap — My, ] [ Ay :| - [ P, } ' (=)
Pemasi 3TH ypaBHEHHSI OTHOCHTENBLHO MaTpHubl-cTonbua A, HafizeMm
A =BP, | (r)
rne B — matpuna, o6patHas MaTpHue KO3(phHIHEHTOB H3 YpaBHEHHUH (B):
By By 1 Sas — @?My, —8
- [ Byy By ] I [ —Sa1 S — 0*My, ] ; @)
C = (S — 0'My) (S — ©’M3) — St (e)

DneMenTH MaTpuubl B sBAsioTCS Ko3bPUUHEHTAMH BJAHSHHSL (HX Ha3bl-
BAIOT TaKXKe nepe0amoyHbimMu (pYyHKYUAML), KOTOpble MOXKHO paccMaTpH-
BaTh KaK aMIJHTY/bl JHHAMHYECKHX NepPEMEUIEHHH NPH YCTAHOBHBIIEMCS
COCTOSIHHH H NpH AEHCTBHH BO3MYIIAIOUIMX CHJ B BHJAE €IHHHYHBIX rap-
MOHHYeCKHX (yHKuui. IlogcraBass BeipaxkeHust (r) B ypaBuedue (0),
NOJYyYaeM OKOHYATEJbHBIH BHJ pelleHHs

X =BPsinof, (3.29)
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KOTOPO€ OMNHCHIBaeT TMpOCTble TAPMOHHUYECKHE JBHXKEHHS JBYX Macc
C 4acTOTOH .

TIpu MejieHHO H3MEHSIOIMXCS BO3MYLIAIHX CHAaX (T. €. IPH & —>
— 0) matpuuya B craHoBHTCs o6paTHOH K MaTpHLle XeCTKOCTH, T. €.
NpeBpallaeTcss B MaTpHLy nojatauBocTd. CpaBHUBasi EblpakeHue (e}
aias C ¢ XxapakTepHCTHYECKHM ypaBHeHHeM (k) u3 II. 3.5, MOXKHO 3ame-
THTb, UTO NIPH ® = p; WIH ® = P, AMILIUTY]bl CTAHOBATCS GECKOHEUHO
60abmHMH. TakuM o6pas3om, AJIsI CHCTEMBI C ABYMS CTeNeHsMH CBOOGOIbBI
HMEIOTCST JBa YCJOBHS pPEe30HaHCa, COOTBETCTBYIOIIME OJHOH H3 ABYX
YacToT CBOGCOJHEIX KoJeGaHHH.

M3 ypaBHeHus (r) noJydaeM OTHOLICHHE AMIIHTYA

A, - (S22 — ©2Mys) Py — S15P, (}K)

Ag Sa1Py + (S — 0*My) Py, © - -

Korga P, = 0 1 @ = p; HWIH ® = py, 3TO OTHOLIEHHE NPHHHMAET BHJ,
COOTBETCTBYIOILIHH BTOPLIM (hopMaM 3anucH Bulpaxenui (3.20a) u (3.2006)
B 0. 3.5. C n1pyroi CTOpoOHHI, ecau MoaoXuTh Py = 0, To oTHOWEHHE Oy-
JET COOTBETCTBOBATH IMEPBLIM (OpMaM BLIpAXKEHUH AJSl 7y H 7y IPH yCJO-
BUSAX pe3oHaHca. B Gosee obiieM BUje, eCau pa3jeauTh YUCJAHUTENb H 3Ha-
MeHaTesNb BbipaxeHHS (K) Ha —Sj,, NOJTYUYHM

%:%:ri, i=1, 2. (3.30)
[TonyuyeHHbIft pesyJbTaT O3HAdYaeT, 4TO JJIs KaXAOTO YCJOBHA pe30-
HaHCa NPU BBIHYXKAEHHHIX KoJe6aHHSX CyLIeCTBYeT COOTBETCTBY!OLLAst
riaasHas ¢opma.

Yt06bl MOCTPOHTH YACTOTHYIO XApaKTEPHCTHKY AJAS aMIUIHTYX ycTa-
HOBMBILIETOCSI COCTOSIHHSI CHCTEMBI C JBYMs CTENEHsSIMH CBOOOAbBI, Heob-
XOJIHMO 3a/aTh KOHKpPEeTHEIE 3HAueHHsi napameTpoB 3ajnauyd. Takum o6-
pasoMm, /s ABYyMaccoBod cucteMsl (cMm. puc. 3.1, @) BosbMeM m,; = 2m,
me = m, ky = ky = k. Jlna ypob6ctBa rpaduyeckoro MNpeaCTaBJIEHHUSA
BBeJieM 0603HaueHHe

L S
Pi= 0 = m (3)

H BBIYHCIHM TI0 ¢opmyde (3.19) xapakTepucTHUeCKHe 3HAUEHHs AJIs CH-
CTeMBI, BHIPAXKEHHBIE Yepe3 p:

pt = 0,586p%; pi = 3,414p}. (u1)
Ecau uepes pg BLIPA3HTh MaTpuLy B, mosayuum -
gt 1 — w’/(2p}) 1 ©
= , K
¢ ! 2[1 — o*/(2p})]
rae _
C=k{[2(1 —o¥(2p})]) — 1). (1)

B stoM cayuae Bce ssemeHTH MaTpullel B HMeloT opHHaKOBytO pasmep-
HCCTb, MO3TOMY AJs TOTO 4TOGBI clesath ee 6e3pa3MepHOH, JOCTATOYHO
IPOCTO YMHCXHTL €e Ha k:

p = kB, (m)
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0 0,§ | 1,0 15 I 2,0 25 w/p,
PilPa PalPy
Puc. 3.17
TOrjJa pelleHHs /(3.29) NPUMYT BHJI -
X =B (P/k) sin of. (H)

BripaxkeHue (H) aHasnoruyHo BbipaxkeHHuio (1.24)-u3 n. 1.6. Takum 06-
pasoM, MaTpHLy P MOXKHO paccMaTpHBaThb KaK mampuyy KosppuyueH-
mos ycurenus (C TOYHOCTBIO [0 IIOCTOSIHHOIO MHOXKHTEJS).

Ha puc. 3.17 npexncrasieHsl B Ge3pa3mepHOH ¢opMe 3aBHCHMOCTH
4151 K03hHIMEeHTOB YCHJEHHS

\

. 1 — 0%/(2p,) .
ﬁll— 211 —-0)2/(2p3)32—1 ’ (0)

1
b= sr—orEmmr—1° (m

KoTOpble cBsidaHel ¢ ¢yHKuuei (P,/k) sin of. O6a 3TH Ko3addHuLHEHTa
paBHBl eJMHHLE NpH @ = 0; NpH yBeJMYEHHH YacTOThl ®@ OHH TNPHHH-
MalOT TOJIO>KHTeJIbHEIE 3HAYEHH s, UTO YKAa3blBaeT Ha TO, YTO MacChl B MPO-
necce KoseOGaHHI HUMeIOT OJHHAKOBYlo a3y ¢ Boamyllawouied cujoi
P, sin @f. Korza uyacrora @ JAoCTHraer 3HauyeHHs NepBOd COGCTBEHHOM
4acToThl p;, ob6a KoapduuneHta obpamiaiorcsi B GeckoHeyHocTb. Korzaa
YacToTa  CTaHeT HeCKOoJbKO GoJbIleH, UeM yacToTa p,, 06a Kospduuuenta
OpUMYT OTPULATEJBHBIE 3HAYEHHS, YKAa3bIBaloOlMe HA TO, YTO MaccHl Ha-
X0A5TCS B NpoTHBo(dAa3e ¢ BO3MYLIAIOIIEH CHJIOH, N0 NO-NIPEXKHEMY HUMEIOT
OIHHAaKOBBIe (aspl Apyr ¢ ApyroM. IlpH nasnpHefneM YBEJTHYEHHH

o6a kosbpdunHenTa 6yAyT YMEHbIIATHCS, NOKA NPH HacTOTe ® = vV 2p,
Ko3dpbHuuHeHT P;; He CTAHET paBeH HYMO, a KodhduuueHT Py NPHMET

sHauenne —1. Korza o npesbicHT 3HaueHHs V 2p,, KO3hduIHEHT By
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OyneT HMeTh TMOJIOXKHTEJNbHbElE 3HAUEHHHA, a Py MO-TIPEKHEMY OTPHUA-
TeJbHBIE. JTO 03HAYdeT, YTO MAacChl HAaXOAATCS] B TNpoTHBO(ase apyr
€ APYTOM, HO MepBas Macca CHOBA HMeeT OJHHAKOBYIO a3y ¢ BO3MyLLA0-
wei cunol. KoappuuuenTsl BTOpHYHO o6pauialoTcsi B GECKOHEYHOCTh
NpH ® = Py, a KOIJAd YacTOTd ® 3HAYHTEJbHO MPEBBICHT 3HAYEHHE ps,
nepeMeiieHdst o6edx macc OYyAYT CTPEMHTbCA K HYJIO.

OcobenHo HHTEpPECHO TO, 4TO KO03(pdHIHEHT P;; CTAHOBHTCS paBeH

HYJIO MpH YacTote © = V 2p,. ITpu st0fi yacToTe mepBasi Macca Haxo-
JQUTCSl B TIOKOE, TOTXa KakK BTOpasl ABHXKETCS € aMIJAUTyxoH — Pi/k
B NpoTHBOdase ¢ Bo3MyILlaomed CHIOH. DTO BHAHO H3 BhIpaKeHHs (e),
rze 3JeMeHT f;; MaTpHLBl NMPHHHMaeT HyJeBoe 3HAYeHHE MPH YacToTe

® = /Szz/Mzzy (p)

KoTopas B C/AydYae ABYXMaccoBoit cHCTeMBl paBHa V ko/my, = V 2p,.
Uto6pl moOKas3aTh, HACKOJbKO YAOGHO TMOJB30BAaThCSl 3THM YCJIOBHEM,
paccMOTPHM 3JIEKTPOABUTaTe/]b MacCOH m;, yCTAHOBJEHHBIH Ha 6anky
C JKeCTKOCTbIO k; (puc. 3.18, a). Bpauenue BekTopa cuiel P; npu He-
yPaBHOBELIEHHOM POTOPE MOXKET BbI3BaTb 3HAUUTE/NbHBIE KOJIeGaHHA CH-
CTeMBI, KOIjJa Kpyromas uyacToTa IPHHHMAeT KDHUTHYECKOEe 3HaueHHe

Oxp = V ki/my. Jlna Toro uyToGbl NOAABHTH 3TH BBIHYXKIEHHBIE KOJe-
6aHHs, TNPHCOEAMHHM JOMOJHHTENbHYIO MacCy m, K HMelolled xecT-
KOCTb R, TNpyXKHHe, Kak NoKasaHo Ha puc. 3.18, 6. Ecau maccy my,

H XKECTKOCTb R, MOJ00paTh TaK, UTOOH BHIIOJHSNOCH YCAOBHE V Ry/my =
= @gp, NOJYYHM CHCTEMY C JABYMs CTeNeHsSIMH CBOOOAbI, B KOTOPOH He
6yayT BO3HHKaTh KosebaHHs, 00yc/aoB/AeHHbIe KOJNeGAHHAMH 3JEKTPOBH-
ratesisi, NOCKOJbKY JOMOJHUTEIbHASI Macca Kosebercst ¢ aMIJIUTY A0H —
Pi/ks. TlogoOHaAss HOMOJHHUTENbHAA CHCTEMA HA3LIBACTCS] OUHAMUHECKUM
eacumenem KoaAe6aruti, MOCKOJBKY OHa MOXET NPEeJOTBPATHTh BO3HHK-
HOBeHHe KoJeOaHHi, BBHI3BIBAEMBIX BpALlAIOLIMMHUCA ¢ NOCTOSHHOH CKO-
POCTBIO y3JlaMH MallliH, €CJH B CHCTeME OTCYTCTBYeT AeMI(HpOBaHHE.
Jns Toro 4tobbl CIPOEKTHPOBATHL «FacuTe/b KosebaHHii», noabepeM cHa-
yaja JKeCTKOCTb R, MPYXHHBI TakoH, uTobbl ammauryna — P,/k, 6vl1a
JoctaToyHo GOJIbIIOH, a 3aTeM nmojabepeM MacCy Takoi, UTOOBI BBIMOJIHSA-
JIOCb YCJIOBHE V kol = @gp. 1o
TOTO 4YTOGB! OBITb 3(PPEeKTHBHBIM U
pH CKOPOCTAX, OTJIHYHHIX OT @gp,

N A

TpebyeTcs BBECTH B CHCTEMY JeH- = §
CTBHTEJNBbHOE CONPOTHBJEHHE (CM.
npuMep, ONMCAHHBIE B  KOHIE

N R

B 0. 1.6, BolnyXkaeHHsle Kosnebanus N

MOT'YyT BO3HHKaTb B pe3yJ/ibTare ne-
puodutieckux 08uncerull OCHOBAHUS.
ITpexnonoxum, Hanpumep, YTO MO-
Ka3aHHoe Ha puc. 3.1, a ocHOBaHHe
NnepeMemiaeTcA B HalpaBJEHHH X Puc. 3.18

A
a)
Py
1. 38). /77‘ wt
Kak{] yx€ TroBopHJOCH BbIlE K,
K2
my
g)
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B COOIBETCTBHH C BHJOM IIPOCTOH TapMOHH4YeCKOH OYHKIHH X, =
= d sin of, rae d — aMImIHTyjJla nepeMenleHHs. B stoM cayuae ypas-
HEHUsl JBHXKEHHS B YCHJIHSIX HMEIOT BH

myxy = —ky (Xy — X cu) T ko (X — x1); (c)
MaXy = —Ry (Xy — Xq). (T)

B wmatpuuHofi ¢opMe 3TH ypaBHEHHS MOXKHO 3amHCaTh
MX -+ SX == P, sin of. (3.31)

dneMeHTamy MaTpHubli-ctoabua P ., B ypaBHeHuu (3.31) siBasiorcs Mak-
CHMaJIbHbLIE CHJIBI, l€pejaBaeMble MaccaM 4Yepe3 NPYKHHBI NPU nepeMe-
IUEHHAX OCHOBaHHS. B 3ToM cayuae B Matpuue P, TOJIbKO oIuH 3Je-

MEHT H€ paBE€H HYJIIO!:
kyd
Pr_\cn = 0 . (Y)

C apyroil CTODOHBI, IPEANOJNOXHM, 4TO YCKODEHHS OCHOBAaHHs B TFOpH-
30HTAJbHOM HAIlpaBJEHHU OIHMCHIBAIOTCS BBIPAXKEHHEM BHAA Koen =
= a sin of, roe a — aMIVIUTYyAa yckopeHusi. B aToM ciyuyae mnepeiigem
K HOBOH CHCTEMe KOODJAHHAT, HCIOJb3Yys OTHOCHTEJbHbIE IepeMeileHHs:

XI == X| — Xocu; X3 = X2 — Xocu- (fb)
COOTBETCTBYIOLIHE YCKOPEHHSI HMEIOT BH[
i = £y — x.ccn, XE = %o — Xocn- (X)

Toma MO2KHO 3amnucaTthb ManH'-IHbIe YpaBHEHHS B OTHOCHTEJIbHBIX KO-
OpAHHATax
MX* + SX* = Piesin of. (3.32)

Jnsi aByxmaccoBoi cHcTeMbl, MOKa3aHHO# Ha puc. 3.1, a, Marpuua-
cronben, P3cy M3 ypaBHenusa (3.32) Takopa:
m

chaz—“[m
e

Takum obpasoM, 3ajayd O BBIHYXKJEHHBIX KoJebaHHsX, 00yCJOBJ/IEH-
HbIX JBHKEHHEM OIOpbl, BCerga MoOryT ObITb NPEACTaBJAEHH B TOH K€
MaTeMaTH4YeCKOH dopMe, YTO M 3ajaua ¢ NPHJIOKEHHBIMH K CHCTEMe BO3-
MYILAOIHME CHJIAMH, COOTBETCTBYIOLIMMH KOOpJIMHATaM MNepeMeileHHs.
KpoMe Toro, Bcerja MOXKHO OINPENETHTb IKGUBAAEHMHble HA2pY3Ku *,
COOTBETCTBYIOIHE IE€pPEMENIEHHAM, 00y CJIOBIEHHBIM MPHJIOXKEHHBIMH YCH-
JIUSIMH, HE COOTBETCTBYIOIIMMH 3THM IMepeMeLIeHH M.

Ecan g vccsenoBaHus BBIHYKIEHHBIX KOJie6aHHH BOCMOJb30BAThCS
BMECTO YPaBHEHHH JNBHXKEHHS B YCHJHSX 3THMH Xe YPaBHEHHSMHU B nepe-
MellleHHsIX, TO BMecTO ypaBHeHUs (3.27) noJyuyum

FMX - X = FPsin o, (3.33)

a. (1)

*Gere J. M., Weaver W. Analysis of framed structures. — Princeton; D. Van
Nostrand, 1965, pp. 136—138.
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M 1 B PA3BEPHYTOM BHjE
[ FyuMy, F}-zf’”:: :| { xl J 4 [ X } _ [ FuF ] { Py j sin of. (3.34)
FuMy  FauMy, X Xo FiFay Py
IlogcranoBka npeicrasiaeHds (B) B ypaBHenwe (3.34) naer
1 — 0?F My —@F M, Ay Fin Fio P,
[ —0F My 1 — 0¥ M, } [ A, } - [ Fy Fo } [ P, } -
B 3ToM cayuae pelneHyue’ nid aMOAHTYAR A MOXKHO 3anucaTth B ¢opme

A — DFP, ()

rae D — ofpatHag MaTpuua Ko3(phHIIHEHTOB, CTOSIHX B JIEBOH 4YacTH
ypaBHeHHH (4):

. Dy Dy _ [ 1 — 02FyM,, ©?F 13 M5 ()
“{ DuDyp | H *Foy My, | —0®FyMy |2 s
H= (1 — (1)2F111M11) (1 — (DQFQQAAqQQ) — \’1)4F%2M11M22. (3)

Dnementel MaTpuubl D aABagioTcss KodpdHLKHEHTAMH BJAHSHHS, KOTOpBIE
MOKHO DaccMaTpHBaTb KaK aMIVIMTYAbl NPH YCTAHOBHBILUEMCS IIOBeJE-
HHH H NPH €IMHHYHBIX TapMOHHYECKHX NepeMelleHHsaX Macc. [loacras-

Jsisl BbIpaKeHue (1) B CHCTEMY YypaBHEHHH (B), NOJyYHUM pelleHHe
N

X = DFPsin wf. (3.35)
CpasuuBas Belpaxenus (3.35) u (3.29), Buaum, uto
DF = B, (3.36a)
OTKyJa cJeayer
D =BS. (3.366)

Xors o6e MaTpuusl B U S aABASIOTCH CHMMETDHYHBIMH, HX NPOH3BeEje-
HHe D — 0oOblyHO HecHMMeTpHuHasg MaTpuua. MoXHO Takxke BBECTH
o6o3HaueHue

Acr = FP, (3.37)
HCIOJIb3Y sl KOTOPOE MOXKHO NMPeACTaBHTh ypaBHeHHe (3.33) B uHOH (dopme:
FMX + X = A, sin of. (3.38)

Toraa pewenue (3.35) Gymer HMeTb BHJ /
/ X = DA, sin w/, (3.39)

4aHaJOTHYHBIA pemeHHlo (X) U3 npuMepa 4, npuBeaeHHoro B m. 1.6.
Matpaua Ac. COCTOMT M3 3/€MeHTOB, KOTOPBIe IIPEACTaBJSIOT Mepe-
MelLleHHs Macc NPH CTaTHYECKOM IIPHJIOXKEHHH Harpy3oK, PaBHBIX MakK-
CHMaJIbHEIM 3HaueHHAM (YHKLUHI Bo3MymlawmHx cua. Kak 0 B BeIpa-
)KeHHH (3.37), >3seMeHTHl MaTpHuUbl Ag, OGYCJOBJEHBl IIPHJIOKEHHEM
(HJI, COOTBETCTBYIOIIMX KO3p(DHUHEHTAM nepeMellleHHH, HO TakHe xXKe
3/JeMeHThl MOTYT OHIThb OGYCJOBJEHB! JHOO HHBLIM THIIOM CHJ, JHGO HBH-
JKEHHEM OCHOBaHHS.

[apMoHHuecKHe nepeMelleHHS] OCHOBAHHsI CHCTEMbI, MOK4a3aHHOH Ha
puc. 3.1, a, 0COGeHHO JIETKO paccMaTpHUBaTh ¢ MOMOMIbIO YpaBHeHHU  (3.38).
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Ecnn, Kak W Bblle, B3fiTh MepeMelleHHe OCHOBAHHA B BHAE Xcy =
=.d sin of, TO MaTpHua-croabel NpHMeT npoctyio ¢opmy

Agp = [ i } d, (@)

YTO COOTBETCTBYET JBHIKEHHIO CHCTEMBI KaK ecTkoro tesa. C Apyroi
CTOPOHBI, €C/JH 3aJiaHbl YCKODeHHsl OCHOBAaHHA B BHAE Xeew =
= g sin wf, To 3TOT cayuaii siBaseTcss Gosee TPYLHBIM /IS HCCJeLOBa-
uus. [Ipu s3Tom ypaBHenne (3.38), 3amHcaHHOE B OTHOCHTENLHBEIX KOODH-
matax [cm. Buipaxkenus (¢) M (x)], npumer BHA

FMX 4+ X* = A% sin of, (3.40)
rjae
Ag’t - FP(;CH' (6’)

Opumep 1. [Ipexnonsoxum, yto B ABYXMaccoBoil cucreMe (cM. pHuc. 3.1, a) 3apano
nepeMelleHHe OCHOBaHHs B BHAE (GYHKLUHH CHHYCA Xocn= d sin wf. Tak xe, Kak npu
HOCTpOEHHH TpadukoB Ha puc. 3.17, mpuMeM, 4TO my = 2m, my = m, k; = ky = k.
Onpefe/HTh YCTAaHOBHBIIEECS MOBEJEHHE CHCTEMBI, HCHOJb3YS YDaBHEHHs [BHMKEHHs
KaX B YCHJHUfX, TaK H B IlepeMeIleHHAX.

Peuwenue. Vicnonbaya paHee HaitaeHuble MaTpuiel B [cM. Bepaxenus (k) u (1)]
u P,cylcM. Beipaxkenue (y) ] Ans 5TOH cHCTEMBI, MOXKHO CpPa3y NOACTAaBHTb HX B ypaBHe-
Hue (3.29) U HoJAyuYHTB

x == [(1 — 02m/k) d sin 0t1/[2 (1 — @*m/k)? — 1]; (8)
x = d sin /{2 (1 — 0?m/k)2 — 1]. (r’)

Ilanee, yuuThiBasA, 4TG AJ1s mojaTiuBoctell HMeeM Fyy = Fip = Fpy = 8, Fyy = 29,
NOJAYYHM MaTpuily [cM. BbipaxeHus () H (3)]

1 1 — @2md w?md
D= H | 202md 11— mzm(‘i]’ (a)
rEe
H= (1 — 20*mb)? — 204m28% = 2 (1 — w?*md)? — 1. (e)
MoacraHoBka Buipaxenuir 18 D u Agr [cM. Boipaxenue (a)] B ypaBnenne (3.39) naer
% = [(1 — @?mb) d sin 0t)/[2 (1 — w?md)® — I]; (x")
xg = [d sin 0)/[2 (1 — @*mb)? — 1]. (d)

VunrtbiBasi 6 = 1/k, BuguM, uro Bepaxenusa (k') u (3') cosnagatwor c (8°) u ().

Tlpumep 2. Ipeanonokum, yTo Noka3aHHas Ha puc. 3.8, a pama (cM. npumep 2
B 1. 3.3) HarpyXeHa KpyTAwuM MoMeHToM T = Ty COS @f OTHOCHTEJIbHO OCH 2, MPUJIO-
JKeHHBIM K ee pPaBoMy BepxHeMy yray. OnpejleJHTb YCTaHOBHBLIEECS JBHKEHHE MACCH,
NpPHCOEIHHEHHOH K HE3aKDEMJIEHHOMY KOHIY paMbl, 06YCJOBJEHHOE 3THM BO3JEHCTBHEM.

Pewenue. ByneM uccie10BaTh 5Ty CHCTEMY, HCIIOJAb3Ysl YPaBHEHHS B [lepeMEIeHHSAX
H yUHTBIBasi, 4TO B JJAHHOM cayyae nojatiusoctd Fy; = 413/(3E1), Fia = Fy = P(2E]),
Foo = 12/(3E]). TlpumeM Tak xe, uto My; = My, = m. TloAcTaBNAA 5TH 3HaYeHHA B Bbi-
paxeHud () H (3), MOJYYHM MATPHILY

1 [ [ — wimi3/3E] wmi3/2E]
D=1 omms2El 1 — 40mi¥3E1 | (1)
rie
= | — 502mB/3E] 4 70'm2l /36 (EI)2. (x")

MakcHMa/bHbli MOMeHT Ty, MPHJIOKEHHBIH CTATHYECKH K BEPXHEMY IIPAaBOMY YIJIy PaMsl,
BLI3bIBAeT I€peMellleHHe Macchl Ha paccrosinue Tp/?/(E]) B HampaBJeHHH OCH X H Ha
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pacctosiune Ty/2/(2E[) B uanpaBiaeHun ocd y. ClefoBaTe/bHO, MaTpula-cTONGEl Acq

B 3TO# 3ajaue HMeeT BHUA
27 112
A = b Gl o
o L]Qﬂ. (@)
[Moactaasis 310 Beipaxenue B (3.39), HalileM HCKOMOe peilleHHe

N w?mid Tul? ) ,
x1~<12 T > SETI C08 Of; (M')
. w2mi3 Twi2 ,
y1~<3—— i > 6ETH cos of. (1)

3.7. CBOBOJAHbIE KOJIEBAHHUS IIPH BSI3KOM
JEMII® UPOBAHHUH

Ha puc. 3.19, @ mokasaHa JByXmMaccoBasi CHCTeMa C TIHJpaBJjuue-
CKHMY TacHTENsIMH KosieGaHHH, HUMEIIHMH IOCTOSIHHbIE BSISKOTO JEMII-
GUpoBaHHUS ¢; U C,. EcaIM K cucTeme He NDHJIOXKEHBl HArpy3kH, ypas-
HeHHs JBMIKEHHS B yCHJAHAX HMetoT BuA (puc. 3.19, 6)

mXy = —c; %, + Ca (Xa — %1) — Ryxy + Ry (X2 — Xy); (a)
My = —Cy (X3 — %1) — ky (X3 — X1). (6)
B marpuuHbIX 0603HAYEHHAX 3TH YPaBHEHHs 3aNHIIYTCS TaK:
MX +CX 4 SX =0, (3.41)
rae i ) ) )
Cu Cy ¢y -0 —Cy :l e X,
|Gy Gy I Ca ’ BREZ @)

a oCTaJbHble MaTpulpl B ypaBHeHuH (3.41) umeloT BHJ, NOKa3aHHBIH
panee. Marpuua aemndupoBanusi C COCTOMT M3 Kosghpuyuernmos 6aus-
Hus Oemnguposanus, KOTOPhle MOXKHO DacCMaTpUBaTh KakK CHJbI, HEOO-
XOIMUMBIe [JIs TIOJYYEHHs eAHHHYHbIX cKopocTeH. Takum oGpasoM, Ipo-

Ky Ky
FAAMAVWANA m, FMAAMAMWWNA M,
L °
a1 ) 1
) =7,
o) [o) o) T ~
7 /7—>
x
Xy A2
a)
KXy Ky(Xy=xy)
© m' — Ao m,
L] L ]
— — . )
Cy Xy Cz(‘z"ﬁj
d)
Puc. 3.19
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U3BOJbHBIA 3neMent C;; MaTpHUbl KOIDDHIMEHTOB BJIHSIHHSI BA3KOTO
JeMiupoBaHUsA NpPEACTABAsSET co0ol peidcTBHe AeMNpHpPOBAHHS THNA i,
KOTODOE ypaBHOBEIINBAET JEHCTBHe AeMN¢HpPOBAHHS, COOTBETCTEYIOIIEE
eIMHUYHOH CKODOCTH THIA j. D10 onpejeseHde aHAJOTHUHO TOMY, KO-
TOpOe JaBajJOCh NPHUMEHHTEIbHO K KOI(PhHUHUEHTAM BJAHSIHHS MKECTKOCTH
H HHEepIHH, H NpoueAypa OnpelesleHus 3/J1eMeHTOB CTOJNGIOB MaTtpuisl £
aHajloTH4Ha TOH, KOoTopast OblJIa ONHCaHa Bhillie IPUMEHHTENbHO K MaTpH-
naMm S ¥ M. Ecau crefoBath ykKasaHHOH Npouenype, MaTpHua JAeMiipu-
poBaHHA OyJer Bcerja CHUMMETPHYHOH.

ITockonbky B ypaBHeHuH (3.41) NpPHCYTCTBYIOT uJjieHbl, 00YCJIOBJiEH-
HBIE BJIMSIHHEM CKOPOCTH, TO M pelleHHe OAHOPOAHBIX MuddepeHHalb-
HBIX ypaBHeHHH OyjieT GoJlee CJAOXKHLIM, YeM NPUBEJEHHOE B 1. 3.5 aJs
cnydas KoneGaHHH Ge3 neMnduporanus. 31ech GyAeM HCKaTh peLIeHHS
B 0000611eHHOH (opme

n= At 0
Xy == Aycst. (n)

IoncraBinsas npedcrasnenus (r) H (1), a Tak:Ke UX IPOH3BOAHBIE B ypaB-
Henue (3.41), mosyuyuMm cHcreMy aiare0paHYeCKHX ypaBHEHHII

My$* + Cus + Sn C1aS -+ S1a Ay 0 )
= . e
Cns + Sy Maas? + CpaS + Spa | | Aa | 0
J1s TOTo 4TOoOHl CYLIECTBOBAMH HETPHBHANLHEIE PEIEHHS 3TOH CHCTEMS,

onpeleadTe]b CHCTEMbl ypaBHEHHH (e) JoJXKeH paBHATbCA HyMo. OTciofa
nojay4yaeM XapaKTepHCTHYeCKOe ypaBHeHHe

(M1i8® + CusS 4+ S11) (MaeS® 4 CaaS - Spa) — (Cras +- Spo)* =0, ()

UIH B HHOH (opme
MM ges* 4 (M1 Cog + M22011)32 N (M”S?Z':‘ CiuCop + MpSiy — Ch)s" T
4 (Ci1Sor -+ CooSty — 2C15S1) s -+ Sy Sap — STy = 0. (3)

YpaBuenue (1) ynpouraercsa, €cad AJdA  CHCTEMBI, IOK43aHHOH Ha
puc. 3.19, a, ucnosab3yioTcs gefcTBUTeNbHBIE 3HaueHus M, = m,,
My, = m, v 1. &. Eciu yKasaHHble 3HAYeHHs1 MOJACTABHTb B ypaBHe-
HHe (M), OHO NDHUMET BHJ

mymyst 4+ [mye, + my (¢ + )1 8* + Imyky + iy +
oy (kg - k)] S E (Gl b Gk S - Feyky = 0. ()

JJ  pewieHHsT 3TOTO ypaBHEHHS HeOGXOAHMO BOCHOJb30BaThbCS TEM
UM MHBIM YHCJIEHHBIM METOJOM HAXOX/JEHHS KOPHEH MOJHHOMA, HO
obuias (popMa pellleHHs H3BECTHA H OyAeT moApoOHO oOCyKOEHa HHXKe.
ITockonbKy Bce KO3(hHIHEHTH ypaBHEHHH (K) IOJOXKHTEJbHBLI, TO ye-
ThIPE OTJIMUHBLIX OT HYJsI KOPHSI 3TOrO IOJHMHOMa YeTBEPTOH CTeNeHH
MOTYT CbITh HJIH }1efiCTBUTENbHBIMH, HJIH IOJOXHTEIbHBIMH, HJIH KOMIK-
IJIEKCHBIMH  C  MOJIOXKHTEJNbHBIMH JA€HCTBHTENMbHBIME yacTamu *. Kpome
TOTO, 3TH KOPHH MOTYT ObITb JHGO HEHCTBHTEJIbHBIMH H OTPHIATENb-

o~

* Cm, c. 142 ku. Rayleigh J. W. S. Theory of sound, uutupoBanuoit B n. 1.4,
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HBLIMH, JH60 KOMIJIEKCHBIMH C OTpHLATENb HBIMH JeHCTBUTENb HBIMH
yactaMu. Ecuau COIIPpOTHBJIEHHE MaJgo, CHCTeEMa MOXeT KoJiebaTtbCsl CBO-
60}1HO; IIpH 3TOM BC€ OTJIHYHBIE OT HYJAA KODHH 6y11}IT KOMIIJIEKCHbIMH.
Ouu o6pa3y10T KOMIIJIEKCHDIE COINPSKEHHbIE Iapbl UHCEJT H MOTYT OLITH
IIpeactaBJ€Hbl B CJACAYIOUIEM BHJAE:

S = My F iPays S = — Ny — iPus; (3.42a)
Sor = —MNy F iPpa; Sap = —Ng — iPgy. (3.426)

OG6Go3HaueHUs1 n, H n, OTHOCATCSA K IOJIOKUTEJNbHBIM HHCJIAM, XapakTe-
pusywoomum aemndupoBaHHe; uepes p,; H py, 0003HAYEHH KPYTOBhIE
yacTOTH KoseGaHHi cucteMsl ¢ jemngupoBanveM. IloxcraBasa 3TH
3HAUEHUS KOpHe# B ypaBHeHHE (e), IOJYYHM COOTBETCTBYIOIIHE 3Ha-
ueHHUs OTHOLIEHHH AaMILJIHTYJ

—Ciz8jn — Sio MypSji ++ CopSji + Sao

rip = = , 3.43
it M“slgk—}—C”s/-k—}—Sn —CoaSjn— Su ( )

rie j =1, 2; k=1, 2. [lonyyaemble nNpH 5TOM 3HAYEHHS MPEICTAB-
JAIT COG0H KOMIJIEKCHO CONpSIKEHHBbIE YHCJA ryy, g H Iy, Fee. B pe-
3yJbTare, ofliee pelieHHe MOXHO I[PeJACTaBHTL B BHIE

xy = ry Ap et - riphpesiel o rgiesnt - rypAggeset, (3.44a)
Xog == Anes”t *‘{4 A126312t ’“1" Agles“t + Azzes”t, (3446)

rae KosppuuueHthr Ay;, Ay Asy M Ay — KOMIVIEKCHO CONpSI?KEHHBIE
4HC/a, KOTOpble ONMpejensioTcss W3 HadaJbHBIX YCJOBHH.

[Toctymas Tak Ke, Kak U B m. 1.8 B c/ayuae CHCTEMBI C OJHOH CTe-
-TeHbI0 CBOGOAMI, perueHus (3.44a) u (3.446) MOXHO 3amucaTb B 3KBH-
BaJIEHTHOH TpUrOHOMeTpHYecKoH ¢opme. [Insi 3Toro mepsble ABa cJja-
raeMblx B pelueHHH (3.446) AaA X, NPECTaBHM B BHJE

Apgesiit - Appesiet == et (Cy COS pyt -1 Cy sin put),

rae
eipmt+ Pt
COS Pt = 5 ;
. e[pmt . e~—ipmt
sin pyt = 5
31ech '
' C,= Ay + Ay, C=i(Ay — Ay) (x)

JeHCTBHTENbHBIE MocTosiHHble. COOTBETCTBYIOIUIHE CJaraemble B pelle-
HUH (3.44a) MOXKHO 3amHcaTb B TPHTOHOMeTpHueckoli ¢opme, BBeas
0603HaAYEHHd *

ry =a-t ib;, ri, = a—ib, (1)
npencrasgasiomue co60H MNepByH [apy KOMIVIEKCHO  CONpSiXKEeHHBIX
3HayeHUH OTHOWIEHHH aMmmauTyA. Toraa mepBblie ABa CJaraeMblXx B pe-
LIeHHH JJ1S X; MOXKHO B3STb B CJeAylomel 3SKBHBAJEHTHOH ¢opMe:

riuApest - ripAgesist = e [(Cra — C,b) €os pyl - (Cib -+ Coa) sin pt].
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B anamoruuyno#l TpurTOHOMeTpPHUecKOH ¢(opMe MOXKHO 3amucath H JBa
NOC/IEAHUX CJaraeMbX B DELIeHHSIX VISl X; H X,, HCHOJB3ys JAEHCTBH-
TeJIbHbIEe NOCTOSAHHBIE:

s = Ag + Agg; Cy = i (A — Ap) (M)
H o603HaYeHHs!
oy =C+ id; ryg = ¢ — id. (1)
‘B rakoii ¢dopme ofliee pelieHHE HMeEeT BHJ
¥y = e~ (rCy coS put —+ riCesin pyt) + et X

X (roCs CO8 prot + r3Cy sin ppal); (3.452)
Xp=c7"t (Cycos p it + Cysinpyt) + et (Cy o8 prot + Cysin prot),
(3.456)
rie
. Cia—C, = Cib+ Csoa
r = Cl ’ 11— C2 ’
ry == CgcaC4a_; 5= C3dc—{ Cye (0)

— JeHCTBHTEJNbHblE 3HAYEHHs OTHOIUEHHH aMIIUTYA.

Pewenns (3.45a) u (3.456) BO MHOrOM aHAJIOTHYHBI pEILEHHAM /5
KoneGaHu# Ge3 aemnduposanus [cMm. Belpaxenus (3.25a) u (3.256)
B 1n. 3.5]. OnHako OHH OTJIHYAKOTCH OT YMNOMSIHYTHIX G60Jiee MPOCTBIX
BbIpaXKeHHH HECKOJbKHMH BAaXKHBIMH OOCTOAITEIbCTBAMH. AMIIMTY Ibl
KoJieGaHHH yMEeHbIIAIOTCS C TeYeHHeM BPEeMEHH B COOTBETCTBHH C MHO-
XHTeJeM e~ ™! H e~":' U NOCTeNIeHHO CTaHOBATCS PaBHBIMH HyJo. Kpome
TOrO, KPYIOBblE€ YacTOTHl py; M p 5 KoJebaHuH ¢ JNemnpupoBaHHEM He
COBMAJalOT C KPYTOBBIMH 4YacTOTaMM KoJeGaHHH G6e3 AeMIpHPOBAHHS.
Hanee, B cayyae ¢ nemngupoBaHHeM MMeeM uyeThipe GopMel KoseGanuii,
TOrJla KaK IIPH OTCYTCTBHH JeMI(HpoBaHHs TOMbKO jBe ¢opMmbl. M B 3a-
KJIOYeHHe OTMETHM, YTO IepBas yacTb pellieHHs Xx; He COBMNajaeT no ¢ase
CO BTOPOH YacThbiO PEIleHHS x,. ¥ Ka3aHHOe pasnuyHe B (hazax siCHO BHJIHO,
€C/IH 3amHcaTh YIOMAHYTHIE YaCTH peIleHHH C HCroab3oBaHHeM (aso-
BBIX YIVIOB:

x1 = Bie " cos (pul — o) 4 Boe” " cos (paot — 00);  (3.46a)
Xy == Biem"t cos (pul — o) + Bye 21 oS (piof — ), (3.466)
e
B,=V C +Cy; Bp=V CSTC4,
Bi=B, Va +b; Bi=By V& + d (m)
C c
@, = arctg "Ef_; oy = arctg —Cf ;

1Cs . r3Cs
neos dae=arctg ey (p)

Takum obpazoM BHAMM, 4TO (OPMBI KoseGaHHH, MOJYUYHBILHE OIIpe-
JeneHue B 0. 3.5, B paccMaTpHBAaeMOH CHCTEMe ¢ [IBYMs CTENEHsIMH CBO-
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60l ¢ JemndHpoBaHHeM OTCYTcTBYIOT.” CyliecTByolike e B Hefi col-
cTBeHHBIe (OPMBI KoJie6aHHH HMeIT TakdHe (a3orRble OTHOMIEHHS, KO-
TOpble TPYIHO HOAJAIOTC aHanu3dy. [aBabie ¢(OpMBI KoJe6aHuH K
BJusiHHe JeMnupoBaHHs OYAYT OOCYKA€HH B IM. 4 NPHMEHHTEJLHO
K CHCTeMaM CO MHOTHMH cTeneHsIMH cBoGoabl. Ecin Ko3(pHIHEHTHI Bsi3-
KOTO JieMNpHPOBAHHSl OYEHb MaJbl, XapaKTEPHCTHYECKOE YpaBHeHHE (H)
NpHHHMaeT BHJ, OJH3KHH K CJAy4Yal OTCYTCTBHS JeMi¢HpOBaHHUs, IO-
3TOMY BBeJeM CJeAYIOLIHe YIPOLIAoNIHe MPeANoOXKEHHS:

Pui R Pis Pr2 R P2y MAS L 1R T. (c)

[Tpu ykasaHHbIX JonyileHHsX perienus (3.45a) u (3.456) npuHHMatoT
6oJiee POCTOH BHJ

xy A= rie~ ™t (Cy cos pyt -+ G, sin pyf) + ree—:t (Cy €08 pot 4 Cysin pyl);
(3.47a)
Xy & el (Cy cos pyt -+ Cysin pyf) -+ et (C3c08 pyt -+ Cysin pyf). (3.476)

s Toro 4toGbl ONpeneauTh mocrosiHuble uHTerpupoBaHus Cp, C,,
C, u C,, MOACTaBUM HauaNbHble YCJOBHS Xg1, X3 Xo1 H Xgg, 3aJaHHHIE
npu ¢ == 0, B pewenus (3.47a) u (3.476) u ux npoussoiuble. Ilomyunm
CJIENYIOIHE BHIPAXKEHHS JJi1 3THX NOCTOSHHBIX:

Xo1 — ToXo2 .
CI%—HA, CZ%
rn—rs p1(r1—r2)

C. ~ X2 — Xo1_. C. ~ r1 (Xoz -+ naXoe) — (Xo1 + NaXor)
3/\/ _ £l 4~ r . )
rn—re pa(ri—rs

>

k()l - mXo— 12 (f;'oz -+ nxgs) . (T)

C jpyro#i CTOPOHBI, TPH OYeHb 3HAUHTENLHOM JeMI(HDOBAHHH BCe
KODHH XapaKTepHCTHYECKOTO YpaBHeHHA OYAyT JEeHCTBHTEJbHBIMH H
OTPHLATENLHBIMH. B 3TOM ciyuae pelenHe yxe He HMeeT KoJebaTelib-
HOTO XapakTepa H MOXeT ObiThb IpejcTaBleHO B (opMme

Xy == D4t 4 ryDye et - rgDge~4st - r,D et (3.48a)

Xg = Dyje—tt + Dye—tet 4 De—4st L Dye—4at, (3.486)

rae 4, Uy, Uz H U, — TOJOXKHUTENbHBIE 4Hcaa. Kpome Toro, mocrosiH-
e, Dy, D3 1 Dy, a TakXKe ry, 1y, r3 ¥ ry — JEHCTBHTEbHbIE YHCJA.
Bo3MoKHa TaKKe CHTYyallMsi, NpH KOTOPOH JABa KOpHsI Oyayr ned-
CTBHTEJIbHBIMH H OTPHIATENIbHBIMH, TOTAA KaK JBa APYIHX — KOMILJIEKCHO

CONPpsAXKEHHBIMH C OTpHIAaTe/]bHbIMH JEeHCTBUTENbHBIMH YaCTSMH. B stom
cjayyae pelieHHe MOXHO 3anucartb

x1==¢ """ (r1C\ cos pat -+ riCosin pyt) -+ rsCae “** + r,C e™!; (3.49a)

X2 : e—nt (Cl COoS pILt + C2 Sin let) + C;,e‘”ﬂt —*- C4e_”4t. (3496)
CBoGoaubie KoJMeGaHust ¢ JAeMIGHpPOBAaHHEM MOMKHO pacCMaTpHBATh,
MCIOJb3ysl BMECTO YpaBHEHHH JABHXKEHHA B YCHJMAX ypDaBHEHHs B Ie-

pememenusx. Ilpn ykasaHHOM nopxofie AHdxpepeHIHaNbHBIE yPaBHEHHUS
NPHHHUMAIOT BHJ

FMX + CX) -+ X =0. (3.50)
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ITogpo6HOCTH, CBsI3aHHbIE C TPHMEHEHHEM TAKOTO MOAXONa, ana-
JIOTHYHEl TEM, UTO HMEIOT MECTO NPH HCIOJb30BAHHM YPABHEHHH JBH-
JKEHHs B YCHJIHSX, H 3Jech obcyxjathcs He Oyner.

3.8. BBIHY)KAEHHBIE KOJIEBAHHUSI TNPH BA3KOM
JEMII® HPOBAHHHU

[Tycts Ha cucTeMmy, MOKa3aHHYlo Ha puc. 3.19, a, AefCTBYeT NECH3-
BOJILHOTO BHJa BO3MYILAWOIAsl CHJIA, ONHCbIRaeMasl KOMIWIEKCHOH rap-
MOHHYecKOH ¢yHKuHeH oOIiero Bujaa:

Q = Pei®t = P (cos of + i sin wf), (2)

rle BEKTOp-cTo/6en P HMeeT TOT e CMbICJA, 4TO H B YparHeHHH (3.27)
n3 n. 3.6. Torna ypaBHenue (3.41) u3 n. 3.7 DpHHHMEET BHJ

MX -+ CX -+ SX = Petor, (3.51)

PaccMaTpuBasi TONbKO YCTAHOBHBINHMECS EBIHYXKIEHHbIE Kose6zHus,
6yneM HCKatbh peIleHHs B KOMIUIEKCHOH (opme

X = Aefot, (6)
[MoxcraBasis npejcTapienus (6) H HX NPOU3BOJHBIE B ypaBHeHHe (3.51),

MOYYHM CJEAYIOUYIO CHCTEMY anreGpanyeCcKHX ypaBHEHHH B MaTpHY-
HOH ¢opme:

(S — oM+ i0C)A=P. (e)

Pemast ypaBHeHHe (B) OTHOCHTeNIbHO A, HafileM

A = B*P. (r)
[TopcraBnssi Belpaxenue (r) B npeacTabjeHHe (6), NPHXOAMM K peie-
HHIO CJIe[YIOIIEro BHAA:

X = B*Peiof, (3.52)
KOTOpPOE OIHCHIBAET TapMOHHYeCKHe NBHKEHHs JABYX Macc C KPYTCECH

YacToToOH (.
U3 coortHowenu#t (B) W (r) HaXONHUM BbIpa)KeHHe JJisl MaTPULB!

B*= (S — o*M + ieC)™. (n)
Sra mMaTpHua aHajJordyHa matpuue B, nojyuenso# B n. 3.6, HO MaTpuIa

B* Cojep:KHT MHHMBbIE YacTH, o6ycJoBJeHHbie AeMndupoBanneMm. Korna
MaTpuia M sBjsieTcsl QMaroHaJbHOH, pa3BepHYTHIH BHA MaTPHIBI

B — Bfy By 1 Seg — @’ Magg - i0Cos —8i2 — i0C)s }
~ | Bs By | CF —8yp — i0Cy Sy — @My, — iwCui |
(e)

TAE
C* = (S — 0* My - i0Cyy) (Sp — @My, - i@Cys) —

— (S1z + [0Cyy). ()
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Puc. 3.20

DneMeHTH MATPUUBl B gBASIOTCS KO3hGhUIHEHTAMH BJMSIHHs, Hasbl-

BAEMBIMH KOMNACKCHbIMU  Nepedamounbimu pyukyuamy. B nopoGHBIX
MaTpHIaX KOMIIJIEKCHBIE YHC/JAa NPEeACTaBJAIT Cco00H aMIVIHTYIbl H
(aspl YCTAHOBUBLIMXCSL KoJMeOaHUH INPH HaJHYHH JemnHpOBaHHs,
00YCJIOBJEHHBIX JIeHCTBHEM BO3MYIUIAIONUX CHJI, ONHCHIBaeMbIX €IMHHY-
HLIMH TapMOHHYECKHMH GYHKIHAMH.

Hcnonb3ysi u3BecTHble GOPMYJH I anreGpaHuecKHX onepanui
HajJ KOMIJIEKCHBIMH 4YucaaMy, pemiesue (3.52) MOXHO BLIpASHTL uyepes
JEeHCTBUTENbHbIE AMIVIMTYAB ¥ (pa3oBble YTIJIBL

a2 F b2 2+ d2 .
Xy == -{—%%h—z P, cos (ot — 0;) + %;2::/12 P,cos(of —0,); (3.53a)
2 L 4o T
Xy —:;—:,7—177 P, cos (ot — 0,) + —l‘;;Tj;fTZ— Pycos(of — 6y,  (3.536)
rje
a == 822 - ﬁ)zMgg; b= OJCTg; C == Sl‘:;
d=0Cy; e¢=S8y — My [f=0Cy;
g = (Su — 02My) (Szp — ©*Map) — Sty — 0°(C11Co2 — Cho); (3)
h = o[ Cpj(Spe — ©*Mps) + C,.(Sn — ©0*My) — 2C1.S15)
H
. ah—bg \ . . [ ch—dg \.
0, == arctg <W> i 0, =arctg (w> ;
_ eh—fg
0; = arctg (-———eg+fh ) (n)

Mpumep. UTOOH NpOREMOHCTPHPORATL MPHJIOKEHHE K DPAKTHYECKHM 33JauaM T20-
PHH BBIHYXKJEHHBIX KoJIeGaHHH NPH HaJHYHH JAeMNQHPOBaHHs, PaCCMOTPHM AHHaMHYe-
CKHil racuTesnb KoseGaHHH, MOKa3aHHBIH Ha puc. 3.18, 6 W KpaTko onHcaHHHH B m. 3.6.
Ha puc. 3.20 npeacraBsiesa cxeMa noJ0oGHOTO YCTPOHCTBA C THAPABIKYECKHM TacHTeIEM
Kosle6aHuil, YCTAHOBJIEHHLIM MeXJYy OCHOBHOH #1; W JONMOJHHUTEJIbHOH M, MacCaMH.
C yuerom peMnuUpOBaHHS JONOJIHHTEABHYIO CHCTEMY OyIeM paccMaTpHBaTh Kak Ouxa-
museckuti eacumens Korebanuidl *, KOTOPBIH MOXeT NOZABJAThL KoJieCaHHS B MalIHHAX
C MOCTOSIHHOH H NepeMeHHOH JacTOTaMH BpalleHHs1 y3J0B. Kak NokKa3aHO Ha PHCYHKe,
K OCHOBHOH Macce IPHJIOKEHA BHI3bIBAIOIIAsl KOJeGaHHS CuJla B BHfie NPOCTOH I'apMOHH-
4yecKoll ¢ynKunuu P cos of; koddduuueHT neMnbHpOBaHHS THAPABIHYECKOTO TacHTEJs

* Ormondroyd J., Den Hartog J. P. The theory of the dynmamic vibration absor-
ber. — Trans. ASME, 1928, v. 50, N. 1, pp. 9—22.
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KoseGauuil o6osHauen Gyxkmofl ¢. Tak Kak OCHOBHOe 3HaueHie HMeeT aMIVIHTyja JAMHa-
MHYECKHX MepeMelleHHll Macchl f1y, TO JJ/isl 3TOH aMIIHTYAbl B COOTBETCTBHH C BHIpaxe-

HueM (3.53a) mosy4uMm
PVatb:
Vete

P V(kz — mzmz)z + (mc)z (K)

= 5.
V(k — 02my) (ks — @%my) — @Pmaka]® 4 [(0c) (ky — @2my — @3my)]
Jna Toro utobbl yNpoOCTHTh JAaJbHeHluee OOCYXKAeHHe Tracurtess KoJseGaHHH, Bce
cleyiollie BeJHUHHBl GYy/leM HCIOJb30BAaTh B 6e3pa3MepHOM BHJE:
Aop = Plk; — cTaTHuecKu#i mporu6 npu AeACTBHH CHAB P;
CT 1
po = V k/m; — xpyrosas uactora KoJebaHHi TOJbKO ONHOH OCHOBHOH CHCTEMEI;
pp= V kyimg — KpyroBas yactoTa KoJeGaHHH TOJbKO ONHOM NOMONHHTENbLHOH CH-
CTEMHI;
By = my/m; — oTHOWEHHE Macchl racHTe]s KoJeGaHHI K Macce OCHOBHOI CHCTEMBI;
8 == py/py — OTHOIWEHHEe 4YaCTOTBI TacHTEJs KoJeGaHMH K 4YacToTe OCHOBHOH CH-

Xym1 ==

CTEMBI;
Y = ©/py — OTHOUIEHHE YacTOTHl BO3MYIIAMOUIEH CHJB K 4acTOTe OCHOBHOH CH-
CTEMEI.
C yueroMm 3THX 0603HaueHHH BbIpaxKeHHe (K) MOXHO NMpPEeJACTABHTb B BHJE
2
Tl _ 4pry? + (y2 — 672 @)

Ay A (P — T [P — (V— D) (P — 692’

rAe 1eMIpHpOBaHUE ONpefiesIieTC BeJHUHHOH W = ¢/2mypy. ITonoxkus u = 0, u3 BBIpa-
- MeHHs (1) HaXoJuM

Xm1 \’2—62
Ao~ POVE— (P— 1) (P — 09" ()

Ha pnrc. 3.21 wWTpHXOBbHIMH JHHHSIMH ITOKa3aHa 3aBHCHMOCTh AMIVIHTYJbl OT 4aCTOThI
s w=0, B=1/20 u § = 1. Cnenyer OTMEeTHTb, UTO Ha DHCYHKE IIPe/CTaBJEHbI
a6CcosoTHEIE 3HAUeHHs] QYHKIMH (M), B TO BpeMs 3HaueHHs 3TOH QYHKIHH MEHSIOT 3HaK
B Toukax y = 0,895, y =1 u y=1,12.

XM/AcT
16 H
u=0 |
0
j |
12 , i ‘|
B3 i \I
. / s
g=1 / /
8 7 Y
1/ /
V/y/4
Y/ ld
" vz
_=ZF
l———"——b/
0
0,6 a,7 0,8 0,9

240



Jlpyroii npeneaLHLIH clyyali BOSHHKAET, eClIM B3ATh W = co. Ecau seMmnduposanue
GeCKONEeUHO BEJIMKO, MacChl /My M My He GYAYT CMEIlaThCsl OTHOCHTENBHO APYT ApyTa.
Takum 06pa3oM, nosyuaercs CHCTEMa C OAHOH CTeNeHbIo CBOGOABI, MacCOH 1y H JKECTKO-
CTbIO MPYXHHBE ky. JIia ONpeAeJIHHs AaMIVIMTY/Abl BbIHYXIEHHOTO KOJeGaHHs 3T
CHCTEMbI BOCIIOJIb3yeMcs BblpaXKeHHeM (J1), 4TO jpaeT

2
M1 1

[ gy O (n)

Kpurnueckoe 3Hayenue OTHOUIEHHS YACTOThI NOJYYaeTcsi NPHPABHHBAHKEM HYJIO

3HaME€HaTe 1l BRIPaXKEHHS (H), OTKyJla HaXOANM

- 1

Kp —

PVTEB

3aBHCHMOCTb aMIVIMTYJBl OT YacTOThl IIPH [ = OO TaKMKe NpejicTaBJeHa Ha puc. 3.21
IUTPHUXOBBIMH JIHHHAMH. 3Ta 3aBMCHMOCTb HMECT TOT K€ BHJ, 4TO M IIpeACTaBJeHHas
Ha puc. 1.22 (eM. m. 1.6) anst CHCTEMBI € OJHOH cTeneHnio cBoGoAbl. JIJIst BCEX OCTaldb-
HBIX 3HAYEHHH [ PE3OHAHCHEIE KPHBbIE MOXHO MOCTPOHTb C MOMOIIbIO BbIPaxKeHHs (J1).
Ha puc. 3.21 nokasausr Kpusble aas b= 0,10 u p = 0,32.

HHTepecHO OTMETHTh, YTO BCe KpHBBIE HA puc. 3.21 nepecekalorcst B Toukax S u T.
ST0 03HAYaeT, YTO AJIS ABYX COOTBETCTBYIOIHX 3HAYCHWUH OTHOIUEHHS Y aMIUIHTY/Hl Bhl-
HYKJEHHBIX Kose6anHil MacChl f1; HE 3aBHCAT OT BeJHYMHBI JeMI(HPOBaHHUS. DTH 3Ha-
YEHHST MOXHO HAHTH, NPHPABHSAB AGCOJIOTHBIC 3HAYEHHS Xpp/Agqp,l10JyYaeMble H3 Bhi-
paxeHu# (M) u (H), yTO jJaet

== (,976. (0)

il — ()
porvE— (v — 1) (¥ —6%)  yE— I pBy*°
ITO XKe ypaBHEHHE MOXKHO NOJNYYHTb H3 BbipaxKeHHs (J1), cuntasi, yTo Toukkn S u T mepe-

CEUEHH ONMPEIENAIOT T€ 3HAYEHHA Y, NMPH KOTOPBHIX BeJIMYHHA BhIpaXKeHHst () HE 3aBH-
CHT OT fAemndupoBanus. B oflueM BHAe BbipaxieHHe (J) MOXKHO 3amMCaTh

xfn - MpE4N
N, | PWFQ (®)

31ecb MOXHO BH/eTb, 4TO NMPaBas yacTb COOTHOLIGHHS He GYJeT 3aBHCeTb OT U? TOJNBKO
B TOM c/lyyae, €C/IM BbINoJIHseTcss cooTHowenue M/P = N/Q, orKyjaa cHOBa moaydaem
ypaBHenue (n). OTO ypaBHeHHE MOXHO NPEACTaBHTL B cJeAyiouel ¢opme:

(=) (" — 1 — Py = Bo — (* — ) (" — &)

|48t por 26
P 22 .+2+—Eﬁ +2+ﬁ:O (c)

Ha ypaBuenus (c) MOXHO HaMTH JBa KOPHS Y7 M Y3, KOTOpble ONpeieasiioT 3HAYEHHS
a6eupce Touek S u T. 3aTeM MOACTaHOBKOH Y H Vi B BhIpareHus (M) MJH (H) ompe-
JeJIsieM COOTBETCTBYIOIIHE 3HAYEHHMsl AMIVIHTY] BBIHYXAEHHBIX KoaeGanuil. HMcmoansys
nocJlelHee BhIpaXk€HHe KaK (oJiee NMPOCTOe HalijeM opauHaThl ToueK * S u T:

(¥*m)s 1

Ber W= TTER @
(*m1)T . 1
Y TR ey T ¥

3HaueHHsi 5THX OPJAHHAT 3aBMCAT OT BeJMuMH P u 6, ompefesisieMBIX Maccoil M Ke-
CTKOCTBIO NMPYHKHH MOMJIOTHTE/s KoJie6anuii. CoOTBETCTBYIOIMM NOAGOPOM STHX Xapak-
TEPUCTHK MOXHO MOBBICHTb 3((EKTHBHOCTb NOIJIOTHTENIs KoJdeGanuii. ITockoabKy Bee

HJIH

* Tlpeanonaraercst, 4TO yi SIBJISIETCSt MEHBIUMM M3 KOpHEH YpaBHEHHil (C); KOpeHb
KBa/IpaTHBIH H3 BbIpaKeHHs (H) Gepercs cO 3HAKOM MHMHYC /ISl TOTO, 4TOGH! MOJYYHThb
NOJIOKHTEJbHOE 3HAUEHHE AMIJIMTY/IbL.
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KPHBHE Ha pHc. 3.2]1 10JXKHBI IPOXOAHTL yepes ToukH S H T, MaKCHMAaJbHEE OpJHHATH
3THX KPHBBLIX, JAlOL{HE 3HAYEHHS MAKCHMAIbHLIX AMIUIATYJ NPH BLHIHYMKIEHHHIX KoJe-
Ganusax, 6yayT 3aBHCeTb OT OpAMHAT ToueK S H T.1BaXHO OTMeTHTb, uTo Haumbosee
GaaronpusTHOe yc/aoBHE 6YIET IOCTHTHYTO B TOM cJjydae, ecsiH opauHatel S u T Gyayr
paBHEIMH, 1Jis yero Tpefyercs, HTOOBl BHIOJHSJIOCH YCJAOBHE

1 1
Vi— T+ v — 1+

HJIHN
2
A Lt h
il |_ 1: - . ()
L+p
3necw cJefyeT NOMHHTb, YTO Yf H Y£<—~£Ba KCPHSI KBaJpaTHOTO YpPaBHEHHST ﬁﬂ H 4TO,

KaK H3BECTHO, CyMMa KODHeH KBa/DaTHOrO YPaBHEHHS PaBHA B3ATOMY C GTPHUATCJIBHBIM
3HaKOM KO3(:pHLHEHTY MpPH CpelieM uYieHe, OTKYMa HMEeM

2, L84
R A
4YTO AA4CT .
1
[ — ¥
e )

drta ¢opmysa yKasbliBaeT Cnocol «HACTPOHKH» MOMIOTHTeNsT KoJeGanuil. Ecsu macca my
TIONJIOTHTes1 BRIOpana, TO CTAHOBHTCS M3BeCTHOH Beauyura B u Torma mo ¢opmyse (x)
ompefieifeM COOTBETCTBYIOUlee 3Hayenwe O, ¢ NOMOIBIO KOTOPOTO HAXOAHM YacTOTy
H XeCTKOCTb NDYXHHBI MOTJIOTHTeNS! KoJeGaHHH.

Jast TOro 4ToGH!I ONpeXeJHTh COOTBETCTBYOULHE ToykaM S u T aMIJIHTYAbl BEIHY-
XKACHHBIX KoJeCaHHH, NOJACTaBUM B BbhipaxkeHne (y) 3HaueHHE OJHOTrO M3 KOpHeH ypaB-
Henn#i (c). Ilpu npaBHILHO INOCTPOSHHOM MOTVIOTHTENIC KOJCGAHHH JIOJKHO BBINOJ-
HATbCA CcoOoTHOweHHe (X). JIAst 3TOro cayuas ypaBHeHue (C) NDHHHUMAeT BHA

2y 2 ,__
LA Sy S Gy N R

Viw:“i—(’il/“£—>' (1)

0,

OTKYJla HaXoaHM

TP PR

Jlanee u3 Boipakenus (y) nouyuaem
(le)T ) 4 2+ b — (":.\11)3 (“)
Aer B Bor

HMonoxenns Tosek S u T He 3aBUCAT OT AeMIPHPYIOWMX CBOHCTB MOrJIOTHTENsT KoJseGa-
Huil. OHAKO MaKCHMaJbHble 3HAYEHUs] OPJHHAT KPHBBIX 3aBHCHMOCTH AMIJIMTYAbI OT
yacTothl (cM. puc. 3.21) 3aBucsAT OT BesinuuMHBL M. IlombiTaeMcsi moJiyuuth HauGoJsee
6naronpusaTHOE YCJIOBHE, NOAOGPAaB L TaKHM 00pa3oM, YTOGBI KpUBBIE 3aBHCHMOCTH
aMIUTATY Bl OT YaCTOTHI HMCJIH DaBHBIH HYJIO TaHTeHC yIJia HAKJIOHA KacaTeJbHOH B TOY-
kax S mau T. Ha puc. 3.22 mpejcTaB/ieHH KPHBbIC IHOAOGHOTO pOja, OAHA C MAaKCH-
MaJbHEIM 3HayeHHeM B TOYKe S, npyrasi — B TodKe 7. DTH KpUBBIE IOCTPOEHB! AJist
caydasi npu f = 1/,. MOXHO BUIETh, YTO MAKCHMAJIbHbIe 35A4YEHHS OPJHHAT STHX KPHBBIX
OUeHb HE3HAYHTEJbHO OTVIHYaloTcA OT opAuHAT Toyek S H T. CienoBaTesbHO, MOXHO
yTBEpXKJaTh, UTO BbiparKeHHe (4) JaeT 3HaYeHHe aMILIHTY/bl BBIHYXKJIEHHOTO KoJeGaHHS
Macchl f1y ¢ 10CTaTOYHO XOPOIeH TOYHOCTHIO, €CJIH BeJHYHHA W BbIOpaHa Tak, KakK cOb-
SICHAJIOCH BBILIE.

Tenepb paccmorpum, kKaK Halo DOAGHPaTh AeMIHPYIOLIHE XAPAKTEPHCTHKH IIO-
rJoTHTeNs] KosneGaHuf, 4YTOObl DE30HAHCHBIE KPHBLIE MMEJIH MaKCHMaJbHbie 3HAueHHs
B Toukax S u T. HauyueM ¢ Toro, uto mpejcTaBuM BhipaxkeHue (i) B Bune (p). Pewmun
Jlajjee NOMYYMBIIeeCcss COOTHOLICHHC OTHOCHTENBHO W2, MOJYyYHM

5 N — Q (xm1/Acr)?
= P (/A —M -~ ()
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03 04 0,5 0,6 a,7 0,8 0,3 1,0 i1 1,2 1,3 (‘)/Pu
Puc. 3.22

Kak Tonbko BRIGpaHa Macca rm, TMOIJIOTHTeNs KoJeGaHHH, CTaHOBHTCS H3BECTHON BeJH-
ynHa B u Torga u3 Qopmyar (x) HaxoauMm §. 3areM no cdopmyse (1) MOXKHO NOACYH-
TaTb 3HayeHust Yi,., COOTBeTCTByloliHe TOukaM S W T, W Jajsee H3 BbIpameHHs (4)
HaXOAHM Xyy/Acq. ECH Bce HailfieHHble 3HAYCHHS TMOJCTABHTL B BhIpaXeHHe (i), TpH-
JeM K HEONpejeeHHOMY COOTHOLIEHHIO Buaa 0/0 anst P2, MOCKOMBLKY MOJOMEHHS TOYeK
S u T ue 3aBucar oT K. OpfHako JaBaiiTe pacCMOTPHM TOYKY, OYekb GJIH3KO Pacrnodo-
XKEeHHYI0 K TouKe S Ha rpaduke 3aBHCHMOCTH aMIVIHTY/bl OT 4acTOThl. Ec/H MaKCHMyM
HaXOJHTCA B TOYKe S, 3HaueHHe Xyi/Agp He 6yJeT H3MEHATHCS NMPH HE3HAYHTENLHOM
cMeleHHH abcuncehl ToukH. He 6yayr HamensTbes Takke 3Hauennss B u 8, w Tonbko
KOpeHb Y] HEMHOrO H3MEHHT CBOe 3HaueHHe. DJarojiapsi TakoMy H3MEHEHHIO BHIpa-
JKeHHe (1) JaeT OnpejeJeHHOoe 3HayeHne BeJHYHHB W2, Kotopoe Tpefyercs AJsi TOrO,
4TOGBl CJAeNaTh TOPH3OHTAJBHOH KacaTeJbHYIO K KPHBOH B Touke S. AHaJOTHUHBIM
06pa3oM MOXHO NMOJYYHTh 3HayeHHe W2, NpH KOTOPOM KacaTesbHasi B Touke T Oyger
TOPUSOHTAJIBHOM.

JKecTKOCTb MPYKHHBI TOIJIOTHTEJSI KoJeGaHHH ompejensieM mo ¢opmyue (x). Ma-
KCHMaJibHOEe HanpsKEHHe B NPYXKHHe, BOSHHKAOLEe ‘NPH KoseGaHHSAX, MOXHO HaHTH,
€CJIH M3BECTHO MAKCHMaJbHOE OTHOCHTEJNbHOE MNePEMELeHHEe Xorp™= (X3 — Xi)max. JVIf
TOYHOTO BBLIYHCJIEHHS 3TOH BeNHYHHB TpeOyercs MPOBOJHTH CJOMKHOE HCCJE/0BaHHe
JIBHAKEHHSI O0€HX Macc M3 H fly C y4eTOM Pa3HOCTH HX (pa3. YIOBJIETBOPHTEJIbHOE NPH-
6JIHKEHHE JUIS Xopy MOKHO TOJYYHTh, NMPeANOJNONKHB, UTO KOJeGaHHe OCHOBHOH MacChl
oTcTaeT Ha /2 pal OT MepeMeHHOH Harpysku P cos f. IIpu TakoM npeanoJokKeHHH
paGoTa, BHIIOJNHSEMasi 32 OJMH LHKJI, paBHa MPxy; [cM. Bbipaxenue (B) B m. 1.10].
PaccenBanne sHeprun 3a oJMH UHKJI KoJjeGaHHsi, 06YyCI0OBJIEHHOE CHJIaMH JleMIdupoBa-
HHS$1, PONOPIHOHANBHLIMH CKOPOCTH, PAaBHO ¢ (Xory)? @ [cM. BuIpaxkenue (1) B m. 1.10].
[IpupaBHEBasi paccestHHYIO SHepruio padoTe, BHIMOJHCHHOH 34 OJHMH LMK/, MOJYYHM

2 Pxya
Xorn = 'T;\;_ . (w)

Hcitonn3yst BBeneHHBIE Ge3pasMepHBIe mapaMmeTpsl, (GopMyJay (1) MOMKHO INpPejCTAaBHThb
B BHIe

2
Xoru _ Xm | (3)
Ay Ber 2078 -

[Tockonbky W n B o6bluHO Masibi, TO, KaK cjeiyeT H3 3TOH (GOPMYJE, OTHOCHTENbHOE
NepeMelleHHe Xory OyAeT 3HAauHTebHO GOJbIe, UeM NMEePEeMEIleHHE Xn; Macchl my.
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Iaasa 4
CUCTEMbI CO MHOFUMH CTENEHSMHU CBOBOAbI

4.1. BBEJEHME

B pauHoOfi riaBe KOHIENIHH, BBELEHHBIE B IV. 3 JJIs1 CHCTEM C AByMS
CTeNneHsMH CBOGOAbI, OYAYT DACIPOCTPAHEHBI HA CuUCMembl CO MHOLUMU
crmenenamu c8o6o0v. B 31y Karteropuioo 6yIyT BKJIOUEHB ECe CHCTEME,
uMetonie 6osee OJHOH CTeNneHH CBOGOABI, HO B TO e BpeMsl UHCJO CTe-
neHed cBoOOJAbl He JOJIKHO OblTh GeckoHeuHbIM. Kongurypauusi nopo6-
HOH KoJs1e0aTe/IbHOH CHCTEMbl ONpEJeJIsieTCsl KOHEUHLIM UYHCJIOM KOOpIH-
HaT nepememeHnii. Ecan nmeercss n creneHefl ceo6ojbl, COOTEETCTBYIO-
IUX 3J€MeHTaM MAacChl, Ml ONHCAHHS JBHXKEHHsI 3TOH CHCTEMBI Tpe-
6yetcss n Au¢depenlHaNbHBIX YpaBHEHHH.

B ra. 3 6buiH paccMOTpeHbl CBOGOAHBIE KoJeOaHHS CHCTEM C JAByMs
CTelleHsIMH CBOOOAbl, YTO He MPeJCTaB/sIO OCOObIX 3aTpyAHEHHH 3a
UCKJIIOUEHHeM cJyuast KoJeGaHHH c JeMmngupoBaHHeM. JlONOJMHHTE/b-
Hble TPYJHOCTH BO3HHMKAIOT B CHCTEMAaX CO MHOTHMH CTENEHSIMH CBOGOJDI,
MOCKOJbKY C POCTOM 4YHcJaa creneHell cBoOoAbl OBLICTPO pacTeT UYHCIO
uJleHOB YypaBHeHH#. Pasymeercsi, marpuuHast ¢GOpMYJHDOBKAa OKashbl-
Baercsl oueHb 3pPeKTHBHBHIM CPEACTBOM NPH paGoTe ¢ GOJbLIHM YHCJIOM
useHoB ypaBHeHHH. OpHako GoJiee BaXKHBIM OGCTOSITENLCTEOM SIRJISIETCS
TO, 4TO CHCTEMbl, NOJE€praeMble I1POH3BOJNbHLIM BO3MYIIEHHSIM, HCKJIIO-
UHTEJBHO TPYIHO HCCJAEJ0BAaTh B HCXOAHBIX KOOPAHHATaX, OCOGEHHO
B cayuae KoJseGaHHUH c JeMnpHpOBaHHEM. IDTUX TPYIHOCTEH MOXKHO
n3bexarb, HCNOAL3ysl 6ojee MNOAXOAAILYIO CHCTEMY KOODIHHAT.

Ecntu pas cucrteMbl CO MHOTHMH CTENEHSIMH CEOGOJBI B KauecTBe
0GO0LIEHHBIX KOODJHHAT HCHOJb30BaTh TIJIARHBIE (OPMBbI KoJeGaHHH,
ypaBHEHHUs] IBHXeHHs 6e3 JeMN(HPOBAHHS CTAHOBSITCS HeCBsSI3aHHbBIMH.
B 3THX KoopiaMHATaX KaxJoe ypaBHEHHe MOXKHO pelath Kak ypaBHe-
HHe, 3amnHcaHHOoe JJIsi CHCTeMbl TOJbKO C OJHOH CTeneHbio CBOGOJIMI.
DTOT NMOAXOJ, HM3BECTHBIH KaK MEMoJ HOPpMaArbHbIX (OpM npu Ounamu-
Yeckux uccAedo8arusx, OOCYKJaercs B JAHHOH TJlaBe H IIPUMEHsIeTCs
K 3ajayaM, INpeACTaBJsHOWHEM OOWHHA HHTepec. CHauana paccMaTpH-
BAIOTCSl CHCTeMbl 6€3 JeMN(pHPOBAHHSA, @ B MNOCTEJHHX YacTsx 00Cy-
JKIAIOTCSl CllelHablible BONPOCH, OTHOCAILHECS K CHCTEMaM C JeMn¢H-
pOBaHHEM.



4.2. YACTOTbI U @OPMbl KOJIEBAHUH CHUCTEM
BE3 JEMII®UPOBAHUSA

Hasa cucrem ¢ n crenedamu cpoboiabnt ypasHewus (3.17) u3 m. 3.5
CBOOOJHBIX KoJieGaHHH B YyCHJHSX MOXKHO TNPeJCTAaBUTh B oOLiel (popMe

T MMMy 0 My, T AT
M21M22M23 e Mzu x3
MgMgMgs ... M, iy T
__.Mnan‘zMnB M, n —| l— "%n —
TS8uSeSs o S T T T - 0
S2182280s ... S Xo 0
| S5nS0Ss .- Si x5 |=| 0 (4.1)
__.SnlSn?SnB .. S,m L X, 0

Tlpeanomnoxum, 4to cobcTBeHHass Gopma KosneGaHHH KaxAOH Macchl
ONHCHIBAETCH TapMOHHYECKOH (yHKLHeH BHAA

X; = X sin(p;it + ¢4), (@)

Flie p; U (; — COOTBETCTBEHHO KDYroBasi yacToTa H (ha30BbIH YroJ i-i
¢opMel KoseGaHHH, B ypaBHeHHH (a) uepe3 X; ofo3HaueHa MaTpHIa-
crosbelr HJIH BeKTOp-cToJbel nepeMemenuii i-ii popmel, a Xpm; — TO Xke,
OTHOCSILIleecs1 K HX MAaKCHMaJbHbIM 3HAUeHHSM, WJIH aMIUIUTYIbl KO-
JaeGanui

X1 A

X Xm2

Xi=| x v Xmi = xys
_ Xn _li — Xy i

[MoncraBnssa npexcraBieHHe (a) B ypaBHenue (4.1), momyuaeMm cu-
CTeMy aJre6paHuecKHX ypaBHEHHH, KOTOPYIO MOXKHO MPEACTABHTb TaK:

H;Xpm; =0, (4.2)
rae H; — xapaxmepucmuseckas mampuya Buja
H;=S— p'M. (4.3)

Jas cylnecTBOBaHHsT HeTPHBHAJBHBIX PelleHHH cucteMsl (4.2) ompe-
JEJMHTeNb XapaKTePHCTHYECKOH MAaTpPHLBl JOJNKEH paBHATHCH HYJIO,
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OTKYJla MOJYyYaeM CJAELYIOIYI0 GOPMY Xapaxmepucmu4eckozo ypasHerus:
_Sli - P?Mn S — p?Ml‘Z Sy — P?st oo Sin— P?M:I_

Soi — piMa Spy — P%Mm Sgs — piMaz . .. Son — piMon
[Hi|=| S5 — piMa Sz — piMazy  Sss— piMss ... S3n— piMa, | =0

_Snl — p%Mnl Spe — p?Mn2 Sna — p%MnS e Spn — p?Mnn_
(4.4)

IIpH passioxeHHH 3TOro onpeesuTesNsi NOJTYUHM IIOJMHOM, TAE YJEeH
¢ HauOoJblIell cTelleHblo UMeeT BHA (pF)". EciM moaHHOM Heslb3st pas-
JIOKHTh Ha MHOXKHTENH, TO 1 €ro KOpHeH MOMXHO HAaHTH C MHOMOILbIO
YHCJAEHHOH NpOLeAypBl. IDTH KOpPHH, KOTOpble paHee OblIM H3BECTHBHI
' KaK XapaKTepHCTHUYeCKHe 3HauUeHHMs, HHOTJA HAa3bIBAIOT COGCMEEHHbIMU
cHawequamu. Ecnan Marpuna Rl aBJIA€TCS NOJOXKHTEJbHO ONpefiesieH-
Hoit *, a Marpuua S JIH60 MNOJIOXKHMTEJIbHO ONpPEfeJeHHOH, JHOO TMOJIO0-
JKUTEJbHO MOJYOINpelesieHHOH, Bce COGCTBEHHblE 3HAUEHHS XapakTe-
PHCTHUECKOH MaTpHUbl OyAyT HAEHCTBHUTEJbHBIMH, MOJIOXHTEJbHBIMH
HJIH PaBHBIMH HYJI0 4ucaaMH. OJHAKO OHH He 006s3aTesqbHO OyAyT
pas/HYHBIMK, T. €. OTJHYAKMUMHCA APYT OT Apyra. Bompoc o kpaTHbix
KOpHAX ofcyxkjaercs HHxe B m. 4.7.

BekTopel, KOMIIOHEHTAMH KOTOPbIX $IBJSIIOTCS AMIJIHTYABl (opM
KoJieGaHHH M KOTOphle 0603HaualoTcs uepe3 Xy;, HA3bIBAIOTCA xapakme-
PUCIUMECKUMU 8eKMOpamu HJH coOCmeeHHoimu éexkmopamu. Ecan cob-
CTBEHHble 3HAYEHHsI CHCTeMbI OblJIH HafjeHbl KAK KOPHH XapaKTepUCTH-
yeckoro ypasHeHHs (4.4), TO U3 OJHOPOJAHBIX ajrefpaHuecKHX ypaBHe-
HUft (4.2) MOXHO ONpeNesNUTh COOCTBEHHbIE BEKTODHl (C TOUHOCTHIO 1O
IPOH3BOJIbHBIX TOCTOSIHHBIX).

ITockonbKy HMeeTCs n XapaKTePHCTHYECKHX 3HaueHUH, OyeM HMeTb 1
COOTBETCTBYIOIIMX BEKTOPOB, KOMIOHEHTAMH KOTOPHIX SIBJISIIOTCA Ile-
peMelneHHsl. B cayuae HekpaTHBIX KOpDHeH ISl PAa3JMUHbIX COGCTBEH-
HBIX 3HauyeHHH (n — 1) aMIVIMTYJAbl COOCTBEHHBIX BEKTOPOB MOXHO BhI-
pasuTb uepe3 OJHY MOCJEJHIO AMIUIHTYAy, pemas cHcremy (n— 1)
ajqrebpanuyeckux ypaBHeHH#. OJHAaKO MOXHO BHJETb, YTO TaKHe TIpo-
MO3JIKHe BBIYHC/JAEHHS He TpeOYIOTCsI, €CJH pacCMOTpeTb ¢opmaabHoe
onpeneJseHde MaTpulel, obpaTtHo#i Martpuue Hj,

—1 i
H; = 6

12 |Hl| ’ ( )
rae H{ — npucoedunennas mampuya. B 1eHCTBHTENBHOCTH, KOHEUHO,
maTpuua, obpatnas matpuue H;, He cyllecTByeT, NMOCKOJbKY OIpeje-
qurtenb | H;| paBer Hymo [cm. ypaBuenue (4.4)]. TeM He MeHee, npHMe-

* Martpuna, sJeMeHThl KOTOPOH — JeHCTBHTeJIbHblE UYHCHA, SIBJISETCS IOJOXKH-
TeJIbHO ONpeAesNeHHOH, eCJH BCe ee IVIaBHBle MHHODBI IIOJOXKHTeJNbHBI. EcJu HeKoTophle
M3 3THX MHHOPOB DaBHBl HYJIO, TAaKas MaTPHLA HA3bIBAETCS IIOJOXHMTENBHO IIOJYOIIpe-
JeJIEHHOH,
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HUTENbHO K OOCYXKA4€MOMY 3/eCh BOIPOCY COOTHOMIEHHE (6) MOXKHO
nepenucaTb B BHjE

HH; =|H;|I=0. (B)
CpaBHHBasg paBeHCTBO (B) M ypaBHeHHe (4.2), MOXHO 34KJIOYHTh, UYTO
COGCTBEHHBIH BEKTOp Xp; NPOMOPIMOHA/IEH JI0G0OMY CTOJA6IY MNPHCO-
enuHennoft matpuipel HY. Tak Kak COGCTBEHHBII DEKTOp MOMKET HMETb
[IDOU3BOJIBHYIO JVIHHY, €r0 MO KEJAHHIO MOXKHO B3sTh JHGO PAEHBIM
TAKOMY CTONM6NYy, JH60 HOPMHpPOBAHHOMY.
Ecan BMeCTO ypaBHeHHHl B YCHJIMSX B3sTb YpPABHEHHS JBHIKEHHS
B NepeMeleHUsX, BMeCTO ypaBHeHHH (4.1) samniuem caepyiomue ypas-
Henusi lcM. ypaBHenus (3.1)]:
_Fll Fl‘l F13 . e }'ln_ —1)‘(111 1‘V1112 Mlg e /1’11”-
F‘;!l F22 F23 e F‘Zrl A/!l’. /‘VIZQ /"'13:; oo ‘/-VI‘ZE

Fa Fs Fsy ... Foy Myy My, My o0 My, | X

_._F:_l F,-,,2 F1:3 L Fnrz__ _/wz,l /l"'r,,z A!’ins CR /Mnn. |
e x| - 0
X, X 0
MRy | ox =0 (4.5)

X'n _Xn _ I_ 0

[loacraBnas npexgcraBiaenus (a) B ypasHenusa (4.5), NOJYYHM CHCTEMY
anre6pauyecKuX ypaBHEHHH

LiXMf :—’-0 (46)
3nech L; — xapakTepHCTHuecKasi MarpHla, ONpeenseMas COOTHOLIe-
HHEM '

L;-=FM — A, (4.7)

rae A; == 1/p/. JIna CyuecTBOBaHHA HETPUBHAJbHBIX pPemIeHU# ypaB-
HeHn#t (4.6) HeoGXOAHMMO, UTOOBI ONpEENHTE b MATPpHILl L; paBHA/CA
HymO, YTO B JaHHOM CJlyyae NpPHBOANUT K cJelylouied obmied gopme
XapaKTepHCTHYECKOI'0 YPaBHEHHS:

_Fll F12 Fl‘) e Fiﬂ— _Mll M12 Mlo e M1n~
Fa Fy, Fz:; cee Fz,q le Mo, M23 <. M‘Zz -

Fy Fyp Fs ... Fy, Mgy Mg My .. M;n — A X

_Fnl Fn2 'Frl3 an_ __Mnl M~;2 Mna M

nn —

01 0...0
10 0 1 ...0 |=C0C (4.8)
0 0 0 1
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Puc. 4.1

[Ipu pasnoxeHun onpejgenurens (4.8) mnosyyaeM MOJHHOM CTe-
NeHH n, KOTOPOMY COOTBETCTBYIOT KOPHH Ay, Ay, ..., Ay, ..., A,. B nan-
HOM cJiyyae 3TH KODHHM IIpeJCTaBJIfAIOT cOB6Oi COOGCTBEHHblE 3HAYEHHS,
a COOCTBEHHBIE BEKTOPHl MOXKHO ONpPENeIHTb, IOACTaBJASAsA 3TH 3Haye-
HUA B ypaBHeHus (4.6). C apyro#t cTOpPOHHl, B KayeCTBe OJHOrO H3 Ta-
KHX COOCTBEHHBIX BEKTOPOB MOXHO B3§iTb B IIPOH3BOJIbHOM Maciutade

NpPOM3BOMbHBI cTosben MaTpuupl L7 amreGpanyeckuX —JOMOMHEHHH.

M3 ofbcyxaeHHH, NpHBEINEHHBIX B TJ. 3, BHAHO, 4YTO B COOTHOIUE-
HUH (4.3) Martpumy KecTKOCTH S MOXHO 3aMEHHTbh JHOO MOINOJHHTH
marpuneii G cun Tskectd [cM. Bolpaxenne (3.10) ). Ananmoruuyno B co-
otHolneHuH (4.7) marpuuy mnoaarauBoctH F MOXKHO 3aMeHuTh Marpu-
nefi MCeBAONOJATIHBOCTH, OTPAXKAIIIEH BJHSHHE CHJBI TSXKECTH (CM.
npumep 3 B 1. 3.3). B moGoM cayyae pacuerbl 3HaYHTENbHO YIPOCTATCS,
eciM MmatpHna M Oyjer [IMaroHaslbHOH, a He IIPOM3BOJNBHOIO BHJA.
Tenepb NPOMJIIOCTPUPYEM ONpejeseHHe COGCTBEHHBIX YacToT H (opM
KoseDaHHH Ha OTAEJbHBIX IIPHMEpPax CHCTEM CO MHOTHMH CTEIeHSMH
cBOGOHI.

Npamep 1. Ha puc. 4.1, a nokasaHa cucTeMa, COCTOAILAA H3 TPEX Macc, COEMH-
HeHHEIX APYr C APYTFOM H C OCHOBaHHeM TpeMs NpyXHHaMH. [BuikeHHe STOH CHCTEMBI
C TPeMs CTEMeHsMU CBOGONB OMpejesseTcsl KOOPAMHATAMH MepeMelleHHi xi, X3 H X3.
[IycTh A/ TPOCTOTHI HMEEM My = Mg == Mg = m H k; = ky = ky = k.™ Hcnoan3ys
YDaBHEHHA B YCHJAHAX, ONpPENENHTh XapaKTEPHCTHUECKHE 3HAUEHHS H IVIaBHBIE (DOPMBI
KoJleGaHHuH .
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Pewenue. Jlas paccMaTpHBaeMOH CHCTEMBI MaTpPHIA MacC SIBJAETCH JHATOHAJBHON:

m 0 0 1 00
M=1 0 m 0 =m] 0 1 01}, (r)
0 0 my 0 0 1
a MaTpHlla KECTKOCTH HMeeT BHJ
kitky  —ky 0 2 —1 0
S = —ky kytky —ky f=Fk| —I 2 —1 1. (m)
0 — kg kg 0 —1 1

Hcnonb3yss 3Ty MaTpuuy, 3amnHIUeM XapaKTePHCTHYECKYK) MaTPHLY B COOTBETCTBHH
¢ cooTHOlweHHeM (4.3): :

2% —pim  —k 0
H; = —k 2k — pim —F . (e)
0 —k k— p2m

[Tonaras onpeneanteny MaTpuust Hi paBubiM nymio [cM. ypaBhenne (4.4)], nocae npu-
BeJIeHHsl MOJOOHLIX YJEHOB MOJyYaeM CJejylollee XapaKTePHCTHUECKOe ypaBHeHHe:

G =5 () P ko () 6D+ (5r) =0 e

KopHH 9TOro KyGHUECKOTO YPaBHEHHS MOXKHO ONpPENeJHTb METOLOM IOCJIEeJ0BaTeNbHOrO
npu6JIHKeHUs (Mpo6 H OWHOO0K), OTKyla HMeeM

k k k
2 . 2 . 2
P =0,198 7’ p2:- 1,5557, Py = 3,247—;{. (3)

Hast toro uto6bl HalTH GopMy KoseGaHHH, COOTBETCTBYIOWLYIO HaHMEHblIEMY CO6-
CTBEHHOMY 3Hau€HHIO, NMOJCTaBHM 3HauYeHHe p] B ypaBHeHHA (4.2) M BHIpasHM OTTyZA
Xmag,1 H Xns3, 1 UEPeS Xyy, 1, TOTAA MONYUHM

Ko, 1=1,802xy1, 15  Xns, 17==2,24Txyq, 1. (n)

[Moctynaa amanornyHbIM 06pa3oM, H3 ypaBHeHHH (4.2) myTeM MOACTAHOBKH 3HaueHHH
p3 v p} mafileM clefyloluye pelueHus:

Xme, 2 =0,445xy1, 97 xys3, 2= 0,802xy 1, o ()
X, 3=—1,247Xy1,3; Xps3, 3=0,555xy1 3. (1)

C 1pyroit cTOpOHBI, NPHCOEIHHEHHAs MaTpHua HE’ B COOTBETCTBHH C BbipaxenueM (e)
HMeeT BHJ

(2k— p%m) (k— pfm) — k2 k (k— pfm) k?
H! = k(k— pfm) (2k — pim) (k — p?m) k(2k — p‘;?m) (M).
k2 k (2k — p:m) (2k — pim)? — k?

[MoncraBasa B BhIpaxkenHe (M) HalijileHHOe 3HAaUeHHe p}, MONYUHM
0,445 0,802 1,000
HY = /%] 0,802 1,445 1,802
1,000 1,802 2,247

Tpernit cronGen aToli MaTPHIBI NIPH KeJleHHH Ha k2 1aeT KOMIOHEHTH NEPBOro COGCTBEH-
HOro BEKTOpa, NPHBEJIEHHbIE K aMIVIMTY i€ NepeMellleHu#i NepBoil Macchl. Takum o6pasom,
HMeeM

XMm; = {1,000, 1,802; 2,247}, (n)
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4TO coBmajaeT C pEleHHsMU (H). Pa3yMeercs:, ;iJisi MOJyYeHHMs] 3THX Pe3yJbTaTOB Tpe-
Gyercs ONpPefesiATh TOJbKO OJHMH CTOJGEIl NMPHCOEJHHEHHON MAaTPHIB!, IOCKOJBKY BCe
CTONIONBl MPOMOPIHOHANBHB! Xy,

B nogoSuoft ke xyxe nyTeM MOACTAHOBKM 3Hauenuil p? u pl B TpeTuil cronfen BbI-
paxerus () aas Matpuis HY onpesessiores cobersennbie EeKTOpH Xpmo ¥ Xp3, KO-
TOphIe UMEIOT BHJ

XMz = {1,000; 0,445; —0,805}; (0)
Xms = {1,000, —1,247; 0,555}, (mm)

COBNaJaoUini ¢ EHJ0OM BhipaxkeHHH (k) # (). TpH riaBHbie GOpPMBI KoJi€GaHHI, OMHCH-
BaeMble BuipaXeHHAMH (H), (0) H (N), NpeACTaBJeHbl 31aUucHUSIMH OPAHHAT Ha pHc. 4.1, 6
8 M & COOTBETCTBEHHO.

TpeanonoxuM Temephb, YTO JKECTKOCTh Ry MEPBOH NPYXKHHB Ha pHc. 4.1, @ paBHa
HyMo. B 3ToM cayuae cucreMa 6yAcT CBOGOJAHO NEpeaBaTh M ABHMKEHHE KaK JKECTKOTO
TeN13, M KojeOanus. KospuuueHT ecTKOCTH Sy; MSMEHHT CBoe 3HaueHHE c 2k Ha k,
a COOTBETCTBYIOUIHH 3JE€MEHT XapaKTePHCTHYECKOH MaTPHUBI NpuMeT BHA Hiyy =
= k — pim. COOTBETCTBEHHO YMPOCTHTCSI XaPaKTEPHCTHUECKOE YpaBHEHHE, KOTOPOE

B J@HHOM cCJyuyae MOZKeT OBITh Pas3JaoXeHo Ha HpOCTEﬁL{JP{E MHO2KHTEJIH

k 3k
2 2 22 e} =
Pi (pi m > <r‘ m > 0, (p)

p;al:'_—’ (C)

OTKy/Ja MoJayyaem

rje pasisli HyJaio KOpeHb COOTBETCTBYET (JopMe /BHMKEHHsl EaK aGCOJICTHO XKeCTKOTrO
TeJa.

TpeTuit cros6ell B BhIpAXCHHH (M) AJis MPHUCOSIHHEHHOH MATPHILH! H? NpHHUMaeT
BHJ

k2
H § = k (k— pjm) (1)
(k— p}m) (2k — pim) — k*

ToznenoBatesbHOH NOACTAHOBKOH COGCTBEHHBIX 3HAYEHHH JJIS1 9TOH MOJYyONpeesaeHHOH
CHCTEMbI B BhIpakeHHe (T) NoJydyaeM CJle/lylollHe BhPaXKeHHs JIs1 COGCTBEHHBIX BEKTOPOB:

1 1 1
le = 1 N XMz = 0 ’ XM3 = —2 (y)

1 —1 1

W3 paccMOTpeHHMS] 3THX BEKTOPOB JIETKO YCTAaHABJIMBAIOTCS TVIABHbIE (BOPMbI KOJeGaHHE
3TOH CHCTEMEI.

Mpumep 2. Tpu cocpeoTOUCHHBIE MacCH MPHKPENJIEHbl K NPeABAPHTCALEO PACTAHY-
TOM HHTH, Kak Nokazano Ha puc. 4.2, a. [Ipeanosaraercs, 4to pacTsaruBaomas cuaa 1
B TPOCE JOCTATOYHO BeJHKa, MO3TOMY IPH MaJbiX NEePEMEIIEHHSIX MacC OHAa H3MeHseTcs
He3HayuTeabHOo. Tpe6yeTcs ONpele/iuTh XapaKTEPHCTHUECKHE 3HAYeHHS H CCOCTBEHHbIE
BEKTOPHI 3TOH CHCTEMBI, HCIOJb3Yd YPaBHEHHS B [ePEMELICHHUSIX W CYHMTAsl, UTO /1y ==
=my=mg=muly=105L=1045=1

Pewenue. MaTpulia Macc MMeeT TOT Xe BHJ, YTO M B npumepe 1, a Marpuua no-
JaTJIHBOCTEH

w N =

3 2
F=—12 4
1 2



A7
7_144/ % &
m
Y ! L L
O—; ! 1
EE__(. - D VIGE--
My
—o—= 1 P
-3'7/777-—7 v/ 77
B
;lf a) 6) 2)
Yy
m=7~;4r u
g
Ok ) =~
5/'11 SMZ
© > © ~>
Sr21 S/‘ZZ
O > O =
SI'-” SrJZ
77 A= 1 ” /\',f!#
h A’h ' lr b"r
a) e) : ) 3)
Puc. 4.2

Hcnonssys sty Matpuuly, 3anuileM XapakTePHCTHYECKYK MaTpHIy B COOTBETCTBHH
¢ BhIpaxeHHeM (4.7):

3o — A; 2a a
L= 2a doo — A; 20 (x)
o 20 3o — A

rae o = /m/(4T). 3atem ompepenutenb Matpuibl H; mosaraeM paBHBIM HYJMIO H IO-
Jy4aeM XapakTepHCTHYECKOe ypaBHEHHe :

(h; — 20) (A2 — 8ad, + 8a?) = 0. ()
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KopHu paHHoro ypaBHCHHS B Nopsjike yObIBaHHSL CYTb

A 2@V 2o, hy=2a, Ay -2(2-V2)o. (1)

Jlns Toro uTo6bl HARTH GOPMH Ko.1e6aHHH 3TOH CHCTEMBI, MOCTPOHM TOJBKO MEPBhIi
cron6el. MaTpPHUBl, NPHCOEAHHEHHOH K MaTpuue L;:

(4ot — A;) (3a — A;) — 4o
L = —2a (3a — Ag) 4+ 202
42 — a (4o — A;)

. ()

[TocaegoBaTesbHO NOACTaBAAs COGCTBEHHBIC 3HaueHHsi B BbipaxkeHxe (i), mocse
JeJeHHs KaKAOH KOMIOHEHTLI HA BEJHYHHY KOMIIOHEHTHI Xp; HONYYHM CJEAYIONHE BbI-
paxeHHH ] COGCTBEHHBIX BEKTOPOB:

| i I
Xu=]y2 1, Xm= 0], Xms=|_—V7|. ()
1] —1 1

Stu ¢GopMbl KoJeGaHHH TpeacTaBaeHsl Ha puc. 4.2, 6, 8 H e.
OnucaHuble B JaHHOM mnaparpade 2Ba MeTOZa MOJYYEHHS XapaKTePHCTHYECKHX
3HaueHHH H BEXTOPOB MOXKHO IPE]CTaBHTb €JHHBIM 00pa3oM B BHJIE

AXpy = A XMy, (3)

rje A — KBajparHas MaTpHlla, 3JeMEHTAMH KOTOPOI SIBJSIOTCST AeHCTBUTEbHblE UHCA,
YpasueHue (3) H3BeCTHO Kak crmandapmuas (opma 3adaqu Ha coGcmeertble 3HAYEHUR .
Ilns nuHeHO ynpyrux KoJe6aTe/qbHBIX CHCTEM IYTEM COOTBETCTBYIOIIErO BEIGOpa KOOP-
IMHAT MaTpula KoadouuueHtoB A Bcerja MoxeT ObiThb Ipeo6pa3oBaHa K CHMMETPHY-
HOMY, HOJIOXHTEJNBHO HJH MOJYTNOJOXHTEJNBHO ONpejeJeHHOMY BHAy. Taxas dopma
yacTo GblBaeT NPEAMOYTHTENBHON B TOM CJyvae, KOrjia 3ajaua Ha COGCTBeHHblE 3HAUYeHHS
pellaeTcs YMCJIEHHO, MMOITOMY B IOCJEAYKIEM OOCYXKJAEHHM JaHa npoLeaypa NpHBee-
HUS MaTpHUB KO3Q()HULIHEHTOB K CHMMETPHYHOMY BHIY.

YpaBHeHHe aBHkKeHHS (4.6) B mepeMelieHHsIX MOXHO 3an{caTh, HCHOOJAb3YyA Ma-
tpuubl F 1 M, B dopme

FMXn; = 2 Xm;. (4.9)

3To ypaBHEHHe HMeeT cTangapTiyio popmy (3), Ho MaTpulla Koapduunentos FM aBasercs
necumMerpuyHoH, ITpoussesenne matpuu F 1 M He obnajgaeT cHMMETPHYHOH CTPYKTY-
poil, naxe ecau MaTpuula M auarosasnbHast, 3a HCKJIOUEHHMEM CMELHaJbHOTO Clyyas,
KOrjJa BCe JHaroHajbHbie 3JeMeHTbl PaBHbI Mex1y co6oi. UToGB MOJYuYHTb CHMMETpHY-
HYI0 MaTpHlly Ko3b(dHLHEeHTOB, TpefyeTcsl H3MeHHTb KOOpAMHaThl. Ecam marpuua M
SBJSETCS MOJOXKHTENbHO OLpPeiesIeHHOH, C MOMOINbI0 Memoda Keadpamnoeo Kopua Xo-
Aeykoeo ¥ ee MOXIIO NPEICTaBHTb B BHJE

M=U"U, (4.10)

rie U — BepxHerpeyroabHast Matpuia, UT — TpaHcmonupoBanHass marpuua U. Tloa-
craBaaga npejcraBiaeHue (4.10) B ypaBHenue (4.9) u yMHOXas ero cjeBa Ha Marpuuy U,
nonyuuM UFUTUXm; = A;UXpm;. 370 ypaBHeHHe MOXKHO IepenHcaTb B BHIE

FuXui = AiXus, (4.11)
rie
Xy = UXpm; (4.12a)
HJIH
Xmi = U Xy, (4.126)
Torjaa
Fy = UFU". (4.13)

* bapneen A. K., Papgeesa B. H. Brruncauresnpusie METOAB JnHEHHOR alre6pH,
M.: dusmatrus, 1960, c. 165.
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dnemenTaMH MaTpuubl-cToi6ua [cM. Bupaxenne (4.12a)] ABASIOTCH AMIVIHTYAB GopM
Kose6anni, 3amHcaHHBle B HOBOH CHCTEME€ KOOPJMHAT, Jie MaTpHLA OGOOLIEHHBIX Macc
NpPEeJCTaBJaseT cO0OH eAHHHUHY® MaTpHLy. B 3THX KoopjiHHaTax MaTpHla oGoOGIIEHHBIX
MOJAATJAMBOCTeH, NpeAcTaBjisieMas Bbipaxenunem (4.13), siBisiercs CHMMETPHYHOH, ToO-
CKOJIbKY OHa NoJyyaeTcs C ITOMOLIbI0 NpeoGpa3oBaHHs MOAOGHA CHMMETPHUHOH Ma-
Tpuuel F.

Takum o6pasom, ypaBHenre (4.11) uMeer cTaraapTHyio GopMy 3aJlaul Ha COOGCTBEH-
Hble 3HAYeHHS C CHMMETPHYHOH, NOJIOXKHTEJIbHO OnpeleseHHOH MaTtpulell KosbdHuueH-
ToB. OueBHHO, UTO 3TO NPeO6Pa30BaHHOE YDaBHEHHE HMEET Te ke COGCTBEHHhle 3Haue-
HHSL Aj, UTO H HcXoaHoe ypaBHeHHe (4.9). Onnako co6cTBenHble BeKTOpH Xy; H XM; HE
ABJAIOTCA TOXAECTBeHHbIMH. Haiing BbiparkeHust coGcTBeHHbIX BekTopoB Xy; B 06-
o6uleHHbIX KOOPAHHATAX, MOXHO 3aTeM Npeo6pa3oBaTh HX, BbIPAa3HB uepe3 HCXOIHBIE
KOOPJAMHATHl ¢ NMOMOLLbIO COOTHOLIeHus (4.126).

IIpeoGpasoBanusi, 3ajnaBaeMble BhipaxeHHsMu (4.12a) u (4.126), ynpomalores,
€CJIM MaTpulla Macc AHaroHaabHas. B sTom cayuae u3 Beipaxenus (4.10) pas matpuus M
noJayyaem

U == U'I- _ MI/Q’ U~1 — (Ufl)T - M—l/z. (414)

3nec MY? — auaronanbuas MaTpulla ¢ AMarOHaJbHbLIMH 3JeMEHTaMH, DaBHLIMH KBa-
JIpaTHOMY KOPHIO H3 COOTBETCTBYIOLIHX 3J€MEHTOB MaTpHubl M, a M~ puarouais-
Hasi MaTpUUa, [HaroHaJbHBIMH 3J€MEHTAMH KOTOPOH SIBJSIOTCS BeJHUMHBI, OOpaTHble

3HAYEHHSAM COOTBETCTBYIONIMX 3JIEMEHTOB MAaTPHLbI M2 Torpa peipaxkenust (4.12a),
(4.126) u (4.13) npuHUMAIOT BH]

XUL' = MI'QXMi (4.158)
HJAH
Xmi =MV2X g, (4.156)
a TaKXe
Fy = M!/ZFMI/2, (4.16)

YpaBHeHHE [IBHXXEHHS B YCHJIHAX TaKkKe MOXHO Npeo6pa3oBaTh, HCIOAb3Yst 0606-
meHHbe KoopauHaTthl, CHayajga npejcTaBUM 3TO ypaBHEHHe ¢ NMOMOLibio MaTpul S u M
B cJaelyiomel ¢opme:

SXpy; = PIMX (4.17)

KOTOpas OT/JHYAeTCsl OT CTaHAapTHOH (OPMBI yPaBHEHHS (3), IOCKOJbLKY B NPaBOH yacTH
npucyTcTByeT MaTpulla M. YpaBuenue (4.17) sBasiercst 3ada4eld Ha cobcmeertbie 3Haue-
Hus 6 Hecmaxndapmuol opme, uMelouledl JBe CHMMETPHUHBIE MaTPHLB! KO3GGHULHEHTOB.
3ro ypaBHeHHe MOXHO ObL10 6bl NPUBECTH K CTAHAAPTHOH (OpPME, YMHOKHB 06€ yacTH
3TOrO ypaBHeHUs cjaeBa Ha MaTpully M™1, Ho mpu 3TOM pesyasTHpylomas Matpuua M-1S
Ko3(hHLIEeHTOB OKasanach 6bl HecHMMeTpHUHOH. UTo6bl u36exaTh MOTEPH MaTpHLAMH
CBOHCTBA CHMMETDHH, NOJCTaBHM BhIpaxkeHue (4.126) B ypaBHenue (4.17) W yYMHOXHM
caeBa o6e uactH aToro ypasHenus ua (U™1)T, toraa nosyuum

(U SU™ Xy, = pF (UMUK, (4.18)

Toacrasasiss B npaBylo yacte ypaBHeHHs (4.18) BbipaxeHue (4.10) ans Matpuupl M,
NPUJEM K COOTHOLIEHHIO BHJA
SuXy; = PiMyXy; = piXy;, (4.19)
rae
Sy = (U suTt = F . (4.20)
Orciona cTaHOBHTCHA OUEBHIHLIM CIOCOG MpHBEIEHHS MATPuUpl M K CHMMETPHUHOMY
BULY
My=U")MU! = U)'UTUU = 1L (4.21)

B s1OM ciyyae ypasrerue (4.19) uMeer crafaptayio GOpMY 3a/aud Ha COGCTBEHHbIE
3HAaueHHs C CHMMETPHuHOH MartpHUeH XosdouuuentoB. Kak cienyer u3 BepameHus
(4.20), maTpuua Sy 0606LIEHHBIX JKECTKOCTel sBJIsETCH 06PATHON MaTpHIUE OGOGLIEHHBIX
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MOAATAMBOCTEl, ONMHCHIBaeMoi BbipaxeHHeM (4.13). Pasymeercs, B3anM0OOGPaTHMOCTb

3THX yTBepXKICHWH CIIPABEJHBA TOJAbKO B TOM CJAyuae, KOTJla MaTpuik 8 v Sy moao-

JKHTeJBbHO onpeaeenHple. ECIH MaTpHLia MacC AMArOHaJMbHAsA, TO CBEJEHHE MATPHLbLI S
K Buay (4.20) ynpowaercs 10

Sy =M%y 2, (4.22)

NMpumep 3. TlpeanonoxuMm, YTOo BTOpas Macca Ha puc. 4.2, a my = 4my, a pas

OCTaJbHBIX, KaK H B IIDHMepe 2, UMeeM my; = mz; = m. B 3TOM cJyyae NpOH3BejeHHe
FM B ypaBHeHuH (4.9) npHHHMaeT BHA cJjaejyloliefi MaTpHIbL:

32 1]f1r oo 3 8 1
Fmi%242 0 4 0jm=al2 16 21 (@)
12 3{fo o1 1 8 3

Dra Marpuuna SBJAsETCS HeCHMMETDPHYHOH, NOCKOJbKY Maciita6 BTOPOro cTos6la Ma-
Tpulbl F H3MeHsJICS He3aBHCHMO OT APYTHX CTOJI6LOB. BMecTO TOro YTOGBI HCMOJB3O-
BaTh 3Ty (HOPMY, MOXKHO COXPaHHTb CHMMETPHIO MaTpuubl M, NOCTPOMB CHauasza AMaro-

HaJbHYIO MaTpuuy M2y o6paTHyI0 MaTpHIY
1 0 0} 1 0 0
M2Z=yYm]o0o 20 M2 :;_ 0 1/2 0 (6")
y V'm ‘ .
0 0 | 0 0 1

Torpa, Kak ciaeayer u3 coornoiuenus (4.16), MaTpHiy M2 moxuo NPUMEHSTE Kak olle-
paTtop npeo6pa3oBaHHs, YTO JacT MaTPHIY :

3 4 1
Fy=M" M7 =a]l 4 16 4 |, (")
1 4 3

KoTopas -o6aazaer TpeGyeMoll cummerpueil. IlpeofpasoBannyio Matpuuy Fy MoxHO
HCIOJb30BaTh /151 pelleHHsl 3ajlaud Ha cOGCTBEHHble 3HaueHHs B CTaHAAPTHOH ¢opme
(4.11). YU, nakosen, c momouibio BhipaxKeHus (4.156) u onepaTtopa M~ 2onpegensiorcs
coGCTBeHHBlIE BEKTOPEl B HCXOAHBIX KOOPAHHATaX.

3AJAYHU

4.2.1. HUcnonb3ysi ypaBHeHHS B YCHJHAX H KO3((HUHEHTH BJIHSHHSA MKECTKCCTH
JJIS. CHCTeMbl, MOKa3aHHOH Ha pHC. 4.2, a, ONpeleJHTb COGCTBEHHbIE 3HAUEHHs P’ H
co6cTeennble Bektophl X ({ = 1, 2, 3). [Ipunsith, uTo my = my=mg=m, Iy = b= L.

Omeem: p3, 4,5 = (2 - V'2) T/(ml); 2T/ml); (2 + V'2) T/(ml).

4.2.2. Ha puc. A.4.2.2 noka3aHbl TPH MacChl H YeTbIpe NpYxHHBE. OnpeneJaHTb
CcOGCTBEHHbIE 3HAUYEHHS H coGCTBEHHBbIE BEKTOPbI, HCIIOAb3Ys YPaBHEHHS B INEePEMEUIEHHSAX
H K03(OhHUHEHTHl BIAHSHUS NOAATIMBOCTH, €CJAH AAHO: My = My = my = m, k; = ky =
= kg = ky= k.

Omeem: Ay, o 5= (2 4 V'2) m/(2k); m/(2k); (2 — V'2) m/(2k).

Ky my Ka m, K3 my Kq
° VWA o FAVVWAA 11
[0} [o] [0] (o] o] [o]
2 Z A-—X)
p— 3
X % X
Puc. A4.2.2
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4.2.3. Tpu mpocTeHIIMX MasTHHKA COeNMHEHM ABYMS npyuHamu (puc. A.4.2.3).
Hauo: my == my = my = m, ky = ky — k. Mcnoap3ys ypaBHeHHS B YCHJHSIX, HalTH
COGCTBEHHbIE 3HAUCHHS M COGCTBEHHBIE DEKTOPLI, B3ATh B KayecTBE KOOPZMHAT mepe-
MeLIeHHH MaJjute yrael 0;, 0, u 05,

Omsem:
2 _g. g ka2, g 3&h2
Pr,e2,3= l + ml: T T T
Sy SIS YL
¥ { T
\ \ \
< e |0 |
4 Kz
ANMAMNNANANANNNANNA

m m. m
O} o} of
Puc. A4.2.3

4.2.4. Ha puc. A.4.2.4 noxasaHn TPH JHCKa, YCTAHOBJEHHbIC HA Bady, KOTOPH:i
HEIO/IBHAKHO 3aKpel/ieH B Touke A H CBOGOAHO MOBOPAY:BAECTCS B MOJUIMIHHKAX B TOY-
kax B, C u D. OnpesenuTs coSCTBeHHbIE 3HAYEHHST H COGCTBEHHBIE BEKTOPL!, HCIOJb3YS
ypaBHEHHsI B IepeMelIeHHsX, eCaAH JaHo: Iy = [, = [3= [, kyy = kyo = kys = ky.
B kauectse KoopAuHAT MNepeMelleHHH HCMOAb30BaTh YIVIBL @, @, @g.

Omeem: hy o 3= 5,06//k ; 0,643//ky; 0,3081/ky.

'] ("3 /7)‘301{‘{
\ \ \
A \ \ \
Kxp1 \ g Kep2 \ 0 Kep3 D
& . 1 :./4// : ll__\%

&
¥
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!
_~§'P
i
3
&

Puc. A4.2.4

4.2.5. UYethipe Macchl, COCJHHEHHbLIE TpeMsi NPYKHHAMH, MOLYT CBOGOAHO Iepe-
MewaTbcsi B HanpaBjaeHuH ocH (puc. A.4.2.5). OnpejenuTs COGCTBEHHBIE 3HaYeHHS
H COGCTBEHHBIE BEKTOPLI, HCIOJAB3Y Sl YPABHEHHS JBHXKEHHS B YCHJIHSIX, €CJIH JaHO: my =

=My =myg=my=m, ky = ky = kg = k. N
Omeem: p, -, 4, 1= 0; (2— V2 k/m; 2klm; (2 4 V'2) km.

m, C K m, K2 m; K3 m
[ FAWWWWWAAA . FVAVAVWWA . SMAAMAANA .
TIITI AT, e % 77T % TITIITTATTI
- = P . 3
Xy X2 X3 A
Puc. A425
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4.2.6. Ha cBoGogHo onepToii Ganke (puc. A.4.2.6) 3akpensieHkl TPH MacChl B TOUKAX,
OTCTOAIIMX APYT OT APYra M OT KOHIOB GaJiKu Ha 4eTBepThb ee JUIMHBEL. Mcnonb3ys B Ka-
YecTBe KOOP/JHHAT MepemelieHnil Manble CMEIEHHS /1, Yy H I3, ONDEle/iHTb COGCTBEHHbIE
3HAYeHHs1 H COOCTBEHHbIE BEKTOPHI [/ 3TOH CHCTEMBl C NOMOIIbIO ypaBHEHUI B nepe-
MmeweHuax, [IpuHATb, 4TO My == Mg = mM3=m U 4YTO HEBECOMas INpU3MaTHuUeCKas
GaslKa HMeeT KECTKOCTb NnpH H3rube E/.

Omsem: My g, 3 = 31,6a; 2a; 0,444a [a = mP/(T68EJ)].

¥
Yy Y Yy
A CT)m’ gi {T)m’ 25
X
B L L i
‘ 4 ! 4 ' 4 T 4
Puc. A4.2.6

4.2.7. 1na noxasaHHOro Ha puc. A.4.2.7 TpoHHOrO MaATHHKa ONpeAeNHTb COO-
CTBEHHBIE 3HAYEHHs M COOGCTBEHHbIE BEKTOPHI, HCIOJb3ys ypaBHEHHS JBHXKEHHS B YCH-
JAusAx. B KauecTBe KOODAHHAT mepeMeIeHHH B3STb X1, Xp H Xg; CUHTATb, UTO My = My =
=mg=m, ), = lp= l3= L ‘

Omeem: p}, s, 5 = 0,416g/l; 2,29g/1; 6,29g/1.

4.2.8. Ha puc. A.4.2.8 nokasaH KapKac TPEX3TaXXHOTO J0Ma C aGCOJIIOTHO XKe-
CTKHMH 6ajKaMH M THOKHMH cToliKamu. JlaHo: m; = my = mg=m, hy = hy = hy =
= h, El, = 3EI, Ely= 2EI, El3= EI. Hcnoan3ya B KayeCTBe KOODAHHAT NepeMe-
IEHHH T'OPH3OHTANbHLIE NePeMelleHHsT X1, Xp H X3, ONpeJeNHTb COGCTBEHHBIE 3HAUeHHS
H COGCTBEHHbIE BEKTOPHI C IIOMOLIbI0 YPaBHEHHH B IepeMelieHusX.

Omgem: Ay, 5 5 = 14,4; 2,620; 0,9540 [o = mh3/(144E1)].

e
X
5 my
—
m, 3
'_CD_Z o 78 €1,
ur
~ —_—
m, & £l £l
y (D X m
—
X
= 3 EIL EI,
My
. °)— T =
A3
Puc. A.4.2.7 Puc. A4.2.8

4.2,9. [laa nojpelleHHON Ha mpyXuHax Macch (puc. A.4.2.9) B KauyecTBe KOOp-
JAHHAT NepeMeleHH HCnoab3YIOTCS OPTOTOHAJBLHBIE CMEINeHHSA X, Yy H Z;. TIpyXuHbI
YCTaHOBJIEHH B HanpaBJEHHSAX, ONPEJeNAEMLIX CJIEAYIOIHMH €JHHHYHBIMA BEKTOPAMH:
e; = 0,8i —0,6], e,= 0,6j 4 0,8k u eg= 0,6] — 0,8k (rze i, j # k — equHHYHBIE
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BEKTOPBI B HANPABJEHHSX COOTBETCTBEHHO X, y H 2). Mcnoab3ys ypaBHeHHs ABHKeHHSA
B YCHJIHSAX, ONpeAeJHTb COGCTBEHHHIE 3HAUEHUS H COGCTBEHHBIE BEKTODHI, NIPHHSB, 4TO
MECTKOCTb BCEX NPYXHH OJHNHAKOBa.

Omsem: p3}, », 3 = 0,332k/m; 1,28km; 1,39k/m.

4.2.10. Tlokasannas Ha puc. A.4.2.10 niockas pamMa COCTOHT M3 ABYX TNpH3Ma-
THYECKHX CTeP:KHEH C KecTKoCTblo £/ npH Haru6e. OHa HeMOABHKHO 3aKPEMJIEHA B TOUKE
A, a B Toukax B n D Ha Heil 3aKpeIVIeHBl COCPeAOTOYEHHEE Macchl, B KauecTBe K0Op-
JAHHAT TepeMelleHHsl GepyTcsa MaJible NEPeMEIleHHs X1, §y H Yp. lIpHHHMAZ, UuTO My =

=my=m U4 ;= ly= [, c IOMOMpIO ypPaBHEHHH ABUIKEHHS B [IEPEMEMIEHHAX ONpe-
JeJIUTh COGCTBEHHbIE 3HAYEHHS H COGCTBEHHBIE BEKTOPBI.

Omsem: My o 5= 74,70; 6,99a; 0,307a [a = mB/(48E1)].

Ly
4
Ay QB c
Y o,
.|
e—}—
Y
e )-—(1—> c.—J-
X my D
ol
Puc. A4.29 Puc. A.4.2.10

4.2.11. Tlpexnonoxum, 4To GalKa, Ha KOTOPOH 3aKDENJEHB TPH COCPeLOTOUEHHBIE
Maccal (puc. A.4.2.11), Moxer cBOGOJHO MepeMeIaThCsl TOJbKO B HAMPABJEHHH OCH Y.
[Mpunas, uto my = my = mzy= m u l; = ly = I, HaliTH COBCTBEHHble 3HAYEHUS H COG-
CTBEHHBIE BEKTOPHI C TIOMOWIBbIO ypaBHeHHH JBHXKeHHS B YCHAHAX. Dasnka sBJasercd
NpH3MAaTHYECKOA H ee XKecTKOCTb IPH H3ThGe paBHa E/.

Omsem: p1 o, 5= 0; 0; 9EI/(mP).

Puc. A4.2.11

4.2.12. Ha puc. A.4.2.12 noxasaHel JABa a6COJIOTHO KECTKHX CTEpKHSA, COeJH-
HEHHBIX B TOuKe B c moMomble mapuupa. Ilpesmosaraercss, uto I = L= 1k =
=ky=rky=Fk, M =my= m W uTO Macchl paBHOMEPHO paclpefiesieHsl 110 JJIKHE
CTepxkHei. B KauecTse KOOpAWHAT NepeMeleHHHl HCIONBIYIOTCA MaJoe MepeMeleHHe yi

9 Tamowenko C. II. H Ap.
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ToukH B n Manbie nosopotnt 6; u 0, crepxHell Bokpyr Toukd B. C nomourpio ypasre-
HHH ABHXKEHUA B YCHJIHAX OnpeleTHTh cOGCTBEHHBIE 3HAUEHHS M COOCTBEHHBIE BEKTOPBI
3TOH CHCTEMBI.

Omsem: p3, o, 5= (3 — V'3) klm; 3k/m; (3 + V'3) k/m.

A /jf/e’ ¢
my 91/)( U . !
3

77777
>

Puc. A4.2.12

4.3. TJABHBIE U HOPMAJIbHBIE KOOPAWHATDI

J7s Toro 4tobbl BhIABHTH ONpEJENEHHble BHYTPEHHHE CBA3SH MeXIy
rJIaBHBIMH (opMamH KoJjeGaHWH, DAacCMOTPHM {-I0 H j-10 ¢OpMBI B 3a-
Jaue Ha coOCTBEHHbIe 3HAU€HHs] AJs1 yPDaBHEHHH JBHXKEHHS B YCHJIHAX
[cM. ypaBuenue (4.17)]

SXmi = piMXmi; (a)
SXM,' = p?MXM, (6
YMHOXeHHEM C/1eBa NEPBOTO M3 5THX YyPABHEHHH Ha MaTpuny Xm;

H YMHOMXKE€HHeM crnpaBa Ha Xpy; TPaHCIOHHPOBAHHOTO BTOPOTO Ypab-
HEHHs MnoJydaeM

Xn;8Xm; = piXmMXmis (8)
x},\,»SXM,» = P% ;AjMxMi- (r)

[TockosbKy JieBble YacTH ypaBHeHHH (B) M (I) PaBHBI, TO BHIYHTaHHEM
BTOPOro ypaBHEHHs] M3 MEPBOro NPHJEM K COOTHOLIEHHIO

(P — 1) X3 Wk = 0. ()

C Jpyroit CTOpPOHbH, ecqH o6e 4acTH ypaBHeHHUs (B) PasiequTh Ha pj
M 06e 4acTH ypaBHeHHs (T) Ha p}, TO NOJY4YHM, UYTO NpaBbie YaCTH ITHX
ypaBHEHWH paBHbl. BbUHTasi OJHO ypaBHeHHe H3 JAPYroro, Haijgem

1 I T
(-p—;,——?> XM/‘SMM,':O. (e)

Hast Toro 4yroGbl YAOBNETBOPSIHCh COOTHOLUEHHS (I) M (€) NpH I == |
M pa3/HUHBIX COOCTBEHHBIX 3HAYeHHUAX (P} == p}), AOKHBI BBIIOJHATHCS
CJeNYIOIHe YCIOBHA:

X SX ;= X% SXpr; = 0. (4.24)

OTH paBeHCTBA BBHIPAXKAIOT YCA08USL OPILOZOHAAbHOCHU TJIaBHBIX (opm
Kose6anuii. U3 cootnomeHus (4.23) BHAHO, YTO COOGCTBEHHbIE BEKTOPHI
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OpPTOTOHaMbHBL ¢ MaTpuueit M, a cooTHomeHHe (4.24) NOKasbLIBaer, yTo
OHH OPTOTOHAJbHHI ¢ MaTpHue# S.

B cayuae, Korma i = j, u3 cooTHowenuit (1) # (e} ciaenyer

XTN,[MXM[:Mri; (425)
Xm:SXmi = Sr, (4.26)
rae Mr; 4 Sr; — IIOCTOSIHHBIE, 3aBHCSILIHE OT TOTO, KaK HOPMHDOBaH

co6CTBeHHbIH BekTOop Xu;. JJa yao6cTBa mnpeacTaBjaeHHsi, Pacnolo-
JKHM Bce COOCTBEHHBIE BEKTOPHl B BHJe CTOIOLOB Mampuybl nXn Gopm
Koaebarull BHAA

Xu = [XmiXmaXpiz - - Xnnl- (4.27)

3arem ypaBHeHHs (4.23) u (4.25) MOXHO OOBEIMHHTb OOIIHM BbIpaxe-
HHEM BHJA

X3SXy = Mr, (4.28)

rae  Mr — nuaronajbHas MaTpuna, Kortopyilo OyleM paccMaTpHBaTh
KaK 2Aa6Hyt0o mampuyy macc. AHajoruuHo ypaBheHus (4.24) u (4.26)
MOXHO OOBEIHHHTb H TPEACTaBUTL B BHJE

X%SXpm = Sr, (4.29)

rae Sr — AMaroHa/jbHas, OTJIHYHas OoT My MarTpuna, Kortopyio O6y-
JIEM HaskiBaTh eaasnoll mampuyell nodamausocmedi. Ilpeo6pasoBaHHs
(4.28) u (4.29) onuceiBaloT npouecc Juazoxasusayuu mampuy M u S,
Ecnu oxkaxercsi, YTO OJHa H3 HHX HMeeT AHArOHaJbHOE CTPOEHHE, TO
npeo6pasoanue (4.28) uau (4.29) npHBOAHT K IPOCTOMY YMHOMKEHHIO
BCEX JHATOHAJNbLHBIX 3JIEMEHTOB HA OJHO H TO K€ YHCJO.

Jast Toro 4To6bl MpPOAEMOHCTPHPOBATHL MPEHMYINeCTBa Ipouecca
JUaroHasM3aliHt, pacCMOTPHM YpaBHEHHs JBHXKEHHS B YCHJIHAX s
CBOGOJHBIX KoJie6aHHH 6e3 neMnQHpOBaHHSA CHCTEMBl CO MHOTHMH CTe-
AeHsIMH CBOGOABI:

MX + SX =0. (4.30)

YMmuoxas ypasHenue (4.30) cresa Ha Xy M NOACTaBJIsAs €AHHHUHYIO
Mmatpuny I = XyXH nepexn X u X, nomyuum

TMX X' X - XUSXuXM'X =0,
YTO MOZKHO nepem{caTb B BHJE

MrXr + SrXp=0. (4.31)

B 3TOM ypaBHeHHH BEKTOPHl MepeMEIleHHsT H YCKOPEHHSsI
Xr = Xn'X; (4.32)
Xr = Xj 'X. (4.33)

Burarogaps Bbipaxenusam (4.28) u (4.29) o6e MaTpHIbl 0GOOLIEHHBIX Macc
H 0606IIEeHHBIX KeCcTKOCTel, crosiiHe B ypaBHeHHH (4.31), sBasiorcs
RuaronanubiMH, OGoOueHHble mnepeMelleHHA Xr, OnpefensieMple BhI-
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paxenneM (4.32), Ha3LIBAIOTCS 22a8HbBIMU  KOOpOuHamamu, JJsi KOTO-
pbiX ypaBHeHHe ABUKeHHA (4.3]) He HMeeT HM MHEPIHOHHOrO, HH YIPY-
roro B3aumogelcrBusi. M3 Boipaxenusi (4.32) HaXOAHUM, YTO HCXOJHBIE
KOODJAMHATH CBfI3aHBl C TIVIABHBIMH KOOpJIMHATaMH I peoGpa3oBaHHEM

X = XuXr. (4.34)
Kpome Toro, us Beipaxkenus (4.33) nomydaem

YuuThiBas JaHHOe Bbillle onpenejeHue (4.27) matpuln dopm KoneGaHuH,
BHJHM, 4TO 0600LIeHHble nepemelieHusi Xr B BbipaxeHuu (4.34) ¢ury-
PHDYIOT KaK MacwrabHble Ko3hguLiMeHTH nepen croibuamu ¢GopMm Ko-
Jge6aHuil B MaTpHlle X,, KOTOpBIE BBOAATCHA AJISI NOJYYEHHS 3HAYEHHH
JeHCTBUTeNbHEIX nepeMemieHnii X. Takum o6pa3oM, TIJiaBHBIE KOODJH-
HaTbl CHCTEMBbl CO MHOTHMH CTeNeHSIMH CBOOOJBI SIBJISIIOTCS COGCTBEH-
HbIMH ¢dopMaMHu Kojie6aHHH.

3aflayy Ha COOCTBEHHBIe 3Ha4YeHHs (a) MOXHO IepedopMyIHpOBaTh
B GoJsee sicHo#i ¢opme, 3amenuB Xm; Ha Xy [cMm. Buipaxenue (4.27)1:

SX = MXyp2. (%)

B ypaBHeHuu (k) p® — JMaroHaJbHas MaTpPUliAa CO CJIEAYIOUIHMH 3Has
yeHUsIMH p} Ha JMaroHaJu:

pp 0 0...0

. 0 p2 0...0 (4.36
=10 0 p...0 +56)
00 0. p

dra marpuua, HMHOrjJa HasblBaeMas cnekmpaavHou, OYJeT paccMaTpH-
BaTbCA KaK MAMPuya COOCMBEHHbIX 3HAYEHUL WM MAMPUua xapame-
pucmuveckux 3Hawenul. Martpuua Xy B ypaBHEHHH (X) YMHOXaercs
cripaBa Ha MaTpully Xpy;, NO3TOMY IPOHU3BOJIbHEIH CTOMGEL, ONPEAEsIo-
WMHA COOTBETCTBYIOLLYI0 ¢opMy KoJaebGaHHi, MacimTabupyeTcss COOTBET-
CTBYIOUIMM COGCTBEHHBIM 3HAyeHHeM p;. YMHoXas YypaBHeHHE (XK)

caieBa Ha MaTpuny Xm H HCIOJb3Ysl Bhipaxenus (4.28) u (4.29), noayyum
Sr= Mpp?, (4.37)

OTKyJa HaiaeM
Sri=Mrpi. (3)
TakuMm o06Gpa3oM, B TIJABHHIX KOOpAMHATAX {-f [IJIdaBHAs XKECTKOCTb
paBHa i-¥ rJaBHOH Macce, YMHOXEHHOH Ha i-e COOCTBEHHOe 3HayeHHe.
IToCKOJIbKY BEKTOPH, KOMIIOHEHTBI KOTOPBIX OHpENeNsioT (opmy
KoJeGaHu i, MOXHO YMHOXAaThb Ha NPOH3BOJbHOE NOCTOSSHHOE YUCJIO, TO
rJIaBHBIE KOOPAWHATHI He ONpEeAeNsloTCs eHHCTBEHHBIM obpasoM. B peii-
CTBUTEJBLHOCTH HMeeTCs GECKOHEYHOE YHCJO CHCTEM TAKMX OGOGILEeHHEBIX
nepeMelienui, HO HaHOo/Jee YacTO BHIOHpaeTcs TaKasi, NPH KOTOpOH
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MaTpHia Macc mnpeo6pasyercs B eadHuuHyio Marpuny. Dopmyaupys
3TO yyC/IOBHE, TIOKAXKeM, YTO NOCTOAHHAs My; B COOTHOIIEHHH (4.25)
JOJXKHA pAaBHATbCA €AUHHUNE, a HMEHHO:

XaMXy; = Mp; = 1, (u)

rae
Xpni = X/Ce. (x)
Ilpy 3TOM YC/IOBHHM MACIUTAOMPOBAHHBEIH COGCTBEHHHIH BEeKTOp Xpy; Ha-

3LIBAETCS HOPMUDOBAHHOIM nO OMHOWeHuo K mampuye macc. CKaJISPHYIO
Bennuuny C; u3 Bblpaxkenus (k) onpegeaseM mo ¢opmyJe

T—— n n
Ci = 4 -‘/_XM,'MXM[ = il/Z XM ji (Z A'!jkxmki) . (438)
j=l k=1 /

Eciu marpuua macc AvaroHaabHasi, 3Ta (opMyJa YIpoliaercs o

c—= )/ 5 i) (439

Korza Bce BEeKTOpHI, cOCTaBJfOIHE MaTpHIy (GOPM KoaeGaHui, GyAyT
YKasaHHbIM 00pa3oM NPOHOPMHPOBAHEI, HHAeKc M wusmenum Ha H u
BBejeM oGosHaueHne Xy Bmecto Xy. ToraajrnaBHas marpuna_macc,
ofipefiesisieMast BolpaxkenueM (4.28), npumer BHJ

XEMXy = Mp = 1. (4.40)

C yuerom Bripaxenuit (4.29) u (4.37) Ans raBHOK MAaTPHIBI KecTKOCTe
MOXKHO 3amHcaTh

XuSXy = Sr = p° (4.41)

IOnsa i-# ¢opmbl KoneGaHuil 3TO BHIPAXKEHHE NPHHAMAeT CJIEAYIOLLYIO
popmy: . \
Xu:SXyu; = Sr; = pi. (o)

Taxum 06pa3oM, KOrjia COGCTBEHHBIE BEKTOPHl HOPMHPYIOTCSI [O OTHO-
IUeHHIO K Marpune M, XecTKOCTH B IJIaBHBIX KOOPAMHATAX PaBHBI COG-
CTBEHHBIM 3HAQUeHHsIM. JTa YacTHAsA CHCTeMa IJIaBHBIX KOOPJAMHAT Ha-
3bIBACTCH HOPMANOHOIMU KOOPOUHAMAMU.

JLis MJIIOCTPalHH HCNO/b30BAHHST HOPMANbHEIX KOODAMHAT B YpaB-
HEHHU$X, 3alIHCAHHBIX Yepe3 YCHJIHsS, PACCMOTPHM TPH MAacChl, 3aKpemnJieH-
Hple Ha pacTsiHyToM Tpoce (cM. pHc. 4.2, g). CoGCTBEHHBIE BEKTOPHI
3TOH CHCTeMBI, NOJNyYeHHble B TpUMepPe 2 mNpejblAyIIEro mnaparpada,
ABJISIOTCA CTONIONAMH MAarpulll GopM KoJebanui

T T |

Xu={V2 o —V2| (M)
-1 1
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Jas rtoro u4ro6hl NPOHOPMHPOBATb S5TY MaTpPHLUY 10 OTHOLUIEHHIO
K Marpuue ml, 3 Bepaxenud (4.39) Halgem

C=YmpE+m(V P +m(p=2Vm
Co=V m(1)F 4 m (0F + m(—1)* = V 2m;
Co=V mP+m(— V2 +m(1p=2Vm.

PasnenuB cronbuel MaTpulibl Xy Ha 5TH 3HAYeHHs, MOJNYUHM

1 V2 1
l - c—
Xy =—— 2 0O —V2il.
H 2Vm V _ V (H)
1 —V2
Marpuua KecTKocTH AJisl 3TOH CHCTEMBI HMeer BHJ
2 —1 0
T
S=—|—1 2 —1]. (0)
0 —1 2

Iloacrasass Beipaxenus (H) H (0) B (4.41), nonyyaem MaTpuuy
2—V2 0 0
Ss=-m| © 2 0 (m)
0 2+V72

Y KOTOPOH Ha AMATOHAJH pACIOJAraloTcsi 3HaueHHS pi, ps H ph (oM.
orBeThl K 3ajade A.4.2.1). Pasymeercsi, coGCTBEHHbIE 3HAYeHHs, (PHUTY-
pHpYIOWHEe B BbIPaXeHHH (T), ObLIIH YyXKe MNOJNyYeHbl BHIHIE, ITO3TOMY
[peuMYylIecTBa INpeoGpa3oBaHHA MATPHLBI KECTKOCTH K HOPMajbHBEIM
KOOpAHHATaM 3jeChb He OYEeBHAHBI. IOTH IIPEHMYIUECTBa CTAaHYT BHJIHBI
IpH ONpejie/ieHHH NOBeJleHHs1 CHCTeM, OMHCAHHHIX B NMOCJEAYIOU[HX MNa-
parpapax. ’

Bmecro Toro uto6bl MOIb30BATHCSI YPABHEHHSIMH JBHKEHHS B (opMe
(4.30), yMHOXHM HX cieBa Ha Matpuiy M™ u TeM cambiM npuBeneM
HX K BHAY YpasHerull, BQNUCAHHbIX 4epe3 YCKOPeHUS:

X 4 M1SX =0. (4.42)

310 ypaBHeHHe MOXHO Npeo6pasoBarh K IVIaBHBIM KOOpDJAHHATaM, MOJ-

craBuB Bepaxenus (4.34) naa X u (4.35) aas X. Torza, yMHOXHB
cneBa Ha Martpuny X, NOJyYHM

Xr 4 XHM'SXuXy =0. (p)

Ecain B Matpuiie Ko3((pHLUHEHTOB ypaBHeHHsi (p) NOMeCTHTb mnepex S
exunnynyio marpunty 1 = (Xu')'Xh, To mpuzem x cootHoweHHIO

XM (X)" X3SXpm = Mf'Sp = p°, (c)
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Orciona ciepyer 3anuCaHHOe B IiaBHLIX KOOpJAHHaTax MaTpHYHOE ypag-
HeHHe sl YCKOpeHHH

Xr+ p?X; =0, (4.43)

KOTOPOE MOXHO MOJNYYHTh TaKXKe, YMHOXHB CjieBa ypaBHeHHe (4.31)
Ha Matpuny Mr'. TIoCKOMBKY OIMH M TOT Ke pesyJbTar HoJyyaercs
c IOMOLIbIO DPAa3JHUYHBIX [OAXOJ0B, MOXHO O0GOHTHCh 6€3 YypaBHe-
HuA (4.42), KoTOpoe TpeGyer NocTpoeHHs Marpuunl M™'. Pasymeercs,
obpauienne Matpuuel M He mpejcraBiser Tpyja B TOM clyHae, KOria
OHa JHaroHa/JbHasi, OJHAKO €CJU OHAa 3aNOoJHEHHAas, TO HaxOXIeHHe
marpuubl M™! 3HAUHTENBHO YCIOKHSETCS.

C npyroi cropoHml, Matpuma Mr Bcerma sB/AsgeTca AMaroHaJgbHOR,
NO3TOMY OJpallleHHe ee BLINOJAHAETCA I[POCTO. ITO OGCTOATENbCTBO
BaXHO NpH ODpAIIEHHH MATPHUL GopMm KoneGanui. Popmynay Takoro
obpallleHss nojJyyaeM YMHOXeHHeM YypaBHeHHs (4.28) cnpaBa Ha
matpuny XM M yMHOXEHHeM cjeBa Ha martpuuy Xi:

Xn = M XM, (4.44a)

Ecau cobcTBeHHEIe BEKTOPEL HOPMHPYIOTCS 1O OTHOLIEHHIO K MaTpHie M,
BCe IVIaBHBle Macchl OYAYT paBHbl €IMHHIICE M B pe3yJbTare NOJYYHM

Xm = XuM. (4.446)

®opmynel, aHasoruynele (4.44a) U (4.446), MOXHO NOJYYHTb H3 ypaB-
HeHus (4.29), 3amHCaHHOTO C MHCNOJb30BAHHEM MATPHUI[ KECTKOCTEH,
B TOM ydc/e H riaBHHX. OJIHAKO, €C/H COGCTBEHHblE BEKTOPHI HE HOP-
MHDYIOTCSl [I0 OTHOILIEHHIO K Marpuue S, NpeANoyTHTe/NbHEe HCIIONb30-
BaTh BhIpakeHHs (4.44a) u (4.449).

Ecin BMECTO ypaBHEHMH JBUMKEHHs B YCHJHAX HCIOJb30BaTh ypas-
HeHHs1 B InepeM:2iueHHAX, BMecTo ypasHeHds (4.30) Hajgo B3ATH

FMX - X =0. (4.45)

B3saB Balpaxkenus (4.34) nnsa X u (4.35) ana X, MOXKHO 3amucath 3TO
ypaBHedMe B IVIaBHBIX KOOpJWHATaX, /Il Yero YMHOXHM €ro Crpasa
Ha Matpuny X, OTKyda MOJYYHM

XMFMXuXr 4 X =0. (1)

Ecan nepen Mmatpuueii M nopctaBHTh efMHHuHYI0 MaTpumy 1 =
= (X')"Xh, MaTpuna Kos(POMUHEHTOB B YpaBHeHHH (T) IPHMET BHI
XMF (XM)" XuMXy = Fr M. (y)

B ypaBHenuu (y) COOTBETCTBYIoWlas MaTpuue Sp eaasHas mampuya
nodamaugocmeti

Fr-=XuF (X3)" = St (4.46)

EcrecrBerno, Takoe npeicTaB/eHHe BO3MOXKHO TOJIBKO B TOM Caydae,
ecau matpuua S (a orciofa U Sp) ABIAETCH IOJOXHTENIBHO OrpeseJeH-
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Holi. TakuMm o6pa3oM, ypaBHEHHA [IBHXKEHHS B IJIABHBIX KOOpJIHHATaX
MOXKHO 3alHcaTb TAK:
F-MiXp + X ==0. (4.47)
Hanee, paBepHyTYio dopMy (3K) 3ajaudn Ha cOOCTBEHHbIE 3HAUEHHS 3a-
MEHHM Ha CJeLyoLLYIo:
FMX, = XA (@)
B ypaBuenuu (¢p) mMarpuua A cOOCTBEHHBIX 3HAYEHHH HMeeT AHArOHAaJb-

HBIi BHMA, 0[PH KOTOPOM Ha JHMaroHajd pacnoJarailorcs CcOOCTBEHHbIE
3HAYEHHS A;:

A 00 0
0 A, O 0
A=|0 0 A 0 |= ()™ (4.48)

YMHO)Kaa ypaBHeHHe () caeBa Ha MaTpuiy XM ¢ yyeTOM COOTHOLIe-

Hus (y), HamgeMm

Korzaa matpuiia gopM Kosne6aHU#l HOPMHPYETCS 110 OTHOLIEHHIO K MaTpHIle
Mace, rIjlaBHasi MaTpHila NOJATJIHBOCTEH B COOTBETCTBHH C BHIpaxe-
HusAMH (4.46) ¥ (4.49) npuHHMaer BHUJ

XaF(Xg) =Fr=1= ()" (4.50)

Takum ofpasom, Marpuia NOAATJIHBOCTEH B HOPMAJbHBIX KOODJAMHATAX
npeBpamiaeTcs B MaTPHLY COOGCTBEHHBIX 3HAYeHHH A, KoTopas TaKxe
pasia (p»)~'. Orciooja 3akJ/JwouaeM, YTO ypaBHeHHe_(4.43) NpuHHMaer
¢opMy ypaBHEHHII [BHKEHHSI B HODMAaJbHBIX KOODAMHATAX, HE3aBH-
CHMO OT cmoco6a IMOJNyuYeHHsI YPaBHEHHs] B HCXOAHBIX KOOpAMHATaX.
B kauectse npuMepa HCHOJb30BAHHsI HOPMAaJbHBIX KOOPAMHAT B ypas-
HEHHAX, 3alHCaHHbIX Yepe3 MNepeMEelleHHs, BHOBb PaCCMOTPUM 3ajauyy
0 Tpex Maccax, 3aKpellJIeHHBIX Ha INpeJBAPHTENbHO PacTAHYTOH HHTH
(cM. puc. 4.2, a). Hua 5Toi cHCTeMbl MaTpHIila NOJATIHBOCTEH HMEET BHJ

3 2 1
l
F——or|2 4 2| (x)
1 2 3

O6pamas marpuny Xy [cM. matpuiny (u)] B COOTBETCTBHMH C BBIpa-
xenueM (4.446) 4 NOACTaB/As DE3yJbTaT BMecTe ¢ MartpuueHd (x) B co-
oTHomeHnde (4.50), MOJNy4YHM MaTpHLy

24V2 0 0
FI“_‘_IQ_?— 0 1 0 ’ . (H)
0 0 2—V2
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JIHArOHAJILHEIMH ~ 3JIEMEHTAMH KOTOPOH sABJAIOTCA Ay = 1/pt, Ay =
= 1/py 1 A3 = 1/p3 (cM. npumep 2 B n. 4.2).

Kak yxe roBopu/Joch B KOHIEe Npeimfyliero mnaparpacda, sagauy
HA COGCTBEHHBIE 3HAYEHHS YacTO pemalT nocje MpeoOpasoBaHHs ee
K craHjaptHoil ¢opMe ¢ CHMMETPHYHOH MarpHieid KO3(Q(PHULHEHTOB.
[Ipy uCNONB30BAHHH TAKOrO NOAXOAA COGCTBEHHBIE BEKTOPHI OOBIYHO
HOPMHPYIOT, 4TOOBI HX JJIMHA paBHAJAch eJHHHIE. Bmens oGo3Haue-
gue V; 1Js TaKoro HOPMHPOBAHHOTO COOCTBEHHOTO BEKTOpA, MOJYYHM

VIV, = 1. (1)

COGCTBEHHBIH BEKTOp, COOTBETCTBYIOMIMH CcTaHaapTHo# d¢opme [cM.
ypaBHenue (4.12a)l, maciuraGupyercss AJs TOro, 4ToGbl IOJYYHTb BeK-
Top V;:

Xyi

Vi =5 D; , (IH)

rge cka/jasapHass BeJHYHHa

n

D=+ VX{/LXU;' ==+ _21 X%//'L" (4.51)
j=

[Ipu Takom crocoGe HopMHpoBaHHas MatpHua V ¢opMm kKoJjeGaHH# obaa-
JAeT CJEAYIOIIHM CBOHCTBOM:
ViV=1] V1i=V" (4.52)

1 OOBIYHO HA3bIBAETCsi NPOCTO opmozorarbHas mampuya. Tlpeobpasys
3Ty Matpuily $opM KoseGaHHH BHOBb K HCXONHBIM KOOpJAHHaTaM [cM.
Bolpaxkenue (4.126) B n. 4.2}, nmonyuum

Xu=U7V, (4.53)
Yrobel J0OKa3aTh, 4TO B pe3yJibTaTe TAKOH ONepaluH mnojyyaem Xy,

nojcraBuM BblpaxkeHHe (4.53) u npeacraBaenneM M = UTU B ypasne-
HHe (4.40), oTKyjna cJjenyer

vV Uy utuutV = L.
TakuM 06pa3oM BHAHM, YTO COGCTBEHHBIE BEKTODPHI B HCXOAHBIX KOODJIH-
HaTax sBJSIOTCA HOPMHDOBAHHBIMH IO OTHOLIEHHIO K MaTpuie M.

4.4, UCCJEJOBAHUE MNOBEJAEHUA CHCTEMbl METOJAOM
HOPMAJIbHbIX ¢OPM KOJIEBAHHUH
C YYETOM HAYAJIbHbIX YCJIOBUH

W3 ypasuenus (4.43) npeapiniymero naparpada BHIHO, YTO THIHY-
HON ¢opMoil ypaBHeHHs AJIsi CBOOOJHBLIX KoJieGaHHii' 6e3 AemndHpoOBa-
HHSI B HOPMAJIbHBIX KOOpJAHHATaxX SIBJISIETCA CJAeAYIOMmias:

Eri+pixri=0; i=1,2, 3, ..., n (4.54)

Kamnoe YpaBHEeHHe [10J06HOr0 THIIA He CBSA3aHO CO BCEMH OCTaJbHBIMH,
IMMO3TOMY OHO 6yaer paccMarpuBaTbCsi KaK OTHOCHAIREECHd K CHCTEME
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¢ ofHOH cremeHblo c3o6oAn [cM. ypaBuenue (1.1)]. Ecou 6wl faa Kax-
JOH HOpMAJBbHOH KOOpDAHHATH MOXHO ObLIO ONpejeJHTh HayaJbHble
YCJIOBHSA, 3aJaHHbie OTHOCHTEJbHO MNepeMelleHHsl Xor; H CKODOCTH Xor;
npu { = 0, To MOXHO OblJIO Obl ONpene/HTb MOBEJEHHE CHUCTEMBI NpH
CBOOOJHLIX KOJeOaHHAX 1o (-H QopmMe:

Xpi= 1y r: COS pit -}—%sinpit, i=1,2 3, ..., n (4.55)

310 BBHIpa)KeHHe INoJyuyeHOo H3 pewmeHusa (1.5) A5 CHCTEMBI ¢ OJHOH
creneHblo cBOGOABI, KoJebumomelicst 6e3 AeMN(HPOBAHHS.

W3 Buipaxenus (4.32) nosyyaeM HayaJbHbIE MepeMelICHHsI, BbIpa-
JKEHHbIe B HOPMAaJbHBIX KOOpJAMHATAX:

Xor = Xii Xo (4.56)

rie Xy B Xor — BEeKTOpPbl HAayaJbHBIX IepeMelleHHH COOTBETCTBEHHO
B MCXOJHBIX H HOPMAaJbHLIX KOOpDAMHATAX CJEAYIOLEro BHIA:

Y61 Xor1
Xo2 Xora

Xo==|Yos |, Xyp=={-%ors |. (a)
Yon_ Xorn

AnanoruyseiM o6pa30M MOXHO 3amnHcatb HadaJjJbHbl€ CKODPOCTH CHCTEMBI
gepe3 HOpPMAJIbHbIE KOODIAHHATbLI C IMOMOLILIO HpEO6p330BaHHH

Xor = Xii Xo, (4.57)

rie X, ¥ Xor — BEeKTOpPH HayaJbHBIX CKOPOCTeH, BbIpaxKEHHBbIE, COOT-
BeTCTBEHHO, 4Yepe3 HCXOAHble M HopMaJbHble KOOpAWHaThl. CooTHoIIe-
HHe (4.57) moayuaeM nyreM AudpepeHIHPOBAHHSA COOTHOMEHHs (4.56)
10 BpeMeHH, IPH 3ToM (opMa KaxJOro BEKTOpa CKOPOCTH aHaJIOrHYHA
(hopMe KaxKJIOoTo BeKTOpa NepeMelieHHsi B BbIPpAaXKeHHsAX (a).

Hmesi TpeGyeMble HayasbHBIE YCJIOBHSI, BbIpaXKEHHBIE Yepe3 HOpMaJlb-
Hble KOOPAHHATHI, MOXKHO ITyTEM [OBTOPHOTO NPHMEHEHHs peleHus (4.55)
ONpEeNeHTh KOMIOHEHTH BekTopa Xr = {xr;} nepememeHuii npH
HOpMaJbHBIX (opMax KoseGaHun#l cucrembl. [ToJyyeHHble 3HAYeHHs 3a-
TeM npeofpadyeM BHOBb K HCXOJHBIM KOOPAHHATaM, HCIOJb3ys MpPeos-
pasoBanue (4.34), uTo gaet

X = XX (4.58)

Takas mnocsegoBaTeNbHOCTD ONepanMil ocTaeTrcsi HEU3MEHHOH He-
3aBHCHMO OT TOrO, 3alUCaHbl UCXOJHbIE YpaBHEHUs] ABHIKEHHsS B YCH-
JUAX WIH nepeMelleHusix. OQHAKO B MOAXOoJe, HCNOJb3YIOUWIEM YypaBHe-
HH B YCHJHSIX, CYIIECTBYeT BO3MOXKHOCTb MOSIBJIEHHS OJHOH HJIH He-
CKOJIbKUX ¢hopm Osusicenull Kax abcoaomuo xecmxozo meaa. JIns riaas-
HOH opMbl nmogo6HOTO THHA COGCTBEHHOE 3HAUeHHe paBHO HYJIO, IIo-
3TOMY YypaBHeHHe (4.54) NIpPHHHMaeT BH]J

#p; = 0. (4.59)
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HuTerpupys 510 ypaBHEHHME ABaXKAbl MO BPEMEHH, MOJYYHM

Xri = Xpri —i— xorl‘t. (460)
YpaBHeHHe (4.60) ucnosb3yercs BMecTo (4.55) [jsi TOro, 4TOOBI OINH-
CaTb TMOBE€J€HHE B HOPMaJIbHBIX KOOpJAWHAaTax Mo (l)OpMe, COOTBETCTBY~
IOILEeH JIBHXEHHI0O KaK aOCOJIOTHO KECTKOro TeJja.

Mpumep 1. B m. 3.5 6bIH ompefesieHbl JHHAMHYECKHE MepeMelleHHs] JBYXMaccoBOR
CHCTEMBI NIpH CBOCOJHBIX KosieGaHHsAX (cM. pHc. 3.1, @), npu STOM IPOM3BOJbHHEE IIO-
CTOSHHEIE HAXOJHJIHCh H3 HAYAJIbHHX YCJOBHH Xo; = Xgp = 1 M Xpy = Xpp = 0. Iosryunm
Te JKe caMble pe3yJIbTaThl C MOMOLIBIO MeToJa HOPMAaJbHbLIX (GOpPM KoJeGaHHI.

Pewernue. B npepnonoxenuu, uto my = my=m u k; = ky = k, panee OBUIH
onpefieJieHbl COGCTBEHHbIE 3HAUEHHS CHCTeMbl pi == 0,382k/m; p} = 2,618k/m. Kpome

TOro, OHIM HaiJeHh 3HAYeHHs OTHOLIeHW# ammiutynd r; = 0,618 u r, = —1,618.
CieoBateJbHO, MaTpHlla (opM KoJeGaHHH HMeeT BHJ,
10,618 —1,618

Xm= 6

M [1,000 1,000]' ©)

Jast Toro uToGH NPOHOPMHPOBATh STY MAaTPHIy MO OTHOIIEHHI0O K MaTtpHie M = ml,
H3 cooTHoweHH# (4.39) onpenesuM ckajsphbl

Cy =V m (40,618)2 + m (1,000)% = 1,175 V' m;
Cy =1V m (—1,618)2 & m (1,000)% = 1,902 V m.
PasfiesiuB cTosi6ubl MaTpuubl Xy Ha 5TH 3HAuYeHHS, IOJYYHM
1 0,526 —0,851
=— . (8)
Vm 10,851 0,526

O6paurenue MaTpuibl X1, HeO6XOAHMOe A/l NPeo6pasOBaHUsT HCXOAHBIX JIAaHHBIX K HOp-
MaJIbHEIM KOOPZMHATaM, MOJYYyaeM B COOTBETCTBHHM C BHIpaxkeHHeM (4.446):

_[ 0,526 0,851

X7l = XTM = ’ B
o= XpM=Vm [—0,851 0,520]

HauasbHble yc/IOBHS B BEKTOPHOH (hOpMe MMEIOT BHI

xo=m, X0=[g]. (n)

B cooTBeTcTBHM ¢ BhipaxeHueM (4.56) BeKTOp He paBHBIX HYJIIO HauyaJbHHIX MepeMelleHHH
npeo6pa3yeM B HOPMaJbHHX KOOPAMHATaxX CJAeAYIOUWUM oGpa3oM:

— 1,377
-1 ’
Xor = XgXo=Vm [_0,325]. ()

JBax/pl BOCIOJNL30BABUINCh BbIpaxeHueM (4.55), MOJyYHM BEKTOpP pelieHHs! B HOPMalb-
HBIX KOOpJHHATaXx

XH

(r)

—_ 1,377 cos pit
Xr= : . X
r=Vm [—0,325 cos pzt] (%)

3aTteM c nomoubio o6paTHoro mpeo6pasoBanus (4.58)TNPUXOJMM K BLIpaXKeHHIO, ONpe-
JeJsiolleMy IIOBeJleHHe CHCTeMHl B HCXOJHHIX KOOpJAHHATax:

0,724 cos p1t + 0,276 cos pyt
X = XyXr = .
1,171 cos pyt — 0,171 cos pot

ToayuenHH pe3ysnbTaT COBNajaeT ¢ HalifleHHbHIM B m. 3.5.

Mpumep 2. s npumepa, TAe MMeJO MeCTO ABHXKeHue KaK abGCONIOTHO KeCTKOrO
TeJla, PACCMOTPHM CHCTEMY C TpeMs MaccaMu (cM. puc.’ 4.1, a) u nosoxum k; = 0. Kpome
TOFO, NPEANONOXKHM, UTO My = My = m U ky = kg = k. Kak Obl10 HalifleHO BhHILIE
(cM. mpumep 1 B 1, 4.2), 3jech co6cTBeHHHe 3Hauenuss p}= 0, pi= k/m’u p}=
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= 3k/m. Tak xXe 6bLIH NOJyYeHH COGCTBEHHBIE BEKTOPLI, IPH TOM Marpula ¢$opM Ko-
JeGaHHH HMeJsa BHI
1 1 1
Xm=|1t o —2]. (w)
I —1 [

[IpennonoxuM, 4TO CHCTEMa HAXOAHTCS B IIOKOe B TOT MOMEHT, KOrJa IO NepBOH Macce
yIapsioT TakKHM o6pa3oM, YTO OHa BHe3amHO NpHoGperaer cKopocTb v. OnpeaesnHTb
HOBeJIeHHe CHCTEMBI, 0GYC/IOBJIEHHOE STHM YAapOM.

Pewenue. Hopmupysi MaTpuny XM TO OTHOWIEHHIO K MaTPHIE Macc, NMOJYYHM

V: V3 1
Xu =75 |V 2 0o —2| (x)
Ve —V3 1
TOTJa MaTpHlla, o6patiHas Xy, GyHeT HMeTb BHJ
Ve V2 V2
X§==XEM==L/%-|/§ o —v3l (1)
I —2 I
BeKToprl HauaJbHHIX YCJIOBHH TaKOBBI:
0 ] v
Xo=1]0|, X,=]0]. (M)
0 0

[IpeoGpa3ysi He paBHEIH HYJIO BEKTOP HayalbHbIX CKOPOCTEH K HOPMaJbHBIM KOODJAHHA-
Tam, Haijem
V2

Ko = Xiko—o J/ 2 3| (k)
I

JIast onucaHus IBHIKEHH s CHCTeMBI KaK aGCOMIIOTHO XeCTKOro TeJa Clle/lyeT HCroJb30BaTh
Buipaxenue (4.60), Torza Kaxk NOBeleHHe C ydueTOM KoJeGaTeJbHBIX (OPM JABHXKEHHH
onuchiBaeTcs BhipaxeHueM (4.55). TakuM o6pa3oM, AHHAMHYECKOE NepeMellleHHe CHCTEMBI
110 HOpPMaJIbHBLIM (OpMaM KOJeGaHHE MOXKHO 3alHcaTb B BHAE BEKTOpa-cToJ6Ia

- Vot
m -
xe=o )/ 2| (/35 | ©
_ (sin pst)/ps
Hpeoﬁpasyﬁ 5TH 3HAa4Y€HHUA K HCXOJHBbIM KOOp}lHHaTaM, TMOJY4YUM
o |2+ (38inp)/py 4 (sin pst)/ps
X = XyXr= e 2t — (2 sin pat)/ps . (m)
2t — (3 sin pat)/p, -+ (sin pst)/ps
B BoIpaxenuu (0) cocTaBasomas Kaxaod GOpMbl IBHKEHHS, ONpe/lesAiouas JIBHKeHHe

KaK aGCOJTIOTHO JKeCTKOro TeJa, paBHa vt/3. )
EcJqii Bce Macchl HMEIOT OJIHY H TY e HauaJbHYI0 CKOPOCTb U, TO BEKTOP HayaJbHBIX

ckopocteit umeer Buj Xy = {v, v, v}, H Torja BHpaxenus (H), (0) H (I} NPHHHMAIOT
BHA

1 ¢
Xer=0vV3m|o}, Xr=0vV3m|o],
0 0
1
X=ut]1]. (p)

I
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B stoMm cayuae jBHiKeHHe IpejcTaBisieT COBOK ImepeHOC CHCTeMbl KaK abCOJIIOTHO Xe-
cTKOTO Tesia 6e3 KoJeGaHHI.

Mpumep 3. Onpenenuts mnoBeeHHe CHCTeMbi (cM. puc. 4.2, a) TpH CBOGOJHBIX
KoJe6aHHAX B Clydae BHe3alHOTO NPHJOXKEHHS KO BTOPOH Macce B HalpaBJeHHH OCH X
[OCTOAHHOH BO BpeMeHH cuabl P. Tlpenmonaraercs, uto gaHo: m; == My =m H [; =
== ly= =1,

Pewenue. B npuMepe 2 u3 n. 4.2 6bl1a nosyueHa Matpuua GopM KoJaeGaHHH

1 1 1
Xm=ly2 o —y2}| (c)
1 —1 1

HopmupoBanue MaTpHLB XM [0 OTHOIIEHHIO K MaTpuiue M naer

1 V2 1 v 1 Ve 1
xM:m}_ var o ve| xid=SE|ve: oo —vi| o
i —V2 1 1 V@ 1

BexTope!l HayaJbHBHIX YCJIOBHH HMEIOT BUA

1 0
PI -
Xo = o7 li?] , Xp= [8] . (¥)

B HOPMaJIbHbIX KOOPJHHAaTaX HaydaJbHbl€ NEPEMEUleHHS NPHHHMAIOT BHA

_fr + v2
xorzx;{‘x,,:m?l;m 0 : ()

1 — V2
TTonb3ysch BhipaxkenueMm (4.55), HalileM peakiHH CHCTeMbl [10 HOPMaJbHBIM (opMam
_[(1 +V?3) cos pyt
. Pl_I/m T 0) P1 -
I="or - '
(1 —12) cos pyt

3atem onpejaeJJHM HCKOMbI€ BEJHUYHHBI B HCXOAHBIX KOOpAHMHATax

(1 +V'2)cos pyt + (1 — 1V'2) cos pst
X = XuXr = = (V2+2) cos prt — (V2 — 2) cos pst |- ()
(1 4+ V'2) cos prt + (1 — V'2) cos pst
31ech OTCYTCTBYET aHTHCHMMETPHYHAs BTOpast GOpMa, H B BhIpaKeHHH (1) GHTYDPHPYIOT

TOLKO CHMMETPHUYHLIE NEepBast H TPeThsl (opMbl KoseGaHuil. CieIoBaTeNbHO, Macchl my
A mg Koae6JaIoTcsl ¢ OJHOH H ToH e dopMoit.

3AJAYH

4.4.1. Onpenenuth noBegeHHe cHCTeMbl (cM. puc. 4.1, @) npu cBOGONHBIX KoseGa-
HHAX, €M K TPeTbel Macce B HaNpaBJeHHH OCH BHe3allHO NPHKJAAJABIBAETCS MOCTOSIHHAS
BO BpeMeHH cusla P. Ecau sfech B3SITb My = My = mg=m U ky = ky = ky = k,
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COGCTBEHHLIE 3HAYeHHSI H COGCTBEHHBIe BEKTODPbI GyAyT PaBHBI 5THM BeJIHUHHaM, onpe-
JleJleHHBIM B npumepe 1 B 1. 4.2 jJjis mepBoro cayuas.

Omsem: x, = P (1,220 cos p;! — 0,280 cos py! |- 0,060 cos pat)/(4k).

4.4.2. JIns TpexMacCOBOW CHCTEMLI, PacCMOTpPeHHOH B 3ajlaye 4.2.2, onpejieJiuTh
HEYCTaHOBHBILEECS NOBEJeHHe NPH CBOGOAHBIX KOJeGaHHSX, €C/IH 3aJ]aHbl HadallbHbIE
yeaosus Xo = {0; 0; 0}; Xo = {v; 0; —v}.

Omsem: x, = v (il pat)/p,.

4.4.3. a5 paccMOTpeHHHX B 3ajlaye 4.3.3 MasTHHKOB, COEJHHEHHBIX NPYXHHAMH,
ONpeJe/ITh HEYCTAHOBHBIIEECS MNOBEJEHHe NPH CBOOOJHLIX KoJeGaHHSX, ec/H 3aJaHH
HayaJbHble yeaoBust Oy = {0; @; 0}, € = {0; 0; 0}.

Omsgem: 0; = @ (cos pyf — cos pat)/3.

4.4.4. Onpefie/lnTs HEYCTAHOBHMBIUEECsS NOBeJEHHE BDAINAIOLIEACs CHCTEMbl H3 3a-
naun 4.2.4, ec/iv 3ajaHbl Hauasdbuble yeaoBua @y = {0; 0; 0}; @, = {0; 0; 0}.

Omsem: (1 = 0 [0,543 (sin pyf)/py - 0,349 (sin pyt)/py - 0,108 (sin pst)/ps].

4.4.5. Onpefie/iuTh HEYCTAHOBHBIIYIOCS DPEAKHHIO CHCTEMBl C YeTHIPbMS MacCaMH,
paC{CMOTpeHHyIO B 3ajjaue 4.2.5, npu HauanpHbiX ycaoBusax Xg = {0; 0; 0; O} u Xy =
= {v; 0; 0; v}.

Omsem: x; = v [t -} (sin psf)/ps1/2.

4.4.6. IlpeanonoxuM, yTo HeBecoMasi Oajka, paccMOTpeHHas B 3ajaue 4.2.6, Bpa-
IasCh C MOCTOSIHHOH YIVIOBOH CKOPOCTbIO 8 OTHOCHTEJNBHO JI€BOH ONMOpbI, BHE3aNHO 3a-
Hemsisiercsl 3a npasylo onopy. Onpefle/IHTh HeyCTaHOBHBIIEECS MOBeJeHHe CHCTeMBl NpPH
yKa3aHHOM HauaJlbHOM YCJIOBHH B BHJ€ HayajJbHOH CKOPOCTH.

Omsgem: y, = 0! [1,707 (sin p;8)/p; — (sin pat)/ps -}- 0,293 (sin pst)/psl/4.

4.4.7. [nsa TpoHHOrO MasiTHHKa, pPacCMOTPEHHOro B 3ajiaue 4.2.7, B3SATh Haualb-
Hble ycaoBust B Bule Xo = {A; A; A}, Xo= {0; 0; 0} u onpeieJnTb COOTBETCTBY-
jolliie AHHAMHYeCKHEe MepeMeleHHs.

Omeem. x; = A (0,334 cos pyt -}- 0,314 cos pat -}~ 0,352 cos pst).

4.4.8. OnpefeNUTb HeyCTAaHOBHBLIEECsS NOBeJEHHe PACCMOTPEHHOTO B 3ajaye 4.2.8
KapKaca TPeX3TasKHOT'O JOMa IDH BHE3aNHOM IPHJIOXKEHHH K IEPeKPBITHIO TPeTbero
5TaXa NOCTOSIHHOH BO BPEMeHHM Harpysku Qs = P.

Omgem. x, = PH3 (2,611 cos p;t — 0,754 cos pyt - 0,142 cos pgt)/(144E1).

4.4.9. Ilyctp macca (cM. sagauy 4.2.9) uMeeT HayaJbHYIO CKOPOCTb Uy B HampasJe-
HHH OCH X, @ OCTaJIbHble KOMITIOHEHTb! HayajJbHOH CKOPOCTH H NepeMeLeHHsT PaBHBI HYJIIO.
OnpefenuTb XapakTep Pe3yJbTHPYIOILETO IBHXKEHHS CHCTEMBI.

Omeem: x, = v, 0,708 (sin py#)/py - 0,292 (sin pst)/ps].

4.4.10. ITpeanoJiOKHM, YTO MOCTOSIHHASE BO BPeMeHH CHJa P NpuioxeHa B Hampa-
BJIEHHH OCH y B Touke C paMbl, paccMOTpeHHOH B 3ajiaue 4.2.10. Onmpefesnth peaxuuo
CHCTEMBl NIPH BHE3aNIHOM NPHJIOXEHHH 3TOH. CHJIBI.

Omeem: x; = PI3 (26,40 cos p;t — 2,381 cos pyt — 0,021 cos pst)/(48E1).

4.4.11. OnpenenuTh IHHAMHYECKHE NEpPEMELIeH S CHCTEMBI, PACCMOTPEHHOI B 3ajlaue
4.2.11, npu HauanpHbiX ycaoBusix Yo = {0; 0; 0}; Yo = {v; 2v; v}.

Omsem: y, = v [4t — (sin pat)/ps1/3.

4.4.12. [Ins CHCTeMbl, pacCMOTPeHHOH B 3ajaue 4.2.12, onpenenuTb ee IHHAMH-
YeCKHE MepEeMElIeHHs] NPH HAyalbHBIX YCJIOBHAX Yoy = A; O = g9 = 0; o = 0;
091y = 0Bgg = 0, ecan sanano /== 0,915 M.

Omeem: y, = A (1,367 cos pyt — 0,367 cos psl).

4.5. UCCJIEAOBAHUE NOBEJEHUSI CUCTEMbI METOJOM
HOPMAJIbHbIX ®0OPM KOJIEBAHHUH
NMPU JAEWCTBUU BHELIHUX CHJI

PaccMorpum Temeph ciyd4afl CHCTEMBI CO MHOTHMM CTEIIEHSIMH CBO-
GOZBI, K KOTOPOI NMPHJIOKEHbI BHEIIHHE CHJIBI, COOTBETCTBYIOIUIHE KOOPAU-
HaTaM mnepememleHuss. MaTpuuHasi ¢opMa ypaBHEHUH JABHIKEHHS B YCH-
JUAX HMeeT BHJ,

MX +8SX =4Q, (4.61)
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rie yepes Q oGo3HaueHa cjelyionlasi MaTpHUA-CToAGen (HJIH BEKTOp-
cTonber) NMPHJIOKEHHBIX K CHCTEME M3MEHSIOUMXCS CO BPEMEHEM CHIL:

Q| R
Q F, (1)

Q=|Q [=|F 0| (a)
Q) LR

YMHOXast ceBa o6e yactH ypaBHeHHs (4.61) Ha matpuny Xm H HCIOJb-
3ya npexcrabiaenus (4.34) u (4.35), npeoGpasyem 370 ypaBHEHHE K TJIaB-
HEIM KOOpJHHAaTaM

XuMXuXr - XuSXuXr = XuQ.
310 ypaBHeHHe MOXHO Iepenncatb B CjeLyiomed ¢opme:
err + S Xr=Qr, (4.62)

rie marpuusl My u Sy ompenessiiotesi, COOTBETCTBEHHO, BhIpaKe-
HusIMH (4.28) u (4.29). Uepes Qr B ypaBHenuu (4.62) o6o3HAueH Bek-
TOp-CTONOEl, BHEIIHMX CHJI, 3alHCAHHBIA B TJIABHBIX KOOpPJAHHATAX:

Qr = XmQ. (4.63a)
B passepunyrtoit ¢opMe NpoH3BeJeHHE ITHX MATPHI[ HMeeT BHI

Qry | [ X+ XpoQs -+ XparQs -+ - - - XpgraQn
QI“Z XM12Q2 + XM22Q2 + XM32Q3 + Tt + XanQn

_an_ _XMan] + XMZan ‘}_ XM»ans —I" e ‘I‘ XMann_

Ecnu marpuna gopM Kosebanuii HOpMHPYETCA MO OTHOUIEHHIO K MaTpHLE
Mace, BolpaxkeHHe (4.63a) npHHHMaer BHJ

Qr = XiQ, (4.64)
a (- ypaBHEHHE [BHXKEHHS B HOPMAJbHLIX KOOpAHHATAX 3amHIlIeM
B cJaenyioiied ¢opme:
fr[ er%xl‘i =dri, = 1, 2, 3, A (B (465)
The (- HOPMAAbHAA CUAQ HMEEeT BHUJ
gri = Xp1iQr + XpeiQe + XysiQs + - - - -+ XggniQn- (4.66)

Onpenensiemasi BbipaxkenueM (4.66) BequunHa gr; 0603HAYaeT (-0 HOP-
Ma/libHYI0O KOODAHHATY NpHJIOXKeHHOH cuibl. OHa BBOAMTCA JIJS TOTO,
4ToOBl CHEJMaTh PAaBHBIM €IHHHIE YCKOpeHHe OGOGIEHHOH eIUHHYHON
Macchl.

Kaxgoe u3 n ypapHenuil (4.65) siBisiercss HecBSI3aHHBIM CO BCEMH
OCTaJbHBIMH M, KaK MOXKHO BHJAETb, HMeeT Takylo Ke ¢opMmy, Kak H
B Cc/ly4yae CHCTEMBI C OXHOH CTeleHblo cBoGozabl. [ToatoMy auHamuyeckue
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NlepeMeIeHUs] CUCTEMbl Ha BHEIIHee BO3JEHCTBHE M0 i-H HOPMaJbHOH
KOOD/JMHATE MOXHO BBIUHCIHUTB, HCIONB3yst HHTerpan Jlioamensi:
¢

Xri =‘pl—i j grisinp; (¢ —t')dt’. (4.67)

(]

D10 BLHIpaXKeHHe 3aIlMCAHO B COOTBETCTBHH C BhpaxeHueM (1.64) us
n. 1.12, nonyyeHHBIM A1 CHCTEMBI C OAHOH CTENeHbI0 CBOOOALI 6€3
JEeMIIPHPOBAHHUsI, B HAYaJbHbIH MOMEHT HaXOJAUBIIEHCS B IOKOE. ITO
BhIDAXKEHHE HCNOJAbL3yeTcss JJs OIpefe/leHHss KOMIIOHEHTOB BEKTOpa
Xr = {xr;} nepeMmemleHu#i mo HoOpMaJbHBIM (opMaM. 3arteM, C Io-
MOWbIO BhIpaxkeHusi (4.58) u3 mnpexplayumero maparpada IoJydeHHBIE
3HauYeHHsA npeobpasyioTcsi K HCXOAHBIM KOOpJAHHATAM.

s HopmanbHOH (OPMEI, COOTBETCTBYIOLIEH JBHIKEHHIO KakK abco-
JIIOTHO XKECTKOIO Tesa, cOOCTBeHHOEe 3HaueHHe p7 PaBHO HYJIO, [103TOMY
ypaBHenus (4.65) npUHHMAIOT BHJ,

Xri=dqr:. (4.68)

B aToM ciyuae JUHAMHYECKOe TepeMellleHue N0 COOTBETCTBYIOLIEH (hopme
KoJieOaHUl (mJIsi CHCTEMBI, HAXOAAILIEHCS B INOKOE B HaYaJbHBIH MO-
MEHT BPEMEHH) HMeeT BH]

’

Xpi= f f gr; dt” dt’. (4.69)
(Y]

Broipaxenue (4.69) ucnosnbsyercs BMecto (4.67) B ToM caydyae, Koraa
uMeercss (opMma JABHIKEHHS CHCTEMBI KakK abCOJIOTHO KECTKOTro TeJa.

CymMMupysl cKa3aHHO€, OTMeTHM, YTO MJIs ONpeleJeHus JAHHAMH-
YECKOro IOBEAECHHA CHCTEMbI CO MHOTHMMH CTENEHsSIMH CBOGOJBI NPH BHeL-
HHX BO3JEHCTBHAX CHayana CJejlyeT ¢ TOMOLIbIO BbipaxeHus (4.64)
npeo6pasoBath (DYHKIHH, ONHCHIBAIOLIHE 3TH BO3LEHCTBUS, K HOPMaJb-
HBIM KOODJMHATAM, 3aTe€M C [OMOIIbIO HHTETrpajbHOTO NpeACTaBJEHHS
(4.67) ompenesuTh AMHAMHYECKHE MEpPEMEIEHHsT CHCTEMBI 1O KaXIo#
(dopMe KoJiebaHHH, NPH 3TOM JJIs1 Kaxaod (HOPMBI, COOTBETCTBYIOIIEH
JIBHXKEHHIO KaK a0COJIIOTHO XKECTKOTo Tesa, TaKue JHHAMHYecKHe mnepe-
MeIIeHHsI CHCTEeMBl onpejessiorcss H3 Bolpaxkenus (4.69). M, nakower,
¢ ToMollblo oOpaTHOro mnpeobpasoBaHusi (4.58) HaxoAaTCs 3HAYEHHS
JeACTBUTEJNBHBIX KOOpDAMHAT HepeMellleHH#. Ec/M NpUMeHeHHble BHeEI-
HUe BO3JEHCTBUS He COOTBETCTBYIOT KOOPAMHATAM MEpPeMEIeHHUs, TO
B KayeCcTBe NpPeABAPUTEJbHOIO LIAra MOXHO MNOJACYUTATH COOTBETCTBY-
0lLHe JKguBaseHmHble Haepy3ku (CM. mpuMep 3 B KOHIE JAHHOTO Ia-
parpada).

[Ipexpe ueM MATH Aajblie, NMPOAHAJH3HUPYeM BJHSHHE CHJB Q; =
= F; (f), cooTBeTCTBYIOIlEH j-H KOOpAHHATE IepeMelleHuH, Ha BO3-
HUKHOBEHHE JMHAMMYECKOTO NepeMellleHusi No k-H koopauHare. B co-
OTBETCTBHH C BbipaxenHueM (4.66) i-1 HopMajbHasi Harpyska moja Jei-
CTBHEM CIIJIBI

gri = Xyy5:Qj. (6)
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Ecau B cHCTEMe HMEIOTCS TOJBKO KoJebaTenbHble (QOPMBEI ABHXXEHHS, TO
coryacHO BeipaxkeHHI0 (4.67) nuHaMHueckue mepemelneHHs mo [-ii gopme

t
Xuji . o
xriszst1npi(t—t)dt. (B)
0
Ilpeo6pa3ys HaliieHHOe 3HAYEHHE NepeMelleHH#l ¢ NOMOLIBK BHIpaXKe-
Husl (4.58) o6paTHO K MCXOJHBIM KOOPJHHATAM, MOJydaeM BhIpakeHHe
JJIsT JUHAMHYECKHX MEePEeMeLIeHHH CHCTeMBl IO R-U KOOpAHHATe mepe-

MellleHus
n

t
XuriXnji i
(xk)Q/':Z —pi-Lij,-sinp,-(l‘—t)dt . (r)
0

L.:l
Anasorn4HbIM 06pa30oM MOXKHO 3aNHCaTh BBIpAXKEHHE A5 AHHAMHYEeCKHX
nepeMelieHHil cucTeMbl MO j-H KoopJauHATe NepeMelleHHsi, 00yCJOBJIEH-
Hoi Harpyskod Q, = F, (f), coorBercTBylOlle# k-H KoOpAHHaTE Ile-

peMellleHus:
n

t
XH.iX i ’ ’
(xj)Qk:Z —']'Ei\nghSH'lpl(t—t)dt ) (}1)
0

i=1

Ecnmu Q; = Qn = F (f), To npaBele yacTH BeIpaxeHHH (r) U (1) paBHHI
MexXay cobofl, H Torga /s JIeBBIX yacTell MOXKHO 3amucaThb

(*)g; = (1)gp, mpH  Q;=Qu=F (1) (4.70)

PaBenctBo (4.70) mpencrasiasier coGoll meopemy e3aumuocmu 0ai OuHa-
MuHecKUx Hazpysok *, aHANOTHUYHYIO TeopeMe B3aWMHocTH Makcpenna
JUISl CTATHUYECKHX Harpysok®. B HeM TFoBOPHTCS, YTO JHHAMHYECKOE
nepeMeleHie Mo k-H KoopJAHHATe NepeMelleHHs, 0OyCJOBJIEHHOE H3Me-
HSIIOLEHCS BO BpeMeHH IO IPOU3BOJBHOMY 3aKOHY HArpy3Koi, COOT-
BETCTBYIOIIEH j-H KOOpAHHATE, PABHO MEPEMELIEHHIO N0 j-H KOOpAHHaTe,
06yCJOBIEHHOMY TOH K€ caMOH HarpysKoil, COOTBETCTBYIHOIIeH k-ii
KoopZnHate. Teopema crnpaBensiuBa AJs cucreM, o0Majalolinx GopMaMH
JBHKEHHSI KaK abCOJIOTHO KEeCTKOFo TesMa, TaK H C KoJebGaTelbHbIMH
(opMaMHu JBHKEHMs, UTO MOXHO BHJIEThb, NOJCTABHB B HHTErpajbHoOe
cooTHollenne (B) BeipaxkeHHe (4.69) Bmecto (4.67).

Ecnu  KoJeG/Ioylocsl CHCTEMY HCCJIeN0BaTh, HCIONb3Ys BMECTO
ypaBHEHHH B YCUJMHSIX yPABHEHHS B NEPEMELIEHHUsIX, TO ypaBHeHHe (4.61)
NIPUMET BU[

FMX + X =FQ =A. (4.71)

B atom ypaBHeHHH uepe3 A 06o3HaueH BEKTOP HM3MEHSIIONIMXCS BO Bpe-
MEHH TMepeMellleHHH, ONpejeNsieMblX M3 CTATHYECKOrO PpPacCMOTPEHHS.
Tak Kak 3TOT BEKTOp COAEPKHUT (PYHKLHUH BPEMEHH, TO OH siBAseTcs 6o-
Jlee Oo6IIMM, uYeM BeKTOP A.., omnpegensieMblii BoipaxeHuem (3.37)
B 1. 3.6. Ilocnennee 06o03HAYEHHE OTHOCHTCS K BEKTOPY-C NOCTOSTHHBIMH

* O1o onHa u3 TeopeM, npuBeneHHbIXx B KH. Rayleigh J. W. S. Theory of sound,
c. 151, murupoBannof B m. 1.4
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KOMIOHEeHTaMM, KOTOPble MPEICTABAAIT co00#i CTaTHUECKHE MepeMelle-
HHSl, o6ycJOBJEHHble MAaKCHMAaJbHBIMH 3HAYeHHSMH TapMOHHUYECKOMH
Bosmyujaicllled QyHKuuu. BexTtop-cTosnben B ypaBHeHHH (4.71) moxer
HMeTb KOMIOHEHTHI, OOYC/IOBJIeHHHE JEHCTBHSIMH BO3MYLIEHHH, KOTO-
pble OTJHYAIOTCS OT YCHJAHH, COOTBETCTBYIOIIHX KOODAHHATAM MEpeme-
wenuh. CiyyaH, NPH KOTOPHIX H3MEHSIONIMECS BO BDEMEHH NepeMelle-
HUs1 00ycCJIOBJIEHb! JBHXKEHHIMH OMNOP, OGCYXKIEHHl B CJelylolleM ma-
parpade. '
Ypaenenue (4.71) npeoGpasyercsi K HOPMaJbHBIM KOOpAMHATaM My-
TeM NOACTaHOBKH BoipaxeHH# (4.34) u (4.35) mi1si BEKTOP-cTOJGUOB CO-

orBetcTBeHHO X H X, NpH 3ToM BeKTop-cTonber, X HOPMHPYETCS, MOCe
4ero nmnoJyuaercss BekTop-ctoJiben Xpy. Torma yMHOXKeHHeM cJieBa Ha
BeKTOp-cTONGel; X§ mosmydyaem
X#FMXuXr + Xr = X#FQ = X§ A

HJIH

FrXr 4 Xr=A4Ap, (4.72)
rge Fr onpegensercs BeipaxkenueM (4.50), a BekTop-ctos16er; Ar nmeer
BUJ

Ar = X{HA. (4.73)

Kaxnoe us n ypaBuenuii (4.72) umeer cdopmy
M¥r, +xp,=06r, i=1,2,3, ..., n, (4.74)
rge Or; — uaMeHsiolleecs BO BpPEeMEHH IepeMelleHHe N0 i-H HOpMalb-

HOH KOoOpJIHHaTe.
Ecnn ofe dacTn ypaBHeHHsi (4.72) yMHOXHTL CJIeBa Ha MaTpHILY
Sr = Fr', To B marpHuHOH (opme ypaBHEHHE NPHUMET BHI

X+ S X=SAp (4.75)
IIPH 3TOM KaxKJ0e H3 n ypaBHeHHH HMeeT Gopmy
Xri+ pixri=qres;, i=1,2,3, ..., n, (4.76)
rne
qro: = pidri. (4.77)

Beanunna gqry;, onpenensiemasi BbipaxeHueMm (4.77), mpencrasiser
COOOH 9K6UBANEHMHYI0 HOPMAALHYIO HA2PY3KY, OOYCJOBIEHHYIO H3Me-
HAIOIIUMCS BO BPEMEHH mepemenieHdeM Or;. Dra BeJIMUYMHA 3aMeHseT qr;
NPH HCHOJNb30BAHHH YPABHEHHH [BHXKEHHS B IE€PEMEIEHHSX.
JlnnamHyecKkue nepeMelieHHs MO i-H HOPMaJbHO!H (GopMe JBHIKEHHS
Ha JeHCTBHE 3KBHBAJEHTHOH HAIPY3KH (rs; MOXKHO ONPELEJHTH, TaKXKe
BOCMOJIb30BaBHINCh HHTerpasoM Jlloamessi, 4To B 3TOM cCJyuyae JaeT

t t
j Gry; SN ps (t — ') dt' = p; j Sp,sinp; (t — ') dt’. (4.78)

0 0

1
x 2 T —
I
310 BHIpaxenwe coBnajgaer ¢ BelpaxeHHem (1.70). K Bennuunam, Haii-

AEHHHM C roMoLIblo BbipakeHHH (4.78), 3aTeM npumeHsieTcsi npeobpa-
30BaHHe (4.58) K HCXOAHLIM KOODJHHATAM.
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Teopema e3auUMHOCTU 04 OuHaMUMeCKUX nepeMeujeHull ® Moxer
OpITh COPMYJAHPOBAHA TOUHO TakK ke, Kak OblIO cle/laHo AJisT JHHaMH-
yecKHX HAarpy3oxk [cM. cootHowenue (4.70)], a uMeHHO:

()ai = (an, Ay = Ay =[(). (4.79)

U3 3T0r0 COOTHOIIEHHS CJEAYeT, YTO J[HHAMHUECKoe MepeMelleHHe 110
k-#1i KoopIuHarTe nepeMelleHHs, 00yCJOBJIeHHOe H3MEHSIOIUMCH BO Bpe-
MEHH TepeMellleHHeM MO j-H KoopJHHaTe, paBHO MepeMelleHHI0 1o j-H
KOOpJHHaTe, 00yCNOBIEHHOMY TaKuM IlepeMellleHHeM Mo k-H KoopauHare.

TNMpumep 1. BHOBb paccMOTPHM NOKasaHHYIO Ha puc. 3.1, a JByXMacCOBYIO CHCTEMY,
JJs KOTOpOH B npuMepe 1 npexblaymiero naparpaga OblI OnpefeseHbl JHHAMHYECKHE
nepeMellleliHsl Ha 3aJaHHble HayaJbHble yc/IoBHS. 1IpPeANoJOXHM, 4TO K NMEPEOH Macce
NpHJIOXKEHA Harpyska B BHje cTyneHuaroll ¢yHkuuu Q; = P. OnpenesuTb AHMHaMHYe-
CKHe IIepeMeIleHHs] CHCTeMBI JIPH 3TOH BO3MyIlawollell Harpyske, CYHTasi, 4TO B Hadajb-
HbLIH MOMEHT BPEMEHHM CHCTeMa HaXOJHTCS B TNOKOe.

Pewenue. B 3TOM NpPOCTOM C/Iyyae BEKTOP BHELIHHX Harpys3ok paesen Q= {P; 0}.

[Ipeo6pasyem 3TOT BEKTOP K HOPMAaJbHBIM KOOpJAHHaTaM, BOCIOJb30BaBLIHCH AJIs 3TOTO
BeipaxkeHHeM (4.64):

Qr:xaQ:L[ (e)

= 0,526 0,851] [P] p

0,851 052]l0]  Vm~

IMpumenus uurerpan Hioamenst K crynexyatodl ¢yHkuuu [cMm. Bbipaxkenne (1.66)], mo-
JyYEM (OpMY nepeMelleHHH MO {-H HOPMaJbHOH KOOpAHHATe

X, =9p; (l — cos pl.l)/p%. (k)

TakuM 06pazoM, BeKTOp NepeMelleHHHl MO HOPMaJbHHIM (opMaM HMeeT BHJ

_ 2
Xy — P_ [ 0,526 (1 — cos plt)/p:]' @)
V'm | —0,851 (1 — cos p,t)/p3
IMoactanoBka p? = 0,382k/m u pj = 2,618k/m B BHpamenue (3) Aaer
PVm 1,377 (1 — cos pyt)
X = PYm [_ co . (n)
k 0,325 (1 — cos pyt)

Ilpeo6pasys corsiacHo (4.58) mosyyeHHOe pellleHHE K HCXOAHBIM KOOpAHHATaM, HaijeM
X = XpXp P [1 — 0,724 cos pyt — 0,276 cos pzt]. )

k| 1--1,171 cos pyt + 0,171 cos pst
Hs paccMOTpeHHsI 3THX DPe3yJbTaTOB BHJAHO, YTO MacChl COBEPIIAIOT KoJeGaHHS OTHOCH-
TeJIbHO TOYEK C KOOPAHHATAMH (X;)cr= (Xz)cr= P/k, COOTBETCTBYIOUIHMH TIepEMEIICHH AM
MPH CTATHYECKOM IPHJIOKEHHH Harpy3KH.
TakuM nyTeM MOXKHO ONpele/uTh JMHAMHYECKHE IepeMelleHHsl NMPH IefCTBHH Ha-
TPY3KH B BHJE CTyneHuaTo#i ¢yHKUMH Q, = P, NpPHIOKEHHOH KO BTOpPOH Macce, 4TO
B 9TOM CJyuae AaeT

x:i[l——l,lﬂcosplt-{—o,lﬂ cospy‘]' @)

k 12— 1,895 cos pyt — 0,105 cos pyt

M3 suipaxeHus (1) BHAHO, YTO NepBasi Macca KoJseGJeTCs OKOJIO TOYKH ¢ KOOPJAHHATOH
{x,)cr= P/k, BTOpas Macca — OKOJIO TOYKH C KOODAHHATOH (xg)er= 2P/k, T. €. oKoJO
TOYeK, COOTBETCTBYIOIIUX epeMeIleHHsIM NpPH CTATHYECKOM NPHJIOXKEHHH Harpy3ku. Hs
cpaBHeHHs1 BbipaxeHHH (K) U (1) BHAHO, YTO JAHHAMHYECKHE INepEeMeLIeHHST MacChl /My
NPH NPHJIOKEHHH K Macce m, Harpy3Ku B BuAe cTyneHuartoil ¢yHKIHH Q, = k paBHBI
NepeMeneHHI0 Macehl 1y, OGYCJIOBJIEHHOH AeHCTBHEM NPHJIOKEHHOH K Macce fi, Harpy3KH
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B BHJE cTyneHuaTolt ¢pyHKUHH Qp = P. CKasaHHOe MOJTBEPKIaeT CNPaBEeJNHBOCTb TEO-
peMbl B3aHMHOCTH [CcM. COOTHOLIEHHE (4.70)1.

Mpumep 2. ITpeanoaoXun, YTO HA MOJNYONPEACJCHHYIO CHCTENY L3 IpHMEpa 2 npe-
Abfymero naparpada JeficTByeT Harpyska B BHAe JHHeHHoH ¢ynxumuu Q; = Rf, npu-
JOXKeHHasi KO BTOpoi Macce. Benuunna R xapakrepu3yeT CKOPOCTb H3MEHEHUS CHJBI BO
BpemeHH. OnNpeienuTh PeaKUHIO TPEXMAcCOBOH CHCTEMbl HAa YKa3aHHOe BO3MYIIEHHE.

Pewernue. YMHOXas BEKTOP-cTOAGel] npuiaokeHHXx cudl Q= {0; Rf; 0} caesa

Ha MaTpuny Xj; AJst JaHHOK CHCTEMBI, MpeoGpa3yeM STOT BEKTOP K HOPMAJbHBIM KOOp-

JHHATaM
| V2 V2 V2 0 Re V2
ES XT == = 3 - 3 = .
Q- = XyQ i V3|l Rt Ve | © (M)
) i 0 —2

Ilepememenue mo neppoii HOpMaabHOH (opme, T. €. ABHKEHHE KaK aGCONIOTHO 3KeCTKOTro
TeJa, OnpejeJsieM N3 BbipaxkeHHs (4.69):

xp, = RES | T/(6 } &m). ()

ITockoabky BTOpas ¢opma KoJeGaHHH SBJASIETCA CHMMETPHUYHOH, OHA He 6y/JeT BO3HHKATh
NPH aHTHCHMMETPHYHOM HarpyxeHHH. OJHAKO B COOTBETCTBHH C BhipaxKeHHeM (4.67)
sjgece GyayT Bo30OyxjaaThca KojeGanus TpeTtselt dopmbl. IlogcraBasgs B unterpan [ioa-
MeJisl 3aJaHHYIO JIHHEHHYI0 (QYHKUHUIO, NMOJY4YHM pelleHHe

xt, = —2R (1 — - sin pat [Py m), (0)

uyto caefyer u3 npumepa 1 B 1. 1.12. Hcnosbays panee HaiijieHHOe 3HaueHHe p3 = 3k/m,
nepeMeneHHe CHCTEMbL 10 HOPMaTbHBIM GopMaM MOXKHO NMPeJCTaBUTh B CIeAYIOLIEM BHIE:
£y 2
R
X r = ——" 0 . (n)
61 6m 4
k Ry 3

Ilpeo6pasyst 3TOT BEKTOpP-CTOJIGEL NepeMelleHHH K HCXOAHBIM KOODAMHATAM, HaiijieM

t3—2Tm<t — —l:?sinpat>

. _ R 5, bm 1.
X—XHX]‘-—W 1—1— 2 (t—-—lzslnpat> . (p)
2m 1 .
13———<t——sm t>
- k Ps Ps _

®urypupyomas B Kaxiod H3 (opMm KosebGaHuii, BXOAAMUX B MaTpuuy-croabern (p),
COCTABJSAIOIAs, KOTOPasi ONpejeJsieT ABHXKeHHe KakK aGCOJIOTHO XKeCTKOro Tefla, paBHa
R#/18; B 10 me BpeMs cpeiu IIaBHBHIX (OPM JBHMKEHHS TOJBKO TPeThs IJ1aBHAs (opMa
COOTBETCTBYeT KOJeGaTeJbHbIM JBHKEHHUSAM.

llpumep 3. BHoBb BO3Bpamasich K NOKa3aHHOH Ha puc. 4.2, @ cHCcTeMe, MPELNONo-
KHM, YTO 3ajlaHbl TaKHE XKe 3HAYEHHs MacC H JJIHH, KaK H B NpHMepe 3 Npeabayliero
naparpada. ITpeanosoXuM Takxke, YTO B cepefHHe NpoJeTa MeXAy NepBOH U BTOPOH
MaccaMH K TpOCY NMpUJIOXKeHa AeHCTBYIOIast B HanpaBJdeHHH X BO3MYAIOIas CHJa B BUAE
rapmoHHueckofi ¢yHkuuu P sin @f. TpeGyeTcs ompeiennTs pe3yJbTHPYIOMME YCTaHO-
BHBIIHECS BBIHYXK/EHHbIE KOeOaHHs 3TOH CHCTEMbI, IPHMEHSS KaK MOAXOJ, OCHOBAHHBIH
Ha YPaBHEHHH JBHXEHHS B YCHJHAX, TAK H METOJ,, HCIOJb3yIOUUI YpaBHEHUS JBHXKe-
HHS1 B NepeMelleHHAX.

Peutenue. TIposepkoii yGexjaeMcsi, YTO SKBHBAJEHTHBIE CHJILI, TPHJIOKEHHbBIE
K MaccaM, Q= {P (sin ml))é; P (sin ©#)/2; 0}. YMHOKas 3TOT BEKTOP HA MATPHIY
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XL, noJiyyaeM cJeyIoliHe BHIDaXKeHHs AJsi QYHKIUH BOSMYIIAIOMHX CHJI B HOPMaib-
HBEIX KOOpJAMHATaX:

bin of 1 V2 IRy P sin of 1-+V2
S11 . — — Sin w. -
=XgQ=-20ys o —yillij="021 y3 | ©
4V m - 4V'm _
—V3 1 1lo 1— V32

Onycxaﬁ NPOMEXKYTOYHBIE BBIKJA/i(KH, II€PEMEeIICHHSA MO HOPMaJbHBIM (bopMaM MOXHO

3anucath B BHJE i
(L+V2) B/
P sin wt =
Xr = ———— V2 By/p5 , (1)
4V m B .
(1—V2)By/r}
rae Ko3(hpHUHEHT YCHJAEHHA AJs i-H HOPMaJbHOH (PopMbI

1
j=———y, i=1, 2, 3. )
B PR
Tloacrabasis B Bhlpaxenue (1) snauenus l/pi= (2 + V2)Iim/2T), 1/p}= Im/(2T)
u 1/p3 = (2 — V'2) im/(2T), nepenuiiem 310 BhpaxXeHHe B caenylomeii opme:

— . Ja+svys
xp— PV menot g ®)
(4—3V2)Bs

Torpa nepememnenne cucTeMbl B HCXOAHBIX KOOpAuHaTax Oyjer -uMetb Qopmy

Pl sin of (4+3V2)B+ 2B+ (U—3V2)p,
X=XpXr=——o| 2@ +2VDp+2B—-2VDp [ )
(44+3V2)p—2B+(4—3V2)Bs

Jast Toro yro6bl BOCMOJNB30BATHCSA METOAOM, B KOTOPOM JAJS pElIenus 3TOH 3ajauu npHu-
MEHAIOTCA YPaBHEHHA [ABHXKEHHS B TEpeMelleHHAX, 3anUIleM CHayajJa BEKTOp mnepeme-
meHnss A B Buje CJeAYIomero nNpoH3BeAeHHU S :

. 3 2 171 . 5
A:FQ:LSBI?w—t242[1 =—RIST17”,0)—tG. ()
i 2 3]lo 3

Stu nepeMelieHHs ¢ MOMOLIbIO BhipaXeRus (4.73) npeoGpasyeM K HOPMaJbHBLIM KOODAH-
HaTaM BHJa

Qr:XI‘{IA:
-, 1 V2 1 5 — 4+3V32
Pl YV msin ot ~ — Pl VY msin ot —
:—LW—T— vi o —vyalls :—Vﬁ—"’ vi |
1 —V?2 1 3 4—3Y2

* BHIHO, 4TO 3TOT BEKTOP ONMHMCHIBAET Te e camble NepeMelleHHs N0 HOpPMaJbHEIM $op-
MaM, 4TO H MOJydeHHble B BhipaxKeHHH (). OKOHYaTeNbHBIH pe3ysbTaT 6yAeT COBNAAaTh
C BbIpaxKeHHeM (X).

3AJAYH

4.5.1. lna tpexmaccoBol cHcTeMbl (cM. puc. 4.1, @) aano my; = my= mg= m
U ky = ky = kg = k. OnpelenuTb AHHAMHYECKHE TIepeMEIeHHs 3TOH CHCTeMB! NMpH AeH-
CTBHHM NMPHJIOKEHHOH K TpeTbell Macce BO3MYyIIAlomleH CHJbl B BHAE I'apMOHHUECKOH hyHK-
M Qg = P cos ot.

Omgem: %, = (P cos wt) (0,242B,/p% — 0,436B./p3 + 0,194B4/p2)/m.
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4.5.2. OnpenenuTb AMHAMHYECKHE IePeMellleHHs TPeXMACCOBOH CHCTEMBI, PaccMo-
TpeHHOH B 3ajade 4.2.2, NpH JeHCTBHH IPHJIOXKeHHOH K NEPBOH Macce CHJbI B BHAE
cTymewuaToll GyHKUHH @y = P. _

Omeem: x = P[6— (24 V'2)cos pyt — 2 cos pyt — (2 — V'2) cos pst1/(8k).

4.5.3. [Ipello/oXuM, UTO K IEHTPY THKECTH UEHTPAJbHOTO MasTHHKa (cM. 3a-
navy 4.2.3) IpH/OXeHa B TOPH3OHTAJbHOM HANPABJEHHH W HAlpaBO H3MeHsIomascs

no JHHeAHOMY 3aKoHY cuia Rf. OnpenesuTh IHHAMUYECKHE TIePeMellleHHsI 3TOH CHCTEMB
NpH MaJBIX YIVIaX MOBOPOTOB.
92
Pi} .

. a_ R 1 , 1
Omsem: 0 = Tl [(t—;smpﬁ)/pl—<t~7)—;51np3t>

4.5.4. JIns cHcTeMbl, paccMOTpeHHoHl B 3anaue 4.2.4, onpeleJHTb AHHAMHYECKHE
nepeMellleHHs] IpH AeHCTBHH KPyTsero MoMeHta 7 sin @f, MPHJIOXEHHOIrO B CepefHHe
nmpoJieta MeXJIy BTODBIM H TPETbHM JHCKaMH.

Omgem: @, = (T sin wt) (0,218B1/p} — 0,097B4/p2 — 0,121B3/p3)/1.

4.5,5. OnpepmesHTh JUHAMHYeCKHE INepeMelleHHs YeTHIPEeXMacCOBOH CHCTEMEBI, pac-
cMoTpeHHOR B 3ajaue 4.2.5, npH AeHCTBHH CHJ B BHAE CTyneHYaThiX OYyHKuuii Qy =
= ()3 = P, nmpHJOXEeHHBIX K NepPBOH H 4eTBEpTOH MaccaM.

Omeem: x, = P [(12 4 (1 — cos pgt) m/k] 4m.

4.5.6. Tlpexmosiaras, 4TO K YCTAHOBJEHHHM Ha Gajke MaccaM my H my (cM. 3a-
Zauy 4.2.6) npuJloxeHbl CHJB B BHAE JHHeHHHX OyHKuHA Q = Q3 = R{, ompezneautsb
JHHAMHYECKHE MepeMelleHHs CHCTeMBl.

Omeem:

_ R 1 . 0 1 . > N
yl——m[<t—I51nplt>/pl—|—(t—-;a—smpst pa}.

4.5.7. Ha tpoiiHo#i MasTHHK (cM. 3amauy 4.2.7) AeHcTByeT B HanpaBJeHHH OCH X
cuaa P cos ©f, TpUJIOXKEHHAs B cepeiHHE NpoJera MeXAy IepBOH H BTODOH MaccaMH.
OnpejesuTh YCTaHOBUBILHECS JMHAMHYECKHE IEeDEMELICHHS CHCTEMBI.

Omsem: x, = (P cos o) (0,077B,/p? + 0,2908,/p3 4 0,132Bs/p3)/m.

4.5.8. HccnepoBath NMOBEEHHE KapKaca TPEX3TaXKHOTO 37aHHs (cM. 3ajavy 4.2.8)
NpPH JeHCTBHH OJHOBPEMEHHO NDHJ/OXEHHBIX K KaXXOMy MEXJIy3TaXKHOMY NEePEKPHITHIO
HArpy3oK B BHJE CTyneHYarhlx ¢GyHKUHH Q) = Qy= Q3= P.

meem: x, = Ph® (5,977 — 4,820 cos p;¢ — 0,821 cos pat — 0,336 cos pat)/(144E1).

4.5.9. OnpegenuTs AHHAMHYECKHE NEPEMELICHHS NMOJABEIICHHON Ha NPYXHHAX Macchl
(cM. 3amauy 4.2.9) npH AeHCTBUH H3MEHSIOWEHCS MO JHHEHHOMY 3aKOHY CHJIbl Rf, npH-
JIOXKeHHOH K 3TOH Macce, HamlpaBJIEHHOH IO OCH 2.

Omeem:

4.5.10. HccnenoBaTh yCTaHOBHBILHeCS JHHAMHYECKHE NMepeMEIeHHs] PaMhl, paccMo-
TpeHHOH B 3amaue 4.2.10, npH meHcTBHH cuabl P sin of, NpHIoXeHHOH B TouKe B H
HanpaBJ€eHHOH IO OCH Y.

Omeem: x, = (P sin of) (0,0958,/p? — 0,1468,/p3 4 0,052B4/p5)/m. S

4.5.11. [Iycth Ha CHCTeMy, PacCMOTpeHHYIo B 3afade 4.2.11, nefictytor BfHanpa-
BJIEHHH OCH Yy NPHJIOXKEHHbIE K IIePBOH M TpeThell MaccaM CHJIB B BHAE JHHEHHBIX QYHK-
nui 81 = Qg = R!. OnpefeNuTh AHHAMHYECKHE NepeMellleHHsI CHCTEMBI.

meem:

"= [t3+3 (t——g;sinpsfﬂp%} :

4.5.12, JIng cHcTeMbl, pacCMOTPeHHOH B 3anaue 4.2.12, HafiTH JHHAMHYECKHE Tiepe-
MeIEeHHs] NPH JeHCTBHH CHJbl B BHJE CTyNeHuaTodl GYHKUHH P, NPHJIOXEHHOH B Ha-
NPABJIEHHH OCH y K LEHTPY TAXKECTH IPaBOro cTepkHs; npuHATh [ = 0,915 M,

Omeem: y, = P (0,0379 — 0,0631 cos py¢ + 0,0252 cos pt)/k.
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4.6. HCCAIENOBAHHUE NOBEAEHHY CUCTEMbI METOAOM
HOPMAJIbHbIX ®OPM KOJIEBAHHHW NPU 3AJAHHbDBIX
NEPEMEIEHUAX OnNop

Bo MHOrHX ciayuasx, OOCYXAABLIHXCS BHIIE, HCCJIENOBAJNHCh Ta-
KHe CHCTeMbl CO MHOTHMH CTENeHSMH CBOGOJBI, IOBEIEHHE KOTOPHIX
Obl10 OOYCJOBJEHO HE AEHCTBHEM BO3MYILAWOMMX CHJ, a4 JBHAKEHHEM
onop. Hanpumep, ecan nepememienus (cM. puc. 4.1, @) ocHoBaHusA B Ha-
NpaBJeHHH OCH X MOXHO onHcaTb (QyHKIHeH

Xocn = Focn (f), (a)

TO ypaBHeHHe JABHXEHHA B yCHJIHHX thMeT BH]
MX - SX*=0, (6)

rae BekTop-crosaben, X™* xapakTepusyeT IepeMelieHHs] COCPeJOTOYEH-
HBIX MacC OTHOCHTEJNbHO OCHOBAHHS

X*=X — lxocn (B)

B BoipaxeHuu (B) ofGo3HaueHHe 1 Hcmosib3yeTcs AJs OPEACTABJEHHS
BEKTOpa ¢ PAaBHLIMH €JHHHIE KOMIIOHEHTAaMH, KOTOpPHIH YKa3biBaeT Ha
TO, YTO MEPEMELIEHHE X, OepeTcss n pas. IlofoOHBIH MpHEM HCNOJb-
30BaHHs1 TI€PEMEIEHHH OCHOBAHHsA aHaJOTHYeH MOAXOAY, KOTOphIH
NpHUMEHSJICSH BbIIIE AJS CHCTEM C OJHOH HJHM ABYMs CTENEHSMH CBO-
Goapl [cMm., HanpuMmep, ypasheHue (k) B n. 1.6]. Oxuako Gosee ofwmui
HOAXOJ COCTOHT B TOM, 4TOOBI 3amuCcaTh yDABHEHHS ABHXKEHHS B 3KBH-
BaJIeHTHOH (opme

MX ‘i‘ SX “” Socx-xxocn = 0» (I‘)

rae
Socu = —S1. (D‘)

Yepes S, 0603HAUeH BeKTOP-CTOJGEL KO3(DPHUIHEHTOB BIHSHHS MKECT-
KOCTH, KOTOpPBIE IPEACTaBJAAIOT COOOH COOTBETCTBYIOLIHE CBOGOJHBIM
KOOpAHHATaM IepeMelleHHs * JOMOJHHTEJNbHBIE YCHJIHS, BO3HHKAIO-
IuMe [pH 3aZaHUM €JUHUYHOIO MEPEMEIEHHS X,cy. IONOGHBIE JOMOJ-
HHTEJbHBIE YCHJHS MOXHO OIpEeNeJUTb HeNmoCpPeACTBEHHO M3 paccMoTpe-
HHSI CTATHYECKOTO COCTOSIHHA CHCTEMbl INPH 33JaHHOM MepeMeleHHH
OCHOBAHHA Xocy = |, HO B JaHHOM CJyuae HX MOMHO BEIYHCJHTH C MO-
MOLIbIO BHIpAXEHHS (X), H3 KOTOPOTO BHAHO, UTO HOIOJHUTENbHBIE YCH-
JIHsl DaBHBI CyMMaM 3JIEMEHTOB CTPOK MaTpPHIB!I S, B3ATHIM CO 3HAKOM
MHHYC.

* Uro6u B ganHoM mnaparpage H36€KaTb ABYCMBICJIEHHOCTH B HCNOJNBL3YEMOH Tep-
MHHOJIOTUH, 3/1€Ch NPHMEHSCTCH TePMHH «CBOGOJHbIE KOODAHHATHI IepeMeLleHHs» B.OT-
JIMYHe OT KOOPAHHAT IlepeMelleHHA, COOTBETCTBYIOU(HX CBOGOJHOMY H «HABSI3aHHOMY»
aeixenuaM. [locaefHHH THIO paccMaTPHBAaeTcsi KaK CTECHEHHOE HJIH CBSI3aHHOE JBH-
XKeHue,
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IlpencraBum ypaBHeHue (r) B ¢opme (4.61), nepeHecs mnpousseje-
HHe SgeuXoey B NPaByH 4YacTh ypaBHEHHS W OCTaBUB 0e3 H3MeHEHHS
sHak. Torga noayuum

MX + SX = Quep, (4.80)
rie
rou = _Schxocn =S§ leCH‘ (481)

Komnonenramu BekTopa Qoey HABJAIOTCA 3KBHBAJEHTHbIE HAarpysKH,
COOTBETCTBYIOHIHE CBOOOJHEIM KOOpAHHATaM MepeMellleHHH, BO3HHKa-
IOLIUX IPH ABHKEHHAX ocHoBaHUSA. [lofgoSHbIe 3KBHBANEHTHBIE HATPY3KH
MOKHO 1peo0pa3oBaTh K HOPMaJbHBIM KOOpJMHATaM, NPHMEHHB Ty XKe
Npouesypy, 4TO U B cJydae jieHCTBHTeJbHHIX Harpy3ok. Torzga ¢ yuerom
BhlpaxkeHus (4.64) MoxKHO 3amucaTtb

QF oCH —— leaoc.u- (482)

3anucaHHOe B HODMA/lbHBIX KOOPJMHATAX [-€ ypaBHEHHE J(BHXKEHUS
IPHMET BHJI

jéri—l—p%xl‘i:ql"oc}li; i = 1) 27 3: ey N (483)

TI€ §rocn i — PKBHUBAJEHTHOE yCuJHe B (- HOpPMaJbHOH KOOpJHHATE,
00YyCJOBJIEHHOE JBHXKEHHSMH OCHOBAHHUS.

Jnst Toro 4ToGBI ONpEeNeNHTL NepeMelleH s, COOTBETCTBYIOMHE i-H
dopme KoJsebaHHH, BOCHOJIbL3yEMCH HHTErPaloM

t

xri = (1/p) | qroenisinp: (t — 1) dt'. (4.84)

0

310 BEIpaxKeHHe GyaerT UMeTh Ty XKe dopMmy, 4To U (4.67), ecsi B nocaen-
HeM BBIPAXX€HHH 3aMeHHTb §r; HAa (rgey ;- JHAUYEHHs MepeMelleHHi,
onpejesseMble C NOMOLIbIO BeIpaxkeHus (4.84), MOXHO, KaK 3TO jefa-
JIOCh BBIIe, Npeofpa3oBaTh K HCXOJHBIM KOOPJMHATAM, HCMOJbL3YS CO-
orHowenne X = XyXr.

Ecan BMmecTo mnepemelleHHsI OCHOBAHHS Xoey 3a1a€TCS  YCKOpe-
HHe X,0y OCHOBAHHMSl CHCTEMBI, NOKasaHHOH Ha puc. 4.1, a, caenyer
nepedTH K HOBBIM KOOPAHHATAM, OIHUCBLIBAIOLIMM OTHOCHTEJNbHOE J(BH-
JKEHHe COIVIaCHO BLIPaXKEHHIO (B). YCKOpPEHHS, COOTBETCTBYIOLIHE Iie-
pememeHuam X*:

X*=X — 1 %o0q (e)

Toxcrapnssa Bepakenue (¢) a1a X B ypaeenue (6), OJy4UM ypaBHe-
HHE JBHXXEHHS B OTHOCHTEJBHBIX KOOpJHMHATAX
MX* 4 SX* = Q.. (4.85)
rue
Qocn = —M1 Zocu. (4.86)
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[TocKOJMILKY JJIsi CHCTEMBl, NMOKasaHHOH Ha puc. 4.1, @, MaTpHua Mmacc
ABJSIETCH JHATOHAJbHOH, B 3TOM 4YacTHOM CJydYae MarpHuila-croder

”_mlfeocu
Q(;CH: _“mz-’eOCH . (}K)
—M3¥ocn

TakuM 06pa3oM, SKBHBAJEHTHbIC HArPy3KH, COOTBETCTBYIOIIHE OTHOCH-
TeJIbHBIM CBOOOJHBIM KOODJAHHATaM IepeMelleHHsi, PaBHL B3SITHIM CO
3HAKOM MHHYC OPOHM3BEJEHHSM MacC Ha YCKOPEHHE .., OCHOBAHHS.
OnpejesuB 3TH SKBHBAJEHTHbIE YCHJHS, MOXKHO HaWTH NepeMelleHHe
CHCTEMBl OTHOCHTE/NIBHO OCHOBAHHS, €CJH B3ATb BMecTo BeKTopa Qocn
BekTop Q*. [MockosbKy MaTpHUB Ko3pGdHLIHEHTOB B ypaBHeHusix (4.85)
u (4.80) onuHakoBBIE, Ty Ke MaTpHLy Ipeob6pa3oBaHusi Xy MOXKHO
HCIIOJL30BaTh [/ TEpeXofa OT OTHOCHTEJNBHBIX KOOpPAHHAT K HOp-
MaJIbHBIM.

Ecnu BMecTo ypaBHEHHH JBHXKEHHS B YCHJIHSX B3SITh ypaBHEHHS
JBHXKEHHS] B NepeMellleHHsIX, BJHSIHHE [epeMelleHHs] OCHOBaHHS (CM.
puc. 4.1, a) B ypaBHEHHUH JABHXKEHHsI MOXKHO Y4eCTb CJEAyIOIIHM obpa-
30M:

FMX —i— X — lxocn = 0, (3)

IpuYeM TO Ke camMoe ypaBHEHHE MOXKHO MNOJYYHTb U3 ypaBHeHHs (),
YMHOXHB €ro caeBa Ha matpuuy-croaéen, F = St TlpexacraBass 370
ypaBHeHHe B TOH e (opMe, uTo W ypaBHeHue (4.71) npeaplayiiero
naparpaca, NoJy4um
FMX 4+ X = Ay, (4.87)
rae
Aucn = 1 Xocn- (488)

Komnonenramn BekTopa-cTonbua A,c,; SBISIOTCS 3aBUCSIIHE OT Bpe-
MeHH H OOYCJOBJIEHHBIE JBHXKEHHSIMH OCHOBAaHHsl CBOOOJAHBIE KOODIH-
HaThl NepeMelleHHs, KOTOpble MOXKHO ONpeJeUTh H3 CTaTHUECKOro pac-
cMoTpeHHusi. PasyMeercs, B JaHHOM c/ydyae KaxKJasi KOMIIOHEHTa 3TOrO
BEKTOpa MNONPOCTY paBHA NEPEMEIlEHHI0 Xqcy. llpeobpasysi cBoGOJHBIE
KOOpAHMHATH! NepeMelleHHH K HOPMaJbHbIM KOOpPAMHATAaM C MNOMOIIBIO
NpHBENEHHOW Bhlllle mnpoueaypul (4.73), mnoayuaem

AI‘ OCH = x;ll AocH- (4-89)

B asroM cayuae [-e ypaBHEHHe JBHXKEHHS B HOPMAJIbHBIX KOOPAHHATAX
[cM. ypaBhenme (4.74)] npuHuMaer BuA

Kifrt+xri=6r0c,1i, L: 1, 2, 3, P (N (4.90)

rae Op oen; —, 3aBHCSIEE OT BpPEMEHH INepeMelleHHe i-i HOpPMaJbHOM
KOOpJHHATHl, OOYCJOBJEHHOE JBHUXKEHHSIMH OCHOBAHHS.

J7s1 Toro 4ToObl ONpeneHTb NepeMellleHHsI, COOTBETCTBYIOLIee i-if
topMme KoseGaHH i, BOCIHOJb3YyeMcsl BTOPOi GOpMOil NpeacTaBIeHHs] HHTe-
rpana oamens

t

Xp; = pi j 8y oon : SN p; (£ — ') dt’, (4.91)
0
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rne Opocy; 3amensercsi Ha Op,. [locaegobarteNbHO HCHOMb3Ys BHIPA-

eHue (4.91), npeo6pasyeM mNOJyuYeHHBIE pe3yJbTaThl K HCXOLHBIM
KoopaxuHaTaM OCBIYHBIM CNOCOGOM.

Ecin BMecTO TepeMeleHHS Xoe; H3BECTHO YCKODEHHE Xoox OCHOBA-
HHsl, ypaBHEHHE IBHIKEHHS B NepeMelleHHsX, 3alHCAHHOE 4epe3 OTHO-
CHTENbHBbIE KOODAHHATHl IEpeMEIeHHH, NPHHHMAET BHJ

FMX‘—I— X.ZFQ;CHy (492)

KOTOPBIH MOJy4YaeTcsi NpPH YMHOXEHHWH cJeBa ypaBHeHus (4.85) Ha
maTpuny F = 81, B 3tom cnyuae u3 Belpaxenusi (4.86) caexyer

den = FQc.)cn = —FMlI fOCH- (493)

Torna nepemerenne cucteMbl OTHOCHTENBHO OCHOBAHMSI MOXKHO OIpe€-
JeJUTh, B3B A* BMeCTO Aggy.

Brime OblIH 06CYKAEHBI YeThIpe Crocoba HCCAeN0BAHHs JABHKEHHI
YacTHOIO BHJA CHCTEMBI CO MHOTHMH CTeneHsIMH CBOGOAHI (cM. puc. 4.1, a)
IOpH HAJHYMH JBHXXEHHS OCHOBaHHSA. EC/AM HCIO/NBb30BaTh ypaBHEHHS
JBHXKEHHSI B YCHJIMAX, C IoMoWibio BhipaxeHus (4.81) moxHo ompene-
JIUTh 3KBHBAJIEHTHHIE HArPY3KH AJIS 3alaHHBIX TepeMelleHHH, a C IOo-
Mollblo BhipaxeHHs (4.86) Te ke HaArpy3KH IVl 3aJaHHBIX YCKOPEHHH.
INocnenusss npouexypa Jierye mepBoi, OJHAKO IPH 3TOM BLIYHCJAIOTCS
JHHAMHYECKHE IE€pPEMEeIEeHUsT OTHOCHTENbHO JBHXKVIIErocss OCHOBAHHS.
C npyreii CTOpOHBI, KOrjia 3amuCHLIBAIOTCSl YPABHEHHsS JBLXKEHHA B Ie-
peMelleHHsAX, 3aBHCSALIHME OT BPEMeHH, CBOOOZHBIE KOOpZHHATHL Iepe-
MelieHr#, o0yC/IOBIEHHBIX MepeMelleHHsIMH OCHOBAHHS, OMNpEeNessioTCs
H3 BblpaxeHus (4.88), a korga 3agalTCsi YCKOPEHHsI LepeMelleHHH,
3TH KOOPJHHATH onpenessioTcs H3 BoipaxeHus (4.93). CrasuuBasi o6a
BBIDAXKEHHs, BHAMM, 4TO NlepBoe yJoOHee BTOporo. bosee Toro, Buipa-
xenue (4.88) Takxe npoue, yem Beipaxenus (4.81) uau (4.86), ucrnodb-
3yeMble B MOAXO0JAX C NPHMEHEHHEM YPaBHEHHH JBHXKEHHS B YCHJIHAX.
CrneoBatesbHO, B TOM C/ydae, KOTJa 3ajlaHbl TEPEMEIEHHs] OCHOBAHHUSA
H He TPYJHO ONPENEIHTb MNOLATIHBOCTH CHCTEMBI, INPEANOYTHTENbHEE
NOAX0Ji, OCHOBAHHBIH Ha HCIOJb30BAHHH YDaBHEHUH IBHXKEHHS B IIe-
pemelmeHuax. Jto, 6e3ycJOBHO, CHpaBelJHBO H JJs II0Ka3aHHOH Ha
puc. 4.], @ cTaTHYeCKH OMNpPEAENHMON CHCTEMBl, B KOTOPOH BO3HHKAIOT
nepeMeleHuss Kak abCcoMIOTHO XKECTKOTO TeJa NPH ABHXKEHHSIX OCHOBa-
Hug. OfHaKoO AJsl CTAaTHYECKH HEONpeNeTHMBIX CHCTEM, KaK IPaBHJIO,
yloOHee MeTOAbl, B KOTOPBIX MCIOJB3YIOTCS YPaABHEHHS JBHKEHHS
B YCHJIHSX.

Mpumep 1. Tlpennonokum, YTC OCHOBAHHE, HA KOTOPOM YCTAHOBJIEHA JBYXMACCOBAs
cucreMa (cM. pHc. 3.1, @), BHe3amHO NEPEMECTHJIACh BMPABO KaK abCOJIOTHO JKECTKOoe
TEeJO, NIPH ITOM TepeMEIleHHe NPELCTABISAETCS B BHJAE CTYMEHYaTOH QYHKUHH Xoep= d.
Onpene.rm'rb JHHAMHUYECKHE TMepeMEIlEHUST CHCTEMBI, OﬁyCJIOBJIeHHbIe YKa3aHHBIM BHE-
SanHbIM NEepeMElIeHHEM OCHOBAHHS, €CJH JAHO: my == My = m, ky = ky = k.

Pewenue, CoraacHo NoAXOoJY, OCHOBAHHOMY Ha HCIOJb30BAHHH ypaBHenni JABH-

JKeHHS B YCHJIHSX, ONPEJAEJHM C MOMOIIbIO BEpaxeHus (4.81) sKBUBaZleHTHBIE HATPY3KH,
COOTBETCTBYIOIIHE CBOGOAHEIM KOOPAMHAaTaM MepeMelleHHI:

2k —R1[1 kd
Qocu = —Socn¥ocn = S1 Xoeu = [—-—k b ] [1] d= [ 0 ] (4)
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TpeoGpasopanne 3TOT0 BEKTOPa-CTONGNA K HOPMAJMbHBIM KOOPAHHATAM COTJIACHO BHIPa-
xKennwo (4.82) naer

1 0,526 0,8517[kd kd [ 0,526
Q ooy = XQoey = —=1| ’ = e : K)
Toeu = TH 0w =5y oy [-0,851 0,526] [ 0 ] Vm [~0,851] (

Ilpumensiss Bhipaxenue (4.84) pBaxabl, ONpejesHM NepeMELiEHHs] B HOPMaJbHBIX KOOp-
nuHaTax,¥ o6ycJ/OBNEHHEE BAHAHHEM 3aJaHHOTO Il€PEMEINeHHsi B BHAE CTYNEHUYaTOH
(QYyHKUHH: :

kd 0,526 (1 — 2 — —
Xp— k4 [ 6(1 cosplt)/pll —d m[ 1,377 (1 — cos pyt) . )
V'm |—0,851 (1 — cos pyt)/p} -—0,325 (1 — cos pyt)

B MCXOIHBIX KOOPAHHATaX HCKOMOE pellieHHe NPHHHUMAeT BH[
1 — 0,724 cos pyt — 0,276 cos pot
I — 1,171 cos pyt -+ 0,171 cos pt |’ ()
aHAJIOTHYHBIH TOMY, YTO HMeJI MeCTO B CJlyyae NPHJIOXKEHHS K NMepBOH Macce CHJILI B BHjE
cTyneHuaTod ¢yHKuuu (cM. npumep | B mpeapaymieM naparpade), eclH TaM MHOXKH-
renb P/k 3amenuth Ha d

Jlaist TOro uTOGH! PElINTh 3Ty 3aflayy C HCNOJb30BaHHEM YPABHEHHH [IBHIKEHHS B nepe-

MelLleHHsIX, HalileM u3 BbipaxeHHs (4.88) mepeHochbl CBOGOAHBIX KOOPAMHAT IepeMele-
HHsl, 06yCJIOBJIeHHbIE 3aJlaHHEM OCHOBAHHIO NIEPeMELIeHHs B BHJE CTYNeHYaTol QYHKUHH:

X:XHszd[

A =1x = ! d= d
oCcH — ocH = 1 =14l (n)
B HOpMaJbHBIX KOOPAMHATax 3TOT BEKTOP-CTOJOell nmpeoGpasyeTcsi K BHAY
—T 0,526 0,85171d —[ 1,377
A =Xi A = ’ ’ =d S B
Focn = Xt Age =V'm {—0,851 0,526] Li] Vim [_0,325] (o

HBsaxnel npumeHss BhpaxkeHHe (4.91), MoJyyuM Te e 3HAUEHHS [JIsi MepeMelleHHil
B HOPMaJIbHBIX KOOPAHHATaX, YTO H B BbipaxceHuH (J1). [TocaenyiomuM npeo6pasoBannem
KOOpDJHHAT BHOBb IIOJyyaeM OKOHYaTeJbHble Pe3yJbTaTHl B BHJAE (M).

Mpumep 2. JIns TpexmaccoBoll cucTeMbl (cM. puc. 4.1, @) JaHO: my = my = my =
= m, ky= kyg= k3= k. OnpeneluTb JHHaAMHYECKHE II€PEMEIEHHS 3TOA CHCTEMHI,
o6yclIOBIIeHHEIE 3aJaHHBIM B BHJe NapaGojiHuecKolt $YHKUHM YCKOpEHHeM OCHOBAHHS
£ocr=0,{%/1}, TIe a; — ycKopeHHE OCHOBAaHHS B MOMEHT BPEMEHH f, NDH IepeMelleHHH
ero Kak aGCOJIOTHO JKECTKOTO TeJa.

Pewenue. PaccMaTpuBas 3ajady CHayajJa B COOTBETCTBHH C METOJOM, B KOTOPOM
HCIIOJIb3YIOTCH YPABHEHHS [BHXXCHHS B YCHJHAX, IMOJYYHM C IOMOIIbIO BBIPAXKEHHS (XK)
SKBHBaJIeHTHBIE HarpPy3KH QF 1/ NaHHOH CHCTeMBI

— @ 2m !
Q:)CH: tl-z L. (m)
! 1
B HOpMaJbHBIX KOOPIHHATaX 3TOT BEKTODP-CTOJIGEU HMEET BHJ
ey [0528 0591 0737
Qr oen = X Qpey = —7—— | 0.737 0,328 —0,501 | | 1] =
I 0,591 —0,737  0,328] |1
— [1,656
— 2
- i‘t_ﬂ 0474 . ®)
! 0,182
Tpuxapl npumenss uHTerpan Jioamens, HakijeM

. —aVm 1,656 [£2 — 2 (1 — cos p,t)/pil/p}
Xp= -——‘ﬂ—— 0,474 [£2 — 2 (1 — cos p,t)/p3]/p3 |, (c)
! 0,182 [t2 — 2 (1 — cos pyt)/p3)/p3
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rle Kaxjioe pellleHHe, NPEICTABJSIONEe 3IEMEHT MaTpPHIbl CTOJA6LUA, COOTBETCTBYET
topme KoseGanuil, mpuBejeHHOH B oTBere 3anaud 1.13.6 (cM. n. 1.13). TloacraBass
snavenns 1/p} = 5,05m/k, t/p}= 0,643m/k, 1/p? = 0,308m/k B BHIpaxenne (c), mo-
JYYHM

8,363 [t2 — 10,10m (1 — cos pyt)/k]

0,305 [#2 — 1,286m (1 — cos pyt)/k] |- (T)
0,056 [#2 — 0,616m (1 — cos pst)/k]

[Tocae yero NPHXOJUM K CJEeYIOIIUM BHIpAXKEHHSAM JJs nepeMemeHHﬁ CHCTEMEI B HCXOJ-
HBIX OTHOCHTEJIBHBIX KOOpJAHHaTax:

o [ 32— 27,70 (1) — 0,289, (£) — 0,020, (1)
X = X Xf = =27 | 52— 49,99f, () — 0,1297, (1) + 0,025/, (1) |, (y)

| 612 — 62,26f, (1) - 0,232f, (£) 4+ 0,011f4 (£)
rie fy () = m (1 — cos pyt)/k; fa () = m (1 — cos pat)/k; fs (1) = m (1 — cos pst)/k.

Bosppamasch K NOAXOMY, HCHIOJb3YIOIEMY YDABHEHHS IBHXKEHHS B NePeMElIEHHsX,
ompejeNuM H3 BEIpaxenus (4.93) Bekrop-cToxbenm Al..:

a;t?2m b at’m 3

* - — &1 -

Ajey =—FML £ = —F 1 2 2= _?l’k—— 5]1. (})
i 1 2 3 1 6

LI —GIV—HS
Xp = 12k

Ilpeo6pasys 3TOT BeKTOp-cTOMGEl K HOPMaJbHBIM KOOpAHHATAM, HahjaeM
0,328 0,591 0,7377 3

— a2V md
AL oon = X A;CH;LM:/’"_ 0737 0,328 —0,501 | |5 | =
i 0,591 —0,737 0,328 |6
— 8,363
—_ 2 3
:—“‘i-}/—’" 0,305 |. (x)
1 0,056

Tpmxapr npumensisi uuterpan JioaMesis, MoJyydM BhIpayKeHHe (T) AJIs TepeMellleHH i
B HOPMAJIbHBIX KOOPJIHHATAX, 3 OKOHYATEJbHbIE pe3yIbTAThl COBIAAIOT C pelleHUsIMH (V).
W3 npuBejieHHEIX Pe3yJbTaTOB C OYEBHAHOCTBLIO CJAEAYET, YTO HAUOOJbIUME BKJIaj B JH-
HaMHYeCKoe MOBeJleHue CHCTeME! JaeT ocHOBHAas ¢opMa koJsebGaHuit, BTopas ¢opMa KoJe-
6anuit naeT BKJajJ HAMHOT'O MEHBLIHil, UeM IepBasi, a TPeThsl (hOopMa KOJeGaHHi — Ha-
MHOTO MeHBLUHIt, YeM BTOpas.

IlpuBeseHHEIE BblIIE MPHMEPHl HJIIOCTPHPYIOT CIOCOOBI HCCJIENO-
BaHHs CHCTEM, JJIs1 KOTOPHIX 33JaeTCSl TOJAbKO OJUH BHJ IepeMelleHHs
OCHOBaHHs Kak abCOJIIOTHO KECTKOro Tesaa. B 6GoJsee CJA0XKHBIX 3azadax
MOTYT HMETb MECTO TPH COCTABJSAIOLHE NepeMelleHHsT OCHOBAHHS Kak
abCoOMIOTHO JKECTKOTO TeNMa, a TaKXke TPH IMOBOPOTa KaK abCOMIOTHO
KecTKoro tesa. B nofoOHBIX clyyasX NepeMellleHHe Xoq, AOJMKHO Mpe-
CTaBAATb COOOH BEKTOP C KOMIIOHEHTAMH B BHJE IIECTH THIIOB IEpeMme-
IeHHH, TOTHa BEKTOP Socy NpEBpaTHTCS B MartpHily nX6. Kpome Toro,
NMOBOPOTHl OCHOBAHHUSA JOJIKHBI OBITH MaJBIMH, ¢ TeM 4TOOBI OCTaBaJOCh
CHPABENJHBLIM JONYLIEHHE O JHHEHHOCTH XapaKTePHCTHK CHCTEMBI,
Ha KOTOPOM OCHOBBIBA€TCS METOJ HOpMaslbHBIX GopM KogeGauuii. Exun-
CTBEHHbIMH OOJIbUIHMH IePEMELIeHUsIMH, AONYCTUMEIMU TIPH JIMHEHHBIX
HCCJAENOBAHUAX, SBAAIOTCA INEpeMellleHHsT KaK abCoJMIOTHO KECTKOTO
Tesna. 3agaud, KOTOPbIE BKJIOYAIOT PACCMOTPEHHE MOAOGHBIX GOJbIIMX
JAUHAMHYECKHX IepeMelleHHl, HeoO0XOAHMO HCCAENoBaTh C HCNOJb30-
B4HHEM OTHOCHTEJBbHBIX KOODAMHAT C TeM, YTOOH H30exaThb MNOTEPU
TOYHOCTH NPH ONpefe/eHHH JUHAMHYECKHX MepPeMellleHUil CHCTEMH.
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Torga a6cosoTHOE AHHAMHUECKOE MepEeMENIEHHE CHCTEMbl MOXKHO HAHTH,
CJIO2KHB OTHOCHTEJNbHOE IepeMelleHHe CHCTEMBI M TE€PEMELIEHHS] OCHO-
BaHHs.

Jlnsi cucreMbl, KOoTopasi COEIMHSIETCS ¢ OCHOBAaHHEM BO MHOTHX TOU-
KaX, TaKkKe MOXHO OIPEJeJHTh JAHHAMHYECKOE IepeMellleHHe, pac-
CMATPHBAsT He3a8UCUMble 08UINCCHUS KOO mouku coeOureHus CUCMeMbl
C ONOpaMH, AJIsl Yero BBIYHCJSIOTCS COOTBETCTBYIOUIHE KO3((HIIHEHTHI
JKECTKOCTH HJIM TNOJATJIHBOCTH *. B mnojo6HOM ciyuae OTHOCHTEJbHBIE
nepeMelleHHs TOUYEK COeJHHEHHS CHCTEMBI C ONOPOH JOMKHBL GbITH MAJIBL
[0 CPAaBHEHHIO ¢ OOIIMMH JHHEHHBIMH nepeMelleHusiMH. Eciau cucrema
C n cTeneHsaMHu CBOOOJLI HMEET 7 TOUEK COEJHHEHHS C ONOPaMH, KOTOpHIE
MOTYT JBHTATbCSl HE3aBHCUMO JAPYT OT Jpyra, ypaBHEHHE JBHXKEHHS
B YCHIHAX (6) MOXKHO O60OILINTHL CJAENYIOIIUM 06pasoM:

MX £ SX -+ SouXon=0 mnan MX --SX = Q. (4.94)
ruae
QOH = ~“‘Sonxou- (495)

3necb Xog — BeKTOp-cTOJGEl MepeMelleHHH CHCTeMBI B TOYKaX OIOp;
Son — MaTpHlla nXr XKecTKOCTeH, CBsi3blBarollas CBOOOLHBIE KOODJIH-
HaTHl, IepeMellleHnil ¢ nepeMeuieHHsaMH onop; Qgy — BeKTOp-cTOJ6elL
SKBHBAJEHTHBIX HArpy3oK, OOYCJIOBJEHHBIX I€pPeMeLIeHUSIMH OIlop.

C apyro#i cTopoHBbl, YMHOXHB ypaBHeHHe (4.94) csieBa Ha MaTpHLY
F = §7', mosyuuM ypaBHeHHEe IBHXKeHHs B NEDEMEIEHHSX

FMX -+ X = A, (4.96)
rje
Aou == -Fsonxon = Douxon- (4'97)

B nanHoM moxxojge BekTOp-cToJGen A, HMeeT KOMIOHEHTH B BHJE 3a-
BHCSILIMX OT BpPEMEHH KOOPAHHAT CBOOOJHBIX IepeMelleHHi#, 06yCJOB-
JIEHHBIX HE3aBHCHMBIMH NepeMelleHHsiMH onop. Tak ke, Kak U B JpYrHX
BEKTOpax MNojoGHOrO BHAA, €ro KOMIOHEHTHl OMNpPENeJSIOTCS H3 CTa-
THUECKOTO paccMoTpeHusi. Y3 BolpaxkeHus (4.97) BHJHO, UTO 3TH KOM-
MOHEHTHl MOXKHO HaHTH, YMHOXHB cJieBa BeKTOp X,; Ha MaTpHIy

D, = —FSo; = —87Sos. (4.98)

3uece Dyp — MaTpHUA nXr KO3I(PUYUEHMO8 BGAUSHUS nepemewlerull,
NPEJCTABJASIONHX CcOOOH mepeMelleHHsl, BbIpaXKeHHble B CBOGOIHBIX
KOOpJHHATAX MepeMelleHH U OOYCJOBJEHHblE BJHSHHEM €IHHHUHBIX
nepemenienuii B onopax. [Tockosabky BhipaxkeHue (4.98) mpexacrasiaser
yRo6HYI0 GOPMYJY IJI1 BBIYHCJIEHHS 3JE€MEHTOB TAKHX MAaTPHIL 15 CJIOXK=
HEIX CHCTEM, TO HHOTJA MOXKHO BBIBECTH HX HemocpeacTBeHHo. I[lpuBe-
JEHHbIH HHXKe MpHMep JEeMOHCTPHPYET NpPHMEHEHHEe MNOJO6HOTo Moj-
X0Jla K CHCTeMe, B KOTOPOH ONOpBl HMEKT BO3MOXKHOCTb COBEpLIATL He-
3aBHCHMblE JBHXKEHHA.

TNpumep 3. BHOBb BO3Bpamasick K CHCTeMe, NOKa3aHHOH Ha puc. 4.2, a, npegs
NOJIOXKUM, uTO onopel A H B MOryT nepemelllaThcsi HE3aBHCHMO APYT OT Apyra B Hampa-

. _* Weaver W., Jr. Dynamics of discrete-parameter structures.. Development
in Theoret. and Appl. Mech. v. 2. New-York; Pergamon Press, 1965, pp. 629—651.
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BJIEHHH, napajjeabHoM ocH X. ITycTb uepes xoyy H Xopz O6O3HAYEHHl Majble nepeMerne-
HHS ToueK cooTBercTBeHHO A M B. OnpeleNHTh yCTaHOBHBLIEECS MOBEJACHHE CHCTEMBI,
KOT/1a OJHAa M3 ONOp ABHXKETCS NO 3aKOHY Xope= d sin @?¢, a Apyras HenoJBHXHa, T. €.
xom = 0. Kax u paHee, NIPHHUMAeM, UTO My = My =mg=m U [} = L = l3= I, = |,
MI03TOMY MOXHO HCIIOJb30BAaTh HalJieHHble BEIIIE XapAaKTePHCTHKH CHCTEMBL.
Pewenue. BekTop-cTos6ell nepeMelneHHH onop B AaHHOH CHCTEMe MOXHO MNpejicTa-

BUTb B cjaenyiomed dopme:
Xom1 0
Xog = = . 184
on [xom] [d sinwt] (1)

HOas Toro uto6bl BOCNOJB30BATHCS MOAXOAOM, B KOTOPOM HCHOJB3YIOTCS YPaBHEHHs
JBHKeHHS] B yCUJIHAX BuAa (4.94), nmocTpoMM MaTpHLY

Som11 Somiz T —1 0

Son = |Sonz1 Somee =7 0 0. (4)
SOII 31 SOH 32 0 _1
[lepBoiit cronbell faHHOH MaTpHUbl NMpPEJACTABJSET YCHJIHS B TOYKAaX 3aKpenJjeHus Macc
(cM. puc. 4.2, §), BO3HHKAIOIIHE NPH 3aJaHUK Xopy=— |. AHaJOTHYHO, BTOpO# cTOMGeN
B MaTpHlle Sy NpPeACTaBJIseT YCHJIHSA, BO3HHKaIOMIUE NPH NePeMEeICHHH BTOPOH OMNOpHI
Xome= | (cM. puc. 4.2, e). C nomowbio BhipaxkeHus (4.95) mosyuuM 3KBHBaJEHTHbIE
Harpy3KH, COOTBETCTBYIOLIME CBOGOJHBIM KOODAHHATAM MepeMeIleHHs :
Td sin wt 0
Qon = —SonXon = 7 0l ()
1
IMpeo6pasoBaHue 3TOr0 BEKTOpa K HOPMAaJbHBIM KOODJAHHATaM Jaer
Td si t_ ; V2 : 0 Td sin ot l
sin o = = sin ® ~
Qo = x;lqon = =] V2 0 —V2 0= = —V2 | ()
2AVm ~ AV m
S 2 1 1

YcraHoBHBLIeeCS] AMHAMHYECKOe nepeMemieHHe CHCTEMBI 11O [VIaBHbIM (ilOpMaM KoJie6aHu it
HMEET BH]J

. B1/pi - @+ Vﬁ) 51_
Xr =) =V 3p.lps | = A msmot) =g | )
Bs/pi (2 - Vﬁ) Bs |

Takum 06pa3oM, B HCXOJHBLIX KOOPAMHATaX pellleHHe CJelyeT 3anHcaTe B ¢opme
i of C+V2)p—28.+(2—V2)Bs ]

X=XuXr=—5—| 200+ V) +20—-V2p: | (@)

@+ V2P + 28+ (2—V2)Bs ]

Hcnonb3yst ypaBHeHHs! ABHXKeHHSI B nepemelueHusix (4.96), MOXHO NOCTPOHTL Ma-
TPHLY K03hdHIHEHTOB BJHSHHS NepeMelleHuH

a3 2=t o7, 31
Don=—FSon:TT— 2 4 2 0 0 T:l 2 2] =
1 2 3 0 —1 1 3
Donun Donie
= | Don 21 Dou 22 |- (5')

D0H31 D0H32

C apyro#t CTOPOHBI, 3/1E€MEHTH NEPBOrO H BTOPOTO CTOJA6HOB MaTpulsl Doy mpeacTaBasior
HepeMelleHHs B TOUKaX KpeleHHs Macc (cM. puc. 4.2, s M 3), O6yCJOBJEHHBIE MEpe-
MEUIEHHSIMH ONOP COOTBETCTBEHHO Xomy = | M Xomy =1, Koraa extop-cronben Xop
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[cM. BBIpaKeHHe (U)] YMHOXKAEM CJieka HA 3Ty MATPHLLY, NOJAyuaeM 3aBHCSALLHEe OT BPeMeHH
nepeMelleHHs, BLIPAXKEHHEIE Yyepe3 CBOGOHbie KOOPAHHATHl NepeMelleHu:

31 1

dsin ot 1 d sin ot .

Aoy =DopXop=—— 12 2 =1 2 }. (8")
{3 0 4 3

L

IIpeo6pa3ysi 3TOT BEKTOP-CTOJNGEL K HODMadbHBIM KOODJHHATaM, HaiieM

_ B ) 1 ]
-1 dV msin ot _ _
Apon =X Agn=——5——|V2 o —VZ||2]=
1 —V2 1 Jis
_ 2112
dV msin ot - .
=T vz | ()
[2— V2

310 peleHue, BHIPAXKEHHOE Yepe3 HOPMaJbHbIE KOOPJAHHATHI, COBNAJAET C pelieHHeM (3),
CeJIOBATEJbHO, pelleHHe B HCXOIHBIX KOOpAHHAaTax OyfeT OnpeleJsAThCs BbIpaxe-
HueM (a).

3AJAYH

4.6.1. IlpeanosoxuM, 4TO OCHOBaHHe cHcTeMbl (cM. puc. 4.1, a) nepeMemaercs
NO 3aKOHY B BHJe JHHeHHOH QYHKIHH Xocu= dyt/t;, T]ie d; — NepeMelleHHe OCHOBAHHSA
KaK abCOJIIOTHO JK€CTKOTO Tela B MOMEHT BpeMeHH {. Mcnosb3ysi ypaBHEHHsI NBHIKEHHS
B YCHJHSIX, ONpPEJeJHTb JHHAMHYeCKOe NepeMellleHHe 3TOH CHCTEMBI, €clu 1aHO nly =

=fMmyg=mMmg=mHu ky = ky = kyg= k.
Omeem: x, = kd, [0,108f; (t) + 0,543, (1) -+ 0,349f5 (1) V(tym),
rae fy () = [t — (1/py) sin pit]/pt u 7. A

4.6.2. OnpenennTb JHHAMHYECKHE MEPEMEIIEHHS B TPEXMacCOBOH CHCTeMe, paccMo-
TpeHHoH B 3ajaue 4.2.2, ecJH 3ajaHO, YTO OCHOBAaHHE CHCTEMbl BHE3alHO CMEILAETCH
Ha BEJHYHHY Xocyp= d. [IpH pelleHHH BOCIOJBL30BATbCH YPaBHEHHEM [BHIKEHHs B lepe-
MeILeHH X,

Omsem: x; = d[4— (2 4 V') cos pyt — (2 — V'2) cos pst}/4.

4.6.3. Vcnoabays ypaBHEHHS [JBHXKEHHS B YCHJIHSX, ONpENEJHTh YCTaHOBHBILCECH
COCTOSIHHE TPH JBHXKEHHSX, COEJMHEHHBIX NPYXHHOH MasiTHHKOB (CM. 3ajauy 4.2.%),
O6YCJIOBJIEHHBIX YCKOPEHHSIMH OCHOBAHHSI CHCTEMHI, 33JlaHHbIMH B BH/I€ T'aPMOHHKYICKCH
GYHKUHH ocy= @ sin 0f. B 9TOM cayyae yrioBhle mepeMeleHHs MasSTHHKOB SBJSIOICS
a6CoOMIOTHLIMH, @ He OTHOCHTEJILHBIMH.

Omeem: 6, = —(a/g) B, sin ot.

4.6.4. PaccMorperb O6GCyXJeHHYIO B 3ajaue 4.2.4 CHCTeMY, NPEANONOMKHB, YTO
B Touke A Basa 3a/laHO YTVIOBOE YCKOpeHHe, paBHOe §a = a,f*/}, rje o,— BeJHYHHA
YIJIOBOT'O YCKODEHHS B MOMEHT BpeMeHH f;. HaliTH yrioBbe nepemelenus AHCKOB OTHO-
CHTEJILHO NOBOPOTA BaJia B TOYKe A, BOCIO/IL30BABIIHCH Y PABHEHHSIMH JBH)KEHHS B Iepe-
MeILEeHHX.,

Omgem: @3 = — a,/[3t> — (28,01 — 27,70 cos p,t — 0,289 cos p,t — 0,020 cos X
X pst) by )/ (£ ex)

4.6.5. Tlyctb naHO, 4TO 4YeTBepTas Macca CHCTEMH H3 sajaud 4.2.5 nepeMeuraercs
110 3aKOHY B BHJE JHHeHHOH QYHKUHH X =d,t/t;, Tae d;—NepeMelleHHe B MOMEHT Bpe-
MeHH #;. OnpeJeJHTh JHHAMHYECKHE NEPeMellleHHs OCTaJbHHX TPeX MacC, HCHOAb3ysf
YpaBHEHHST JBHXEHHS B YCHJIHAX.

Omsem: x, = kd; [0,242f; (1) — 0,435f, () -+ 0,194f; () V(t,m),
tae fy () = 11— (Up,) sin pyt o} 7. 1.

4.6.6. [IpenonoXHM, 4YTO JIeBas ONOpPA CTePXKHS B 3ajaue 4.2.6 BHesamHo mepe-
Mellaercsl Ha paccTosiHHe d B HaNpaBJeHHH OCH y. ONpefiesHTh SAKOH ABHMKEHHS NpPH-
KpeIJIeHHbIX K CTePXKHIO MAcC, HCIOAb3Ys YPABHEHHS [BHXKEHHS B NepPeMellcHHsIX.

Omsem: y, = d (3 — 1,707 cos pyt — cos pat — 0,293 cos pst)/4.
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4.6.7. Hcnosb3ys ypaBHeHHS JBHXKeHHA B IepeMellieHHSX, HAaHTH 3aKOH J(BHXKe-
HHSA TPOHHOrO MasATHHKA, OOCYXJeHHOro B 3ajgave 4.2.7, ec/H 3aJaHO, uTO TOYKa 3a-
KpelJleHHs MasiTHHKA IlepeMelllaeTcsl 110 3aKOHY CTYNeHYaTOH QYHKUHH Xocn= d.

Omsem: x; = d (1 — 0,334 cos pyt — 0,314 cos pyt — 0,352 €0s pst).

4.6.8. IlpeanoJoxHuM, u4TO AJsA Kapkaca 31aHHs, PacCMOTPeHHOro B 3ajiaue 4.2.8,
8a1aHO yCKOpeHHe OCHOBAaHHSI B Bue OYHKUHH £ocx= @ sinl ®f. OnpeneJuTs 3aKOH
YCTAaHOBHBUIKXCH JBHXKeHHH “NepeKpHITHSA TPeTbero 3TaXka OTHOCHTEJIbHO OCHOBaHHS,
HCIOJIb3ysT YPABHEHHUS JBHXXEHHS B YCHJHSX.

Omeem: xt = —a sin of (0,334B,/p} 4~ 0,3148,/p3 + 0,352B./p3).

4.6.9. PaccmoTperb MNOJBEUIEHHYIO HaLmpyXHHaXx Maccy M3 3ajauu 4.2.9, npen-
MOJIOXKHUB, UTO TOYKA MPHCOEJHHEHHS MepBoH (HHXKHeH) NPYXKHHBl K OCHOBAHHIO BHE3alHO
nepeMeliaeTcss Ha paccTosHHe d B HanpaBJeHHH OcH x. ONpejeJuTb 3aKOH JBHXKEHHS
Macchl, HCIOJb3Ysl yPaBHEHHE [IBHXKEHHA B YCHIHAX.

Omsgem: x;y = d (1 — 0,708 cos p;t — 0,292 cos pgt).

4.6.10. Ilycts Touka A pambl u3 3afaud 4.2.10 coBepuaer Majble TapMOHHUECKHE
YIJIOBHIE MepeMelleHus, OlNHchbiBaeMble ¢yHkuued 04 = @ cos @/ OTHOCHTEJbHO OCH,
NepneHIuKyAsipHOH mJIOCKocTH xy. HaliTh 3aKOH YCTaHOBHBILIETOCS [BHKEHHS MpH-
KDEeIUIeHHBIX K paMe Macc, HCHO/b3ysl YPaBHEHHS J[BHXKEHHSI B NepeMelleHHsX.

Omsem: x, = @l cos ot (1,242,/p3 — 0,2488,/p% + 0,007B4/p3).

4.6.11. IlpeanonoxuM, 4TO [IJs1 UEHTPAJIbHOH MacChl CHCTEMBI, PacCMOTPEHHOH
B 3ajaye 4.2.11, 3ajaH0 ycKopeHHe B BHJe IapaGoHuecKoH GOYHKUHH §, = a,1%/13, rae
ay — 3HaueHye YCKOPEHHS B MOMEHT BpeMeHH #;. Onpele/HTh 3aKOH [JBHXKEHHS Macc /My
H My OTHOCHTEJIbHO MacChl /My, HCHOJb3ysl yDaBHEHHMS JBHXEHHS B YCHJIHAX.

Omeem: y* = y3 = —a, [2 — 2 (1 —cos p?) p2)/(p*t3),
rae p? = 3E1/Bm.

4.6.12, llpeanonoxuM, 4TO TOUKA KPEIVIEHHS HHXHErO0 KOHLA pacHoJOXKeHHOH
nox Toukoif C NPYXKHHBI B CHCTeMe M3 3afaud 4.2.12 coBepllaeT FapMOHHYECKHE Iepe-
MeIIeHHs B HaIPaBJEHHH OCH y N0 3aKOHY Yon— d sin @f. Hcnoawsys ypaBHeHHS
JIBHXKEHHSI B IepeMelleHHsX, HaHTH 3aKOH YCTAHOBHBINErOCS JIBHXKEHHSI INpPH TaKOM
Buje Bo3myuenus, ecau f= 0,91 m.

Omsem: y{ == d sin ot (0,0968,/p% — 0,096B./p3).

4.7. UTEPAUUOHHBIA METOJ ONPEIAEJIEHUSI YACTOT
U $®OPM KOJEBAHUH

O6cyxneHHblt B 1. 4.2 MeToj omnpeneneHHs COOCTBEHHBIX YaCTOT
KOJIEO/IOUXCSA CHCTEM OOBIYHO HCIOMNB3YETCs TOABKO B TeX CJayuasx,
KOrja HafiTH KOPHH XapaKTePHUCTHYECKOrO YpaBHEHHS He NpeJCTaBJAseT
TpyAa. 3Jech TakKKe BO3MOXHO INPHMEHEHHE DAa3JHYHBIX YHCJEHHBIX
MeTOJIOB *, HO OHH OOLIYHO 3pdeKTHBHEe B Caydyae CHCTEM C GOJIbIIHM
4ucsoM | creneHell cBo6oAbl. OOcyKiaeMelli B RaHHOM mnaparpade mnoj-
XOJi MHOIJA Has3bIBAIOT MemoOOM CmeneHnblx pados uiu memodom Cro-
Joabi—Buareano, HO, KaK NPABHJO, €ro HMEHYIOT NPOCTO UMepAyuoH-
Hom memodom. DTOT MOAXOJ YAOOHO NpPUMEHSTb A PaGoThl ¢ MaTpH-
IIAMH HEBBICOKOTO NMOPSAKA, HCHOMb3Ys NPH pacyeTax JIOrapupMHUUECKYIO
JUHEHKY HWJIM HACTOJNBHBIE KaJbKyJdSTOD, HO pelueHHus GOJbIIHX 3a-
Jaq CcJeIyeT INpPOTPaMMHpPOBaThb, YTOOB NPOBOAUTH BbIYHMC/IEHHS Ha
mudposbix IBM.

Wrepaunonuuii Meton HauboJsee MoJie3eH NPH PELIeHHH TAaKUX 3ajad,
B KOTOpHIX TpeGyercsl ONpeAeNasTb TOJbKO HH3IIHE YacTOThbl H COOTBET-
cTBylomue UM ¢opMel KoseGanu#. Eciu ke Tpefyercsi HaXOAHTh BCe
COOCTBEHHBIE 3HAUEHHS H COOCTBEHHEIE BEKTOPH KOJIEGMIOUEHCs CHCTEMBI,

* Wilkinson J. H. The algebraic eigenvalue problem. Oxford, London: Cla-
rendon Press, 1965. 662 p.
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NpeANoYTHTENbHEE HCIIO/Nb30BaTh HHbIE YHCJEHHBIE NMOAXOIbI, NOCKOJBKY
‘oHH TpebyloT MeHbIle apu(meTHuecKHX omepanuii. Kpome toro, urepa-
UHOHHBIH Mpouecc GyAeT CXOAHTHCH . ObICTpee, €CHH MOXKHO 3apaHee
ycTaHoBHTh GopMy KoseGanui. OGBIYHO AOCTATOYHO XOPOIIO YAaercs
3anaTh OCHOBHYIO QopMmy KosleGaHHH, HO Asisi Goslee BHICOKHX (OpPM 3TO
caenartb ropasio cjoxHee. Tem He MeHee, TOUHOCTb, ¢ KOTOPOH yaaercs
npejickasatb (OpMbl KoJeGaHHH, BJHMAET TOJbKO HA CKOPOCTb CXOAH-
MOCTH HTEPAlHOHHOIO IMpolecca, HO He Ha KOHEUHBIH pe3yJbTarT.

Jaa Toro 4ToOGBl MOCTPOHTbL HTEPAUMOHHEIE MOpolecc, He CBs3bIBast
ero ¢ KOHKPETHBIM NpPHJIOKEHHEM K Kose6aHHAM, HauHEM C paccMoTpe-
HHfl 33J1aul Ha COOCTBEHHble 3HAYEHHUs, NMPEACTABJEHHOH B caeayiome
cTaHAapTHOH dopme:

AX = M Xpy, (4.99)

coBnajaiomel ¢ ypaBHenueM (3) B 0. 4.2. [lepBoe npubiukeHue A1s
OHOTO M3 COOCTBEHHBIX 3HAUEHHH  A; MOXHO HalTH, NMOACTABHB NPOG-
HbIH cOOCTBEHHBIA BekTOp (X); B/JIeByl0 M IpaByl0 4YaCTH YypaBHe-
Hus (4.99) u pemmB pesysbTHpYyIOLlee CooTHOUIEHHE Mo A;. Jasa 3rtoro
ob6osHaunM yepe3 Bektop (Y); cTosilllee B JIeBOH YacTH COOTHOLICHHS
NPOH3BEJECHHE MaTPUIbl A H BHIGPAHHOTO MPOGHOrO 3HAYEHHS COGCTBEH-
HOTO BeKTopa-crobua (X);:

(Y =A(X). (a)

Ecau Bektop (X); He sIB/ISIETCA TOYHBLIM 3HAYEHHEM COGCTBEHHOTO BEK-
TOpa, TO MOCJE TMOACTAHOBKH €ro B ypaBHenue (4.99) mocieanee Gyaer
YAOBNETBOPATLCA TOJbKO TNPUOIHIKEHHO:

(Y)1 =~ A; (X);. (6)
IMepBoe npubanxeHne A1 COGCTBEHHOTO 3HAYeHHs (A;); MOXKHO IO-
Jy4dTb, pasaeauB o0yl H3 n KoMmmnoHeHT Bektopa (Y); Ha cooTBer-
CTBYIOIULYI0 KOMNOHenTy BekTopa (X);. OTMeTHM, uTO ecsiu 6Bl yAanoch
YCTaHOBHTbL TOYHOE 3HaueHHE COOCTBEHHOTO BEKTOpPAa, TO BCE IOJ06HBIE

OTHOIWEHHA ObIH 6B paBHBI Mexay coGoil. OG03HAUKM BCE BO3MOXKHBIE
3HaueHHs, NOJYYalOlHeCs NPH TAKOM JeJIeHHH, B BHJE

() = (gh/ (X)), ()
el <j<n.

[Ipexpe uem mepedTH KO BTOPOMY INAary HTepauyH, OObIYHO TPOBO-
AAT HopMupoBanue BekTopa (Y); TeM MJIH HHBIM CNOCOGOM, HampuMmep,
pasnenuB Bce €0 KOMIIOHEHTH Ha MEPBYIO HJIH MOCAEAHIOI0 KOMIIOHEHTY .
B o6mem cayuae paspenum sektop (Y), Ha NPOH3BOIBHYIO [OCTOSIHHYIO
H pesysbTar BO3bMEM B KAau€CcTBE BTOPOTO MPHOJIHKEHHS AJS BEKTOpa

(X)2 = (Y)y/by. (r)

OTOT BEeKTOp YMHOKaeM C/leBa Ha MATPHIY A, 4TO €T BEKTOP
(Y): = A (X)s. (m)
Hanee BhuucaseM BTopoe NpPHOGJNHIKEHHE A/ COGCTBEHHONO 3HAUEHHS
(A)e = (9)2/(x)2- (e)
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3atem Bektop (Y), MacwraGupyeM nyTeM AeJeHHs] HA NPOH3BOJILHYIO
NOCTOSIHHYIO by, YTO Jaer TpeThe MNpubIHKEeHHe [JA BEKTOpa

(X)s = (Y)a/b,. ()

[lomo6Hyio mpoueaypy NOBTOpSiEM JO TeX NOp, Noka cOOCTBEHHBIE 3Ha-
UeHHS] U COOTBETCTBYIOUIHH WM CcOGCTBEHHHIH BeKTOp He OyAayT omnpene-
JIeHBl C JKeJaeMOH CTeNeHbIO TOYHOCTH.

Ha k-M 1ware urtepauuu ONMCaHHBIM BBbIlIE NPOLEAypaM COOTBET-
CTBYIOT CJ/elyloli{e peKyppeHTHbe YpaBHEeHHS:

(Ve =A(X)s; (4.100)
e = Wi/ ()5 (4.101)
(X)rsr = (Y)a/by, (4.102)

rge b, — npou3BoJbHO BhIGpaHHOe uncao. Huxe 6Gynetr mnokasaso,
YTO B pe3yJ bTaTe INOBTOPSAIOWEHCS NpoueAyPHl BBIUHC/ACHHH IO 3THM
YpaBHEHHSAM MPOLECC CXOAUTCS K YHC/JAEHHO HaHGOJbIIMM COGCTBEHHOMY
3HAueHHI0 M coOcTBeHHOMY BekTOpy. [losTOMY AJs1 yCKOpDeHHs CXOZH-
MOCTH nepBoe npubmauxeHue ajas Bektopa (X); caepyer BeIOUpATh Ta-
KHM, 4TOOBl OHO YHCJEHHO COOTBETCTBOBAJO HauboJblleMy COOCTBEH-
HOMY 3HaueHHIO.

Jast Toro utobbl f0Ka3aTh, YTO NpOLECC HTepaLUi CXOAUTCS K Hau-
6o/bllleMy COGCTBEHHOMY 3HAQUEHHIO, PAasjIoXKHM IepBoe NpHOIHKEHHe
a5l Bektopa (X), Mo AeHCTBUTENbLHBLIM 3HAUEHHAM COOCTBEHHBIX BEKTO-
pPOB CHCTEMBI

n
(X = 2} a; X mi, (3)
1=
rae a, Qs ..., Qj, ..., @, — MacluITabUPYIOIHe MHOXHUTEIH. Bo3Mox-
HOCTb MOAOGHOIO MPEeACTABIEHHST 3aBUCHT OT CYLIECTBOBAHHS JIHHEHHO
HE3aBHCHMBIX (XOTSl M HEHM3BECTHBIX) COOCTBEHHBIX BEKTOPOB, KaXIblH
M3 KOTOPBIX YJOBJIETBOPSET pacCMaTPHBaeMbIM KOJIEO/IIOMUMCS CHCTE-
MaM. 3Jech TakXKe IMpeArnoaaraeTcs, YTo COOTBETCTBYIOIIHE COGCTBEH-
HBle 3HAUEHHS PAacoJiararoTcs B NOopsiike yObIBaHMS, NPH 3TOM HMeeTcs
TOJBKO OJHO HauboJsblllee coOCTBEHHOE 3HAaueHHe

M>h= - =Zhiz= - =k (1)

[MogcTaBasisi npeacTaBjaeHHe (3) B COOTHOLUEHHe (4) H HCIOJNB3YS ypas-
HeHue (4.99), MOXHO IMOJYYHTh CJELYyIOUIee pa3/oKeHHe I/ BeK-
topa (Y); Mo TOYUHBIM 3HAUEHHSIM COOCTBEHHBIX BEKTOPOB:

(Y)lz'- gl aiAXM" = .gl ai}"ile- (K)
Ha BrOpoM 1iare urtepalud HMeeM
(Y)2 = A (x)g = A (Y]_) bl' (JI)
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ToacTapasas npeicTaBleHHE (K) B BbipaXkeHHe (1) H BHOBb HCIOJB3YS
ypaBHeHue (4.99), nalinem BeIpaxeHue

n n

(Y=Y ahAX mi/b; = 3 a;A3X mi/by. (m)

i=l i=l

Ha k-v mare utepauuu nosyyaem cleayioliee BbIpaKeHHE AJis BEKTOPA:

n

(V=2 arXmi/bsby ... bey, (1)

=1

B KOTOpoe COOCTBEHHOE 3HAauyeHHe A; BXOAUT B k-H creneHH. BoiHOCA 3a
CKOOKY OOLIHE MHOXHTENb A® U BbIENSiss OTAENbHO cjaraemoe, 3alu-
meM cogepixaiiee Xpq:

(Y)h = 7\,{2 [01XM1 ‘|— 22 a; (?»i/?»l)kXMi] /b1b2 e bk—l-
[=

B cooTBeTcTBHH ¢ BBIGDAHHBIM MOPSIAKOM PACIOJIOXKEHHS COOCTBEHHBIX
3HaueHH# [cM. Bbipaxenne (u)] MOXKHO 3aK/IOYHTH, YTO BEJHYHHA
(Ai/Ay)® cTpemuTCst K HYJIIO TIPH YBEJNMYEHHH HOMepa K, TO3TOMY MOXKHO
3aIMHCaTh

(Y)k ~ }"{ealle/blbz co. bpy. (o)

M3 3toro BeIpaxkeHHst BUAHO, YTO k- NMPHOGIHKEHHE BEKTOPA CTPEMHTCS
K COGCTBEHHOMY BEKTOPY Xjsy, NMOCKOJBKY OCTaJbHBIE BEJIHUHHBI B 5TOM
BBIDAXKEHHH SIBJSIIOTCSA IMOCTOSHHBIMH. EcCJH B NpaBol uyacTH BbIpaxe-
HHSl (0) BBIJEJNIHTb MHOXKHTENb Ay, HOJYYHM

(V) ~M (M a Xpa/biby ... bpey) = Ay (XD (m)

Takum o6pasoM, k-e npuGiuiKeHHe AJIS A ;, 3a4aBAE€MOE BBIPAKEHHEM
(4.101), XaK 3To BHAHO H3 BbIpaxeHus (0), MPUHHMAET 3HAYEHHs, GJIH3-
KHe K A;. Baarozaps ykazaHHOMY YCJIOBHIO CXOAHMOCTH MTEPalHOHHOTO
npouecca YHC/IEHHO HauboJbllee COOCTBEHHOE 3HAYeHHE A; HA3bIBAIOT
OCHOBHOU cobcmeenHotl wacmomoti, a COOTBETCTBYIOLIMH 3TOMy 3Haue-
HHIO BEKTOP Xjry — OCHOBHOIM COOCMBEHHBIM BEKMOPOM.

BocnosmbayeMcsi Tenepb HTepallMOHHBIM METOAOM H ONpEAeuM cob-
CTBEHHOE 3HauyeHHe M COGCTBEHHBIH BEKTOp, COOTBETCTBYIOIIHE OCHOB-
HO#i (opMe KoNeOaHHH CHCTEMBI C HECKOJbKHMH CTENEHSIMH CBOGOAHI.
[TockosIbKy NpH HCIONB30BAHHH STOTO METOJA PEIIEHHE CXOAHTCS K HaH-
GonbmeMy cOGCTBEHHOMY 3HAYEHHMIO, 3/€Ch CJIEAyeT INPUMEHATh ypaB-
HeHHs JBHIKEHHS B IEpeMEIleHUsIX, Ile HauGoJblnee COGCTBEHHOE 3Ha-
YeHHE PaBHO 06paTHOH BeJHYHHE KBajparta HaWMeHbIueH Kpyroso uya-
crotel. Takum o6pasoM, u3 ypaBHeHHS (4.9) uMmeeM

FMX 111 = M X w1, (4.103)
rue
Ay = —. (4.104)
41
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Ypasuenue (4.103) npeacrasiasieT cTaHAapTHylo ¢OpPMy 3anadyd Ha cob-
CTBeHHbIe 3HaueHHs [cM. ypaBHenue (4.99)]. B pesysabrate BuaHM,
4TO MaTpHLA

A=FM - (4.105)

ABJSETC HECHMMETPHUYHOH, Xors 3xech M — nuaronasbHas MaTpula
C OJIMHAKOBBLIMH 3JIEMEHTaMH Ha jauaroHand. OfHAKO yKasaHHas NoTeps
CHMMETPHH He CyIeCTBEHHa B TOM cJydae, KOrjaa OCHOBHas ¢opma
KoseGauufi onpejgessercs C NOMOIIBIO MeToAa HTepanui.

B KauecTBe UYHCJIOBOrO NpPHMepPa DacCMOTPHM INPHMEHEHHE YPaBHEHHH IBHIKEHHS
B NEpEMEIIEeHHAX K TpexMaccoBoff cucreme (cM. puc. 4.1, @), KoTopas yke paccMatpH-
Bagach paHee ¢ NOMOLIbIO YPaBHEHHH JABMXKEHHH B ycuausXx (cM. mpumep 1 B m. 4.2).
Mpu ky=ky= k3= Fk u m; = my = mg= m MaTPHLH NOJATIHBOCTH Macc AJs 3TOH
CHCTEMBI HMEIOT BHJ,

1 1 1 1 00
F=6|1 2 2|; M=m |0 1 0],
1 2 3 0 0 1

rie, Kak H Bhuue, umeeM 8 = 1/k, B pesynpTate MaTpHua A COIJIaCHO BHIPAXKEHHIO
(4.105) mpuHHMaeT BHJ

111
A=mé|1 2 2{. ®)
123

B kauecTBe AOCTATOYHO XOPOLIEr0 NPUGHHKEHHs JJsi OCHOBHOH ¢opMbl KoseGaHH i
MOXKHO 6bUTO Gbl B3AThb CYMMbI CTPOK MapTulpbl A. B pesyabraTe mosyuaercs BEKTOp
nepemewieHni, OGYCJOBJEHHBIX CTaTHYECKH IIPHJIONKEHHBIMH CHJIAMH,: KOTOPHIE, KakK
H B Merofe Peses (cM. m. 1.14), npomopuuoHaidbHb MaccaM. Henmpsamoli cnoco6 npu-
MEHEeHMsI TOTO JKe CaMOro NpHeMa COCTOMT B 3ajgaHuu mpeficraBiaenns (X); = {1;"1; 1}
B KauecTBe NepBOro NpUOJIHKEHHs! JJIs HCKOMOTO BeKTopa. YMHoxas BekTop (X); cieBa
Ha Marpuny A, cornacHo Bepaxennio (4.100) moayunm Bekrop (Y); = md {3; 5; 6}.
I[MepBoe npuGmauKeHue Ajst Ay, KaK ciaefyeT w3 BhpaxeHHs (4.101), MOXHO OmpefesnHTb
TpeMsl PasJMYHBIMH NyTsMH. JLIs yao6CcTBA NMPOBEJeHHS AajbHeHIIMX BHIYHMC/IEHHH pas-
JIeJTHM TIOCJeJHIO KoMnoHeHTy Bektopa (Y); Ha moc/efHIOI0 KoMIOHeHTY BekTopa (X)i,
uto aeT (M); = (yn)y/(xn)y= 6m0. Ilpexie ueM mepeliTn KO BTOPOMY LIary HTepamui,
npoHopMupyeM BekTop (Y); IyTeM JeseHHs KaXJOH €ro KOMIOHEHTHl Ha MOCJENHIO
KoMroHenTy [cM. Beipaxenue (4.102)], B peaysbrare mosnyuaeM mpeicTaBieHue s BTO-
poro npubaukenus Bekropa (X), = {0,500; 0,833; 1,000}. Koraa ucrnosnbayercst HOpMH-
poBaHue MOAOGHOTO THIA, AEJAHTENb by = 6m6 NpUOIHMKEHHO paBeH COGCTBEHHOMY
3HAYEHHIO.

Bropolf 1ar HTepalHH COCTOMT B HCNOJb30BaHWM BbipaxeHu#i (4.100)—(4.102)
aast monyuenus coorserctBeHHO (Y)y, (Ay), u (X)g. DTOT NMpollecc uTepauui NOBTOpSETCH
JI0 TeX Mop, NOKa COGCTBEHHLIE BEKTOPBI, OMpefeasieMble Ha [ABYX MOCAENYIOMMX lIarax
HTepaluii, He COBNAJyT C 3apaHee 3aJaHHOH TOYHOCTbIO. B Tabn. 4.1 npusenenst pe-
3yJIbTaThl PACUETOB, M3 KOTOPBIX BHJHO, YTO B 3TOM CJydae BEKTOp, OJydaeMbld Ha msi-
TOM L1are HTepauuil, COBNAJAeT ¢ BEKTOPOM, HafileHHBEIM Ha YeTBEPTOM lIare, ¢ TOUHOCTHIO
JI0 TPETbero 3HaKa mocje 3ansiTofi. TakHM 06pa3oM, OKOHYATeNbHO MOXHO IPHHATDH

A = 5,049m6, pi=1/A = 0,198—7[:1—- ,

X =~ {0,445; 0,802; 1,000}, (c)

YTO TOJHOCTBHIO COBIAJaeT C Pe3YJAbTaTaMH, MOJy4YeHHBIMH B npumepe | (cM. m. 4.2),
32 MCKJIOYEHHEM OTJIHYAIOWHUXCA CIOCOOOM HODMHPOBAaHHS BEKTOPOB X MIl.

[Tocne Toro kak HaijeHa OCHOBHas ¢opMa KosaeGaHHH, MOXHO Ipo-
JOJIKHTb ITOT NPOLECC Aadblie H € TIOMOILbIO METOJA MOC/IeA0BAaTENb=
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4.1. PesyabraTel pacyeToB ocHoBHOA (opmbl KojeGanuit
METOJOM MOCJAEROBATENbHBIX MPHGIHKEHHH

TIpuGanikenHoe SXH)Z'-‘IEHHE BEKTOpa (X), (X), (X)a (X)e (X)s
A 111 1 0,500 0,452 0,446 0,445

s = 122 1 0,833 0,806 0,803 0,802
123 1 1,0000 1,0000 1,0000 1,0000

CoGcrBeHHOe 3HaveHne (Aq),/md 6 5,167 5,065 5,051 5,049

HBIX TIpUOJMKEHHH omnpenesuTb COOCTBEHHbE 3HAYEHHS] U COOCTBEHHBIE
BEKTOpbl 1/s BhICIHX ¢(opm KoJsebanuill. Ecau OJsarogapsi BBEIEHHUIO
COOTBETCTBYIOIIUX MNOAKpeNseHHH neppas ¢opMa KoJiebaHHH He peasH-
3yeTcs, OCHOBHOH CTaHOBUTCSl Bropas (opma kKoJsebanuit. Eciu He pea-
JIU3YIOTCSL HHM nepBasi, HH BTOpas (QopMbl, OCHOBHOH CTAHOBHUTCS TPEThs
topma kKose6aHuH u T. A. [TocKoJBKY 4YHC/IO COOCTBEHHBIX (POPM KO-
JeGaHull paBHO 4YHCJay cTeneHell cBoOOJbl, BBEJEHHE OOMOAHUMENbHbIX
ceszell 0as coomeememeyowux hopm Korebarnull yMeHbILAET YHCJO CTe-
neHeft cBo6OABI cucTeMBI. TakuM 06pa3oM, MOXKHO OXKHJATb, YTO MAaTPHILlA
K03¢dHLHEHTOB Mocse BTOpOro Inara urepauuil OyneT HMeTb MNOPSIOK
n — 1, nmocse TpeTbero mara urepauui n — 2 4 T. A. OxHako npu npo-
BEJEHUH YUCJIOBBIX PacueToB, a TaKxke MPH HCNOJAb30BaHHH DBM ynob-
Hee COXPaHATb NOPAJOK MAaTpPHLbl, paBHHH n. /15 3TOro npHMeHsieTcs
OpOCTOH NpHEM, CYTb KOTOPOTO OObACHEHA HHIKE.

OrpanuyeHne Ha peanH3alHi0 COOTBETCTBYIOLIHX (opM KoseGaHHH
B CHCTEME MOXHO BBECTH, IIOJIOXKHB DaBHBIM HYJIIO COOTBETCTBYIOIIHE
nepemellleHuss B raaBHOH ¢opme. M3 Bhipaxkenuit (4.32) u (4.44a) cuae-
AyeT COOTHOLLeHHe

Xr = X® X = Mi'XuMX, (1)

KOTOpOe CBf3blBaeT IJaBHble KOODJAMHATH B BeKTOpe Xp C HCXOJHBIMH
KoopauHatamH BekTopa X. [JJst Toro 4roObl HMCKJIOYHTH IIOSIBJEHHE
nepsofi opMel KoJsieGaHHH, MOJOXKHM DABHBIM HYJIO KOMIIOHEHTY Xrp
B BhlpaxkeHuH (T) A BeKtopa Xr:

1 T
Xr1 :WXMlMx =0. (Y)

Ecnu Bektop X Gepercsi B KauectBe COOCTBEHIOro BekTopa Xy; (rze
i=2,3, .., n), TO BUAHO, YTO 3ITO YCJOBHE IOJOMKEHHS JOTOJHH-
TeJIbHON CBA3H COBNAJAeT C YCJOBHEM OPTOrOHAJBHOCTH INEpPBOf M BHIC-
mWHX (opm KoJebaHHi mo oTHoweHHio K Marpuue M. Jna ynpomenus
noJslaraeM MaTpHLy Macc [JHaroHasJbHOH, TOoria pasBepHyTas ¢opma
BolpaxkeHusa (y) umeeT BHJ

My Xpux + M22XM21x2 -+ M33XM31X3 + o M X X, =0.
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HOCKOJIbe 5TO DPaBEHCTBO JOJXKHO BBINIOJIHATHLCSA BCE€rjaa, BbIpa3uMm Ie-
pPEMELIEHHA X, yepes oOCTaJqbHbIE NEPEMELICHUSA CJaenyrmum 06p830MZ
M22XM21 X. M33XM31' X _ MnnXMnl

Xy = — — ‘e .
1 MIIXMII 2 MIIXMII 3 MIIXMII n (q:))

IMoxcTaHOBKOH 3TOr0 BhIpaKEHHS JJIst X; B HCXOJHBIE ypaBHEHHS 3a-
Jaud Ha coGctBeHHble 3Hauenus [cm. ypasuenue (4.99)] noayuaem n
ypaBHeHu#i nisi n — | HeusBecTHBIX. [lepBoe W3 3THX ypaBHeHHH Oy-
JeT MpeNCcTaBJAsATb C000fi JHHeHHYl0 KOMOMHAIMIO OCTalbHBIX n — |
ypaBHEHUH H MO3TOMY MOXKeT OBITb OTOPOIUEHO, B pe3yJ/bTaTe YEro Io-
Jyvyaercsi peAylUHpOBaHHas cHcTeMa n — | ypaBHeHHH ¢ n — 1 Heus-
BecTHbIMH. OIHAKO NpH ONpenesNeHHH BTOPOH (GOpMbl KoseGaHHH MOXKHO
IPOBOAUTDL MTEPAlHH /1Sl OJHOH CHCTEMBI £ JHHEHHO 3aBHCHMBIX YpaB-
HeHUH, He NOHHXKAas MOpAJKa MaTPHUIBl, NMOCKOJIbKY OTCYTCTBYET IEp-
Basg ¢opma Kosebanuii ypaHenH#l. C 3TOH Le/bl0 NpEeACTaBHM BbIpa-
KeHue (), NONOJHEHHOE TPHBHAJbHBIMH COOTHOIIEHHSMH BHJA X = X,
X3 = Xg, ..., B MaTpU4YHOH Qopme

X1 0 ¢z 3 - Cin x|
X, 0 1 0 0 X,
X3 [={0 0 1 ....0 X3 |, (x)
X 0 0 O || xa
rne
Cro o= — Mag X Ma1 Cyu == M3z X Ma1 ¢ — MnnXMn1 (U.)
12 My Xmn ' B MpXmn ® 0 " MpXmn

[epBhiil 3/7€MEHT x| CTOALIEro B NPAaBOH YacTH ypaBHEHHs (X) BeKTopa-
crosibua ABaseTcss (UKTHBHBIM IepeMellleHHeM, KOTOpOe BCerja yMHO-
JKaeTcs Ha HOJb. B KpaTKoil opMe 3TO MaTpHYHOE YpaBHEHHE HMEET BHJ

X = Ty X', (1)

rpe Matpuna Tg; XapakTepusyeT 3aBHCHMOCTb Xj, Xg, Xz, ..., Xp OT
Xa, X3y, ..., Xn. IlOACTaBJSIA B COOTBETCTBMH C BBbIpa)keHHeM (4) npex-
crapjenune s Xp; B OpaBylo uYacTb ypaBHeHHA (4.99), nonydaem

AT XM =4 Xmi (1)

[IpucyTcTBHE B 5TOM COOTHOLIEHHH Martpuusl Ty, obecneunBaeT Ha/u-
yHe JIHHEHHOH 3aBHCHMOCTH, 4TO HEOOXOAMMO JJISi IpPOBEJEHHS HTe-
pauuil mpH HAaXOXKJEHHH BTOpoH Qopmbl kKonebanuii. Ha kaxnom mare
HTEpAIMH 3Ta MATpPHIA YMHOXKAaeTcsl c/1eBa Ha BHIOpDAHHOE IpPeACTaBJe-
HH€ JJIsl BEKTOpa IepeMELeHHH H NpEeANoJaraeTcsi HX OPTOTOHAJBHOCTb
¢ nepBoit ¢opmol Kosmebanu#. Opnako ns yao6cTBa 3Ta Marpuua
HCIOJIb3YETCS TOJMBKO OJHH pa3 — Ha 3Ty MaTPHLY CIpaBa yMHOXKaercs
marpuna A. Marpuua Ty, HasbiBaeTcss swuuwjarowieli, TOCKOJNBKY ee
BJMSIHHE CKa3biBaeTcs B TOM, 4YTO OHA «BBIUHILAETY BCE OTHOCALIEECH
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K mepBoii dopMe KoneGaHHH U TeM caMbiM MO3BOJIET BTOPOi (opme
crath IVIaBHOH (opMmo# KoJebanuii. Takum o6pa3oM, MOXHO 3anHcaTh

A Xmi = A Xmy, (4.106)
rae
A, = ATg,, (4.107)
a matpuua Ty, umeer Bujg (X).

Jns Toro yToGH MOKa3aTh, KaK IPHMEHSIETCS TOT CNOCOB, OMpejeJHM COGCTBEHHOE
3HayeHHe H COOCTBEHHBIH BEKTOP, COOTBETCTBYIOUIHE BTOPOH (opMe KoJeGaHHil CHCTEMH,
IOKa3aHHOH Ha pHuc. 4.1, a. 3Haa nepBhlli coGCTBEHHEIH BeKTOP Xjpf;, HCIOJIbL3YEM €ro
KOMIIOHEHTH JJis1 NocTpoeHus MaTpuub Tg; B caepyomei dopme:

0 —1,802 —2,247

Tgp= |0 1 0 . (u)
0 0 1

Ymuoxan marpuiy A [cm. Beipaxenue (p)] cmpaBa ma Marpuny Tp;, moayunm
0 —0,802 -—1,247
Ay =mb|0 0,198 0,247 {. (3)
0 0,198 0,753

[TpeanonoXuB, YTO HaAM HHYErO HEH3BECTHO OTHOCHTENBHO BTOPOH (OPMHI KOJeGaHHi,
BO3bMEM IN€pBOe NPHOMHKEHHe A/ BeKTopa nepeMemenud B Buue (X);, = {l; I; 1},
4TO SIBJASIETCS] IJIOXUM NpPHO/IHXKEHHeM [IJs JeHCTBHTEJIbHOIO 3HAueHHSI COGCTBEHHOIO
BeKTOpa. Bosee pasyMHE® BHIGOpP 3TOro mpHOJIHMKEHHS NMO3BOJHJI Gbl COHTHCH MpoLeccy
HTepaluiJK TOYHOMY peUIeHHIO 3a MeHblIee YHCJIO LIATOB.

YMmuoxKasi Bekrop-croaben (X); Ha MaTpuuny A; (corsacHo BhipaxeHuio (4.100)),
noayunm Bektop (Y); = md {—2,049; —0,049; 0,951}. Pasnesus cONIaCHO BHIPAXKEHHIO
(4.101) nocaenuu#t snement Bexkropa (Y), Ha mocJefHHH 3jJeMeHT Bektopa (X),, HalgeM
A5t Ay nepBoe npuGanKenue (Ag); = 0,951m8. 3arem Hopmanusyem Bektop (Y); myteM
JleJIeHHST KaXJOH €ero KOMIOHEHTHl Ha 3HayeHHe IOCJeJHeH KOMIIOHEHTHl {cM. BhIpa-
skenne (4.102)], aTo B pesysbTare jaeT BTOpOe NPHO/IHKEHHE U151 BEKTOPA MepeMelleH i
(X)y = {—2,155; —0,052; 1,000}. STu pe3y.bTaThl, a TAKKE Pe3yJbTaThl, MOJYYaEMbIE
Ha INOCJeLYIOMHX MIarax HTepaluH, npejcraBsenbi B Ta6a. 4.2, npuueM mocje NATH

. IIaroB HTepauuit mporecc eme He cxoautcs. IIpofosikas 5TOT mpouecc B TEYEHHE OAMH-
HAJAUATH 1IArOB HTepalui, NMOJYYHM, YTO IpOLeCcC HTepalUHi CXOMHTCS MPH CJaeLYIOHHX
3HAYeHHAX NapaMeTpoB:

) _ k.
Ay = 0,643m0; pi = i 1,555 -
Xme ~ (—1,247; —0,555; 1,000}. (@)

3a nckiouenHeM crnocoba, KOTOPHIM GhlT MPOHOPMHPOBAH BEKTOP Xpg, 3TH Pe3yJbTaThl
COBNAfalOT C TeMH, KOTOpLIe ObIIH MoJyueHbl B npumepe 1 (cMm. m. 4.2).

4.2, PesyabTaThi pacyetoB BTOPoi $opMbl XosneGanui
METOIOM NOCJEN0BATENLHRIX NPHOAHKEeHUl

Hpn6nu}xe1moex3)ﬂkaqeﬂue BeKTOp 2 (X), (X, (X)s (X), (X),
A 0 } -:0,802 —1,247 1 —2,155 | —1,623 | —1,416 | —1,326
-y =m 0l 0,198 —0,247 1 —0,052 | —0,346 | —0,461 | —0,511
|
0! 019 0,753 1 1,000 1,000 1,000 1,000

CoGerBenHble 3HaueHus (Aa)y/md 0,951 0,743 0,684 0,662 0,652
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ITocne onpenenenuss Bropoil GopMbl KosJeOGaHHH ee MOXKHO HCKJIO-
YHTh H3 CHCTEMbl YPABHEHHH C IOMOILLbIO NPOLENYDPHl, dHAJOTHYHOH TOH,
KOTOpasi MCIOJb30BaTach AJs HCKJ/IOYEHHsi neppod ¢opMbl KoJebaHHI.
Hcnosnb3ys ycaoBHS BBeJEHHSI JOMOJHHUTENbHBIX CBsA3ed X, = 0 H

Xps = 0, BBIpa3uM X, 4Yepe3 KOMIIOHEHTHl X3, ..., X, H IIPEACTABUM CO-
OTHOINEHHSl MeX1y MNepeMelleHUsIMH B CJAeLyIolleH MaTPUYHOH Qopme:
xi 1 0:0 ... 0 ||
Xo 0 Oedgg e dng Xé
— : ’
% =10 051 ... 0 || x| (6)
Xn 0 0:0 ... 1 Xn
- - — n - -
rue

_ Mss (XM Xmaz — Xm12Xmsi)
Mg (XMuXMzz— Xm12XMa1) ’ U

doo— — Man (XM Xmne —— Xm1zX¥mnl) ()
"3 My (XM11XM22 - XM12XM21) )

dzs =

Crosiiue B cKOOKax BbIpa)KEHHs SIBAAIOTCS MHHODAaMH MepBHIX ABYX
cTON610B MaTpHubl Xy, KOTOpble MOABJSAIOTCS B NPOLECCE NOJYYEHHS
pelleHHi JJs1 X,, BBIpAaXKE€HHBIX 4Yepe3 Xs, ..., X,. JlomoJHHTEAbHOE
(UKTHBHOE NepeMellleHHe x3 QUIypHpPYeT B KadyeCcTBe KOMIIOHEHT BEKTODa,
CTOSIIETO B NpaBoll yactd ypaBHeHHs (6'). DTo ypaBHEHHE MOXKHO Ie-
penucatb B 6oJiee KOMIAKTHOH Qopme

X' = Tg,X". (r')

Marpuua Ty, xapakrepusyer 3aBUCHMOCTb Xp, Xz, ..., X OT X3, ..., Xp.
IMoacranoko# Bolpaxenusi (r') anss Xy; B JEBY 4YacTb ypaBHe-
HuA (4.106) mosyuum

Ao XM = hiXmi, (4.108)

rae
A2 = AITBZ' (4. 109)

Tenepy ypaBHeHue (4.108), B KOTOPOM OTCYTCTBYIOT YJIEHBI, OINHCHIBa-
IOIKMEe BJAHAHHE NEPBbIX ABYX ¢opM KosneOGaHHH, MOXKHO HCIOJb30BaTh
B HTEpAlHOHHOH Mpouenype IJs OmpelejeHHs TpeTbeH ¢(OpMBl KoJe-
6anuil.

ITpHMeHsisi ONMCAHHBI NOAXOA K CHCTeMe, H3oGpaxeHHol Ha puc. 4.1, a, naiizeM
YTO NEPBOEC H3 Bblpa}KEHH}':[ (B,)

0,445-1,000 — (—1,247) 1000 1,692

&3 = 5445 (—0,555) — (—1.247) 0,802 — 0,753 —2,247,
a Marpuua
1 0] 0
Tez=]0 02247 | ()
0 0 : 1
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Vmuoxas Marpuiy A [cM. Bepaxenue (3)] cmpaBa Ha MaTpHIY, TOJYYHM

0 0% 0,555
Ay=mb] 0 0:—-0,692|. (e")
0 0i 0,308

Tperufi cronGen MaTpHUL A NpOMOpPIHOHANEH TpeTbeMy COGCTBEHHOMY BEKTOpY, MO-
9TOMY /51 ONpeJeJIeHH s MOCeHeH HCKOMOH GOpMBI KoJle6aHuil He TpeGyeTcsi IPHMEHSTh
ATepald. DoJiee TOro, Tperbsi KOMIIOHEHTAa 3TOr0 BEKTOpa paBHA COGCTBEHHOMY 3Ha-
genuto. TakuM o6pa3oM, HMeeM
Ay =~ 0,308md, p3 = 1/A, =~ 3,247k/m,

Xms = {1,802, 2,247, 1,000}. (x")
OTH 3HaAueHHs] COBNANAIOT C pe3y/bTaTaMH, NOJY4YeHHHIMH B mpuMepe 1 (cM. 1. 4.2),
3a HCKJIO4eHHeM BeKTopa Xmg, KOTODHIH 3/lecb HOPMHDOBaH HHaue.

Ecau cucreMa wMeeT JABa MJH 0oJsiee 00UHAKOBBLX COOCMBEHHBbIX 3HA-
4eHus, OHU OYIYyT B DABHOH CTeNeHH TIJIABHBIMH, H COGCTBEHHBLIH BEKTOD,

. K KOTOpPOMY OyJeT CXOJUTbCA HTEPAlHOHHLIM Ipolecc, B CBOIO O4epelb
3aBHCHT OT BbIOPAHHOI'O NepBOTrO NPHUOJHKEHHOIO 3HAYEHHs JJs BEK-
topa nepememenuii. C nomompio MaTpuusl Tg Kaxkablfl noc/enyrollHi
COBCTBEHHBI BEKTOP CTAHOBHUTCA OPTOTOHAJNBHBIM K IPEALIAYIIEMY
CO6CTB€HHOMy BEKTOpY, NPHYEM 3TO UMEET MECTO U B TOM CJydae, Korjaa
HMEIOTCS KpaTHble coOCTBeHHble 3HayeHHs. ITOCKOMbKY COOGCTBEHHBHIE
BEKTOPbI, COOTBETCTBYIOUIHE KPpaTHBIM COOCTBEHHBIM 3HaA4Ye€HHUAM, YacTo
HMEIOT HYJIEBbI€ KOMIIOHEHTHI, HeO6XO}IHMO BHHMATEJbHO O3HAKOMHUTLCA
C NpOBeJeHHEM Mpoliecca OPTOTOHAJNH3AUMH, YTOOB H30ekaTb JeJeHHs
Ha HOJIb.

B kauectBe IpoCTOro MpHMepa CHCTeMH C KDAaTHHIMH KODHSIMH BO3bMeM CHCTEMY,
paccMoTpeHHYIO B 3afaue 4.2.9 (cM. 1. 4.2), ¥ NpPeANOJOXHM, YTO TPH NPYXHHBI, Ha
KOTOpHIX 3aKpeljleHa Macca, pacloJIOXKeHH BJOJAb ocelt X, y H 2. [ToJoXKuB ky = ky =
= ky = k, HafileM MaTpuly A JJsi 3TOH 3ajaum:

1 00
A=FM=m§|0 | 0f.
0 01

Kak MoxHO yGenuTbcsl MpocTO NPOBEPKOH, COGCTBEHHbIE 3HAYEHHS NJS STOH CHCTEMbI

1= Ay = Ay = md. OnHaxo coGcTBeHHBIE BEKTOPH! 3/16Ch HEH3BECTHBI H HX HaJ0 Ompe-
JIeJINTb, HCTOJB3YSl TOT e MOAXOJ, YTO H IIPH pelleHHH NpeJblAyiero npuMepa. Beibop
NIpUGIHIKEHHOTO BbIpaxeHHsi JJsi BeKTopa B BHAE {Xy, Y1, 2;} = {1, |, 1} mnosBosser
YIOBJIETBOPHTb ypaBHeHHIO (4.103), m03TOMY 3TOT BEKTOp CTaHOBHTCS TMEPBBIM COGCTBEH-
HBIM BeKTOpOoM cHcTeMBl. [lepBas marpuua Tp; [cm. Bblpaxenns (x), (w) u (u)] Hmeer
BHJ

0:—1 —I
Teg=|0: 1 o0},
0: 0 1
a MaTpuiy A HaXOJAMM C IOMOHIBIO BHIpaxeHHs (4.107):
0i—1 —I
AIZATBI"—“ITZ(S 0 E 1 0
0: O 1

Has onpenenenns Bropoil (OpMHI KOMeGaHuii OMATL BO3LMEM MEPBOE NPHOIHKEHHEe
ANA BeKTOpa nepeMemeHuit B dopMe {x;; yq; 2,3 = {I; 1; 1}, Torma Ha BTOpPOM mare
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HTepalMil HaxojiuM BTOPOH COGCTBeHHBLI BekTOp {Xq, V3, 1} = {—2, 1, 1}. Bropas
matpuua Tp, [em. Bupaxkenus (6°), (8') u (r')] npunumaer BuA

1 03 ¢
Toe={0 0i—1
00 1
C n0Mdmbxo 9TO#l MaTpUUbl U BhIpaxeHust (4.109) naxonuM MaTtpuuy A,:
00: 0
A=A T, =md|0 0:—1].
0 0i 1

Taxum o6pasoM, TpeTHH COOCTBEHHLIH BeKTOp paBeH {xi, Yy, 21} = {0, —1, 1} u opro-
TOHaJeH IBYM OCTAJTbHBIM COOCTBEHHBIM BEKTOpaM OTHOcHTeabHO MaTtpuusl M. IMozobnas
CHCTeMa COGCTBEHHHIX BEKTODOB He SBJISIETCS €IMHCTBEHHOH, HO OHAa YZOBJETBOpSIET
YCJOBHSIM OPTOTOHAJbHOCTH, BLINOJIHEHUE KOTOPHIX HEOGXOAHMO IJs1 COGCTBEHHBIX BeK-
TOPOB [pPH HCHOJb30BAHHH METOJa HOPMaAbLHBIX (OpM KoJjebaHHM.

Urepauuonuslfi nponecc NOHHKEHHS] 4Hcaa cTerleHed CBOGOABI CH-
CTeMBI, OIMUCAHHDIH BbIIIE, TEOPETHYECKH MOXKHO NPHUMEHSTh MHOTOKPATHO
JI0 TeX Top, MOKa He OYAYT onpeseseHbl Bce YacTOThl H GOpMbI KosieOaHH i
CHCTEMbl CO MHOTHMH CTeHeHAMH cBoGoibl. OnHaKO Kaxaoe coGCTBEHHOE
3HaueHHe U cOOCTBEHHBIH BEKTOp, OmpefessieMble TAKUM 06pa3oM, sIBJS-
I0TCSl TOJbKO NpubanxKeHHbIMH. [lo3TOMY npoBoiHMast Ha KaKJIOM Liare
oproronanusauus Oyjer HenoJHoH. BoJjee Toro, Kaxaoe MNOHHKEHHE
uuc/a creneHeil cBoGOAbl CONPOBOKAAETCS OIIHOKAMH OKPYTJIEHHS, KOTO-
pble HAaKamJauBaTCA ¢ KaXAbIM waroM. C BonpocoM 0 TOYHOCTH CBSI3aHO
H TO OOCTOATENLCTBO, UTO JJIfl TMOJyueHHs OOJbUIOr0 YHCJAA YacToT
i ¢opM kKoneGaHuHH TpeGyeTcsl BBIIOJHATh HEOOBIUHO O6O0JIbIIOE YHCTIO
apudMerHueckux onepaunit. CrenoBaTesbHO, Kak 00 3TOM yiKe FOBOpH-
JOCh B HauyaJse JaHHOTO naparpadga, HTepalHOHHBIH MeTOJ Jy4llle BCero
HCIIONBb30BaTh B TOM caydae, Korja tpeGyercsl ONpelesuTh TOJNbKO He-
CKOJIbKO HHU3IMIUX (opM KoJjebanuil. Kpome TOro, Heo6X0AMMOCTH BHI-
NOJIHEHHs GOJIBIIOTO YHC/a apHPMeTHUECKHX ONepanuil B caydae CHCTEM
¢ OueHb GOJIbIIHM YHCJIOM cTeneHel cBo6oAb TpebyeT npuMeHeHuss DBM,
0co6eHHO Torfa, KOIla TPYAHO npenyranaaTbh Gopmbl Kosebanuii. [TosaTomy
B TIPHJOXKEHHH K KHHPe JaH TeKCT nporpammsl Ha sisbike BEVICHUK,
noa uaspanueM EIGIT3, koTopas nospossieT BBIYHCIATL TPH NepBble
COOCTBEHHble 3HAUeHHS H COOCTBEHHBIE BEKTOPBHl MATPHIBI ¢ MOMOLILIO
HTEPALHOHHOTO MeToja.

X0oTs HTepalHOHHbIA METOX NMO3BOJISET HAXOAUTb TOJIHKO HECKOJIbKO
COGCTBEHHBIX 3HAYeHHWH H COOCTBEHHBIX BEKTOPOB CHCTEMBI, 3TO He Me-
IIaeT HCIOJb30BaTh METOJ HOPMAJbHBIX GOPM KosMeGaHHH NpH onpejee-
HHM JUHAMHYECKHX TepemMelleHHH B cHcreMe. Ecau HalijeHn n, ¢opM
Kosebanui, rae n; < n, Mmarpuna gopm (uaun Xpy) COIAEPIKHT BMECTO 1
TOJILKO 1, CTOJN6LOB. Takasa npAMoyro/ibHasg MaTpHIla He HMeeT 06paTHOH
MaTpHIlbl, MOITOMY BMECTO BLIpaXKEHHH, CoJepiKaiiHx ob6paTHble MaTt-
PHIIBI, CJEYEeT HCIIOJIb30BaTh BhIpaxeHus (4.44a) u (4.446), B KOTOpHIX

HMEIOTCSl TPAHCIIOHHPOBAHHble MAaTpULbl Xy H Xp; HPH 3TOM Yyjaercs
ONpENeNUTh TOJHKO 1, TNEpBbIX HOPMaJbHBIX (GOPM KoJeGaHuiH, Toraa
KaK BJAHAHHEM OCTaNbHBIX GOPM KoJe6aHuil Ha CyMMapHoe JHHAMHYecKoe
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nepementenue npeneéperaeM. ITonoGueiii ynpomeHHbBIH BapuaHT MeTOAA
HOPMaJibHBIX (POpPM KoJ1e6aHUl GYyIeM HasbiBaTbhb MEMoGoM YyCedeHHbix
opm Korebaruil. B 310# cBS3U B 3a1ayax A5 CHCTEM, B KOTODHIX HMe-
eTCsl TOJBKO HECKOJNbKO COOCTBEHHBEIX (OpM KoJebGaHHH, OCTPO BCTaeT
npo6seMa GOJBbIIMX YHCEJ.

3pech He ObLIO DAcCMOTPEHO NPHMEHEHHe HTepalHOHHOTO METO/A
K 3a/1a4aM Ha COOCTBEHHbIE 3HAYEHH S, IPEACTABJIEHHBIM B BHE Y PABHEHHH
JBHXKEeHHs B ycunuax [cM. ypaBHeHue (4.17) ], NOCKOJBKY IVIaBHBIM NPH
3TOM OblH OBl HanOoJbIIHE COGCTBEHHBIE 3HAueHHs pi. B 3ajaue, B KO-
TOPOH MpOILE ONpefessioTcsl KO3h(HUHEHTb XKEeCTKOCTH, a He MNojaT-
JINBOCTH, MOXKHO BCerja o0paTHTb HEOCOGEHHYIO MaTpHIY XKecTKocTed S
H TEM CaMbiM HOJYYHTb MaTpuLy mnojatiuBocrell F, KoTopas uMeercs
B ypaBHeHHuH (4.103). C 1pyroH CTOPOHBIL, /IS nOAYONpedesenH ot cucmemsl,
MaTpHlla KEeCTKOCTeH KOTOpOH sBJseTcss ocobeHHOH, TpeGyercsi mpo-
BOJHTBH Criellda/ibHOe HCccedoBanue. B sToM ciydae MaTpHIb! KecTKOCTeH
H TOJATJIHBOCTEH CJelyeT pelyLHpOBaTh NMyTeM Nepexofia K HOBOH CH-
CTéME KOOPAHHAT, YTOOBI HCKJIOYHTH (GOPMBI ABUXKEHHS KaK aGCOJIOTHO
JKECTKOr0 TeJia, KOTOPBIE MOXKHO ONPEJENHTDh C MOMOIIbI0 MPOCTOro pac-
CMOTPEHHSI H COCTABHTh NPOLEAYPY IS HCKIIOYEHHS 3THX (opM.

JlonycTHM H3BECTHO, YTO KOJIEGJOASICS CHCTEMA HMEET TOJILKO OJHY
(dopMy IBHKEHHS KaK abCOJIOTHO KECTKOro Tesa, KoTopas o06o3HaueHa
KaK TepBbl#l COOCTBEHHBIH BeKTOP Xp;. ITy QOPMY HCKJIKOYUAEM H3
CHCTEMBbl yDABHEHHH [IBHKEHHS B YCHJIHMAX, 33[aB CHeLHAJIbHOE yCJIOBHE
JONOJIHUTEJNbHOTO 3aKpenyieHHss B BHAe xp, = 0. 3aTeM cTpouM yce-
uennyw mampuyy npeobpasosarus T,n,, COCTOSILYIO H3 mOAMATPHIBI
n X (n — 1) marpuuer Ty, cnpasa ot pasiensionieil THHHY B BbIpaXKEHHH
(x). B panHOM cayyae BOCHOJIB3YeMCS COOTHOLIEHHEM

X———Tonlxonl» (4110)
BbIPAXKAIIIUM 3aBHCHMOCTb BeKTopa X = {X;, Xy, X3, ..., Xp} OT BeK-
Topa Xop = {Xg, X3, ..., Xp}. IlocAenHHil BeKTOpP He CONEPXKHUT (HK-

THBHOIrO HnepeMmelieHus x{, KOTOpO€ HCIIOJb30BaJOCh B MaTpHIE TBI'
HOCKOJIbe KOMIIOHEHTBI MaTpHIbI Tonl He 3aBHCAT OT BPEMEHH, MOXKHO
‘TaAKXXe 3alucaTrb

X= Tonlxonb (3’)
rie Xom = {Xg, X3, ..., Xp}. IloAcTaBasii Beipaxkenus (4.110) u (3")
B YPaBHEHHs IBHXKEHHS B YCHJIHSIX, 3aNMCAHHbBIE IJIS CaAydas cBOGOAHBIX
KoneGanuit [cM. ypaBHenue (4.30)], u ymHOXas pesyjbTar cieBa Ha
Marpuny Tom, momyunm

;HIMTOI'HX‘OHI ‘]— T:IIISTOHIXOHI =0
HJIH

Moulxoul ‘]‘ Sonlxonl =0, (4. 11 1)
rjue

Monl = T;mMTonl, Sonl == T;nISTonl- (4' 1 12)

3nech Moy ¥ Sy — KBagpaTHble CHMMeTpHYHBIE MATPHIbBI MOPSAKA
n — 1, a ypaBuenus (4.111) npeacrapasiior coGoH ypaBHeHHS IBHKe-
HHsl, npeo6pasoBaHHble K PelyHHPOBAHHOH CHCTEME KOODAMHAT, B KOTO-
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PbIX HCKJIIOYEeHBl NMepeMelneHHs Kak abCoJIIOTHO KecTKoro Tesa. B srtoit
CHCTEME KOODAMHAT MaTPHILY XKeCTKOCTeH S,;; MOXKHO o6paTHTb, B pe-
3yJbTaTe NOJYYHM MATPHLIY NOAATIHBOCTEH

Foni =S(—)rlxl- (4113)

I1st MOAroTOBKM NMPHMEHEHUS €€ B AaJbHEHIeM K pelleHHIO 3ajayH
Ha cofCTBEeHHBIE 3HAUeHHs, COOTBETCTBYWOILe#l ypaBHeHHsaM (4.111),
METOJOM II0CJeJOBATENbHEIX NPHOJHKEHHH 3anuuieM [pOH3BejleHHe

Aonl - Fonlmonl' (4 1 14)

Co6cTBeHHbIE BEKTOPLL, ONpeae/IsieMble ¢ IOMOLILbIO T0J06HOH NPOoLeay Phl,
n1peo6pasyioTcsi K HCXOAHBIM KOOpAHHATAM COTJIacHO Bblpaxenuio (4.110).

Ecnu B cHcTeMe HMeET MeCTO Bropasi (popMa ABH2KEHHS KaK 2KECTKOro
Tesa, omnpejeasieMas cOOCTBEHHBIM BEeKTOPOM Xpg, TpeOyercs BBECTH
BTOpO€ YCJOBHE, OTlpaHHYHBAWOILee IepeMellleHus, B BHIE Xry = 0.
Yceuennas Marpuua npeobpasoBauus T,p,, COOTBETCTBYIOLIAs 3TOMY
VCJIOBHIO, MpeACTaBJseT NoiMarpuly nopsaka (n — 1) x (n — 2) mar-
puubl Tg,, pacno/ioKeHHYIO HHKE H NpaBee pa3/eJHTeNbHbIX LITPUXO-
BHIX JIHHHH B BhipaxeHuu (6'). B 3ToM cayyae umMeeM COOTHOLIEeHHE

xonz = Tonzxouza (4- 1 15)
BLIpaxkaioliee CBs3b MeXAy BeKTopaMH Xony = {X3, X3y ..., Xp} H
Xome = {Xg, ..., Xz}. TloBTOpsAfA NpHBeleHHble BhLIIE PacCyKAEHHS,

MOxKeM cBecTH MarpHubl Mgy, H Sony K Marpuuam Mg, U Sy, € mo-
MOILLbIO CJIEAYIOILUX Npeo6pasoBaHUM:

Mope = T;n2M0anon2v Sonz = Tznzsoanonz' (4 1 16)

C gnpyroift CTOpOHBI, NOACTAaBHB BhipaxeHHe (4.115) B cooTHoweHHe
(4.110), nosyunm

X = Ton2Xonz, (4. 1 17)
rjpe
To.n2 = Toanon2- (4. 1 18)

Kom6unuposannass marpuua Tgpe mopsiika n X (n — 2) Bbipaxaer
3aBUCHMOCTb BeKTopa X oT BeKTopa Xopy, H PaBHA NPOU3BENEHHIO Mar-
Tpull Toyy # Tope mopsigkoB cooTBeTcTBeHHO 12 X (B — 1) u (n — 1) X
X (n — 2). C noMouipio 3T0H KOMOMHHPOBAHHOH MaTPHILBI MOXKHO Hpe-
o6pasoBath Marpuibl M u S HenocpencTBeHHO B MaTpHLbl Moy, H Sops
C TIOMOIIBIO CJEIyOIUX Npeobpa3oBanuil:

Mone = (Ton2)" MTons,  Sone = (Tonz)” STone. (4.119)

ITonoGHbIH mpHeM MOXKHO PacHpoCTPaHHTh HA CJaydyail NPOH3BOJBHOTO
yucsaa GopM ABHKEHHH KaK aGCOJIIOTHO KECTKOTO TeJa, CYLIEeCTBYIOLIHX
B JAHHOH cHUCTeMe.

ﬂﬂﬂ HJANIOCTPALMH 3TOr0 METoJa NPEANoJOXKHM, YTO NepBasg NpPyXKUHA B CHCTEME,
usobpaxennoit Ha puc. 4.1, a, uMmeer XecTkocts ky = 0. Eciu kg =ks=Fk u my =
= Mg = mg = m, TO MaTpPHUH KECTKOCTEH M MacC HMewT BUJ

1 —I1 01 - 1 00
S=*k{—1 2 —15; M=m|0 1 0].
0 —1 1 0 0 1
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[poBepkoli y6exaeMcsl, UTO CHCTEMA SIBJSIETCS NMOJyonpejiefieHHol H 9To ¢opma, coot-
BeTCTBYIOHIAS JIBHXXEHHIO KaK a6COJNIOTHO 3KECTKOIO TeJsa, OMPEAeNSsICTCS CJeAYICIUM
BEKTOPOM:

C yueToM cKa3aHHOTO pelyUMpOBaHHasA MaTpHUa npeobGpasoBanusi Topy mopsiaka 3 X 2

HMEET BHJ
~—1 —1
TOIII = I 01. (H’)
0 1

Hcnoaw3ys 3Ty MaTpHLy, npeo6pasyeM MaTPHIbI Macc M KECTKOCTEH C HOMOUIBIO BHI-
paxenus (4.112) kK Buny

M [—1 : O] ><1) (1) 8 [_i T m[2 1] (')
om = M = H K
—~1 0 1|y o o 1 )

I —1  0)[—1 —I
~1 10 5 1
som:/e[ 1 } 12 [ | O]Zk[l 2]. (@)

—L 0 I o 1 0 1

O6pamas nocJejHIO MAaTpPHLY, NMOJYYAM MaTPHUY NOAATIHBOCTEH

[

- 8 2 —1 ,
o Sonl T [_1 5} . (M )
Hanee, B COOTBETCTBHH C BbIpaxkeHHeM (4.114) HalineM npousBejfeHHe
mé 1 0] ,
Aom = FomMom = -3 [1 3J . ="

Jlerko npoBepuTh JHOO MPSIMBIM peilenueM, GO METOJOM MOC/IEAOBATENbHEIX MPHOJIH-
MeHHH, 4TO COGCTBEHHbIE 3HAYEHHS TOH MATPHUBI CYTb Ay = md u Ay = mb/3, a cob-

crBenHble BeKTOPHl (Xomlmz = {0, —1}, (Xopi)nvs = {— 2 1}. l'Ipeo6pasyﬂ 5TH BeK-
TOPHl K HCXO/JHbIM KOODAMHATaM C MOMOLLbIO BblpaxKeHHS$ (4 110), ratizem

Xoe = Tom | ] = L(}] Xosa = Tom | )| = [—%] : (©)

4TO COBMajaeT C pelleHHeM, NOJY4YeHHBIM B nocjiefHel yacTu npumepa 1 B m, 4.2.

3AJAYH

4.7.1. Mcnonb3ysi MeTOJ MOCJAE0BATENbHBIX NPHOIMKEHHH, ONPEJETHTh COBCTBEH-
Hble 3HaYeHHS ¥ cOoOGCTBEHHHIE BexTopu JJIsl CHCTeMBI, H300paxKeHHOH Ha puc. 4.2, a.
Ipuustte my = mg = m, my = 2m, —~l~l—l——l

Omgem: My, 5 3 = 1 707ml/T O 500ml/T 0293ml/T

4 7.2. Peuluts 3ajjauy 4.2.2 MeTOJOM NOCJ]EJ0BaTeJNbHBIX NPUOIHKEHHH, TPHHAB
my = mg= 2m, my=m,

Omsem: Ay 5 5 =~ 2,618mb; 1,000m8; 0,382m8.

4.7.3. Pemints _sajauy 4.2.6 MeToOM IOCJIELOBaTeJNbHbIX NPUCHHIKEHHH, NPHHSB
my = my = m, mg= 2m.

Omgem: 7»1 2, 3 =~ 39,68a; 2,815a; 0,501 [ = mi3/(7T68E1)].

4.7.4. Pemnte sauaqy 427 METOJIOM MNOC/e0BaTeNbHbIX NPHONHXKEHHH, NPHHAB
my = my = 3m mg =

Omeem: p31,,3 ~0 246g/l 1,252g/1; 2,169g/1,
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4.7.5. PewuTts sanaty 4.2.8 METOAOM TOC/ENOBATENbHEIX NPHOAHKEHHH, NPHHSB
my = my = 2m, mg = m.

Omeem: by o 5 ~ 19,120; 4,0000; 1,884a [ = mh3/(144E1)].

4.7.6. PeuluTb 3azauy 4. 2.10 METOAOM IOC/JIeOBATeNbHbIX NPHONHKEHHH, NIPHHSAB
m=mu my= 3m.

Omsem: Ay, o, 3 &~ 76,32a; 8,978a; 0,700c [@ = mi%/(48E])].

4.7.7. PeinTs 3ajauy 4. 2 11 HCMOJIB3YS METOJ MCK/IIOYEHHS (dhopM ABHIKEHHS KaK
a6COJIIOTHO JKECTKOI'O Tela, OITHCAHHHIH B KOHIle 3Toro maparpada. [IpuusTs my = my =

= m, my= 2m.
Omgem: p?, 5,4= 0; 0; 6E1/(mi3).

4.8. JEMOI®UPOBAHHUE B CHUCTEMAX CO MHOI'MMH
CTENEHSMH CBOBOJbI

Meton HopMmasbHBIX opM KoJsie6aHWH, pacCMOTpPeHHBIH B mm. 4.3—
4.6, NpUMeHAJICA TaM TOJbBKO IPH UCCJIEIOBAHUSIX CHCTEM CO MHOTMMH
cTeneHsiMH CBOOOABI 6e3 gemnupoBanus. Yacto Bausinue gemndupona-
HHUS HA JUHAMHYECKOe MOBeJeHHe KOJeGIIOMUXCs CUCTEM HE3HAYHUTEJIbHO
1 UM MOXKHO npeHe6peuyb. Hanpuwmep, BiusiHHe HeGOJBLIOTO AeMI(UPO-
BaHUA Ha JHHAMHYECKOe I1I0BeJleHHe CHCTEMBI IPH JeHCTBHH BO3MYLAOIIeH
CHJIBl Ha HeGOJBLIOM TPOMEXYTKE BPEMEHH, OYEBHJHO, He GYNET 3HAUYHU-
TeJbHBIM. KpoMe Toro, AemndHpoBaHHe HIpaeT HE3HAYHTEJBHYIO DOJIb
IPH yCTAHOBUBIIEMCS AMHAMHYECKOM NOBEJEHHHU CHCTEMBI U IPH JeHCTBHH
Ha Hee BO3Myllalollell CHJBl B BHJe NepHoaHYeCKoH ¢yHKIHH, KOTjJa 4a-
CTOTa Bo3Mylawllell ¢yHKIHUH He GJIU3Ka K 4acToTe pe3oHanca. OfHaKo
IPY NEepHOJHYECKOM BO3MYIIEHHH C 4acTOTOH COOCTBEHHBIX KoJieGaHHH
uau Oau3KOH K HeH JemndupoBaHHe nNpHOOpeTaeT NepBOCTENEHHOE
3HaueHHe H JO/KHO YyYHTBIBaTbCA. [IOCKOJNBKY XapakTep €ro BJHSIHHUS
06BIYHO 3apaHee Heu3BecTeH, JeMI(HpoBaHHe OObIYHO BKJ/IOYAETCsI B pac-
CMOTpDEHHe NpH AMHAMHYECKHX HCCIeNOBaHHUAX A0 TeX HOp, NOKa He Oyler
BBbISIBJIEHO €r0 HCTHHHOE 3HayeHHe.

B ra. 3 paccMmarpHBaJsHCh CBOGOJHbIE H BBIHYXKJEHHbIE KoJeOaHHus
CHCTEM C JABYMs CTeNeHsIMH CBOOOJbl NpH BSI3KOM JAeMndHpOBaHHH, Te-
nepbp 3afiMeMcsl MCCJ€JOBaHHEM IOBEJEHHs! CHCTeM ¢ JeMndupoBafiHeM,
HMelomuXx n crenexell cBoGoapl. Koraa B cocrosime#i U3 Tpex macc cu-
CTeMe CHJbI CONPOTHBJEHHS CO3JAl0TCA THJAPaBJHYECKHMH aMOpPTH3aTO-
pamu (puc. 4.3), ypaBHeHHs] JABHKEHHS B YCHJHSIX MOXKHO 3aIlHCaThb
B CJeLyIoleM BHJE:

MX + CX - SX =Q, (4.120)
o, o, &,
C oKy K, Ky
Mvmmw m, my my
7 £y o] €2 Ly o) 0 Loy o) ,
Z X
T -, b
Puc. 4.3
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rie Matpuia aeMndupoBaHHs HMeeT 06obuieHHYI0 GopMY

CuCpCi ... Crn'|
Co1Cy2Cy5 ... Cyp
C=|CC5Cq5 ... Cy, |. (a)

_Cn1Cn2Cn3 s Cnn_

Kos¢hdHuureHTsl BAUSHHSA 3TOH CHMMETPHYHOH MAaTPHIBI GBLIH O peeTeHbl
BoilIe, B 1m. 3.7.

CHaya/na pacCMOTPHM CHElHaJbHBIE CHCTEMBI, B KOTOPHLIX MATPHIBI
neMndHpoBaHUsA SABJAAIOTCA JUHEHHHIMH KOMOMHALUSMHU MAaTpPHUIl Macc
H KeCTKOCTeH

C—aM LbS, (4.121)

rie a u b — nocrosuusle. [logoGHoro THma nemngupoBanue Ha3LIBa-
eTCs NPONOPYUOHAAbHLIM B CHJY JIMHEHHOCTH 3aBHCHMOCTH MEXZy Mar-
tpunamu C, M u S. B »3Tom cinyyae ypaBHeHus ABHkeHus (4.120)
MOTYT OBbITb NPUBEJEHBl K HeCBsA3aHHOH (hopMe ¢ moMollbio npeo6pasoBa-
HY A, aHAJIOTHYHOTO NPUMEHSIBIIEMYCS JJIs cHUcTeM 6e3 neMnpupoBanus *.
Torpa sTu ypaBHeHHs, MepenucaHHble B [VIABHBIX KOOPJAHHATAX, MPUMYT
BUJL :

Mr Xy + Cr X+ S X =Qy, (4.122)
rae

CF: xTMCXMzaMr+bSr (6)

3necy auarosanspHas marpuua Cp, KOTOpyw 6yAeM Ha3bBaTh 24a6HOL
mampuyed Oemnguposanus, npeictabiser co6olt JUHeHHYIO KoMOHHA-
o Matpull My 1 Sr. Korga martpuua ¢opm xoseGanuil HopMHpYyeTCs
IO OTHOLIEHHIO K MaTpuie M, mMaTpuuy AeMnupoBaHUs B HOpPMAaJbHBIX
KOOp/IMHATax 3amnuiiueM Kak

Cr=XuCXy=al-Lbp (4.123)

JuaronanbHasi Matpuua p? B 3TOM BBIPaXKEHUH HMEET B KauyecTBe 3Jie-
MEHTOB XapaKTepHCTHUECKHE 3HAUCHUS p? ISt TOH XKe CHCTeMbl 6e3 JeMIl-
¢upoBanus [cM. Beipakenue (4.36)]. [TosaToMy i-e ypaBHeHue ABHKEHHSA
B HOPMaJbHBIX KOOpJHMHATaX OY[eT HMMETb BH[

, N .
xm+(a+bp,-) xri+p?xri=qr[, 1= 1, 2, 3, R (N (B)

Urobbl chenaTh 3T0 ypaBHEHHE AHAJOTMYHBIM YPABHEHHIO AJIS CHCTEMbI
C OJHOH cTeneHblo cBoGoApl [cM. ypaBuenue (1.61) ], BBeaeM oGosnauente
Cri=2n;=a--bp}, vi=nip;, (r)

rae Cr; = 2n; — nocmoswnas Oemnguposanus no i-t popme, y; —

COOTBETCTBYWOUIeE 3HaueHHe Kodppuyuenma Odemnguposanusn. Ilox-
CTaBJisisi MEpBOe H3 3THX o603HaueHHH B ypaBHeHHe (B), MOJYYHM

jér;+2ﬂixri+p%xl‘i=qrh l:1, 27 3) A ] n" (4‘124)

* Cm. xn. Rayleigh J. W. S. The theory of sound, pp. 130—132, uurnpopan-
Hylo B n. 1.4,
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Kaxnoe u3 3TUX # ypaBHEHHUH SIBJSETCS HECBSA3AHHBIM CO BCEMH OCTAaJb-
HbiMY. [losToMy 1HMHAMHYecKoe TIepeMellleHHe, COOTBETCTBYoIee [-H
thopme KoneGaHHH, MOXKHO HAHTH TOYHO TAK Ke, KAaK 3TO AENANOCH IS
CHCTEMBI C OJHOH CTeNeHbio CBOGOABI C BA3KHM JAeMI(pHPOBAHHEM.
i Hcnonbsys o6o3naueHusi (r), MOXKHO BbIpa3uThb KO3(HIHEHT AeMI-
(upoBaHHA Y; 4Yepe3 NOCTOSIHHbIE @ H b
a-+bp’

V=g, (4.125)
OTo BLIpaXKEHHE MOJIC3HO NPH H3YUEeHHH BJMSHHS Ha AeMnbHPOBaHHE 10
COOTBETCTBYIOIIMM (opPMaM H3MEHEHHS NOCTOSIHHBIX @ H b U3 BbIpaxe-
uds (4.121). Tlonmarasi, manpu™ep, TMOCTOSIHHYIO @ paBHOH "HYJIO “TIpH
b 5= 0, nonyuyaeM, 4to Martpuua aeMndUpPOBAHHs NPONOPLHOHANLHA
MarpuLue KecTKoCTH. [logo6ubiii THN AeMndHpPOBaHHSA MHOTAA HA3BIBAIOT-
OMHOCUMENbHbIM, TIOCKOJbKY IOCJeqHee CBA3bIBAIOT C OTHOCHTEJIbHBIMH
KOOpJHHATAMH CKOPOCTeH nepemerieHuii. Takum o6pasoM, NpH yCJAOBUH
a = 0 Bopaxenue (4.125) umeer BuA

b
Yi= 5" Pi (n)

M O3HaYaeT, YTO KO3(DPHIHEHT AeMNPUPOBAHHS MO KaXKAOH TJaBHOMH
¢opme mpomopuHoHaJEH Kpyrosoil yactore 3To#l (hopMbl KoseGanuil 6e3
demnduposanus. CrefoBaTenlbHO, AHHAMHYECKHE NepeMeIleHHs, COOT-
BETCTBYIOIIIHE BBLICIUHM (opMaM KoJiebaHHH CHCTeMbl, OYRyT AeMndupo-
BaTbCsl CHJIbHEE H II03TOMY OBICTpee 3aTyXaTh, UeM IepeMelleHHs, COOT-
BETCTBYIOLIHE HHM3IIHUM GopmaM KoJeGaHHH.

C npyro#t CTOPOHBI, HoJsarasi OCTOSIHHYO b paBHO# HYyJI0 IpH @ %= 0,
noJjyyaem, 4YTO MaTpHua JAeMN(HPOBaHHUS INPONOPLHOHAJIbHA MaTpHIE
macc. TakoH Tun JeMndHPOBaHHSI HWHOTJA HAa3LIBAIOT QBCOAOMHbIM,
NOCKOJIbKY OHO CBsi3aHO ¢ a6COJIIOTHBIMH KOODAMHATaMH CKOPOCTeiH
nepemenieHHi. B sTom ciyuae Boipaxenue (4.125) ympoiaercs u npu-
HHMaeT BHUJ

Vi =%Pi~ (e)

OHo osHauaeT, 4TO KO3bGHLUHEHT AemndUPOBaHUS MO KaxkAoH (opme
KoJsieGanuit 06paTHO NPONOPLUHOHAJIEH YacToTe KoJjeGaHui Ges memmdu-
poBanud. Ilpu TakoM YcJOBHH HHU3IIHE (GOPMBI KoJeGaHHH CHCTEMBI
OyAYT NOAABJATLCS CHJbHEE, YeM BhICUIHE (HOPMEI.

Kak 6bl10 o6HapyxeHO *, yCJIOBUe, NPEICTABJISIEMOE BhIDAXKEHUEM
(4.121), siBasercsl JOCTAaTOYHBIM, HO He GYNET HEOGXOAHMMBIM YCJIOBHEM
CYINECTBOBAHHUA TIJ1aBHLHIX (opM KoneGaHHHA B JeMnhUPOBAHHBIX CHCTE-
Max. CyImecTBEeHHBIM YCJIOBHEM, BHITEKAOIHM U3 HANHYHS TVIABHBIX GOPM
Konebanui, sBJAsETCA TO, UYTO NIpeofpasoBaHHE MATPUIbBI AeMIpH-
poBaHHUsl K JHArOHAJbHOMY BHAY TakKe INPHBOJHT K HECBSI3aHHOH CH-
CTeMe ypaBHEHHH ABHKEHHSA. DTO YCJOBHE SIBJSIETCS MEHEE OTPaHHYH-

* Caughey T. K. Classical normal modes in damped linear dynamic systems. —
Journal Appl. Mech. Trans. ASME, 1960, v. 27, N. 2, pp. 269—271; To xe, 1965,
v. 32, N. 3, pp. 583—-588.
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TeJbHBIM, YeM OIHChIBaeMoe BolpaxkenueMm (4.121), u mnpexncrasaser
60JIblIIE BO3MOKHOCTEH,

Onnako B camoMm ofmeM ciaydyae Ko3(hhHIMEHTH BJIHSHHS AeMIH-
poBaHHs TAKOBHI, YTO MATPHLA AeMNPUPOBAHHS HE MOMKET ObITh NpUBE-
JeHa K JUaroOHaJbHOMY BHJY OJHOBPEMEHHO C MaTPHUIAMH MAacC H JKeCT-
koctell. Kak 6blo nokasano B m. 3.7, co6cTBenHble opMbl KoJeGaHUT
CHCTEMbI HMEIOT TaKHe COOTHOUICHHST MEXKIY CoGofi, KOTOphIe TPYAHO MOA-
jarotcst aHanusdy. CoOCTBEHHBIE 3HAYEHHS! MJIsT MOJOGHOTO poja CHCTEM
ABJAOTCA MO0 NEHCTBHTENbHBIMH H OTPHIATEJBLHBIMHU, JHGO KOMILIEKC-
HBIMH ¢ OTPHIATENbHBIMH JeHCTBHTE/IbHLIMH UacTsAMH uHcesn. Komiiekc-
Hple COOCTBEHHble 3HAUEHHS SIBJISIIOTCS KOMIJIEKCHO COIpSIKEHHBIMH
ypcaamMu  [cM. Belpaxenus (3.42a) u (3.428B)], a cooTsercTByIOMKE
UM COGCTBEHHbIE BEKTOPH! TAK2Ke SABJSIOTCS KOMIIJIEKCHO COTPSIXKEHHBIMH.
HOast uccienoBaHUst CHCTEM CO 3HAYUTENbHBIM JEMN(QHPOBAHHEM, TJE
006YyCJNOBJICHHBIE BJIHSHHEM CHJ COTPOTHBJIEHHS MHHMBIE UYAaCTH HMEIOT
60/IbIIYI0 BEAHYHUHY, MOMKHO BOCHOJIB30BAThCH MOAXOAOM, OMHCAHHBIM
B cratse K. Pocca *. ItoT moixof coCTOMT B mpeo6pa3soBaHUH CH-
CTeMbl 7 ypaBHEeHHH JBHKEHHs BTOPOTO NMOPsJKA B CHCTeMYy 27 HecBs-
3aHHBIX yDaBHEHHUII IEPBOTO MOPSAKA.

Her Heo6XoauMOCTH HCC/ENOBaTh cJa6o AeMNDHPOBAHHLIE CHCTEMEI
TaKHM CJIOKHBIM CMOCOOOM, OCOGEHHO C YY€TOM TOTO OOCTOSITENbCTBA,
4TO €llle HEAOCTATOYHO H3BECTHA CaMa MPHUPOAA sIBJAEHUS NeMN(HPOBAHUS
B (hH3nUecKHX cHcTeMax. [IpocTefimnm siBAsieTCs MOJX0J, OCHOBAHHBIH Ha
NPEANONOXKEHHH, UTO yPaBHEHHUS [BHIKEHHS TMPHBOAATCS K HECBI3aH-
HOMY BHJY C NOMOLIbIO MaTpHubl (PopM KoJeOGaHHH, MOJYUEHHOH IMs
cucremsl Ges pemngupoBanus. Jpyrumu cioBamu, MaTpuna Xy CUHTa-
€TC OpTOTOHAMBHOM gHe TobKO MaTpuuam M u S [cM. BbipaxeHust
(4.23) u (4.24)], no rakxke u marpuue C:

XICXms = X3 CXp; =0, (4] (4.126)

S4\0) JAONMYILEHHE O3HAYaeT, UYTO BCE BHEAUATOHAJbHbIE 3JIEMEHThI MATP HIHI,

noiyvawomefics npu npeo6pasosanur Buga Cr = XuCXpm, Maibl
H UMH MOXHO mpeHeOpeub. Kpome Toro, ynoGHee mosyuaTh 3HAYEHHS
KO3(QUIHEHTOB [eMNPUPOBAHUSA Y; I COGCTBEHHBIX GOpPM KoJeGaHH i
H3 3KCIEPHUMEHTOB, UYeM BBLIYHCJAATL KOI(DODHIHEHTH BJIHSAHHS AeMIGHPO-
BaHusi Ans noaydeHuss maTtpuubl C. Ilostomy¥nepenuiiem ypasneHue
(4.124) B dopme, B KOTOPOIl HCMOMB3YETCS KOIDMHUIHMEHT Y;:

Eri+2vipikri+ pixri=gqr:, i=1,2,3, ..., n. (4.127)

Ins Toro 4ToGbl 3TO ypaBHEHHE MOXKHO GbLIO MPHMEHSATH K CHCTEME CO
cabeiM femndupoBaHHeM, GyieM CUHTAThb, 4To AJs BceX GopM KoseGaHu i
Ko3(HIHeHTh. JeMNDHPOBAHHS NMpPHHUMAKT 3HaueHHs 0 < y; < 0,20.
Xapakrep neMnupoBaHHs, KOTOPOMY COOTBETCTBYIOT NMpPHHATHIE 3HAUE-
Hus * KoadduiHenTa JeMnQUPOBAHHS, HMeeT GOJbLIOE : IPAKTHYECKOE
3HayeHHe M HaswbBaercs Oemnguposaruesm no dopmam Kosebaruil.

. * Foss K. A. Coordinates which uncouple the equations of motion of damped
lmeaerdyréamic systems. — Journ. Appl. Mech. Trans. ASME, 1958, v. 25, N. 3,
pp. 361—364,
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Cuefiyer HanmoMHHTB, YTO 3TOT MOJXOJ OCHOBAH Ha IPHUMEHEHHH HOpMaJb-
HBIX KOODAMHAT jJIs1 CHCTEeMBL 6e3 IeMnbHPOBAHUS H 4TO 3HAYEHHS KO3(h-
dunenTos AeMnUpOBaHUS 33AI0TCA NPUMEHHTENBHO K 3THM KOOPIH-
HaTaMm.

Korpa uccienoBanusi npoBoJsT, paccMarpHBas AeMndupoBaHHE O
cootBeTcTBYIOWUM dopmam KoJseBaHHH, HHorAa Tpebyercsl HaliTH Mar-
TPUIYy OeMI(QUPOBAHUSA B HCXOJAHBIX KOOpAHHATAX. Ee MOXKHO MOJYYHTDb
¢ TNOMOUIbI0 06paTHOro Hpeobpa3oBaHHUA BHUAA

-1\T -1
C=(XH)"CrXg. (%)
OfHaKo BMeCTo TOTO, UYToObl HBITATBCA O6pamaTh MaTpuily Xy, BOCHOJb-

3yeMcsi cooTnomenneM Xi == XiM  [em.  Bepaxenne (4.446)], u
TOTAA BBEIPAXKEHHE (XK) MOXKHO MNPEACTAaBHTH B caepywomed opme:

C = MXyCrXiM. (4.128)

[Ipeo6pasoBanue Takoro BHaa ocoGeHHO YAOOHO TOrja, Koria BO BHH-
MaHHe NMPHHHUMAIOTCA He Bce coOCTBeHHBIE GOpPMBl KoseOaHUil, HanpHMep
npu ymeHbuleHHH (opM KoaeGaHui.

4.9. NOBEAEHHUE CUCTEMbBI C JEMII®HPOBAHHEM
NPU NMEPHOAUYECKHX BO3SMYIIEHUAX

Kak y:xke ropopusocs B npeasgyuiem naparpade, JemndupoBaHue
CTAHOBUTCS HCKJIIOUHUTENBHO BAXKHBIM B TOM CJyuyae, KOrja nepHojuye-
CKHE BO3MYLIEHHS] HMEIOT YacToTy, GJIH3KYI0 K OJHOH H3 vacToT cob-
CTBEHHBIX KoJsefaHUil cCHCTEMBbl CO MHOT'HMMHU cTeneHsMu cBobolpl. Botpoc
06 YCTaHOBHBIIHXCS BBLIHYK/JIEHHBIX KOJeGaHUsIX CHCTEM C JIByMs CTerne-
HSIMH CBOGOJBI HCCAE10BAJCS B M. 3.8 ¢ MOMOLIbI0 METOJA NepesaToYHbIX
GbyHKUUA. DTOT NOAX0] MOXKeT ObITb JIeTKO paclpoCTpaHEH Ha CHCTeMBI
C # CTEIEHSIMH CBOGO/BI, IIPH 3TOM OCHOBHBIE COOTHOMIEHHST [CM. BBIpaxe-
uust (3.51) u (3.52)] coxpausitor cBoio dopmy wuensmenHod. OpHaxo
pelleHHe B paMKax yKa3aHHOro nojixoja TpebyeT oOpaileHHsT MaTpHIbI
nopsiika n X f, coiep:Kaulefl KOMIJIEKCHBEIE yuc/aa. Ecian coO6cTBeHHBIE
3HaYeHUs] U COOCTBEHHBIE BEKTOPHI CHUCTEMBI NpeIBAPHUTENbHO OBLIH OIl-
pejieieHbl TeM MJIH MHBIM CIOCO60M, MOAXOLY C HCIIOJNb30BaHHEM Hepesa-
TOUHBIX (HYHKIHH Jydie MpearnoyecTb METOJ, HOpMasibHbIX (GopM KoJeba-
HUH. 3HAd YacTOTy H3MEHEHHsT BO3MYIIEHHH M COOCTBEHHYIO 4YacTOTy
KOJIe0aHHH CHCTEMBI, MOXHO HEMNOCPEACTBEHHBIM MYTEM ONpPeNeNHThb
JHHaMHYeCcKHe NepeMeltenus no dopmam Kojebauuil, UbH 4acTOThl OJTH3KH
K yacrore Bo3MyileHus. Huxe 6yayT paccMOTpeHbl BO3MYIIEHHS, HME0-
e BUJ JAHG0 OLHOH rapMOHHUeCKOW (YHKIHH, JH60 IPOHM3BOJBLHOTO
BHAa NEepHOJHYECKHX (YHKIHEH, npu 3ToM OyIer npeanosaratrbes, 4To
cHCTEMa HMeeT JIHOO NMPONopLUHOHaNbHOe AemnbHpoBaHue, JH60 AeMnbu-
poBanue o gopmam kKoJeGaHHH, aHaJOTHUHOE TOMY, O KOTOPOM T'OBOPH-
JOCh B TpejplayLleM naparpade.

Ecan ua cucremyfco cjabbiM jgemndupoBaHHeM AeHCTBYIOT CHJBL,
Ka)jasi H3 KOTOPBIX MPOMOPIIHOHAJbHA OfHON rapMoHHYecKoH QyHKIHU
cos @ ¢, BeKTOp ycuaH# Q MOXKHO NpPEICTaBHTb B BHJE

Q = P cos o, (a)
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rie
P:{Pl, P23P3:'-')Pn}' (6)

B Boipaxkenuu (a) BenHuuHB! P npefcTaBasiioT coGol CKasspHBIE MHO-
HHUTEJH Tlepell GyHKIUAMHI cos of. [TpeoGpasopanue ypaBHeHHs ABHMKE-
HHS B YCJOBHAX K HOPMAaJbHBIM KOODJHHATAM M03BOJISET 3aMHCATh TH-
NHYHOE YpaBHEHHe ABHKEHHs sl COOTBETCTBYIOMEH Gopmbl KoseGaHHH

Xri+2n%r; + pixri=gricosot, i=1, 2, 3, ..., n, (4.129)

TJ€ {gr; — NOCTOSIHHAs BEJHYHHA. DTO YDaBHEHHE COBNANaeT 10 BHAY
¢ ypasrenueu (1.42). ITosTomy npencras/ienue ans i-it GopMmel Koseba-
HHHA CHCTeMBl ¢ JeMI}HPOBAHHEM NPH YCTAHOBMBIIEMCS MOBEISHHH MO-
JKHO B3fITb B CJEAYIOIIEM BHIE:

xri = (qri/p}) Bi cos (of — 6;), (4.130)
rie Ko3GGUIMEHT YCHICHHS
Bi= 11/ (1 — o’/pi)* + (2v:0/p:)?, (4.131)
a ¢asoBblid yroua
0, — arctg 1_2—_3%%)5 (4.132)

Boipaxkenusa (4.130)—(4.132) mosiy4yeHsl, COOTBETCTBEHHO, M3 BBIpaKe-
Huft (1.46)—(1.48). Bripaxkenue (4.130) mis IuHaMHYecKuX mnepeMernie-
HHI MOKHO,, 3aTeM MpeoGpa3oBaTh C MOMOILbIO H3BECTHOH MNpOLELY Phl
BHOBb K HCXOIHBIM KOOpIHHATAaM.

JL71s1 Toro 4ToGH! ONIPeNe/IHTh epeMeleHus no Gopme, uMerLlel Kpy-
FOBYIO 4acToTy p;, HauboJsiee GAM3KYI0O K KPYrOBOH YacToTe H3MEHEHHS
BO3MYLUEHHUH, CJEeNyeT HCIOJNb30BaTbh TOJAbKO cToaben Xp; B MaTpuie
¢opm npu npeo6pasoBaHHUAX K HOPMaJbHBIM KOOPAMHATAM H HA0GOPOT.
BesenctBue ckasaHHoro Bbipaxkenue (4.64) npHHUMAaeT BHJ

gri = X1:P, (4.133)
a Bpipaxkenve (4.58) B n. 4.4 sanumeMm B dopme
X= ng.\'ri. (4. 134)

Ilpy Heo6XONHMOCTH 3TOT NPOLECC MOXKHO MOBTOPHTb M A/ JAPYTHX
¢opM KoseGaHuH, YbH YACTOTHl GJAH3KHM K YaCTOTE O.
¥ Korna BMecTo ypaBHeHHH ABHMKEHHs B YCHJIMAX HCIONb3YIOTCSA ypaB-
HEHHUSl B IepeMelleHHsIX, BEKTOD FapMOHMYECKHX NepeMelleHHH NpHHHU-
MaeTr BHJ

A = FQ =FP cos of = A, cOs wt, (B)

rie A, — BEKTOp nepeMelleHHi, BOSHHKAIMIMX [PH CTATHYECKOM NpPH-
noxenuu cua P. TTockoabKy K HOpMaNbHBIM KOODAMHATAM NEpeMEILEHHU

npeoGpasyloTcs ¢ noMoulbio o6patHoll Matpuus Xg = XpM, BBIpaXe-
HHue (4.133) B naHHOM ciyuae NpPHMET BHUJ,
8ri = Xi:MA,,, (4.135)
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rie 8p; — nocTosiHHasd BeJAMYHHA. DKBHBAJEHTHYIO Harpysky, CoOT-
BETCTBYIOILYIO - HOopMa/JbHOH (opme, HaxonuM H3 Bhipaxenus (4.77):

Gre; = PRor;. (r)

[MosToMy nUHaMHYECKoe IMepeMelleHHe CHUCTEMBl ¢ JeMIdupoBaHUEM IO
{-ii HOpMa/bHOH (opMe yCTaHOBHBLIHXCs KoseGaHnii [cm. BEIpamenue
(4.130) 1
Xri = 61"1'5,' COoS ((Dt — 01) (4136)

[Tpeo6pasoBanue 3TOro InepeMellleHls] BHOBb K UCXOJHOH CHUCTEMe KOOp-
JUHAT IIPOBOAUTCA B COOTBETCTBHU C BhIpaxkeHueM (4.134).

PaccmoTpum Tenepn cucteMy co ciabeiM AeMngupoBaHHeM, HAa KOTO-
pYIO A€HCTBYIOT Harpy3kHu, Kaxjaas U3 KOTOPBIX NPONOPLHOHAJBHA NPO-
H3BOJMLHOTO BUja nepuoauueckoit dyukuuu f (f). Torma ans BekTopa
ycunuii Q MOXKHO 3anucaTh ClAelylollee BbipaKeHHe:

Q=F ) =P (), (%)

rae Bektop P umeer Buz (6). Kak u B n. 1.1, npexacrasum pyHnkiuio [ (f)
B Buge psaga Oypoe [cM. Beipaxkenue (1.58)]:

f@)=ay+ Y (a;c08 jot -} b, sin jot). (4.137)
j=l1

Kosdduuuentel a;, b; H @, HaxoAUM M3 BbIpaXKeHHH, AaHaJOTHYHBIX
(1.59a)~—(1.598). .

Ilpeobpasys ypaBHeHUS JBUKEHHS B YCJIOBHSAX K HOPMAJbHBLIM KOOP-
JUHATaM, NoJyuyaeM ypaBHEHHE /sl NMPOU3BOJbHOH GopMbl KosebaHUi

S - 2ndp, 4+ piag, =g f @, i=1,2,3,...,n, (4.138)

rje ¢r; — NOCTOsIHHBE BeJauuuHbl. M3 pemenus 3agauu 1.11.6 caenyer,
4TO JHMHAMHYecKoe InepeMmelilenne 1no (- ¢opme KoaebaHui cuCTEMbI
¢ feMiipHpoBaHHeEM NPH YCTAHOBUBILEMCSH COCTOSIHHH MOXKHO IPEJCTaBHTh
B ¢opme

Xpy = _"pf_ [ao + ¥\ Bislay cos (ot — 03) + b sin (jot — )], (4.139)
i =1 .
rie Ko3$PHIHEHT YCHJCHHS

By = 1/V T — PP + (Crijolpiys (4.140)
a (pasoBbIl yroJa

2v;j0/p;

eij—-_arcth:W. (4141)

TlockoabKy cJoaraemble, BXOAsMe B BhipaxeHue (4.139) gns AuHa-
MHYEeCKHX TepeMellleHHi 1o {-# ¢opMe, JAIOT BKJAJbl, KpaTHBEE APYT
Jpyry, TO B 3TOM CJy4yae BO3HHKHOBEHHe pe3oHaHca (IpH jo = p;)
HMeeT ropasjo OOJbIIYI0 BEPOATHOCTL B Cjiyuae oOIIEro BHAA MEepPHOJIH-
yeckofl HYHKIIHK H MeHee BEPOSATHO B cjyuae, KOTAA BO3MYIILEHUS TpeS-
CTABJSIOTCST OJ{HOU rapMoHHYeCKOH dynkuuei. [TosToMy 3apaHee TpyHO
npeicKasarb, kKakasi U3 cOGCTBCHHBIX $opM Kose6aHHE OKaKeT HauboJb-
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jiee BJAHsSHHE HA 1oBeJleHHe cucTeMbl. QHAKO MOC/e TOro, Kak QyHKIHs
BO3MYIIAIOLLEH CHJIbI IpeJcTaB/ieHa B Bije psifa Pypbe, MOXKHO CPABHHTD
KaXKAy10 4acTOTY j® C 4acTOTOH p; H OTCIO/A CAeJaTb BbIBOJ O BO3MO2KHO-
CTH BO3HHUKHOBEHHSl OOJBbIIHX BBIHYXKJIEHHBIX KoJjeGaHHuH.

Ecau MCHO/b3YIOTCSl YPABHEHHS ABHIKEHUS B mepeMelieHHs1X, BEKTOP
epHOJHUECKHX TMepeMellileHHH A MOKHO NPEACTAaBHTbL B BHAE

A= Acr [ (), ()

rae Ag; UMeeT YKasaHHBIH paHee cMmblca. Paccyikzasi, Kak W BhllIe, BH-
[MM, 4TO B BeipaxeHuH (4.139) BenuuuHy qri/p; cheayer 3amMeHUTb Ha
6r;. Bo Bcex ciayuasx nosy4eHHble pe3yJ/bTaTbl npeoOpasyioTcsl K HC-
XOJHBIM KOOpAHHATAM C NOMOILbIO ypaBHeHHs (4.134).

Mpumep 1. Tlpeanosoxkum, YTO HAa NOKa3aHHYI0 Ha pPHC. 4.3 CHCTeMy ReECTHYIOT
BOSMYIIAIOIHE CUJbI, OMHCHIBAeMble MNEPHOAHYECKUMH OYHKUHAME @ = Q= Q3=
= P cos @, Tae @ = 1,25 V' k/m. HccaenoBaThb yCTaHOBHBIIEeCH JBHMKEHHE Macc,
npeanosarasi, 4to m; = My = Mg = m, k; = ky = kg = k n Kos3pduuHeHT nemMnbupoBa-
HHsI 1o Kajaofi raaBHofi dopme p; = 0,001 (1 = 1, 2, 3).

Peuwenue. KBajpaT KpyroBoi uacTOTHI Bo3Myllaiileli Harpysku (0% = 1,5625k/m)
OYeHb GIH3OK KO BTOPOMY COGCTBEHHOMY 3HaueHHIo cHcTeMbl (pi = 1,555k/m), HalileH-
HoMy B mpumepe 1 (cM. n. 4.2). CnexoBaTenibHO, MOXKHO OXHAATh, YTO OCHOBHOH BKJaj
B pe3yJbTUDYIOIHE JUHAMHUYECKHe IepeMelleHHsi 6yjeT AaBaTb BTopast dopMa KoJjeba-
HHH, HECMOTPSI Ha TO, UTO XapaKTeD H3MeHeHHs BO BPEMEHH BO3MYILIAIOMHX CHJ aHaJo-
ruueH mepBoit ¢opme KosebaHult cHcrembl. C IOMOIbIO BhipaxeHHs (4.133) onpenenseMm
HarpysKu, COOTBETCTBYIOLHE BTODOH HOPMaibHOH (opMe KOJeGaHHH CHCTEMBI:

1
- 1 P
qro = XpoP = —=100,737 0,328 -—0,591] 1 }P=0,474——.
Vm : Vm

Corsacuo Bbipaxenuio (4.131) kKosbdHUHEHT YCHIeHHs AJs1 BTOPOH (OPMEI KoseGaHHH

By = /Y (1 — 1,5625/1,555)% + 0,022-1,5625/1,555 =
= 1/1/0,0048232 - 0,020062 = 48,50.

W3 Boipaxkenns (4.130) onpenensieM AuHaMHYecKHe IepeMeIleHHsI, COOTBETCTBYIOI(HE
BTOpO# ¢opMme KosieGaHHH, NPH YCTaHOBHBLIEMCS ABHMKEHHH AeMN(MHPOBAaHHOH CHCTEMbI

xpy = ATE800 Py cos (at —0,) = 14,77 (P1k) V7 cos (at — 6y),
rae [cm. Bopaxenue (4.132)] umeem
0,02006 _ 2po0qr
92 = arctg W = arctg 4,159 = 76°29’.

[Ipeo6pasyss B COOTBETCTBHH C BhipaxkeHHeM (4.134) nepeMeuieHns mo BTOpoll (opme
KoJleGaHHH K HCXOJHBIM KOOpAHHATaM, Haiaem

10,89
P .
X = Xpo¥re = 4,84 - cos (0f —8,). - (X)
—8,73

MoxXHO BHIETb, YTO HAJHYHE MAJIOTO IO BeJHYHHE AeMNbHPOBAHHS B AAHHOH CHCTeMe
OKa3biBaeT GOJIbIIOE BJAMSIHHE HA JHHAMHYeCKHe IepeMelleHus, COOTBETCTBYIOIHE BTOPOH
dopme KoseGauuii., Ecau 6bI B 9TOH cHCTeMe AeMN(pupoBaHHE OTCYTCTBOBAJNO, KO3(QH-
IHEHT YCHAEeHHS GblT Gb paBeH Py = 1/0,004823 = 207,3, a asoBuiii yroa 6y = 0.
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[Mocrynas amanoruunbM o6pasoM, Mo-

F(t,) ' KEM onpejieinTh JHHAMHYECKHE IepeMelre-
HHSf, COOTBETCTBYIOIIHE IepBOH ¢opMe Ko-
P — 71e6anuii:
0,398
P
=1}10717 | — —
0 /v mjw [t Jirjw t X oS (@ —0)  (3)
0,895
wpl- H TpeTbe# ¢opMme KoJeGaHHH
0,0637"
Puc. 4.4 X — | —0,0794 _‘Z_cos (0f —0g).  (u)
0,0353

AMIUIHTYEl KOMIIOHEHT OGOHX 3THX BEKTOPOB MaJbl 110 CPABHEHHIO C aMIJIMTYAaMH H3
BelpaxkeHHs (k). OTciofa caefyeT, YTO JeMNOUPOBAHHE OKa3biBAeT HE3HAYHTEJbHOE
BJAHsIHHE Ha (opMbl Konebauuit (3) u (u).

Mpumep 2. Ha puc. 4.4 npeAcTaBied rpa¢uK H3MEHEHHs] BO BPEMEHH BO3MYyluamomieh
CHALl B BH/I€ NEPHOJHYECKOH (GYHKIHH C NPSIMOYrosabHOH (opMoll BosHbl. HccienoBaTh
YCTaHOBHBLICECH JBHXKEHHE CHCTEMBI C JeMn¢pupoBaHueM (CM. puc. 4.3) mo KaxJoH u3
HOpMaJibHbIX (opM KosiebaHHi, eclH BO3MYINAIOMasl CHJIa YKa3aHHOTO BHJA IPHJIONKEHaA
K NepBOH Macce.

Pewenue. Packnanrsass ¢ynknuio B pas Dypbe (cM. 3apauy 1.11.2), moayuum

F(t):Pf(t)z—‘;i<sinwt+%sin3wt+--->. (k)
PackiaanbiBas BEKTOD HAarpy3kH IO HODMaJbHHEIM KOOpJAHMHATaM, HaiJeM
F () Xan
Q- =XLQ=XL| 0 |=|Xuwu|F©®. ()
0 XHis

Hs Bripaxenus (4.139) onpesesisieM JHHaMUYeCKHe NMePEMEILEHHR CHCTEMBI O HOPMaJlb-
HbIM (hopMaM KoJseGaHHH

Xr= -iti X
Xpyy [Byy sin (0f — 011) + YsBy3 sin (30t — 0y3) + - ]/Pf
X | Xpiio [Boy sin (0f — 0y) + YsPog sin (30t — Opg) + ---1/P8 | ()
Xin1s [By sin (@0f — 03)) + Yy sin (30t — O35) + - --]/r3

OtHocsinuecs K JAHHOMY CJy4alo KOS(GHUUEHTH YCHIEHHS H (GasoBHE YV MOXHO
Ha#iTH u3 BeipaxeHuil (4.140) u (4.141).

4.10. HEYCTAHOBHUBIIEECSI NOBEJAEHUE CUCTEM
C JAEMII®HUPOBAHHEM

[Tpu McciefoBaHHAX HEYCTAHOBHBLIEIOCS MOBEJAEHHS CHCTEMBI BJH-
sHMe JeMndHpOBaHHA CIEAYET YUYUTHIBATH B TeX CAyuasX, KOrja AJH-
TEJNBHOCTb NPOMEXKYTKA BPEMEHH, NPENCTABIMSIONIAT HHTEPEC MJs HCCIe-
JoBaTesIs, JOCTATOYHO BEeJNHKA IO CPABHEHHIO C MEPHOAOM COOCTBEHHBIX
KoJe6aHull cHcTeMbl. EcaH 3TOT NPOMEXKYTOK Mas, Ho KO3(PQULHEHTH
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neMrHpPOBANHSA 110 COOTBETCTBYIOIHUM dopMaM KoJsieGaHHH CpaBHHUTEJIbHO
BeJUKH (y; > 0,05), manuune JemndupoBaHUsS MOXKET elle OKasblBaTb
3ameTHoe BausaHHWe. [Io3TOMYy B 1aHHOM naparpade st TOTO 4TOOH y4eCTh
BJIHAHHE JeMI(pHPOBAHHUSA [IPH HEYCTAHOBHBIIMXCA KOJeOaHHSIX CHCTEMBI,
COOTHOILIEHHUS, TNOJyuYeHHbe B 1. 4.4—4.6, 6yayT npeoGpasoBaHel NpH-
MEHHTEJbHO K HOPMAJbHBIM KOOpAHHATaM.”Tak ke, kakK M B NpejbILy -
meM naparpade, 3gech Oyler mpeiarnoJarathCs,?uro UMeeT MecTO JHOO
nponopuHoHaNbHoe AeMndHpoBaHHe, JHOO AeMndHpOBaHHE MO COOTBET-
cTByOUUM dopMam KoJeGaHHI.

B 1. 4.4 6nina chopmysnpoBaHa 3ajada o JMHAMHYECKHX MepeMelne-
HUSIX, BBIPAXKCHHBIX dYepe3 HopMaJbHbie (GOPMBI KOJeOaHWH CHCTEMBI
CO MHOTHMM CTENEeHSIMH CBOGOIBI, KOIJA HAauaJbHBIE YCJIOBHUS 3aJai0TCs
B BHJE NepeMelleHusa U cKopocTH. [IpH Hanuuuu aeMndupoBaHUs AHHA-
MHYECKHe IepeMellleHHs, COOTBETCTBYIOLME (- dopMe CBOGOAHBIX KoJie-
6aHuil cHCTeMBl, B COOTBETCTBHH C BhIpaxKeHHeM (4.55) J0/KHBI OMHCHI-
BaTbCAl CJAEILYIONHM BbIPaXKeHHeM:

Xr; = e (xOI‘i £08 py;t - fgz—j}:@ sin pnit> ) (4.142)
i

noJydyeHHbIM M3 BbipaxkeHus (1.35). Kpyrosasa uactora mpu pemMndupo-
BAHHBIX KoJeOaHUAX ompejessieTcsl Bhipaxenuem (4.142):

pu = VoI =1 = p VT, (2)
rge p; — Kpyroas uyacTtora HeJeMndHpoBaHHbIX KoJebauuii. [Ipeo6-
pasoBaHHe BEKTOPOB HauajbHbIX ycaoBuil X, U X, K HOpPMaabHBIM
KOOpPJAHWHATAM MPOBOJHYM B COOTBETCTBHH C BhIpa:KeHUAMH (4.56) u (4.57),
a aJyis npeo6pasoBaHus NepeMelieHii K HCXOJHbIM KOOP JUHATAM HCIIOJb-
3yeM Bbipaxenue (4.58).

Hu nemndupopanue no dopmam KoseGaHuil, HH OTHOCHTEJIbHOE JeMII-
¢dupoBaHue, NMpOMOPLUOHANBHOE MAaTPHIE KECTKOCTH, He OyAeT OKasbl-
BaTh BJIHSIHHS Ha ABHXKEHHsA CHCTEMBl KaK abCOJIOTHO KECTKOIO TeJa.
Biuanue Ha mojo6Hble IBHKEHHS CHCTEMbI GYIeT 0Ka3biBaTh aGCOMIOTHOE
JemndupoBaHHe, NPONOPLUHOHAJbHOE MaTpHIE MaccC, MO3TOMY JJIs Ta-
Koro Tuna jgeMmndupoBaHusl ypaBHenue (4.59) GepeM B Buie

fri -+ akp; =0. (4.143)
Pewenniem ypaBHenus (4.143) 6yger

a

, 1—e 9t
Xri = Xori + Xori | ———— . (4.149)

DTo pelleHHe MOXKHO HCIOJb30BAaTh BMeCTO Bhipaxkenusi (4.60) mpu He-
CJIeJOBAHHAX [BHXKEHHH CHCTEMBI Kak abCOJIOTHO KeCTKOro Tesa IpH
abCoOMIIOTHOM JleMndupOoBaHHH. 3JaMeTHM, UYTO €CJH BeJHuYMHa a = 0
(1. e. memndupoBaHHE OTCYTCTBYET), BbIPAXKEHHE B CKOOKAX MPHHHMAET

BH]
N p
(=)

U Torja pewmeHdHe npuo6Gperaer cdopmy (4.60).
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TouHo Takoro xe HeGOJBIIOIO H3MEHEHHS TMpPOUENYPHI, H3JOKEHHOH
B I. 4.5, Tpe6yercss M NPH ONpPEJENEHHH JHHAMHYECKHX IepeMelleHH
Mo HOpManbHbHIM (OpMaM TIpH JAEHCTBHH NPHJIOKEHHBIX Harpysok,
KOra B CHCTeMeé HMeeTCsd NPONOpLHHOHANbHOE JAeMIOHPOBAHHE WJIH
JemndupoBanue 1o dopmam KoJsebanuii. IIpeo6pazoBanue NMPUJIOKEHHHIX
HArpy30K K HOPMaJIbHBIM KOODAHHATaM IPOBOAUTCH B COOTBETCTBHHU C BHI-
paxenueM (4.64), Ho unrerpan [ioamens B Buipaxenud (4.67) caemyer
B3Th B RHJE

—n,t 1t

e 't nit’ . , ’
Ar; = '[e Gq Sin py; (¢ —t) dt’, (4.145)
0

Pni

200TBeTCTBYOLIEM BhipaxenHio (1.62). Ecau npeanonaraercsi, 4To umeeT
MecTo abcoJoTHoe AeMNdHpoBaHue, ypaBHeHHe ABHxKeHus (4.68) kak
abCo/IIOTHO KECTKOro Teja clelayeT B3aTh B dopme

Xr; -+ afri =qr:. (4.146)

Jaa cucrembl, HaxopslleHcs B NMOKoe B HavyalbHBIH MOMEHT BpEMEHH,
B KauecTBe pemleHHsl ypaBHeHHs (4.146) Bmecto BeipaxkeHus (4.69)
clefyer B3STb

e @ (t—t")
— jqu[ ]dt'. (4.147)

Ecau Hcnosb3yloTcsl ypaBHEHHs! [JBUXKEHHS B MEpeMelleHHSX BMECTO
yPaBHEHHH B YCHJHUAX, TO AJas Npeobpa3oBaHUs BeKTopa nepeMelneHui A
K HOPMaJbHBIM KOOpJHHATaM CJELYEeT HCIO0Jb30BaTh BhipaxeHue (4.73).
Kpome Toro, cooTBercTBytomas i-i HopMaabHOH dopMme KosneGaHuit 3KBH-
BaleHTHasi Harpyska [cM. Boipaxenue (4.77)]

Gro; = POr;. (8)
Hurerpan ioamens [Boipaxkenue (4.145)] npunumaer Bupg

t
2 , i
xpy = 4L gt [ i srrsin pyie — ')t (4.148)
Pni ;

Ilogo6Has ¢opma uHTerpasa ocobeHHO yao6HA NMPH UCC/IEIOBAHHUSAX IO-
BelleHHsl JeMIHPOBAHHBIX CHCTEM, Y KOTODBIX H3MEHsIOLIHecss BO Bpe-
MEHH IepeMelleHHss A MOXHO JIEPKO HaHTH H3 CTaTHYECKOro aHaJsH3a,
nof06HOTO TOMY, KOTOpHIH Obl1 omucaH B 1. 4.5.

O6ycrioB/eHHbIE JBHKEHHSIMH ONOp AHHAMHYECKHE MepeMEeIleHHsT 10
HODMAalbHBIM (opMaM KoJeGaHHH, paccMOTpeHHBle B 1. 4.6, Takxke Mo-
XKHO TIPeJCTaBHTb B NPeoGPa30BAHHOM BHJE, ITO3BOJSIIOIEM YUECTh KakK
NpONopUHOHAAbHOE JeMndupoBaHHe, TaK U JeMndupoBaHHe NO hopMam
koneGanuit. Bo MHOrux cayuasx mjs 3Toro Heo6XOJHMO TOJNBKO B Bbl-
paxenuax (4.145) u (4.148) Benmunusl ¢r; ¥ Op; 3aMeHHTb Ha COOT-
BETCTBYIOMHE MM Napbl grocu: H Oroenss Gromi ¥ Orom: HIH GFocu:
U Of ocu 7, BHIPAXKEHHSI IIs1 KOTOPHIX TpPHBOAMJAHCH B n. 4.6. Onnako
B TeX CJy4yaax, Korja 3afaioTcs IepeMenieHHs ONop, 3alHCaHHbIe B HC-
XOIHBIX KoopauHarax, BeKTOPBl Qociny Ageys Qon M Agy JOMKHBL OBITH
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npeo6pa3oBaHbl TaKuM 00Dpa3oM, YTOGHl WX BBIPAXKEHHUS YUYHUTHIBAAH
CBA3b MEXKAY CKOPOCTSIMH CBOGOJHBIX KOOpPAHHAT NEpEMEleHHil H orpa-
HHYEHUSIMH IO CKODOCTAM B onopax. Ecau ocHOBaHHE NepeMeliaercs
B HanpaBJIEHHH OCH X B COOTBETCTBHH C 3aKOHOM Xoex = Focu (f), YPaB-
HEHHsl JABHIKEHHS B YCHJHAX NPHUMYT BUJ

MX 4 €X 4 CoenXoen + SX + SucnXoon = 0, (r)

rie Coey — MaTpuula Kos>b(HLHEHTOB BJHAHHMA JeMOQUpOBAHHUS Ha
JBHXKEHHe Macc, 00YyCJOBJCHHOrO JBHXEHHEM ocHOBaHusA. [IpeacraBasis
ypasHenue (r) B dopme ypaBuenus (4.120), noayuum

MX + CX + SX = Qe = Qoew1 + Qocnzs (4.149)

Qocii = —SocnXoerns  Qoenz = —CocnXocn- (4. 150)

BekTopb-cTONGUB. Quey; B Qgepa HMEIOT B KayeCTBE KOMIIOHEHT 3KBH-
BaJIEHTHHIE HATPY3KH, COOTBETCTBYIOI[HE KOOpJWHATAM NepeMeIleHUH H
06yC/IOBJICHHbIE NIepeMEleHHeM OCHOBAHHS H €r0 CKOPOCThbI0. DTH cJara-
eMble MOXHO COXPAHATh pa3/ie/lbHbIMH B TeYEHHE BCEro HCCJAEJOBaHHS,
NpU 5TOM NpeoGpasoBaHHE K HOPMaJbHBIM K03(b(dHIHEHTaM NPOBOAUTCS
MO CJeAYIOUIHM BBIPAXKEHHAM:!

Ql" oCH —/™ XLQOCH = x}-—[roﬂl +‘ x;iQOCH 2= Ql" ocH ! + Ql“ OCH 2- (4 151)

Torna i-e ypaBHeHHe JBH:KEHHS B HOPMAaJbHbIX KOOpPAHHATAX NPHHHMAET
BHJ, aHasoruyHeiii (1.68):

rae

X+ 2030 4 DX =r o i =Troemnn T Troewir t=1, 2, 3.0
» (4.152)

Y, nakonen, nepexojs K uurerpany Jdioamensi [cm. Bbipaxenue (4.145) 1,
NOJTyYUM

_nit t

J enit’ (qI‘ ocH i1 ’i‘ dr ocss iz) sin Pri (t - t/) dt'.
0
(4.153)

e
Xri = Xrip + Xrie = o

Ato” BbIpaxenue coorBercTByeT (1.69).

HekoTopoe yCJIOXHEHHE pelleHHs NpHBEIEHHOro BBHIIIE NpHMEpa,
B KOTOPOM 3a/laBa/IHCh NepeMelleHHsI OCHOBAHHUS H €I0 CKOPOCTH, MOXHO
H36exaTb, €CJAd pPacCMaTPUBATh YCKOPEHHs OCHOBAaHHS H B3fATb B Ka-
4ecTBE KOOPAMHAT OTHOCHTEJAbHble HepemelleHHss X* = X — 1X,cq.
Kak 6bu1o nokasano B n. 1.13 [cm. Beipamxenusa (1.71) u (1.72)1, nas
CHCTEMBI C OJHOH CTeneHblo CBOOOMABI OTCYTCTBYET CBSI3b MEXKAY Nepeme-
LIlEHHSAMH H CKOPOCTSIMH Macc U OCHOBAHHSI, €CJIH 3aMUcaThb UX B OTHOCH-
TeJILHBIX KOOpJAHHATAaX. B 3TOM ciyuae MMeeTcsl TOJBKO CBSA3b C Hepe-
MelleHHSIMU OCHOBAHHS uYepe3 HHEPUHOHHbIE CHJbl, HO OHA aHaJOTHYHA
TOMY, UTO HMeeT MecTO B CHcTeMe 6e3 femnbupoBanus. C Apyroi CTOPOHH,
ecJd MpH aHajJH3e NPHHUMATb BO BHHMAHHE r HE3aBHCHMBbIX ABHKECHHHU
B MeCTaX 3aKpelJeHHsl, TO CAEeLYeT OTKAa3aThCsl OT KOHUENUUH JBHKEHUS
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OCHOBaHHsA KaK aBCcoMIOTHO KecTKoro Tena. B atoM ciyyae Heo6XxoaMMO
HENOCPeACTBEHHBIM 06pa3oM yUYHTHIBATH BCE CBSI3H MEXKAY CBOGOIHBLIMH
KOOpJHHATAMH NepeMellleHUH U XapaKkTepoM CBsizefl, HaJlaraeMuelX B OIO-
pax.

Mpumep 1. IIpennonoxum, 4TO Ha TPETLIO MACCy CHCTeMBbI, NIOKa3aHHOH Ha pHc. 4.3,
JeficTByeT Harpyska B BHJe cTyneH4atofi ¢yHKuudH Qz = P, mpu stoM @ = Q= 0.
Cunrasi, 4YTO B Haya/lbHbI MOMEHT BPEMEHH CHCTEMa HAaXOJHTCS B IIOKOE, ONPENEJTHTh
06YCJIOBJIEHHBIE 3TOH HAarPy3KOH JMHAMHYECKHE [epeMelleHHs 110 HOPMaJbHbiM (opMaM
CHCTEMBI ¢ AeMNdHPOBaHHEM,

Pewenue. Tlpeo6pasysi BeKTOp Harpy3KH K HOPMajbHHM KOODAHHATaM, MOJYYHM

0 Xna
p XHa

O6yc/ioBlIeHHbIE [EHCTBHEM CTYNEHYaTOH HAarpy3KH JHHAMHYECKHE [epeMeNleHHs MO0
HOpMaJibHbIM (opmaM (cM. npuMep 3 B . 1.12) HMeloT BHA

X [1 — gt (cos t 4+ sin t>]/ 2

H 31 Pt + a0 Pal P

Xr="F| X3 {I—e“”2t<cos pAQt-{-ﬂ—sin pa2t>]/p§ . (e)
Pna

1

X [l—e‘;"ﬁt<cos t -8 sin t> / :
3 H33 Pra Tpna Pr. J P?ah

Mpumep 2. [lpeamonoxunm, 4TO OCHOBaHHE CucTembl (CM. PHC. 4.3) mepewmemaeTcs
IO 3aKOHY JIHHEHHOH OYHKUHH Xoou= dif/t;, The dy — nepememenue Kak a6COMOTHO
JECTKOrO TeJa B MOMEHT BpeMeHH f;. OnpepesuTb AMHAMHYECKHE LiepeMelleHHs IO
HOPMaJIbHbIM (JOPMaM, CuUHTAasi, YTO B HAYaJbHHIH MOMEHT BPeMEHH cHCTeMa ¢ AeMNdupo-
BaHUEM HAXOIHTCS B IOKOE,
( 5Peutertue. BekTopbl 5KBHBaJIeHTHBIX HArpy3OK B COOTBETCTBHH C BbIPaXKeHHEM
4.150)

"k
¢
Qocni = —Socen¥ocn = -‘1!1—- M
1
[cy (%)
. dqt
Qocuz = —Cocnfocn=1] 0 —tl— .
1
0 J

[MpeoBpasys 3TH BeKTOPbl K HOpPMaJdbHBIM KoopAuHaTaM [cM. Bbipaxennue (4.151)], mo-
JYYHM

XH 1 XH 11
Qrocu = Qrocn1+ Qroene = —Iiltdi Xge |+ c}dl Xae|. (3)
1 1
XH13 Xn 13

JuHamuyeckue mepemelleHHs, OGYCJHOBJIEHHBE [efiCTBHEM Harpy3KH, H3MeNSIOmeHcCs
MO JIMHEHHOMY 3aKOHY:

kldlxﬂli 2ﬂi "‘nit 2'11 p?u - ﬂ.‘i-’ .
=—t -t e —= ¢o0s pyl — ——s——- sin py;t ]
1,p? P2 o° Pt PPai Pni ’ ()

ri1
i
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rae i=1, 2, 3 (cM. 3agauy 1.12.9). Kpome Toro, Harpyska Qr ocu g2, HMEIOILAs BHA CTY-
neHyatofl QYHKUHH, BbI3bIBAET CJEAYIONIHE [MHAMHYECKHE TEPEMENIeHHs 10 HOPMasb-
HbIM dopMaM (cM. npumep 1):

c1d1 XHy;

—n;t .
XTig = [1 —e " €OS pyif —}—i sin py;t (x)
tlp% X Pt pi¢ ’

rae i =1, 2, 3.

4.11. YACIAEHHBIE HCCJIEAOBAHHUSA HEYCTAHOBHUBIIEIOCH
NMOBEAEHHA CHCTEM

B n. 1.15 o6ecyxaanuch YMc/IEHHBIC PEWICHHS IS CHCTEM ¢ OJHOH
CTENEHBIO CBOOOIE], NPH JAeACTBUH BO3MYILAOMIER CUJBI, KOTOPbIE HEJIb3S
OBblJIO OIMUCAaTh aHAJHTHYECKHMH BBIpAXKEHUSMH. B JIBYX OCHOBHBIX NOJ-
X0JaX, HCIOJb30BABILHUXCS TaM, NPUMEHSJIHCh KYCOYHO-NOCTOSTHHBIE
U KYCOYHO-JHMHEHHBEle HHTepHOJHpYIOUHe (YHKUHU. YKa3aHHbIE MOJ-
XOJpl 3eCh 6y 1y T NPHMEHEHHl B METO/le HOPMaJIbHEIX POopM KoslebaHUi pU
HCCJIEIOBAHHAX HEYCTAHOBUBLIEroCs MOBEJEHHS CUCTEM CO MHOTHMH CTe-
nensmMu cBobosel. Kaxk u B npejpymux naparpadax, npejanoJaraeM,
4YTO HMeeT MECTO NpPONOpPUHOHAJbHOE AeMidHpoBaHHE WM Aemidupo-
BaHue 1o gopmam KoJaebanuii. [lockonbKy 3jiech notpedyercsi GoJIbiIoH
o0beM BBIYHCJAEHHUH, NpeJnoJaraercs, 4To METOAB!, ONUCHIBAEMbIE B JIaH-
HoM mnaparpade, OyAyT NPHUMEHATHCS C HCHOJb30BaHHeM DBM.

PaccMoTpyM BHayaJjie WHTEPNOJSALHIO KYCOYHO-NMOCTOSIHHOIO THIIA,
onucaHHnyio B 1. 1.15 (cMm. puc. 1.56). He Tepsist obuinocts, 31ech 6yaeM
UCIIOJb30BAaTh TOJNIBKO KYCOUYHO-IIOCTOSTHHOTO BHJAA (QYHKIHIO BO3MYIILAIO-
we# cuabl fy (Af;), KycouHo-ocTOsIHHAs (GopMa BEKTOpa CHJI UMeeT BHUJ,

Qu;=F, (At) =Pf, (At), j=1, 2, 3,...,m, (a)

rae Af; — wiar no BpeMeHH KOHEUHOH AJIMTEIbHOCTH, #1; — UHCJIO LIAroB.
B rako#i ¢opMe BesqHUMHBI KOMIIOHEHT BeKTopa P caykat ckansipHbIMH
MHOYKHTEJISIMH JUIsl TIPOH3BOJIbHOrO BHAA GyHKUMH fn (At;). Ecau on-
HOBPEMEHHO NPHKJIAJBIBAETCs] HECKOJIBKO BO3MYIIAIIUX CHJ, IPEACTAB-
JSIeMBIX TMOJOOHBIMH (GYHKUMAMH, ONPENeNSIOTCS JHHAMHUECKHE Mepe-
MeIlleHHsI, COOTBETCTBYIOLHE KaxXKA0H H3 CHJ, a pe3yJ/bTHpyloLlee AHHA-
MHUYECKOE IepeMellleHHe MOKHO OINPEJeIHTb, IPOCYMMHPOBAB Nepemelie-
HUA VIl KaXJOH CHJIBL.

[IpeoGpasoBanneM ypaBHEHHH JBHKEHHS B YCHJHAX K HOPMaJbHBIM
KOOpAHHATaM I[oJIyyaeM CJefylolllee ypaBHEHHE, 3alHCcaHHOe OTHOCH-
TeJbHO {-U GopMbI KoJebaHH:

Ep R 2n X b pixn =y, » i=1,23,...,n j=1,2, 3,..(.4,:11,54
154)

Te §r; ; — BEJHYHHA, [IOCTOAHHAA Ha JJIHHE j-r0 1Iara 1o BpeMeHH.
Hcnonb3sysa oipaxenne (1.766), HaliieM JuHaMHYeCKHe epeMelleHH s
1o {-# opme KoJsieGaHn# CHCTEMBI ¢ ieMIDHPOBAaHHEM B MOMEHT BPEMEHH f;

—n, Af, Xr, s Rr o1
xl'*i, j:@ e ]I:xl'*i,j_]_ COS pni At1+ RS pnil i, J lsln plli Atl +

Iri, j _ —n; At Ap L M g
+—p% [l e J(cospn,At,—I—pni smpmAtJﬂ. (4.155a)
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IMpoanddepennupoBaB 3T0 BLIPaXEHHEe 1O BPEMEHH H DasJesNHB PesyJb-
TaT Ha pp;, NOJAYUYHUM :

Eri, 51 ¥ ja

—n. Af; .
USSR ][“—xl'i, j-1 8in po; Aty

COS py; Atj—
Pni

Pni

_ ii_.(xn, ;1 €08 py; Aty - Thi i + i, g Sinpy; Atjﬂ -+
Pui Pni
dri,j —n, Af, | n} :
4 =L (1—}— —— | sin py; Af;. (4.1556)
P; p;u'

/

N

Bripaxenus (4.155a) u (4.1556) npenctaBasiioT peKyppeHTHbIe GopMyJIbl
JJ151 BBIYHCJIEHHS AUHAMHYEeCKHUX MepeMelleHHH PU KoeOaHHUAX CHCTEMBI
¢ feMngHpOBaHHEM MO KaxJ0H HopManbHOH (opme KosieGaHHH B KOHIe
KaxJoTo j-ro mara no peMeHd. OHH TakXke CJyXkaT HayaJbHBIMH YCJIO-
BUAMH IJ5 NepeMelleHHss H CKopocTH B Hauane (j + 1)-ro mwara. Ilpu-
MeHsil 3TH (OPMYJBl NOCJEN0BATENbHBIM 00Pa3oM, MOXKHO NPOCJEIUTD
HUCTOPHUIO U3MEHEHHMS BO BPEMEHH IUHAMHYEeCKHX NepeMelleHHH, COOTBET-
CTBYIOIIMX KaxXA0H HopMa/JbHOH opMe KosmeGaHUH. 3areM N0 H3BECTHBIM
COOTHOIIIEHHUAM NOJIy4eHHbIE Ha KaXKIOM llare nepeMellleHus npeobpasyem
K HCXOJHBIM KOOPAMHATAM.

Ecau i-a dopMa nepemelleHN#l CHCTEMBI NIPEACTABJSAET JBHAKEHHE KaK
abCoJIIOTHO XKECTKOTI'0 Tesa, BMECTO YKA3aHHBIX BRIIIE PEKYPPEHTHHIX ¢op-
MyJl CJeJyeT HCIOJAb30BaTh COOTBETCTBYIOLLME BHIDAXKEHHS, OIHCHIBA-
IollMe IBHXXEHHA KaK XecTKoro Teja. Hampumep, ecid B cHUCTeMe He
nMeercsl aGCOJIIOTHOTO AeMN(HpPOBaHHs, TO BMECTO BbipaxkeHHs (4.155a)
IJIs TiepeMellleHHs1 GepeM cJjefyiollee BbIpaxKeHHe:

. qri, ;
Xri, j=Xri, jo1 + ¥ri, j1 A+ —1-2—’ (AL;). (4.156a)
Beipaxenue (4.1556) s CKOPOCTH NMpPUHHMAeT BUJ
Xri, j == *ri, jo1 1 qri, j AL (4.1566)

OnHako cJjelyetT UMeTh B BUJY, 4TO, paccMaTpuBas abCoJIOTHOE AeMn-
¢dupoBanue, HEOGXOJUMO HCIOAb30BATH BbipaxeHus (4.144) u (4.147),
[OJMYYeHHBlEe B INpeiblAyleM mnaparpade.

Korna BMecTo ypaBHeHu!l ABUKEHHS B YCHJHSX HCIONb3YIOTCS YpaB-
HEHHUs JBUXKEHUS B NepeMelleHusiX, BEKTOP JHHAMUYECKUX NepeMeleHuH,
ONUCBIBA€MBIX KYCOYHO-TOCTOAHHBIMH (‘bYHKHHHMH, NPUHUMAET BHJI

Awj = FQu; = FPf, (M) = Aerfu (ML), j=1,2,3,...,n, (6)

rie A, — BEKTOP CTaTHYECKHX [epeMelleHUuH, OGYCJOBJEHHBIX Jeii-
crueM Harpysok P. Crenys To# ke cXeMme paccyKAeHHH, 4TO H B Ipe-
JBYIUX maparpadax, BUIMM, YTO MHOXKHTENb §r ¢, j/pi NIPH ClaraeMelx
B BhIpaxenusix (4.155a) u (4.1556) szech 3ameneH Ha Or;,;, 4To mojy-
yaercsa B pesyJbTare npeobpa3oBaHusi BeKTopa A;; K HODPMAaJbHBIM
KOOpIHHATaM.

JJist Toro YyTo6E MOKHO OBLJIO HCIIOJAB30BaTh PEKYDPPEHTHBIC (POPMYJIbI
(4.155a) u (4.1556), 6ma cocrasaena nporpamma Ha sassike bEMICHK
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51 BBIYHCJUTEJIbHOH MAaHIMHBI,
TEeKCT KOTOPOH NpHBeleH B MNpH-
JIOKEHHH. DTa nporpamma, HocCs-
mast HasBanue DYNACON3, no-
3BOJIsieT ONpeNensiTb  AMHAMHUe- 7%
CKHe TiepeMellleHHsl, COOTBETCTBY-
IOllHE TPEM MepBbIM ¢opMaM
KoJeGaHHi, KOTAa Ha CHCTeMY gu
¢ JeMI(pHpOBAaHHEM CO MHOTHMH

fo,H
10

N
cTeneHsAMH CBOGOIBI AeHCTBYyeT 105 X
BO3MYyIaollas CHlIa B BHIE KY- 7N
COYHO-TIOCTOSIHHOH ¢dbyuknun. 100
B Bepxue#t vyactH puc. 4.5 mpen- // \\
cTaB/ieH rpadHK H3MEHeHHs TAKOH 75 f \\
GYHKUHMH [y, IPH 3TOM ee YHCJIO0- ] // % \
Bble 3HaUeHUd, 3aJaHHble C HH- / ,/\‘ \
tepearom 0,5 ¢ no BpemenH, 7 11/ \ \
NpHBEJEHbl B YeTBEPTOM CTOJGIe // / N \\
Ta6n. 4.3. ra QyHKUHA, YMHO- 25 / NN

JKeHHasi Ha BEKTOD Harpysku ‘Z// \Q\\//

P =1{0,2; 0,3; 0,6}, ucnoan3so- NN

o RS
Bajach B KadyecTBe BO3MyILaoed g G ” te
CHJIBl JJISl CHCTeMbI, H300paiKeH-
HOH Ha puc. 4.3; B MNOCJAEIHHX Puc. 4.5

Tpex cToN6Hax TabaHuIbl IPEACTaB-

JIeHBI noJiydeHHsie ¢ noMouibio nporpammbl DYNACONS nanuble, onu-

CHIBAIOLHE HEYCTAHOBHUBLHIEECH TMOBeJeHHe cucTeMbl. kcronb3oBaHsl cie-

11yxoume JAHHBIE: A1y = My = My = 0,179-103 H-c?*/m, by = ky = ks =
= 0,179-10® H/M, 9, = v, = y3 = 0,05. Havanpnble ycnoBus HMenu

BHI: Xop = X2 = Xo3 = 0, Xo1 =Xy = X3 = 0.

Ha uuxue#t wactu puc. 4.5 npepcrabieHsl rpaduKu H3MEHEHHS BO
BpPEMEHH TepeMelleHHH Xy, X, U X3. BHAHO, 4TO OCHOBHOH BKJajJ B CyM-
MapHoe AHHAMHUeckoe IepeMellleHHe fAaeT nepBas QopMa KoneGaHui,
nepHoi KoTopblx paseH 14,1 c. Jlns BbifiBJeHHS Ha 3THX rpadukax Jo-
KaJbHbIX H3MeHeHHH, OOYyCJOBJNEHHBIX BJIHMAHHEM KOJEOAHUH TpeTbel
¢dopmbl, HEOOXOAMMO HCIONB30BATh HOCTATOYHO Manblfl IIar no Bpe-
MeHH. B JaHHOM npuMepe nepHOA COOCTBEHHBIX KoJieOaHUH MO TpeTbhei
dopme paBen npuMepHo 3,5 ¢ npu mnocrosHHoM mare Af = 0,5 c.

Temepp pacCMOTPHUM HHTEPIOJHPYIOUIYI0 (YHKIHIO KYCOUHO-JIHHEH-
Horo Tuma (cM. pHc. 1.57) H Bo3bMeM NPOH3BOJBHYIO QyHKIHIO f; (Al))
ot BpeMmeHn. Toria KycoyHO-NHHEHHBIH BEKTOD CHJ IPHHHMAaeT BHJ

Q,;=F,(At)=Pf.(At;)), j=1,2,3,...,n (B)
B 3ToM ciyvae, npeo6pasysi ypaBHeHHs ABHKEHHsl B YCHJIHSX K HOP-

MaJIbHLIM KOOpJHHATaM, mosaydaeM Ansi i-H ¢opMbl KoseGaHHH CHCTEMbI
ypaBHeHHEe CJeAylomlero BHAA:

. o q i
Erp o+ 20k 4 PRy = ry, o T ArtJJ ) (4.157)
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4.3. PeayabTaThl pacyeros, moJy4eHHbi€ C TOMOILbID
nporpammbt DY NACON3

j tj, c Atj, c fuj’ H Xy cM Xgjr M Xqje CM
0 0 — — 0 0 0
1 0,5 0,5 4,54 0,063 0,096 0,188
2 1,0 0,5 4,54 0,241 0,396 0,719
3 1,5 0,5 4,54 0,521 0,922 1,532
4 2,0 0,5 4,54 0,894 1,676 2,550
5 2,5 0,5 8,17 1,410 2,697 3,856
6 3,0 0,5 8,17 2,108 4,003 5,524
7 3,5 0,5 8,17 2,964 5,527 7,455
8 4,0 0,5 8,17 3,924 7,198 9,543
9 4,5 0,5 1,82 4,841 8,809 11,425
10 5,0 0,5 1,82 5,570 10,117 12,776
11 5,5 0,5 1,82 6,081 10,998 13,602
12 6,0 0,5 1,82 6,337 11,366 13,919
13 6,5 0,5 5,45 6,365 11,272 13,899
14 7,0 0,5 5,45 6,180 10,853 13,675
15 7,5 0,5 5,45 5,784 10,221 13,205
16 8,0 0,5 5,45 5,225 9,469 12,456
17 8,5 0,5 5,45 4,595 8,644 11,440
18 9,0 0,5 5,45 3,998 7,747 10,211
19 9,5 0,5 7,72 3,531 6,827 8,948
20 10,0 0,5 7,72 3,218 5,959 7,828
21 10,5 0,5 2,72 2,929 5,116 6,708
22 11,0 0,5 2,72 2,535 4,249 5,451
23 11,5 0,5 2,72 2,027 3,383 4,155
24 12,0 0,5 2,72 1,443 2,499 2,924
25 12,5 0,5 4,54 0,881 1,631 1,915
26 13,0 0,5 4,54 0,424 0,864 1,224
27 13,5 0,5 6,81 0,140 0,338 0,922
28 14,0 0,5 6,81 0,063 0,208 1,039
29 14,5 0,5 6,81 0,200 0,528 1,511
30 15,0 0,5 6,81 0,556 1,278 . 2,299

TJe 4epes3 (r;, ;1 OOo3HaYeHa BeJHYMHA BO3MYyINAOMEH CHJBL gr;,
MPHJIOKEHHOH K CHCTEMe B MOMEHT BpeMeHH f;_y. Kpome Toro, ucmous-
30BaHO oGo3Hauenue Agri,; =iqri,; — qri,j-1, KOTOPOE XapaKkTepH-
3yeT H3MeHeHHe CHJIBl gr; Ha ware Af; o BpeMEHH.

N3 Bripaxenusi (1.776) mosydaeM clenyioimee npeACTaBIECHHE /sl
JUHAMHYECKHX NepeMelleHu no i-# ¢opme KosebaHuil B MOMEHT BPEMEHH
{; CHCTEeMBI C JeMI(pHpOBaHHEM:

Erg, ja T Er, i
Pni

—n; Al
xr,-'jze t

] [xri, jo1 €08 pg; At; 4 Sil Py Afj] +

dri, j.1 —n; Atj ny .
+T[l*—‘e (COSpHiAtj+'p_m'SlnpﬂiAtj>}+
Aql‘i,j 2n; —n, At; (2ny pfu- —n? |
+—,;%—E[Atj~—7%-+e J(p_% cospniAt,-———p%smpm-Atj”.
(4.158a)
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TlponuddepeHHPOBAB 3TO BEIparKeHHeE 10 BpEMEHH H NOJENHB pesybTat
Ha pg;, HaWAeM

Xri s _ : X . nxn
T 1 RAL . _ -
MUTESP N Jl—xri, jop Sin pyg Aty - ZEbdt - ETh Il eog pos Ay —
Pai Pai

ni

e
—E[—(xrw 1 COS pu; Aty + *ri, - lpml Pri. j- = sin py; Al )]—I—

4 qr;gj_1 —n; At; (1 + )smpmAt +

Aq]"i,j —n, At n; R
—‘—W[l—e : J(COSpniAtj‘f“"; Sin pJ:(iAtj>:,' (41586)

‘Buipaxenus (4.158a)n (4.1586) npenctaBisior pekyppeHTHbie ¢op-
MYJIBI /155 BBIYHC/JICHHH AMHAMHYECKHX MNepeMelleHHH M CKOopocTeH CH-

4.4, Pe3yapTaThl pacueToB, NOJY4EHHBE C [OMOILbIO
nporpammel DYNALIN3

I tJ c AtJ c fﬂj, H X5 cM Xgjr €M Xqj CM
0 0 — 8,17 5,080 —5,080 2,540
1 0,5 0,5 6,36 3,188 —3,061 2,009
2 1,0 0,5 4,54 —0,925 1,323 0,963
3 1,5 0,5 2,72 —4,150 4,765 0,477
4 2,0 0,5 0,91 —4,270 4,986 1,229
5 2,5 0,5 2,72 —1,361 2,311 2,832
6 | 30 0,5 4,54 2,39 —0,810 4,295
7 3,5 0,5 6,36 4,440 1,775 4,845
8 4,0 0,5 6,36 3,703 0,231 4,374
9 4,5 0,5 6,36 1,168 3,790 3, 1589
10 5,0 0,5 6,36 —1,064 6,431 3,414
11 5,5 0,5 6,36 —1,440 6,520 4,506
12 6,0 0,5 5,90 0,081 4,397 6,446
13 6,5 0,5 5,45 2,202 1,971 8,230
14 7,0 0,5 4,99 3,414 1,227 8,900
15 7,5 0,5 4,54 3,109 2,766 8,151
16 8,0 0,5 4,99 1,912 5,461 6,583
17 8,5 0,5 5,45 1,016 7,379 5,232
i8 | 90 0,5 3,63 1,176 7.214 4,867
19 4 9,5 0,5 1,82 2,222 5,166 5,364
20 10,0 0,5 0,00 3,241 2,642 5,875
21 10,5 0,5 0,C0 3,284 1,140 5,065
22 11,0 0,5 0,00 2,103 1,179 4,171
23 11,5 0,5 0,00 0,317 2,024 2,141
24 12,0 0,5 0,00 —1,034 12,380 0,173
25 12,5 0,5 0,00 —1,306 1,384 —1,224
26 13,0 0,5 0,00 —0,693 0,770 —1,999
27 13,5 0,5 0,00 —0,030 —3,053 —2,502
28 14,0 0,5 0,00 —0,124 —4,392 —3,139
29 14,5 0,5 0,00 —1,161 —4,420 —4,041
30 15,0 0,5 0,00 —2,596 —3,658 —4,973
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CTeMbl ¢ JeMmn¢upOBaHHEM, COOTBETCTBYIOIIHX KaxJ0H HOpMaJbHOH
tbopme KoneGaHuil, B MOMEHT BPEMEHH {;; OHH TaKKe IO3BOJSIOT ONpe-
JeJuTh HayajlbHble TepeMElleHHe H CKOPOCTb JJIs HHTEIPHDOBAaHUS Ha
CJEAYIOUEM Iare 1o BPEeMeHH.

Ecnu i-s1 (hopMa COOTBETCTBYET ABHIKEHHIO KaK abCOJIOTHO XKECTKOIo
Tena, BbIpaxenue (4.158a) nns nepeMelieHHs CAEAyeT 3aMEHHTb Ha

, ari, j- Agp;. ;.
xr,-, i= xl-i’ j-1 —I—— xri, j-1 AtJ —I—— _F_,2]_1 (At])z + -%‘ (At1)3 (41593)
CoorBercTBeHHO, BhIpaxkenue (4.1586) s ckKopocTH 3aMeHsieTcsl Ha
X R Agpy -
Eri, j = Ari, s+ Gri, o O+ —T2EL (AR, (4.1596)

Ilpu sanucH 3THX BeIpaX(eHHH NOAPA3yMeBaJoCh, YTO B CHCTEME HET
abcomotHoro femnuposanus. [lanee cieayet HCoONb30BaTh BbIPp aXKEeHUS
(4.144) u (4.147).

Ecan BMecTO ypaBHeHHH JBHXKEHHS B YCHJHSIX HCIOJb3YIOTCS ypas-
HEHHs1 ABHMIKEHHsI B IEPEMEINEHHAX, BEKTOP NEpeMElleHHH A;;, ONHCH-
BaeMblX KYCOYHO-THHEHHBIMH (YHKIHSIMH, MOXKHO NPEACTaBUTh B (opme

Apj=FQu;=FPfy; (Af) = Aefn (ML), j=1, 2, 3,....n. (V)

B pamkax Taxkoro noxxona B BhipaxeHusaX (4.158a) u (5.1586) muoxu-
TeJH qr ¢, j—1/pi ¥ Agr ¢, j/p} cienyer 3aMeHHTb COOTBETCTBEHHO Ha Or ¢, j1
H Aﬁr iyjr

fasH JIJsl  BBLIUHCJEHHH C MOMOLILbIO
1 dopmya (4.158a) u (4.1586) Gblia
% / COCTaBJIEHa BTOpas MNporpaMmma
5 s OBM,  zanucaHHas  Ha
%/ sstike BEWCHK u Haspannas
DYNALINS3. 9ra nporpamMMa mo-

% Xy 3BOJISIET ONpEJEeJHTh JHHaMHYe-
o /\ X CKOe IlepeMelleHHe INpH KoJeGa-
75 ™ HHSIX IO IepBHIM TpeM (opmam
\ \ JeMnHpPOBAaHHOH CHCTEMBI €O
/ X MHOTHMH CTENeHsIMH CBOGOABI, Ha
i / \ II 1 KOTOPYIO J€HCTBYeT BO3MYIla-
(W1 VA ,\' lomasi cujla B BHAE KYCOYHO-
25 N /-_\,/\ )\V\ JauHefiHofi pynkuuu. Ilporpamma

SO

~—
y
L/

=
p

DYNALIN3 wMoxer ObITb IIO-

0 t7~—| JyYeHa 3aMeHOH B mporpamme
I\ \/ / \\( DYNACON3 HeKoTOpBIX CTPOK

i v A B Ipouesype, B KOTOPO# HC-

\ HO/ML3YIOTCS PEKypPPEHTHBIE POp-

\\ Myas H Bxozsmue B HHX npH-

palieHus.
te Ha puc. 4.6 B BepxHeli yacTH
Puc. 4.6 npeacraBieH rpaduK H3MEHEHHS




BO BPEMEHH BO3MYUAIOWIEH CHJIHI f; KYyCOUHO-JINHENHOIO THIIA, a ee 3Haue-
HHf, NIOJIyYEHHbIE HA HHTEpBaJaX BpeMeHH, paBHbix 0,5 ¢, npuBoaaTCA
. B 4eTBepTOM cTosGLe TabJ. 4.4 Tlpy McmoNb30BaHMH 3HAYEHHH BEKTOpa
Boamymaiomed cuael P = {—0,3; 0; 0,6;} u BekTOPOB HayaMbLHBIX yC-
qosuit Xo = {2; —2; 1} u X, = {0;10; 0}, a rakxe NpexHHX 3Haye-
HUH 1apaMeTpOB, XapaKTePU3YIOWHX KONEGTIOYIOCs CHCTEMY, C IIOMO-
mpto nporpavmel DYNALINS Gbiu onpenesnensl aunammyeckue mepe-
MELUEHHs], 3HAYEHHA KOTOPHIX sl COOTBETCTBYIOUIHX (hopM KoJeBaHHi
NpHBEJEHBl B TpeX INocJexHUX cronbuax tabna. 4.4. B Huxueii uyactu
puc. 4.6 npexcrapienst rpadHKH H3MEHEHHA TeEpeMelleHH X1, Xg U X3
B 3aBHCHUMOCTH OT BPEMEHH, H3 KOTODPbIX BHAHO, YTO XapaKTep 3afaHHbIX
HauaJbHbIX MNepeMelIEHHH 00YyCJIOBIUBAET 3aMETHOE HCKaXeHHe koJeba-
HHU#A Tpetbedl ¢opmbl. [TockosbKy Bo3Myllalowias CHJa JEHCTByeT Ha
CHCTEMY TOJIbLKO Ha HHTepBajle BPEMEHH AJHTesIbHOCTBIO 10 ¢, mocaexy-
IOLIHe THHAMHYECKHe NepeMeLIeHHs] CHCTeMBl Oy Iy T ONpPeesiThCs TONBKO
CBOOOJAHBIMH KOJECGAHUSIMH 3TOH CHCTEMEI.

11 Tumomwenko C. 1. u ap.



I'nasa 5
KOJIEBAHHUSA YNPYITUX TEJI

5.1. BBEJEHHE

Bce coopyzkeHHsl U MallMHBI COCTOSIT M3 YacTeH, KaxKaas H3 KOTOPHIX
ob6/1agaeT Kak Maccoll, TaK M 2KecTKocThbio. Bo MHormx ciayuasax 3TH
YaCTH MOXKHO NyTeM HAeaNH3aluH NPEJCTaB/AsITh KaK COCPEIOTOUYEHHLIE
B TOUKE Macchl, abCOJIIOTHO KeCTKHe Teja MU AedopMHpyeMble HeBeco-
Mble 3JieMeHTHI. [lofoOHBIe cCHCTEMBI 00a1al0T KOHEUHBIM YHCJOM CTele-
Hell cBOGOJEI, INO3TOMY HX MOXHO HCCJAEIOBATh C IOMOILBIO METOJOB,
ONMCAHHBIX B NpebAyIUX IsaBax. OIHAKO HEKOTOPHIE CHCTEMBI MOXXHO
HceseioBaTh U B 6oJiee CTPOTOH MOCTAHOBKe, He npuberasi K AHCKPeTH3a-
UMK aHAJUTHUECKOH Mmojnenu. B naHHOH riaBe 6yAyT paccMaTpHBaThCH
ynpyrue Tesa, 4bH MaccoBble H J1edOpMalHOHHBIE XapaKTepHCTHKH pac-
npefesieHbl HempephBHBIM 06pa3oM. B uHc/Io 3/7€MEeHTOB KOHCTPYKUHH,
KOTOphIE MOXKHO paccMaTpHBaTh NOJOOHBIM 00pa3oM, BXOAAT CTEPKHH,
BaJibl, KaHaTbl, OAJTKH, NMPOCTHIE pambl, KOJblla, apKH, MeMOpaHHl, mJa-
CTHHBI, 0GOJIOUKH, a TaKxKe TpexMmepHble Tesa. MHorue u3 3ajgau, cBs-
3aHHBIX ¢ THMH 3JEMeHTaMH, OYAyT 3xech o0CyXaaThcsi NOAPOGHO, HO
BONPOCHI, CBsI3aHHbIE ¢ 060JOUKAMH H TPEXMEPHBLIMU T€JaMH, pacCMaTpH-
BaIOTCS KaK BHIXOJSILIHE 32 paMKH 3T0oH KHUTH *. OueHb TPYAHO HCCJENO0-
BaTh ¢ NO3HUHUE YIPYTHX CPeJ TAKHE MeOMETPHUYECKH CJIOXKHBIE KOHCTPYK-
UMM, KaK KapKachl, apKH, MJACTHHLI C BHIp€3aMH, (IO3eJsKH CaMOJIETOB,
Kopryca cyloB H T. A. B mogo6Heix cayuasx HEOGXOAUMO HCIO/Nb30BATh
JUCKpeTHble aHAJUTHYeCKHEe MOJEH C GOJNbLIMM, HO KOHEUHHIM YHCJIOM
creneHedl cBoOOABI **.

Korza tesio paccmaTpuBaercst Kak ynpyras cpeja, NoapasyMeBaercs,
YTO OHO COCTOHUT M3 OECKOHEWHOro uucja uactuu. Has Toro 4toOhl
YKa3aTh [OJIOKEHHE KakJ0H TOUKH TeJa, Tpe6yeTcs: BBECTH 6eCKOHEeUHOoe
YHCJIO KOOPAUHAT NepeMeIeHHH, 109TOMY TF'OBODPST, UTO CHCTeMa 00siafaer
GeCKOHEUHLIM YHCJOM cTeneHedl cBo6oJbl. DTH KOOPAHHATH paccMaTpH-
BAlOTCAA KaK HernpephiBHEIE QYHKIMH, NepBas H BTOpasi NPOU3BOAHLIE 11O
BPEMEHH KOTOPBIX NpPEACTaBJAT COOTBETCTBEHHO CKOPOCTb H YCKOPEHHE

* BoJlee noJHOE OGCYyXKJaeHHe Bonpoca KoJNeGaHHH YNPYrHX TeJ MOXHO HaHTH
B ku. Rayleigh J. W. S. Theory of sound, uurupoanso#i 8 n. 1.4, u Love A. E. H.
A treatise on the mathematical theory of elasticity. Cambridge: University Press, v. 1,
1892, 354 p.; v. 2: 1893, 327 p.; 4th ed.: 1927. 643 p. (onmy6auKoBaH nepeBOx 4-ro usn.:
Jlap A. Marematuueckas Teopus ynpyroctd. M. — JI.: Tocrexuspar, 1935. 674 c.).

*% OGCyM/eHHE ‘IPUMEHEHHs] METONA KOHEUHBIX 3JIEMEHTOB K MCCIENOBAHHIO JH-
CKpeTHHIX cpes mpupojutcsi B KH. Przemieniecki J. S. Theory of matrix structural
analysis. N.-Y.: McGraw-Hill Book Company, 1968. 468 p.
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XapaktepHOo#d Toukd. Baarogapsi pacmpeseseHHI0 MacChl YIPYroe Teso
HMeeT GeCKOHEYHOe YHCJO COGCTBEHHBIX (JopM KOJEOAaHHH, OITOMY ero
AHHAMHYeCKHe NepeMelieHHs MOXKHO paccMaTpUBaTh KaK CyMMY nepeMe-
IWEHHHA MO KaXAof H3 HOPMAJbHBIX (GopM KoJeGaHHi.

PaccmarpuBass koneGanus ynpyrux Tea, G6ygeM npeamnosararth, 4To
MaTtepHaJs 3THX TeJl OJHOPOJEH, H30TPONEeH U MoAuHHseTcs: 3aKoHy [yka.
Kpome Toro, nepemeuieHHs IOCTATOYHO MaJbl, 4TOGbl paccMaTpHBaTh
NOBEleHHe NpPH JHHAMHYECKHX BO3MYHICHHSIX KaK JHHeHHO ynpyroe.
XoTs B 1aHHOH IVIaBe AEMN(UPOBAHHE HE PacCMAaTPHBAETCS, OHO MOXKET
ObITb JIEFKO YYTEHO C MOMOLIbK KO3()(MHULIHEHTOB AeMI(pUPOBAHHS IO
COOTBETCTBYIOIIUM (popMaM KoJieGaHHH, Kak 3To jgeaajtock B m. 4.8.

5.2. CBOBOJHBIE MPOJOJIbHBIE KOJIEBAHUS
NPU3MATHUYECKHX CTEP)XHEH

Cpenu pasiMyHBIX THHOB COOCTBEHHBIX KoJieGaHHH, BOSHHKAIOIIHX
B YOPYIOM CTEpXKHe, IPOJOJbHbIE KoJeGaHus sBJSIOTCS Haubosee Hpo-
CTBIMH IJ15 MCCeNOBaHHs. B cTepkHe MOI'YT BO3HUKHYTh KPYTHJIbHbIE H
nonepeyHbie KojebaHHs, KOTOpble pacCMAaTPHBAKOTCA B COOTBETCTBYIOIMX
naparpadax. Ilpu uccnenoBaHuu NpojoJbHBIX KoJeOaHUH npejgnosnaraeM,
4TO ITONepeyHble CEYEHHs! CTEePKHS OCTAIOTCA MJOCKHMH H YTO Kaxjas
TOYKA IONEPEYHOTO CEYEHHS COBEPILAeT TOJNbKO OCEBblE NepeMEIleHHUs.
[TponosibHEIE DACTSXKEHHUS M CXKATHS, HMEIOIlHE MECTO NPH TaKHX KoJe-
6aHHMAX CTEp2KHSI, CONPOBOXKAAIOTCS BO3HUKHOBEHHEM TOH HJH HHOH Be-
JIMYMHBI Nonepeunbix aegopmanuii. OXHAKO B NOC/eAYIOMEM OGCYXKIEHHH
paccMOTPHM TOJIBKO T€ Cy4aH, A/ KOTOPHIX JJHHA NPOJOJbHBLIX BOJH
KosleGaHUH BeJMKa IO CPABHEHHIO C pa3MepaMHu IONepeyHbIX CeueHHH
cTepXHsi. B 3THX cayuasax *, He coBeplias CYIIECTBEHHOH OMIHGKH,
MOXHO npeHe6peub BJHSIHHEM IONEPeYHbIX IepeMelleHHi Ha XapaKTep
NpPOLOJNBHBIX IBHXKEHUH 7.

Ha puc. 5.1, a nokasaH cBoGOAHBIH OT HarpysoK NpH3MaTHYECKUH
cTepKeHb JJMHHOH [, GECKOHEYHO MaJblfl 37€MEHT KOTOPOTO AJIHHOH dx
pacnosioKeH Ha pacCTOSIHMH X OT JieBoro KoHua. OGo3HauuM uepe3 u
NpOJ0JbHOE NepeMelleHHe TOUKH NONePEeYHOro CeYeH s ¢ KOOPAHHATOH X.
Korza B cTep:xHe NpOHCXORAT NPOJOJAbHBIE KoJeOaHHs, CyMMa MPOJOJib-
HBIX CHJI, JAeHCTBYIOIHX Ha OGECKOHEYHO MaJbifi 3JEMEeHT CTepXKHs
(puc. 5.1, 6), B cooTBeTcTBHH ¢ npuHuunom J[enamGepa

oS 0%u
S—i—-dex——S—dex@a—=0; (a)
3iecb S — Hanpas/eHHas BJOJb OCH PaBHOAEHCTBYIOIMlAs BHYTPEHHHX
HanpsXeHHH, BO3HHKAIOIHUX B NONMEPEYHOM CEYEHHH C KOOpAMHATOH X.

* [Tonnoe pemenHe 3aJauyH O NPOJOJNBLHEIX KOJEGaHHAX LHAWHAPHUECKOT'O CTEPHKHS
KPYIOBOI'O NONEPEYHOIO CEYEHHS C Y9YeTOM BJIHSIHHS NONEPEUHHX NepPEeMEMEHHH GHLIO
nonyueno JI. [Toxrammepom H onncako B KH. Pochhammer L. Uber die Fortpflanzungs-
geschwindingkeiten kleiner Schwingungen in einem unbegrenzten isotropen Kreiszy-
linder. — J. fiir die reine und angewandte Mathematik (J. von A. Crelle), 1876,
B. 81, N. 4, S. 324—336; cm. taxxe Giebe E., Blechschmidt E. Experimentelle und
theoretische untersuchungen iiber dehnungseigenschwingungen von Stidben und Roh-
ren. — Annalen der Physik, 1933, F. 5, B. 18, N, 5, S. 457—485,
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Puc. 5.1
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BayTpeHHss cusa, ¢urypupymoollas B 3TOM ypaBHEHHH, paBHa MpOH3Be-
JIEHUIO naomHocmy P MarepHasa Ha oObeM MaJsioro cermeHTta Fdx (rue
F — njomans MONEpevYHOrO CEUYEHHS CTEPIXKHS) H YCKOpeHue 02u/of?.
Hcnonbsyst s3akoH ['yka, npono/bHYI0 CHJAYy S MOXKHO BBIPasHTh uepe3
NpOJOJNBbHOE HampsixkKeHHe M, JaJjee, uepe3 oceBylo jnedopManuio & =
= Ou/dx, 4Tto jpaer

S = Fo = EFe = EFoulox, (6)

rae £ — moayap IOura IloxcraBisisi BoipaxkeHue (6) B ypaBHeHue (a),
nocjie npeoOpasOBaHUE HOJYYHM

0%u 1 0%
X a? ot ’ (5.1)
rie .
a=VEjp. (5.2)

YpaBHeHue (5.1) uyacTO Ha3BIBAIOT OCHOMEPHBIM BOAHOBbIM, UTOOBI
yKasaTb Ha TO OOCTOSITENbCTBO, 4YTO MPH TNPONOJBHBIX KoJe0aHHSAX
KOHTYD INepeMellleHHH pacIpoCTpaHsieTcsi B OCEBOM HampaBJeHHH CO
CKOPOCTBIO @, T. €. CO CKOPOCTbIO pacnpoCTpaHeHHUsl 3ByKa B MaTtepuaJe.
Boanosgoe pewiernue 3Toli 3amauM HMeeT BHJ

u=7Ff(x—at) (8)

H NpeJcTaBiasieT HEKOTOPYIO NPOH3BOIbHYIO QYHKIHIO OT X, NepeMelar-
ILYIOCST CO CKOPOCTbIO @. MOXHO NOKas3aTh, 4TO 3TO MNpPEJCTABJIEHHE
yaoBJeTBopser ypaBHenuio (5.1), mas yero HafijjeM COOTBETCTBYIOIIHE
NMPOH3BOJHBE 3TOH (DYHKLHH

oulox = f' (x — at);
0*ulox® = " (x — ab);
oulot = —af' (x — at);
Q*ulot® = a*f" (x — at).
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IMoacranoBkoft aTHX BeIpaxkeHHH B ypaBHenue (5.1) mosyuaeM ToxzaecTso,
CJIeJI0BaTeJbHO, 3TO YpaBHeHHe yhoBiaeTBopsierca. bosee obuwias ¢opma
BOJIHOBOTQ pelleHHA HMeeT BHJ

u=Ff (x —at) + f, (x — at). (r)

rje nepBoe cjaraeMoe Inpeicrapasier coboii ¢pyHkuuw f, (x), nepemenia-
IOLLYIOCS B TNOJIOKHTEJbHOM HANpaBJe€HHH OCH X, a BTOpPOE cJaraeMmoe
COCTOMT U3 PYHKUHUH [, (x), mepemelamLieicsi B OTpHIATEIHLHOM HANpas-
JIEHHH ocH x. XOTSl yKa3aHHOe BOJIHOBOE pelleHHe yJ06HO HCNOJb30BaTh
OpH HCCEOBAHUH HEKOTOPRIX 3ajay 06 yaape, KOrja HMeITCs HMIYJbChl
oueHb MaJioH MJIHTEJIbHOCTH, 3Ta (opMa pelueHHsl He CTOJb MOJEe3Ha,
KaK peuwienue 0an 3adaqu 0 Kosebanusnx, KOTopoe 31echb H OyneT paccMma-
TPUBATHCS MOAPOGHO.

Korana crepxeHb, NOKa3aHHBIH Ha pHC. 5.1, a, KoJjebaercsi Mo OLHOH
H3 coGCTBEHHBIX (opM, pelueHHe ypaBHeHHs (5.1) MOXKHO B3siThb B (opme

u = X (A cos pt + B sin pt), (m)

rie A U B — npou3BoJbHBIE MOCTOSIHHBIE; p — KPyrosas uacToTa.
Yepes X o6o3HaueHa QyHKUHS OT x, OMUChiBaoLlast opMy COOCTBEHHBIX
KoseGanuit; oHa Ha3bIBAETCSl 2AaBHOL WIH HOPpMAAbHOL (pynKyued.
[ToacraBnsis BelpaxKeHHe (1) B ypaBHeHHe (5.1), nosayuyaem ypaBHeHHE

dzX p?
e T X=0 ()
pelenye xKortoporo Gyrer
X———CCOSL:— +—Dsln%x—. (k)

B 31oM BulpaxkeHHH A5 QYHKUHH X TpPOHM3BOJIbHblE NOCTOSHHBIE C
H D onpeaensiiorcsi H3 YCJIOBHSI YJOBJETBOPEHHUS] KOHUEBOIM YCAOBUAM
Ha KoHLax crtepxHs. [TockosbKy nokasaHHblii Ha puc. 5.1,a crepxeHb
HMeeT HesaKpenJieHHble KOHIBI, IIPOJ0JbHASA CHJa, KOTopas MpONOpLHO-
HanbHa dX/dx, nonxHa GBITh paBHA HYJIIO HAa KaxjaoM KoHue. TakuM o6-
pa3oM, KOHLEBbie YCJOBHS JJIfl pacCMaTpHBaeMOH 3aJaud MOXKHO 3allH-

cath B (opMe
<%>x=0 = 0; <%§—>x=l =0. (3)

J1s Toro yTo6B! YAOBAETBOPUTDL NMEPBOMY M3 3THX YCJOBHH, HEOOXOZHMO
B BbipaxkeHHH (k) nosoxute D = 0. Btopoe ycioBHe GyjperT ynoBJeT-
BOpATLCS, €CaH cuHTaTh, 4To C 7= 0, T. €. CylllecTByeT HeTpHBHAJIbHOE
pelleHHe, TOJbKO IpH

sin 22 —0. (5.3)

3710 COOTHOLIEHHE IPEJCTABJSET ACMOMHOe YpasHerue IJsl PacCMaTpH-
BaeMOro cjiyuyas, OTKYAa MOXKHO HaHTH 4acTOThl COOCTBEHHBIX (GOpM
IPOJO/bHBIX KOJeGaHHH CTePXKHsS C He3aKpenJeHHbIMH KOHLAMH. Ypas-
HeHHe OyIeT YIOBJETBOPATHCS, €CJHH MOJOXKHUTh

p;! .
— = m, (1)
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rae [ — uenoe uucno. Ilonaras (=0, 1, 2, 3, ..., MOXKHO IOJYYHTh
YacTOTHl PasiuYHBIX (OPM NPOJONBHBEIX KosebaHuii. 3HayeHue [ = O
COOTBETCTBYET 4YACTOTE, DPABHOH HYJIO0, 4YTO O3HAyaeT NepeMelleHHe
CTepKHs KakK abCOMIOTHO }KECTKOro Tesa B HalpasJeHHH ocH x. Uacrory
OCHOBHOH (bopMBl KO/1Ie6aHHA MOMKHO HAHTH, NOJIOKHB B paBeHCTBE (H)
{ =1, uTo Haer

an  n E
P1=T=TVT' (5:4)
CoorBercTBylomHi nepHox KoneGaHui
1 2n I
71_7_-5__21]/ £, (5.5)

dra popma KoseGaHHH NOKasaHa Ha pHC. 5.1, @ U onxceiBaeTcst [cM. BHI-
paxkenue (k)] dyHKuuell BHAa

X1=C1C03—~C1COS£1£.

Ha puc. 5.1, e u 0 npexpcrapiaeHsl rpaduKH COOTBETCTBEHHO A/l BTOPOH
H TpeTbel (opM KosebaHMH, AJS KOTOPBIX HMeEeM

l 2
___p; =2m; X, =C,Cos er,

l 3
ﬂ;—:SH; X3 = CsC0s J;x

O6wiuit BHA YaCTHHIX pelleHHH (X) ypaBHeHuss koJgebGanuii (5.1)
MOXHO MpeJCTaBHTb TakK:

U; = COS ‘?x (A cos ”;at B; sin ”;at>. (k)

CyMMHpPYSl 3TH peIUeHHs], NEPEMeIleHHs] NPH NPOH3BOJbHHIX TNPOAOJb-
HBIX KoJeOaHHMSX MOXHO NPEACTaBHTL B caeaymolleli dopme:

= ico i (A cos mat -+ B;s mlat ) (5.6)
=l

INocrosinHble A; U B;, Bxozsuue B pemeHune (5.6), MoxHO Bcerza no-
J06paTth TAKHM 06pa3oM, YTO6H! OBIIH YAOBAETBOPEHE HAaUadbHEIE YCIOBHSA
npou3BoJbHOro BHAa. IlpexnosioxuM, HampHMep, 4To B HauyaJbHBIA MO-
MeHT BpemeHH (npH f{ = 0) nepeMelLieHHs u siBJA0OTCS GyHKuUMEH npo-
JOJLHOH KOOpJAHHATH BHJA (#);—o = f, (X), a HauaJbHBHIE CKOPOCTH
3agaiorca yuxnuell Buga (#);—9 = [, (x). Iloacraeassi { = O B Bhpa-
KeHde (5.6), monyuum

L (%) = Z A; cos mle N (1)
{a
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[Tpoanddepennrpobas BhipaxkeHue (5.6) no f u noacraeuB ¢ = 0,
HaiaeM

ina inx
fz(x):Z—i—Bi-l—'. (M)
=1
Kospduunenter A; u B;, BXoisuhe B Bbipamenus (1) u (M), MOXKHO
OnpeJeNuTh, HCNOAb3Ys, KaK U Bblmle [cM. Bbipaxkenue (1.59a)], caeny-
IOIHe POPMYJIBL:
!

9 ,
A, = B J- fi(x) COS”;—x dx; (1)
0
9 ¢ '
3 T
B =— j f (x) cos 7= dx. (0)

0

B kauectBe npHMepa pacCMOTPHM Telepb cJydyal, Koraa CxKaTbifi
HPHJIOKEHHBIMH 110 KOHLIAM CHJIAMH NPH3MAaTHYECKHH CTepKeHb BHe3aNHO
ocpoboXkaeTcs OT 3THX CUJ B MoMeHT BpeMmenu ! = 0. [lpexpnosaras,

UTO TIONEPEUYHOE CE€YeHHE B CEpeJHHE IIpoJeTa CTEPKHSA COXPaHsEeT CBOE
IIOJMIOKEHHUE, TOoJyYaeM

(Wm0 =T (x) == egl —eox; f2(x)=0,

rae €, — gedopMmaiHsi CXaTHsd B MOMeHT BpeMeHH ¢ = 0. Torga u3
BbipaxkeHu#l (H) U (0) mosayvyaem

4eyl . .
A; = 5> 1§ — HEYeTHOE;

A; =0, i—uertHoe; B;=0.
O6uee pewenne (5.6) B 3TOM cJyyae TNPHHHMAET BHJ

oo

4yl 1 inx inat

P / -i—z'COS—l——COST. (ﬂ)
=1, 3, 5,...

B sTOoM peuleHMH { NPHHHMaeT TOJNBKO HEYeTHBIE LeJOYUCJHEHHbIE 3Haue-
HHSl, CJIeJoBaTe/bHO, TepeMelleHHsl NPH KoJeGaHHAX SIBJSIOTCS CHM-
MeTPUYHBIMH OTHOCHTE/JIbLHO IONEPEYHOTO CeUEeHHsl, JIeXAllero B cepe-
JHHE NpoJeTa CTepKHS.

B kauecTBe BTOpOro npHMepa PacCMOTPHM CBOGOAHLIE HPOAOJbHEIE
KoJeOaHHS CTepKHSA, OJAHH KOHeIL KOTOPOFO 3alleMJ/lieH, a Apyroi ocra-
eTCs He3aKpemJeHHbIM (pHc. 5.2, a). KoHueBbIe YCIOBHSI B 3TOM CJayuae
HMEIOT BHJ

Wemo = 0; (G2) _ =0. ()

UTofBl yIOBJAETBOPHTL NIEPBOMY H3 3THX YCJAOBHH, MOJOXKHUM B OOIIEM
BBIp AXKeHHH (K) A/1s1 HOPMaJbHBIX QyHKIHH, uto [ = 0. Bropoe ycsiosue
JaeT 4yacTOTHOE YypaBHEHHE BHJA

cos (plla) = 0,
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]_‘

a)

Uy (ui)lz_;[T»

6)

T 1=
\__L__/
uz 8)
Us

i
e — S (ug)L=5g(uy)L

e)
Puc. 5.2

OTKYyJa HaxOJUM CJeLylolHe 3HAYeHHs YacTOT W NEPHOAOB Pa3JIHYHBIX
¢opM KosebaHui:
ina S 2n 41
pl - 2l ? [ pl - ia ’

= i=1, 3, 5,... (©)
Torga ofulee BbipaxeHue (1) A8 pasiu4HBIX (OpM KoJebGaHH# MpH-
HHUMaeT GopMmy

inat

u; = sin '—L';Tx" (A, CcOoS "‘l'glit‘ + Bi sin T) . (T)

O6uiee pelieHne s NPOJOJNbHBIX KoJebaHui nosyyaeM CyMMHPOBaHHEM
BCEX pelleHHH, YTO Jaer
- [ [nat [at
11X ¢
u = E sin 5= (4 cos 57—+ By sin Za). (5.7)
i=l1,3,5,...
IToctosiHHBe A; M B; B Ka)XJOM KOHKDETHOM CJiyyae OMNpejessieM H3
HayaJbHBIX ycaoBuit (npu ¢ = 0).

[IpennosoXxuM, HanmpHMep, YTO CO CTEPXKHf, MEPBOHAYAJbHO CiXKa-
TOro NPHJIOKEHHOH K He3aKpelieHHOMy KoHIy (cM. pue. 5.2, a) mpo-
JnoMbHOH cHaoli P,, B MOMeHT BpeMmeHH { = 0 BHe3amHo y6HpaeTcs 3Ta
cuia. OGo3HayYuB yepes &, HauaabHyw JedopMaiuio Py/EF, nonydaem
clenylomue BblpaxkeHHs M HadyaJbHHIX YCJIOBHH:

(u)t=0 = gpX; ('l)t=0 =0.

Bropoe u3 3THX YCJI0BHi GYAET YIOBJETBOPEHO, €CJIH B BHIPaXeHHH (T)
HOJIOAKHTb NMOCTOSIHHYIO B; paBHOH Hymo. llocse dero pis onpenesieHust
NOCTOSIHHOH A; nosyyaeM ypaBHEHHe

A; sin (inx/2l) = gx, i = 1, 3, 5, ..., oo.
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Hcnonbays seipaxenue (1.59, 6) nHafizem

i
2¢, . inx 8eol f—
A= | x sin 35 die = 20 (—1)u-D22,
0

Torja peueHHe (5.7) cCBOAMTCA K CJAENYIOILEMY BHAY:

0 .
_ 8eyl 2 (—DD2 inat
U=—g —— sin ;- Cos —5—. (y)
i=l, 3,...,

Ha puc. 5.2, 6—¢ nokasanb! BKAajb! nepBbIX Tpex ¢opm KoJeGaHHH
B CyMMapHOe AHHaMHYecKoe IepeMelleHHe cTepXHA. MOXHO OTMEeTHTb,
4TO AaMILIHTYAbl pa3jHYHbIX ¢opM KoJeGaHHH ObLICTPO YMEHbIIAITCH
¢ yBeaquenHeM (. [lepemelneHHe Ha He3aKpENJEHHOM KOHIE CTEPIKHA
noJsy4aeM MOJACTAaHOBKOH x = [ B BeIpaxeHHe (y).

Hns momenta BpemeHd ! = 0, KaKk H CJEJOBaJO OXHAATb, HMEEM

(et = 8:;2! <1+_§;—+ 3134‘ ) :_ﬁs‘?a_‘(%z):%[’

IMpumep 1. HaliTh HOpMabHEIE PYHKIHH 3a7a4H O NPOAOJbHEIX KOJeGaHHAX CTEPKHSA
AnuHoOf [, y KoTOporo o6a KOHUA XXECTKO 3aKpemJIeHHl.
Pewenue. B panHoM ciayuae TPaHHYHBlE YCJIOBHS HMEIOT BHIL

(@)= = (@) gy =0

Jlas Toro 4ToGH YAOBJIETBOPHTb STHM YCJIOBHSIM, B BhipaXKeHHH (K) nojioxum C = 0,
B pesyJbTaTe MOJAYYHM YACTOTHOE ypaBHeHHe sin pil/a = 0, OTKyZa HaxoiuM p; =
= inal/l. CnepoBaTesbHO, HOpPMaJibHEE (GYHKUHH GepeM B (opme

Xi= Aysin(inx/l), i=1,2,3, ..., co. ()

Mpumep 2. CrepkeHb, HKeCTKO 3aKPeNVIeHHbIH 10 060HM KOHLAM, HaTrpyKaercs B ce-
pelMHE MpoJieTa COCPEJOTOYEHHOH NpoAoabHOH cuiaoi P (puc, 5.3, a). Hccaenosathb
KOJIeGaHH$l, KOTOphle BOSHHKHYT B CTEpP2KHe, eCJIH BHe3amHO y6paTb cHay P.

Pewerue. JlehopMauHH pacTsKeHHs B JeBOH YacTH CTEPXKHS, YHC/JEHHO paBHbie
IeopMallHAM CXKATHSI ero NPaBOH YacTH, COCTABJISAIOT & = Po/2EF. Pacnpeaeienne
HauaNbHEIX nepeMelteHkfi (puc. 5.3, 6) ONHCHIBaeTcs CJAEAYIOWHMH GYHKLUHSMH: NpPH
t = 0 nepeMemeHHAs HMEIOT BHI gy (¥) = €x MpH 0 K x < U/2 1 gy (x) = & (I — %)
npu [/2 < x < I. B npenpinyuieM npHmepe GHUIH ONpEAeNeHH HOPMaiabHble QYHKLUH
[cM. Bbipaxense (§) ], oTHocsmmecs K nanHOMY cayualo; ofluee e BHIpaXKEeHHE IS

A
U [ ]
X

3 3 |
~ 7 7 -

a)

& (X) 92 (x)
gl/2
d)
Puc. 5.3
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JHHAMHUECKHX IePEMElIeHH i, Y/OBJIETBOPSIONee HauaJbHOMY ycaoBHw ();_o = O,

HMeeT BHJ
oo
. imx inat
u=2Aism—l—cos e (x)
=l
Mocrosinabie A; HAXONHM C YUeTOM 3aJlaHHOH (OPMEI Haya/IbHLIX MepeMelleHu , 4T Jaer
9 1/2 . l .
. imx . inx
Ai:—l- J £ox $in — dx -4 _[’30 (I — x) sin 7 dx | =
0 1/2
4e,l i—1)/2 .
= n;;’z (—-1)( ) npy i=1,3,5,..., oo;
A;=0mpu i=2,4, ..., 00
HckoMoe pelneHHe HMeeT OKOHYATEJbHBIH BHJ
oo S
_ 4egl (—nU=H2 ;
u=—3 7 sin — cos p;t. ()
i=1,3, 5,...

IMpumep 3. JIBuxkymHiAcsS BIONb OCH X C MOCTOSHHOH CKOPOCTBIO U CTEPXKEHb OCTa-
HaBJ/IHBaeTCs NPH BHE3aNHOM 3akpemyienuHn ero konma x = 0. Takum o6pasoM, Havasb-
HEIe YCJIOBHS HMeIOT BHL (u);_o= 0 u (&), = v. HaliTu BbIpaxeHue JJs1 BO3HH-
KaloIWHKX NPH 3TOM IHHAMHYECKHX NepeMeIleHHH.

Pewenue. B n1anHoM cayuae obluee BbipaxkeHHe IJIs mepeMemienui umeer Bua (5.7).
TIocKOMbKY HauasbHBIE IePeMEIIEHHs] PaBHBI HYJII0, TOJIOXKHM B 3TOM Bhipaxenun A; = 0.

. 3aTeM mnoJyyaeM ypaBHeHHe LIS ONpellesieHHs NOCTOSHHEIX B;:

o0
. ina . inx
() = B; 57 sin 5] =17,
i=l, 3, 5,..s
OTKYyJla HaxOJHM
B — 8vl
P om2i2g
4TO OKOHYaTeJbHO Jaer
00
u= Sul ! sin fnx sin p.t (4)
~ a i S sk
i=1, 8, 5,...

Tloab3ysick 5T0H (OPMYJIOH, MOXHO BBIYHCJIHTL NepeMelleHHe NPOH3BOJBLHOrO Momnepey-
HOrO CEYEHHS CTEePHHS B NPOH3BOJbHLI MOMEHT BpeMeHH. BoabmeM, Hampumep, He-
3aKpeIVIeHHHH KOHeIl CTepXHs (x = [), TOTZa B MOMeHT BpeMeHH ¢ = I/a (T. e. 3a Bpems,
KOTOpoe Tpe6yercsi JJisi TOro, YTOGH 3BYK PacnpOCTPAHHJICH Ha PacCTOSHHE [) MOJydHM
Tl epeMelleHHe

8ul
Uy—y = 2 (l+%—+%+...)=%.

2
t=1/a VO

Ilpx KoneGaHHSIX CTepXHS B HEM BO3HHKAIOT JepOPMalliH, PaBHEE

oo

du 8ul 1 in inx . :
dx T Tnla & gr S o St
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Ha sakpensiennoM xoHite (x = 0) umeem

00

du 4 1 . imat v nat m
(dx>x=0—_ na 25 TS =0 O<mr <7
i=1, 8, 5,...

BoJiHa cxkaTHsS, KOTOpas 3apOXKJAeTCsl Ha JIEBOM KOHLE CTepPXKHS B MOMEHT OCTaHOBKH
npu ¢ = 0, pacnpoCTpPaHsieTcsl BIOJb CTEPXHS CO CKOPOCTBIO & M B MOMEHT BPEMEHH
t = l/a oHA JOCTHraeT He3aKPeIVIEHHOTO KOHIIA CTepXKHsS. B 9TOT MOMEHT CKOPOCTH BCEX

TOUEK CTEPIKHS PABHBI HYJIO, a CTEPIKEHb PABHOMEPHO PACTSHYT TaK, 4TO AedopMallns
pacTsxenusa & = v/a.

3AJAYH
5.2.1. Onpelenutb ofllee Bhipax<eHue /sl MepeMelleHHHd NPH NMPOJOJBHBIX KOJes

6aHusX CTepxkHs, KoHell x = 0 KOTOPOro He 3aKpelJieH, a KOHell X = [ JKeCTKO 3aKpe-
IJIeH.

(=
L inx inat . inat
Omgem: u = 2 cos —57— (A, c08 —; -+ B; sin T) .
i=l, 3, §,...

5.5.2. B cTepXHe, ABHIKYIIEMCS BAOJb OCH X C IOCTOSHHOHA CKOPOCTBIO U, BHe-
3aIIHO 3aKpeIfieTcsl NOnepedHoe cedeHHe, Jexamee B CepefuHe mposera (x = 1/2).
HaiiTu BHpaeHHe AJs MepeMelleHHil NMPH BOSHHKAIOWHMX B pe3yJbTare MIHOBEHHOM
¢duxcauuyn cBOGOJHBIX KOJEOaHHSAX.

(=

4vl 1 inx . imat
Omeem: u = —— —5 COS sin ——.
n2a 2 l l
i=1, 3, 5,...

i

5.2.3. [NpeanonoxuM, 4TO 3aJaHHasi B NpuMepe 2 CHJA NPHJIOKEHA HA PaCCTOAHUH
yeTBEPTH AJHHBI x = [/4, a He B cepejMHe CTepXHs. KpoMe TOro, Ha pacCTOSHHH TPH
METBEPTH JAJHHBI CTePKHS x = %/,/ MpuioXKeHa cuia —P,, paBHas NMepBOH CHIe H NPO-
THBOMOJIOXKHO HanpaBjaeHHas ell. MccienoBath KoJsebaHHsI, KOTOpble BOSHHKHYT, €CJIH
BHe3alHO y6paTb 3TH CHJBI. '

> [—2) /4 :
Omsem: u = —L2* (e sin ¥ cos 1201
"7 "m®EF i2 1 [
i=2, 4, 6,...
5.2.4. Tlyctb cuna Py (cM. puc. 5.2, @) paBHOMEPHO pacnpejiejieHa 1o JJaHHE
CTEPIKHS, IPH 5TOM HHTEHCHBHOCTb HArpy3kH Po/l. OnpejesuTb BOSHHKAIOIHKE B CTEPXKHE
JIMHAMHYECKHE [ePEMEILEHHUs, KOr/la Harpy3KH BHe3alHO yOMpaloTCs.

00

Omsem: ¢ — 16P,! 1 sin inx cos inat
meem. = " 3EF e 2l or "
i=l, 3, §,...

5.3. BBIHY)KAEHHbIE JAUHAMUYECKHE NEPEMEIEHHSA
NPU MPOJOJIbHBIX KOJEBAHUAX NPU3SMATHYECKUX
CTEP)KHEH

PaccMoTpuM Tenepnb BoaMyliaolLyio cuny P = F (), npHJIOKEHHYIO
K TpaBOMy KOHIY INPH3MAaTHYECKOTO CTepPXKHs, [OKa3aHHOTO Ha
puc. 5.2, a. CBoGoiHble KoJeGaHHsA 3TOTO CTEPXKHA PacCMATPHBANHCh

B npeablaylieM fnaparpade, No3ToMy HOpMaibHbie GYHKUHH /18 AaHHOTO
cayyasi MOXKEM 3anucaTh B BHAE
X; = D;sin (inx/ 20), i =1, 3, 5, ..., oo. (a)
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IlpousBosbHoro BHAa NepemémeHnue u = [ (X) MOXKHO [OJY4YHTh, npo:
CYMMHpPOBaB [l€peMelleHHs, COOTBETCTBYIOIHE HOPMaJbHBIM (opMam
kose6anuii (a). CrnegoBatesnbHO, TNepeMelleHHsl NPH KoJebGaHHAX, 00y-
CJIOBJEHHBIX JeHicTBHEM Bo3MylnawileHd cHJAbl P;, MOXHO MNpeACTaBHTb
B BHJIE CJeLyloIlero psajia:

- . 3mx o Lnx
u:fp1$1ﬂ7+(P3SIH—T+°"= Z (PiSIHT’ (5,8)
i=l1, 3, 5,...
rne ¢, P3, ¢s, ... — HEKOTOPBIC HEH3BECTHLIC (byHKILHH BPEMEHH. B cay-

yae cBOOOJHBIX KOJeO6aHHH 3TH (PYHKIHH PaBHBI BEIPAXKEHHAM, CTOAIIUM
B cKoGKax B mpeicraBieHud (5.7). Husi toro 4YToGbl ONpeieJHTb 3TH
GYHKIHH NPHUMEHUTEIBHO K CJYYalo BEIHYKAEHHBIX KoJeOaHHH, BOCIOMNb-
ayeMcsl NPHHLHIIOM BO3MOXHOH paGoThl. 31ech HEOOXOAMMO paccMo-
TPeTb TPH BHAA CHJ: CHJy HHEPIHH, AEHCTBYIOILYIO Ha KaXKAbIH MaJbli
3JeMEHT KoJeOJIOerocsi CTepKHs; CHJAY YNPYTOCTH, AeHCTBYIOLLYIO Ha
KaxKAbl 3/eMeHT H 00ycJ/IOBJAeHHYIO AeopMalHed CTepXKHS, H, HAKOHEIl,
BO3MYILAIOILYIO CHJY, TPHJIOKEHHYI0O K KOHIy cTepxHsA. B kadectse
BO3MOJKHOT'O MepeMeIleHHs] MOXKHO B3SiTb HPOH3BOJbHOE NPOLOJLHOE
nepeMeuienye  du,  yAOBJETBOpsIOLlee  YCJOBHIO  HENPEepLIBHOCTH
jgedopmaiuii ¥ 3aJaHHOMY YCJOBHIO Ha JKECTKO 3aKPEINJEHHOM KOHIE
(Bux—o = 0). YgobHee B3fiTb BO3MOXHBIE TNEpeMEIIEHHHS B BHAE HOp-
MaJbHBIX (yHKUMH, ONHCBIBAEMBIX BHIpaXkeHHeM (a):

Ou; = X; = D; sin (inx/20). (6)

YuuTblBas, 4YTO Macca MaJjoro 3/eMeHTa CTEPXHS, 3aKJIIOYEHHOro
MEXIy ABYMsl CMEXHBIMH NONEpPeYyHbIMH CeYeHHsIMH, paBHa pFdx, Hail-
jaeM paboTy, COBepllaeMylo CHJIAaMH HHEpIHH Ha 3afaHHOM BO3MOXHOM
nepeMeleHHH

1 1

6Wy= [ (—pF dx) itdu; = —pF [ iD; sin B dr.
0 0

IMogcraBasis B 3TO BbipaxkeHue mnpexcrtaBaeHne (M) B Buie paga (5.8)
H YYHTbIBAsl, YTO

] ]
o LTX jnx . . o iTX .
Jsm 57— SiN 57 dx =0; Jsm T dx=1/2,
(] 0
NOJIy YHM
Wy = — 2LL D, (B)

2 1A 28 /

Jaist Toro 4ytoObl nopcuyuTath pabory 8 Wy, coBepmaeMyio ynpyruMH
CHJIAMH, 3aMETHM, 4YTO Ha KaXJIblil 3jieMeHT aedctByer cuaa EFu’dx,
H TOTJAA MNOJYYHM .

’ !
Wy = J (EFu” dx) bu;.
0
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[MoacTaasini B 5T0 BbipaMkEHHE BTOPYIO MPOM3BOAHYIO MPEACTABIEHHs
(5.8) mo x u ucnonb3ys Bhpaxenue (6) pas Ou;, HaiineMm
i*n2EF
Wy = — —gr— Dios- (r)
B nocnenyiomux naparpadax npH NOACYETE BOSMOMKHOH PaGOTHI,
coBepmiaemMoil ynpyrumH cuJjaMmd, GyjerT yao6HO cHayajaa ONpeeTHTh
aHepeurw degopmayuu Tena. B paccmarpHBaeMoM cayyae ¢ yNPYTHM
CTEpXKHEM 3Heprus jaedopManuu

!

b= | EF @ujox dx. (%)

0

INoacraBasis crona npeacraBaeHHe B GopMe TPHTOHOMETPHYECKOTO psija
(6.8) a1 GYHKUMM © H YuHUTHIBAs paBEHCTBA

]
inx jnx .
jcos Tcosde——O,
0

1
j cos? %x—dx =
0

!
27

HaliieM OKoHYaTeJbHOoe BbIpazK€HHE NIJis1 SHEPIHH aedaopmamm
0

i2n2EF
U="t22 Z ¢2. ©)

i=l1, 3, 5,...

Orciona BHAHO, YTO BeJMYMHA HEPrHH neopMaLuH CTEPXKHS B J0GOH
MOMEHT BPEMEHH 3aBMCHT OT BEJIHUHH @;, ONPENEJAIOIWHKX NepeMelieH e
crepxHsA. Ecln ofHOA M3 3THX BeNMUYHMH 3ajath npupauieHue O¢;, To
COOTBETCTBYIOLIEE TepeMeleHHe

Su; = 8¢; sin (inx/21), (k)
a COOTBETCTBYIOLLEe INpHpAaUlCeHHEe 3HEPTHH JAehopManuy
oUu i2n2EF
5U=T%5 i=T(Pi5(Pi~ (3)

Toli xe camoH BeIHYMHe, B3STOH C OTPHLATEJBbHBLIM 3HAKOM, OyAeT
paBHa pabora YNPYIHX CUJ Ha nepemeiieHud (k). s toro uto6wl no-
JYYHTb paboTy yNPYIHX CHJ Ha BO3MOXHOM nepeMewieHuu (6), Heob-
XOJUMO 3aMeHHTb O¢; Ha D;, 4TO cJeayer M3 CPaBHEHHsS BbipaXKeHHH
(6) u (x). Takum ob6pa3oM, BHAMM, YTO paboTa, ONpefensieMasi BHIpaKe-
HUEM

Wy — U _ _ EF

3, 8l @:D;, (u)

paBHa pabore, onpefesnsieMoH BblpaxKeHHeM (T).
Hasi Toro 4to6bl ONpefesHTh BO3MOXHYI paboty W, Bosmymia-
I0IIEH CHJIBL P, NIPUJIOXKEHHOH Ha KOHLE CTEPKHSI, 3aMETHM, UTO BOZMOXK-
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HOE MepeMelieHHe 3TOTO KOHIA MOJydaeTcsi MOJCTAHOBKOH X = [ B BHI-
paxeHue (6), ¥ Torja yKasaHHaﬂ BO3MOXKHasi pabora

8Wp= PD; sin —— _PD (_1)(z~1>’2 (K)

Cymmupys BeIpaxeHus (B), (u) H (K), HaljgeM BEIpaXK€HHE 1JI5l MOJHOH
BO3MOXKHOH paboThl. [IpHpaBHUBAsT 3TO BhIpaXKeHHe HYJIO, MOJYYHM

pFl .  i*n2EF
B+

5 i T%‘:P(—])“"lm
HJIH

i+ 30, = P (1), ()
rae p; = ina/2l; i =1, 3, 5, ... OTMeETHUM, UTO, KaK H CJEJOBAIO OXKHU-

Jath, noctosHHas D;, onpejensionias MTHOBEHHOE 3HaUueHHe BO3MOXKHOI0
nepeMenexusi (6), B ypaBHEHHH (J) COKPAaTHJIACh.

Kaxayio u3 BeJHUHH ;, BXOAAMYIO B psif (5.8), MOXKHO Jierko HaliTH,
peINHB ypaBHEeHHe (/]), €C/JIH H3BeCTHO BhIpaxKeHHe jJs P Kak ¢yHKIHH
ot BpeMeHH. Ec/n Havua/bHble NepeMelleHHss M CKOPOCTH PaBHBI HYJIO,
HEOOXOJHUMO DAacCMOTPETb TOJbKO KoJebGaHHusi, OOyC/OBJEHHbBIE BO3MY-
matomel cunoft P. IlpencraBuB peiuenue ypaBHeHusi (1) B ¢dopMe HH-
Terpana MHioamens, HalizeMm

(i—1)/2
g =200 l;;pF jP sin [”‘” (t—t)} (v)

[ToacraBnss npencrasienue (M) B Buipaxkenue (5.8), nosyuuM BeIpaxkKeHHe
JUIS IMHaAMHYECKHX NepeMelleHHH CTepxKHs, OO0YCJIOBJIEHHBIX JeHCTBHEM
BO3MYyLIaiolell CHJIbl P:
o0
e
b= — ) D sin £ jP in [‘”" t—1)]dt. (5.9)
napkE
0

4
i=l, 3, 5,...

B kauecTBe yacTHOro npHMepa pacCMOTPHUM CJydail KosieGaHHH, BO3HH-
KawliuXx B CTEpXKHE, KOrja B MOMEHT BpeMeHH ¢ = ( BHe3anmHO NpH
KJa/biBaeTcsi noctosiHHas cuna P. Toraa crosimuit B BhipaxkeHuu (5.9
HHTerpan Jerko BBIYHCJISIETCSI M B pe3yJbTaTe HaXoJHUM

T Y (—D)ED2 inat
U= TagoF Z 3 sin — (1 — COS —2—l—> (n)

=1, 3, 5,...

[TogcraBasiss cioga x = [, nolyyaeM mnepeMellieHHe Ha KOHIE CTEPKHS

oo

8w 2 1 (1 inat ©
(e )

i=l1,3,5,...

BupHo, uTO NpH BHE3aNHOM NPHJIOKEHHH CHJBI P B cTepKHe BO30yxKaa-
10Tcs Bce ¢opMbl KosieGaHHH. MakcuMmasbHOe nepeMellieHHe BO3HUKAET
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npu ¢t = 2//a, TOCKOJBKY B 3TOT MOMEHT BpeMeHH umeeM | — cos X
X (imat/2l) = 2, 4yTo AaeT cjenyiollee 3HaYeHHE MEPEMEIIEHHS:

o0
16/P 1
(u)x=1 = .5 v 72—.

n2a2pF Lol
i=1,3, 5,...

YuuThlBasi paBeHCTBA

o0
Z L _m. . E
2 7 87 — T4
i=l1,3, 8,... P

HaxomuM (U)x—; = 2{P/(EF). TarkuMm 06pa3oM NPHXOAUM K BHIBOLY,
4TO BHE3aMHO MPHUJIOMKEHHAsh Harpy3ka P Bbl3biBaeT B 2 pasa GoJibliee
nepeMerleHye, YeM 3Ta Ke Harpy3ka NpH CTAaTHYECKOM IpPHJIOXKEHUH.

B xauecTBe BTOpOro npuMepa pacCMOTPUM NPOJAOJIbHEIE JHHAMHUYECKHE
nepeMelleHusl CTEPXKHA ¢ OOOUMH HE3aKpemJEeHHbIMH KOHIAMH * (CM.
puc. 5.1, a), K KoHILYy ¥ = [ KOTOPOro BHE3aIHO MPUKJIaJbIBaeTcs cuia P.
Iloctynas, Kak u B npefbgylieM naparpade, ¥ HCMOJAb3ys HOPMaJbHBIE
(GYHKUHH /151 CTEPXKHSI C OGOMMH HE3aKPENIEHHBIMH KOHIIAMH [cM.
BeIpaxkeHue (5.6) |, npogosbHbIe TepeMelieHnss KOJ1e6 II0IEerocs CTepKHs
NpeACTaBUM B BHJE CJeLyIOllero psja:

2 3
u:(Po—i"(PlCOS'Eli—i—(PzCOS#——{—(pzicos%»I_

---=(Po—l—2(PiCOSE;i- (5.10)

i=1

IlepBoe cnaraeMoe ¢, ONMCHIBaeT JBHIKEHHE CTEPIKHSA KaKk aGCOJIOTHO
)Kectkoro tesia. Ha 3To JIBHIKEHHe HaAK/IaJbIBAlOTCS JBHMKEHHS MO OC-
TaJbHBIM (hOopMaM IMPOJOJBHEIX KoJeGaHHi crepxHs. [Jas onpeneneHus
(GYHKUHH ¢, HMeeM ypaBHEHHE

oFlj, = P. ()

DyHKUHA @1, Pg, @3, ..., KAK H BbIlle, OYIeM ONPEEJATH C MOMOIIbIO
IPHHIMIIA BO3MOXKHBIX nepeMellleHHH. B3sB MJIA BO3MOXKHOIO mepeme-
IIEHHS CAEAYIOLlee NPEACTaBIEHHE:

du; = C; cos (inx/l), (p)

HafizeM pa6oTy CHJ HHEPIMH Ha 3TOM IepeMEIEHHH:

l
Wy= — J pFiiC; cos —”lidXZ";—pPlCi‘bi' ©
0

* [lomoGHast 3ajaya BO3HHKAET TPH HCCAENOBAHHH KOJe6aHHH, BO3HHKAIOMMX
TpH TOfbeMe IJHHHOH OypOBOH HITAHTH, KOTOpAs HCIOJb3yercs AIs GypeHHs Iiy6oKHX
HepTAHBIX cKBaxHH. Dra 3afaua Obia paccMmorpena B pabore Langer B. F., Lamber-
ger E. H. Calculation of load and stroke in oil-well pumb rods. — Trans. ASME.
J. Appl. Mech., 1943, v. 10, N. 1, p. Al—AIl2.
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DHeprus gedopmanyi Koae6/IoWerocst CTePKHs B IPOH3BOJIbHBIH MOMEHT

BpeMeHH 1
1 du \? n2EF .
U:—TJEF <W> dX:TZﬂ(P?, (T)
0 i=1
a pabora CHJ YNPYTrOCTH Ha MNepeMeleHHH (p)
ou i2n2EF
Wy=— 5@5% = %—Ci(Pi- (¥)
U, nakonen, pabora cuanl P Ha nepemelieHnHd (p)
8Wp = PC; cosin = C;P (—1)-. ()

[IpupaBHsaB HyJ 0 cyMMy BeipaxeHuil (c), (y) u (¢), moayuum ypasHe-
HHE

&, + P2, =—z P (1), (x)
rae p; = ina/l. VI3 3T0oro ypaBHeHHS H ypaBHeHHs (M), THoJarasi, 4To
B HayaJIbHbIH MOMEHT BPEMEHH CTepXKeHb HaXOAMJICA B MOKOe, MOJy4YaeM

Pt
Po = BoF7 > ()
t
. ina ’ .
91 = (— 1) s szm [ e—1)]a =
. —1)‘ 2lp mat
~ Ti2m2a2pF (1 - ) )

[MoxgcraBnsisi 5TH BhipakeHHst B npexcrasienue (5.10), Hafnem
pt2 2ip (—1)‘ mx s imat
= 5Fl T TeatF Z (1 - I ) (w)

st Toro uto6bl HAHTH NepeMellleHHe TOr0 KOHLA CTepPXKHS, K KOTOPOMY
NpHJIOXKeHa cuja P, B pelueHHe (i) NOACTABHM X = [, YTO Jaer

2(P t
(#)e=1 = 2th + aer 2 2 (1 ma ) ()
Hns momenTa Bpemeﬂn t = l/a uMeem
4pPI 1 1 1
@)=t = 2EF + weEr (leT+“2‘5’+ ) = EF - ©)

B 3ToT MOMEHT BpeMeHH NepeMellleHHe PABHO YAJHHEHHIO CTEPXKHS NpPH
JEHCTBUH TMOCTOSTHHOH pacTATHBalOWEed CHabl P.

l'lplmep 1. Onpezle.'m’rb AHHAMHYECKHE NMEpEeMEUIEHHsA NDH YCTAHOBHBLIMXCs BbIHYXK-
JAE€HHBIX KoJe6aHHAX CTepxKHfA, OAHH KOHEI[ KOTOpOI‘O XKECTKO 3aKpemJjel, a BTOpOﬁ CBO-

GoneH (cM. puc. 5.2, @), ec/id K He3aKPeIVIEHHOMY KOHIY CTepXHSI IPHKJ/IAJBIBAETCS
H3MeHAIoNIasAca BO BpeMeHH cuia P = Py sin wf.
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Pewenue. YpaBHeHHe (1) B JAHHOM cJydYae NPHHHMAeT BHJ
2(__1)(1'—1)/2

ﬁ)[‘i"p%q)[ = pFl

P, sin wi.

Pelasi €ro mpUMEeHHTEJIBHO K CJYYal YCTAHOBHBIUMXCSI BLIHYXKJEHHBIX KOJeOaHHH,
NOJYYHM

2P (—niThR
e = ToFi(pr — w7y

TMoacTtaBass 3TH GYHKLUHH B HpeAcTaBjeHue (5.8), MOXKeM HaliTH HCKOMBIE JHHAMHYECKHE
IepeMEIleHHsT NMPH BBIHYM(EHHBIX KOJeGaHHsX CTepXKHs. AMIVIHTYJa KoJeGaHHH COOT-
BETCTBYIOLIErO THINA CTAHOBHTCS GOJMBLIOH, KOrjla 4acTOTa ) JOCTHIraeT 3HAYeHHs, PaB-
HOTO OJIHOH TPeTH COGCTBEHHOH YacTOTHI KOJeGaHHH CTepXKHS.

Tipumep 2. DypoBas 1wTaHra nmpejcTaB/sieT cTadbHyio TPY6y anuuol 101,6 M. Pac-
CMaTpHBasi LITAHTY KaK CTePXeHb C He3aKPEIJIeHHBIMH KOHLUAMH, OIPEe/eJIHTb NEePHOA
Kose6anui T oCHOBHOH (hopmel. HaiiTH, KpoMe Toro, nepeMmeierne § koHua x = [ B Mo-
MEHT BpeMeHH { = T,/2, 06yc/IOBJIEeHHOE BHE3aMBbLIM TIPUJIONKEHHEM K 3TOMY KOHLY pac-
TATHBAIOWIETo Hanpskenus 0 = P/F = 2,11-107 [la. [Tpunsts, yto E = 2,11-10", ITa,
p = 7,85-103 H-c?/mt.

Pewenue. CKOPOCTb pacnpocTpaHeHHs] 3BYKa B CTepxkHe

a= VElp = 5184 mlc,

sin wf.

a TMepHOj] OCHOBHOH (opmbl KoseGaHuii T = 2//a = 0,47 c. U3 BhipaxeHus () HAXOAHUM
HCKOMOe TiepeMellleHHe

8=2,11.102-101,6/(2,11- 1011) = 1,02-10"2 m.

3AJAYH

5.3.1. TlpeamosnoxnM, 4TO B cepejHHe NPoJeTa CTePXKHS C XKECTKO 3aKpeNJeHHbIMH
KOHLAMH BHE3alHO MPHKJAJBIBAaeTCs NOCTOSIHHAS NPOJoJabHast cuaa P (cM. puc. 5.3, a).
OnpeneauTs NPojobHbie JHHAMHYECKHE TTepeMelleHHs] CTePXKHs, KOTOpPbiii B HauyaJbHbIH
MOMEHT BPeMeHH HaxXOJHJCS B IOKoe.

o0

_nyi—hre . . .
Omeem: u = 2ip E = " ) sin X (l — oS inat >

n2a?pF i2 l l

i=1, 3, 5

5.3.2. K KoHuy x = ( crepxHs, 062 KOHIla KOTOPOTO He 3aKpelJeHbl, NPHKJIaLb-
BaeTcs NpoJloJibHast cusa P = P,t/t;, naMensiomascs no JHHeHHOMY 3aKOHY BO BPEMEHH,
OnpefieIHTh AHHAMHYECKHE IPOAOJbHbIE NepeMelleHHsl CTEepPXKHS, ecH B HayaJbHbil
MOMEHT BpeMeHH CTepXKeHb HaXOJWJCs B IOKoe.

o

. P 2Py 1 (nx . inat)
Omsem: u= SoF I, -+ ~TaoFT, Z 7 C0S — (t——i_:_n;sm 7 .

i=1

5.3.3. OnpenenuTb JAHHAMHYECKHE IepPeMelleHHsI IIPH BBIHYXK/JEHHBIX YCTAHOBHB-
LIHXCS KoJMeGaHHAX XKEeCTKO 3aKPeIIEeHHOTO Ha KoHUe x = ( cTepxkKHS M He 3aKpelJeH-

HOTO Ha KoHLe ¥ = [ (cM. pue. 5.2, @), eciu Ha Hero JeHCTBYeT paBHOMEPHO pacipe-
JleJleHHasi No ero jajuHe cuia (Py/l) sin wf,

oo .
Omsem: u— APLSID 0F sin (p x/a) _ ima
T Ty T
(=1, 3, 5

5.3.4. PaccMoTpeTh cTepieHb, He 3aKpeIJIeHHBIH Ha KOHUe x = ( H KecTKO 3a-
KpenyieHHblit Ha KoHUe x = [, Onpele/IHTb JMHAMHYECKHE IIepeMEIleHHs] CTEPXKHS,

337



BOSHHKAIOUIHE MPH BHE3ATHOM MPHJIOXKEHHH NOCTOSHHOH TMPOAOMBHOH CHIH P B cpep-
HEM CEUECHHH CTepXHA x = I/2

0 e 8ip o cos (in/4) os inx <1 — cos inat >
meem: 1= yigipF Z 7 T T
i=1,3,8

5.4. HCCIENOBAHHE MPU3MATHYECKHUX CTEP)XHEH
METOJAOM HOPMAJIbHBIX ®O0OPM KOJIEBAHHH

[lonxonpl, MpUMeHsIBIINECS K DeIIeHHIO 3ajay, U3JTaraBIIUXCs B Ipe-
JbIIYIMX naparpagax, o6HapyKHBAKOT H3BECTHOE CXOACTBO C METOLOM
HOpPMaJIbHBIX (opM KoJeGaHHH, ¢ MOMOILIbI0 KOTOPOTO HCC/EeJOBANTHCh
B IV1. 4 CHCTEMBI CO MHOTHMH CTeNeHsIMH cBo6obl. Tenepb NpHMEHHM Me-
TOJN HOPMaJbHHIX (OpM KoJeOGaHHH K HCCAeJOBAHHI NPU3MATHUECKHX
CTEpXKHEH ¢ HeNPEepPhIBHO pacnpejeseHHOH Maccoll H 6eCKOHEUHBIM YHCJIOM
crenenedl coboiel. Xord MeTox OyneT chOpMyJIHpPOBAH MPHMEHHTEBHO
K 4acTHOH 3ajjaue 0 poJO/IbHBEIX KOJMeOaHHAX NPU3MAaTHYECKUX CTepKHeH,
ofLiye MoJIOXKeHHs] paccMaTpPHBAeMOTo 3JieCb MeToJa HOPMasbHBEIX (opM
KoJie6aHHH MOXKHO PacnpoCTPAHUTh HA MCCAEJOBAHHE NPOU3BOJBHBIX YII-
PYTHX Ted.

BHoBb paccMOTpHM CBOGOAHBIE NPOXOJbHEIE KoseGaHHsI NpHU3MaTHye-
CKOTO CTepPXKHsl, NoKasaHHoro Ha puc. 5.1, a. JIuddepenunannroe ypas-
HeHHe JBHXKEHHMS MaJsoro s/JeMeHTa CTepxKHs1 [cM. Bbipaxenue (a) u (6)
B . 5.2] MOXHO 3amucaTb B BHJE

miidx — ru"dx = 0, (a)

rje TOYKaMH¥ M LITpHXamu oGo3HayeHO auddepeHUHpOBaHHE NepeMellie-
HHS ¥ COOTBETCTBEHHO To ! M x. BenuuuHa m = pF Xapakrepuayer
MACCY CMEPIHCHA, OMHECEHHYIO K eOUruYe e20 OAunbl, a Bepunuar = EF —
HecmrKocmy cmepicHa 8 npodorvHom Hanpasrequu. Korna crepikeHb
Kose6aercss mo i-ii cobcTBeHHOH (opMe, ero mepemelieHue

u; = X; (A; cos p,t + B; sin pit). (6)

IToxcrasasisi Bbipaxenue (6) B ypaBHeHMe (a), TOcje HECAOXKHBIX MNpe-
00pa3oBaHHi MOJYUUM ypaBHEHHE

rXi -+ mpiX; =0, (8)
pelleHye KOTOpPOTO, KaK YKe TOBOPMJIOCH B M. 5.2, MMeeT BHJ
X;=C, cos (pix/a) + D; sin (p:x/a), (r)
rae a=1r/m.
[lepenuiuem ypaBHeHue (B) B caenyioied ¢opme:
T=MX, (5.11)
rie
A= —mpifr=—(p,/a)" ()

Ypasuenue (5.11) umeer dopMy 3anaun Ha coGCTBEHHBIE 3HAUYEHHSI, B KO-
TOPOH CoGCTBEHHEIE 3HAUEHHS A; U coGCTBeHHbIe PyHKUMH X; onpejens-
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I0TC C YYETOM 3aJaHHBIX KOHLEBBIX ycJoBHH. B mopoGHoro tHma 3ana-
yax Ha COOCTBEHHLIE 3HAYeHHsl BTOpasi NMPOH3BONHAA MO X (QYHKUHH X;
NpUpaBHUBAETCS CaMOH (YHKLHH, YMHOMKEHHOH Ha IIOCTOSIHHYIO A;.

[TpoBepum, obGJaanaioT Ju CBOHCTBOM OPTOrOHAJLHOCTH COOTBETCTBY-
ouKe (- u j-H popMaM KoJseGaHu#i coGcTBeHHBIE (YHKIMH B 3ajaye Ha

coOGCTBEHHBIE 3HAYEHHS:
Xi=MX; (e)

YMHOXKHUM ypaBHeHHe (€) Ha X; u ypaBHeHHe () Ha X; H, IPOHHTErPH-
poBaB pe3ysbTaT IO AJHHE CTEPXKHSA, MOJYYHM

! l

| XiXpde =n | XoX; dx; )

0 0

l {

Oj XiX dx = A oj X:X; dx. (1)

Hurerpuposanue 1no yacTsAM HHTErpajoB, CTOSIIIHX B JIEBBHIX YacTsX
39THX YypaBHeHuil, paer

l l
[XiX26— [ XiXjde =, [ X.X; dx; (x)
0 0
l l
[XiX26 | XiXjde =2, | X.X;dx. (n)
t 0

HesaBucuMo oT Toro, sIBNAIOTCS JH KOHIBl CTEPKHS KECTKO 3aKpelJieH-
HBIMH HJIH HE3aKpEIJIEHHBIMH, NEePBBIE C/araeMbie B JIEBBIX 4acTsiX ypas-
HeHuH (K) H (1) paBHBI HYJIO, MO3TOMY, BBIYMTAash W3 ypaBHeHHs (J1)
ypaBHeHHe (K), NPHIEM K DaBEHCTBY

!
(i — 1)) | XiX;dx=0. ()

6
YT06bl 3TO0 paBeHCTBO BBINOMHSJIOCH MPH i 7= j W NPH PasJHUHBIX COG-

CTBEHHBIX 3HAYEHHAX (T. €. IPH A; = A;), AOJIKHO HMETh MECTO CJEAy-
I0lllee PaBEHCTBO:
!

[ XiX;dx=0 npn isj. (5.12)
IloacraBisas sTo paBZ:HCTBo B ypaBHeHHe (K), MOJYUHM

fX;X,’-dx:O npH i j. (5.13)
M3 ypaBHeHusa (3) cjlenyeT paBEeHCTBO

!

[ XiX;dx=0 npu ij. (5.14)

0
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Taxum o6p330M,BH11HM,i{TO A1 TPU3MATHYECKOIO CTEPIKHSA OPTOTOHAJbL
Hbl HE TOJIbKO COOCTBEHHBIC (PYHKIHH, HO TaKXe H HX NPOHU3BOJHBIE.

[lpu i = j uHTErpaJ B COOTHOLMEHHH (M) MOXKET pPaBHATHCHA MpPOHU3-
BOJMIbHO# NOCTOsIHHOH. Ecau 3Ty nocrosHHyio 0603HAYHTHL Yepes o,
MOJIYYHM

Xidx—=a; npu i=j. | (5.15)

(=3
—

Ecnu ykaszaHHbIM crnoco60M TNPOHOPMHDOBATh COOCTEEHHBIE (GYHKIHH,
BbIpaxeHHs (3) H (K) NPUMYT BHJ
o s mp; pi \?
JX[X[dx:—J(X[)~dx=k,-oc,~=——r~ai:— —L) . (5.16)

0 0

M3 nocaepylomero o6CyXueHHst YSICHHM, KakuM o6pas3oM ciefyer MoA-
6MpaTb 3HayeHHsA ©; NPH HCCAEIOBAHHH JMHAMHYECKHX IepeMelleHHUH
B CTepiKHe.

Kak u B npenpiayiem naparpade, pecTaBUM NepeMellleH s CTepKHS
IpH NPOJOJbHBIX KOJe6aHHuAX B BHJe Habopa NPOH3BENEeHHH, 3aBUCHIIHX
OT BpeMeHH (YHKUHMH ¢; U yHKUHHA X;, ONHCHIBAIOLUIHX MepeMelleHHs:

=3 ¢X;, i=1,2,3,..., c0. (5.17)

IToncraBasia npencrasienue (5.17) B ypaBHeHHe ABHKeHHs (a) NPH CBO-
600HBIX KOJeOaHUAX CTEPKHSA, IOJYUHM

Y (mipeX: — reuX7) dx = 0.

i=1

YMHOXKasi 3TO COOTHOLIIGHHE Ha HOPMa/bHYIO GYHKUHIO X ; H HHTETPHPYs
pesyspTaT MO IJHHE CTEPXKHA, Hafiuem

o0 ! !
h ( mip; | XiX;dx — rg; | XiX;dx | =o0. (1)

i=1 \ 0 0

YuuTHIBasi YCIOBHSI OPTOTOHANBHOCTH, 3aJaBaeMble BhipaXkeHHsAMH (5.12)
 (5.14), BUAUM, UTO IIDU i = j ypaBHEHHe IBHKEHUs (H) IPHHHMAET BH]

mri(']Bi:rr,-(pi:O, l:l, 2, 3,...,00, (518)
rae
{
mr; = m jX% dx = mao;; (5.19)
0
!l !
rro=—r | XiXodx=r [(Xi) dx=mp} . (5.20)
0 0

3nece yepe3 mr; 0603HAUEHA 2AABHAA MACCa UMH 0606wenHas macca
Ins (- QopMel KoseGaHHH, uepe3 rr; — enasHas WIH 0000ueHHas
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wectkocTh. TakiM ofpasom, ypabuénue (5.18) npeacrasisier coGoi
ypaBHEHHE [BHXKEHHSI B 24a6HbIX KOOpOuxHamax npH CBOOOAHBIX KoJle-
GaHHAX.
Ecau co6crBenHbie GyHKuMM X; HOPMHPYIOTCS TakKHM 00pasoM,
4TO HMEeT MeCTO pPaBEHCTBO
{
mr,-:_ij%dx:l, (o)
0

TO TOBOPAT, YTO OHH HOPMHPOBAHBI 110 OTHOLIEHHIO K Macce, OTHECEHHOH
K €JHHHUE JJIHHBL cTepXkHA. IIpH TakoMm cnocofe HOPMHPOBAHHA TJIaB-
Hasl Macca mr; paBHa eJHHHIE, NOCTOsIHHAA a; [cM. pasenctBo (5.15)]
paBHa 1/m, a u3 pasencra (5.20) ciegyer, yTo TJIaBHAsi JKECTKOCTh

rei = pi. (mm)

C yueToM cKasanHOTO ypaBHeHHe aBuxkeHHs (5.18) npunnmaer Gosee
NpOCTOH BH]

@i+ pii=0, i=1213, ..., 0 (5.21)

H TOTJA TOBOPAT, YTO 3TO ypaBHEHHE 3aMHCAHO B HOPMAAbHLIX KOOpOU-
namax. Ecay npousBosbHas mocrosiHHas o; = 1, mojyuaeM mp; = m
u rr; = mp;. Torna ypaBHeHue nBmxkenus (5.21) Gyner comepxkartb
OO HH MHOXKHTENb 1, Ha KOTOPBIH €ro MoXKHO pasienuTs. [loaTomy aas
yAobecTBa Gynem mogaraTh o; = 1 BMecto @; = l/m.

IlogBoast HTOrHM CKasaHHOMY, OTMETHM, YTO ypaBHeHHe JBHKeHHS (a)
6b1s10 TTpeo6pa3soBaHO K HOPMAJbHBIM KOODJAMHATaM NyTeM MOJCTAaHOBKH
B HEro npejcrapiesus (5.17) ana u, ymMHOXKeHHs HA X; H MOCJ/eAYyIOLEero
HHTETpHPOBAHHA pe3yJabTara Nno AJHHe cTepxkHs. Korma co6cTBeHHBbIE
GYyHKUMH HODMHPYIOTCA TaK, YTO HMEET MeCTO

_fX‘%dx:l; fX}’X,-dx=—f(X})'“’dx=—<%)2, (5.22)

0 0 0

oBo6lenHas Macca, COOTBETCTBYIOULASl KaXKAOH TJIaBHOW KOOpIHHATE,
paBHa m, a o6GOOlIeHHAsl XKECTKOCTb cocTasjasier mpj. OgHako mnocJje
JeNeHus Ha oOLIHH MHOXHTe/b M MOXKHO MOJYYHTh ypasuenue (5.21).
Bocnosnbsyemcsi Tenepp MNOAXOAOM, OCHOBAHHBIM Ha TNPHMEHEHHH
HOpMa/JbHBIX (OPM KoJiebaBHil, IJisl onpelesieHHs NPOJOJbHLIX AHHAMH-
UeCKHX TepeMellleHHil B CTepxkHe NpPH 3aJaHHBIX HAYaNbHBLIX YCJIOBHSX
N0 mepeMellen o u ckopocTd. Kak u B m. 5.2, mpeanosaraem, 4to mpH
{ = 0 HayaJbHble TNeEpeMeleHHs TNpelCTaBJeHbl B BHIe u, = [; (¥),
a HayaJ/ibHble CKODOCTH 3ajlaHbl B BHJe QyHKIUH &y = [, (x).
IpencraBaas GYHKUMHM uy ¥ &, B BHIE psanoB (5.17), noayunm

oo

2! P X = f1 (x); (p)

i=1

L quXi=F(x). (©)
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YMHOMKHB 3TH TNpeNCTABJCHHS Ha Xj H HpOMHTErpHUpoOBAB mo AfiiHe
CTepXKHS, HalaeM
1 1

Zlcpo,jxx dx—jfl( ) X; dx; ™)
icpo,jxx dX—jfz(X)X dx. v)

i=l 0

U3 Bripaxenuii (5.12) u (5.22), onpenensiionux yCJOBHS OPTOTOHAJb-
HOCTH H OPTOHOPMHPOBAHHOCTH, BHJHO, YTO MpPH [ = j JJsl HA4albHBIX
YCJOBHH MOTYT OHITh MOJYYEHBI CJAEAYIONIHe NMPeACTABAEHHsT B HOPMaJb-
HBIX KOOpJUHATaX:

!

o= | (1) X dx; (5.23)
0

il
Gor = | 2 () X; dx. (5.24)
0

CaefoBare/bHO, AHHAMHUYECKOE MOBeleHHe NpH CBOGOJHBIX KOoJeGaHHAX,
BLIDAXKEHHOE C IIOMOILbIO HOPMaJIbHBIX (POPM, MOXKHO OmHCaTh BhIpa-
JKEeHHeM

®; = Pp; COS pit —{——smpl i=1, 2, 3,..., o. (D)

[TogcraBasisi 3TH BeIpaxeHHst B npeacraBiedue (5.17), mosyuaem cie-
Aylollee cymMMapHoe no BceM ¢dopMaM KoJieOaHMH BhIpaxKeHHe sl AuHa-
MHYECKHX MNepeMellleHHH:

0 .

U= Z X; (cpm cos p;t - —sin Di ) . (5.25)

i=1

OTo BLIpaXKEHHE NpPeJcTaB/sieT 0600IeHHyo GOPMY pelleHHH 4acTHOTO
Buga (5.6) u (5.7).

[IpumMeHHM Temepb MeTOJ HODMaJbHHIX (OpM KoJseGaHHH K HCcaelo-
BAHHIO BBIHYXKAEHHBIX MPOXOJBbHBLIX NMHAMHYECKHX NepeMelleHHil mpus-
MaTH4YeCcKUX crepxHefl. C 3TOH ILeNblo MPENNONOKHM, YTO Ha CTepKeHb
(puc. 5.4) peficrByer pacmpefenenHasi cuia Q (x, t). B stom cayuae

q(x,t)
e I =3 B = o3 a3 3 B B B
ot -—>P‘/t):i——;7
X ax
X
L
>
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juddepeHHANTbHOE YDaBHEHHE JNBHIKEHHs, 3alUCAHHOE JJIa MaJoro
3JIEMEHTA CTEPXKHS, HUMEET BHJ

miidx — ru"dx = Q (x,f) dx. (x)

Jas ynobetBa pasienuM obe YacTH 3TOTO ypaBHeHHs Ha m = pF, T. e.
Ha Maccy, OTHECEHHYIO K €JMHHUE MJIHHH. Toraa noJyydam

ddx — a®u"dx = q (x, t) dx, ()

rae a® = r/m = Elp, q (x, t) = Q (x, {)/m. [IpeoGpasyem ypaBHenue (i)
K HODMAaJbHBIM KOOPJAHMHATAM TOACTAHOBKOH mnpexacrasiaenus (5.17)
IJIl 4, YMHOXKEHHeM Ha X; U HHTeTPUPOBAHHEM IO JJIHHE CTEPXKHS, UTO
Jaer

) ! 3 l

2 ((pi jX,-X,- dx — aﬁcp,-.[ XX dx) = j Xiq(x, t)dx. (1)
0 b

i=l] 0

Hcnonbsyss yc/0BUS OPTOTOHAJbHOCTH H HODMHPOBAHHOCTH, 3ajaBae-
Mble BhIpaxkeHusamu (5.12), (5.14) u (5.22), npu i = j nmoJay4HM

l

Git o= [ Xig(x, ydx, i=1,2,3,..., co.  (5.26)
0

DTO COOTHOLIEHHE TNPEACTaB/AsIeT yPaBHEHHE ABHXKEHHS B HOPMAaJbHBbIX
KOOpJAHHATaX, TAe CTOSIHH B NpaBoH YacTH HHTErpasa fABJAETCA Ha-
epy3sKkoi, coomeemcmeyroweld i-i opme xorebaruii.

JlnHaMuueckoe NoOBeleHHe, COOTBeTCTBYlolee i-fi dopMe KosebGaHHH,
OIHCBLIBAETCS C NOMOILbIO HHTerpana [lioamens

1t
o= X; [, £ysinpt — ) dt'dx. (5.27)
P; ; § .

IToacranoBka aTux QYHKIHI, 3aBHCSIIMX OT BPEMEHH, B NPeNCTaBJIEHHE
(5.17) naer cymmapHoe ILI/IHaMH‘-{eCKoe nepeMelieHde B BHJE

u—z q(x t')sinp; (¢ — t')dt’ dx. (5.28)

=l

Ecnu Harpyska P, (f) siBasieTcsi COCpPeJOTOYEHHOH U INPHJIOXKEHHOH
B TOUKE X, (CM. pHC. 5.4), HHTErpHPOBATD 10 JJIHHE CTEPKHS He Tpebyercs.
JuHaMHuecKoe nepeMellleH e PH TaKoro pona Harpy:KeHHH BBIYHCJISEM
no Gosee mpoctoil popmyne
o0
XiXn
B 2

=l

t
[qi@)simpie— ) ar, (5.29)

Ilie yepes X;1 obo3nauena HOPMaJIbHasl ¢byuxkuus X;, COOTBETCTBYIO-
IIJ.aH ,CIYUal0 NPHJIOXKEHHS eAHHHYHOH HArpy3KH B TOUKe Xi; ¢ (f) =
Plf(t)/m
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MeTo HOpManbHBIX (POPM KOJIEGAHHE AJIsi MCCJIEJOBAHUS HEYCTaHO-
BUBHIETOCA IOBEJIEHHA CTeP2XKHA IpH ﬂeﬁCTBHH BO3MYIIAOIIHX CHJ
S5KBHBAaJIEHTEH METOAY BO3MOXHOH paGoThl, H3JIOXXEHHOMY B TNpeiblay-
mem naparpade. Huxe npuBeieHbl NpHMepE!, IeMOHCTPUPYIOIUHE TIpH-
meHeHusi Beipaxkenu# (5.28) u (5.29) cooTBeTCTBEHHO AJIsi pacmpeneseH-
HOH H COPENOTOUYEHHOH BO3MYLLAIOMIUX CHJI.

TNpumep 1. [Ipeanosaraercs, 4TO CTepXKeHb, NMOKA3aHHEIH Ha pHuC. 5.4, XKecTKO 3a-
KpeIVIeH Ha JIeBOM KOHIle H He 3aKpelJIeH Ha NPaBOM, HCCJEL0BaThb €r0 JHHAMHYECKOoe
TIOBE/IGHHE NPH BHE3aNHOM NPHJIOXEHHH PABHOMEPHO PaClpeAeNeHHON MPOAOABLHOR CHJLI
HHTEHCHBHOCTbIO Q.

Pewenue. TIocKOMbKY Harpyska ¢ = Q/m He 3aBHCHT HH OT BpeMeHH f, HH OT KOOp-
JMHATHl X, € MOXHO BLIHECTH H3-1IOJlI 3HAaKa HHTerpaja B BhlpaxeHuu (5.28). PaccMma-
TpHBaf CBOGOZHHIE KOJMeGaHHS ITOrO CTEPXKHA, TMOJYYHM

p; = ina/(2l); X, = D,sin (pix/a), i=1,3,5, ..., c0.
s TOoro utoGhl NPOHOPMHPOBAaTh (PYHKUHH X; B COOTBETCTBHH C BhipaxeHusMH (5.22),
caenyer B3ath D; = V 2/1. Torna Beipakenne (5.28){npunumaer Buj
2 N I opx (b !
w29 Z —sm-l—J‘sin;jsinp.(t—t’)dt’dx:
im p; a a t
i=1,3,5,... 0 0
(<]
px
:% 2 — sin#(l—cospit):
i=1,85, ... P
l o0
_1602Q I, inx inat
~ Yy gy (1o ). ()
i=1,8,6, ...

Mpumep 2. HccepoBath n1HHaMHYECKOe MOBEJEHHE CTEPIKHS, B3SB TAKHE XK€ KOHIE-
BbI€ YCJIOBHS, KaK H B npuMmepe |, Ha cayyaii, KOTja BHE3amHO CHUMaercsi Harpyska P,
NepBOHAYaJbHO NMPHJIOKEHHAash K NPaBOMY KOHLY X = [ CTepXKHS.

Pewenue. B 3TOM ciiydae 1A NMOJNyueHHS QHHAMHYECKHX NEPEMEIUEHHH B CTEpKHE
Bocnosib3yeMcsl BblpaxkeHuneM (5.29):

op 2‘” . opx ol
o . i . i . . 'y -
U == —— - sin——sin —— jsmp,(t t')ydt

lm .
i=1,8,5, ... Pi 0
t p.x l
:1271) E —%sinf:sinp—;—(l—cospit) =
i=1,8,5,, ‘
ad .
Y (— DE—D2 iy | y
T nlatm —TZ—_SIHT( —cospyl).
i=1,8,5, ...

INonyyeHHoe BhIpaX<eHHe COBNAJAET C BbipaxkeHHeM (H), HafiieHHBIM B m. 5.3.

3AAYH

5.4.1. [IpeanosoxuM, uTo cula P,, nepBoHAuajbHO HEHCTBYIOLMAS HA CTEPKEHb,
NPHJIOXKEHA He B CEepPeiHHe TNPOJETa, & Ha PacCTOSTHHH, DAaBHOM OJRHOH TPeTH JJIHHBI
crepusa (x = 1/3). Hcnonbsyss NOAXOH, OCHOBAHHBIN Ha PacCMOTPEHHH HOPMaJIbHBIX
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¢opM KoJeGaHuR, HCCIe[l0BaTh CBOGOJIHHE KOJeGaHHs, BOSHHKAIOUHE NPH BHE3ANHOM
CHSITHH YKa3aHHOH CHJIHL.

L 2P }O:L.inx l _im . 2in
Omsem; u = SnEF [sm—l- [E <3s1r1-3———51r1—3 )—

) 21'75] inat
— —COS —— | COS T

3 3

5.4.2. IpeanosoxuM, YTO NpaBoi NMOJOBHHE CTEPXKHS, IOKa3aHHOTO Ha pHC. 5.2, a,
3ajjaHa B MOMeHT BpeMeHH { = 0 HayaJbHasi CKOPOCTb U B NpPOJOJBHOM HaNpaBJIEHHH.
HccaenoBath CBOGOAHBIE KOJEGaHHS CTEPXkKHS, OGYCJIOBJEHHblE YKAa3aHHBLIM YCJOBHEM.

oo
Omeem: u = Bl E ! cos i sin iz sin inat
7T ada i 4 21 2l
i=1,3,5,...

5.4.3. K crep:HIO ¢ Xe€CTKO 3aKpenJieHHHIMH KOHLIAMHM BHE3ANHO NPHKJIAJILIBAETCSH
pacnpefieJieHHasi NpPOJOJbHAs HAarpysKa, KOTOPas H3MCHSETCS MO JIHHEHHOMY 3aKOHY
OT HyJeBOro 3HayeHHsi NpH x = 0 1o 3HaueHHs Q npH x = [. MeToJloM HOPMaJbHBIX
(opM KoseGaHHH HCCEJ0BATh IHHAMHYECKHE MPOJOJIbHEIE NEPEMEIUEHHST STOTO CTEPKHSA.

R .
22 g — =t i inat
Omsem: u = 2Q 1 ( ,) sin —— (1 — cos ) .
niaim i l l
si=l
5.4.4. Onpefie/inTh JHHAMUYECKHE MPOJOJbLHHE IepEMEleHHs] CTePXHSA C Hesa-
KpeIVIEHHHIMH KOHUAMH, €CJH B cepejiHe Nposera X = //2 NpHKIaJHBaeTcsi H3MEHs-
jolasicsl BO BPEMeHH NpOAOJbHas cuia P = Py (t/1)2.

oo .
.. P 2lp, (— 1) inx
Omsem; u = 12{mt? +:r:‘la3mt{ 26 T X
i=2,4,6, ...

212 inat
X [ﬂ“(ma)2 (1‘“’5 I )]

5.5. HCCJIEJOBAHHUE TMNPU3MATUYECKOI0 CTEP)XHS
C MACCOH WJIM NPY)XHHOH HA KOHLE

Kpome o6CyxpaBIIUXcs B MNpelblAyliMX naparpapax KOHUEBBIX
YCJOBHII THIA XKECTKOrO 3aKpelJIeHHs HJIH CBOGOIHBIX OT 3aKpenyaeHHi
KOHLIOB MOTYT BCTPETHTBCS CJAYy4aH COCPeJOTOYEHHOH MacChl HJIH yIpy-
roro INOJKpENJEeHHs, 4TO H300paxkeHo Yy IPABOrO KOHIA CTePXKHS,
nokasaduoro Ha puc. 5.5. O6a 3Tux cayuas 6yAyT pacCMOTPEHBI B 3TOM
naparpage ¢ NOMOIIbI0 MeToJa HOpManbHEIX (GOpM KoJeGaHui.

K
: m -vvwvwvw-E —
Alt) g

Puc. 5.5
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CHayanma paccMOTpHUM CJydail, KOria »XeCTKOCTb K MpPYXKHHBI (CM.
puc. 5.5) paBHa HYJIO H HMEETCs. TOJNbKO COCPeNOTOYEHHass Macca M,
OpuUCOeHHEHHAs K NpaBoMy KOHLY cTepxHs. IIpu 3TOM cuia, nepeja-
BaeMasi OT COCDeJOTOYEHHOH MacChl K KOHIY CTEXHS NpH KoJeOaHHAX,
paBHa —M (fi)—;. Taxkum 06pasoM, KOHUEBbIE YCJAOBHsS IJsl CTEDHH S
MOXKHO NpPEACTABHTb B CJELYIOIIEM BHIE:

(Wm0 =0; 7 (U )rey = — M (il)x=y. (a)

[Tocko/MbKY BTOpPOE H3 3THX YCJOBHH BKJIOYAeT [BHXKEHHE COCPENIOTOYEH -
HOH MacChl, HCCJEJOBAHHE NAHHOTO CJydas HECKOJbKO CJIOXKHee, 4eM
Korja pacCMaTpHUBAETCsI TOJbKO OJHH cTepxkeHb. ONHAKO JABHXKeHUE
GyJeT no-npexHeMy TapMOHHYECKUM, I03TOMY 3/1€Cb MOXHO BHOBb
B35ITb A5 [-H GOpMbI KoseGaHUil clefyioilee BhipaxkeHHUe:

u; = X; (A; cos pit + B;sin p;t). (6)
IToxcraBnsisi Beipaxenue (6) B KOHIEBHE YCJOBHS (a), NMOMYUHM
Xio=0; rXi;=MpiXy, ~ (8)

rae unjpekcol 0 ¥ [/ 0603Ha4aOT COOTBETCTBEHHO TOYKH ¥ = 0 U x == [.
Kak u B NpeapIIymux caydasaXx, HOpMaJibHble q)yHKI_LHH HMEIT BHA

X;==C;cos(p;x/a) + D; sin (p;x/a). (r)

M3 nepsoro konuesoro ycnosus () caenyet, utro C; = 0, a U3 BTOporo
noJyyaeM COOTHOLIEHHE

Py pit 9o Pil
TCOS—a——Mp[SIH—a—. (Il)

3TO COOTHOLIEHHE MOXHO INpPEACTaBUTh B 6oJjiee KOMIAKTHOH (opme
Eitgli=n, (5.30)

rie § = p;l/la; M = mi/M — OTHOLIEHHEe MacChl CTepXKHS K cOcpelo-
TOUEHHOH Macce.

Coorxowenue (5.30) mpejicraBisieT 4acTOTHOE YypaBHeHHe JJisi pac-
cMaTpuBaeMoro ciaydas. ITocKosbKy 3TO ypaBHeHHe SIBJISIETCSI TpaHC-
LEHJEHTHbIM, KPYTOBYIO UacTOTy p; HEOOXOAMMO HCKAaTh METOJOM IOX-
6opa. HauGoabmuii uHTepec OGBIYHO MNpEACTABJsSET OCHOBHAas (opma
KosneGaHui, ¥ INOITOMY HHXKE NPUBOASITCS 3HAYeHHsi Napamerpa da-
CTOTH &, mepBoil GopMbl KoJleGaHHH, COOTBETCTBYIOLIHE PA3JHUHBLIM 3HA-
YeHHSIM OTHOIIEHHS] Macc:

"........... 001 010 03 05 070 0,9 FF1,00 1,50
& ... ....... 010 032 052 065 0,75 0,82 0,86 0,98
M. ... ... .... 20 300 400 500 100 200 100,0 oo
Ey. . . .. ... ... 1,08 1,20 1,27 1,32 1,42 1,42 1,57 =n/2

Ecnu macca crepxkua Mala N0 CpaBHEHHIO ¢ MPHKPENJEHHOH Maccoi,
o6e BesqMUUHBI M H &, MaJbl, H Toraa ypaBHeHHe (5.30) MOXKHO YIIPOCTHTD
K Buuy tg &, &~ §,, oTKyAa craexyer

2 ~v ——_’_ni’ —ﬁ-liNViT
pan—gr n=Z~ ) o
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TakuM o6GpasoM

~ a1/ m _ 1/ EF
h=TV =V W

rie EF/l — napameTp npodoavtoll sicecmiocmy CTepKHs. STOT pesylib-
Tar COBMAaJiaeT ¢ pesy/bTaToM, NOoJyYeHHBIM TIPH PaCCMOTPEHHH CTEPXKHS
H MaccChl KaK CHCTEMBI C OLHOH cTeneHbio cBOGoAbl. C Apyro#i CTOPOHHI,
ec/ld OTHOLIEHHe Macc sipjsieTcss OOJbILIOH BeJMYHHOH, ypaBHEHHE Ya-
CTOT NpPHHHUMaeT BHJ

tg (pilla) = oo.

M3 3T0ro ypaBHEHHs MOJyYaeM CJeyIolHe 3HaueHHs KPYTOBHX YacToT:
p; = ina/2l, i=1,3,5, ..., oo,

KOTOPBIE COBNANAOT ¢ HAaHJEHHBIMH B M. 5.2.

Jnas Toro uto6bl 3amHcaTh COOTHOLIEHHSI OPTOrOHANBHOCTH AJIs
CTEPIKHSA C NPUKPEMJIEHHOH Ha KOHILle MAacCOH, MepenuileM 3ajavy Ha
co6cTBeHHble 3HaueHWsi [cM. ypaBHenue (5.11)]1 ana ABYX pas/MUHBIX
dopM ¢ HOMepaMHd [ H j KoJjebaHHI:

rXi= —mpiXs; ()
” 2 A
rXi= —mp;X;. (k)

YMHOXKas mepBoe M3 3THX COOTHomeHWH Ha X;, a BTopoe — Ha X;
H HHTEIPUPYSl 1O JJIHHE CTEPXKHS, IOJYUYHM

4

]
r jX’{X,dx:-—mp':ijiX,-dx; (3)
0 0
! 1
r | XjXodx = — mp} [ X.X; dx. (¥)
0 0

Maccy, nomeineHHyl0 B TOUKY X = [, Takxke CJeJyeT BKJ/OUHTb B pac-
CMaTpUBaeMble COOTHOWIEHHSI OPTOTOHAJBbHOCTH, H TOrjJa BTOpoe KOH-
1eBoe ycaoBHe (B) Aas i-i U j-H dopM KoJjieGaHHH MOXKHO NPEeNCTaBHTD
B BHJE

rXuXp = MpiXuXy; (K)

rXuXoy=MpiXuXj, (0

rjie mepBoe COOTHOLIeHHE yMHOXKaercsi Ha Xj, a BTopoe — Ha Xj;.
Bhiuutanue cootHouwleHu#i (K) ¥ (1) U3 paBeHCTB (3) M (M) NPUBOAUT
K CJEeAYIOUIHM. KOMGHHHPOBAHHEIM COOTHOLIEHHSIM:

4 l

r | XiXpde — rXuXp=—pi{m [ XiXpde £ MXuXy )i )
0 0
! !
r [ XiXedx — X Xo = pj (m | XX dx 4+ MXuX; ). (1)
Q "] -
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HuTerpupys BHIpakeHHe, CTOsIlLee B JIEBOH YacTH STHX PAaBEHCTB, Hal-
JieM
1 {
—rXioXjo—r | XiXjda=—pi|m [ XX;dx 4+ MXuXp [ (0)
0 o
! !
— rXjpXo—r | XiX;dx=—p}| m [ X:X;dx+MXuXp ). (n)
0 0
[MockonbKy HHTErpaJbl, CTOsIIHE B JEBBIX YacTAX COOTHOLIEHHH (0)
H (n), paBHBl HYJIO, TO, BblYHTAsi M3 (N) COOTHOLUEHHE (0), MONYYHM
{
(p; = pj) (!H j X[Xj dx + MX[/X]'/) =0, (p)
\ 0
Korpa i # j W, caejoBatenbHO, pi = pj, M3 paBeHCTBA (p) CJeAyer
COOTHOLLIEHHE OPTOFOHAJNBLHOCTH
!
m | X.X;dx - MXX; =0 npu i ], (5.31)
0
M3 coorHemenus (o), KpoMe Toro, caeayer
!
r [ XiXjde=0 npn i=j, (5.32)
0
a U3 COOTHOUIEHHs (M) NoJydaem
A
r [ XiXpde — rXuX; =0 npu ij. (5.33)
0
CpaBHHMBasi 3TH COOTHOWIEHHSI C COOTBETCTBYIOLIMMH HM paBEHCTBAMH
(5.12)—(5.14), Bupum, uto B cooTHomenusx (5.31) u (5.33) mpucyrer-
BYIOT JIONOJNIHHTEJbHBIE CJaraemble.

[lpu [ = j BrOpo# CCMHOXHTENb, CTOAIHE B KPYIVIHX CKOOKax
COOTHOIIEHHS (D), MOKHO MOJIOKHTb PABHBIM IPOH3BOJBLHOMN MOCTOSAHHOH.
Ilonarast 3Ty NOCTOAHHYIO pPaBHOH m, NOJYYHM

!
m JX%dx+MX%,=m npu j=j. (5.34)
0
I1pu HOpMHpPOBAaHHH cOGCTBEHHBIX QYHKIHH TaKuM 06pa3oM, 4TOOBI OHM
YJOBJETBOPSIJIH 3TOMY DPaBEHCTBY, H3 COOTHOIIeHHH (M) M (0) caemyer
! !
r | XiXide —rXuXuy=—r | (Xpde=—mp’.  (5.35)
0 0

Jlns Toro 4to6bl HCCELOBATh HEYCTAHOBHUBIIEECS MOBEJEHHE CHCTEMBI
NpH TNPOAOJbHBIX NepeMelleHHaAX, 00yCJOBJIeHHOe HauaJlbHLIMH YCJIO-
BHAMM BHja u, = [, (X) U &y = f, (x) npu ¢ = 0, onpefesnM cHadasna
HauaJbHble nepeMelleHust gy = f, () U ckopocte #y; = f, () MmaccHl,
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NPUKPeNJEeHHOH K CTEPXKHIO B TOUKe ¥ = /. 3aTeM HayasbHBIE YCJOBHS
JUIst CTEPXKHS U MACCHI IPECTABHM B BHJIE PSIIOB 110 (?YHKHPH{M BPEMEHH ¢
u nepememenus X; [cM. npencrasienus (5.17)]:

BaoXi=h(h B doXi=/a0; ©

[gl Poi X iy = f1(l); ig (.POiXil =fy(I). (r)

Hanee, cooTHomeHus (c) yMHOXaeM Ha mX M HHTErPUPYEM MO IJIHHE
crepxkHA. 3aTeM npejAcTaBjeHus (T) yMHoxkaeM Ha MX;, U nosyuyeHHble
pe3ynbTaThl CKJALblBaeM C pPe3yJbTaToM YKa3aHHBIX NpeoOpasoBaHHH
HaJ COOTHOIUEHHAMH (C), YTO B HTOre Jaer

o { {
E Poi jX X;pdx + MleXJlj =m jfl () X;dx + Mf, () X5 (y)
=1 0
4

2, Goi jx X, dx 4+ MXyX ) = mjf ) X dx 4 Mfy (1) X ;1. ()

i=1
Hcnonb3ys COOTHOWWEHHS OPTOroHanbHOCTH (5.31) M HOPMHPOBAHHOCTH
(5.34), HaxopuM, YTO NPH [ = | U3 COOTHOWEHHH (y) ¥ () noayyaworcs
CMIEYIOero BHJA NpeJCcTaBleHHsl HayaJlbHBIX YCJOBHE B HOPMa/bHBIX
KOOpJHHaTax:

l

@0 = [ (0 Xidx -+ () Xis (5.36)
: 0

l

o= [ ) Xidx -+ () Xur (5.37)
0

C yueroM 3THX npeicTaBleHHH WA QyHKUMH @y H (o; BEIpaXKeHHe JJIs
JUHAMUYECKHX TlepeMellleHHHl cTepxHs, OOYCJOBJEHHBIX 3alaHHBIMH
Haya/JbHBLIMH YCJOBHSIMH, IDHHHMAET TAKOH ke BHJ,juTO M BBIpAXKeHHe
(5.25).

Jus toro utoObl NMOKa3aTb, KaK MOXHO ONpeIeJHTh AHHAMHYEeCKHe
NepeMellleHrds CUCTeMBl, OOYCJOBJIEHHbIE NPUJIOXKEHHRIMH K HeH mpo-
JAOJbHLIMH CHJIAMH, HauyHeM C TOTO, YTO 3aMHIleM YpaBHEHHE JBUKEHUS
JJIS MaJIoro 3JeMeHTa CTepxkHA (cM. puc. 5.5):

miidx — ru"dx = Q (x, t) dx. (x)
Ha npaBoM KoOHIle CTepHsI M3 BEIpaXKeHHH (@) moJyyaeM ycJiOBHE BHAA
' Mii; + ruj=0. ()

[ToacraBnsis B ypaBHeHHe (X) mpeictaBieHus (5.17), 3areM yMHOxas
Ha X, U HHTErPUpYS NO JJIMHE CTEPKHs, HaiizeM
0 ! ! ' 4
S mios [ XiXpdx —ro | XixX; ax | = [ X,Q(x, tydx. (1)
0 0 0

i=1
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IloacTraHoBKa a”HaJOTHYHOTO IPEACTABJIEHHSI B COOTHOLIEHHe (U) H
YMHOXKeHHe 3areM Ha X;; jaer

)] (Mo XXy + reilX 11 X ) =0. (w)
=
CknanniBasi IOYJ€HHO COOTHOWIEHHA (4) Y (W), IPHXOAHM K COOTHOILe-
HHIO BHJA
o i {
Yl o m | XeXjde 4+ MX X5 | = or| | XiXpde — XuXi | | =
i=1 0 0
!
= [ X,Q(x, Hdx. (1)
0
U3 ycnosuit (5.31), (5.33) — (5.35) OopTOroHaNBHOCTH M HOPMHDPOBAH-
HOCTH CJIEAYeT, 4TO MNPHU { = j HMEeM

4
mi; -+ mpig = | X:Q (x, Hdx. ©)
0

Ecnu npaByio U JIeBYIO YaCTH 3TOTO ypaBHEHHS DaslesHTb Ha m, B pe-
3yJbTtaTe noJyduMm ypasuenue (5.26), B xotopoMm ¢ (x, ) = Q (x, {)/m.
IlosTOoMy pgHHAMHYeCKHEe IepeMellleHHsl, COOTBETCTBYIOWIHe (-ii dopme
KoJsieGanuil, 6yAyT H 3/eCh MPEACTaBAATbCS BhIpaxkeHueM (5.27), a cyMm-
MapHble IHHAMHYECKHE IepeMelieHHsl MOXKHO HaHTH H3 BbipaxkeHHA
(5.28). B cayyae nefictBHS cocpefloTOYeHHOH HArpysku Py (f), mpuio-
JKEHHOH B TOUKe X; (CM. puc. 5.5), JMHAMHUYeCKHe MepeMelleHHs] MOXKHO
HaiiTH u3 BeipaxeHnus (5.29). Ecaun x = [, 370 o3Hayaer, yTo cocpejo-
TOYEHHAsl CHJIA NMPHKJAJLIBAETCS HENOCPEACTBEHHO K Macce M, mostomy
JAHHBIE cayyaili He TpebyeT CleUHATbHOTO HCCJEJOBaHHUS.
Bce ua/i0KeHHBIE BHILIE PACCYKAEHUS B 3TOM naparpacde OTHOCHJIHCH
K CJIy4alo, KOTJia XKeCTKOCTb B NIPY2KHHBL (CM. PHC. 5.5) paBHAJaCh HYJIO,
a cocpenoToueHHass Macca M Gwla HeHyJ/eBoH. PaccmoTpuM Tenepb mnpo-
THBOMOJIOKHYIO CHTyanHio, Korga k = 0u M = 0. B stoM caydae cuaa,
nepejaBaeMasi MpyKUHOA K KOHLY CTepKHS NPH ero KogeGaHusx, Oyner
paBna — R (#)x—;. COrJ1acCHO 3TOMY KOHLEBblE YCJOBHS AJS CTEpPIKHSA
NpHMYT BHJ
@r0=0; 7 (W)emt = — k (Weee. (')

Paccyxpas, kKak H B cayyae COCpPeJOTOUEHHOH Macchl, MTPHXOAHM K BhI-
BOJY, 4TO JJI HOpPMa/NbHBIX (PyHKUHH CcJelyeT B3ATb BHIPAKEHHE

Xi= D;sin(p;x/a), (6)

H TOrJa BTOPOe KOHIEBoe YCJaoBHe B (a’) MPHUBOAHT K COOTHOILEHHIO
Pi Pt pit ,

—-Cos — = —ksin——. (8"

Ecnu BBecTu 6e3pasMepHBIN napamerp &; = mi®pi/k, yactoTHOe ypaBHe-
HHE MOXKHO MpeACTaBHTb B CJefylollell KoMnakTHoH dopme:

Eitgli=—10u (5.38)
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rae, Kak M Belue, & = p;a/l. Takum o6pa3oM, NpHUBeleHHas paHee
TabNMpa YHC/IOBBIX 3HAYEHHH A mepBoli (opMel KojebGanui Oyper
MpUMEHHMa U B JlaHHOM CJlyuyae, €CJIH mapaMeTp v 3aMeHHTb Ha —J;.
Korja XecTkoCTb R NMpyxHHbl Maja (k — 0), ypaBHenue (B') mpeBpa-
aeTCsl B YaCTOTHOE ypaBHeHHWe IJIA CTep:KHs C He3aKpenJeHHBIM Npa-
BBIM KOHIIOM H KECTKO 3aKpenJieHHbLIM Ha JieBoM KoHue. C Apyro# cro-
pOHEI, Korja k BeJHKO (B — oco), ypaBHeHHe (B'), eC/iM ero pasjesuThb
Ha k, MepeHjieT B 4aCTOTHOE ypaBHEHHUE JJIsl CTEPIKHS, KeCTKO 3aKper-
JIEHHOTO 10 OGOHM KOHI[aM.

Hasi Toro utofBpl MOJYYHTh COOTHOLIEHHS OPTOTOHAJBHOCTH MJIsI
CTEP2KHsI, MOANPYKHHEHHOTO HAa KOHIle, MOCTYMHUM TaK XKe, Kak U B CJy-
yae CTEPXKHSA C COCPEJOTOYEHHOH Maccof, MpHKPeNJeHHOH K ero KOoHIy.
B sToM cayyae BMeCTO COOTHOWIEHHH (K) H (/) ClIelyeT B3AThb

rX},X,-lz—kX”X,-,; (I")
rXiuXy=—kXy X (n')
BblunTas 3TH paBeHCTBA NMOUYJEHHO W3 COOTHOWIEHHWH (3) U (), MOJYYUM
cJefyioliie KOMOMHUDOBAHHBIE COOTHOLIEHHS: '
{
XiX;dx — rXu Xy — kXuXj = — mp} | XoX; dx; (€")
0

r

e,

! !
r | XiXodx — rXpXo — kXuXp = — mp} | XX, dx. (')

0 (1]
Hurerpupys mo uyacTaM HHTErpajibl, CTOSIIHE B JIEBLIX YACTAX 3THX
COOTHOLUEHHH, H .BbIYMTAs COOTHOLIEHHe (e') M3 COOTHOIIEHHS (K),

[MOJIYYUM COOTHOLUEHUS OPTOTrOHAJBHOCTH JIJd paCCMaTPHBaeMOIjl CH-~
CTEMBbI:
!

m | XiX;dx=0 npu i ; (5.39)
0
/
r| XiXjde + kXyX; =0 npu i j; (5.40)
0
[
r | XXy de — rXu X — kXuXp =0 npu i, (5.41)

0

CpapuuBas 3TH cootHomedus ¢ (5.12)—(5.14), BUAHM, YTO COOTHOILIE-
uue (5.39) coBnajaeT ¢ aHAJOTHYHBIM BLIDAXKEHHEM JJS CHUCTEMBbl Ge3
npyxussl. OpHako B cooTHomeHusAx (5.40) u (5.41) nmosBasiorcs no-
NOJIHUTENbHBIE CJlaraemble.
Hns cnyyass { = | npoueaypy HOPMHPOBAHMS BHIMOJHHUM TakK:
!
m | Xidx=m; (5.42)

0
!

{
r | XiXodo — rXiXo — kX3=—r [ (Xiy dx — kX3 = — mp?. (5.43)

0 0
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[MockoabKy cooTHOUIEHHE HODMHPOBAHHOCTH (5.42) coBmajaeT c aHajo-
ruunbiM (5.22), To U BbIpaxenHus (5.23)—(5.25), mosayueHHble B n. 5.4
JNA AMHAMHUECKHX TepeMelleHHil NpH 3aJlaHHbIX HAyaJbHBIX YCJIOBHAX,
IpUMEHHMEl B JaHHOM caydae. Bosee Toro, puHammuyeckue nepemelie-
HUsl CHCTEMBl, OOGYCJOBJEHHBIE JeHCTBHEM MPOJOJBHBIX CHJI, MOXKHO
HalTH, BOCNOJIb30BABIIUCh BhpaxeHusamu (5.28) u (5.29), Takxke noJsy-
yeHHBIMH B M. 5.4. Takum o6pa3oM, BHAHM, 4TO XOTs HAaJHYHE IPY-
JKHHBL H OKa3blBAeT BJHSHHE HA 4AaCTOTH H (HOpPMbl MPOJOJbHLIX Koseha-
HHH CTEPIKHS, TEM He MeHee CYyTh MeTOJa HOpMaJbHBIX HopM KoJebaHHil
I/l ONpefie/ieHHs] TUHAMHYECKOIO MOBEAEHHS CHCTEMHB He H3MeHHJIach.

Ecan B cHcTeMe OJJHOBPEMEHHO NMPHCYTCTBYIOT KaK COCPEJOTOUYEHHAsA
Macca, TaK M npyxuHa (M == 0; k %= 0) (cMm. puc. 5.5), KOHIEBBIE yCJIO-
BUSI MPHHHMAIOT BHJ

W= 0 ()t — — M ()t — — k(W) 3)

B nanHOM cnyudae, siBadomeMcsi KOMOUHANKEH ABYX H3yYeHHBIX paHee,
BbIpa:KE€HHS1 JJIf HOPMAJbHBIX (YHKLHA MOXKHO TNO-pexHeMy OpaThb
B ¢opme (B'). Torna M3 BTOpPOro KOHIEBOTO YCJOBHS B (3') MOJyYHM

I i
i cos—p‘— (Mpi — k) s'm—p;—, (')

OTKY/la CJieflyeT YacTOTHOE ypaBHEHHe B 6e3pasMepHOl (opme
Eitg & = nLi/(E: — m). (5.44)

CooTHOIIEHHS] OPTOTOHAJBHOCTH ONpefiesIsioTCs B JAHHOM CJydae Bblpa-
)kenusamu (5.31), (5.40) u (5.41), a HOPMHPOBAHHOCTH — BbIP AKEHUSIMH
(5.34) u (5.43). HauanpHble nepeMellleHHS] H CKOPOCTH B HODMaJIbHBIX
KOOpJAHHATAX NpeACTaB/siloTcs BblpaxeHusiMu (5.36) u (5.37), a peie-
HUS A5 JUHAMHYeCKHX TIepeMelleHHH, oOYCJOBJEHHBIX 3aJaHHBIMH
HayaJbHbBIMH YCJOBHSIMH H JeHCTBHEM INPHJOXKEHHBIX CHJ, 3aAalTcs
BoipaxeHusiMu (5.25), (5.28) u (5.29).

HsanoxenHbll B 3ToM naparpacde noixoi MoxeT OblThb pacnpocTpaHeH
1 Ha 6oJiee CJAOXKHBIH Caydail, Korja MacChl U MPYKHHbl TNPHKPENJSIOT
K 000MM KOHLAM CTepxKHs. B 3TOM ciydae, Kak cjaefyeT H3 Bblpaxe-
HHUs (T), HOpMaJbHble HYHKIHMH OYAYT cojepKaTb 00a HEHYJEBLHIX cJja-
raeMblXx, TO3TOMY YacTOTHOe ypaBHeHHe GyleT HUMeThb OoJiblle YJEeHOB.
Kpome Toro, cOOTHOLIEHHS] OPTOrOHAJIBHOCTH U HOPMHPOBAHHOCTH Gy YT
COJIep2KaTh YJleHbl C MACCAMH H KECTKOCTAMH NMPYIKHUH, NPHUKPeINJIeHHBIMUA
K 000HM KOHL@M CTEPKHS, HO TPH 3TOM HadaJbHble YCJOBHS, 3aNHCAHHBIE
B HODMaJIbHBIX KOOPAMHATaX, MOXHO IPeICTaBHTh B BHJE, KOTJa OHH
O6yIyT omnpelensiTbhcsl TOJNBKO BJIHMSIHHEM TpPHKpeNJeHHbIX Ha KOHLAX
cTep:KHs1 Macc. B kadecTBe ynpaxKHeHHs IpejjaraeM YHTaTeJIO0 MOJY-
YUTb 3TH GoJiee CJIOXKHBIE (HO M GoJiee ofiiMe) BbIpaXKeHHs, ONHCHIBA-
[OIIlHE MPOJOJbHbIE KOJeGaHHS NPH3MAaTHYECKHX CTepxkHeH. AHajsoruu-
HBIl C TOYKH 3peHHsI MaTeMatHueckod (OpMyJHPOBKM cjaydall Basia
C 3aKpelJIEHHBIMH Ha KOHLAX QUCKaMH GyneT oOCyXKJeH B I. 5.7, a cay-
yall TpejBApPHTENbHO PAaCTAHYTOH HHUTH C JONOJHHTEIbHBIMH TMPYKH-
HAaMH, NPensTCTBYIOLIMMH MONEPeYHLIM MNepeMelleHHAM, OyAeT paccMo-
TpeH B n. 5.8.
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5.6. UCCJIEJOBAHUE NOBEJEHUSI CTEP)KHEH IPH
3AJAHHBIX TNPOXOJIbHBIX MNEPEMEIMEHHSIX OIIOP

PaccvotpuM Teneph 1HHAMHUYECKHE mNepeMelleHHs CTEpKHEH IMpH
NpPOJO/IbHBIX KOJe6aHHAX, 00YCJOBISHHBIX HE JEHCTBHEM [IPHUJIO0KEHHBIX
CHJI, @ 3aJaHHBIMH MepeMelleHHAMH onop. Hanpumep, ecjid oCHOBaHHE
noKasanHoH Ha puc. 5.6 cHcTeMbl mepeMeniaeTcsi B HamnpaBJeHHH OCH
X 1O 3aKOHY, onpefesnsieMoMy (QYHKuHeiH

Uoenw = & (t)» (a)

TO nuqa(bepeﬂunanbﬂoe YPpaBHEHHUE JBH2KEHHA MaAJIOro 3JeMEHTa CTCPKHA
MOXXHO 3d4mnucaTth B BUJE

midx — r (4 — Ugey)” dx = 0. (6)

[TpHcTynas K pelleHHi0 3TOr0 ypABHEHHMS, BBeJeM 0603HAYEHHE
u* = U — Uacy, ()

KOTOpOE XAapaKTepHU3YeT IepeMelleHue HpOHBBO.HbHOﬁ TOYKH CTEPKHSA
OTHOCHTEJIbHO NE€peMellerlisgd OCHOBaHHsI Kak abCoJIIOTHO 2KECTKOTo Teda.
KpOMe TOro, abcomoTHoe YCKOpeHHE l'lpOI'ISBOJIbHOIjI TOYKH MOZKHO NIpea-
CTaBHTbL B BHIE

i =u* ‘"{" ﬁocn- (l")

[Moacrasnaa npencraenaenuss (B) u (r) B ypasHeHue (6), NOJYIHM
om (% dloey) dx — r (W¥)"dx =0
HJIH
mi*dx — 7 (u¥)" dx = —milog, dx = — mg (t) dx. (n)

CpaBHuBas 5T0 ypaBHeHHe IBHXKEHHs C ypaBHeHHeM (X) Hu3 0. 5.4,
BHJIHM, YTO 3KBHBAaJIeHTHAs pacnpene/eHHas HArpys3ka B OTHOCHTEJb-
HBIX KOOpAMHaTax pasHa — mg (f). ITogo6Has ¢opMmynaupoBKa UCXOnHOM
3ajauM aHaJoruuHa ToH, KoTopasd Obila MCIOJB30BAHA B MPEAbILYIIHX
naparpagax, rae paccMaTpHBaJOCh NOBEJEHHE CHCTEM ¢ AHCKPETHLIMH
napaMerpami, oOyCJOB/JIECHHOE 33JaHHBIM YCKOPEHHEM OCHOBaHHA [cM.
ypaBHenue (M) B n. 1.6].

Ias yno6ersa pasjiesuM ypaBHEHHe (I) Ha OTHECEHHYIO K eJHHHIE
JUIHHBI CTEpPKHA Maccy #1, OTKYJAa IOJYy4duM

i* dx — a? (u¥)” dx == —g (f) dx. (©)
|
Upey
u
—
0 =|
X
X ax
A
Puc. 5.6
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CpaBHHBasi 3T0 ypaBHeHHe C YypaBHeHueM (1) u3 0. 5.4, BuauMm, 4TO
3/lecb BMeCTo (PYHKUHMH g (x, f) cTouT PyHKuus —g (f). Torma ypasue-
Hue (5.26) mMpHHHMMaeT BHJ
!
G+ ploi=—8 () | Xodx, i=1,2,3, ..., 00, (5.45)
0.
TJe 4JieH, CTOSIHMH B NpPaBOH 4acTH, NMPEACTABJSET JKBUBAACHMHYIO HA-
2pysKky O COOMEEMCcMBYrwiell HopmasbHot gopmbl Kosebanuti. Jas
{-d GopMbl KoJsebanuil MHTerpasn [diwoamessi npHHHMaeT BHJ
! t
¢i=—(py) [ Xedx | §@)sinp, ¢t —yat". (5.46)
0 1]
IIpocymmupoBaB nepemellieHHsi N0 BCeM HOPMaJjbHBIM (opMam KoJeba-
HHH B COOTBETCTBHH C BhlpaxkeHueM (5.17), moayuum
it ! t
wr=— 2 (Xy/p) | Xidx | g @)sinp, ¢ — ) dt, (5.47)
=l 1] 0

4TO IpPEACTABJSET AUHAMHYECKOE MNepeMellleHHe INPOH3BOJbHOH TOUKH
CTePIKHSI OTHOCHTENBHO JBHXKYylerocsi ocHoBaHus. OOuiee perieHue
OnpejessieTcss CyMMHPOBAHHEM OTHOCHTEJLHOTO (KoJieGaTesbHOTO) ABH-
JKE€HHSI M JBMIKEHHSI OCHOBAHHSA:

U = Ugen + u* = g (¢) + u*. (5.48)

Taxkum o6pa3oM, NMojcTaB/sAsi BTOPYIO NPOH3BOAHYIO MO BPEMEHH (PYHK-
UUH Ugew = £ (f) B BelpaxkeHHe (5.47), a caMy (YHKILHIO B PaBEHCTBO
(5.48), monyunM 3aKOH AMHAMHYECKHX IepeMelleHHil cTepKHs, 06yCa0B-
JIEHHBIX [IBHKEHHSIMH OCHOBAHHSA KakK abCOJIOTHO JKeCTKOro tesa. OyHK-
LUHIO Uoey = € (f) 43 BoipaxeHus (5.48) MOXHO 0XapakKTepH30BaTh KakK
3aKOH OBUNCEHUST HEBECOMO20 CMEPMCHA UAW OCHOBQHUS KAK aGCOMMHO
HECMKO20 mMeAq, TPH 3TOM OTHOCHTEJbHOE ABHIKeHHEe u* 06YCJIOBJEHO
BJIMSIHHEM CHJI HHEDIMH, pacHpelesieHHbIX N0 JJIHHE CTEepIKHS.

TlpumeHsis TNOAXOJ, KOTOPBHIH 10 HEKOTOPOH CTENeHH aHaJoTHYeH
HCIOJb30BaBIIEMYCSl NIPH HCCAENOBAHHH Cly4as JBHXKEHHS OCHOBAHHSA
KaK aGCOJIIOTHO KECTKOTO TeJsa, NOJYYHM BEIDAXKEHHE JJIsl NPOJOJbHBIX
IHHAMHYECKHX IepeMellleHHH CTepXKHS, 06YCIOBIEHHBIX [lepeMelleHH MU
o60OHX KOHLOB, 33JlaBAEMBIX He3aBHCHMEIM oOpasoM. C 3To# 1lesblo pac-
CMOTPHM pHC. 5.7 H (yHKUHH BHAA

Uon1 = &1 (t); Uone = & (t)» (}K)
. o
'Zu’nl Ugnz
u
—
0 I
X
X ax
< L
Pue. 5.7



KOTODHIE OINHCHIBAIOT He3aBHCHMEBIE [EpeMeleHHs] COOTBETCTBEHHO Jie-
BOTO H NMPAaBOr'0 KOHIOB. 3JieCh MpPEANo/araercs, YTo XOTsl 3TH NepeMe-
[IeHHs1 MOTYT ObThb GOJIBIIMMH, HX PAa3HOCTh B MPOH3BOJBHBIH MOMEHT
BpEMEeHH [ MaJa.

[Ipy HcclMenoBaHHM  JIHHAMHYECKHX TPOJOJBLHHIX MepeMelleHHH
cTepXHsl, OOYCJOBJNEHHBIX JBHXKEHHSMH OmOp, yH06HO aGCoJIOTHOE
nepeMellleHHe u MPeACTaBHTb B BHJE CYMMBbl

U = Ugy + u*. (3)

3nech 4epes U, 0003HAUEHO MEPEMEIEHHE TPOU3BObHOH TOYKH HEBE-
COMOTO CTEPIKHSI, XKECTKO 3aKpeNJIeHHOTo N0 060HM KOHIiaM NpH 3aJaH-
HOM 34aKOHe JBHXKEHHH omnop. DTO mepeMeleHHe ONpeessieTcs H3 CTa-
THYECKOTO aHanu3a, H IJs NPH3MAaTHUeCKOTO CTEPXKHS OHO HMeeT BHA

1_
= g1 (t) + 8 () = tler1 + ler o (5.49)

Ira uwactb OOMIETO nepememennﬂ GyleT Ha3bIBaTbCS NepeMEeUieHUEM
HeBecomo20 cmepicHs, obycrosrennbim e2o nodamaugocmoo. Toraa GyHK-
nusl u* B BelpaxKeHHH (3) GyJeT NpeAcTaBJaATh epeMelieHHe TPOU3BOJIb-
HOH TOYKH CTEPXKHS OTHOCHTEJbHO NEepeMeIleHHs Uqr. TaKUM 06pas3oM,
BHJMM, UTO OTHOCHTENbHOE nepeMellleHHe u*, KaK U Bhe, 06yCJOBIEHO
BJHSTHHEM CHJl HHEpILHH, pacrnpefiejIeHHBIX 10 AJHHE CTEPKHS.
AHANOTHYHO MOXKHO 3alHCaTb M YCKOpeHHe f MPOH3BOJBHOH TOYKH
CTEPXKHSA

Ugr =

fi = dioy + i1*, (n)

KoTopoe noJjydyaercsi aubhepeHIHPOBAHHEM BbIpa:KeHHs (3) ABaXKABI 1O
BPEMEHH. YDpaBHEHHE JBHXKEHUS /IS MaJoro 3JeMeHTa CTepKHs (CM.
puc. 5.7) ¢ HcnoJb3oBaHHEM BBIpAXeHHH (3) M (M) NpHHUMaeT BHA

m(fey + 8*) dx — r (Uey + 0*)" dx=0. (x)

Jlnst nmpH3MaTHYECKOTO CTEPIKHS BEJHYHHA U,  PABHA HYJIO, NO3TOMY
ypaBHeHHe (K) MOXKHO IepenHcaTb B BHIE

mi* dx — r (u¥)" dx = —mi., (x, t)dx, ()

CXOJHEIM C ypaBHEHUEM (), 3aNIHCAHHBIM JJIsI CJ1y4asi JBHXKEHHS OCHOBA-
HHS KaK aGCoJIIOTHO »XecTKoro Teja. M3 ypaBuenusi (a) BUAHO, 4YTO
B paccMaTpHBaeMOM CJydYae 5KBHBAJIEHTHAasi pacnpejie/ieHHasi Harpyska
B OTHOCHTEJNbHHIX KOOpAHHAaTax paBHa —mile, (x, {). Paspenus oGe
yacT# ypaBHEHHs (/1) Ha BeJHYHHY, MPEACTAB/SOUYI0 OTHOIIEHHE
Macchl /1M CTEPXKHS K €ro JJIHHE, NOJYYHM

a*dx — a? (u*)" dx = —ilg, (x, t)dx, (™M)
OTKYJla BHAHO, 4TO 3JeChb BMeCTO (YHKUMH ¢ (¥, f) cToHT (yHKlMS

—il¢r (x, t). TlosTOMy i-e ypaBHEHHE ABHXKEHHS B HOPMAaJbHHIX KOOp}1H~
HaTax TIpHHHMAaeT BHA

1
b+ plor=— [ Xiites (x, )dx, i=1,23, ..., 0, (5.50)
0
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ric B NpaBoH 4acTH YDPABHEHH# CTOMT 3KBHUBAJIeHTHAs HArpyska s
i-ii HOopManbHO# ¢opmbl Kose6anui. Mcnonbsys wuuterpan Joamesst
Ist i-# ¢opMBl KoJeBGaHHH, NOJYYHM
1t
b= —(Up) | X [ite, (x, #)sinp; (¢ — ) dt’ dx; (5.51)

0 0

CYMMHpPOBaHHeM BceX (OPM KoJe6aHHH NPHXOAMM K CJEAYIOLIEMY BbI-
paKeHHIO /ISl TepeMellleHHH:

t

0 {
Wt == — W (Xilps) | Xi [iee(x, )sinp, (¢ —t) dt'dx.  (5.52)

i=l 0 0

ITo BHIpaXKeHHE OMUCHLIBAET IIepeMelleHHEe TPOU3BOJBHOH TOUKH CTEPXKHSA
OTHOCHTEJILHO NEPEMELIEeHH s (e, HEBECOMOro cTepxkHs. [y Toro uToOb!
HOJYYHUTH OOlee NepeMelleHHe, CAOXKHM o6a THIIA MepeMellleHHH, 4TO

aaet
. [ — .
U= gy + W =—" g1 (f) + T 8 (t)+ u*, (5.53)

[TogBojst HTOTH CKA3aHHOMY, BHAHM, 4TO NPOJOJIbHBIE AHHAMHYECKHE
HiepeMEIIEHHST CTEPIKH S, 06YCIOBIEeHHble He3aBHCHMBIMH MePeMEIeH UsIMHU
KOHIEBBIX OMOpP, MOXKHO OIpPeAeaHTh, . CI0XKHB OTHOCHTE/NLHOE IepeMe-
meHHe u* (KOTOpoe MOXKHO TAK¥Ke Ha3BaTh KOJEGATeNbHBIM JABHKEHHEM)
C TmepeMelieHHeM U, OOYCJOBIEHHBIM IIOJATAHBOCTBIO HEBECOMOTIO
crepxkHsi. XOTsi nepeMelleHye Uy, ONpeJelsierTcss U3 CTaTHYeCKOro pac- .
CMOTpeHHsl, GBYHKIHUS 4 3aBUCHT KaK OT X, Tak H oT . [lepememenne u*
XapakTepu3yeT OTKJOHEHHE CyMMapHOro AHHAMHYECKOrO NEpPeMENEHUS U
OT TepeMellleH sl Lq, CTEPIKHS, Macca KoToporo He papHa nymo. OnHako
B yPaBHeHHH (/1) SKBHBAJEeHTHAas pacupejie/leHHas Harpyska —fmiley
HE PABHA PACIpeeJeHHON CHJle HHePUHH —mil, BBIPAXXKEHHOH B MCXOX-
HBIX KOOPJMHATAX, HJIM Pacrpejie/leHHOH CuJie HHepLUHH —mil™, BbIpa-
JKEHHOH 4epe3 OTHOCHTENbHBIE KOOPAUHATHI. DTOT 4JI€H MOXKHO HCTOJKO-
BaTh KaK MPHUJOXKEHHYIO HAarpy3Kky, 0O0yCJ/JOBJIE€HHYIO BOSMOXKHBIMH H3Me-
HEHUSIMH ONpeJe/sIONIHX ABHKEHHe KOOPIHHAT OT abCOMOTHBIX K OTHO-
cutenbHbiM. COGCTBEHHbIE 3HAueHHsi H COOGCTBEHHble (YHKLUHH, HaHIeH-
Hble B OTHOCHTENbHBIX M HCXOJHBIX KOODJIHHATaX, PaBHBl Mexay coboil
(B cnyuae, Korja o6a KOHILA CTEPXKHsI JKECTKO 3aKpeIJieHbl), TTOCKOJIbKY
KO3(PHUIHEHTH M U r B ypaBHEHUH (J1) MMEIOT TO K€ 3HA4YeHHe, 4TO
U BBILLE.

Ecan ¢yukuuu g; (f) u g, (f), ONMHCHIBAIOHE NepemelleHUsi OGOMX
KOHIIOB CTEepKHS,

g () =g @) =g,

u3 Boipaxenus (5.49) moaydaeM ugr, = Ugen = £ (f). B 3ToM cayuae
IBHKeHHe, 06YCJOBJEHHOE TMOAATIMBOCTBIO CTEPXKHS, TNPEICTABASALT
JBH2KEHHE Kak abCoJIIOTHO KECTKOro Tesa (C KeCTKO 3aKpenJIeHHBIMH
obouMH KoHiaM#), a BeipaxeHus (5.50)—(5.53) coBmaaaior ¢ cooTBeT-
CTBYIOHMIUMH BhipaxeHUsiMH (5.45)—(5.48).
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Tpumep 1. Tlpennonoxum, 4TO ABHKEHHE ONOPH MOKA3aHHOTO Ha puc. 5.6 crepxus
IPOHCXOJAUT TO 3aKOHY, ONHCHBaeMOMY mapaGoindeckoll GYHKUHER Uycn= g (f) =
= u, (¢/t,)?, Tae u; — mepemelmeHHe B MOMeHT BpeMeHH f;. OnpenesnuTb odycnomeunﬂbxe
YKa3aHHKEIM JIBHIKGHHEM JHHAMHYECKHE MepeMelleHHs] CTePKHS, eCIH B HayajbHbiH MO-
MEHT BpEMEHH CTepXeHb HaXOJWJICS B NOKOe.

Pewenue. Y3 NpHBEACHHBIX Bhillle HCCJIe/IOBaHHi NpOAOABHBIX KoJieGanuf CTEPXKHS
HMeEeM

p; = inaj2l;  X; =V 21 sin(pixia), i=1,3,5, ..., o0,
rae X; — HOPMHPOBAHHEIE B COOTBETCTBHH C BhipaxKeHHeM (5.22) ¢ynkuuu. Jduddepen-

o4pys (byHKLlHIO UocH, ONPENENAIOULYIO 32aKOH JBHXKEHUS OCHOBAHHSI CHCTEMBI, JBaXKNbl
no BDEMEHH, ITOJYUYHM

oey = & () = 2ul/t%-

Torpa u3 Beipaxenusi (5.47) nojyvaeM IepeMellleHHS NPH OTHOCHTENbHOM JIBHXKEHUH

0 1 t
i — ‘t’t{; Z 71.—51[1 p‘ix Jsinﬂzi dx Jsinpi(t—t’)dt’:
LT T 0 0
8u | iX
:mn_t;_ 2 e sm—p‘;—(l—cospit) =
a3, :
21 R
o 32Ly, | 71 J inat>
e X wem (e) “
i=1,3,5,...

a u3 BbipaxKeHHs (5.48) ompenessieM ofllee INepeMelleHHe

u 3912 S | imx inat
u:_%_ 2 — Z -ﬁ-'smT(lmcos Tﬂ (0)
{i=1,3,5 ...

Mpumep 2. TIpeanon0OXKHM, YTO ONOPLl NOKA3AHHOTO HA PHC. 5.7 CTEPXKHA COBEPLIAIOT
NpOCTHIe TaDMOHHYECKHEe JBHXKEHHS B BHJE

Uoeu1 = g1 (!) = Uy sinwyt;  Ugene = g2 (1) = Uy sin wyf;

37€Ch Uy H Uy — AMIVIUTYAB KosieGaTesbHbIX ABHXKEHHH COOTBETCTBEHHO JI€BOH H NpaBOH
ONop; @ H ®y — KPYTOBHE YAaCTOThI KosieGaTeJbHbIX JBHXKeHH#H onop. OnpepesuTsb
nepeMelieHHs] NPOM3BOJbHOR TOUKH CTEpPXKHS TIPH YCTAHOBHBIUHXCA BBIHYXKJEHHBIX
KOJIeGAHHAX, OGYCJTOBJIEHHEIX YKa3aHHbIMH HEe3aBHCHMBIMH JBHXKEHHSMH OIIOp.
Pewenue. [TockoabKy 06a KOHIA MOKa3aHHOrO Ha PHC. 5.7 CTEPXKHS KeCTKO 3a-
KpenJieHbl, COGCTBEHHbIE YaCTOTbl H HOPMHPOBaHHEIE (HOPMHEI KoJeGaHHH NPHMEHHTEIbHO
K JJAHHOMY CJYYa) HMEIOT BHJ
pi=ina/l; X;=V2/I sin(pix/a), i=1, 2,3,

., CO.
H3 Boipaxenus (5.49) BHIHO, UTO NepeMeilleHHA, OGYCJIOBJEHHble TOJATAHBOCTbIO He-
BECOMOTO CTEPIKHSA:

Ugp = 177‘ uy sin a)lt-i——f—ug sin @y, (n)

TOrja BTOPas NMPOH3BOJHAs 5TOH QYHKIUHH IO BpeMeHH OyleT HMeTb BHJ

. l—x 2 : X o .
lhgy = — == O}U Si0 @ t— — @aly Sin Wy, (p)
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BosHpKalonmue NPH YCTAaHOBHBIIMXCS KOJEGAHMAX JHHAMHUECKHE TepeMelleHHs u*
HPOH3BOJNLHOH TOYKH CTePXKHS OTHOCHTEJBbHO NEPEMEIEHHSA UopHAXOAHM H3 BEIPAXKEHHS
(5.52), BHINOJHHB MHTETPHPOBAHHE MO BPEMEHH

2 c S 11 . I — 1
ut = T —p—%-sm ] mfulﬁ” sin @,¢ J __-I_.x_sin ”;x dx 4

i=l1 0
!

2 . x . inx

+ @)U ;o sin @yt J-—I—sm i dx | =
0
2[2 N 1 . inx 9 . - {2 .
= Z — sin—— [07,B;; sin oy — (—1)" 05ueB o sin 0yt], ()

i=l

e By =1/[1—0}/0f]; Bip=1/[1 —&}/r7].

ToxcraBasis Beipaxenus (o) u (c) B BripaxeHue (5.53), HalizeM cyMMapHOE mepeMelne-
HHE CTEepXKHs :

l —x 21203 N i1 . Inx .
U= “1—+WLZ%LSIH 7 | “asinont +
i=l ‘
x 202w3 " jo . IMX .
+ T_nf’_azzZ (=1t —%—sm 7 | “asin oat. (1)

i=l

3AJAYH

5.6.1. Crepxenb, KoHell x = 0 KOTOpPOro CBOGOJEH, a KOHEI x = | XeCTKO 3a-
KpenJieH, KoJebJercsi BCIEACTBHE TOTO, YTO OCHOBAHHE COBEpLIAeT Kose6aTeJbHOE IBH-
JKeHHe II0 TapMOHHUECKOMY 3aKOHY Uocy= g (f) = dsin ¢, rue d — amnauTyzna
KOJ1€6aTe/IbHOrO JBHKEHHS.

Onpene/uTh AHHAMHYECKHE IEPEMEINEeHHs CTePXHS IPH YCTAaHOBUBIIHXCS KoJeGaHHSIX
NPH 3aJaHHOM JBHXKEHHH OCHOBaHHS.

22 > ;
Omeem: uj— 1+'—1§f;a(;)— 2 %L(-l)‘i‘l)/zcos%‘lf— dsin of.
(=1,35 ...

5.6.2. OnpenenuTh AHHAMHYECKHE N[POJOJBHLIE NEPEMEIIEHHS CTEPXKHS C KECTKO
3aKPeNICHHHIMH KOHIAMM NDH JIBHXKEHHH OCHOBaHHS KaK aGCOJIOTHO KECTKOro TeJa
IO 3aKOHY Ugex = & () = u4 (t/t))2,

[~}
Lo W], 8 1. inx N inat)
Omeem. u_-—-t% t poc 2 sin i I — cos i .
{=1,3,5,...

5.6.3. Omopa x = 0 XecTKO 3aKpeIJIeHHOro N0 060HM KOHIaM CTEPXHS COBEpIIaeT
IBHXKEHHE TIO 3aKOHY Uocm= &1 (!) = u, (#/¢,)?, Torna kak omopa x = [/ ocraercs He-
noasuxuoi. OnpelesHTh BOSHAKAIOMHUE NPH 3THX YCJAOBHAX NPOJOJbHbIE IHHAMHUECKHE
nepeMelileHUs CTEPXKHA, :

o

o, l—x . 412 1 inx _ imat )
Omeem: u = 0 7 t o Z 7 sin - (l €os — .
(==l
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5.6.4. IlpennoyoxXHM, 4TO onmopa HA KOHUE X = [ cTep:KHsl, PACCMOTPEHHOTO B 3a-
naue 5.6.3, coBepllaeT IBHXKEHHE MO 3aKOHY

Uocrz = g2 (£) = uy (¢/15)%.

Onpe,rLeJme Te N0OGAaBOUHBbIE AHMHAMHYECKHE NpOJAOJAbHBIE NEpeMEIlEHHS, OﬁyCJIOBJIEHHbIe

YKa3aHHBIM JIBHXXEHHEM, KOTOPHIE CJelyeT NPHGABATL K NEpEeMelleHHSM, HaHIEHHBIM
B 3ajaue 5.6.3.

oo .
Lo Uy | x o 120 Z (=" o imx L inat>
Omeem: u = |7 1+ pecye & sin— <t S —7 .

i=]

5.7. KPYTHJIbHBIE KOJIEBAHHSI BAJIOB KPYI'OBOIo
NONMEPEYHOI'0O CEYEHUSA

Ha puc. 5.8, a nokasan npsiMonuHeHHbIl Bajd, KPyTHJbHBE KOJe6a -
HHSL KOTOpOTO paccMoTpuM Huxke. Hepes O o603HayuM yros sakpydHsa-
HHSl (BOKPYT OCH;BaJja) NPOH3BOJBHOIO IMOMNEPEYHOTO CEUEHHsl, PaCIo-
JIOXXEHHOTO Ha PaCCTOSIHHH X OT JIeBOTO KOHIA Bana. [IpH KpYTHJbHBIX
KoJie0aHHAX BaJa yCJOBHE PAaBHOBECHS! YNPYTHX H HHEPUHOHHBIX KPY-
TSALIHX MOMEHTOB, NEHCTBYIOLIMX Ha MaJjiblil 37eMeHT Baja (puc. 5.8, 6),
3alduieM B COOTBETCTBHH ¢ npuHuunom [lanambepa B BHIe

or 026
T+ — d,'c—T—pIud,'c'—-—at2 =0. (a)
B sToM AnddepennasbHOM ypaBHEHHH KPYTALULUHA MOMEHT, 51BJISIOLIHACS
PaBHOJIEHCTBYIOIUHM BHYTPEHHHX CHJ, JAEHCTBYIOUIHMX B NONEPEYHOM
CeYeHHH C KOOpAHHATOH x, 0603HayeH yepe3 7, a €ro NOJOKHUTEJbHOE
HarnpapJeHHe NoKasaHo Ha puc. 5.8, 6. Uepes I o6o3HAaYeH noJaspHbI
MOMEHT HHEepLHHU NONepeYyHOoro ceueHusi. B COOTBETCTBHH C BBEJECHHBIMH
0003HaYEeHHSIMH MOMEHT HHEpHHHM MacC [Jis 4acTH Baaa AJHHOH dx
pased pl dx, a yraosoe yckopenne d°0/0¢2. M3 teopun mpocroro kpy-
YeHHS cJelyeT COOTHOLIEHHE
00
T=GI, TR (6)
rie G — mofyab ynpyroctd npu casure. [logcraBus Beipaxkenue (6)
B ypaBHeHHe (a), nocJje npeoOpa3cBaHUH MOJYYHM
020 1 0% -
—-—axz :-—bz————atz . (504)

f a6
AN /-\pIndXﬁ—tz

g ' \\ : = IC (§ On%m

a) )
Puc, 5.8
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D10 BHIpaxkeHHe HMeeT HOPMY OJHOMEPHOTO BOJIHOBOTO ypaBHEHMs, H3
KOTOPOT'O CJIellyeT, YTO CKOPOCTb PAacnpocTpaHeHHsi KPYTHJbHBIX BOJH

b=y Glp. (5.55)

Ypasuenue (5.54) u dopmyaa (5.55) coBnaayt no gopMe ¢ ypaBHeHHeM
(6.1) u dopmy.toit (5.2), ecsin B n0C/IeHAX BEJHUHHB &, @ H E 3aMeHUTH
cootBeTcTBeHHO Ha 0,:b,u G. IlostoMy Bce moJyu€HHBIE De3YJbTATHI
JJIS 3ajadyd O IPOJOJIbHEIX KOJeOaHHUAX NPH3MaTHYeCKHX CTepIKHeH
MOXKHO pacnpoCTPaHUTh H Ha 3aJlaud O KPYTHJbHBIX KoJleOaHHAX BasloB
KpPYrOBOTO NONEPEYHOro CeueHHss NyTeM NMPOCTOH 3aMeHbl 0603HAYEHMH.
Hanpumep, B ciyyae Bajna ¢ He3aKpeIJIeHHbIMH KOHLAMH 4YacCTOTHl H
HOpMaJibHble (PYHKLHH JJISi COOTBETCTBYIOIIMX COOCTBEHHBIX (GoOpM Kpy-
THJABHBIX KoJie6aHHH HMelOT BHJ,

pl:Lnb/l) Xi:C,‘COS(piX/b), [= 13 21 3’ ceey OO, (B)

a yrJoBble II€PEMEIIeHHs] NPH CBOGOJAHBIX KoseGaHHAX [cM. Bblpaxe-
nue (5.6)1

oo

0 = Y] cos (inx/l) [A; cos (inbt/l) + B; sin (inbt/l)). (5.56)

i=l1
AHanoruuHpM 06pa3oM H3 MNOJYYEHHBIX Bbllle, B M. 5.2, BeIpaxkeHUH
MOXKHO TIOJIYYHTEH pellleHHs AJIs 3aJa4l O CBOOOAHLIX KPYTHJBHBIX KOJ€-
GaHHusiX BaJOB, XECTKO 3allleMJIeHHBIX N0 OJHOMY HJH OO60HM KOHIAM,
a ofllee BblpaXKeHHe AJIs pellleHHs B BHJAE CYMMbl HOPMaJbHBIX GOPM KO-
aebanuii cjeayer U3 BeipaxeHus (5.25) B m. 5.4.

JHast Toro yTOGBl HCCAEA0BaTh YIVIOBbIE NepeMellleHH s TIPH BhIHYXIEH-
HbIX KPYTHJBHBIX KoJeGaHHAX Basa, 06YyCJOBJEHHBIX JeHcTBHeM pac-
NpeJieJIeHHOT0 KPYTSAIEro MOMEHTa, BOCIONb3yeMcsi BhipaxkenteM (5.28).
B 3roM cnyuae BenuuuHa g (x, f) 6yaer o603Hauath YyJAeJbHBIH pacrnpe-
JeNeHHblll KpyTAHHA MOMEHT, MOJEJEHHBIH Ha MOMEHT HHepUHH Plg
Macchbl, OTHECEHUBIH K eJMHHIe JJIHHB Baja. AHaJOTHYHO, BbIpaKeHHe
(5.29) MoxeT 6bITb HCIOJNb30BAHO U1 CJydyas COCPEJOTOUEHHOTO KPYyTsi-
mero MomeHTa T, (f), IpPHJIOXKEHHOTO B TOYKE X = X;, IPH 3TOM B Kaye-
CTBE YJIeHa, ONMpejessiiOUlero Harpy3ky, B JaHHOM BBIpaXKE€HHH clellyer
B3ath ¢, (1) = Ty (O)/ply.

B mpeppiaymem naparpage 6bIO PACCMOTPEHO JAHHAMHYECKOe IOBe-
JEHHEe [PHU3MATHYECKOTO CTEPXKHA MPH MNPOJOJbHEIX IepeMelleHHsaX
onop. PasButelil TaM MeTOJ MOXKHO JIETKO PacnpoCTPaHHTb Ha cayudai,
KOrja /s Bajla 3aJlaHbl ONpEeJeJEHHOTO BHJAA YTJIOBbIE NepeMelleHHs
Ha onopax. Ecsu ofe onopel NOBOpauHBAlOTCS KaK abCOJIOTHO XKeCTKOe
TeJo, MOXHO HCIOJb30BaTh BbipaxeHus (5.47) u (5.48), HO QyHKUHIO,
OIIUCHIBAIOLLYI0 3aKOH JBHXKEHHS ONOP, CJAEAyeT B3fiTb B BUIE Ogen =
= g (). C apyroit CTODOHbI, €CMH BaJ 3aKpellJleH MO KOHIAM TaKUM
06pa3oM, 4YTO Ha KaXKJIOM MOTYT ObiTb 3ajaHbl He3aBHCHMble YTJIOBbIE
nepeMelleHHtsi, CJeLyeT HCnoJb3oBaTh BhIpaxeHus (5.52) u (5.53).
B 3ToM cayuae YyIJIOBblE€ NepeMellleHHs Ha omnopax 3ajaloTcs B BHJE
GYHKIHME Boeqy = &1 (1) ¥ Ooens = g, (f) COOTBETCTBEHHO s JIEBOTO
¥ TNpaBoro KOHLOB BaJa.
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X dx

L

Puc. 5.9

PaccMorpuM Tenmepp Caydail Baja C 3aKPelJIEHHBIMH Ha ero KOHILAaX
auckamu (cM. puc. 5.9). Ban moxer cBOGOAHO BpamiaThCs, a MOMEHTH
MHEPLMH IMCKOB OTHOCHTEJNbHO OCH X Baja OGO3HAYeHbl uepes [; mis
JAUCKA Ha JeBoM KoHle (x = 0) u uepes [, Ay AHECKA HA TIPABOM KOHIE
(x = ). [Topo6Hasi KOHCTPYKIUs y¥Ke paccMaTpHBAJIach Bhille, B 1. 1.2,
KaK CHCTeMa TOJBKO ¢ 0jHO# GopMOH KPYTHJIbHBIX KoJieOaHHH, IPH 3TOM
npeHe6perasoch BJHSHHE pacnpeleseHHodl Maccel Bana. C yuerom
3TOH Macchl CHCTeMa MMEET yxKe O6eCKOHEUHOE YHCJO COOCTBEHHBIX (opM
KoJie0aHHUE, TI03TOMY TIPH TAKOM MOAXOJAE MOXKHO MOJYYHTh 60JIee TOUHbIE
pesyJbTarsl. [Las HCCeNOBaHUsl MOBEJEHHs Baja ¢ AHUCKaMH, NPUKpeN-
JEHHBIMH K OBGOHMM ero KoHuam, 6yJeT NpHMeHeH INOAXOH, ONMHCAHHBIH
BBILLIE, B 1. 5.5, IS IpPU3MATHYECKOrO CTEPXKHSA C MPYXKHHOH HJH Mac-
CO¥, TPHUKPEIVICHHOH K OJHOMY KOHIY.

[Ipu KPYTHJIBbHBIX KOJeGaHHAX CHCTeMbl, NOKa3aHHOH Ha puc. 5.9,
BO3HHKalONlHe MPH 3TOM HHEPIIMOHHBEIE KPYTAI(HE MOMEHTHI OT 3aKpem-
JIEHHBIX Ha KOHILIAX BaJa AUCKOB NPHBOASAT K KOHLEBBIM YCJOBHSM BHAA

Gln(0)y=0= 11 (é) =05 Gl (0)x=i = —15(0) . (r)

Kak u pamee, mpemrosiaraeM, uto i-si CoGCTBeHHasi GopMa rapMOHHYE-
CKHX KosleOaHMH_HMMeeT BHJ

0; = X; (A; cos pit + B;sin pyt). (m)
TloacTaBasia 3T0 BbipakeHHe B BbIpaxeHHs (T), NOJYYHM
GInXio=—hpiXw, GluXi=IapiXu, (e)

rae ungekcbl O 4 [ OTHOCATCS K CEYEHHSIM COOTBETCTBEHHO X == Q M x = [.
B 3Tom cJayuae HopMmanbHble GYyHKIHHM MOXHO 3amucath B BHJE

X; = C; cos (pix/b) + D; sin (p;x/b). (%)
[NoactaBasas BepaxeHHe (k) B KOHLEBble YCJIOBUA (€), NOJTY4IHM
Gly (pi/b) Dy = —1;piCy; (3)
Gl (p:/D) [—C;sin(p;l/b) 4 D; cos (p;l[b)] =
= Iyp? [C; cos (p:l/b) + D;sin (p:l/b)]. (n)

CoorHomeHHst (3) U () NMPEACTABJASIOT CHCTEMY JABYX OJHOPOJHBIX ajre-
GpavyecKHX YpaBHEHHH OTHOCHTEJIbHO HEH3BeCTHHIX BesquyuH C; ¥ D;.
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Ucknioyasi 3TH NOCTOSIHHBIE H3 NoCJeJHHX COOTHOIHEHPIﬁ, NOJYYHM 4Ya-
CTOTHO€E ypaBHeHHe

l b ") A I.bp. d

—Gly pb (sm -+ Glp' cos —?—) = I,p? (cospT‘—- (1”’;’ sin’—JI’J—-),

(x)
TTocROMBRY p; SIBJASETCS OOILHM MHOMKHTENEM JJIsi 00eHX YacTel JaHHOTO
COOTHOLIEHHS], U3 5TOTO CJaelyeT, uTo p, = 0 siBAsieTcs yacToTol Bpaine-
HHSl CHCTEMBl KaK alCOJIIOTHO KecTkoro tena. Ilas ymobcTBa mposene-
HHUS pacyeToB IpPH OTHLICKAHHH YacToT (opMm KosebaHuil BBeqeM o6o3Ha-
YeHHUd

L=pllb; m=plllly=1/l;; My=Io/ls, ()
rae /, = pl,/ — MOMeHT HHepUHH Baja OTHOCHTENBHO €ro COGCTBEHHOH
ocH. HMcnonbsysi o6o3HaueHHsl (;1), MepelHuIeM ypaBHeHHe 4acToT (K)
B Gosee mpoctoit dopme

—(teti+ L) == (1 - ELgy))

S P A

Ecnu &, &, &, ..., — HeHyJeBble MOJIOXKHTEJNbHbIE KODHH (pacmoso-
JKEHHBIE B TNOPsJAKEe BO3PACTaHH$)3TOr0 TPAHCUEHJEHTHOTO ypaBHEHHS,
TO H3 BhHIpaXKeHHd (K) H KOHLEBOTO YCJOBHS (3) MOJy4ydeM COOTBETCTBY-
I0lHE HOPMaJbHBIE (YHKLHH

Xi=Cjlcos (Eux/l) — (Ei/my) sin Eax/)]. (5.58)

[Tpeanonoxum, 4To MOMEHTH HHePLHUHU /3 U [, IMCKOB MaJHl TIO CpaBHE-
HHIO C MOMEHTOM HHepuHu /, Bajga. B sTom,ciydyae mapaMerpsl 1, U 1,
O6yayT uMerb OoJsibliHe 3HAYEHHs1, KOPHSMH ypaBHenus (5.57) 6yayt
uyucaa m, 21, 37, ..., HOpMaJbHBIE rpynxuuu (5.58) mpumyT BuA, COOTBET-
CTBYIOILMH Bally ¢ He3aKpemJeHHBIMH KOHUamu [cM. Beipaxkenue (B)].
C Apyroft CTOPOHBI, €C/IH BeJHUYHHBl [; U [, BEJIHKH MO CPaBHeHHIO ¢ [,
TO OTHOUIEHHS T1; H T, OYAYT MaJbIMH BeJIHUHHAMH, NMOSTOMY B IPaBOH
JacTd ypaBHeHHs (5.57) MOxXHO npeHefpedb eJHHULEH 1O CPAaBHEHHIO
co cmaraembiM &}/(nm,). Toraa ypaBHeHHe 4acTOTINPUMET BHJ

& tgi6 = M1 + M. ()

310 ypaBHeHHe cosmapgaeT no dopmyne ¢ ypaBHenuem (5.30), oTHocs-
IHMCA K 3ajaye O NPOJOJMBHHIX KoseOaHuAX crepxkHs. [las nepBoi
KPYTUJIBHOH (opMbl KoneGaHHH Bce cjaraemble, BXOJSIIHE B ypaBHEHHE
(M), 6ynyT Mmaanl. C y4YyeTOM 3TOTO MOXHO YIPOCTHTb COOTHOLIEHHE,
ecau noJoxuth tg & = &;. Torma moayuum

8~ m = Io(I + L)/ s
Pemiup 3To ypaBHeHHe, HalleM 4acTOTy

b To(I1 1) Gig(I1 +1
plz_gl_N_ To(hF 1) V f:if:ﬁ

l T i,
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H riepHoll KoJjeGaHHH OCHOBHOH (opMur

1.1,
w=2m ]}/ —thl__

! Gla (i +T12)
Sra dopmyJa cosnagaer ¢ gopmysoi (1.11), Koropasi 6una moaydeHa
B NpeHeGpeKEHHH MAcCod Baja U B NIPEAIOJNOXKEHHH, YTO CHCTEMA HMEeT
TOJBKO OXHY GopMy KoseOaHui.

Ha ocHoBe nojixoaa, ONMHCAaHHOIO B 1. 5.5, MOXKHO IIOJAYYHTh COOTHO-
IlIEHUsT OPTOTOHAJABHOCTH JJISl Baia C 3aKPEIJIEHHBIMH HAa 000OMX KOHLAX
JHUCKaMH

1
oly [ XiXydx 4 ILXuY o+ LXuXy=0 mpu i~ (5.59)
1]
I

GI, [ XiXjdx=0 npn i#j; (5.60)
! |

{
Gl (JX}’X,- dx + X0 Xjo — X},X,-,) =0 npu i[~j. (5.61)
(1]

Kpome Toro, ecau BrIOpAaTb COOTHOLLIEHHE HOPMHUPOBKH (NpH [ == j)
B BHJE

14
In | Xidx+ IiXio-+ LXi = ply, (5.62)
0

MO2KHO IOJIYYHTb

l l
GI, (J‘X’{Xi dx + X,’-oX,-o——X:-,X¢,> = —Glnj (X})?dx = —plp}. (5.63)
0 0
CootHourenus (5.59)—(5.63) ananornunnt cooTHomenusam (5.31)—(5.35),
HO3TOMY CHEeLyeT TOJbKO 3aMeHUTb m = pF Ha ply, u r = EF una GI,.
Bosee Toro, B BbIpaXKEHHUAX, OTHOCSILIMXCS K paccMaTpuBaeMol 31ech
3ajlaye, UMEIOTCS 4JIeHbl, YYUTHIBAIOUIHE AUCKH, NMPHKPENJIEHHEIE B BaJIy
B ceueHusix x =0 u x = [.

PaccMoTpuM JMHAMUYecKHe YIJIOBBHIE IePeMelleHHs] CHCTeMBl (CM.
puc. 5.9), ecin HauanbHble yCioBHs npH ¢ = 0 umeor Bua 6, = fy (x)
0, = f, (x). Jlns 3TOro HeoOGXOAMMO ONpejeJUTh HayajbHblE Iepe-
memenus f; (0), fi*(l) u HavaabHBie cKopocTH f, (0), f, () mHCKOB,
yCTaHOBJEHHBIX B ceueHHsIX ¥ = 0 1 x = [ Torna HavaJbHBIE YCJIOBHSA
JJ1s1 Bajlla U JUMCKOB, IIPENCTABJEHHEIE B BUJE PSIOB, 110 QYHKIHUSAM Bpe-
MeHH @, ¥ QYHKUUSM nepeMelleHdss X; MMeOT BHI

BonXi=h(0; B dXi=/a 0y ()
B auXo=h O doXio=hO) ©)
2 ©0: Xy =f1 (); Z%z Xu=Fs (). (1)

E

i=]
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Jlnst Toro 4TOGH MPOHOPMHPOBATH 3TH BHIPAMEHHSA, YMHOMKHM BbIpade-
nug (1) Ha pl X; U NPOMHTETPHpyeM NO AJIHHE Baja. 3aTeM YMHOXXHM
Bhipaxenus (0) H (1) COOTBETCTBEHHO Ha [1X jy ¥ [,X;; U CJIOXKHM pe3yJib-
TaTel ¢ Tpeo0pasOBaHHBIMH BBIpAXKEHHSMH (H). B pesynbrare mosyuum
] l
3 o | oln | XiXjdx -+ LXioXp0 -+ LXa X0 | =
i=1 0
!
= ol | Fo () Xy -F Ify (0) Xjo -+ Lofy (1) X3 (p)

0

oo !

Y . [+ -

2o | ol | XiXpdx -+ LXi6Xjo + LXyXp | =
0

=1

i
=l | o (x) Xy dx + 1f (0) Xjo -+ Lofa () X - (©)
0

W3 coorHomenut oproroHansHoctH (5.59) M HopMmupoBaHHOCTH (5.62)
BHJIHO, YTO TIPH [ = j COOTHOIIeHHs (P) H (C) MPHBOIAT K CJeIyIOLIHM
TpeNCTaBJAEHHSM JJisi HauyaJbHBIX TepeMelleHHH H cKopocTefi B HOpP-
MaJbHBIX KOOpJAHHATAaX:
!
l I
o = [ F() X dt 1= h(0) Xio + =1 (D X (5.64)
0
: l l
b = [ o () Xide o (0) Xio + = (D X (5:65)
0

Atu BuipaxkeHus copnagaiot ¢ (5.36) u (5.37) 3a HCKJ/IOUEHHEM YUYHTHIBA-
IOMUX BJHsIHHE OGOMX JHCKOB CJaraeMbiX, NPHCYTCTBYIOMHX B (5.64)
1 (5.65). IMes 3Tu npexncraBieHUus] ISl Qy; H §g;, MOXKHO HCCJEJOBATh
IMHAMHYECKOE TIOBeJeHHE paccMaTpHBAaeMOH CHCTeMbl, HCHOJb3ys BbI-
paxenue (5.25).

Ecnu coGcTBeHHble (QYHKIMH HOPMHPYIOTCS B COOTBETCTBHH C BHI-
paxenuem (5.62), nuHaMHueckoe TIOBeJeHHe NOKa3aHHOH Ha pHuc. 5.9
CHCTEMBl MOXKHO HCCJIENOBATh, BOCIOJIb30BABIIUCH BblpaxkeHUAMH (5.28)
u (5.29). K noayuyaemomy npH 3TOM NepeMellleHHIO CJaelyeT NpHOaBUTb
nepeMenleHHe Kak abCOJIOTHO XKECTKOTO Tesna, KOTOpoe omnpenedsiercs

U3 ypaBHeHHS
Joo = R. (1)

B srtom ypasuenuu J = I, + I + I, — cyMMapHbIl MOMEHT HHepUHH
a 0 1 2 hy

CHCTEMBI; (), — YCKOpEHHE IBHKEHHS] KaK aOCOJIIOTHO KECTKOTO TeJsa;

R — cymMMapHbIfl KpYTAILUE MOMEHT, NPHJIOXKEHHBIH K BajJy M JAHCKaM.

Mpumep 1. TIpeanonoxum, YTO K JIEBOMY KOHIY Bajia C He3aKpPeIJEHHBIMH KOHIAMH

(cM. puc. 5.8, @) mpuioKen u3MeHSIOMHUACT BO BPeMEHH IO JHHeAHOMY 3aKOHY KpYT-

mUA MOMeHT R = R,i/t; (rne R; — 3HayeHHe KPYTSIIEro MOMEHTa B MOMEHT BPEMeHH f;).

I/ICCJIEJIOBaTb O6yCJIOBJI6HHO€ JIQI’ICTBHEM YKa3aHHOTO KpYyTsHlero MOMEHTa AHHAaMHue-
CKO€ N1OBEACHHE BaJja, €cJIH B HaYaJbHBIH MOMEHT BPEMEHH BaJl HaXOAWJICS B IOKOE.
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Pewenue. Moactasans J = Iy=plylu R = R t/t; B ypasHenue (T) 1 nHTErpHpYS
nocJielHee No { ABaX/bl, NOJYYHM YIVIOBOE NepeMelleHHe Balda KaK aGCOMIOTHO eCTKOro
TeJa

_ R1t3 . tha
o= Boradty ~ ol )

JluHamHuecKne yIJIOBLIE NMepeMelleHHs, KOTOphe CJe/yeT NPOCYMMHpPOBATh C IepeMelle-
HUAMH (Y) KaK a6COMIOTHO XKECTKOTO TeJla, Onpejie/sioTcs 3 Buipaxenus (5.29), uro naer

o ¢
2R, 1 px .
0= 2 —cos—Jt’sm (=) dt' =
pinlty feaed b ; P ( )
2R, ? 1 ; 1
= —— COS8 { — ——sin p.l | =
]ot] “Jl P Cos b ( 2 m p; )
=
2R N 1 [7x I . inbt
= R, Z s <t_ b ST ) (@)

=1
PesynbThpylouse yIVIOBble NepeMelieHHs Baja paBHBl cyMMe nepeMeuienuit (y) u (¢).

Hanpumep, pesy/ibTHpylollee YIVIOBOe NepeMEIleHHe KOHI@ CTEPXKHS B MeCTe NpPHJIOXKe-
Huf (x = () KpPYyTHLIEr0 MOMEHTa

Ry |2 22 WY I I inbt
Oy = 1,,t11 5 T we Z‘i?(t* b ST )] )

i=l

[onaras ¢ = ¢, = I/b, naxonum
R 2 L1, \]__Rd
Osco =7 |6 T (gt ) | =ger ()

Mpumep 2. ITonnaras, uro MOMEHTHl HHEPIHH TPEX 4acTell, COCTABJSIONIHX CHCTEMY,
MOKa3aHHYIO Ha puc. 5.9, paBHBl Mexiy co6oil, T. e. [y = I; = I,, onpejeauTs JuHa-
MHYECKHE YIJIOBble NepeMelleHHs, eCJH 3ajaHbl ce/ylollHe HaualbHble YCIOBHS:

B0 = f1 (x) = g (2x — D/1; 8= fy (x) = 0. (%)
HauanbHoe nepeMelieHue, onuchiBaeMoil ¢pyHKIuel 6p, 06yC/IOBIEHO PAaBHBIMH M NPOTH-
BOIIOJIOKHO HaNpaB/JI€HHBIMH KPYTAUIMMU MOMEHTAMH, NDHIOXKEHHBIMH K JHCKaM H Bbl-
3HIBAIONIUMHE OTHOCHTEJIBHBIH [I0BOPOT KOHIEBLIX CeUeHHH Ha yros 20l), KOTOphIE B MOMEHT
BpeMeHH {, = 0 BHE3aNHO NPHHEMAIOT 3HAYEHHMS, PABHBIE HYJIO.

Pewenue, B paccMaTpuBaeMoM ciyuae 1); = My = |, H TPAHCIEHJEHTHOE YACTOTHOE
ypaBuenue (5.57) npunumMaer 6osiee IPOCTOH BHJL

(83— 1) 1g g =2¢,. (w)

3nech pyHKuuH X; HOPMHDYIOTCSL B COOTBETCTBHH C BeipaxenueM (5.62), uto paer
!

J'x%dx_l-x%o_l-xflzl. (m)
0
Jns 3anaHHBIX HayanbHEX ycnoBuil (u) w3 Buipaxenuit (5.64) u (5.65) mosnyuaem
3
g == | [ @r—D Xidr— Xu—Xi) |3 du=0.
0
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B pesysbTaTte yriioBele nepeMenleHdst IPH CBOSOAHEIX KOMeGaHHSIX B COOTBETCTBHU C Bbl-
paxeHHeM (5.25) MOXHO NPeACTaBHTL B CAEAYIOUIEM BHIE:

o !
b= _O;L Z Xi [j (2x—1) Xy de — I* (X3 — Xil):l cos 'Eilbt-- (3)

i=1 0

5.8. TOMEPEYHbIE KOJIEBAHHS NPEIBAPHTEJIbHO
PACTSAHYTbIX HHTEH

Eme ogHa M3 cucreM, AJs KOTOPBIX yPaBHEHHE [BHIKEHHSI HMeeT
¢opMy OZHOMEPHOTO BOJHOBOTO YpaBHEHHs, NOKa3aHa Ha puc.5.10, a.
Cracrema npezcraBasieT co60H NpeIBapHTENLHO PAacTAHYTYIO, He 00Ja-
JAOIYI0 XKECTKOCTbIO NPH H3rHbOe HUTb, KOTOpash MOXKET CBOOOLHO KO-
Je6aTbCA B IonepeuHoM HanpasJeHHH. IIpennosaraercs, yto pacTsrH-
Baiolllas CHJaa S B HHTH OCTaeTcsl NMOCTOSIHHOH NpH MaJblX KoJeGaHHSIX
B IJIOCKOCTH Xxy. OGO3HAYHM uepe3 y NONePeYHOe INepeMEIIeHHe NPOn3-
BOJIbHOH TOUKH HHTH, OTCTOSINEH Ha PACCTOSHHH X OT JIEBOTO KOHIA.
Ha puc. 5.10, 6 noxasansl CcuJbl, _JIGAICTBYIOLHE Ha Majblil S/JeMeHT
HUTH JVIMHOH dX, NIPH 3TOM OCHOBHOH MHTepec NPeLCTAaBJSIOT NPOEKIHH
3THX CHJ Ha och y. IIpn KosebanusaX CH/Ia HHEPIHUH ypaBHOBEIIHBAETCs
PacTATHBAIOIUMH CHJIAMH, NPHJOXKEHHBIMH K KOHIIAM MAaJIOTO 3JeMeHTa
HUTH. IIpH ManbIX yriax Hak/JoHa H3 YCJOBHH NHHAMHYECKOTO PaBHO-
BECHs1 CJenyeT

) ? )
S(a—z“ 52 d”) — S5 —mdx atz =0, @
rle m — Macca egUHHLB AJauubl HUTH. Otciofa noJayuaeM auddgepen-
[IHaJbHOE yDaBHEHHE IBHXKEHHS 3TOH CHCTEMEI

Fy 1
o= a (5.66)

rpe .
c= V) Sim (5.67)

€CcThb CKOPOCTb pPacnpoCTPaHeHHs! MONEPEeYHBIX BOJH B NPOJOJBHOM
HanpasJIeHUH.

Kak MoxHO BHAeTb, ypaBHeHHe (5.56) u Bmipaxkenue (5.67) Oyayr
COBNAZaTh COOTBETCTBeHHO c ypaBHeHHeM (5.1) u Buipaxenuem (5.2),

9 N
*WT =03 ;"‘,A/—N S

-t j\j_/ "‘k \ 7 . =R -
X e dx l X /
L s m Y
1 -t N -+
oy Y 4 -0,
mox 9, Yy e
ox

Gtz S —=dx X
. i *—%F ot s8N e NG S
e 3 "
5] /6 \sz stfs R

6) 9)
PHc. 5.10
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€CJIM B MOCJEIHUX BMECTO U, @, E U p B39Th COOTBETCTBEHHO ¥, ¢, S H m.
ITosTOMy MHOTHEe M3 paHee MOJYYeHHBIX BbIpa:KeHHH, ONMHCHIBAIOIUX
npOJOJIbHBIE H KPYTHJbHBIE KOJMeGaHHsi CTepKHeH M BaJOB, MOTYT OHITh
OpHMEHEHbl K CJydYal nNoNepedHbiX KoseGaHufi pacTAHYTBIX HHTeH
NMyTeM IPOCTOH 3aMeHBl COOTBETCTBYIOUIHX o6osnaueHuii. OnHako
B JIaHHOM CJy4ae HECKOJIbKO YCJOXKHSAIOTCS KOHIEBbie YCJIOBHS, YTO
CBf132HO C HEOOXOAUMOCTBIO YUUTHIBAThH CUJIH S Npe/iBapHTEIbHOTO PacTsi-
XKeHusi HUTH. [IpocTefilumii BHJ KOHLUEBHIX yCJOBHH [OKa3aH Ha
puc. 5.10, @ 118 HHTH ¢ OCOHMH 3aKpENVIEHHBIMH KOHLaMH. B 3TOM
cayyae KOHUEBBIE YCJOBHSI HMEIOT BHJI

(¥)x=0=0; ()x=t = 0. (6)
Toraa dyacToThl H HOpMafdbHBE (QYyHKUHH
pi=inx/l; X;=p;sin(px/l), i=1,2,3, ..., co. (B)

-Ha puc. 5.10, 6—0 nokasaHel HOpMaabHble GYHKIHH COOTBETCTBEHHO-
JUIs TiepBoH, BTOpPOH M TpeThbell dopM KosneGanuii. Ecau 3tH dyHKUHH
HODMHPYIOTCSl B COOTBETCTBHH C BblpaxKeHueM (5.22), umeeMm

D, =v9I.

[lpeacraBuM HayajbHOEe MONEpEYHOE mepeMelieHHe NPOH3BONIbHOM
TOYKH HHTH B MOMeHT BpeMeHH f{ = 0 B Buje GYHKIUHH Y, = f, (x), a Ha-
4albHYI0 CKOPOCTh B BHJE QYHKUMH §y = f, (x¥). B cooTBeTCTBHM C BhHI-
paxeHusMu (5.23) u (5.24) umeeM caexyiouiue NnpeAcTaBIAeHHS AJas Ha-
YaJbHBIX YCJAOBHH B HOpMa/bHBIX KOOpJHHATAX:

_ —
2 . Lnx . 2 . inx
v =V E[hosnax o= L [fL@sin T (@)
0 0
Torpa us Bblpaxenus (5.25) monydyaeM COOTBETCTBYIOLUIHE 3THM YCJO-
BHAM JHHAMHYeCKHe ~TiepeMeIleHHs] HHUTH

- Z \ inct Qo; . inct
y——]/l Esm——(qo,cos 5 —{——Ei-sm—l—>. (5.68)

i=1

Hanee, us Bulpaxkenus (5.28) HaxonUM JHHAMHUYECKHE NEpEMEINEHHS,
06YCJIOBIE€HHbIE .;[eﬁcmneM pacnpe;[e.neHHoﬁ nonepeuHoil cuanl Q (x, £):

oo

y:li —p—sm i j i jq(x t'ysin p; (t — t')dt’ dx,  (5.69)
i=l 0

rae q (x, t) = Q (x, t)/m. Ecnu B TOUKe X; NPHKAAJBIBAETCS COCPENOTO-
ueHHas cujaa Py (f), AHHAMHYECKHe NepeMeLleHH s IPH 3TOM Ol peAesIOTCS
BBIpaKEHHEM (5.29):

L gin mx sip WL lﬂxl X (t sin p; (t — 1) dt’, (570)
q
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Puc. 5.11

B n. 5.6 paccmartpuBajcsi cayyall mpuU3MaTHYECKOTO CTEPXKHS, AJIs
KaXJoro KOHIIA KOTOPOTO 3aJaloTCS He3aBHCHMBIE MPOJOJBLHLIE MEpe-
meuieHHus. [TosyuenHele TaM BbIpaXKeHHs1 OYEHb MPOCTO PACHPOCTPAHHTh
Ha CJlyyal, KOrja KOHIBl PACTSHYTOH HUTH NEPEMEILAIOTCS B MONEPEYHOM
(napannenbHo ocH y) HampaBnenuu. Ha puc. 5.11, @ u 6 mokasaHw
HE3aBHCHMBIE NIEPEMElEHH S ONop, 3ajaBaeMble B BHAe GYyHKUMH BpEMEHH:

You1 =81 (¢); Yoz = g2 (t) (m)

COOTBETCTBEHHO JJIfl JIEBOTO M TNpaBOro KOHLOB. IIpu TakuM o6Gpasom
3aJJaHHBIX NepeMelleHHsIX KOHIOB 3aKOH JIBHKEHUS NPOU3BOJIbHOMN TOUKH
HEBECOMOH HHUTH HMEeT BHJ

.l/CT:(yCT)l ‘I‘ (ycl‘)2:$g1 (t)"_Tx‘gz (t) (5-71)

B nanHoM cayyae nepemelieHue Y, (puc. 5.11, 6) omuchIBaeT ABHKEHHE
Kak abCOJMIOTHO XECTKOTO TeJIa, COCTOSILIEE H3 MEPEMELIEHHST B HANpaBJIe-
HHH OCH ¥ M MaJoro INOoBOPOTa OTHOCHTEJBHO OCH, MEPIEHIHKYJISIPHOH
IJIOCKOCTH xy. Bojee Toro, NojoGHBIH XapaKTep IBHXKEHHSI CBOHCTBE-
HEeH H KaXJ0H KOMINOHEHTE (Yer); H (Yer)e (cM. puc. 5.11, a u 6). Pe-
3yJIbTHPYIOLIEE JBHIKEHHE MPEACTABJsIET COO0H YHCTHIH MepeHoc, Korja
g1 () = g () = g (f), ¥ YHCTBIHl NOBOPOT OTHOCHTENBHO TOYKH, Pacro-
JIOXXEHHOH B cepeiuHe MNpoJiera, Koraa g (f) = —g, (f). Takum o6pa-
30M, BHJMM, YTO BBEJE€HHOE B II. 5.6 mnpeicTaBieHHe O JNBHXEHHH Kak
NOAATJHBOTO T€Ja JiIl HEBECOMBIX CHCTEM COBIAAAET C MPEACTABJIEHHEM
JBHXXEHHH KakK aGCOJIIOTHO XKECTKOTO Teja B CJydYae IPeABapHUTEIbHO
PacTAHYTOH HHTH NPH 3aJaHHBIX MONEPEYHBIX NEpeMelleHHAX ee KOHIOB.
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[Toncraensa B BoipaxeHue (5.52) BTOPYIO NMPOH3BOAHYIO MO BPEMEHH
¢yukuuu (5.71) U HOpMHpPOBaHHBIE (PYHKUHM H3 BbIpaxKeHHs (B), mosy-
UMM pelleHHe JJis 3ajayd O HEYCTAHOBHBIIEMCS TOBEJEHHH HUTH TpH
KosnefaHUAX

8

{ t

2 | . isnx £ L—x . . g1
== Y oesin T [sin G5 [ [55 0¢) + 2 4. ()] %
=1 0 0
X sinp; (t — ') dt’ dx. (5.72)

st TOro 4To6bl MOJYYHTH MOJIHOE MEpEMELIEHHE, CIOXKHM MepeMelle-
HHSI, OOYCJIOBJIEHHBIE KO0Jie6aTebHbIM JBHXKEHHEM H JBHXKEHHEM KakK
abCOMIOTHO JKECTKOTO Tea, M B pe3yJbrare MOJYYHM

Y= Yor 1 =T g () + L g t) |-y~ (5.73)

ITpupenennoe Bhile 06CyKIeHHE OTHOCHJIOCH K MPEABApPHTENbHO pac-
TAHYTOH HHUTH, KOHIBI KOTOPOH ObLIH KECTKO 3aKpemJieHbi. PaccMOTpHM
Tenepb CJAyyad HHTH C yNPYTHM B IIONEPEYHOM HaNpaBJEHHH 3aKperie-
HHeM Ha KoHuax (puc. 5.12). [peamonaraercsi, 9T0 KeCTKOCTH Ky U Ky
NPY2KHH, YCTAHOBJIEHHBIX B TOYKaX X = 0 u X = [, U3BECTHB U YTO
KOHIIbl HHTH MOTYT N€peMelaThCs ToJbKO B HanpasJieHnu ocH y. [Toaxon,
NpUMENsIBIIHACA Bbille (CM. M. 5.5) AJA HCCAeNOBaHUS NMPU3MATHYECKOTO
CTEPKHS C yCTAHOBJEHHBIMH Ha OXHOM H3 €ro KOHIIOB MaccOi WJH MpY-
JKHHOH, Tenepb HUCNOJNb3yeM B 3ajade O HHUTH, OMUpAIoLIeHcs Mo KOHIAaM
Ha MPYXKUHBL.

YpaBHeHHe JBHKEHHS, OJyJaeMoe H3 paccMoTpeHus [cMm. ypaBHe-
nue (a)] ycnoBUs OHHAMHYECKOTO PAaBHOBECHsI MAJOTO 3JIEMEHTA HHTH,
NOKa3aHHOro Ha puc. 5.12, MOXHO 3amucaTh B BUJE

mijdx — Sy'dx = 0. (e)

Ha KaxxoM KOHIIe HHTH [JOJIKHO BBINOJHATHCS YCJIOBHE PABEHCTBA CHJIBL,
' BO3HHKaIOLleH B NPYXKHHE NPU €€ NepPEMElleHHH Ha BEJHUHHY Y, U MpPO-
eKIMH Ha oCb Y pacTaArupawoleidl cunbl S uutd. [losToMy KoHUEBbIE
YCJOBHSI MPUHHMAIOT (OpPMY

S (Y )x=0 = ki (Y)x=0; S )emt = —ko (9)=. (x)

Kax o6bluHO, g1s1 i-Hi (OpMBbI COGCTBEHHBIX TapMOHHUYECKHX KOJeGaHHUil
HNpUHUMAaeM

Yi = X; (4; cos p;t + B, sin pf). (©)

Puc. 5.12
369



[ToacTaBasis 3TO BHIpa)KeHHE B YCJOBHA (XK), MOJy4aeM

SXio= ki Xy0; SXiy = —koXy;. (u)
Hopmanbuble pyHKIHH BO3bMEM B TOM Xe BHJE, YTO H BBHIlLE:
Xi = C;cos(pix/c) + D, sin (p;x/c). (k)
[ToncraBasis BeipaxkeHue (K) B COOTHOlIeHHS (H), HalaeM
SpiDijc = kCi; ()

S—pi—( —C; sin 2= +D cos l) —kz(CCOS + D; sin pl) (M)

c

Hckmouass u3 BelpaxkeHHH (1) B (M) nocrosiHabie C; W D;, moJydum
YaCTOTHOE ypaBHEHHe

; " N .
Spi. (s n-LfL p’ _ e og Pl ) =ky (cos pil Bl g —’3’—>. (n)
c Sp; c Sp; c

s ynpoumeHus BBejeM 0603HAYEHHS
Ee=pillc; Ta=mip}lky; TCio=mipiks (0)
M TepenuuieM ypasHeHHe (H) B BHAe

tgl —fb =5 (1 +Etgy))

(1 cfc,z )tgg, = (g + )& (5.74)

[losryyeHHOE COOTHOLUEHHE IpexcTaB/sieT CO0OH TpaHCUeHJEHTHOE Ya-
CTOTHOE YypaBHEeHHe JJs1 HUTH, o0a KOHLIA KOTOpPOH. yCTAHOBJIEHHl HA
nonepeyHble NPYXUHLBL. B 3ToM ciayuae HopMaJbHBE GYHKIHH (K) C yde-
TOM COOTHOLUEHHS (/) MOXKHO NpPeACTaBHTb B CJefyloilell ¢opme:

HJH

X; = C; [cos (Eix/l) + (EifLu) sin (Exx/D)]- (5.75)

[Tpu GosbluuX 3HAYEHHAX BeJIHUYHH Ry U k, ypaBHeHHe (H) CBOAMTCS
K BHAY

sin (p;l/c) = 0, (m)

4TO NpEeACTaBAsieT COGOH YaCTOTHOE ypaBHEHHe AJIsi HHTH, HENOABHIKHO
3aKpensienHo#i mo oGouM KoHuam. B stom cayuae BeipaxeHnue (5.75)
npuHuMaet ¢opmy (B). C Apyro# CTOPOHBI, €CaH R, U By, MaJBl, H3 ypaB-
Henusi (5.74) u Beipaxenus (5.75) ciaepyer

pi=incil; X;=C;cos(pix/c), i=1,2,3, ..., oo, (p)

4TO COOTBETCTBYeT cJay4alo, Korjaa oba KoHla He 3akpemjennl. U, Ha-
KOHell, ec/1H BeJIHUHHA k; Gosibluasi, a k, Majiasi, ypaBHEHHe (H) CBOXHTCA

K BHIY
cos (p;llc) = 0, (c)

OTKyJa TNOJYYaeM BbIpaXKeHHs JUIfi 4acTOT H HOPMaJbHBIX (yHKUHH
[cM. Bripaxkenue (5.75)]

pi=inc/2l; X;=D;sin(pixjc), i=1,3,5, ..., . (1)
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OTH BbIPAsKEHHsl IOKA3LIBAIOT, YTO JeBH KOHEI HHUTH HENOABUIKHO
3aKpelJieH, a NpaBblil MOXET CBOGOJHO MepeMelaThes.

C NOMOIIBIO H3/OKEHHOTO B M. 5.5 MeToga MOXKHO MOJYYHTh CJELY-
IOLIHE COOTHOIUCHHSI OPTOTOHAJBHOCTH AJsA ciydasi KoneGaHHH mnpejsa-
PHTENbHO PAaCTAHYTOH HHTH, 00a KOHLA KOTOPOH YCTaHOBJIEHH Ha
NOMEPEeYHble TPYKHUHH, NPH i = j:

1
m | X.X;dx=0; (5.76)
0
1
S || XiXpdx+ kiXioXjo + kaXi Xy =0 (5.77)
b
!

S | XiX;dx 4 SXioXj0 — kiXioXpo — SXuXj — kX X;=0.  (5.79)

1}

YcioBHe HOPMHPOBAaHHOCTH BBIGHPaeM B BHJAE
!

ij%dx:m npu i =j, (6.79)
0

OTKyJa cJeayer

1 .
S | XiXedx -+ SXioXu — kXl — SXiiXu — kXl =
0

l
=8 [(X0)dx — kX% — kX = —mp?. (5.80)
0

CootHomenus (5.76)—(5.80) coBnagaior ¢ cooTHoweHHsAMH (5.39)—
(5.43), ecnu B moc/eRyIOMUX KeCTKOCTh r = EF 3aMeHuTh Ha pacTi-
ruBampolyio cuy S. Kpome Toro, mepsbie COOTHOLIEHHS COAEpPKAT CJa-
raemble, YYHTBHIBAIOIIHE BJIHSHHE ECTKOCTH TNpPYKHH, YCTaHOBJEHHBIX
KaK Ha NpaBOM, TaK M Ha JIEBOM KOHHAX CTEPXKHS.

TITockosbKy ycaoshe (5.79) coBnajgaer ¢ ycJOBHEM HOPMHPOBAHHOCTH,
HCIOJb30BABIIMMCS B M. 5.4, moJyueHHble TaMm BblpaxeHus (5.23)—
(5.25), onuchiBaloOllMe HEYCTAHOBUBLIEECS IIOBEAEHHE CHCTEMBI MPH
3a/laHHbIX HaAya/NbHBIX YCJOBHAX, MOXHO NPHMEHSITh U B CJyuYae HUTH,
onuparwlleics Ha ynpyrue omnopbl. HMcnoabsysi Beipamenus (5.28) u
(5.29), MOXHO TaKKe HCC/IEN0BATh AHMHAMHYECKOE MOBEJEHHE CHCTEMBI
Npu JEHCTBHH H3MEHSIOUIMXCS BO BPEMEHH IONEpPEeYHblX cHa. DBosee
Toro, u3 BbipaxeHH# (5.52) u (5.53) MOXHO onpesesuTh AUHAMHYECKHE
nepeMeleHus Npy KoneGaHHAX HUTH, OOYCIOBJEHHHX H3MEHSIOIMMHCS
BO BpPEMEHM HE3aBHCHMbIM 00Pa30M INepeMelleHUSIMH You1 H Yoy e OTOP
(cM. puc. 5.12). Takum o6pa3oM, BHAHO, YTO BBEIEHHE YNpPYTHX OMNOP,
OKa3bIBaeT BJIHsSIHHE Ha 4acTOThl W (opMBl KoseGaHHi, HO He Ha mocJe-
JOBaTeNIbHOCTb INArOB MNpPH PeINeHHH 3afadd O JHHAMHYECKOM [OBe-
JICHHH.
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5.9. MONEPEYUHBIE KOJEBAHUS NPUSMATHUYECKHUX
CTEP)XHEH

PaccmoTpHM  Te€neph  monepeuynble  KoJie0aHHsT IIPU3MAaTHYECKOTO
crepxkHst (pHc. 5.13, @) B IJIOCKOCTH XYy, KOTOpPAsl SIBJASIETCS MJIOCKOCTBIO
CHMMETPHH J1JIs1 €r0 NonepeunbiX cedenuii. Tax ke, Kak o BBILUE, B cayyae
KoJeOaHHH PacTSHYTOH HHTH yepes y oO03HAUMM IONepeuHoe mepeMere-
HHE MaJorT0 3JIEMEHTa CTEPXKHS, pAacloJIOXKEHHOTO Ha pPacCTOSIHHUH X
OT JIEBOTO KOHIIA NocJeAHero. Ecan aJsi HUTH XKeCTKOCTb NMpH Hsrube £/
npeanoJarajach MaJioH, B CJyuyae CTEPXKHSI 3Ty KECTKOCTb CJELYeT
yuuteiBath. Ha puc. 5.13, 6 nokasan mMaJsblil 3JileMeHT CTEPXKHSA JIHHOHK dX,
a TakxXe BHyTPEHHHE H BHEIUIHHE CHJbl, AeHCTBymoUlHe Ha Hero. Ha stoM
PHUCYHKE 3HAKH NonepeyHod cuibl V u uarubaroinero momedta M B3sITHI
B COOTBETCTBHH C NPHUHATHIM B TEOPHH H3ruba CTepiKHEl NpaBHJIOM *.
Ilpu nonepeuHbIx KosleGaHHSIX CTePIKHEH yCJIOBHE AHHAMHYECKOTO paB-
HOBECHS CHJI, JEHCTBYIOUIHX B HanpaBneHHH OCH Y, UMEeT BHJ

oV
V»~V———5}—-dx pfdx 62‘2 =0, (a)

d YCJI0BHE DpAaBEHCTBA MOMEHTOB na€T

Ve + L dx 0. (6)

Boipaxkas V u3 ypaBuenua (6) M nopcramisis pesyJbrat B ypaBHe-
HHe (a), MoJMy4HMm

M

92
—W- dx == —‘—‘pF dx a—t‘l_,/- . (B)

I/IS SJ"eMEHTapHOI/I TEOPHH naruba CTep}KHeH HMEEM COOTHOLIEHHE

M=E 1 . (r)

[Mopcrasnsst 310 Bblpa}KEHI/Ie B ypaBHeHHe (B), Haxo;.um

(E/ ) dx = —pF dx 24

(5.81)

0x2 Ox? 0t 27

* CM. c. 96 B ku. Timoshenko S., Young D. H. Elements of strength of mate-
rials, uutHpoBanHo# B n. 1.1,

%y
y a
pr th,z
) M + o
0F I = — ( VT . l\§H+—dX
X ax
X l ax v
L . l dx l V+de
a) 0')
Puc. 5.13
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470 ABAAETCA OOUMM ypDaBHEHHEM MOMEPedHbIX CBOGOAHBIX KojaeGaHHI
cTepkHefl. B yacTHOM ciyyae MpH3MaTHYECKOTO CTEPIKHS C 2KECTKOCThIO
El upd usrube, He 3aBUCSAIIEH OT X, HMeeM

o :
El—a—xg—dx——»-—pl“dx . (5.82)
JT0 ypaBHEHHEe MOXeT ObiTb NPEICTABJAEHO H B TakoH ¢opme:
oy 1 &y
oxt ez o’ (5.83)
rae
a= 1y EljpF . (5.84)

Korna crepxeHb KoJsieGJieTcss B NOINEpPEuHOM HaNpaBJeHNH 110 OJHOM
H3 (opM cOOCTBEHHBIX KoJeOaHUH, ero nporu6bl B NPOU3BOJILHOI TOUKe
O6yAyT U3MEHSTbCSI BO BPEMEHH MO TapMOHHUSCKOMY 33aKOHY

y= X (A cos pt - Bsin pt). (m)

3xechb 1151 yao6CTBA 3allMCH ONYILEH HHAEKe i, o6o3nayalomuii i-o popmy
Kose6aunii. Ioxcrasisisa npexacrasienue (1) B ypapHenue (5.83), moay-
4YHUM

diX p?

=z & X =0 (e)
YuuTbiBasi HeOOXOAHUMOCTb pelaTb OOLIKHOBEHHOE AH(depeHnHaJbHOoe
' ypaBHeHHe YeTBEepTOro NOpsiiKa, BBeleM O0O0O3HayeHHe

pila® = k* (k)
H mepenuuleM ypaBHeHHe (e) B BHje
LX _mx=0. (3)
[IpuMem B ypaBHeHHH (3) X = e, 4t0 jacT
en* (nt — k) =0. (1)
TaxkuM 06pasoM, BHAMM, UTO BEJMYHHA 1 MOXKCT NPHHUMATH CJIE/yIOlILHe
SHAueHHUsA: Ny = k, ny = —k, ny = ik, n, = —ik, vue > = -—1. OGee
pellleHHe YypaBHEHHS (H)
X == Cek* |- De—k* |- Eeikx |- Fo—iks, ()

KOTOpPO€ MOXHO 3allHcaTh B CjAeAyIOllefi SKBUBaJEHTHO! dopMme:
= Cysin kx + C, cos kx + Cg sh kx 4+ C, ch kx. (5.85)

IlonyuenHoe BblpaXeHHe SABAAETCA HOPManbHOH QyHKuUMeHd 3ajauu
O TMOTEepPEYHBIX KOJIe6aHHsX NPH3MATHUECKOTO CTEpIKHSI.

[ocrosinnbie C;, C;, Cs u C4, BXogsinue B Bulpaxenue (5.85), saB-
JSIOTCS TIPOH3BOMILHBIMH M JIOJI2KHBL OTPEENsThCH B KaXJOM YacTHOM
c/lyyae B COOTBETCTBHH C YCJIOBHSIMH, 33JaHHBIMH Ha KOHI[AX CTEP2KHSI.
Hanpumep, nisi cBo6OAHOrO KOHIIAa mporu6 W H3rubGamoimuii MOMEHT
PaBHBl HYJIO, YTO J4er

=0; X" =0. (1)
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Ha samemneniiom kohue paBHBI HYJIO MPOrHG H YroJ HAKJOHA, clenoBa-
TeJbHO, B 3TOM CJIydyae HMeeM
X=0 X' =0. (M)

Ha uesakpensieHHOM KOHIe 0oGpamialoTcsi B HYJIb H3THOAOMHE MOMEHT
U monepedHass cusna. B pesyibrare mosydaem

X =0, X"=0. (H)

[lockoNbKY y CTepKHSI €cTb ABa KOHIIA, BCErJa HMeeTcsi BO3MOXKHOCTh
3anucath TaKHe KOHIEBble yCJIOBHS, HCIOJNb3Yysl KOTOPBIE MOXHO HAHTH
BesuuuHb Cy, Cy, Cg u C4, a HafiI UX, ONpeNeSUTb YacTOTH H (OPMEI
CBOGOJHBIX Kosie6aHHH. 3areM HOpManbHElE (OPMBI MOXKHO TPOCYMMH-
poBaThb M MOJYYHTb Ppe3yJbTHPYIOUNE NepeMelleHHs] NpH MONePevHRIX
Kone0aHusIX CTEpIKHS

y = X X;(4;cos pit - Bi¥sin pi). (5.86)
=1

KoukperHbie cjyuad MONEPeYHBIX KoJieGaHuil crepKHell ¢ pasjiHYHBIMH
KOHIIEBBIMH YCJOBHSIMH OYyJAyT pacCcMaTpHBaTbCs B CJAeAyIOIHX mapa-
rpagax.

3anumem ypaBHeHHe (3) B (opMe,3anaun Ha COGCTBEHHBIE 3HAUEHHS

1

Xi¥ = hXu, (5.87)

rae

4 2

A = ki = (pi/a)”. : (0)
[logo6HBIll THNM 3ajad MOXKHO INpENCTaBUTb KaK 3ajayd, B KOTOPHIX
yeTBepTas NPOH3BOAHAsA (B AaHHOM cjydae nmo x) ¢yHKUHH X NMpUpaBHU-
Baercs caMOH (yHKIHMH, YMHOXEHHOH Ha COOGCTBEHHOE 3HAYeHHe A;.

CpoiicTBa OPTOrOHAJBHOCTH COGCTBEHHBIX (GYHKIMI *HCCIenyeM myTeM
paccMoTpenus (-#_M j-ii_¢opMm KoseGaHHi:

X1V =nX; (m)
XV = MX;. (p)

YMHOXKasa ypaBHeHue () Ha X; U ypaBHeHHe Ha X; U HHTErpupys
y iRy y
pesyJbTaT Mo ANHHe GanKH, NOJYYHM

! {

| XX de =0, | XiX; dx; ©)
0 0

I !

[ X7VX,dx =2, [ XuX; ax. (1)
0 0

I/IHTEI‘pprH 0 YacTAM BbIpaXEHHA, CTOALIHE B JIEBBIX YacTAX 3THX
paBeHCTB, HNPHXOAHM K COOTHOIUEHHAM BHAZ

! !
[XIX0 — [XiXG1h + | XiXjde — e [ XoX; dx; )
0

(=}

1 !
[X7 X0 — DGXDE + | XiX;dx =, | XX, dx. @)
0 0
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M3 KOHLEBHIX YCJOBHE (/1) H (H) CAenyeT, YTO CTOSIIIME B KBAAPATHBIX
cKOOKaX cJlaraemele B JI€BBIX YacTsiX COOTHouweHHH (y) H () Ho/KHBI
Obith paBubl Hymo. Torma BeiuuTasi paBeHcTBo (§) u3 (y), mosydunm

/4
(A — ) [ XiX;de=0. (x)
0

Jlast Toro YToGBl PaBEHCTBO (X) BBIMOJHAJNOCH NPH [ 5= j U TIPH pas3iud-
HBIX COOCTBEHHBIX 3HAUeHHAX (T. €. NPH A; = A;), Cielyer MOJIOXKHTh

JlXindx=0 npu i~ j. (5.88)
0

[loxcraBisis 3TO paBEHCTBO B COOTHOLUeHHE (Yy), TNOJYyYHM
fX'{X}dx:O npu i j, (5.89)
0

a U3 COOTHOIUEeHHs (C) caexyer
j’xi"x,-dx=o npH i~ |. (5.90)
0

Coorrnomenust (5.88)—(5.90) ompenensioT ycJOBHE OPTOrOHAJNLHOCTH
/sl 3ajaYH O NOMNEpPeyYHbIX KoJIeGaHHsIX NPH3MATHUECKOTO CTEDIKHS.
20 Jloa cmyvasi { = j uHTErpas B COOTHOLIEHHH (X) MOXKET NPHHHMATh
NPOU3BOJbHOE NOCTOSIHHOE 3HAueHHe o;, a UMEHHO:

)
[Xtdr=a; npn i=j. (5.91)
| .

Ecan coberBeHHble QYHKUMH HOPMHPYIOTCS B COOTBETCTBHH C 3THM CO-
OTHOILEHHEM, H3 DPaBEHCTB™ (¢) M (y) caenyer

1 1
” p. \2
j XVX;dx = j (X)) dx = Moy — Koy — (T) a. (5.92)
0 0 '
Hasi Toro yTo6H Npeo6pasoBaTth ypaBHeHHE ABUXKEHHSA (5.82) K raas-
HBIM KOOpJAMHATaM, MepenulleM ero B ¢opme
mgdx +rytVdx =0, ()
rre m = pF — Macca eguHHIB JJIHHBL 6anku, r = EJ — XeCTKOCThb
npu usrube. Ilpencrapnsis AMHAMHYECKHe TEpEMEIIeHHs B BHAE psija
o pyHKUMAM BPEMEHH ¢; U GYHKUHAM nepemellenuii X;, sanuiuem

== 2' (PiXh %’= 1’ 27 3’ AR ] m' (5-93)
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[MoncraBasa npepcrabiaenue (5.93) B ypaBHeHue ABUKeHHs (L), HaigeM
;} (m&:X; + re.Xi¥) dx = 0. (1)

YMHOXasi paBEHCTBO (4) Ha HOPMaJbHYIO GYHKIHIO X; H HHTErpHpys
no JJIMHE CTepPXKHd, NPHXOAHM K CJIEAYIOUEMY DaBEHCTBY:

oo 4 {

N mioe | XiXjdx +req [ XX, dx | =0, ()

=1\ 0 0

N3 coornomenuit (5.88) u (5.90)—(5.92) Buano, uro mpu i = j ypas-
HEHHe ABHXKEHHS B IVIABHBIX KOODAHHATAX IPHHHMAeT BHA

Mg @i =0, i=1,2 3, ..., oo, (5.94)
rae
i
My ==m '[ X2dx = moy; (5.95)
0
i i
rei=r [ XiYXidx =r [ (X)) dx = mple. (5.96)
0 0

Takum o6pasoM, riaBHasi Macca fip; NPH H3THOGHBIX KoJeGaHUsIX BHIYMC-

JsieTcsl Tak XKe, Kak M B CJAydyae MpoJoJbHBIX KoseGaHui [cM. 'Bhipaxe-
Hue (5.19)]. Omnako 3mech IyiaBHasi XKECTKOCTb fr; [CM. BhIpaXKeHHE
(5.96)] ompepensercs HHaue, 4eM B CJyuae .[POJOJBHHIX KOJeOGaHUH
[cm. Bbipaxenue (5.20)].

Kak H BhIlle, MOJOXHM B COOTHOIIEHHSX HOPMHPOBAHHOCTH IIO-
CTOSIHHYIO DPaBHOH eaWHHIE, nNo3atoMy coortHowenus (5.91) u (5.92)
[IPUMYT BHJ

! ] 1 P, \2
| Xiax=1; [ XV Xidx=| (X}')2dx=k'§=(—71’—> . (5.97)
0

0 0

Torpa, pasgenus ypabHenue (5.94) Ha BeJIMUMHY MM, MOJYYHM
‘i)i *{“p?q)i:oy l=1, 27 3; ceey OO (5.98)

MoxHO BueTh, 4TO NpHMEHeHHe MeTOAa HODMaJbHHIX (opM K 3a-
Jlaye H3THOHBIX KoJeOGaHHHA cTep:kHeH APHBOAUT K YPABHEHHIO, aHAJIO-
THYHOMY MO (opMe ypaBHEHHIO AJs1 IPOJOJNBHBEIX KOJeOaHHH CTepIKHS,
NOoNy4YeHHOMY B 1. 5.4. B cuay orMeueHHOH aHasloruu, 3nech He GyRyT
BHOBb BBIBOJHTHCS BBIPAXEHHS, ONHCHIBAIOLIHE JHHAMHYECKOE IMOBeje-
HHMe CTepXkKHeH NPH noNepeuHbIX KoJeGaHUAX IPH 3aJaHHBIX HadyaJbHBIX
YCJOBHSIX H NPHJIOXKEHHBIX IHHAMHUYECKHX Harpyskax. Beipakenue pas
JMHAMHYECKHX TNepeMelleHHH Npu H3rHOHBIX KoJseGaHHAX 6yayT coBma-
JaTh C AHAJOTHYHLIM BBIPAXKEHHMEM IJIS 3a4aYd O NPOJOJBHBIX KoJseba-
HUsX [cMm. Beipaxkenus (5.23)—(5.29)], ecain B nmoc/eHHX BBIpAXKEHHAX
NPOROJABLHOE NepeMelleHyie ¥ 3aMEHHTh Ha IOMNepeyHoe Y.
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5.10. MONEPEYHbIE KOJEBAHHSA CBOBOAHO
ONEPTOI'0 CTEP)XHSA

B KauectBe NEPBOrO YaCTHOIO cJyyast TNONEPeuHbX Kojebanui
CTEPKHA HCCJENyeM CBOOOJHO ONEPTHIH TNPHU3MATHYECKHH CTEPKEHD,
noKasaHHbI Ha puc. 5.14. Kouuespte yca0Bus i 3TOTO Caydasi HMET
BHJ,

£2X ,
(X)x*():()y Tx'~2—>l:0:07
&2X
(X)x=1 =0; —a >x:1 =0 (a)

H O03HAYalOT, YTO MepeMelleHHe M HU3THOAIHH MOMEHT paBHBI HYJIIO
Ha KaJoM KOHLE.

3Jech NOJIE3HO 3anucaTth oblilee BHIpaXKeHHe AJI HOPMaJbHOH (YyHK-
uvd [cm. Buipaxkenue (5:85)] B caepyiomel sKBHBaJeHTHOH ¢opme :

X = C, (cos kx + ch kx) -+ C; (cos kx — ch kx) -+
-+ Cjs (sin kx + sh kx) -+ C, (sin kx — sh kx). (5.99)

W3 nepBuix aByX ycaoBuii (a) caenyer, yto nocrosinnbe Cy u Cy B Bhpa-
xkeHud (5.99) noJKHB GBITH paBHBl HyJI0. M3 Tpetbero M uerBepToro
ycjioBui caenyer, uro Cyz = Cy,

sin kl = 0, (5.100)
NpHYEM nocJICaHEE paBEHCTBO ABJAACTCHA YaCTOTHBIM YPaBHEHHEM JJIAA

paccMaTpuBaemMoro csydas. He paBHBle HYJIIO IOJIOXKHTEJbHBIE KOPHH
3TOro ypaBHeHust k;l = im npu { = 1, 2, 3, ..., o. Orciona ciepyer

ki = infl, i=1,2 3, .. . (5.101)

KpyroByio 4actoTy, COOTBETCTBYIOLLYXO 3THM 3HAUYEHMAM k;, NoJyyaem
13 ¢opmyJibl

i?na i2n? El =
p,-::k%a :T:T —E'I—:r‘ (0102)
‘Torga mepuoj KoJieGaHHH HAXOZHM H3 BBIPAXKEHHSA
_1_2n_212‘g/pF
== o T T (5.103)
¥
—————————— i
0l = R
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Kak BuiHO, nmepuox KoJeGaHHH IJsi NPOM3BOJBHOH GopMbl KoseGanuil
NpONOpIHOHaJleH KBaApaTy AJIHHBI H 06DATHO NMPONOPLUHOHAJIEH PAAHYCY
MHEPLHH NonepeyHoro cedeHusi. TakuMm o6pasoM, AJSi FEOMETDHYECKH
NOAOGHBIX CTEPXKHEH, H3rOTOBJEHHBIX H3 OJHOTO MaTepuana, NEePHOAbI
COOCTBEHHBIX KOJI€OaHHH TpPSAMO NPONOPLUHOHAIBHB TE€OMETPHYECKHM
pa3mepawm.

DopMbl KPHBBIX, OIHCBHIBAIOIIHX NPOTHGH  NpH _{KoJeGaHHSX, 3a-
AaoTcsl HopMmadbHOH (yHkuuel [cM. Boipamenue (5.99)] npu

C1=C2=0 H C3=C4=D/2,
a HMEHHO:
Xi=D;sinkyx = D;sin(inx/l), i=1,2,3, ..., co. (5.104)

Takum o6pasom, Gopmbl kKoneGaHHH HMEIOT BHJ CHHYCOHMJ, NepBasi H3
KOTOPBIX MOKa3aHa INTPHXOBLIMH JHHUSAMH Ha puc. 5.14. HopmanbHbie
GyHKUMH AJs CBOGOXHO ONEPTOrO CTEPXKHS, KAaK BHAHO M3 CKa3aHHOTO,
COBMaNaloT ¢ HOPMaJbHBIMH (QYHKHHAMH 15l KoseGJolieicsi mpeasa-
PUTEJbHO PacTAHYTOH HHTH C HENOIBHKHO 3aKPEIVIEHHBIMH KOHUAMH
(em. puc. 5.10, s, d). s TOoro 4ToGbl YAOBJETBOPUTH ycaoBHsaM (5.97)
HOPMHPOBAHHOCTH, HaA0 MNOJOXHTe D; = v/ 2/1.

R

F¥ OnpenesuM Teneph AMHAMHYECKHE MEPEMEIIEHHS] NPH MONEPEdHBIX
KoJie6aHusIX CBOGOJHO OMEPTOTO CTEPXKHS, OGYCJAOBJIEHHBX Ha4aJbHbIMH
YCJIOBHSIMH, 331aHHBIMH B BHJE NepemelleHHi H ckopoctell. Kak u B cay-
yae KosebaHHH pacTAHYTOH HHTH, NPEICTaBHM pacnpejelieHHe Hauajb-
HBIX TIOMEPEYHBIX MNepeMelleHHH B NPOH3BOJBHOM CEUEHHH CTepPKHS
B MOMeHT BpeMeHH ¢ = 0 B Buge QYHKUHH Yo = f; (x), a pacnpeneseHue
HayaJbHBIX' CKOPOCTeH — B BHAe (PYHKUHH Y, = f, (x). O6mas ¢opma
pewiennsi 3ajaercsi BbipaxeHnHeM (5.86), MosyyeHHBIM B MpelblAyIIEM
naparpade, ¥ OHa aHaJOTHYHA peIneHHio (5.25), NoJyYeHHOMY MEeTOIOM
HOpMaJibHBIX ¢opM B 1. 5.4. Ecau HopmupoBanHble (yHKunu (5.104)
NOACTaBUTb B Bbipaxkenus (5.23) u (5.24), B pesyJbraTe NOJyYHM

i - ! .

= [ X de=] 2 [ (9sin 2 ax; (6)
0 0

) 1 - t )

Goi = [ f2(x) Xy dx = ]/-l— [ 2 (x) sin == ax. ()
0 0

[logcraBnsis 3TH BblpaxeHuss B peweHue (5.25) ¥ 3aMeHHB u Ha y,
HOJTYYHM

w

oo {

y:—%—z in[—?x— COSpitJfl(x)sini—?idx+
i=1 0

1 .
+ —’%-sin pit J fa (x) sin i’;—""dx .o (5.105)
* 0
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CpaBHHBas 3TO BHIpa)KeHHe ¢ BoipaxeHneM (5.86), BuAuUM, 4YTO mO-
CTOAHHEI®

H

N|w

i
J f1(x)sin —‘fﬁ dx; (r)
0

= 7;2?6[ f2(x) sin -f-;f dx. (m)

B kauecTse npHMepa 3ajayH O IONEPEYHOM yJape MpelnosOXHM,
YTO HAa KOPOTKOM Y4YacTKe CTepKHsA AJMHHOH O, pacroJioXXeHHOM Ha
pacCTOSIHHH X, OT JIeBOH ONOpHl, 3ajaHa HayajbHas CKOpocTh v. B atoM
cnyuae f; (x) = 0, a pyukuus f, (x) paBHa HYJ/IO BO BCEX TOYKAaxX, KpoMme
TOUKH X = Xy, TJie [, (x;) = v. IlogcTaBnasis 3TH yC/loBHS B BEIpaXKeHHS
(r) u (n), nomyynm

. 206 | inx
Ai = 0, Bi = l—pi—-Slﬂ T

TOrga CyMMapHO€ JHHAMHYECKOE IIepeMElICHHEe OIpeneasieTcsd Bbipa-
2KEHHEM

2_51— in inx —— sin ——= smpt (e)

Ecau ypap npousBoAHTCS B cepeluHy npoJsera (T. e. B TOUKY x; = l/2),
HMeeM

28 /1 . nx 1 . 3nx .
Y= (—E sstmplt — Esm—l—sm pst +
1 . bnx 208{
—+ Esm—-l—sm pst—. . .) = (sm ] sin pyf —
— —-é—sin Smx sin pgt + - 25 sin—— 51 sin pgt — >. (k)

BuaHo, 4T0 B 3TOM CJyuae BO3HHKAIOT TOJbKO CUMMETPHYHBIE (HOPMBI
KosneGaHHH, IPU 3TOM BEJIHUYMHE AMIUIHTYJ, BXOASLIHX B BHIp aKeHHE ()
dopM KosmeGaHHI ¢ NOCJENOBATEbHO BO3PACTAIOIUMHA HOMEpaMmH, YObi-
BaloT N0 3akoHy 1/i%

3AJAYH

5.10.1. Onpenesuts cOGCTBeHHHe 4YacTOTH [; KoJeGaHHE JBYTaBpOBOH GaJsiKw,
KoJie6/iomelicss B IJIOCKOCTH €€ CTeHKH, eClH jaHo, uto [ = 9,14 M, E = 2,11-101 IIa,
I=1,26-10"2 M* norounm#t Bec cocrabaser 1,489-10° H/m.

Omsem: [i= 24,82 c7%,

5.10.2. CBOGOAHO onepruﬁ CTepXeHb NPOTHYJCA NOX JeHCcTBHEM cHJIB P, npu-
JIOXKEHHOH B cepeflnHe mpoJsera. OnpeieluTs NONEepPeYHHE JUHAMHUECKHE I1€PEMENIEHHS
CTEPKHA NPH KOJeGaHHAX, BOSHHKAIOMHX NP BHESAIHOM CHATHH CHJAH P,

3 _yi—1/2 .
Omeem: y = 2Pl Z ( 12‘ sin ”;x cospit, i=1,3,5 ..., co.
- .

nsEl
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5.10.3. PemuTe nNpeiRAYILYIO 3ajady, Npejmojaras, 4TO chHJAa P mpusioxeHa
B TOUKE X = X;.
2pP13 1 [nx imxy
Y= — —— sin sin ¢ i, i=1,2,3, ..., co.
Omeem: y RE L T i 7 cospit, i 1 o0

i

5.10.4. K cBOGONHO ONEpTOMY CTEPXKHIO MPHJIOXKEHA PAaBHOMEPHO pacnpeje/ieHHas
HArpy3Ka C HHTEHCHBHOCTbIO @. ONpENeNHTE NoNepeyHble JHHAMHUYECKHE NepEMEINeHHSs!
CTEpXKHS NpPH KOAe6aHHAX, BOSHHKAIOIIKX NPH BHE3aIIHOM CHATHH HAarpysKH:

qwlt 1 . imx
Omsem: y = —z=s- = §in ———
> TOED 4.4 1° ]

i

cospit, i=1,3,5 ..., co.

5.10.5. Onpee uTh NONepeyHHe JHHAMHUECKHE NepeMelleHust cBOGOJHO ONMEPTOTO
cTepKys, /5 KOTOPOro 3aJaHo, YTO B MOMEHT BpeMeHH ! = ( Bce TOYKH CTEPXKHH, 3a
HCKJIIOUCHHEM KOHLEBBIX TOYEK, BHE3alHO npnoépe’ralo'r CKOPOCThb U.

Omeem: _/_‘——Z 7P sin

KOJIEBAHHSI CTEP)KHEH C PA3JIHYHBIMH
KOHLEBbIMH YCJIOBHSIMH

Cmepachu ¢ He3aKpenseHHbIMU Konyamu. B atom ciyuae HmeeMm
CleflyoIHe KOHIEBhLIE YCJIOBHSA:

a2X o dX o
< dx? >x=o—0’ < dx3 )xzo_o’

<%>x=l :0; <%>x=l =0.

Huist Toro uTo6GH yAOBJAETBOPUThL MEPBBIM JBYM H3 YKa3aHHHIX YCJOBHH,
B oﬁmeM BoipaxkeHuH (5.99) pist perieHust Hago noyoXkuth C, = C4 = 0,
TOTZA " MOMYYHM

~ sin pit, i=1,3,5, ..., oo

X = C, (cos kx + ch kx) + Cj; (sin kx -+ sh kx). (5.106)

M3 TpeThero u ueTBepTOTO YCJAOBHH clenyer
Cy (~—cos kl -+ ch kl) 4 Cq (—sin &kl - sh kl) = 0; (6)
C, (sin k! + sh kl) 4 Cg (—cos kl - ch kl) = 0. (B)

OT/iHYHBbIE OT HYJIs1 pellieHus Aas NMocTOSHHbIX C; U Cg MOXKHO INOJYYHUTD
B TOM CJIyYae, KOTJla PaBeH HYJIIO OIpeJeJHTe/Ib MATPULbI, COCTABJICHHBIH
u3 koaddunuenToB ypaBHeHu# (6) u (B). M3 aroro yciaoBus nosyuaem
YacTOTHOE YypaBHEHHe

(—-cos kI -+ ch kl)® — (sh? kl — sin® kl) = 0, (r)

OTKyJa, YYHTbIBasi COOTHOWeHus ch2kl —sh?kl=1, cos®kl+
-+ sin® kl = 1, panag ypaBHeHHs1 (I) moJiyuaeM cCJjeayiouyi ¢opmy:
cos klch kl = 1. (5.107)

HeckonbKO HaHMEHBIIHX KODHEH 3TOTO ypPaBHEHHS, PAaCIOJOXKEHHBIX
B NOPsJKE BO3PACTAHHs1 HOMEPOB, NPHBEIEHBI HHKE, TJ€ NepBOe 3Haye-
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HHE NPHHAJJICKHUT ABYM paBHBEIM KODHSIM, OTHOCAIIMMCA K ABYM dopmam
IBHKEHHUS KaK abCOJMIOTHO KeCTKOro TeJa:

kol kil kol kyl kd kgl

0 4,730 7,853 10,996 14,137 17,279

HenyJsieBele 3Ha4Y€HHS KOpDHeH MOXKHO MDPHOJHXKEHHO ONpEIeJHTh IO
dopmye kil =~ (1/2 -+ i)/n. Jlna paccMaTpHBAaeMOTO CTEPXKHsI HacTOTHI
ero KoseGaHHH MOXKHO ONPEARHTh, HCNONB3yA opmyny f; = p;/2n =
= k?a/2n, OTKyAa HaXxoaum

2 2

fo=0; flz—g;—:%%i fz:-—&-:ﬁ‘i (m)
[ToacraBasis KopHu ypaBHeHus (5.107) B mopsiaike Bo3pacTaHHs HX HO-
MepoB B ypaBHeHus (0) u (B), onpexesum ortHomerune C,/Cy 151 Kaxaofi
dopmbl KoseGanui. Torpa u3 Beipaxkenus (5.106) MoxHo HafitH Qopmy
NporuGoB cTep:KHs NPH Kosebauusx. IlepBole TpH QopMbl KoseOaHHH,
COOTBETCTByIOIIUE uactotaM f;, f, U f;, NMOKasaHhl COOTBETCTBEHHO Ha
puc. 5.15, a—s. K nmnepememennsM, oGyclOBAeHHBIM KoJeOGaHHAMH
CTEPHKHSI, MOXKHO NPHOaBUTL KoJeGaHHS €ro Kak abCoJIIOTHO IKECTKOro
tena. KoMmOuHHpOBaHHOe JBHXKEHHE KaK abCOJIOTHO IXECTKOro Tena
MOXHO oInHcath (QyHKLIHEH

X = Cl -+ ng. (e)

dra QYHKUMS ONHCHIBAET JBHXKEHHE KaK IepeHOCOM, TaK H BpalllEHHEM,
H ee MOXHO NpHOaBUTH K (YHKIHH, ONUCHIBAIOLIEH MNEepeMELIEHHs IIpH
CBOOOAHBIX KOJIEGAHHAX CTEpXKHA.

CmepacHu ¢ acecmko 3auemacHuoimy Konyamy. KOHLEBBE yCIOBHS
B 3TOM CJy4yae HMEIOT BHJ

Komo =05 (-5),_,=0;

Wity (£2),_=0. <»<>

IlepBrIM ABYM H3 3THX YCJOBHH MOXHO yAOBJETBOPHTH, €CJH B 00-
mweM peweHuH (5.99) nosoxum C; = C, = 0. B pesysbrare monmyunm

X = C, (cos kx — ch kx) + C, (sin kx — sh kx). (5.108)

/] v T~ R
v N a) l§

a)
6) 4)
N
8, 6)
Puc. 5.15 Puc. 5.16
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Y I0BleTBOPSsA ABYM APYTHM YCJIOBHAIM, NIPHXOAUM K C/efylollel cucteme
ypaBHEHHH:

C; (cos kl — ch kl) + C, (sin kl — sh k) = 0; (3)
C, (sin kl + sh kl) 4+ C4 (—cos kI + ch kl) = 0, (u)

M3 KOTODBIX CJeJlyeT TaKoe XKe 4aCTOTHOe ypaBHEHHe, YTO H ypaBHEHHe
(5.107), na#ipeHHoe B npeppiayieM caydae. M3 cka3saHHOTO BBHITEKaer,
YTO JJIsl CTEPIKHS C JKeCTKO 3allleMJIeHHBIMH KOHLAMH NOCJIeNOBaTEbHBIH
pAJ HEeHYJIeBBIX 4acTOT KoJe6aHui OGyneT TaKuM 3Ke, KaK H JJs CTEPXKHS
co cBoboxHbiMH KoHnamu. Ha puc. 5.16, a—8 nokasaHsl nepBble TPH
¢opMBl KoJie6aHHH AT JAHHOTO cJydyasi.

Cmepoigenb ¢ 00HUM HeCMKO 3QUiEMACHHOIM KOHYoM. EcaH NpHHATH,
4TO JieBblH KoHel (mpH x = 0) XecTKO 3alueMJ/ieH, TO KOHLEBble YCJIOBHS
6yayT HMeTb BHJ

(Km0 =0; (), =0

ax /x=0 -

d2X Lo dBXN

( dx? >x=l-0’ ( T )y =0 (%)
M3 nepBrIX ABYX yC/IOBHH noJy4aeM, 4To B pereHud (5.99) C; = C; = 0,
Ho3TOMy OOLIMM peIleHHEeM, ONHChIBalOIHM (opMBl KoseGaHHH, CHOBa

6yner Beipaxenue (5.108). M3 ocrasbHBIX ABYX YCJIOBHH BHITEKaer Cie-
Jyiolllee 4acTOTHOE YpaBHEHHe:

cos klch kl = —1. (5.109)

ITocaenoBarenbHBId pAJ KOPHEH 3TOTO ypaBHEHHS] NpPHBEJEH HHXKe:
kyl kol kol kol kyl kel
1,875 4,694 7,855 10,996 14,137 17,279

INpubayKeHHble 3HAYEHHS 3THX KOPHEH MOXHO ompeiesnuts 1o ¢op-
myJie kil =~ (i — 1/2) n.

C yBenuueHHeM uyacToThl KOpPHH YypaBHeHHs (5.109) craHoBsTCS
6JH3KHMH K KOPHAM ypaBHeHH s (5.107), nosiyueHHOro BhILIe 1JIs1 CTePIKHS
C He3aKpelJIeHHBIMH KOHLAMH.

Yacrora KoseGaHH#i TO NpPOH3BOJLHOH ¢opme

fi=7,.;=7,;- (/1)

B3siB, HanpuMep, OCHOBHYI0O ¢opMy KoJeOaHHH, MOJYYHM

a [ 1,875\2
h=—2 (1) ()
CooTBeTCTBYIOIHN TepHO) KoJeGaHHi
_ 1 __ o= 12 on oFI%
M= T Twame 356 VO E (n)

[TepBuie TpH opMu KoJe6aHHM, OTHOCALIHECS K DAaHHOMY CJy4alo, H30-
6paxkeHn Ha puc. 5.17, a—s.
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N )

\ - o) foicis

ey e

ﬂ—i ‘O') \] 0’)

V 5) ee—— g_‘—\\ 5) ;995;
Puc. 5.17 Puc. 5.18

Cmepokcen ¢ OOHUM KOHYOM JECMKO 3QALUEMACHHBIM, 4 Opyeum —
¢80600H0 onepmoin. B 3TOM ciydae 4acTOTHOe YpaBHEHHe HMeeT BHJ

tg kl = th kL. (6.110)
Iloc/sieioBaTeNbHEIN PAA KOPHEH 3TOTO ypaBHEHHs NpHBEAEH HHXKe:
kyl kol ksl kel kgl
3,927 7,069 10,210 13,352 16,493

IIpubaukeHHble 3HaYEHHUSI STHX KOPHEH MOXKHO HAaHTH C JOCTATOYHOH
TOYHOCTBIO MO (opmyJie

kilz(iﬁ—%)n.

Ha puc. 5.18, a—¢ mnokasaHbl OTHOCALIHECA K JAHHOMY CJydaio TPH
nepsbie GOPMBl KOJEGaHHH.

Jans Bcex pacCMOTpPEHHBIX BRIIIE KOHIIEBBIX YCJOBHH COCTaBJIEHEI
TabJHIbl HOPMAJAbHBIX (QYHKUMA H HX NpOH3BOAHBIE.* [lo/Nb3ysCh 3THMH
TabGNHIAMH, MOXKHO 3HAYUTeJbHO YIPOCTHTH peLIeHHe 3ajay O ronepey-
HBIX KoJieGaHHUsiX cTepxxkHel. [lokaxeM Tenepb, KaK JaHHBIE M3 NMOJAOGHBIX
Tab/ML, MOTYT ObITb HCNOJb30BAHBI NMPH HCCAENOBAHMH AHHAMHYECKOIo
NIOBeJICHUS] CTepPXKHEH NPH 3aJaHHBIX HayalbHBIX YCJOBHSIX. AHaJOrHy-
HBIH 10JXOJ AJA HCCJAeJOBaHHs JHHAMHYECKOro MOBeAEHHs, O0yCJ/OB-
JIEHHOrO JeHCTBHEM H3MEHSIIOUIMXCH BO BpeMEHH Harpysok, Gyjer pac-
CMOTpeH B cJjenyiolieM maparpade.

Meroj, Henosb30BaBIIKMACS BHIIE A1 HCCJAEJOBAHHS AHHAMHYECKOTO
NOBeJleHHs1 YNpYroro Tesa, OGYCJOBJEHHOTO 3aJaHHBLIMM HauajbHBIMH
YCJIOBHSIMH, BKJ/I0YaJ BbIYHCJEHHS HHTErDAJNOB BHJA

! )
[ X [ X, dx.
0 0
HenocpencTBeHHO HHTErpHpoBaTh INOJOGHEE BHIPAXKEHHS] TPY/IHO,

€CJIH HOpMaJibHble QyHKIMH X; HMEIOT CJIOXKHBIA BuA. CpeiH H3yuyeHHBIX
BLILIE THIOB CTEPXKHEH TOJMbKO CBOGOJHO ONEPTHIE CTEPXKHH HMMEJH

* Young D., Felgar R. P. Tables of characteristic functions representing normal
modes of vibration of a beam. — Univ. Texas Publ., 1949, N. 4913.
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npocteie GopMbl KoseGaHMiE. PelieHHs Aas cTepxKHEH ¢ HHBIMH KOH-
LEBBIMH YCJOBUSIMH COiepKaT runepbosnueckne QyHKIUH, 1J0s KOTOPhIX
o6bluHO Tpebyercsl uYHc/AeHHoe HHTerpupopanue. Ilostomy, Kak Oyuer
NIOKa3aHO HHXKe, 6oJiee yno6eH HHON MOAX0J, 0COOEHHO B TeX cayyasXx,
KOTja HauaJbHhE YCJIOBHS SONPENENSIOTCS COCPEIOTOYEHHBLIMH CHJIOH
i MomeHToM. Huxke o6cykaeH cayvali, Korja HaualbHoe NepeMelleHHE
Yo = [1 (x) cosnaercs cocpeporoueHHOH cusoll P,, BHe3amHO yJa/jfeMol
B MOMEHT BpeMmeHH { = (; aHAJOrHMYHBIM 06pPa3oM MOXKHO pPacCMOTPEThb
U cayyall ¢ cocpeJoTOYEHHBLIM MOMEHTOM.

OyHKUHIO Yo = f; (X), ONHCHBAKLOINYI0 HayajibHble IMepeMelleHHs
CTEPKHsl, MOXHO INPEACTaBHTb B BHJAE psja IO HOPMaJbHBIM (YyHK-
uuaM X;:

Yo=bX; + 0. Xo +0Xs+ ... = ;} biX;, (0)

rje TOCTOSIHHBIE b; SABJSAIOTCH HEH3BECTHBIMH, KOTOpble HEO0XOAHMO
onpesenuTh. JHepruio gedopMalniH NPU3MaTHIECKOTO CTEPIKHS B H3OTHY-
TOM COCTOSIHHH MOXHO OINpPEJeJHTb M3 BblpaXKeHHf

3
U =5 | o dx. (n)

[Toxcrasias B Bbipaxenue (0) BTOPYIO MPOH3BOAHYIO (PYHKLHH Yo [cM.
npeacrasiesye (o)] mo x, noaydyum

U=ZLLNp | iy ax. (p)

U3z coorHomenuit (5.91) u (5.92) caenyer
4 i
[ty de =t | X3ax. (©)
0 U

Hcnoab3ys 9TH paBeHCTBA, H3 BblpaxkeHHs (P) HaXoAuM

00 !
v=2L 3 vzt | Xidx. | ()

=1 0

[Ipennosioxkum, YTO HayaibHble MepeMelieHHs Yo, ONHChIBaEMble
npejcTaBieHHeM (0), CO3JaIOTCs COCPENOTOUEHHOH CHJIOH Py, NPHJIOKEH-
HOIl B TOUKE X = x; M HalpaBJeHHOH napanJjenbHo ocu y. s onperne-
JIeHHs. BXOJAIIMX B NpeacTaBieHue (0) NMOCTOSIHHBIX b; NPHMEHHTENBHO
K paccMaTpHUBaeMO# 3ajaye BOCIOJIb3yeMCsl INPHHUHMIIOM BO3MOMXHbIX
pabor. PaccMoTpuM Bo3MOXKHOe mnepeMelienue 8b;X; u mpHpaBHsIEM
BO3MOXKHYI0 paboTy NPHIOXKEHHOH CHJbl NPHPALICHHK) 3HEPTHH Je-
dopMaLHu

{
Podb; X = 2 8; = EIb.kidh: | Xidx, ()
0
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rie depes X;; o6o3HaueHo 3HaueHHe GyHKuuK X; B TOUKe ¥ = x,. Pemwas
paBeHCTBO (y) OTHOCHTEJBHO b;, MOJNYYHM
b= —ept—. @)
EIE | X2 dx
¢
ToxcraBasa 3TO BhHIpaweHue JJisa b; B npejcrasiexue (0), Halijem

Po NN/ XiX;
w=-gr YO, x)
# | Xiax

i=1
0
3jecb MOXKHO BHJETb, UTO CNOCO6 HOPDMHPOBAaHHS (GYHKUHI He BIMAET

Ha BEJIHUHHY Y,. B ynoMsHyThiX Belie Tabauuax npoueaypa HOPMHPO-
BaHHSA 3a/aeTCd COOTHOILEHHEeM

i

[xzdx=1. (1)

0

C y4eroM 3TOro COOTHOIEHHA Ko3(pdHuHeHTb () MOKHO NPeACTaBUTDH
B ¢opMe

_ P3Xy
b; = ET Tl (5.111)
TOrZa BbIpaxKeHHe (X) A/ HCKOMOTO pellleHHS MPHHHUMAaeT OKOHYATeJNb-
HBIH BHJ
pol3 d X: X .
e I (5:112)
i=1

H MOXKeT ObITb HCIIOJNIb30BAHO NPH CTATHUYECKOM aHaJu3e s ompejele-
HHA (OPMBl JIMHHH MPOruboB CTEpPXKHA.
Y4HTBIBasA, 4TO JMHAMHYECKHE [epeMeHleHHs YNpYyroro CTepXKHS

npH cBOOGOAHBLIX MONEpPeYHbIX KoJNeOaHHAX, BbI3BAHHBIX HayaJjlbHBIM
nepeMeniendeM b;X;, paBHBI

Yi=b;X;cos pit, (9)

MOXKHO ONpeAe]HTh CyMMapHoe JHHaMHYecKoe MoNnepeuyHoe nepeMenieHue,
ecJid HauaJbHOE MepeMellleHHe 3aJaHO B BHAE GYHKUMH Yo

y= X b;X;cospit. ()

i=l

Tlogcrasaaa B (w) Boipaxkenue (5.111) maa b;, Haiigem

Pols N XiX;
y:_%l— —El—)%cos pit. (5113)
=1
I_IpOBOL[H YHCJIOBBIE pacyeThbl C INOMOIIbIO 3TOTO BbIpAXKEHHHA, H3 TaﬁJIHH

HaxoJAT CTOJNIBKO 3HaueHHH Xy, CKOJbKO (opM KoJieGaHui#l coGupatorcs
y4eCTb B 5TOM BbIpaXKEHHH.
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TouHo TaK e, KaK H I COCPEIOTOYEHHBIX CHJ, 3TOT METOH MOXKET
ObITh HCIIOJNB30BAH B CJydYae pacrnpejeseHHbIX Harpys3oK, OJHAKO C Npak-
THYeCKOH TOWKH 3peHHS TaK IocTynaTbh He ocobeHHO yao6Ho. Onpene-
JIeHHe BO3MOXHO# paboThl, COBEpLIAEMOH pacnpejeNleHHOH Harpy3koH
[cm. BoipaxkeHue (y)l, NPHBOAHT K HEOGXOJMMOCTH BBIYHCJATH HH-
TerpaJyisl OT NPOU3BEJEHHS HHTEHCHBHOCTH HArpy3kH Ha KaxAylo HOp-
MaJbHYI0 GYHKUHIO 10 JIHHE CTEPXKHfA. DTH HHTErpainl ¢ (QyHKUHeH
Harpy3KH aHaJOTHYHbl TEM HHTErpajiaM c (yHKUMEH nepemelienus,
JUISl KOTOPBIX BhIlIE YKa3bIBaJ0Ch Ha HeXeJaTebHOCTb HHTETPHPOBAHHA.
Onnako B GosbUIHHCTBE cJy4aeB 6ojee NPOCTO BHIYHUCJAHTHL HHTErpaj
¢ ¢yHKuHeH Harpysku, u4eM ¢ GOYHKUHEH NepeMEeleHHs.

Npumep. CrepieHb € KeCTKO 3allleMJEHHBLIMH KOHLAMH HAarpyXeH IonepeyHoR
CHJI0i Py, NMpUJIOXKEHHOH B cepejuHe mpodgera. OnpejesuTh nonepeyHoe AHHaAMHYeCKoe
nepeMenieHHe B cepeluHe NPpoJIeTa CTEPXKHA NIPH €T0 KOﬂeGaHHS{X, BO3HHKaWIHK X, Korjaa
B MOMeHT BpeMeHH ! = ( cuJ/la BHE3aNHO YJaJIsAETCH.

Pewernue. Hopmanbﬂue QJyHKI.lHH AJIA CTEPIKHA_C KECTKO 3alEMVIEHHBIMH KOHLAMH
[cM. Boipamenne (5.108)] MoXHO mpeACTaBHTL B BHJE

X; =ch kyx — cos &ix — a; (sh kjx — sin k;x), ()
rae

o — ch kil — cos k;l
Y7 shkyl —sink;l ”
3necy umeeM o, = 0,9825; oy = 1,0008; a3 =~ 1; ay =~ 1 u 1. 4. C NOMOMIBI0 yrnOMSs-
HYTHIX Bbil€e TaGJHIl AJIS HeYeTHHX $HOpM KoJe6aHHHl CTEePIKHSA C XKEeCTKO 3alleMJIeHRBIMH
KOHIIaMH HaxOIHM
(X)) pmijo = 1,588;  (Xg)ymyjp = 1,406;  (X5),—yjp = 1,415;

IMoacraBass B Bupaxkenue (5.113) 3TH 3HaueHHS, a TaKkKe 3HaueHHs k;l, NMpHBeLeHHbIe
s ypaBHeHHA (5.107), nmoaydyuM ciefyiollee BeIpaxKeHHe JJIs H3MeHSIOLerocs BO Bpe-
MeHH Inporu6a B CepejHHE NpOJIeTa CTepPXKHA:

Pyl3 1,5582 1,4062 1,4152
W yeipp = “‘Eo_f [‘4‘7567 cos p1t 4 70,9967 pst + 17 5708 ©08 pst+ . . ] =

3 S
= —I-Db"fll-— (5038 cos pyt -+ 135 cos pst + 22 cos pst . . .) 1076, (3)

Orcloga BHAHO, YTO B PacCMaTpPHBAEMOM CJyuae Dsj, NpPeACTaBJSIOMHNA HCKOMOe pelue-
HHE, CXOAHUTCH OBICTPO.

3AJAYH

5.11.1. UncJeHHO onpeleJuTh HOpMaJbHEe GYHKIHH JUISL CTEPXKHSA C OJHHM JKECTKO
3aIEMJIEHHHIM KORIIOM H CBOGOJHO ONEPTHIM APYTHM H NOCTPOHTH rpapuku JHHHHA Tpo-
ru6oB, COOTBETCTBYIOMHX NepBoil H BTOPoH (opMaM KoJsieGaHHH.

Omsgem: HopManpubie ¢yHkuuu [cM. Bripaxkenus (6), (B) u (5.106)] umetor BuX

X; = ch kyx — cos kix — a; (sh kjx — sin kix),
ch kil — cos kyl
sh byl —sinkyl °
Hcnonbaysa 3HaueHHs KOPHeH YaCTOTHOrO ypaBHEHHs, OTHOCAIIErocsi K JAaHHOMY CJY-
4a, MONYYHM
kil = 3,927; kyl = 7,069; o, = 1,0008; oy = 1,0000.
Hcnosnbays nodydeHHble YHCIOBbie NAaHHBIE, MOXHO NOCTPOHTb HCKOMble KDHBBIE.

5.11.2. PemuTtb npeabiAylLylo 3ajayy, IPHHAB, YTO KOHEN x = 0 CTEpXKHsS MKeCTKO
3ameMiaeH, a KoHell x = [ He 3aKpemJieH.
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Omgem: B paHHOM cJyuae HOpMajabHble QYHKUHH HMEIOT BHJ
X; =chk;x — cos kix — o; (sh B;x — sin Byx),

ch kgl 4-cos byl

sh byl |- sink;l °

3Had KOPHH COOTBETCTBYIOWIEIO XaPAKTEPHCTHICCKOTO YPaBHEHHA, I/ JaHHOTO CTEPXKHSA
nosaydaem

rge oo =

byl = 1,875; kyl = 4,694; a, = 0,7341; oy = 1,0185.

5.11.3. IokasaTb MPHTOAHOCTL yacToTHOro ypaBHenus (5.110) pi1s sajauu o KOH-
COJIH C JIOTMOJHHATEJLHON ONOpPOH H HAaHTH BHIpaXKeHHe IJI HOPMaJbHBIX QYHKLHH.

5.11.4. OnpejeNuTs BEHIpaXKEHHE /s IONEPEYHHX JIHHAMHUYECKHX NepeMeilleHHH
CTEPIKHA C JKECTKO 3ailleMJIeHHHIMH KOHLAMH, eCJIH OH H3rubaercs noj AeHCTBHEM cocpe-
JOTOUEHHOH CHJIH Py, IPHJIOKEHHOH B TouKe X = [/4, a 3aTeM HauMHaeT KoJe6aThCs NMpH
BHE3alHOM YJaJeHHH 3TOH CHJBI B MOMEHT BpeMeHH ¢ = 0.

5.11.5. PemiuTh npeabliyinyio 3a1auy AJfl CTEPXKHA, OJHH KOHEI KOTOPOro XECTKO
3aleMiIeH, a Apyroi He 3akpenyes. HauanpHbiff nporu6 cospaercs Cuioi Py, NPHIOXKEH-
HOM K He3aKpPeIIEHHOMY KOHIy CTepXKHS.

5.12. BJJUSIHUE] HHEPLUIUH BPAILILEHHA
U NONEPEYHOI'0 CABHUTA

B npemblaymux paccMOTpeHHsIX 3afaud 06 HM3rHGHBIX KoJeGaHHsAX
npeanoaaranoch, 4YTo pasMeprl NONEPeYHbIX CeUeHHH MaJbl O CPaBHEHHIO
C IJIMHOH cTepkHsA. 3jaech OyJeT JaHO YTOYHEHHe TEODHH, LEJbI0 KO-
TOpOH sIBJASIETCS y4yeT BJHSHHS pa3MepoB IMONEPeYHbIX CEeYeHHH Ha
yacToThl KoJieGaHHH. DTH YTOUHEHHS] MOTYT HMETb Ba)KHOe 3HaAYeHHE
Opu HccaeqoBaHHH (opM KoJeGaHHH ¢ BBICOKHMH 4acTOTaMH, Korja
KOJIEGJIIOMIMACS CTEPXKEHb Ppa3JeNisieTCsl Y3408bimMU  NOnEepedHbimLL cede-
HusmMy Ha CPaBHHUTEJBHO KOPOTKHE OTPE3KH.
 Jlerko BHAeTb, YTO NPH KoMeGaHHAX CTEPXKHS €ro MaJjbli 3JE€MEeHT
(cM. puc. 5.13, 6) coBepluaeT ABHKEHHS, COOTBETCTBYIOLIHE HE TOJBKO
nepeHocy, HO M HOBOPOTY *. VYTroJ MNOBOpOTa, KOTOPBIA paBeH yray
HAaKJIOHAa KPHBOH NporuGoB, uMmeeT BHA Oy/0x, TOTAA COOTBETCTBYMOLIHE
yIJIOBblE CKOPOCTb H YCKOpPEHHE IPEICTaBIAIOTCS BhIPaKEHHSIMH

0%y 03yt

axol " oxom
[ToaToMy MOMEHT HHEPLHH 3TOT'O MaJOro 3JeMeHTa OTHOCHTEJIbHO OCH,
NPOXOAsAlUIell Yepes LEHTP TSKECTH MEepPNeHAUKYJASIPHO MJIOCKOCTH XY,
paBeH **

Py

—pl Ty dx.
DTOT MOMEHT MHEpIUH CJEeAYyeT YYHTHIBATH MpPH 3aMMCH yCJOBHSI AHHA-
MHYECKOro paBHOBECHS M/l MaJoro 3JeMeHTa CTepxHsi. Torza BMecTo
ypaBHenus (6) u3 m. 5.9 nmoayuum

oM o3
~de+-§—dx-—plwg—t—2-dx:0. (a)

* Cm. § 186 B xu. Rayleigh J. W. S. Theory of sound, uutupoBannoi B n. 1.4,
** TlonoXuteMbHbIM GyleM CUYHTAaTh HarnpaBJeHHe BpAliEHHs NPOTHB YacoBOH
CTpesIKH,
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TMoacTaBnas BhlpaX€HHE NONEPeYHOR cuJibl V, nonayyaemoe H3 3TOro
BHIPAXKEHHsl, B ypaBHEHHE DaBHOBECHsI MPOEKIHH CHJ Ha ocb y [cM.
ypaBuenne (a) B n. 5.9}, Hafizem

v 3 (M 3%y _ 0%y
o = (G — 0l 5o ) dx=—oF dr5i. ©)
Toraa ¢ yueroM BblpaxkeHHs (1) u3 1. 5.9 NpHAEM K ypaBHEHHIO
Oty %y oy

310 ypaBHeHHe mpeacraBiser coboll puddepeHnHanbHoe ypaBHeHHe AJs
nonepeuHelXx KoJeGaHUH NPH3MaTHUECKHX CTepKHeH, B NpaBod dHacTH
KOTOpPOTO BTOpO€ CJaraeMoe Y4YHThIBaeT BJIHSHHE HHEPUHH . BpalEHHA.

Eume 6osnee TouHoe nuddepeHnnalbHoe ypaBHEHHE MOXKHO MOJYYHT,
ec/H y4YecTb He TOJbKO HHEPIHH BpAalieHHsl, HO TaKXe H MPOruOHI,
00yCJIOBJIEHHbIE MMONEPeYHBIM CABHIOM.* YTroJ Hak/JOHAa KPHBOH MpOTH-
60B 3aBHCHUT He TOJBKO OT MOBOPOTA IONEPEYHBLIX CEYEHHH CTepKHS,
HO TaKxe M OT jedpopmanuil nonepeynoro cxpura. O603nauuM uepes P
yroJl HaKJMOHa KpHUBOH mporu6oB B TOM CJyuae, Korja nomnepeyHasi CHjia
He YYHUTbIBaeTCs, a yepe3 P — yroJ MonepeyHoro cABHra Ha HeHTpaJb-
HOH OCH JJ/Ist TOTO K€ CaMOro IOMepeyHoro ceueHHs. Takum o0pasoM,
CYMMapHBIl yroJ HakJjoHa '

dyldx = ¢ + B. (8)

M3 snemenTtapHo#l Teopuu H3ruba crepikHe#l CI€AYIOT TAKHE BbIPaxKeHHs
AJIST M3rH6allero MOMEHTa H IONEPEeYHOH CHJIBL

M=E1Z¥. V=—k’[3FG=—k’(%— ) FG, (r)

ox2

rre k' — xospduuuent, 3aBUCAWHHE OT (OPMBI NONEPEUHOrO CEUEHHS;
F — niomwanb mnomnepeyHoro ceweHusi; G — MopyJab casura. Judge-
peHIHalbHOe ypaBHEHHEe, ONHCBHIBAIOIIEE YCAOBHE DABEHCTBA HYJIO MO-
MEHTOB, IEHCTBYIOUIHX Ha MaJblfi 3J€MEHT, HMEeT BH]

Wde.Jr%/;idx—pI—‘z;izdx:O. ()

* Cwm. cratbio Timoshenko S. On the correction for shear of the differential equ-
ation for transverse vibrations of prismatic bars. — Philosophical Magazine and Jour-
nal of Science, 1922, Ser. 6, v. 41, N. 245, pp. 744—746; On the transverse vibra-
tions of bars of uniform cross section. — To xe, 1922, Ser. 6, v. 43, N. 253, pp. 126—
131 (mepeBOfE Ha pyccKHE s3HIK ITHX cTaTell mpuBefeHbl B KH. Tumomenko C. II.
CraTtHuecKue H AHHAMHYECKHE NMpOGAEMHl TeopuH ynpyroctd. — Kues: HaykoBa nymka,
1975, c. 56—57 u 62—65. dxcnepuMeHTaTbHAA OLEHKAa BJIHSHHS IONEPEYHOro CABHra
nana B pa6ore Goens E. Uber die Bestimmung des Elastizitdtsmoduls von Stdben mit
Hilfe von Biegungsschwingungen. — Annalen der Physik, 1931, B. 11, N. 6, S. 649—
678; cm. Takxe: Davies R. M. The frequency of transverse vibration of a loaded fixed-
free bar. — 1V. The effect of shearing of the bar. — Philosophical Magazine and Jour-
nal of Science, Ser. 7, 1937, V. 23, N. 158, pp. 1120—1145. O Heo6x01uMOCTH yuera
IedopMalHy MOmepeuHoro CIABHra B 3ajadaX O MONMEPeYHOM YAape MO CTEPHKHIO CM.
Flugge W. Die Ausbreitung von Biegungswellen in Stdben. — Z. angew. Math,
und Mech., 1942, B. 22, N. 6, S. 312—318.
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[TogcraBnsis BEIpa)KeHusi (T) B ypaBHeHHe (1), HalifeM

P [ Oy P
EI=3 +k <W——¢>FG—QI—5!2—_—_O. (€)
JuddepeHunanpHoe ypaBHEHHE, BbITEKalolllee H3 YCJAOBHS paBEHCTBa
NPOEKUHI HA BEPTHKANBHYIO OCb CHJ, AEHCTBYIOIHX HA MaJblil 3JeMeHT

CTEPKHS, MOXHO. NPEACTaBHTb B (opMe

av 0%y
IloncraBisis BTOpOe M3 BhIpaKeHWH (r) B ypaBHEHHE (XK), NMOJYyYUM
r 0% oy Ry
k<6x2_6x>0~p0t2— : (3)

Hckiouas GyHKuuo P u3 ypaBHeHU# (e) u (3), HaxoguM GoJee NOJHOe
ypaBHEHHE NONEPEYHbIX KoJeOaHHH NPH3MATHYECKHX CTepIKHEH

y o2 E o I
El Ga+0F 5 — ol (14 55 ) + g g —0- (5.115)

[IpumeHeHne 3Toro ypasHeHHs ® NPH ONpeJeJeHHH YacTOT KoJaeGaHui
CTEPKHEH OyJeT NMOoKa3aHO HHIKE.

BHroBb BepHeMCsi K CBOGOAHO ONEPTOMY CTEPIKHIO, KOTOPBIi yiKe HC-
caenoBajics B 1. 5.10 (eMm. puc. 5.14). Ias Toro uto6bl TOUHEE ONpeeuTh
4acToThl KoJieGaHui, Bocnonbdyemcsi ypaBHeHueM (5.115) Bmecto (5.83).
Pasnenus kaxawiii unen ypaBuenus (5.115) Ha pF u BBeass o603HaueHUe

ra=1I/Fy, (1)
HOJTYYHM
dty 0%y o E 0ty s P 0%y
2 e P < —_—
K R T ’B<1+ k’G) aEor TG — 0 (5:116)

STOMy YPaBHEHHIO M 3aJaHHBIM KOHLEBBIM YCJOBHAM YAOBJIETBOPSAET
peuwieHue BHAA

y; = sin (inx/l) (A; cos p;t +- B; sin pit), (x)

KOTOpO€ COIEPKHT T€ K€ HOpMaJsibHble (PYHKLUHH, YTO M OTHOCSLIHECS
K CJIy4al pacCMOTPEHHs IIONepPeYHbIX KoJeGaHHH cTepikHs Ge3 yuera
VHEPLHH BpalleHHsi H JedopMauuH mnonepeyHoro casura. IloacraBiasis
BeIpaxkeHHe (k) B ypaBHenue (5.116), mojyunm ciepyiollee ypaBHeHHE
JUIsl HAXOXKIEHHS 4YacToT KoJebaHui:

2,22

. 2.9 2
, it N , acr , Wry E

B 0 4
a‘T—pZ—pZ—"ﬁ——p; 2 G + %G pl:o (5117)

Ecan B 3TOM YPaBHEHHH COXPaHHTb TOJbKO IEpPBbIE JBa CJaraembiX,
Halnem

22 an?
pPi=aqa = 22’ (s1)
i
rae. A; = [/i — jJIuHbH HOJYBOJIH, HA KOTOpHle pasiensiercs aJHHa

CTepXHsi NpH ero kosebanuaX. [losyueHHwi pesyabTar coBnajgaer
¢ TloNyyeHHbIM Bbiliie pesdyJabratoM (5.102). Coxpausis B ypaBHeHHH
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(5.117) nmepsble TpH caaraeMblX M HCNoJb3ysi Gopmysay GHHOMHAMLHOIO

pasyioXKeHHs1, MOJAYYHM
an? n’r?
pi::'—ﬁ— 1 — - (M)
i

232

2

B atoil dopMyJie YUYUTHIBACTCSA BAUAHUE UHEPYUL BPAUEHUSL, U3 KOTOPOH
BHJIHO, YTO YTOUHEHHE CTAHOBUTCH TE€M CYLIECTBEHHEE, YeM MEHbILE A;,
T. e. yeM OoJblle 4YacToTa KoJeOaHHH.

st Toro yToGBl yuecTb 8ausAxue Oepopmayutl nonepeuroz2o cosued,
Bo3bMeM ypaBHenHe (5.117) B moJiIHOM BHJE, KOTJAa B HEM YUYHTBIBAKOTCS
Bce caaraemble. [lojgcraBisisi nepBoe mNpHOJH:KEHHOe 3HadyeHue (1)
JUISL p; B NOCJeJHUIl 4sJeH 3TOro ypaBHEHHs, BHJUM, UTO OH SABJIfAETCA
Masnofl BeqMuHHOH GoJiee BBICOKOTO IIOPsJIKA, YeM BEJHUHHA IUra/Aj.
[Ipene6perasi 1oc/jejHUM YJEHOM YypaBHEHUS, HaHJeM

A 2o )
an? 1 o7y E
=5 1‘_‘2‘“;_2<H‘W>J' (5.118)
2oL 2
[Tpuusi, uro G == 3E/8 H 4710 nonepeyHoe CeUYEHHE CTEPIKHA HMEeT
NpsSIMOYTOJIbHYIO  (opMy, i Kortopoit &' = 0,833 *, nmnoJsyuaem

(E/R'Y G = 3,2. Takum oOpa3oMm, MoONpaBKa Ha TNOMEPEYHBbIH CABHT
B 3,2 pasa Gosibllie 1IONPABKH, YUYHTHIBAIOUIEH HHEPLMIO BpalleHus.™*
[Ipeanono:kuB, yto AAMHA BOJHBI A; (-0 dopMmbl KojebaHuil B 10 pas
Gosiblle, yeM BbICOTA IONEPEYHOFO CEUEHHS CTEPIKHS, MOJYYHM
2.2
| LR 1 2 I

T TR Too ~ 0,004,

OTKYJa CJIeAyeT, YTO CyMMapHasi MonpaBKa No yacTtote p;, 00ycCJOBJeH-
Hasl yYeTOM HHEpUHH BpalleHHsi M jedopMalHeli MomnepevyHoro CABHra,
cocrapaser npumepro 1,7 %.

5.13. BbIHY)KAEHHbBIE KOJIEBAHHS CBOBOJAHO
ONEPTOro CTEP)XHS

B stom maparpade paccMOTpUM JMHAMHYECKHE NPOrHObI CBOOOAHO
OTePTOro CTEPKHS MPH MONEPeUHBIX KoJjebaHHAX, 00yCJOBJEHHBIX pac-
npejenendoii nHarpyskoi Q (x, t), cocpenorouenHoii cunoli Py () nau
COCpPeNOTOUEeHHBIM MOMeHTOM M, (), NpPHUTOXKEHHBIM B TOYKE X = X
(puc. 5.19). Kak yxke ykasbiBajoch Bbille (cM. m. 5.9), misi mepBbIX
JBYX CJyyaeB HATPyKeHHs He TpeGyeTcs NOJY4aTbh OOLIUX BbIPAXKEHHH,
OMUCHIBAIOUIMX HEYCTAHOBHBIEECH MOBeleHHe cTeprkHA. M3 BhIpaxeHus

* HeckoibKo WHOe 8HaueHwe ana k' 6buio nonydeno P. Ouacconom. Cm. Ols-
son R. G. Zur Berechnung der Frequenz der Transversalschwingung des prismatischen
Stabes. — Z. angew. Math. und Mech., 1935, B. 15, N. 4, 245 S. b

** Tlo pemmenuo ; ypasHenus (5.116) cm. Anderson R. A. Flexural vibrations
in uniform beams according to the Timoshenko theory. — Trans. ASME. J. Appl.
Mech., 1953, v. 20, No. 4, pp. 504—510.
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afx,t)
M, (t)
0 m 4\ .
77

X II dx

X1

Puc. 5.19

(5.28) mMoxHO HaliTH nonepeyHoe AMHAMHUECKoe IepemenieHne y, obyc-
JIOBJICHHOE JeHCTBHEM pacnpeﬂeneﬂﬂoﬁ nonepedHodl Harpysku Q (x, f):

Zp_ -q(xt)smpl(t—t)dtdx (5.119)

= 0 O

rie g (x, ) = Q (x, t)/m.
AnanornynbiM o6pa3oM U3 Bbipaxkenus (5.29) onpezenseM nepemelieHHe
npu AeHCTBHH COCpe,ZIOTO‘{EHHOﬁ cuanl Py (f):

2 ~ fa@)sinpie —t)ar, (5.120)

i=1 0

rae X;; — 3naueHue ¢QyHKUMH X; B TOUKe X = Xy; ¢ ({) = Py ({)/m.

[Nockonbky MomeHT M, ({) HE COOTBETCTBYET BHAY BO3HHKAWOIIHX
nepemeLleHHU l, MoCaeHHEe Hesb3sl ONpeAeasTh HemocpeacTBenHo. C 31oi
LEJbID BOCIOJNb3YeMCsl METOZOM BO3MOXKHOH paGoThl TaK, Kak 31O Oblio
caenaHo Boiue (rm. 5.3). Ilpu takom nopxome QYHKIHIO, OMHCHIBAIOLLYIO
JIMHHIO NPOTHOOB, NPEeACTABAAIOT B BHAE pAla

y= El ?; X, (a)

TOTla BO3MOXKHOE Tepemelienue npu i-it opme konebanui 8y; = 8¢, X
B sTom canyuae Bo3MoxkHas pafora pacnpejiesleHHbIX CHJI HHEPUHH Ha
BO3MOXKHOM [epeMelleHHd npu i-# ¢opme KoJeGaHui

{

l
Wi = | (—oF dx §) by; = — mbde; | X, dx. (6)

] 0

Hopcrapasis npeacrasierue (a) B BbipaxeHue (6) M yuuTbIBas COOTHO-
leHus oproroHanbHoctH (5.88) u HopmuposaHHocTH (5.97) npu i = j,
T10J1 y4UM

!

Wi; = — mipide; | X dx = — mipdepy. ()
0
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éﬂeprnﬂ )le(i)opMauHH, o6yCJIOBJ1eHHaﬂ M3THOOM CTepXKHS '
! l
E[ n AN
U=[5@ )2dx=7’j<y ) dx. (r)
0
IToxpcraBasis BLID axKeHHe (a) B BhIpa:KeHHe (I) H YYHTHIBAsi COOTHOILEHHUS
(5.89) u (5.97), naigem
o { o
r o
U= 30} [ (Xprdr=—5 Y kiut (2)
=1 9 =1
BosmoxHylo paGoTy yNPYrHX CHJ OPH [ = j MOXKHO OIpEIENUTh cJe-
AyromuM obpasoM:

Wy, =— Dor G(PL = — rki@8¢; = — mpip5¢;. (e)

Has toro uro6ul onpeﬂenmb BO3MOXHYI0 paboTy, COBepIlaeMylo
COCPeJOTOYEHHBIM MOMEHTOM, 3aME€THM, 4YTO 3TOT MOMEHT COBEpILaeT
pabory Ha yr/J0BOM nepeMmemieHHH 0y;, BO3HHKAIOWEM B TOYKE €ro NpH-
Jgoxenusi. Torma pabory MomeHTa M; Ha BO3MOXHOM INe€pEMElleHHH
npu i-d gopme kosebGaHHH MOXKHO 3amHcaTb B BHIE

OW M, ; = Mi8y;1 = M09 X1, (x)

rae X; — 3HayeHHe NepBoH NpPoH3BOAHOH GYHKUHH X; HO X, BHIYHCJIEH-
HOE B TOUKE X = Xj.

CymMupys BblpaxkeHus (B), (€) H () H TIpHpaBHHBAs pe3y.bTar
HyJIi0, TOJYYUM

mp; + mpie; = M X},. (3)
Pasnenus neBylo H NpaBylo YacTH paBeHCTBAa (3) Ha m, HaiijeMm
¢+ pigi =M Xu/m, i=1, 2,3, ..., oco. (5.121)

[TonyyeHHOe COOTHOLIEHHE NPEACTaBASET THIHYHOE YypaBHEHHE JBHKe-

HHS B HODMAaJIbHBIX KOODJMHATAaX, a CTOALIMH B NPaBOA YacTH 4YJEH —

HarpysKy, COOTBETCTBYIOLLYIO i-H HOpPMalbHOH ¢opMe KosneGaHHi.
s i-it gopmbl KoneGanui unterpan Jloamens Ay paccMaTpHBaeMoi

3aau
¢

My (') sin p, (¢ — ) dt’, (5.122)

Py = —— mp

a COOTBETCTBYIOIIHE NOJHBIE IONepeyHble AHHAMHUYECKHE MepeMelleHHus
CTEpPKHSI HMEIOT BHJ

y= Y2 XiXu Ml(t)smpl(t—t)a’t (5.123)
i=l

mpi

Takum o6pasom, ¢ NOMOILBIO NOAX0JA, OCHOBAHHOTO Ha PAacCMOTPEHHH
BO3MOXKHOH paGoThl, H NPEACTABJEHHS! pelleHHsi B BHJE psia IO HOp-
MaJbHBIM opMam KosieGaHHH MBI IOJNYYHJIH BHIpAXKEHHE JJI5 llepeMelle-
HHA DOpH HeyCTAHOBUBIIEMCSl TOBEIEIHH, AaHAJOTHYHOE BbIPAXKEHHIO
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JJISL cyvasi IeHCTBUS cocpeoToyeHHOR cuaibl [cM. Bhipaxenue (5.120)1.
OnHako B MnOCJeIHEM BBIDAXKEHHH BeJNHUYMHBI P; u X; CJaeqyer npu
3TOM 3aMEHHTb COOTBETCTBEHHO Ha M; M Xj.

B uactHOM ciydae cBOGOJHO OMEPTOrO CTEPXKHS €ro KPyToBbe da-
CTOTHl H HODMHDOBAHHbIE (YHKIHH, ONMHCHIBAIOI{HE (POPMHI KOJIEeGaHHI
(em. n. 5.10), umeroT BHA

- T i
p[:k%az l?;a; X[Z V—lSiﬂl—?x—, L:l, 2, 3, e, OO.
(k)

[lopcranoBKO# HOpMasibHBIX GyHKIMH B Boipaxenue (5.119) aas
nepeMelleHHil Npu NEHCTBHH H3MEHSIOMIENCsT BO BPEMEHH pachpejeneH-
HOH CHJIBL HOJIyYyaeMm

5 & R Lt
[ 2199 .
y=-r L sin —lf-;i j sin 7; j q(x, t')ysinp; (¢ —t)dt' dx.
=l 0 0

(5.124)

Ananoruuso u3 Bepaxenus (5.120) 1as cayuas geHCTBHS H3MEHSIOMEHC s
BO BPEMEHH COCDEJOTOYEHHOH CHJBl HMeeM
oo t
2 i i ’
y=-= 2 L sin - sin =4 j G (t")sinp, (¢ — ') dt', (5.125)
=1 0
a soipaxkenue (5.123) naer pemenue Ans ciyuasi A€HCTBHA COCPEJOTOUEH-
HOTO MOMEHTa

® t
yz—gf.; —l—sin—’ﬂsin—’ﬂle (t")sinp; ¢ —t'ydt'.
R ANT I )
(5.126)
Buipaxenns (5.124) u (5.125) anansornussl seipaxkenusm (5.69) u (5.70)
AN NpeaBapUTeNIbHO pacTAHyTOH HHTH (cM. 1. 5.8), a BHpaxeHHe
(5.126) npHMEHHMO TOJBKO K 3JEMEHTaM KOHCTPYKIHMH, 06/1ajaloniuMm
H3THOHON >KeCTKOCTBIO.
B kavectBe npumepa pacCMOTPHM CJydai, KOTAA CHJAA H3MEHSeTCs
BO BpPEMEHH N0 IapMOHHYECKOMY 3aKOHy P, = P sin wf U npusoxeHa
B TOYKe X = X;. TOTAa COCTBETCTBYIOIIHE IHHAMHUECKHE NEpeMEEHHs
CTEpPKHsI B COOTBETCTBHH C BbIpaxkeHueMm (5.125) uMeroT BHJ

oo t
2P 1. inx . ingy : r e NA
=l 2y S = sin— Jsmwt sinp; (¢t — ¢)dt' =
=1 1}
2P 1, imx . inxg . (O
—'m—;;i—SIH—l——SIH i (Slﬂ(l)t—E-Slﬂpit> ﬁi—
__ T PB 1 [£15 2N 515 71 . ol?
= 7 Sin—— sin —; (sm of — g Sin pit> B:,

(5.127)
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rie Ko3h(pHUHEHT YCHIEHHS
B: = 1/(1 — w’/pj). ()

[TepBoe csiaraemoe BuipaxeHHs (5.127) xapakTepu3yeT yCTaHOBHBLIEECH
noBejileHHe NPH BbIHYXKAECHHBIX KOJIEOAHUAX CTEPIKHA, BTOPOE OIHChI-
BaeT HEYCTAHOBHBUIEECA MOBEJEHHe NpH cBOOOAHBIX KoseGaHusnx. [Ipu
HaJH4un aeMndHpoBaHHs nocjenHue OyAyT 3aTyXaTh, MO3TOMY NpPaKTH-
yecKHH HHTEpec OyJAeT NpeACTaBJATb TOJNLKO YCTaHOBHBILEECSH MOBEJAEHHE
6aNKH.

Ecnu cuna P sin of M3MeHsieTcss BO BPEMEHH OUEHb MENJEHHO, T. €.
@ SBJAETCA OYeHb MaJoH BeJHYHHOH, TO MOXKHO NPUHATH B; &~ 1 H pas
MONepeyHbIX AMHAMHYECKHX MEpPEMelIeHHH NpPH yCTaHOBHUBILEMCS IOBe-
JI€HUHU 3amnucaTb

o0

o 2pB 1 sin inx sin {1y sin of
Y= —mmia? o St sl —7
i=1

HJH, NoNoXUB ma® = El,
oo
2PI3 1 . inx . inxy
= Ent Z — Sin ——sin —r=sin of. (Jr)
i=1
DTO BbIpa*KEHHE ONHUCHLIBAET CTATHYECKHH MPOrHO CTEPKHS NpPH AEHCTBUH
Harpysku P sin wf. B yacTHOM cayuae, Korja cujaa P npukJaibiBaeTcs
B cepeiuHe MpoJeta CTepxkHA (T.e. B Touke x; = [/2), umeeM
2PB ¢ . nix 1 . 3ax 1 . bax -
y= W(Sm_f — 57 Sin——+ zpsin—— — .. .>smu)t. (M)
Psap (M) sBasiercss OBICTPOCXOASAUIMMCS M Xopollee NPHOJHIKEHHe
AN nporu6oB MoJiy4yaercsi NPH YAEPKAHHH TOJbKO MNEPBOro 4YJeHa.
Takum ofpa3oM, ompejessieM aMIIMTYLy Y, NpOrHO6OB B cepelHHe
nposera GanKu:

w0 __9pis _ pB
Ye)x=1/2 = “Frma = I87ET

Own6Ka NpH TaKOM NpPHOGIHKEHUH cocTaBisieT okodo 1,5 %.

OG03HaunB yepe3 o OTHOLIEHHE YaCTOTHl M3MEeHEHHS BO3MYLLAoLleH
CHJIBL K 4acTOTe OCHOBHOH (hopMbI CBOGOAHBLIX KoJieGaHHH, H3 BhIpaxe-
HUHA (M) nosyuaem

o = 0-)//71 = (l)lg/(an2)s

TOoraa I'lpOI‘H6bI NpH YCTAHOBHBLINXCA BBIHY2XKIACHHBIX KoJie6aHHAX CO-
rmacHo BelpaxkeHuio (5.127)

__ 2PBsinot sin (imx/1) sin (imxy /1) (1)
— 7 Elnt Z it —a? )

=1
Ecau H3MeHsAasacd Mo 3aKOHY CHHyCa CHJa NpUKIaAbIBAETCs B Ce-
peguHe npoJera, AJas NPOordboB HMeeM
2PI3sinwt [ sin (mx/l) __ sin (3nux/l) + sin (ax/l) } (0)
Elnt [ | —a? 34— a2 54— g2 B
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[Tpu MasbIX 3HAYEHHSIX 0 BHICOKYIO TOUHOCTH NIPH ONPEEJIeHHH POTrHGOB
¢TEPKHS NOJYUYHM, yAepkKaB TOJbKO NePBbIH YJIEH 3TOTO psijid, a CPABHU-
Basi BbipaxkeHusi (2) U (M), MOXKHO BHAETb, UTO OTHOLUEHHE AHHAMHUYECKOTO
nporu6a K CTATHYECKOMY

1
l—a2’

p1= (1)

Hanpumep, ecsiy 4acToTa M3MeHEHHs BO3MYILAOIEH CHJIbB paBHA ONHOM
YeTBEPTOH 4YacTOTHl OCHOBHOH (ODMHI KoJe6aHHi, JHHAMHUYECKU# npo-
ru6 Oyler Ha 6 % mnpeBblIaTh CTATHYECKHH.

W3 Bolpaxenus (5.126) moxHO HafiTH JUHAMHYeCKue TNPOTHOBI, BHI-
3bIBAEMbIE HU3MEHSIOUUMCA 10 3aKOHY CHHYCa H3rH6aroumidM MOMEHTOM
M; = M sin of, npujoxeHHHIM Ha JeBoM (x = 0) KOHLe CTepKHs.
Cnenysi npuBeAEHHBIM BHILIeE paccymneHHﬂM, HalaeM

2M12 sin wt By inx
Y= —Fm — 2 m ST

=1

YTO NpeAcTaBJasieT co60d AHHAMUYECKHe MPOrubbl NpH YCTAHOBHUBIIHXCS
KoJie6aHHsIX, OOYCJOBJEHHbIX JAeficTBHEM M3rHOAIoLIero MOMEHTA.

[MockonbKy 3amayu 0 KoJeGaHHAX CTepKHEH ONHCHIBAIOTCS JHHEH-
HBIMH IHGdepeHIHaJbHEIMH YPaBHEHUAMH, TO 3/1eCb MOXKeT NPUMEHSThCS
NPHHLUMN Ha/loXeHHs pelueHui. [lostomy npu JeHCTBHH Ha CTepKeHb
HECKOJIbKHX M3MEeHSIIOUIUXCSl BO BPEMEHH CHJ H H3THOAIOMHX MOMEHTOB
pesyJbTHpYIOllee NepeMellleHHe MOXXHO NOJYYHTb, CJAOXKHB Iepemele-
HHsI, COOTBETCTBYIOUIHE KaXJIOMy M3 YKAa3aHHBIX CHJIOBBIX (DaKTODOB.

Cnyyaii HempepblBHO pacnpeflefeHHbIX, H3MEHSIOIWHUXCS M0 3aKOHY
CHHyCa BO3MYILAIOMIHX CHJI MOXeT ObITb TAaKKe€ PacCMOTpeH aHaJoruy-
HbIM 06pa3oM ¢ momoulblo Bbipaxenus (5.124). Ilpexnosoxum, Hanpu-
Mep, YTO CTEPXKEHb HarpyeH paBHOMEPHO paclpejeJIeHHOH nonepeyHol
CHJIOH ¢ HHTeHCHBHOCTBIO @ (f) = wsin wf. Torza u3 BhIpaXKeHHS
(5.124) noayuaem

(5.128)

oo

= Au ool Wb i (5.129)
i=1

Ecnu yacTota MU3MeHEHHsl HAarpy3KH OYeHb MaJsa Mo CPaBHEHHIO C 4acTo-
TOH OCHOBHOH (OpPMBI TOMEpPEeYHbIX KOoJeOGaHHH CTep:KHS, MOXKHO BOC-
NOJBb30BATLCS CJENYIOMUM TNPHONHKEHHBIM BbIpaXKEHHEM:

lwlt ¢ . nx 1 . 3nx 1 5nx .
m(1.—7—+:;s1n7+—5)3—sin—l—+--->smwt. (p)
STOT OGBICTPOCXOASALIMUICS PSAL ONUCHIBAET CTATHYECKHH MPOTHG CTEpIKHSA
NpH JeHCTBHH- pABHOMEPHO pacnpefiesieHHOH Harpy3ku w sin wf. [loJo-
XHB x = [/2, HaiizeM Bblpa)keHHe /sl QUHAMHYECKOTo mporuba B ce-
penyHe mpoJieTa CTEPXKHSA

4wl 1 1 .
(WD x=1/2 = %(1 — ?4— i ) sin wf. ()

Ecnu B 3TOM psily yAep»KaTb TOJNbKO NEPBbIH YJeH, NPOrHG B cepenuHe
nposera Gyner onpenensibess ¢ owwubkoit 0,25 %.
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3AJAYH

5.13.1. CpoGoaHO OmepThiii CTEpKEHb, HATPYKEHHBIA B CePej/IHHE NpOJIeTa monepey-
Hoit cusoff P, nporu6aercst Ha BeanunHy 0,01 M B TouKe npuJoxkenus cwikl. Onpesenuts
aMIVTUTYy BEIHYXKIGHHEIX KoseGaHHf, TOJ JefcTBHeM CHJBL P sin ©f, eciH yacTota ©
paBHa TOJOBHHE OCHOBHOH YacTOThI Koneéannﬁ CTEepPXKHS.

'  opt
Omsem: (Yo) x=1 = 557 <W +

1 1
_ i R Y
Rl Ty i My vy ) 0,034 m.

5.13.2. CrepiKeHb, DAacCMOTPEHHEIH B TNpeibliymed 3ajaue, Harpyxaercs JBYyMs
cuyaMi P sin ©f, TO9KH NPHJIOKEHHS] KOTOPBIX OTCTOSIT HA TPeTh JJIHHEI CTEPIKHS OT ero
KOHIIOB H JAPYr oOT jpyra. OmnpejefHTb aMIVIHTYyJly BEIHYXJEHHBIX KoseGaHHi B cepe-
JIMHe MpoJieTa CTEPXKHS, €CJH YacTOTa @ 31ech TaKas Xe, KaK H B NpejbAyllel 3ajjaye

4PI3 T sin (1/3)
LT [ —1a

sin (bw/3)  sin (7m/3
+ 54ﬁ)1/4 - 74_1/4) + - ] ~ 0,057 M.

5.13.3. OnpejeJquTb aMIIUTYAy BBIHYXKJEHHBIX KoJeGaHHH B cepelHHe npoJera
CcBOGOJHO OMEPTOro CTePKHS, HA JEBOH NOJOBHHE JJHHBH KOTOPOrO NPHJOXKEHa pacmpe-
JleJieHHash H3MEHSIOIAsAcd BO BPEMEHH Harpyska C HHTEHCHBHOCTBIO W sin of.

Omsem: (Yc) x=1/2 ==

) 2wl4 (— bz
Omeem: (Ye) .y = noE] Z i(it—a?) °

5.13.4. OnpenesiuTb AHHAMHYECKHe NPOrHObl CBOGOJHO ONMEPTOTO CTEPKHS, BO3-
HHKaloue NPH BHE3aHOM NPHJOXKEHHH B CEpeJlHHE ero mpoJera CUJIb P,

Omeem:
2P NN (—1E=D2 mx
= TaET E i sin (l-—-cosp,t) .

i=1,3,5...

5.13.5. OmpenesquTe AHHAMHYECKHE IepeMelleHHs] NPH YCTAHOBHBLIHXCS TONepey-
HBIX KOJIeGaHUSX CBOOGOJHO ONMEPTOTO CTEPIKHS, HATPYXKEHHOro H3MeHsomefics no AJHHE

M SR L %
N0 3aKOHY CHHYca Harpyskoit Q (x, 1) = w $in——sin f.

wl*B, sin of N1 #1

Omeem: y= 5T X sin It

5.13.6. C noMompio MOAX0ja, OCHOBAaHHOTO Ha PAacCMOTPEHHH BO3MOXKHOH PaGoTHI,
NOJNYyuuTh oObllee BBIPAXKEHHE JJIs JHHAMHYECKHX HPOTHGOB CTePXKHS NPH JEHCTBHU
pacnpeieJIeHHOTO M3THGAIOWEr0 MOMeHTa HHTEHCHBHOCTbIO M (X, f). 3arem HaiiTH pe-
LIeHHe JJS ¢1ydyas cBOOOJHO ONEPTOTO CTepXKHA.

o ! t
Omeem: y=—2—n—2—1— J mij(xt)X
i 0
dx.

mi? pi
{=1

X sin p; (¢ —1t') dt'dx
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5.14. BbIHY)KJAEHHbIE KOJIEBAHUSI CTEP)XHEH
C PA3JIMMHBIMH KOHUEBBLIMH YCJIOBHSIMH

ITonyuennoe B mpeabinymeM naparpadge Boipaxenue (5.119) oTHocH-
Joch K 0OleMy BHAY pacnpenejeHHOH BO3MyIamoliel HarpysKH, 3aBH-
callell Kak OT NPOXOJNLHOH KOODAMHATHL X, TaK U OoT BpeMeHu f. OnHaKo,
ecau GYHKLIHIO HArpyskd Q (x, {) MOXKHO NpeNcTaBHTL B BUJE NPOH3-

BeJIEHHU I
Qlx, =7 QQ®), (a)
To BeIpaxkeHHe (5.119) MoxkHO sanucath B GoJiee nmpocToHl dopme

(o]

I ¢
= Zif [fe0 Xi ax [q@)sinp, ¢ —t)ar, (5.130)

= P 0
rie g (f) = Q (f)/m. TlomoGHoro THma mnpouenypa yxke obCyxkpanach
BblNE, B 1. 5.11, H ee BbINONHEHHE NPEACTABJSIET TPYAHOCTH JJs1 CTEPHK-
HeH, y KOTOpHIX KOHIEBblE YCJOBHSI OTJIHYAIOTCS OT CBOGOJHOI'O OMNH-
paHusl.

C Apyroil CTOPOHBI, €C/IH HArpy3KH MPEACTABJSIOT COCPENOTOYEHHBIE
CHJIBl WJIM H3rubamoliie MOMEHTHI, [JIs1 ONpeaeeHdusl AHHAMHYECKHX
nepeMelleHHH KoseG/IIOIHUXCsl CTepKHEH MOKHO HCIIONb30BaTh BHIpaxKe-
Hus (5.120) u (5.123) He3aBHCHMO OT BH/IA 3aKPETJIEHH 1 KOHIIOB CTEPKHS.
B xavecTBe mpuMepa pacCMOTPHM cay4ail cTepKHEH ¢ »KeCTKO 3aleMJ/IeH-
HBIMH KOHLIAMH H MNPEANOJOXKHM, UTO ee KoJeGaHHs BbI3LIBAIOTCSl H3Me-
HAOWEeHCsT BO BpeMeHH cuiol P; (f) = P sin of, npuJoXKeHHOH Ha
paccTosHUM X = X; OT JIeBOro KoHua crepxkHa (puc. 5.20). B astom
ciydyae u3 BolpaxkeHHs (5.120) crneayer

oo t
P NV XXy (e o
Y=—r . Y Jsmwt sinp; (( —t')dt' =
=l 0
. 2p Y X;Xil s f_.i"_ . . .
i Z 2 (smw, o smplt> B (5.131)

i=1
OTo BbIpakeHHe sBJfeTcs OOLHMM H NPHMEHHMO [Jisl IPOH3BOJBHBIM
06pa3oM 3aKpeIJVIeHHBIX CTep:KHeH, I03TOMYy, €CJH Heo6XOJUMO €ro
IPHMEHHThb K paccMaTpHBa€MOMY CJyuailo, HaA0 MNOACTAaBHTbL B. HETO
49acToThl p; M HOpMaJjbHble (YHKUUHM X; JJs CTEpPKHEH C KECTKOo 3a-
LIEMJIEHHBIMH KOHIAMH.

y Psinwt

0 ! /

2 . | B2
- ‘
Puc. 5.20
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Ilpeanosioxum, 4To H3MEHSAIOLASACH BO BpeMEHH cuJa (cM. puc. 5.20)
NPHKJIAJLIBAETCH B CePEJIHHE INPOJIeTa CTEPXKHS M 4YTO Tpebyercss Bbl-
YHCJIHTb IHHAMHYECKHH NMPOrH6 B TOYKE NPHJIOKEHHS HAarpys3KH NPH
YCTAaHOBHBIIMXCA KoJieGaHHsx. Toraa, yuyuThiBasi MNEpPBOE cJaraemoe

puipaxeHun (5.131), umeem

2P sin f v :
@) xmtp == ——53 (Xi)z=12, i=1,3,5,...,00. (6)
i L

mi

Tloacrasasa B Bopaxenue (6) BeqHYHHB p; = a*k} u ma®* = E], no-
JY4HM

2P13 sin wt .
(y)x:l/2 = Esllnw Z k [)4 (X )xhl/2r = 1: 3) 5, tr oco. (B)

B npumepe, paccmorpeHHoM B m. 5.11, noJydYeHb! YHC/OBLIE 3HAYEHHS
4JIEHOB 3aMHCaHHOro Bbille psifa. C yyeroM 3TOrO HUMeeM

(Wrmrp = 2SO (50380, + 135B, + 228, 4 ...) 107, (v)

3AJAUYH

5.14.1. OnpenesnnTh AHHAMHYECKHE NPOTHOBI IIPH YCTAHOBHBLIHXCS BbIHYXKJEHHBIX
KOJ1e6aHHSAX KOHCOJIBHOIO CTEPXHSA, K HE3aKDEIIeHHOMY KOHIly KOTOPOTO.IpPHJIOXKeHa
nonepeynas cusia P sin of.

sin @f BiXi (Xi)x=t B, = N S
El (i)t 7 T T —wp;

i=1

3
Omeem: y = Pl

3nech Xy — HOpMasbHble QYHKIMH AJI CTEPXKHSA C OJHHM XKECTKO 3alleM/JIEHHbIM KOHIIOM
M He3aKpenJeHHbM APYTHM; R;l — KDYroBbie 4acTOTH CBOGOJHBIX (OpPM KOJeGaHHiH pac-
CMaTpPHBAEMOTO CTEepKHA.

5.14.2. OnpenesuTh AuMHAMHYeCKHe NPOTHObLI HAa He3alUeMJIEHHOM KOHIlE KOHCOJb-
HOTO CTEepPXKHS, pacCMaTpHBaeMOro B Npejbiayluei 3ajauve.

Omeem: (y)x=1 =

__ PI3sin ot i B: (X0)i_,
- Ef (k;1)*

i=l

M3 tabauu HaxoauMm
(Xi)xt =2 (— 1)+
Toraa, B3sB 3Hauenus k;/ u3 n. 5.11, nonayuum

_ 4B B
(y)x='“ El [1,8754 ! 46944 +

+ 78554 4+ :lsmmt — —(o 080914, +
-+ 0,002068, 4 0,000260; -+ ...) sin of.

5.14.3. HccaepcBaTh YCTZHCEMBILHECS BBIHYXKJEHHble KOJeGAHUS CTEPXKHSA, OfHH
KOHEL, KOTOPOro XKecTKO 3alieMJIeH, a Apyrof — cBOGOJHO OMEPT, €C/AH H3MeHAKMascs
BO BpeMEHH cuJa P sin @ ! NPHJCKEHa B CepeinHe NpoJeTa CTePXKHA.
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5.14.4, OnpejesuTh JAMHAMHUYECKHe MPOrH6GbHl B cepefuHe MPOJETa CTePXKHs, pac-
CMOTPEHHOI0 B MpelbiRyiueil 3ajaue, eclqH 3allaHbl CJAEAYIOIHe YUCJIOBbIE BeJHUHHBI

(XDgeijo = 144495 (Xo),_;jp = 0,5704; (Xs),_;n = — 1,3005;
(X8)ggjp = —0,5399;  (Xs),_,/ = 1,3068.

Heo6xouMble U 3aJaHHOTO B 3Tofl 3aladye CTep:KHs 3HaueHus k;/ npHBeieHbI
B 0. 5. 1l

5.15. CTEP)KHU C NEPEMEIMAKOLIUMHUCA ONMOPAMH

B n. 5.6 paccmaTpuBanuch nNpojoJbHLEE KoeGaHusi NPU3MaTHYECKOTO
CTEPXKHsI, 06ycJOBJIEHHEe JuGO NepeHOCOM OCHOBAaHHS KaK abCOJIIOTHO
JKECTKOTO TeJsa, JH60 HE3aBHCHMBIMH [T€pPEMELIEHH IMH OTIOP B MPOJ0JbHOM
Hanpaenenud. [IJsi cTepXKHs cJelyeT paccMaTpHBaTh JABa THMNA Mepe-
MellleHHil Kak aGCoJIOTHO KECTKOro Tesa. B KauecTBe Takux mepemelie-
HH# O6bIYHO 6epyT YHCTHIH mapaJiiejbHBIH NepeHoc B HalpaBJeHHH OCH Y
H MaJjible YIJIOBble nepemelleHHsl BOKPYT OCH 2, NMPOXOojsileH yepes Ha-
yajqo KOOpAUHAT MNepNeHAMKYJsSPHO IJIockocTH xy (cM. puc. 5.13).
Y4uThiBasl yKa3aHHble JBa THIA NepeMelleHHl, nepemelleHHe B HANpag-
JIEHHH OCH 4 MPOH3BOJBHOH TOUKH CTEPIKHS MOXHO NpPEICTaBHTb B CJe-
JYIOILIEM BHJE:

Yoeu = &1 (D) + xg2 (9), (a)

rae g; (f) u g, (f) — cOOTBETCTBEHHO MEPEHOC H MOBOPOT KaK abCcoJIIOTHO
JKECTKOro TesMa. B cooTBeTrcTBHHU C Bhbipa)keHHeM (5.47) OTHOCHTEJNBbHOE
nepemeliieHHe KoJIEG/OLIEToCsl CTEPXKHA NPH YKa3aHHOTO BHAA nepe-
MelleHHSIX OCHOBAHHS KaK aGCOJIIOTHO KECTKOIO Tejla MOXHO Mpejcra-
BHTb B (opMe

00 t
- )"; Xidx J @@y smpit —tyar +
L—I ¢ 0 0
¢
+ j xXidx | g (t')sinp; (¢ — ') dt' |, (5.132)
0 0
rae X; — QyHKUHH, ONHUCBIBaIOLHE GOPMY NPOrHOOB CTEPIKHSA MPH KoJie-

6aHUsIX W HOPMHUPOBAHHBIE B COOTBETCTBHH ¢ cooTHoweHueM (5.97).
Bripaxenue (5.132) onuchiBaeT JAHHAMHYECKHE NEpPEMEIIEHHs] NPOHU3-
BOJILHOH TOYKH CTEPXKHSI OTHOCHTEJIbHO NepeMelleHHH ero Kak abco-
JIIOTHO JKECTKOTO Tesa. PeayjbTHpyiolllee nepeMelieHHE NpeACTaBJsieM
B BH/ie CYMMBI NlepeMellleHH I CTepKHsl NPH KoJeOaHUSIX H nepeMelleHH i
OCHOBaHHS

Y = Yocu “I“ !/* =& (t) -+ Xg> (t) + _l/*- (5133)

Kak BugHo u3 Bblpaxenus (5.132), OoHO COjepKHT CPaBHHUTEJBLHO He-

CJIOXKHbBIE JIJI51 BRIUHCJIEHHs] HHTETPAJIBbL 110 AJHHE CTEPKHsI, HE CBsI3aHHbIE
C HHTETPHPOBAHHEM [0 BPEMEHH.

BoJsiee CI0XKHBIA caAy4all OTHOCHTCS K HE3aBHCHMBIM INEpeMeLIeHHSIM

Kaxjaoi u3 omop. Ha puc. 5.21, a u 6 nokasaHo BJIHSIHHE €IMHHYHBIX

399



g ¥
/r/%\& /&%
0 ER B
L - < L J
a) J)
Puc. 5.21

nepeMelleHHH B HaNpaBJeHHH OCH Y ONOp CBOGOLHO OMNEPTOTO CTEPHKHS.
Ins crepxHs 3TOro THNa GYHKUMH NepeMelleHHs

8, (x) =1 —x/l; &, (x) = x/l )

H HOpMaJibHble GYHKUMH X; COBNAjalOT C AHAJOTHYHBLIMH (DYHKIHAMH
JJIs1 IPEeJIBapUTEJILHO pacTAHYTOH HHTH, paccMoTpeHHO# B n. 5.8. Torza
BbIpaXK€HHE [JIS OTHOCHTEJIbHEIX IHHAMHUECKHX MepeMelIeHHil CTepKHs
MOXKHO 3anucatb [cM. Beipaxenue (5.72)] B Buge

00 mi
| . .
Y= —%Z Tsin ”;x [J‘Gl (x) sini;idx X
i=l1 ' Lo
t !

X _[gl (t"ysinp Xt —t)dt' + I 5, (x) sin ir;x dx X
0

0

t
X | & () sin pi(t — t’)dt’], (5.134)

0
a CyMMapHOe TnepeMelleHHe NpPH 3ToM [cM. Bbipaxenue (5.73)]

Y= Yor +y* =08,(x) g1(t) + 8, (x) & () + y*, (5.135)
raie g1 () u gp (f) — 3aBHCALLME OT BpEMEHM NepEeMELIeHHs], 3aJaHHbIe
COOTBETCTBEHHO JJIsi JIEBOrO M IIPAaBOr0 KOHIOB CTEDKHS.

®yuxuuu nepevemenus (6) AJs CBOGOAHO ONEPTOrO CTEPIKHS SB-
JISIIOTCS TIPUMEPOM BhIpAXKEHHH, KOTOpPBIE B JAaJbHelem 6y1eM HasblBaTh
pynKyuamu 8ausnus nepemewjeruti. T GYHKIMH ONHCHLIBAIOT Nepeme-
IleHHe pacCMaTPHBAeMOH TOYKH, NPH €IHHHYHOM MepeMeLIeHHH OMOpHI.
Ha puc. 5.22, a—e pj CTepXKHsSI ¢ XeCTKO 3allleMJICHHBLIMH KOHILAMH
NOoKa3aHbl YeTblpe THNA TaKuX (GYyHKIui Buja

32 28 22 3
(1) = | — =5 8y (x) = x— S
3x2 243 2 3
8 (1) = 5 — =3 8 () =— "+ (8)

ITpn ymHOxeHHH (QYHKUHHA BIMSHHUS Ha 33jJaHHbE NEPEMELIEHHs ONop
NoJyyaeM COOTBETCTBYIOILHE NepeMelleHusl CTepKHA Kak aedopmupye-

MOro Teaa
Yor = O () &1 (1) + 8, (x) & () +
+ 85 (x) &5 (1) + 8, (x)7g4 (8). (r)
400



g, (x) 1 6,(x)

I —

X 03 A

1
l

6) 2)
Puc. 5.22

Vi
>

Hepes g, (f) n g, (f) 3necb 0603HaYeHbl COOTBETCTBEHHO MNapasl/ielibHbli
NepeHoC H NOBOPOT /I JIEBOTO KOHLLA, a uepe3 g; (f) u g, (f) — nast
NpaBoro.

Ha puc. 5.23, a n 6 npejacraejeHbl nepemellieHHs KOHCOJbLHOIO
CTepkHsA, 00YCIOBJEHHbIE €1HHHYHBIMH HE3aBHCHMBIMH MePeMelIeH HIMH
JIeBOH OMOpBbI, B KOTOPOH 3alieMJeH CTep:KeHb H KOTOpas COBMajfaer
C HAYaJOM KOOpAMHAT. B 3ToM ciyyae ¢hyHKIUH BAUSHUS MepeMelleHHs
OMNOp HMEIOT BH/J

x)=1;, 6(x)=x (m)
H CcoBmajamT ¢ ¢opmaMu JABHXKEHHS KaK abCOJIOTHO MKECTKOro TeJa,
paccmoTpeHHBIMH Bbine [cM. Beipaxenue (a)l. C apyro#t croponbl, ans
CTEPKHsI, KECTKO 3alUEMJIEHHOrO Ha JIEBOM KOHIE H CBOGOAHO OMEPTOro
Ha npaBoM (puc. 5.24, a u 6), quHKuym nepeMeleH s

3x2 3x2 x3
8 (x)=1— —+ 535 &) =x— + <3
or 2[ o0 21

3x3 x3

63(X)=?[2———W. (€)

Ilpu ymHOMKeHHH 3THX (YHKIME Ha COOTBETCTBYIOUIME MepeMelleHHs
Onop noJiyuyaeMm cJjeayloliee BbIpaxKeHue, OMHUChIBAIOLLee ABHKEHHE YKa-
3aHHOI'O KOHCOJILHOT'O CTE€pP2KHA KaK NojaTJuBOTIO TeJa:

Yer = 01 (x) g1 (1) + 8, (x) g@o (1) + 85 (x) g5 (). ()

4 4

1 .dl(X) - 1 6Z(X)
- UM

] >
L . 7

a) d)
Puc. 5.23
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y1 ¥
0y (x) ! 6,(x)

a) ! L
4 )
T O (x) R
135 -
)
g Y

8)

Puc. 5.24

Takum obpasoM, Aasi N0GOro 3aJaHHOTO BHIA HE3aBHCHMBIX mepe-
MelLeH Ui g (£) olop MOKHO ONPENeIUTh COOTBETCTBYIOILYIO QYHKIHUIO § (x)
BJAHAHHUS TIeDEMEIIeHHsT U NOJYYHTb B Pe3yJbTare BhIpameHue AJsl JH-
HAMHYECKHUX TNPOruboB

) 14 t

gt = ._E );f J 800 Xudx [g()sinp it —tyde.  (5.136)

i=l 0 0

CymMapHoe nepeMellleHHe CTepIKHSI
Y =VYor +y* =08(x)g )+ y*. (5.137)

Eciu nepemelienne ofopbl onpejensieTcsi HeCKOJbKHMH BHIAMH JBH-
JKeHUH, cJelyeT BHIYHCIHTH JHHAMHYECKHE [IepEMelleHUs CTepiKHS,
COOTBETCTBYIOLIHE KaKAOMY BHILY ABHMKEHHS OTOP, M Pe3yJbTaThl CJO-
XKHTb, KaK OblIO [I0K43aHO Ha IpHMepe CBOGOJHO ONEPTOro CTEepKHA
[em. Beipaxkenust (5.134) u (5.135)1.

Mpumep. Tpeanonoxum, 4TO HMeeTCs CTepHeHb, CBOGOJHO ONEPTHIi Ha JIeBOM
KOHIIe H BHULGMﬂeHHbIﬂ Ha 1paBOM. 3anucath BbhIpaxK€Hue AJisi JHHAMHYECKHX HPOT}’IGOB
CTEPXKHSA, BHISBAHHBIX 3aJAHHBLIM, Mapa/VleJbHBIM OCH Y, nepeMeuenuem g ({) JeBoil

OTOPHI CTEPKHA.
Pewenue. B paccMaTpHBaeMOM CJiyuyae HOpPMaJsIbHbie (PYHKIIMH HMEIOT BHJ,

X;=shk;lsink;x— sink;l shkx, 3)
T/le 3HAYEHHs k; HAXOAMM H3 DelleHHs] TPAHCLUEHAEHTHOTO YACTOTHOIO yDaBHEHHS (CM.
n. 5.11)

Hopmupys ¢yuKuuu (3) B cOOTBETCTBHH ¢ BbIpaxehneM (5.97), moayuum
l

j- Xidx = 'é_ (sh2 k;l —sin2k;l) = a;. =)
0

IMocne HopmupoBauust GYHKUHH X; NPHMYT BHJ
X; = (sh k;l sin kyx — sin kL sh kx)/V o ()
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Has cayuast tiepeMelileHHs JIEBOH ONOPHI B HANpABJEHHH OCH QYHKUHMS BAMAHHS hepe-

MeUleHHsl HMeeT BHA
3x x3
6(x):1_"'21_+_217’ ()

Jlanee, u3 Buipaxkenus (5.136) onpesensieM oTHOCHTeNbHbIE AWHAMHYECKHE NPOTHObI

0o {

Xi 3x x3
Zp—f (1 =5+ 5m)
=1 0

yr= —

t
X Xidxj g (t)sinp; (1 — ') dt’, (1)
0

rae X; — HopMasabHble dyukuuu (). Obuiee peluenne JJsi JaHHOTO cayduas [cM. Bbipa-

xenre (5.137)] MoxHO npeAcTABHTL B cheayiouleii (opMe:
={1 3x ] i) ) 4+ y* (o)
‘J‘( T Tor T ap )WY

3AJAYH

5.15.1. OnpenenuTs AMHAMHUECKHe NPOrHGLI CBOGOAHO ONEPTOrO CTEPKHS, 06YCJI0-
BJIEHHBIE TI€PEMEIEHHAMH €ro JIEBOH ONOpHI, H3MEHAIOMBMUCS BO BPEMEHH 110 FapMOHH-

YECKOMY 3aKony g; (f) = y; sin ¢ (cM. puc. 5.21, o).

x 22 B
b= T + néq? 2 i; X
=l

Omeem: y—

X sin —‘% y1 sin wf.

5.15.2. T1peAnONIONKHM, UYTO KOHCOJBHBIA CTepXeHb, NOKA3aHHBIE Ha puc. 5.23, 6,
Pyr onopbl TaK, YTO YIVIOBble NepeMellleHHsi OMHCHIBAIOTCA BYHK-

NOBOpauKBaeTcsi BOK
uuell g, (1) = 6, (t/t,)2, rne Oy — Manwili yron. Iloayunth obuiee BbIpaXKeHHe NI
ABHAMHYECKHX TIepPeMEIUeHKH CTepXH:A uepe3 (PYHKIHH X; M 4acTOTH p;.

o0 !
0, | = t'3——22)fi [xXidx(l—cosp,-t) .
.

Omsem: y = | 7
E =1 0

5.15.3. ITosmyunTb obuiee BLpakeHHe AJisi AHHAMHYECKHX NPOTHEOB CTEPIKHS C XKe-
CTKO 3all€MJAEHHBIMA KOHLAMH, OGYCJOBJIEHHBIX YIJIOBBIMH NEPEMEIEHHSIMH NpAaBO
ONopbl, 3a/aHHbLIMK B BHAe g4 = Oy sin wf (cM. puc. 5.22, 2), eciu yroa 6, mai.

-~

o !
. x2 x3 w2X; x2 x3
Omaem: = +72—+2(72.‘Z$2‘)‘j<"_1—+7>x
=y 0

X X;dx | 04 sin of.
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5.15.4. Ionyuuts ofmiee BeIpaxKeHHe M5 AMHAMHYECKMX NPOrHGOB CTEPKHA C Ke-
CTKO 3aILeM/IeHHBIM JIEBBIM KOHLOM M CBOGOJHO ONEPTHIM NpaBbiM, O0YC/IOBJEHHbIE nepe-
MeIeHu MU TpaBoil ONOPHI, 3ajJaHHBIMH B BRje g3 (I) = yg (1/13)3 (puc. 5.24, 8).

oo

i
. Y3 3x?2 x3 6X; 3x2
Omeem: y:_tg_[ Wh-QT {3 — ——I;f;.[(—élT.__
0

i=l1

x3 > 1 .
X;dx (t———sm t>}
213 L p[ pl

5.16. CTEP)KEHb NPH JABWKYLIHUXCA HATPY3KAX

Xopollo H3BECTHO, YTO Harpyska, JBMXKYINAsCS N0 MOCTY HJIH
6ajike, BbI3bIBAET B IIOCJENHHX O0OJblUKe NpPOTrHGHl M HaNpsiKEHus,
HEeXEeJH NPH CTaTHYECKOM NPHJIOXKEHHH TOH K€ caMOH Harpysku. Yuer
BJIHAHHSA ABHXKYIIUXCSA HArpy30K Ha KOHCTPYKIHHU MOCTOB HMEET OYeHb
BakKHOE NPAKTHYECKOoE 3HAYeHHe, NI03TOMY MHOTHE HHXKEHEepBl TPYIHIHChH
HajJ pelmieHHeM AaHHok sajaun.* B stom naparpade Gyaer obcykuaTbes
cayyay ABUAKYIeHcs HarpPy3KH, KoTopasi Bo3JleHCTBYeT Ha Ganky Ju6o
KaK MNoCTosiHHAsA, Ju60 KaK H3MEHAIOMAsAcs BO BpeMeHH cuia. bByger
yuT€Ha pacnpejeseHHas Macca CTepXKHf, HO Macca caMoil Harpysku
paccmarpuBatbes He Gyjer. CHCTeMBl, B KOTOPBIX YYHTBIBAETCS BJUSHHE
Macchl HAarpysku (Kak MOANDYKUHEHHOH, TAK H HEIOANPYKHHEHHOH),
OMHUCHIBAIOTCA AH(GEpeHIHANbHEIMH YPABHEHHAMH C NIePEMEHHBIMH KO3(-
¢uUHEHTaMH, NOCKOJIbLKY II0JIOKEHHE HArpy3KH MeHSIeTCsl HenpepbiB-
HbIM oOpasoM. MccienoBanne Takod CHCTEMBI CTAHOBHTCS JOBOJIBHO
CJIOKHBLIM J€JOM H BBLIXOAHT 32 DAMKH 3TOH KHUTH.

Paccmorpum ** cHayanma IBHAKYLLYIOCS HAarpys3ky P, HanpapjeHHYIO
BHH3 H IepeMellawinylcss 10 CBOOGOAHO ONEPTOMY CTEpXKHIO CJeBa
HaIpaso C MOCTOSTHHOH CKOPOCTbIO U, KaK I0OKa3aHo Ha puc. 5.25, a.
Ilpennonioxus, uyto B MoMeHT BpeMeHu ! = 0 Harpyska HaxojuJach
HajJ JIeBOH ONOpPOH, BHIAMM, YTO B INPOM3BOJILHBIA MOMEHT BpeMeHH ¢
paccrosiHuEe MEXAY JIEBOH oNopoil W Harpysko# Oyaer paBHo vf. Boamoxk-

* 3ajaua o HeBecoMOH GajKe, MO KOTOPO#H MNepeMellasach HENOANPYAKHHEHHAS
Macca, BnepBble 6bl1a paccMoTpena P. Yuanucom (cm. Willis R. Report of the com-
missioners appointed to inquire into the application of iron to railway structures. —
London: William Clowes and Sones, 1849. 435 p.). Pewmenne 3To#i 3ajauyu AJs Macchl,
JABHXKYIIeHCS C NOCTOSTHHOH CKOPOCThbIO, GBIIO MOJYY€HO ¢ moMmolnbio pAaoB I. CTOKcOM
(cM. Stokes G. G. Discussions of a differential equation related to the breaking of
railway bridges. — Trans. Cambridge Phil. Soc., 1867, v. 8, N. 5, pp. 707—735).
VM xe 6b10 JaHO pelleHHe /s CTepXKHs C_IOCTOSIHHOH MOTOHHOM MAcCOH, HArpyeH-
HOrO CHJIOH, JABHXYyleHCs C NOCTOSIHHOA CKOPOCTbIO.

** KpoiioB A. H. CoGpanue tpygsoB. T. 5. MaremaTHka W Mexauuka. M. — Jl.:
Hsp-so AH CCCP, 1937, c. 513—537; nepeBoj Ha pyccKmit sI3blK paborbl «O BbIHy-
XKJEHHBIX KoJeOaHHAX YOPYTHX NPH3MATHYECKUX CTepHell» onyOaMKOBaH B Ku. Kpsl-
aoe A. H. HsGpaunnie Tpyan. JI.: Max-so AH CCCP, 1958, c. 288—314. Cm. Takxe
Tumomenko C. Il. IlpouHocTb H KoJeGaHHs KOHCTPyKuuid. M.: Dnsmarrus, 1975,
c. 139—179; Inglis C. E. A mathematical treatise on vibrations in railway bridges.
Cambridge: University Press, 1934,
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Puc. 5.25

Hasi paGora, coBepliaeMas BEPTHKAJbHOH CH/IOH HA BO3MOXKHOM Iepe-
merenuu dy; = 06¢;X; npu i-it co6erBeHHOR Gopme KoseGaHu# cTepKHS,

§Wpi = - PS(PI'X“: —P(scpl sin iJ'LlUt . (a)

Henonb3ys ato BhipaxkeHHe 11 BO3MOXKHOH paGoThl ABMIKYLIEHCA Ha-
FPY3KH, a4 TaKxke BbIpakeHHe, NmoJydeHHoe B I. 5.13, naiizeM uckomoe
BhIDAXKEHHE [/ AMHAMHUYECKHX IIPOTrHGOB

2P3 N sin (inx/!) . imout
mu? Z % ((*n2a? — v2/2) sin l +
i=1

2PI4 - sin (inx/! . i®m2at
+ - Z 7 (iznz(az__ZZIZ) sin . (5.138)

manda 2
=1

IlepBbifi pAn, BXOAAIMA B 3TO pelleHHE, ONUCHIBAT BHIHYXKJEHHbIE
KosiebanHsi, BTOPO# psifi OTHOCHTCA K CBOGOJHBIM KOJIEGAHUAM CTEPIKHS.

- Ecau ckopocTh U ABHXKEHHS CHJBI OYeHb Majia ¥ B IPUBEICHHOM
BbIllle pELIEHHH MOXKHO MNOJOXHTb U = 0 u of = X;, TOTAA NONYYHM

2pPI3 N 1 iny | inx
Y=~ i 2y S ——sin—+. ©)
Nt

310 BbIpaKeHHEe NPEJCTaBJSAET CTATHYECKHH IPOru6 cTepkHs NpH Aeii-
CTBHH CHJIBI P, IPHJIOXKEHHOH HAa PaCCTOSHHUH X, OT JIeBO* onophl. Mcnonn -
3ys o6o3HayeHue

9 v AR

a

ap, an? * (B)

H paseHcTBO ma® = EJ, MoxHO uactbh pewenust (5.138), oTHocsmyiocs
K BBLIHYXKJIEHHBIM KoJIeGaHHsM, TNpeNCTaBHTh B cjefyioumell dopwme:
. 2pI3 Z sin (imx/!) sin (imwt/l)

— T TEIn% 2 (i? — a?) ¢ (I‘)

i=l
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UHntepecno otmeTHTh, YTO 3TO Bhipa)KeHHe st Nporufa cosmajgaer
C BbIpa)KEHHEM JAJs NPOTHOA CTEPKHSA NMPH CTATHYECKOM IPHJIONKEHHH
nonepeyHofl HArpy3kH P, Ha paccTOAHHH Xx; = vf OT JIEBOH ONOpPH H
NPOJOJBLHOH CXHKHUMAWIEH cHIH S BHAA

S _ .St _ : )
Ty T ER % 2

rae Syp — diJIepoBa KpUTHUECKAsi HATPY3Ka AAsl MPOJOABHO CHKATOTO
crepxkHsa. W3 cooTHowenuit (B) u (1) uMeem

S v
Eln® ~ a®n?
HJIH
S = mot. (e)

C zpyroit CTOpOHBI, BIHSAHHE 3TOH CHJbI HAa CTATHYECKHE MPOTHGHI
CTep:KHs, HAa KOTODHIH AeHCTByeT HArpyska P, 3KBUBAJIEHTHO BJIHSIHHIO
CKODOCTH JIBHXKYINEHCsA cHJabl P Ha AMHAMHYecKHe Nporubul (r) mpH
BBIHYKJE€HHHIX KOJIeGaHHAX CTEepPIKHS.

Ecau yBenmHuMBaTh CKOPOCTb U, BO3HMKAeT CHTyalHMsl, IPH KOTOPOH
OJMH H3 3HaMmeHaTejell B BbIpaxkeHHH (5.138) craHer paBHBEIM HYJIO.
[lyctb, Hanpumep, HmeeM

V2 = a’n?, , (k)
B stom canyuae nepHoa ocHOBHOH (OPMBI KOJEGAHHH CTEPKHA Ty =
= 2n/p, == 2[*/(an) craHOBuTCS paBHBIM 2//v M B 2 pasa npesbILAET
Bpemsi, KoTopoe Tpebyercs cune P Aisl TPOXOKAECHUS JIJHHBI CTEPKHS.
[Ipy BHIMOJHEHHH YyCNOBHSI (3K) 3HAMEHATeNH MEPBBIX YJEHOB OGOHX
PSAOB, COCTABJSAOUMX BhIpaxkenHe (5.138), cTaHOBATCA paBHBIMH HYJIO,
NpH 3TOM CyMMa 3THX JBYX YJIEHOB psija

2pi3 4 . mx sin (nwt/l) — (lv/na) sin (n2at/l?)
Y= """z (sm_l> n2q? — y2[2 ’ (3)

DTo BHIpAXKEHHE NPEeICTABJSIET HeoNpeaeNeHHOCTh Buga 0/0, aad KoTo-
poli umeem
Pt nvt nx Pl s 197

JIm g = 5 €08 sin —p — e sin == cos = ()

Bripaxkenne (M) HMeeT MaKCHMa/lbHOE 3HAYeHHe NpU ¢ = [/v, uTO jaer
bl . mot nwt nwt . TX
(sin J

={/v

Ymax = = G \SI0 T T ST T

e sin 22 (x)
— EIm sin 7

ITockoabKy BeIpaxkeHHe (H) Aaer AOCTATOYHO XOPOIUEE MpPHUGIHKEHHE
AJ1s1 {MHAMHYECKHX TPOTHOOB, TOUHOE BhIpaxKeHHe st KoTophix (5.138)
MOJYYEHO BHILIE, BHIHM, YTO MAaKCHMa/lbHOE 3HaueHHe AHHAMHUECKHX
npori6oB NpH BLINOJHEHHH YCJIOBHS (3K) pe3oHaHca npumepHo Ha 50 %
GoJibLie, YeM MaKCHMaJbHBIH CTaTHYECKHH MPOrus:

P
Yor = — g7 * ()
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HHTepecHo OTMeTHTB, YTO CBOE MAaKCHMAJIbHOE 3HadeHHe AHHAMHU-
uecKHi mporu6 npuobpeTaeT B MOMEHT, KOrga cuaa P JOCTHraer npo-
THBOIOJIOXKHOTO KOHIA 6aJKH. B 3TOT MOMEHT nporu6 B TOUKe NPHJIOKE-
HHsl CHJbL P paseH HyJIO, MOTOMY padora, coBepiuaemasi 3TOH CHJIOH
DpPH ABHXKEHHH N0 CTEPKHIO, OUeBHJHO, TaKXKe paBHa Hymo. [Las Toro

" 4TOObl BHISICHUTb HCTOYHHK 3HEPTHH, HAKOIJIEHHOH B KoJeGJoueMcs
 CTepXKHe MpPH JBHXEHHH MO HeH CHJbl P, MpeAnoJoXKHM, YTO TpeHHE
CKOJIbXKEHHSI OTCYTCTBYeT H UYTO CTEpPXKEHb MPH H3rHOe CTaTHUECKOH
cHJIOA P 1aeT cocTaB/sANLYI0 R, HanpaBJeHHYIO 0 HOPMaJH K ynpyroH
KpuBoil (puc. 5.25, 6). M3 yc/ioBHSI paBHOBECHS CJIEAYeT, 4TO MpH 3TOM
JOJIXKHA BO3HUKATh TOpH30HTaNbHAsA cuna P (dy/0x). Pa6ora, coBepiiae-
Masi 3TOH CHJIOH TNPH ee NepeiBHKEHHH [0 CTEPIKHIO,
/8

— 9y
v=r (@), o @
0
[Moxcrassss BuipaeHue (4) AJisi TPOTHGa y B paBEHCTBO (M), NIOJYYHM
{/v
_ p2 . ot not nwt nwlt _ PU 72
VW= J (sm - — T Cos—~ )cos —vdl = —y (—4-) .
0
Hcnonbays COOTHOIIEHHe (K) M paBeHCTBo ma* = EJ, HaiieM
W P213
= 3EIm ()

D10 3HayeHHe paboThl BHeWIHEH CHJIBI OYeHb OGJIU3KO NO BEJHYHHE MO-
TeHUHANbHOH 3HEPTHH H3rHGa CTepXKHS B MOMEHT BpeMeHH t = [/v,
[ToreHuua bHasi 5HePTHS H30THYTOTO CTEPXKHS NMPH JAEHCTBUH CHJBI P,
MPHJOXKEHHOH B cepepune mpogera, U = P*?*(96E]), torna W/U =
= 2,43. TlonyyeHHoe OTHOLIEHHE OYeHb GJIH3KO M0 3HAYEHHIO K KBaJpaTy
OTHOIIEHHS] MAaKCHMaJbHbiX JAHHAMHYECKHX H CTaTHYeCKMX NpOTHGOB,
T. e. (48/n®)? = 2,38. HMelouieecst pacxoxjeHHe cJelyeT OTHECTH 3a
cueT BBHICIIHX ¢opM KoJseGaHHH.*

Bpems, HeoGxoauMoe sl NMPOXOXKAEHHS] AJHHBI MOcra, OGBIYHO Be-
JIHKO 1O CPaBHEHHIO C MEPHOJOM OCHOBHOH (OPMEI KoJIeGaHHH, MO3TOMY
BeJHUYMHA B BblpaxeHHH (B) Mana. Toraa, yaepxaB TOJNBKO 1O OJHOMY
NepBOMy 4JeHY B KaxJoM psjly, BXojslleM B BhipaxkeHue (5.138),
H npuHSB 3a HauboJsiee HeOMATONPHUATHHIA cAydall TOT, MPH KOTOPOM
aMNJMTYABl BBIHYXKJIEHHBIX H CBOGOJHBIX KOJNEGaHHH CYMMHpYIOTCS,
HOJYYHM cJiefylollee BhIpaXceHHe /i MAaKCHMaJbHOTO AMHAMHYECKOTO
nporuba:

. oPI3 1 vl 1
Ymax = — 73 ( A an W@ — ol > =
. P13 14 oPIs |
T T ElInt 1—at | ElW 1T—a (5.139)

* Jlna Gonee rayGoxoro osnakomiaenns cm. cr. Lee E. H. On a «paradox» in
beam vibration theory. — Quarterly of Appl. Math., 1952, v. 10, N 3, p. 290—292,
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[Noayuennoe 3HaueHHe ABJISETCH HECKOABKO 3aBBIMIEHHBIM, TaK KaK NPH
€r0 BLIUUCJEHHH IIOJHOCTBbIO HCKJIIOYAJNOCh H3 PACCMOTPEHHs BJHsHHE
aemngupoBanns. HMcnosap3ys npHHOMI HaslOoKeHHdA, MOXKHO 6Ge3 Tpyla
[OJYUHTh pellieHHe AJisl CHCTEM C HEeCKOJbKHMH ABHXKYHIHMHCS cocpe-
JOTOYEHHBIMH CHJAMH H JJIs CJIy4asi JBHKYIIHXCS PacnpefeeHHbIX CHJI.

Paccmorpum ciydail, KOrja no CTePKHIO € MOCTOSHHOH CKOPOCTBIO U
JBUXKETCS HU3MeHslasacsad BO BpeMeHH cuaa * P, (f) = —P cos of.
[TopoGHOe ycJoBHE MOXKET BO3HHKHYTb, HalnpuMmep, TOTAa, KOrAa IO
MOCTY IepeMelllaeTcsl HeypaBHOBEIIEeHHOe KoJeco JiokomoTtHBa. Ilpeano-
JIOXKHM, YTO B HauyaJbHbHI MOMEHT BpeMeHH ! = O cujia WMeeT MakCH-
MaJbHOE 3HAYeHHe H HampaBJeHa BHHU3.3 Paccyxjad Tak ke, KaK H
Bbllle, HafiileM, 4YTO BO3MOXKHas pabora, coBepIIaemas ' MOABHKHOH
U3MeHSOWEeNcss BO BpeMeHH J[ABHXKYILeHcA CHJAOH Ha NepeMellieHHH
dy; = 8, X

8Wp; = — P coswt (6([),- sin i";’t ) . (0)

Hcnonb3ys 370 BeIpaxeHHe 115 BO3MOXKHOH paboThl, CoBepllaeMoH ABH-
Kylnelica Harpy3KoH, U paccyKjasi, Kak H BBILE, MOJYYHM BhIpakKeHHe
g nporu6a

P i G [ sin ((io/h) +0){ | sin (ino/l — o) ¢

- Eln* 4 ] { it — (P 4 ia)? 4 —(p—ia)?
o sin (i2n2at/[2) sin (i2n2at/I2)
- _izaz_{_(iz__q,)z‘{— —[2a2+(i2+1p)2):| ’ (5-140)

rie & = vl/(fta) — oTHOWeHue nepuoja T, = 2/*/(ma) ocHOBHOH HOpMbI
KoJieGaHui CTepKHS K YJBOEHHOMY BpeMeHH { = [/u, 3a KOTOpOe cuJia
npoGeraer paccTosiHHe, paBHOE MJHHE CTepxXKHA; P = T,/T — oTHOwWe-
HHE MepHOofa OCHOBHOH (opMbl KoJeOaHHH cTepkHsf K nepuoay T =
= 21/() U3MEHEHHs CHJIBL.

Korpa nepuos T u3MeHeHHS CHJbl DaBeH MEPHOAY T, OCHOBHOMH
¢opMbl  KosieOaHHH CTepkHs, HMeeM P = 1 M, CJeLOBaTeJIbHO, BO3-
HUKAeT YyC/JoBHE pe3oHaHca. AMIJINTYJa KoJe0aHHH NpH JABHIKEHHH
nepHOAHYECKH H3MEHSAIOMeACS BO BPEMEHH CHJIBI OYJET NMOCTOSIHHO BO3-
pactaTh H JOCTHTHET CBOEr0 MaKCHMAJbHOTO 3HAYEHHs B MOMEHT Bpe-
MeHH ! = [l/v. Jlasa 3TOr0 MOMEHTa BPEMeHH, YJep:KHBas TOJbKO MepBble
yjyieHsl (NpH [ = 1) B psifiax, CTOALUIHX B NpaBoi yacTH Bripaxenus (5.140)
H Jalolix HanboJiee CyLieCTBEHHBIH BKJIAJ B NPOTHO ¥, MOXKHO HOJYUYUTD

—2PI3 . .
Y= a—Eg-;sm "—lx sin wf. (m)

* Cm. Timoshenko S. P. The collected papers. N.-Y.: McGraw-Hill Publishing
Co. 1953, pp. 329—333 (nepeBof 3TOH cTaTbH NOJ Ha3panHeM ¢O MoNmepeyHbIX KoJge-
6anMsiX 6aJOK NOCTOSIHHOTO NomepeyHoro ceueHus» cM. B KH. Tumowenko C. Il. Cra-
THUECKHe H AHHaMHueckue npo6ieMbl Teopuu ynpyroctd. Kues: Hayxosa aymka, 1975,
T. 56—57).
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Torxa MakcHMaJIbHBIH IHHAMHUYECKHH NPOrH6 MOXKHO HAHTH no dopmyJie
3 3
2Pl 21 < 2P! > (5.141)

Ymax = — GFa — — vt, \ Elmd

Bnaronapsi ToMy, YTO B JeHCTBHUTe/JbHOCTH HHTEpPBaJ BpemeHH ¢ = [/v
BEJHK MO CPABHEHHIO C NEPHOJOM T, COOCTBEHHBLIX KoJseGaHHi, MaKCH-
MaJIbHBIH JHHAMHYeCKHH nporu6, o6yc/OB/IeHHBIA MepHOAMYECKH H3Me-
HAlelcss cHaol, OyleT BO MHOro pa3 GoJsbIiHM, 4YeM TMpPOrHO
2PP/(EIn"), co3naBaeMblil TOH Ke CHJIOH, MPHJOXKEHHOH CTaTHYECKH
B CepelHHe MpPOJIETA CTEPKHS.

5.17. BIUAHUE OCEBOH CHJIbI HA MNONEPEYHBIE
KOJIEBAHHSl CTEP)XHA

Ecnu Ha Kosebiol Hiics cTepKeHb JeACTBYeT pacTAruBamlias cuia S
(puc. 5.26), nuddepeHunanbHoe ypaBHEHHe JJiss KPHUBOH NMPOrHGOB mpwu
JeACTBHH CTAaTHYECKOH IONepeyHOH HAarpy3KH HMeeT BHJ

d2
Eld—xi=M+Sy, ()

rie M — usrubalomHid MOMEHT, CO3JaBaeMbll TomnepeyHoH pacnpeje-
JIEHHOH HarpyskoH ¢ HHTEHCHBHOCTBIO @ (cM. pHC. 5.26). JIBaxapl mpo-
IugdepeHUHPOBAB JIEBYIO H MNpaBylo 4YacTH 3TOr0 ypaBHEHHA MO X,
MOy YHM

d2 dzy , dZy
= (Elgf) =w+ S (6)

Jas Toro 4toObl MOJYYHTH ypaBHEHHE /s NMONEPEeYHbIX KoseGaHuH,
NOACTABHM BMECTO @ BEJHYHHY CHJIBI HHEPIUHH, OTHECEHHOH K €IMHMIE
JUIHHBI,

o2 o2y 2y oy
ox (EI 0x""> — Soa = —0F 55 (8)
B cayyae crepxHS MNOCTOSIHHOTO TONEPEYHOIO CEYEHHs HMeeM
oty 0%y 0%y

;
1y ' " §
—

% X
|

X dx

Puc. 5.26
14 Tumowenko C. I1. u ap. 409



[Ipeanonarasi, 4T0 cTepKeHb KoJebJeTcsi Mo OAHOH M3 coOCTBEeHHBIX
dopm, HafizeM pemeHHe ypaBHeHust (5.142) B dopme

y = X (A_cos pt 4 B sin pt), (r)

rge X — HopmasnbHas ¢yHkuust. I[loacraBsasis B ypaBhenue (5.142)
npejicTaBaeHde (), MOJYyUHM

dsx a:x
—_ 2 3
Pemenune 3toro YPaBHEHHA, YJIOBJETBODAIOULEE 3aJaHHBIM KOHUEBBIM
YCJAOBHAM, AOJI2KHO BKJIIOYA4Th B cebs COOTBETCTBYIOULHE HOpMaJbHbIE

¢yukuuu, IlpocTedunil ciyuall uMeeT MeCTO MPH CBOGOJHOM ONMHPAHHH
CTEPIKHA. IJTH yCJOBHS OYyAyT YIOBJETBODEHBI, €CJIH B3SITh

X; =sin (inx/l), i =1, 2, 3, ..., oo. (e)

IloacTaBnasis 3TO Bbipa)KeHHe B ypaBHeHHe (A), HaHJeM COOTBETCTBY-
IOIYI0 KPYTOBYIO 4acToTy KoJeGaHHH

12512 St
pi:% l/l '4_7'?171?’ (5.143)

rae, Kak u npexpe, umeem a = 3 EI/(oF). dra uactoTa 6oJblue Toi
[cM. Buipaxenue (5.102) ], kKoTopasi Gbia MosyueHa MPH PACCMOTPEHHH
Kosie6aHui Ge3 yueTa oceBOH CHJBI S.

Ecau nmeercsi oueHb MOJATJAHBBIE Ha H3rH6 CTEpKEHb (LOMYCTHM,
TpOC), BTOpPOE CJaraeMoe, CTosiuiee [10J KOpHEM B BhipaxkeHuH (5.143),
CTAHOBHUTCS HAMHOTO GOJIbLIMM €IHHHIBI, H €CJH TPH 3TOM i He CJUMIKOM
BEJINKO, MOXHO TNPHHATH

i*n%q l/ Si2 in S
iR T iElnz — 1 V F’ ()
uTO TMpeACTaBiseT cofOH BbIpaxKeHHe NJs COOCTBEHHBIX YacTOT NpejBa-
pHTEJNbHO pacTaHyToll HUTH (cM. m. 5.8).

IMoacraBasisi yHKIUHU (€) B nmpejcTaBjeHHe (T) A1 penleHus, HafaeM
co6CTBeHHYI0 GopMy KoJsiebanuil, NPeACTaBsIOULY0 CHHYCOHAY C YHCJIOM
nosMyBoJH, paBHbIM i. CymMMHpYs nojo6HbIe (GOPMbI, NOJY4HM oOllee
pelileHHe 3aj1aul 0 CBOOOAHBIX KoJie0aHHsiX CBOOOAHO ONMEPTOTO CTepPKHSA
npH JAefCTBHH OCEBOH PpacTSiTHBAIOUIEH CHJIBI

y= Z sin -iL;x-(Ai cos pit + B sin pit), (3)
i=1

rge p; HaxoguM mo dopmyse (5.143). Ecau 3ajaHbl HayalbHble TPOTHObI
H HauaJibHble CKOPOCTH, TPOH3BOJIbHBIE MOCTOSIHHbE A; U B;, BXoaamue
B pelleHHe (3), MOXHO ONpEIEeNHTh TOUHO TaK XK€, KaK H BhIE (CM.
n. 5.10).

Ecau Ha crep:KeHb BMECTO pacTarHBaoLleH AEHCTBYeT CxkHMaoLLas
CHJIa, YaCTOTHl MOMEPeYHbX KoseOaHHH YMEeHbINATCS H BbIpaXKeHHe
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AJis onpelesleHHsl 3HayeHHH 4acToT moJyyaem 3ameHoil S B dopmyJe
(5.143) na —S§, uyto naer

py = L ]/ s (5.144)

i?EIn?"

dra opMmyJa NaeT MEHbIIHe 3HAYEHHS YacTOT, YeM MoJydyaemble IJs
cBOBOJHO OTEPTOro CTePKHSA 6e3 CHHMAIOIEH 0CeBOH CHJBI. Y Ka3aHHBIE
3HaueHHA 3aBHCAT oT ujeHa SI[?/EIn®, npexncrapisiouero co6o#i 0oTHO-
[IeHHEe OCEeBOH CHJIBI K SH/IEPOBOH KPHTHUYECKOH CXKHMAIOlIeH Harpyske.
EcaH 3TO OTHOLIEHHe CTAHOBHTCSl DABHBIM E€IMHHIE, 4AcTOTa HHU3WIEH
tdopmbl KoJe6aHMH NpHHHMaeT 3HAueHHWe, paBHOe eJUHHIE, H TOTAa
NPUXOJHM K CJIy4al0 NOTEPH YCTOHYHBOCTH NPH OCEBOM CXKAaTHH.
Ilpu HccnenoBaHHHM JHHAMHYECKHX NepeMeleHHH B YCJIOBHSIX BbI-
HYXKJIEHHBIX KoJIeGaHHH CBOOGOJHO ONEPTOTO CTEPXKHs, CXKATOTO OCeBOH
cusioft S, mocrynawoT Tak, Kak onucano B n. 5.13. Ilpu stom HeoGXxo-
JHMO TOJIbKO BMECTO NpOCTOTo BhIpaxeHHus (5.102) B3aTh 6oJsee CI0kKHbBIE

BoIpaxkenusa (5.143) uau (5.144). Bee ocranbHble 3Tansl HCCELOBaHHS
ocraiotcsi 6e3 H3MeHeHHs.*

5.18. CTEP)KHH HA YNPYI'HX OIIOPAX
HJIIH YNPYIOM OCHOBAHHH

BceBo3MOXHEIE YCJIOBHSI 3aKpenJIeHHSI KOHIOB CTEPIKHSA MOTYT HMETH
NIPOMEXKYTOUYHbIE 3HAYECHHA MEXAY ABYMSI KpaﬁHHMH CaydasiMH. OTCYT-
CTBHEM 3aKpenJieHHsd H KECTKHM 3allleMJICHHUEM. ECJ‘IH XapakKrtep 3a-
KpenJeHHus KOHIOB TAaKOB, YTO BO3HHKAIOUIHE B ONOpax CHJIOBbIE q.)aK'
TOPHI SIBJASIOTCS JHHEHHBIMH OTHOCHTEJbHO CMEIIEHHH HJP YIJIOB HOBO-
pOTOB, CBSI3H B ONOpax MOXHO TNpPEACTaBHTb B BHJE Habopa NPYKHH,
nokasaHHbIX Ha pHuc. 5.27. Tlyctb &, U kR, — XKECTKOCTH NpyxHH, pabo-
TAIOHX COOTBETCTBEHHO HA pacTsKeHHe — CKaTHe H 3aKpyuyHBaHHE
1 YCTaHOBJICHHBIX Ha JIEBOM KOHIe; kg U k; — TO 2Ke, JJIsl IPaBOTrO KOHIA.

* EcaH cTepXeHb HMeeT KOHIEBHIE YCJIOBHS, OTVIHIHHE OT CBOGOZHOrO ONHpaHHS,
¢$opMBEl KOJeGaHHA JOMIKHB YIOBJETBOPAThL KaK ypaBHeHHI0 (5.142), Tak M 3ajaHHHIM
KOHIIEBHM YCJIOBHAM. B 3TOM ciyuae Hu (OpMH, HH COGCTBEHHBIE YaCTOTHI KOJeGaHHi
He 6yAyT coBHmajaTh C TeMH, 4TO ObIM HafiieHHl B m. 5.11,

Y
X dx
K2 _ Kq
® /\E —
Ky K3 %
l— L |
Puc. 5.27
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a5 ykasanHoro cﬁyqaﬂ KOHIEBble YCNOBHS MOXHO BbIPA3UTh CJIENLy-
I0MUM 06pa3oM:
Vico = EI (X")xm0 = — ky (X)z—0;
My—o=EI (X”)x-_—o = kz (Xl)x=0§ - (a)
Vimi = EN(X")xet = k3 (X)x—ty Myt =EI (X")yey = — kg (X")=y.

HopmanbHble ¢yHKUHH H HX NPOH3BOAHLIE MO X, HEOOXOIUMBIE JJIsI
paccMOTpeHHsi JaHHOTO caydas, uMeloT [cM. Bripaxenue (5.85)] Bux

X = C,sin kx + C, cos kx + Cy sh kx + C, ch kx;
X' = k (Cy cos kx — Cysin kx + Cg ch kx 4+ C, sh kx); (6)
X" = k* (—Cy sin kx — C, cos kx + Cy sh kx + C, ch kx);

"

X" = k* (—C, cos kx + C, sin kx 4+ C, ch kx + C, sh kx),

rie, Kak u Bbwue, k& = 3/ pla. [NoAcTaBasis BhIpaxeHHs (6) B yCJOBHS
(a), noayuum

EIRC, — k,C, — EIRCy — k,C, = O;
—kyCy — EIkC, — kyCqy + EIKC, = 0;
(— E1R3cos kl — kysin kl) Cy +- (E1k3sin kl — ky cos kl) C, -
~+ (EIK® chkl — kysh kl) Cy - (ETk? shkl — kych kl) C, = 0;

’

(— Elksin kl + kycos kl) Cy + (— EIkcos kl — k, sin kl) C, -
- (Elksinkl -+ kych kl) Cy -
+ (Elkchkl + kyshkl)C, + 0. (5.145)

dTa cHCTeMa 4eThipeX OJHOPOJHBIX anreGpaHYeCKUX ypaBHEeHMH Gyner
HMETb HETPHBHAJbHBIE PEIIeHHs] TOJbKO B TOM CJ1ydYae, €CJH OMNpeieH-
TeJb MaTPHIbl, COCTaBJEHHbIH H3 Koddduunento npu C,, C,, C; u C,,
pased Hy/mo. Toraa, pasnoxHB 3TOT ONpPELENHTENb, MOXEM MOJYYHTh
4acTOTHOE YPABHEHHE JJIs1 CTEPXKHS C YNPYTHM 3aKpenJeHHeM Ha KOHIax
(cM. puc. 5.27). TloacTaBHB KOPHH 3TOTO XapaKTePUCTHYECKOTO ypaBHe-
HUsi oOpaTHO B ypaBHeHHS (5.145), MOXHO ONpeNENHTb HOPMaJbHbIE
GyHKIHH (C TOYHOCTBIO A0 MPOHM3BOJBHOH MOCTOSHHOM).

[Tosarasi KeCTKOCTH COOTBETCTBYIOLIHX TMPYXKHH pPaBHBIMH JHGO
HyJ/10, JH60 OECKOHEYHOCTH, M3 CHCTeMbl ypaBHeHHH (5.145) MoxHO
MOJYYHTb ONpEeNeJUTENH KakK s CTEPXKHS C He3aKpelJeHHbIMH KOH-
IlaMH, TaK H VISl CTEPXKHS C XKeCTKO 3allleMIeHHBIMH KoHuaMu. Hanpuwmep,
AJIsl KOHCOJIbHOTO CTEepPXKHA, JIEBBIH KOHEU KOTOPOT'o XKECTKO 3alleMJIeH,
a mpaBbli He 3aKpernJieH, UMeeM k; = oo, ky = oo, kg = 0 u k, = 0.
B 3TOoM cayuae omnpepesadTesh HMMeeT BHJ

0 1 0 1

1 0 1 0
—coskl sinkl chkl shkl|™
—sinkl —coskl shkl chkl

0, ®
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y X o dx
L L |
| s}
Puc. 5.28

e 3/E€MEHTbl NEPBOH CTPOKH ObLIH TNOAENEHbl HAa —RK;, a BTOPOH —
Ha —k,. Pasnoxenue 3Toro onpefenutesnss NPUBOAUT K CJENYIOLEMY
YaCTOTHOMY YpaBHEHHIO:

cos kl ch kl = —1, (r)

KOTOpoe coBnajaer ¢ ypasuenueM (5.109). BriparkeHue 4151 HOpMaJbHbIX
GYHKUH (C TOYHOCTBIO [0 NPOH3BOJBHBIX NMOCTOSIHHBIX C;) MMeeT BHJ

X, =C, ( sin kyx — sh &;x cos k;x — ch kix> W

cos kil +ch k;l ~ “sin kil — sh k;l

Ecnu ynpyrue onopel, NpensiTCTBYIOUHE CBOGOIHOMY MNepeMelieHHIO
B NONEPEYHOM HalpaBJeHHH, PAclpelesieHbl HeNpepLIBHBIM 06pa3oM No
JUIMHE CTEDIKHsS, HMEET MeCTO 3a1a4a O CTepXKHE Ha CIIJIOUIHOM YTPyrom
ocHoBanuu. Ha puc. 5.28 nokasaH Takoii crepxenb, A5 KOTOPOTO yIpy-
roe¢ OCHOBAHHE IPEACTABJASAETCA B BHJIE 60JIbILIOTO YHcsa OJU3KO pacmno-
JIOXKEHHBIX MPYXHH. DByleM HasbiBaTb KOS(QOHUHEHTOM TOCTENH Ky
OTHECEHHYIO K €JMHHUE AJIHHBI CTEP>KHS CHJY, HEOGXOMMMYIO J/Is Co3Ja-
HHsl PABHOTO €JHHHLE NPOru6a CTepHKHS, JEXKaUulero Ha ynpyroM OCHO-
BaHuH. TIPH NonepedHblx Ko/eGaHMAX CTEPXKHA JupPepeHIHanbHOe
ypaBHE€HHe AHHAMH4YECKOro paBHOBeCHs CHJI, JleﬁCTBleHle Ha MaJjabli
3/JeMeHT dX, MOXHO TNpEICTaBUTb B (opme

(E/ )

)dx=—-knydx dex azz , (e)

6x2

rJie nepBoe cJjaraemMoe B NPaBOH 4acTH OMHUCBIBAeT CHJY OTIOPAa CO CTO-
POHBI OCHOBaHHA. JlJg cTep>KHs NMOCTOSHHOTO MOMNEPEYHOTO CEYEHHS ITO
ypaBHEHHE HMeeT BH]

Hy
ry + kny = pF 6t2 . (5. 146)

JJs Toro 4yTo6h! PElIUTh 3TO YpaBHEHHE, BO3bMEM JJis COOCTBEHHBIX
dopM KojebGaHHH chenyloliee MpeacTaBJeHHe:

Yi =X (A; cos pit -+ B; sin pit). (%)
TloacraBasis Beipaxende (k) B ypasHeHue (5.146), noayuum
dX
El == — (oFp; — ky) X; = 0. (3)
Pasjenus seBylo M npaBylo YacTH 3TOro ypaBHeHusi Ha E/, HafizeM
2
datX; p; k
o (\F—‘E"}') X;=0. (n)
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Ons yno6ctBa BBeneM o6o3HaueHHe

2
Py kn

@@ TEI

= k}. (k)

Torza ypaBHeHHe (M) MOXKHO NPEACTaBUTh B CJeAyIOILIEH (opMe:

deX; "
. —RiX;=0. (a1)

Pemennem 31010 JHhEPEHIHMANLHOTO yPABHEHHS GyIeT
X,‘ == Cli sin kiX Jr CZL COS kix + C3i sh kix + C4i ch kix, (M)

YTO COBIIAJAET C PEIIEHHeM 3aJayl O CTepkHe 6€3 YyNpyroro CIJIOMIHOTO
ocHoBaHud. [loaTomy B paccmaTtpuBaeMoMm ciyyae MOTYT GbIThb HCIOJb-
30BaHbl BCE Pe3YJIbTaThl, MOJYYEHHBIE BHILIE JJIS CTEPXKHS C PasTHYHBIMH
KOHIIeBLIMH YCJOBHSIMH. EJNMHCTBEHHOE OTJIHYUHE COCTOUT B TOM, 4YTO
Tpebyercs 3aMEHHTb p; = kia Ha BEJHYHHY, ONpPEIENSEMYH0 H3 BbI-
paxeHus (K):

pi=Fka V' T+ kJ(EIFY). (5.147)

PaccmatpuBasi mpoctefiiuH ciaydai CTepxKHS, KOHLBI KOTOPOTO
3aKperJieHbl TaK, YTO HE MOTYT MepeMellaTbCsl B BEPTHKAJbHOM Ha-
NpaBJEeHHH (T. €. caydyail CBOGOJHO ONEPTOro CTePXKHs Ha YNPYroM OCHO-
BAaHMH), HafijleM, 4TO HODMaJibHble (YHKIHH HMEIOT BHJL

Xi=C,- Sinkix, l=1, 27 3,~"y 0, (H)

a prI‘OBbIe YacTOThI
2 2 2
p=me 1/ 4 Al me ey K5.148)

rie p = Ryl*YEln*. 3a HCKJAOUeHHEM YKA3aHHOTO YTOYHEHHs, BhIpa-
EeHHA JJIf IHHAMHYECKHX MPOTHO0B CBOGOIHO ONMEPTOrO CTEPXKHS MPH
pPasqMYHBIX YCJIOBHAX (cM., Hanmpumep, nm. 5.10, 5.13, 5.15 u%5.16)
MOXKHO NPHUMEHSITh TaKKe H AJIsl CTEDXKHSA Ha CIJIOIIHOM yIPYToM OCHO-
BaHHH. i

CyMMHpY$ CKa3aHHOe, BUAUM, UTO YOPYroe 3aKpemjeHHe Ha KOHIAX
cTepKHsA (CM. pHc. 5.27) BIHsieT KaK HA 4acTOThl, TAK H Ha (POPMEI €ro
Kosie6aHH#, TOT/la KaK NPHCYTCTBHE YIPYTOTO OCHOBaHHUs (cM. puc. 5.28)
OKa3bIBaeT BJHSIHHE TOJIBKO Ha COOGCTBEHHBIE 4acToThl KoseGanuii. Kak
H B cJydyae DacTSIHYTOH HHTH C YIPYTHM 3aKpelvieHHeM Ha KOHIAaX,
pelleHHe 3aJayd O JHHAMHYECKOM IIOBEJEHHH CTEPXKHS Ha YIPYTHX
onopax WJIH yIPYyroM OCHOBAHHH GYJET aHaJOTHYHO TOMY, UTO HUMEJO
MeCcTO Aasi O06CYXKJAABHIMXCH Bhille 6GoJiee MPOCTHIX CJAyYaes.

INpumep. PaccMoTpHM ciyya#, Korja H3MeHSIIOINasics BO BpeMeHM cuia Py (f) =
= P sin ®f NpuIoKeHa Ha PaCCTOSHHH X; OT JIEBOH OMOPhl CBOGOJHO ONEPTOTO CTEPKHSA,
JIeHKAIero Ha CILIOWIHOM YIPYroM OCHOBaHHH. OnpelenHTb IMHaMHYeCKHE NPOTHGHI
CTEPXKHSA,
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Pewenue. KoneGanusi, BOHHKAIOIHE NPH NeHCTBHA BO3MYIIAMWEH CHJbI, OMHCH-

Batotcst BeipaxenueM (5.127), KOTOpoe NMpuUMeHHTeNbHO K PacCMaTPHBAEMOMY CJIydalo
MOXHO 3allHCaTh B BHIE

o)
2P sin (imx/l) sin (inx; /1) sin ot
Y= mia? (i4 4 p) — @24
1

[==
__ wsin ({mx/1) sinf(imxy /1) sin pit] (0)
o =) |

B 3TOM BBIpaXEHHH IepBOe CJaraeMoe B KBAaJPaTHHIX CKOGKax ONHCLIBAET NOBEJEHHE
IIpH BhIHYXIEHHEIX KOJIeGaHHSIX, 4 BTOPOE OTHOCHTCS K CBOGOJHBIM KOJeGaAHUAM CTEPKHS.
Ecan nepemeHHas BO BpeMeHH cHyIa P sin ®# usmensiercs MeanenHo.(@ — 0), yacTb

pewenusi (0), OTHOCAULYIOCS K YCTAHOBHBIIMMCH KOJMEGAHHSM, MOXHO IIpeJCTABHTH
B (popme

i =

2p[3 2 sin (inx/l) sin (intxy /1) sin wf M)
Elnt Btp .

B cayuae, Korna x; = /2, u3 BupaxeHus (1) moJyuaeM
_2pp ,(sin (mx/l)  sin(3mx/l)
YTER T T Fap

=l

sin (brix/l)
5% 1 u

+ N } sin w?. (p)

CpaBunBasi 5T0 BbIpaXKeHue ¢ BhpakenueM (M) u3 n. 5.13, BUIUM, UTO BIHAHHE YNPYIOro

OCHOBAHHUS HA AMHAMHYECKHE IPOTHOB YUHTHIBAETCS HAJIHYHEM JONOJHHTEJLHOrO CJa-
raeMoro |\ B 3HaMeHaTeJsX WIEeHOB psifa (p).

5.19. ONPEAEJIEHUE YACTOT KOJIEBAHUH
METOAOM PEJIES—PHUTLA

B n. 1.4 ¢ nomowbio meTona Penes Mbl NPUOIHKEHHO ONpeleTHIH
HHBIIYIO YaCTOTY KOJIeGAHMH CTep»HA WJH Bala. [IpH HCNOJAb30BAHHHM
3TOTO METO/a HEOOXOAMMO CeaaTh HEKOTOPOe NPEeANoJIoKeHUue o hopme
u3ruba ynpyroro reaa npu koseGanuax. COOTBETCTBYIOULYIO YaCTOTY
3aTeM ONpEJeNA0T H3 PACCMOTPEHHs SHEPTHH CHCTeMbl. 3ajaBasi ompe-
JeNeHHYI0 (OpPMYy NPOTHOOB, TeM CaMBIM HESIBHBIM O6pPa3oM HaKJajbl-
BAIOT HEKOTOPBIE JOIMOJHHTENbHbIE CBA3H, KOTODPbIE HCXOMHYIO CHCTEMY
CBOJSIT K CHCTEME C OJIHOH CTeneHblo cBoGOAb. BBenenne 1onoHUTeIbHbIX
CBsi3eHl MOXKeT TOJIbKO YBEeNHUYHTH JKECTKOCTb CHCTEMBI H TeM CaMbBIM
clieslaTh 4acToTy KojieGaHHH (NPH ONpPENENeHHH ee METOLOM Penes)
HECKOJIbKO GOJMbLUe TOYHOTO 3HauenHs. Bosee Toumble mpHGMKEHHS
Al OCHOBHOH YaCTOTBI (a4 TaKkKe H JJIs YacToT Gosiee BBHICOKHX (hOpM
KoJIeOaHUE) MOXKHO MOJIYYUTb C IOMOLIBIO MeToja Purna *, koTophiii
npejcrapiser coGoil AanbHedinee paspuTHe MerTosa Peses !0 **  [Ipu
HCNOJNb30BAHHH MeToJa PuTua KpHBas NPOTHGOB CTEpPKHA NpH KoJe-

* Ritz W. Theorie der Transversalschwingingen einer quadratischen Platte
mit freien Ridndern. — Annalen der Physik, 1909, B, 28, N. 4, S. 737—786.

** Peseli HCIONB30Baj STOT METOA TOJNLKO /s NPHOJIHKEHHOT'O ONpefeJeHH s
YacTOTHl OCHOBHOH (OpMBI KOJeGaHUE CJOKHEIX cHcreM. OH COMHEBAJICA B BO3MOMKHOCTH
NPUMCHEHNs €ro AJIs MCCIe/oBalHMs BHICIIMX (opm KosneGauuii. CM. ero crathio Ray-
leigh J. W. S. On the calculation of the frequency of vibration of a system in its
gravest mode, with an example from hydrodynamics. — Phil. Mag., 1899, Ser. 5,
v. 47, pp. 556—572; 1911, v. 22, Ser. 6, p. 225,
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GaHHAX 3ajaeT¢si ¢ TOMOLIBIO HECKOJIbKHX IapamMerpoB, BeAHYHHBL
KOTOPBIX BbIGHPAIOT TAaKHM 0Opa3oM, 4YTOObl CBECTH K MHHHMYMY ua-
croTy KoJebanuii. Crnoco6 Bhi6opa Qopmbl NPorHGOB H NpolleAypa Bbi-
YHCJEHHS TOCJEJA0BATEJNbHbIX 3HAYeHHH yacToT 6YAYT NOKAa3aHbl HHXKE
Ha MpOCTOM cJjy4ae KoJeGaHHH NpeaBapHTEJbHO PacTAHYTOH HUTH (CM.
Takxe 0. 5.8).

Ecau nporubpl NnpeJBapuUTEIbHO PACTAHYTOH HHTH MaJjibl, MOXHO
npeHebpeyb W3MEHEHHEM pacTaTHBamolled CHJABl S TNpPH KoJeGaHHAX.
Torpa yBennueHHe NOTeHUHAIbHOH 3HepTHH jedopManuH, o6YC/IOB-
JIEHHOH TPOoru6aMH, MOXKHO IOJYYHTb, YMHOXKHB CHJIy Ha NpHpalleHHe
OJHHB HHTH. B H30THYTOM cOCTOSIHMH IJHHA HHTH paBHa

{ R —
— dy \?
[V () .
0
ILJIH MaJibl X I'lpOI‘HﬁOB 3TO BBIPAXK€HHE MOXKHO YIPOCTHTb, B35IB MNpH-

6JIHKEHHO
!

Lzoj [1 +—;-(%)2]dx.

Torza YBEJIHUYCHHE NOTEHIHAJbHOH 9HEPTrHH COCTABHUT

AUz—é—Sj(—Z—i—)rz dx. (a)

MaxkcumanbHOoe 3HaueHHe NOTEHIHAJbHOH 3HEePrHH OYyJeT HMEeThb MECTO
B TOT MOMEHT BPEMEHH, KOTjJa KoJe6/olascsi HHTb HaXOAHTCSl B Kpak-
HEM MOJMOXKEeHHH. B 3ToM mosoXKeHUH Ymax = X. Torja H3 BeipaxkeHus

(a) caenyer '
)

AUnmaxm-S [ () dx. (6)

dx
0
KuHetnueckas 3Heprusi KoJseGJoileficss HHTH
l
1 .
T=—1m | (@Pdr. (8)
0
MakcuManbHoe 3HaueHHe 3Ta SHEPrUsl HMeeT B TOT MOMEHT, KOTjJa HHTb

IPOXOAHT uepe3 HefiTpajbHOe MOJOXKEHHE, T. €. IPH Ymax = pX. Otciofa

HMeEM
l

Toax = —-21— pim j X?dx. (r)
1]

Cuurtasi, YTO MOTEPH HEPIHH OTCYTCTBYIOT, MOXHO NPHUPABHATb Bbipa-
KeHus (6) u (r). B pesyabrare nosayunm
! l

p? =%j (Z—f)zdx | x2an. (5.149)
0 0
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3anaBasn pasjvuHble NpeicTaBaeHHs Aas ¢opM KosneGaHHi H mojcraB-
aas B ¢opmyay (5.149) coorBeTcTBYIOmHE BbipameHus AIs1 X, MOXKeM
MOACYHTATh NpPHOJHKEHHble 3HAUEHHS 4YacTOT KoJeGaHHH 1o 3THM
dopmam.

IlepBeiM wwarom B MeTolle PHTua sBJisiercss BHIGOP MNOAXOASILLErO
BEIDAXKEHHSR AJs KpHBoH nporubos. [Tycts @y (x), @, (x), ... — nocJae-
JoBaTeJbHOCTL GYHKUHH @, (X), COOTBeTCTByMIOmMM 06pa3oM ONHCHI-
BaIOIHX BEIpa)KeHHe X H YJIOBJETBOPSIOMIMX KOHLEBHIM YCJIOBHSIM.
Torna MoxeM 3anucathb

X = a;®; (x) + a; D, (x) + ;@ (x) +... (m)

H3BecTHO, 4TO, yJeprKHBAsl KOHEUHOE YUCJIO YJIEHOB PSAAA (1), TEM CaMbIM
HaKJaJAblBAIOT ONpeJesieHHble OrPaHHYEHHS HA BO3MOXKHBIE GOPMBEI KpH-
Bo#i mporHGoB HHTH. IlosTomy uacToThl, omnpejensiembie no ¢opmyJe
(5.149), 6ynyT, Kak NMpaBHJ/O, MPEBLIIATh TOUHBIE 3HAUEHHS] 3THX 4Ya-
cror. s Toro 4robbl NOJMYyYeHHOEe TaKHM 06pa3soM NpPHOJHKEHHOE
3HauyeHHe ObLIO KaK MOXKHO OsiMKe K HCTHHHOMY, B. Puti npeanoxun
Ko3p(HLHEHTH a,, a,, a3, ..., BXOJSLIHE B MpeJcTaBIeHHe (1), BLIOGHPATD
TakuM 06pasom, uTo6hl KBajJpar 4acTtoThl p* B dopmyiie (5.149) npuauman
HaHMeHblilee 3HaueHHe. B COOTBETCTBHH C 3THM MOMHO MOJYYHTb CH-
CTeMY YpaBHEHHH, KaxkJoe H3 KOTOPBIX HMeeT BH[

3 3

_G_J(.‘E‘_de jXMx:O. (5.150)

dan dx
0

Beinonusis B BeIpaxkeHHH (5.150) nuddepeHnHpoBanue, HamieM
t ! ! l

oszttxa%n [ (%)2 dx _Oj (%‘)dea%n [Xrdx=0. ()

[TpencraBuB Beipaxenue (5.149) B dopme
! i
dX\2 . p’m 2
J () dr=L5-] x2ax,
0 0
MO2KeM 3allHCaThb
{

_5_1[(‘3_1‘)2_ L xz] dx = 0. (5.151)

[ToacraBasst npencrasaenue (1) anst X B paBeHCTBO (5.151) u BBINOJIHHB
YKa3aHHbIe IEHCTBHS, MOJYYHUM CHCTEMY YPaBHEHHH, KOTOPBIE SBJISIOTCS
OJHOPOJHBIMH H JINHEHHBIMH OTHOCHTEJIBHO @,, Qy, O3, ... UHCJIO TAKHX
ypaBHeHull 6Y/JeT paBHO YHMCIAY KO3()HUHEHTOB a,, @y, dg, ..., B Npel-
craBaenun (n). [Togo6uas cucreMa ypaBHeHHH GYyAeT HMeTb pellleHHe,
OTJIHYHOE OT HYJA, TOJNLKO B TOM CJiydae, €CJIH paBeH HYJIIO ONpelesH-
TeJIb MaTPHULBl KO3GOHIHEHTOB DK &y, d,, 4y, ... I3 3TOTO yCea0Bus noay-
4aeTcsi 4aCTOTHOE YpaBHEHHE, [eIIHB KOTOPO€ MOXKHO OMNpeNeJHTh 4Ya-
CTOTHl KoJsie6aHHH No pasjH4YHBIM (opmam.
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¥
1 Z’ L 1
| a |
g/_—N
A 0 N5
a) .
| /-PZ\ R
N D 5 ~—L-—7R
a;
§(’T‘\\\i///’jjg\\‘Laf/’—~\§
Puc. 5.29

PaccMOTpuM CHMMETPHUHBIE OTHOCHTEJBHO CEpPEIHHBI NIPoJeTa (GOPMBI
KoJie6aHHH TpelBapHTeNbHO PACTAHYTOH HHUTH (pHc. 5.29, a—s¢). Jlerko
noxasaTh, YTO (QYHKUHA BuAa y = [ — x?, omuchIBaolasi CHMMETPHY-

HY10 napafosy W yJIOBJETBOPAIONIAs KOHIEBOMY YCJOBHIO (f)x—; == O,
JOCTaTOYHO XOPOWIO OMHCHBAeT ¢GopMy KoJeGaHHi, NOKa3aHHYI Ha
puc. 5.29, a. YMHOXHB 3Ty dyHKUHIO HAa X, x% ..., moJyuuMm Ha6op

TaKxkKe CHMMETDHUHBIX KPHBHIX, YJOBJETBOPSIONIMX KOHIEBBIM YCJIO-

BusM. Hcnosbsysi yKasaHHBIH NpHeM, NOJYUHM Clelyioliee BHIpaxe-
HHe IJsi KPHBOH NpPOrHGOB NpPH KOJeOAHHSX HHTH:
X = a; (2 — x% 4 ax* (I? — x? +

+ agxt (P —x%) + -+ . (k)

Hasi Toro uyTo6el MoKasaTh, HACKOJBKO GBICTPO MOBHIIAETCS TOYHOCTD

BbIYMCJIEHHH C yBeJHYEHHeM YHCJA YIEeHOB psija (K), BO3bMEM TOJbKO

OIHH 4YJieH
X1 =a (P —x%). (3)

Huterpane *, Bxoasmue B dopmyay (5.149):

focpacmfpats [(45) amtd
0 0

dx

[ToxcraBass 3TH BesMUHHH B dopmyay (5.149), naiigem
Pt =5S/21%m. (n)

CpaBHHBas 3To 3HAUEHHE C TOUHBLIM pelleHHeM p; — i S/41%m, Buaum,
YTO OWHOKA TPH ONpejieIeHHH YacTOTHl COCTaBJsieT npumepHo 0,66 % .
Taxum o6pasoM, ¢opmMa nporuGoB MONHOCTBIO ONpelensieTcss IpH yaep-
KaHUH TOJbKO OJHOTO UJeHa psna (K), OPH 3TOM HCXOJHAs CHCTeMa
CBOJHTCA K CHCTeMe C OJHOH CTemeHbIo CBOGOJBI, KaK H MPH HCHOJb30-
BaHHH MeTona Pees.

* Kak 11 CHMMeTPHYHOM, TaK M JJS HECHMMETDHYHOH (OpM KO/eGaHHH HHTH
HOCTaTOYHO PacCMOTPETh TOJBKO €e TOJOBHHY.

418



Jlast TOro 4TOBE MOJAYUMTHL GOJIEE TOYHOE 3HAYEHHE YacTOTHI, yaep-
UM B pafe (X) aBa unena. Torna Gyuem uMeTh ABa napamerpa @, H ds.
HameHsdast UX OTHOLIEHHE, MOXKHO Tak»Ke H3MEHATL (B OMNpeleJeHHOH
mepe) ¢dopmy nporuoB. Haugydimiee npubivikeHHe COOTBETCTBYET Ta-
KOMY OTHOLIEHHIO, NpH KoTopoM dopmyaa (5.149) naeT MHHHMaJbHOE
3HAYeHHe YacTOTel, JIsi yero TpebyeTcs BhIMOJHEHHE ycjoBHsA (5.151).
B3sB B KauecTBe BTOPOTO MPUGIHKEHHSA

Xy = ay (P — x%) + a,x® (I — x?), (K)
HafgeM
Oj Xidx— i — 105 aal 4+ = 315 azl?;
l
dX;\2
j(?f) e T aal + 155 105 asl'.

0

ITogcraBuB 3TH BeIpaxkeHusi B paBeHcTBO (5.151) u npoaudedpenuuponan
pesyJsbTaT 1O a@; U Qy, NOJYYHM

(1 —-g_km)aﬂu P (L—ikm) ay = 0; (1)
(1—= ) ay + zz(__—km) a, =0, ()
e R? = p*m/S. (1)

Onpenenuresab ypaBHeHHH () M (M) JOJIKEH OBbITb PABEH HYJIO,
4TO Jaer
kY — 28k 4 63 = 0

JIBa KOpHSI 3TOTO ypaBHEHHUs Ei® = 2,46744; k3* = 25,6. YuurthiBas,
YTO PacCMaTpHUBAIOTCA TOJNBKO (HOPMBI KoJieOaHHH, CHMMETPUUHBEIE OTHO-
CHTEJIbHO CepeJHHBl TpoJieTa, M IPHHHMas BO BHHUMaHHE 0003Haye-
HHe (H), A/ NepBOH H BTOPOH GopMm KosiebaHHi Haiigem

p? == 2,46744S/1°m; p}—=25,6S/1’m.
CpaBHHBaH 3TH 3HAYe€HHUd C TOYHBLIMH

o m2S  2,46740S . o 9n3S 22,2078
VS W T T Bm 0 P3T g T T Em

p

BHAHM, 4YTO TOYHOCTb, C KOTOPOH ompejensieTcssi OCHOBHAsi YacToTa
KoJie0aHHH, oueHb Bennka (owH6Ka cocrasaser 0,00081 %). C apyroi
CTOPOHHI, oum6Ka ONpeJeJIeHHA YacTOThl KoseGaHH# no TpeThell gopme
cocrasaser 7,4 %. HpH VIepXKaHuu TpeX 4JeHOB psja (K) yacToTa KO-
Jebauuii no Tperbell hopme GyAeT NOJyYeHa ¢ OMHOKOH, HE MPEBBLILAI-
we# 0,5 %.

M3 ckasamHoro ciepyer, 4To NpH HCHOJb30BaHHH MeToja Peses—
PuTIa MOXIO onpeieqHTh ¢ BHICOKOH TOUHOCTBIO He TOJBKO YacTOTy OC-
HOBHOH (opMbl Kosle6aHHH, HO TaKKe H YacTOThl GoJsiee BEICOKHX (oM,
ylep:xkaB JOCTATOYHOE YHMCJ/IO YJIEHOB B NPEICTABJIEHHH IJis KPHBOH Mpo-
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ru6oB. B caepyioiiem maparpade 6yleT NOK4a34aHO NMpPHMEHEHHE MeToia
Penes-—Putia K HCCJeIOBaHHIO KOJIeOAHHI CTEPXKHS NEPEMEHHOTO Io-
nepeynoro cevenus. Jpyro# meron Purua 6yneT TaKKe ONHCaH U NpH-
MeHeH Js pacyeTa IPHMEpOB.

5.20. KOJJEBAHUSI CTEP)KHEH NEPEMEHHOI0Q
[MONMEPEYHOI0 CEYEHUA

B npeapiaymux naparpacgax OblJIH PAcCMOTPEHHl pa3jiHYHble 3a/]auH,
OTHOCALLHeCS K KOJNeOaHHSAM CTEPKHeH NOCTOSIHHOTO TMOMEPeYHOro ce-
yeHHsi. OLHAKO HEKOTODble BaXKHbIE MJIs TEXHHMKH 3ajauyH, TaKHE, KakK
KoJieOaHHA TYPOHMHHBIX JIONATOK, KOPNYCOB CYJOB H MOCTOBHIX O6ajioK
nepeMeHHOH BBICOTHI, TPeOYIOT IPHMEHEHHS TEOPHH KoJleOaHHH cTepKHe
IepPEMEHHOTO MNoMNepeyHoro ceyeHus. JluddepeHuuanbHoe ypaBHEHHE
ABHJKEHHS TaKOTO CTEPXKHs NPH KoJeGaHHAX OBbLJIO NOJYYEHO BhIlIe
[cm. ypasuenue (5. 8)] H HMeJo BHUA

o2 92
axz (E[ d\g ) +oF atz =0, (a)

rae / 1 F — ¢yHKUHH oT x. TONMbKO B HEKOTOPBIX CIELHANBHBIX CAyYasX,
KOTOpble GYAyT PacCMOTPeHBl HHKE, MOXHO MOJYYHTb TOYHBIE BbIpae-
HHs At HOPMaJbHBIX (DYHKUHH H YacToT Kosnebauuii. [Tostomy asisi om-
pelenenys cOOCTBEHHBIX YacTOT KoJieGaHHH 4acTO HCMOJMb3YIOT MpHOIH-
JKEHHBle MeTOJpbl.

[Ipumensia meton Penea—Putua K 3asaue o KosneGaHUSAX CTEPXKHs,
3anuiieM clelyliHe BolpaXKeHHs Al MAKCHMaJibHBIX 3HAYEHHH IOTEeH-
UHaJbHOH H KHHETHYeCKOll 3HepTruii:

U = j El( S &) dx; ©)
0
!
Tmax = "é— ng PFX2 dx, (B)
OTKYJa CJenyer °
! !
p? =% j1 ( &Y dx | | Fxzar. (r)
0 0

s Toro 4ro6H NOJNYYHTb NPUGTHKEHHOE pelieHHe, NOCTYNHM, Kak
B NpeablaylieM naparpacde, 1 3agajuM ¢opMy KpHBO# NMporHGOB B BHAE

psia

X = a)®y (x) + ay0; (x) + a3y (x) + ..., ()
rae kaxjasa H3 QyHKUHHA D, yJI0oBJETBOPSIET KOHIEBHIM YCJIOBHSM IJs
cTepXKHeH. YcsioBHe MHHHUMyMa 3HAYeHHS YacTOTHI (T) MUMeeT BHJ

{ {
[1@xaeeax| [Fxrax[=0 ()
0 0
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hau

! ! o ! _ !
jFxe dxa+:n6| (S5 Y dx— | 1 (G5 ) dx 5o [ FX2dx=0. (x)
0 0 0
U3 ¢popmynnl () 1 paBeHCTBa (XK) cieayer
!
[ (GE) e X dr =0 (5.152)

dap
0

Takum O6p830M, 3ajJiadya CBOJHUTCA K OIlpele/IeHHI0 3HAYye€HHH BXOAMAILHX

B NIpeJICTaBJeHHe (1) MOCTOSIHHBIX @, dy, Qg, ..., KOTOPBHIE COOTBETCTBO-
BaJIH Obl MHHHMAaJIbHOMY 3HAa4Y€HHIO HHTEerpaJia
l .
X \2  pFp
— N il v 4"
Z_j[1<dx2) - X]dx. (3)
0

YpaBHenus, nosyvatouecss u3 pasencrsa (5.152), ABAAIOTCA OXHOPOJ-
HBIMH U JIHHEAHBIMH OTHOCHTEJIbHO @y, g, g, ..., H HX YHCJIO PABHO YHCAY
yHACpKHBaeMbIX 4ieHOB psja (n). IlpupaBHuBas HyJ/I0 onpenendresb
3THX YPaBHEHHH, NOJYYHM YacTOTHOE ypaBHEHHe, NPH PElIeHHH KOTO-
pPOro MOXHO ONpPEJeJHTb YacTOThl PA3JHYHBIX (GOPM KoJeGaHHM.

KoneGanusa xauHa. [Tpumenum Tenepb Metop Penes—Purua k cay-
4alo KJIHHA MOCTOSIHHOH TOJIUHHBI, OJHH KOHel KOTOPOTO He 3aKpENJieH,
a BTOPOH ecCTKo 3afiesian (puc. 5.30). B nanHo# sajaue nmeem ciepyio-
LlHE TeOMETPHYECKHE XapaKTePHCTHKH IONEPEeYHOTo CEeYeHHS:

F = 2bx/l; 1 = (2bx)*/(128%), (1)
rje l ~ JJIHHA KOHCOJBHOTIO CTEDKHA, 2b — BBICOTa& €ro NONnepeyHoro

CeUeHHsI Ha KECTKO 3aJleJJaHHOM KOHIIE.
B paccMaTpuBaeMoM CJyvyae KOHUEBBbIE YCJOBHA HMEIOT BUJ

(E[_Z:)‘(T>x=0 = 0;

T‘i- (El_ttii%)x:O - 0;

(X)x=1=0; (dX/dx)y=; =0. (x)

0% 

l

e

[5]0]

y_

Puc. 5.30
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Jas tToro utobui YAOBJETBOPHTH 3TUM YCJOBHUAM, 341aJUM KPHUBYIO NPO-
rH6OB B BHje psja

X=a(1—F)+at(1—F)+aqm(i—7)+ - @

Jlerko BHIEeTb, UTO KaxIplH WJeH psja, a TaKKe ero NPOU3BOAHAA 0 X
obpamainTcs B HyJb npH x == [. [TosToMy 6yayT BelIONHATLCS TPeTbe H
ueTBepToe ycaoBusa (K). [lepsoe H BTOpoe yc/a0oBHSI TakxKe GYAYT BHINOJ-
HATLCSA, NOCKObKY / M dl/dx paBHbl HyJ0 NpH X = 0.

BSﬂB B KayecTBe NepPBOro NPHOJHKEHHs MNpeacTaBIeHHe

x \2
X1:a1(1“7> ’ (M)
ocjie NOACTAHOBKH ero B GopMyJay (r) HOJydum
o M0EB2 . . p 548 VT
rP=—m I=g=amV 3 (1)

Haa nonydenns 6osiee TOYHOTO PeLIEHHS YAEPKHM B MPeJCTaBJEHHH (J1)
IBa TNEPBBIX CJaraeMbiX:

Xzzal(l——il>2+azil(l-~— %)2 (o)

IloacraBassa 3To npejctaBjeHHe B BhIpaxcende (3), HaijaeM

2 2
Iy=—=7 b [(al 2a5)° + —54—(12 (@ — 2a,) + 603} —

__ 2bplp® [ af 2a1ay +' :l
E | 30 105 280

Ycaosusa
0Z,/0a, = 0; 0Z,/0a, = 0

JanT CJIeﬂy}OLU,He JABa JII/IHe}"’IHbIX ypaBHeHHﬂ:
E b2 p? > 2E  b? p? 0
(T 3w 0 )T ( 5o 38 105 >a2‘“0’ (m)
2F B p2> (25 B pr
( 5 3 05 ) AT (5 3 9% >a2—0 ()

[TpupaBuuBas Hy/IO onpenesHTeNb MATPHIB, COCTABIEHHOH H3 KO3
(HIHEHTOB 3TOro ypaBHEHHs, NPUXOAUM K yPaBHEHHIO

E b2 pz‘(QE b2 p2> 2E b2 p? 2_0 (
(Taﬂ" 30) 5p 34 T 280 “(Sp 3/4‘105) v )

2
Pewne 370 ypaBHeHHE, MOXHO BBIYHCJHTH pje. TOrJa HaHMEHbIIEMY
U3 3THX KOpHeH 6yJer COOTBETCTBOBATH

_ p_ 531% V
h=—r=%m V 3% (r)
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Jlist paccMaTpHBaeMOro cjayuasi UMeeTcsl TOUHOe pelleHHe, s KO-
TOPOTO HODMajbHble (YHKIHH sABjasiorcs ¢ynknuel beccens *. Hs
9TOr0 TOUHOTO DPENIEHHS CJeNyeT

__p 531567/ E
h=4 =52V % (5.153)

CpaBHUBAs 3TO pewienye ¢ (H) 4 (T), BUAHM, YTO MOTPEINHOCTh NEPBOTO
npUOIHKEHHsT COcTaB/geT npuMepno 3,1 %, Toraa Kak BTopoe nmpubJH-
xeHHe Jaetr omnOKy npumepHo 0,075 % . [lanbHellinee yeeqnuenue uncna
yAepKHUBAEMBIX YJICHOB pfAja (A) HEOOXOIUMO TOJLKO B TOM CJyuae,
KOTJla BBIYHCJISIOTCS TAaKXKe M YacTOTHI BHICIIUX GopM KoseGauuii. s
CpPaBHEHHUSl YKaxKeM, UTO B CJIyd4ae KOHCOJIbHOTO CTEPXKHS MOCTOSHHOTO
IIONEPEYHOTO CeYeHUsi, PABHOI'O MOTIEPEUHOMY CEUEHHIO KJIHHA B ero oc-
HOBaHHWH, OBIIO NOJYUEHO

__p1 __ (1,875)%a 3,515 E
h=—w = "%p = omp 3" )

Meton Penea—Purtna (mepseiit mMeton Putiia) MoKeT NpUMEHSITLCA
TaK2Ke H B cJydasx, Korja niaomaas F U MOMEHT HHepIHH | TOTepeyHoro
CEUEHHS] CTEP2KHSI He ABJISIOTCS HeNpepLIBHLIMH (PYHKIHAMH OT X. DTH
(GYHKIHH MOTYT HMeTb HECKOJbKO TOUYEK pas3pblBa HJIH OIMHCHIBATHLCS
Pa3NHYHLIMH BBIDAXKEHHSIMM Ha pa3JHYHBIX MHTEpBajax mo JjuHe [
cTepKHA. B noJoOHBIX ciayuyasX HHTepBa/J UHTETPUPOBAHHS B BHIpaXke-
HHH (3) caefyeT pasOGHBaTb HA HECKOJbKO HHTEPBAJOB, BHYTPH KaxKJOTO
U3 KOTOPbIX MOMEHT HHEPIMH [ U nJowass F nonepeyHoro ceueHus npej-
CTaBJAIOTCA HenpepbiBHbIMH QYHKIUAMH **, MeToa Penes—Puriia MoxHO
NPHMEHATb U B TOM cJydae, Koraa GyHKUMH F U | npeacTasisiioTcs B rpa-
¢uueckoM HJH TaGaHuHOM Bufe. [IpH 3TOM HHTErpasibl B BBIPAXKEHHH (3)
HEO6X0JUMO BBLIYHCJSATL YHCJEHHO.

Onucanuble BHINIE pacyeThl Iopas3fo Jerde MOXKHO BHIMOJHUTBL C MO-
MOIILBIO BTOPOTO memoda Pumyal: ***, B KOTOPOM BMECTO PaccMOTpeHHsI
SHepPreTHYeCKHX COOTHOIUEHHH HCNOJb3YeTCsl HENOCPEeJCTBEHHBIM 06-
pasom nuddepeHnHatbHOE yDaBHEHHE ABHKeHHs. B KauectBe mpumepa
PaccMOTPHUM YiKe HU3BECTHDBI caydall KoseGaHUH KOHCOJbHO 3aKpeIlJieH-
HOTO CTePKHS MOCTOSTHHOTO NONEPEeYHOTo CeueHus, rae audbepeHnnanb-
HOe ypaBHEHHEe JJIS HOPMaJbHBLIX (pYHKIHH HMeEeT BH]

asX
El <3 — pFp?X =0. (@)

* Kirchhoff G. R. Uber die Transversalschwingungen eines Stabes von verin-
derlichen Querschnitt. — Monatsbericht der Kéniglich Preussichen Academie der
Wissenschaften zu Berlin. Sitzung der physikalisch-mathematischen Klasse, 1879,
Oktober, S. 815—828.

** TlpuMeprl Takoro poja obcyxpannce B pabore Traenkle A. Berechnung kri-
tischer Drehzahlen beliebiger Ordnung nach dem Verfahren von Ritz. — Ingenieur-
Archiv, 1930, B. 1, N. 5, S. 499—526.

*** Kak yxe yKa3eBaJIOCh B 1. 2.3, 5TOT METOA HHOT/a NpHIHCHBaeTcs [anepKuuy,
HO mepBbIM ero Beeda B. Purm.
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HPE,ZU'IOJ'IaI‘aH, YTO CTEPXKEHBb KECTKO 3allleMJIEH Ha JIeBOM KOHIE U He
3aKpenJieH Ha npaBoM, 3alHIIeM KOHLEBbie YCJIOBHA B BHJIE

(X)s=0=0, <%)x=0 =0,

(%)x:l =0, (%)x=l =0. (x)

IIpn Hcrnosnb3oBaHHH BTOporo Metoia Putial' BHOBb BosbMeM (yHKIHIO
B hopme psina (n). [TockombKy 3TO peulenHe HETOYHOE, OHO He GYAeT YA0B-
JIETBOPSITH YPaBHEHHIO () H NPH NOACTAHOBKE B JIEBYIO 4acTb PABEHCTBA
6YyJeT 1aBaThb OTJIHYHOE OT HYJs 3HAYEeHHe, KOTOPOE NMpeNCTaBJsSeT He-
KOTOPYIO Harpysky Q (x), pacnpeieleHHY0 110 AJHHE KOHCOMbHOTO CTep -
Hs1. Torna snauenus kKospHUHEHTOB a;, @y, a3, ... PAJA (K) MOMKHO MO-
JYYHTh, BOCMOJb30BABUIMChL TEM YCJIOBHEM, YTO BO3MOXKHas padora
HarpyskH Q (x) Ha BO3MOXHBIX nepemelinenusx 8y, = 8a,D, (x) paBua
Hymo. B pesyabraTe mosyyaem paBeHcTBa caeayiollell (popMEr:

[ (8% — pFP*X ) @y (x)dx =0, (5.154)
)}

[Tocne moACTaHOBKH psAfia (3K) B 3TO PaBEHCTBO M Moc/e HHTeTPHpPOBA-
HHSl TONy4aeM CHCTeMY JIMHEHHBIX anreGpauyecKHX ypaBHEHHH OTHO-
CHTENIBHO @y, @3, a3, ... Kak H Bhlllle, 4aCTOTHOE ypaBHEHHe MOJydaeMm
NPHPABHUBAHHEM HYJIO ONPENeNHTE]s] 3TOTO ypPaBHEHHA.
Ba3siB To/IbKO A1Ba usleHa psijia (XK), NPEANON0KHM, 4TO B paccMaTp HBae-

MOM cJyyae ’

X = a; (61°x — 4[x® + x*) +

+ a, (2003x% — 1002x% + x5). (1)

Kaxnoe u3 BbipaxkeHHil, cTosiux B CKOGKax, yJIOBJETBOpSET KOHIe-
BbIM YCJIOBHSAM (X). [lepBoe cjlaraeMoe ¢ TOYHOCTBIO JI0 MOCTOSIHHOTO MHO-
XKHTeJNst OMHCBIBAET NPOTHOBI KOHCOJIBHOTO CTEPKHS NPH ACHACTBHH PaBHO-
MEpHO pacnpeje/leHHOH TNonepeyHoH HarpyskH, BTOPOe — MPOTHGH!
KOHCOJIBHOTO CTepKHSI MPH JEHCTBHH pacnpeleseHHOH mnomepeyHoi Ha-
TPY3KH, M3MEHSIOIEHCs N0 JHHeHHOMY 3aKOHY H NPHHHMAIOLIEH HyJe-
BOe 3HaueHue B-MecTe 3ajesKH. [loxcraBnas mpexacrasienue (i) B pa-
BEHCTBO (5.154) M BBIMOJIHHB HHTErPHPOBAHHE, MOJYYHM

104 p2ld 144 2644 p2i4 ) A
(45 2 T 5 )a1+( 515 @ — 104) =0 (%)
2644 p2ls 21,128 pa4 2640 .
(315 & —104)a1+( 698 @ 7 )az‘o' (tu)
[lpupaBHuBas HyJMIO ONpeleNHTeNb 3THX JABYX YypaBHEHHH, HafgeM
a 3,517 El 22,78 El
p=301TF ==%~} <, PFTV}T' ()

3HayeHue p; 3lech HaAHAEHO C BBICOKOH TOYHOCTBIO, a OmMHOGKA B 3Haue-

HHH p, cocTaBasieT npumepHo 3,4 %. ‘
Kosie6anns konuueckoro crepxusa. 3anaua KoaeGaHuii KOHHYECKOTO

CTEpP2KHSl, BEpPLIMHA KOTOPOTO He 3aKpelJieHa, a OCHOBaHHE KeCTKO
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3ajesaHo, BnepBbie Oblia paccmotpeHa Kupxrodom *. s ocHoBHO#
dopMbl KONEGaHUll B 3TOM Ciyuae nosaydaem

4,359 E
=t Mz']/%, (5.155)

rae r — pajHyc OCHOBAHHUs KOHYCa; / — JJIMHA KOHHUYECKOrO CTEpIKHSI.
st cpaBHEHMS] HANMOMHMM, YTO HJHHAPHYECKHH CTEpKEHb TOH XKe
AJIHHBI M TJIOIAJBIO [ONEPEeYHOTo CeYeHHsA, KaK Yy OCHOBAHHsI KOHYyCa,
HMeeT 4acToTy KoJebGaHui

R - (1,875)2a 1,758 rV'F 3)
L= "9n — 7 2miz " om® p ’
Takum o6pa3oM, BHIHM, YTO YACTOTH OCHOBHBIX ¢opVv nornepeuHsIX KoJes
6aHHH KOHHUYECKOTro M IHIHHAPHUECKOTO CTEPXKHEH OTHOCATCH Kak

4,359/1,758 ~ 2,5. B 6ouee obiieM BHie 4aCTOTY KOMeGaHU KOHHYECKOTO
CTepXKHA MO’ MPOU3BOJNBHOH GopMe MOXKHO ONpeleNHTb N0 GopmyJe

_ Pn __ Onf E
fn*—gn‘—wl/‘p (5.156)

rje o, HMeeT CJeRyIolHe 3HAYEHHSH **:

Oy Ly oy Uy oy Og

4,359 10,573 19,225 30,339 43,921 59,956

Jpyrue cay4an KOHCOJNbHO 3aKpeMJIEHHbIX CTEpKHEH MepeMEeHHOro
nonepevHoro ceueHus. B obwieM ciyyae yacTOThl NONEPEUYHHIX KoJgeba-
HHH KOHCOJNIBHO 3aKPeNJIeHHBIX CTePXKHel MOXKHO ONPENENHTh Mo (op-
MyJe

Pn Xnlu E
fo= I = ont - (5.157)
B sToil gopmyse ry — pamuyc HHepUHH MOMEPEUHOTO CEUeHUs, pacro-
JIOXKEHHOTO B MECTe JKECTKOH 3alleIKH; / — JJIHHA KOHCOJIbHOTO CTEp KHS;
@, — MNOCTOSIHHAS, 3aBHUCsILLAA OT KOHOHTYpPALUH CTEPHKHS H OT GopMBI
KoneGanuit. g HauGosee BaXKHBIX C NPAKTHYECKOH TOUKH 3PeHHs CaY-
4aeB MOCTOSIHHAS &, NPHHUMAeT CJAeAYIOIIHE 3HAYEHHS:

1. Ecau HU3MEHEeHHs IJOILAAH U MOMEHTAa HHEPIHH monepeyHoro ce-
YE€HUsA B 3aBHCHMOCTH OT X MOXKHO npeacTasuTh B BUIE

F =axm I = bxm (@)

(x H3MepsieTCs OT He3aKPENJIEHHOTO KOHIA), PaIHyC 7, HHEPIHH OCTAeTCS
MOCTOSIHHBIM NO JUIMHE KOHCOJNBHOTO CTEpXKHS, U MOCTOSAHHYIO o JJsi
CCHOBHOH (OPMBI KoJleGaHHH C JOCTATOYHOH TOYHOCTHIO MOXKHO Ompeje-
JATb N0 dopMysie ***

o, = 3,47 (1 4 1,05m). (6"

* CuM. cr. Kupxroda, LHTHPOBaHHYIO Bbille.

** Wrinch D. On the lateral vibrations of bars of conical type. — Proc. Roy.
Soc., London, Ser A, 1922, v. 101, N. A713, pp. 493—508.

*** Ono A. Journ. Soc. Mech. Engrs, Tokyo, 1924, v. 27, p. 467.
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9

Puc. 5.31

2. Eciov u3MeHeHHs IJiolajsy U MOMEHTA UHEPUHHU IONEPEYHOTo ce-
YEHHUs1 B 3aBUCHMOCTH OT X MOXKHO MNPEACTABUTL B BUE

F:a<1_£l£>, 1:1;(1—”—1") (8)

(X M3MepsieTCst OT MeCTa KeCTKOH 3a/lesIKH), pajauyc /, OCTAETCS MOCTOSH-
HBIM MO JJIMHE CTEPXKHsI, a BEIHYHHY G; MOXHO BbIGPATH U3 CJEAYIOUIHX
3HaueHHH *:

Co e 0 0,4 0,6 0,8 1,0
O v v e e e e e e 3,515 4,098 4,585 5,398 7,16

CTepKHH nepeMeHHOro NoNepeyHoOro CeyeHHsi ¢ He3aKpelJeHH MH
KOHUAaMH. PaccMoTpuM Tenepb ciayyaii KoJeGJTIOErocst B MONEpeyHaM
HanpapJieHHH CTePKHs C He3aKPEeMJEeHHbIMH KOHIIAMH, COCTOSIIEero W3
JABYX DaBHBIX IIOJIOBUH, COGAHHEHHBIX CBOMMH GOJbIIHMH OCHOBAHHSIMH
(puc. 5.31), mpu 3TOM KOHTYp JIeBOH NOJIOBHHBI CTepKHs o6pasyercs
BpalleHHeM KpUBOH

y = axm (r')

BOKDYT ocH x. TouHoe peuienue 3Toil 3ajauH, BbIPaxKeHHOE B hYyHKIUAX
Beccens, 6b1710 nosyueHo ** 151 HEKOTOPHIX 3HAYEHHH m, IpU 3TOM ua-
CTOTY OCHOBHOH ()OPMBI KOJIeGAaHUH MOXKHO OBIIO TPEACTaBHTL B BHJE

b our E
fl_‘ﬁ—m‘l/ 5 (5.158)

B 3roii ¢opmyse r — pamuyc Hau6GOJbLUIETO MONEPEYHOIO CEUEHHS:

2] — pnvHa CTepiKHSA; &y — IOCTOSIHHAS, 3aBHCSIAs OT (HOPMbI KPHBOI
(r') u npuHuUMaloWas CJeAyIomUe 3HAYCHHS:

m 0 1/4 1/2 3/4 1
oy 5,593 6,957 8,203 9,300 10,173

* Ono A. Journ. Soc. Mech. Engrs, Tokyo, 1925, v. 28, p. 429.
** Nicholson J. W. The lateral vibrasions of bars of variable section. — Proc.
Roy. Soc., London, Ser. A, 1917, v. 93, N. A654, pp. 506—519.
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5.21. COBMECTHbIE U3IrMBHBIE U KPYTHUJIbHbBIE
KOJIEBAHHSI CTEP)KHEH

B npuBefeHHBIX Bblme o6CYXAEHHSX NONEPEUHBIX KoJeOaHHH CTepxK-
Hel BCerjia NpejanoJarajoch, YTO CTepPKeHb KoJeGJeTcsi B MJIOCKOCTH
cuMMeTpHH. EcJ/iH 3To He Tak, To H3TU6Hble KoJseGaHuss OYLYT CONPOBOX®
JaTbCsl, KaK MPAaBHJO, KPYTHJIbHLIMH KoseOaHHsIMH. B KauecTBe NpH-
Mepa paccMOTPHUM KoJebGaHHA BeJJiepa (puc. 5.32, a) B IJOCKOCTH XY,
HepIEeHIHKYASPHOA NJIOCKOCTH CHMMETpPHHU (T. €. TJIocKocTH 2x). Marub
mBeJJlepa NoJ AeHCTBHeM BepTHKAJbHOH Harpys3ku OyJeT NpOHUCXOAHTh
B BEePTHKa/JbHOH IIJIOCKOCTH H He OyJeT CONPOBOXKAATHCA KpyueHHeM
TOJBKO TOTAA, KOIJAa Harpyska NPHKJAJpIBAeTCsi BLOJb NPOXOoAsilel
uepe3 yenmp cosuca ocu O0O', KoTopasi mnapa/ijesbHa IeHTPaJbHOH
ocd CC’ U JmexuT B maockocTd cumMerpuu. Ocb, Npoxofsinasi depes
LEHTP cABUra, 6epeTcs B KayecTBe OCH X. ITa OCb OTCTOUT Ha PACCTOSIHHUH €
OT CpPeJMHHOH TJIOCKOCTH CTEHKH H ¢ OT IIeHTpa TSKeCTH IOoNepeyHoro
ceyeHus wpesanepa. Mx BeauuuHBl onpefensieM no ciaenymouuM gopmy-
Jgam *:

242 2
sz: » c=et 2bb~|—h’ (@)

rie b — mMpuHa MoJOK; h — pacCTOsiHHE MeXAY CPEAHHHBIMH MJOCKO-
CTSIMH MOJIOK; { — TOJIU[MHA TMOJIOK H CTEHKH.

Yy e y'My
2
h/f‘/ ﬁ\
T ' ©
A o[, Z 2\ W70 P
O L lT D (| N U X 4-—"",4
y L T 2! c c
z ) = ¢ l:—"J
L 5)
a) ‘
y'MY ymy
[l -
4 y ¢ ]
¢ a z ) o’
zt > >
z ) F4 0
6) 2)

* Cm. Timoshenko S. Strength of materials. Part I. 3rd ed. — N. Y. — To=
ronto — Ld: Van Nostrand Co., 1955, p. 239 (ony6inkoBan nepesox Tumomenxo C. I,
Conporusnenne marepuainos, U. I. M.: duamarrus, 1960. 379 c).

Puc. 5.32
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Nna seprhkanbholt warpyski anddepenunanbioe ypapHelie ffi
KpUBOH nporu6oB HMeEeT BHJ
4
El, 2% —w, (6)
rie w -— HHTEHCHBHOCTH pacnpeiejeHHOH InonepeyHoll Harpysku (3a
nosoxuresbHoe Gepercss manpasjenHe BBepx); EJ/, — XeCTKOCThL NpH
H3rube mBe/Jepa OTHOCHTENbHO OCH 2.

Ecnu marpyska pacnpeiesneHa BJAOJb LEHTPaJbHOH OCH, €e Bcerja
MOXHO 3aMEHHTb Ha TAKYIO )K€ HAarPy3KYy H pachpejeseHHblil KpY TAUUi
MOMEHT HHTEHCHBHOCTBIO @C, pacnpeje/ieHHble BAOJb NMPOXOAsllell yepes
HEeHTP CABHTa ocH x. B nomobHoM ciydae 6yjeM HMETh OJHOBPEMEHHOE
AeicTBHE H3rvba, ONHCLIBAEMOTo ypaBHeHHeM (6), H KpyuYeHHsl OTHOCH-
TeJIbHO OCH X, MPOXOJsilell yepes HEHTP CABHIa. DTo KpyueHue Gyner
HEOAHOPOAHBIM, H -COOTHOLIEHHE MeXJAY H3MEeHSIOUIHMCS B 3aBHCHMOCTH
OT KOOPJHHATHL X KpYTsaUUM MoMeHTOM T (X) M yrJoM KpY4YeHHS @

HMeeT BHJ *
d:lq)
dx3 ’ (B)

rie R — kpymuabran scecmkocms; Ry — acecmkocme cmecrennozo Kpy-
uenus. [lomoxuTeNbHOE HampaB/eHHe AIS YIJa 3aKpyYHBAHHA [OKa-
3aHO Ha pwuc. 5.32, 6. OHO onpejeasieTcsi NMPAaBUJIOM TMPABOH PYKH.
JupbepeHunpys BoipaxkeHHe (B) MO X H YUHTBIBasi, YTO MOJIOKHTEJIbHOE
HampasJ/leHHe KPYTSLUIEro MOMEHTAa COOTBETCTBYET [I0KAa3aHHOMY Ha
puc. 5.32, a, noayuum

T(x)=R-ZL— R

dz? ds
R o

Ypasnenusi (6) u (r) onpeiesIsiiOT CBsI3b MEXKLY H3THOOM M KpYYeHHeM
TOHKOCTEHHOTO CTEpPKHsl B TOM CJydae, KOTJa CTaTHYeCKas HArpyska
pacrnpejeseHa BIOJb LEHTPaJbHOH OCH.

[Ipn KoneGanusiX CTEPKHS HEOOXOLHMO YYeCTb TOMEPedHbIe CHJIbI
HHEpUHH ** HHTEHCHBHOCTBIO — PFO? (y — c)/0f> U MOMEHTHl HHEpIHH,
HHTEHCHBHOCTb KOTOPHIX paBHa — p/,0%¢/0t%, rae I, — nedtpanbHbiil
NOJISIPHBIA MOMEHT MHEPHHH NonepeyHoro ceyenusi. I[loicrasisisi nepBblil
U3 HHEPUHOHHBIX CHJIOBBHIX (PakTOpOB B ypaBHeHusi (6) U (r) BMecTo cTa-
THYECKHX HArpPy30K, NOJY4YHM cJjenyiouine AupdepeHiHanbHbie ypas-
HEeHHsl ]I COBMECTHBIX H3THOHBIX M KPYTHJbHBIX KOJeGaHHH:

o8 02 -
E]za—xz-:——pl“w(y*cq?), (01593)

92 3% 02 02 =
R G —Rigge = —pFegm —co) +oln G- (5.1590)

* Cm. Timaoshenko S. Strength of materials. Part II. 3rd. ed. N.-Y. Van Nost-
rand Co., 1956, p. 265 (omy6unkosan nepesox: Tumomenko C. IT. ConmpoTHBieHHe Ma-
tepuanos. U, I1I. M.: ®usmarrus, 1960, c. 214).

** [IpogoabHbie CHIB HHEDPUHH, OGYCJIOBJEHHBlE HCKaXKEHHEM NJIOCKOH (hOpMEI
MONEePEeYHOro CeyeHHs, 3Jech He YUHTHIBAIOTCA.
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flonaras, uro crepxenb kosebnercst mo opHOM U3 cOBCTBEHHHIX doOpM,
MONOXKHM
y = X (A cos pt + B sin pt);
¢ = X, (A, cos pt + B;sin pit), (n)

rjie p — Kpyroas yacToTa KoJeGaHui; X H X| — HopMaJsibHbie PyHKIHH.
[ToactaBasnsa Bulpaxkenus (4) B ypaBHeHHd (5.159a) u (5.1596), mosyuum
CJEAYIOIHE YpaBHEHHS OTHOCHTEJbHO PyHKUMA X U X;:

ELXY = pFp* (X — cXy); (e)
Ri X! — RX| = — pFp’c(X — cX) 4 plup’ X1, ()

B KaxXIOM KOHKDETHOM cJiydae CJelyeT OTbICKHBATH pEIIeHHS IS
dyukuuit X 1 X,;, KoTopbe YJOBJETBOPSAJIH Obl 3aJaHHBIM KOHLEBBIM yC-
JIOBHSIM JJIsl CTED2KHSl, & TaKXe yPaBHEHHSM (e) U (K).

B kauecTBe npuMepa pacCMOTPHM Cayuail CTepKHS CO CBOGOAHO omnep-
THIMH KOHI{dMH, AJA KOTOPOrO YCJOBHS Ha KOHLAX HMEIOT BHJ

zzjz—y:r:(‘pf gi‘gzo npu x=0 u x=1. (3)

DTHM YCJOBHSIM YJOBJIETBOPSIIOT (YHKIIHH:
X; = C;sin (inx/l); Xy, = D;sin(inx/l), i=1, 2, 3,..., oo, (1)

rae C; 1 D; — npoussoJsbHble noctosinHble. [loJcTaBasis 3TH Bbipaxe-
HUsl B yYpaBHeHHA (€) M (3K) H HCNOJAb3ys O06O3HAYEHHS
El itz
—[};Fizwib
R2m2 4 Ryifpd 2.  Fe*
Tolln T P Ok T FE =M (¥)
NOJYYHM
: 2
(whe — pi) Ci — pleD; =0; (1)
(Ae) piCi + (wiy — p )D 0. (M)

OTH ypaBHEHHUS MOTYT AaThb peluenus aas C; u D;, oTIHYHBIE OT HYJf,
TOJILKO B TOM CJydae, €CJIH paBeH HYJI0 HX ONpejesHTe)ib. Torga 4acTor-
HOE YpAaBHEHHEe MOXKHO NPEACTABHTb B (opme

(0h; — pi) (ok; — p}) — Api =0, (1)
OTKylla HaxXo4HM

'2_ ( ki T ‘D + V Ki + 4A'0)HL‘DKI
Pi= 2(1—x) '

(5.160)

AHanoruyHbli pe3yabTaT 6YLeT NoJydaThesl M AJAfA BceX APYTHX CAydyaes
CBOGOJHO OMNEPTHIX CTEPXHEH € OAHOH IIOCKOCTBIO CHMMETPHH, KOTO-
pble KosefoTcss B MJIOCKOCTH, NEepPNeHAHKYJsSpHOH MJIOCKOCTH CHM-
MeTpPHH.
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Ecau IIEHTp CIBUIA COBNANAET C IIEHTPOM TSKECTH, PACCTOSIHHE ( =
=0 u A =0, ytTo naer

= 2 2 — 2 2
Pi= ((l)m' + (l)m')/2 —+ ((l)Ki - wm‘)/2;
OTKyJZa noJjiyyaeM JABe CHUCTEMBI 3HA4YeHUH 4acToT
Piri = Ogj, P2; = Wg;. (0)

Kak BuaHO U3 o6o3HaueHH# (K), ITH YACTOTH SABJSIOTCH 4ACTOTAMH He-
CBA34HHBEIX M3THOHBIX W KPYTHJBHBIX KoJeGaHHH M He 3aBUCAT APYT
ot apyra. Eciu BenwuMHa ¢ He paBHa HyJiO, U3 BeipaxeHus (5.160)
nosyyaem [Ba 3HayeHHs IS pj, OLHO M3 KOTOPLIX GoJibllle, a APYroe
MeHbIIe 3Ha4eHuH 4actoT (o). s GoJbiero H3 3HaYeHH i pf U3 PABEHCTB
(1) u (M) crenyer, yTo nocrosinubie C; u D; HMEIOT 0JMHAKOBBIE 3HAKH,
a Anas MeHbuiero — pasnuyHeie. O6e COOTBETCTBYIOUIME 3THM CJIy4asiM
KOH(HUTYpanuu npeicTaB/JeHB Ha puc. 5.32,6 u e.

AHaJslorHuHbie pe3yIbTaThl MOJAYYAIOTCS U B CIYYae CTePKHEH C HHBIMH
KOHLIEBLIMH yCJIOBUAMH. Pemenus ypaBHeHUH () H (3K) PU 3TOM yCJIOXK-
HAWIOTCA, HO MOXKHO HAaNTH NpUOJMKEHHble 3HAYEHUs YacToT CBS3aH-
HBIX KoJeGaHWH, ecJM HCNoJb30BaTh Meron Penes—Putna *. B cay-
yae CTEP>KHs, He MMeIOUero MJIOCKOCTH CHMMETPHH, 3aJaya CTaHOBUTCS
GoJiee ca0HOH **. KpyTHibHBIe KosleGaHus 3[leCh COYETAIOTCS € H3THOG-
HBIMH B JBYX IVIABHBIX IJIOCKOCTSIX, MO3TOMY CHCTeMa ypaBHEHHH coO-
JEPXKHT He JABa, a TPH AuddepeHnUaNIbHBIX ypaBHeHusi. Ha npaxruke
MOXHO TaKXe BCTPETHTbCS C ellle 6oJiee CJ0XKHON 3anayed CBSI3aHHBIX
KPYTH/IBHBIX W H3THOHBIX KoJIeGaHUH HeCHMMETPHYHBIX CTep:KHeH mepe-
MEHHOTO mnomnepeyHoro ceyeHus. [logo6Hule 3ajayd BO3HUKAIOT, HaNpH-
Mep, MNpH MCCAEJOBAHHSAX KoJe6aHHH TYypPGUHHBIX JIONATOK, KpbLIbeB
CaMoJ/IeTOB W BO3JAYWIHBIX BHHTOB. [IpH pelleHuH YyKa3aHHBIX 3ajay
OOBIYHO MPUMEHSIIOT YHCJEHHbIE METOABI,

5.22. KOJIEBAHUSI KPYTrOBbIX KOJIELL

3anaya o KoJeGaHHAX KPYTOBOTO KOJbLIA SIBJISIETCH COCTABHOH
4acTbl0 HMCCAefOBAHHH KoJeOaHMH pasjHyYHbIX [eTajedl KOHCTPYKIHH
¢ BpaUAIoIUMUCS y3JaMH KpyroBoil dopmel. Huxe npusegeno o6eyx-
JeHHe HeCKOJbKHX HeCJOXHBIX 3a/auy 0 KoseGaHUsAX KPYroBOro KoJbla
NOCTOAHHOTO TNOINEPEYHOTrO0 CeYeHHs B IPeIIOJIONKEHHH, UYTO pPasMephl
NIOIIePeYHOro CeyeHHsl KOJIbLla MaJibl 110 CPABHEHHIO C PajHyCoM 7 IeH-
TpanbHO# JHHHH (puc. 5.33, a). Ilpeamosaraercss Takxe, yTo IJIOC-
KOCTb XY, B KOTOPOH JIEXKHT KOJIbLO, SIBJISETCH MJIOCKOCTbIO CHMMETPHH
KaXKJ0I'0 €ero MOIepeyHOTro CeyeHHs.

* TTomo6ubIM cr1oco60M GBIIM HCCIEN0BAHE! CB3aHHblE H3MHOHO-KPYTHABLHBIE KOJE-
6aHHsl KOHCOMbHBIX cTepxHed B paGore Garland C. F. Normal modes of vibrations
of beams having noncolinear elastic and mass axes. — Trans. ASME. J. Appl. Mech.,
1940, v. 7, N. 3, pp. 97—105.

** NuddepeHinaibHble ypaBHeHHs AJs OOMIEro caydasi GbIM paccMOTPEHBI B pa-
6ore Federhofer K. Berechnung der Drehschwingungen eines Kreiszylinders. — Sitz.-
Ber. Akad. Wiss., Wien, 1947, Abt. IIa, B. 156, S. 573—582.
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p \\_1_// X A NS e
a) 5) 8) e)
Puc. 5.33

KoneGanua pactsikeHus—cxaTus. [Ipocrefimeii dopmoll Koseba-
HHH THIA PACTSKEHHS1 — CKATHUA ABISeTcs popMa, MPH KOTOPOH 1eH-
TpanbHAasl JHHHSA KOJbLa 00pasyeT KOJbLO C NEPHOAHYECKH H3MEHSIO-
LMMCSI PAJMyCoM, a BCe TONepeyHble CeUeHHs epeMelllaloTesl B pagualb-
HOM HanpaBJjieHHH Oe3 moBopoToB (puc. 5.33, 6). O6o3HaunM uepes u
nepeMellleHHe B pajdajbHOM HANpaBJEHHH (3@ MOJIOXKUTEIbHOE Gepercs
HanpaBJIeHHe HAPYKY) NPOU3BOJbHON TOYKH KoJbua. Torja OTHOCHTEb-
HOe yIJIMHEeHHe KoJibla B OKPYXKHOM HanpasJeHUH (Jebopmaius pacrs-
#eHHus) paBHo u/r. [loTeHunanbHas sHeprusi nebopMaLuH, NpeACTaBIsIO-
iasi B JAaHHOM CJly4ae 3HEPTHIO NPOCTOTO pacTsiKeHHs, Oymer mnpea-
CTABJNATLCS CJAEAYIOIIMM BBIpAXKEHHEM:

FEu?
U =7 2mr, (a)

rie F -— njomans nonepedHoro cedyeHusl Koablia. Jlasee KHHETHUECKYIO
SHEPTHIO JBHXEHHMH NpH KoJeOaHHAX MOMKHO 3amucath B BHJE

T =2 i2onr, (6)

IIpupaBHuBas MakCHMaJbHbIE 3HAUYEHHA NTOTEHUHANbHON H KHHETHUECKOH
SHEePrHi#l U HCHNOJb3Ys PAaBEHCTBO Upyax = Plmax , HOJYUHM

=V L ©

Taxum o6pasoM, HaX0AHM YacTOTY OCHOBHOH (hopMbI KoJleGaHUil pacTs-
JKeHUsI-—cKatusa (cM. puc. 5.33, 6)

_p 1 E
fi= S = o o (5.161)
Kpyrosoe Kosblio HMeeT H ApyrHe Gopmel KoJaebaHuil pacTsKeHHs —
CKaTusd, KOTOpble HANOMHHAIOT (OpMBI, 0Opas3yioUlHecs NPH NPOAOJL-
HBIX KOJIeOaHHSX NPH3MAaTHUYeCKHX crepxkHeHd. Ecau i — yMcao BoJH,
Pacrno/IoXKeHHBIX M0 OKPYHOCTH, TO YaCTOTHI BBICIUKX HopM KoJseBaHul
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S‘KJ

{ I 2.7,
0 iy x
.

nl

Puc. 5.34

THOA PacCTAXKEHHA-—CHKATHS KOJIbLUA OINpEAe/sieM IO cneny}omeﬁ q)Op-
MyJse *:
1 7/ EU £
=5V = (5.162)

pr2

[Ipu i = 0 3to BeIpaxkeHue coBnajaer c dopmyJoi (5.161) mas uucro
pajuajbHBIX KoJleGaHHH.

KpyTHabHbie KoJje6anMsa. Tenepb pacCMOTPUM OCHOBHYIO (opMmy
KPYTHJIBbHBIX KoJseb6aHui. [lpu Takux Kose6aHHAX LeHTpaNbHAas JiH-
HHUS KoJlbla ocTaercsl HeleOPMHPOBAHHOH, a BCe ero MorepeyHble ce-
YeHHUsl MOBOPAYHBAIOTCA HA OJHH H TOT ke yroa P (puc. 5.34). Ipu trakux
MOBOPOTAx TOYKA, pacloNIOKeHHAsi Ha DAcCTOSIHHH 2z OT CPeAHHHOH
MOBEPXHOCTH KOJIbLA, NMEPEMECTHTCS B pajHalbHOM HANpaBJeHHH MPH-
MEPHO Ha BEJHYHHY 2, NIPH 3TOM COOTBETCTBYIOLLYIO OKPYXKHYIO Jiedop-
MalHI0 MOXKHO MOJIOXKHTb paBHOH 2y/r. [loTeHinanbHas sHeprus pedop-
MalHH KOJbLA MOJKeT ObIThb ONpejesieHa B 3TOM CJydyae U3 BbipaxkeHHS

E [/ 2p\2 nE .2
U=2nrj——<—w~> dF — ZEIN" (r)
2 r r
F
rae [, — MOMEHT HHEepLHH NONEPEUHOTO CEUEHHSI OTHOCHTENBHO OCH X.
KHneTHueckass SHeprHs KOJbLA MPH KPYTHJIBHBIX KOJNeGAHHUAX

T = 2nr pl; 1]32, (ﬂ)

rge ]n _— l'IOJIHprIﬁ MOMEHT I/[HepllHH nonepeqﬂoro CeUeHHUs.
. Tpupasuusas apyr apyry Upax U Tmax W YYHUTHIBasi paBeHCTBO
Pmax = PVmax, HAALEM

p =V Eljor*ly. (¢)
Torga wuwactoTy KpPYTHJIBHBIX KoOJeGaHHH MOMXKHO  OMNpelNeJMTh MO
thopmyie
1 Elx
f:%-‘l/m. (5.163)

* Love A. E. H. Mathematical theory of elasticity. 4th ed. Cambridge: Uni-
versity Press, 1927, p. 454 (ony6augoBaH nepesoa: Jiss A. MarteMaTHuecKasi TeOpHs
ynpyroctH. M. — JI.: Focrexusgar, 1935. 674 c.).
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CpasuHBast 3ty dopMmyty c dopmynoi (5.161), BHAHM, 4To HacToTHI
kPYTHJIBHBIX W YHCTO pajHajbHBIX KoJeGaHHi OTHOCATCS, Kak
V1T

Jasi Kosblla C TMONEPEeYHbIM CeYeHHeM KDPYroBoH (POPMBI- YacCTOThI
KpyTHAbHBIX (opM KoJebaHHil onpelesisieM no ciejyiomed gopmyne *:

1 "E(F %)
f,-_%— g (5.164)

YuuteiBasi paBedctBo | E/(pr?) = alr, rie a — CKOpPOCTb pacnpocTpa-
HeHHsl 3BYKa BJOJb KOJbLA, BHIHM, YTO PACCMOTPeHHbIE Bhille KoJseba-
HHS C pacTSXKEHHeM-—CKaTHeM H KPYTHJ/bHbIE KoJiebaHHs, KaK NPaBHJIO,
- HMEIOT BBICOKHe 4acTtotel. Hamuoro 6oJiee HH3KHe 3HA4YyeHHs1 YacToOT
6yayT noJyuyatbCs NPH PacCMOTPEHHMH W3rHOHBIX KoJeGaHHH KoJblLA.

Harp6Hble KojeGaHMA KpPYroBOro KoJblla pacnajalTcd Ha JBa
KJacca, a UMEHHO: H3THOHble KoJie6aHHsl B MJOCKOCTH KOJbIA H H3TH6-
Hble KoJieGaHHs, BKJIOYAIOUIHE KaK MepeMellleHHsl MOJ NPSMBIM yIJIOM
K MJOCKOCTH KOJIblla, TaK H KpyueHHe. PaccMOTDPHM. H3THOHbIE KoOJje-
6aHHs B NJIOCKOCTH KoJbla (cM. puc. 5.33, a) u BBeleM cienyiouiue 060-
3HaueHHsi: 6 — yroJ, omnpejejslOUHA MOJOXKEHHE TOUKH Ha KOJIBLE;
u -— pajHajbHOe nepeMellleHHe (3a MOJIOXKHTEJIbHOE NPHHHMAeTCsl Ha-
npaBJjieHHOe HapyXy); U — OKPYXKHOe NepeMelleHHe (3@ NOJIOXKHTeNb-
HOe NPHHHMAaeTCsl HampaBJieHHe B CTOPOHY YBeJHYeHHs yraa 0); [ —
MOMEHT HHEPUHH IMONEePeYHOro CeYeHHsl OTHOCHTEJIbHO CBOEH TIJaBHOH
OCH, MEepNeHJAHKYJSAPHOH MJIOCKOCTH KOJIbLA.

OGycJ/I0BlIeHHOE MepeMEIeHHAMH # H U OTHOCHTEJIbHOE YIJHHEHHE
B HPOH3BOJIbHOH TOYKe, PacrnoJoXKeHHOH Ha LEHTPaAJbHOH OCH KOJblla:

1 dv

r=—+— % (x)
a H3MeHEHHE KpHBHSHbI MOXKHO MNPE€ACTABHTb COOTHOILUEHHEM il
1 1 0% u
—_— e —— —_—_ e —, (3)
r -+ Ar r r? 962 r?

Hns camoro o6iero cjaydyas H3rHOHBIX KosieGaHMH B MJIOCKOCTH KOJbLA
pajHaJbHOe mepeMelleHHe 4 MOXHO NpPEACTaBHTb B BHAE TPHTOHOMETPH-
YecKoro psipa ***

u=a;cos 0+ a,cos20 4-.-+ b, sin 8 4
+ b, sin 20 +- -, (w)

* Cwm. nurtupoBaHHyio Bbile KH. Love A. E. H. Mathematical theory of elasti-
city, p. 453.

y *E Sro coornowenne 6uro moayueHo JK. ByccureckoM. CMm. Boussinesq J. Résis-
tance d’un anneau 4 la flexion, quand sa surface extérieure supporte une pression nor-
male constante par unite de longueur de sa fibre moyenne. — Comptes rendus des
séances de I’Académie des Sciences, 1883, t. 97, N. 15, p. 842—848.

*** [TOCTOSTHHHI{ WIeH 3TOr0 pfAja, COOTBETCTBYIOIMIMH YHCTO PafHaJIbLHBIM KoJe-
GaHHAM, 3JeChb ONYILEH.
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rie Ko3ppHUHEHTH! dy, dy, ..., by, by, ... SABIASIOTCS PYHKUHSMH BPEMEHH.
Paccmarpupass usrubnbie kKoJseGanusi 6e3 pacTsSKEHUS *,  HOJIOKHUM
e = 0. Torga u3 BoIpaxKeHUs (K) cJeayer

u = —0v/do. (k)

[ToacraBuB mnpeacrabieHHe (W) B BbIpaxkeHHe (K) H NPOUHTETPHPOBAB
pe3ynbTar, Hakaem **

v= -—alsmﬂﬁ—é—a2 sin20 — ... |-
+b1cose+%b2c0526+... (1)

I/ISI‘I/I6a}OHlPIﬁ MOMEHT B INPOU3BOJIBHOM IIONEPEYHOM CEYEHHH KOJblla
onpeaensieM BbIpaXKeHHEM

El 02l
M:M—r_f(W"‘—u)’ (M)
OTKyJa HaxoJUM INOTCHIHAJBbHYIO 3Heprm0 usruba
El = 02 2
73
U=—2—;3—'[<W+u> rdo. (H)
0

[ToncraBnss psia (M) B BelpaxkeHHe (H) H MCHOJIb3YSl PAaBEHCTBA
25 2

j cos mbcosn 0d 6 =0; j sinmb sinnbdd =0 npu m<n;
0 0

21 27T 27
| cosm@sinnodo—o; jcoszmede=j sin? m do — mi:
0 0 0
N0 yYHUM
El OND 9, 19
U= Y (1= (@ + b)), ()

i=l

Kunernueckas 3Heprusa KO0JeOMIoLIerocs KoJablla

2

T=£" | @2 6% rdo. ()
0

* OG6cysjeHHe H3THOHBIX KoMeGaHHH C  yueTOM pacTSIKeHHS cM. B paboTax

®. Yoarkuura (Waltking F. W. Schwingungszahlen und Schwingungsformen von
Kreisbogentrigern. — Ingenieur-Archiv, 1934, B. 15, N. 6, S. 429—449) u K. ®e-

neprocdepa (Federhofer K. Uber die Eigenschwingungen des senkrecht zu seiner Ebene
Schwing;nden Kreisbogens. — Sitz.-Ber. Akad. Wiss. Wien, 1936, Abt. Ila, B. 145,
S. 29—50). '

** [TocTostH HY)0 HHTETPHPOBAHHSA, COOTBETCTBYIOLLYIO BPALIEHHIO KOJbUA B CBOEH
MJIOCKOCTH KaK aGCOJIIOTHO MECTKOI'O Tejla, 3/eCh OMyCKaeM.
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[MoxcraBnss BeIpaxkeHus (M) H () a9 4 ¥ v B BelpaxkeHue (n), HaligeM

r— 200 SV (11 L) @y 6. ®)

=l

Hcnonpayss ypaeneHue JlarpaHxka JJjisi KOHCEPBATHBHOH CHCTEMHBI *
U 0606IIeHHEX KOOPAHHAT @;, MOJYYUM clelyioiee auddepeHnHaIbHOe
ypaBHEHHEe IBHIKEHHS:

mroF (14 45 ) 1 + (1 — 2P a, =0

HJIH
~ Eli2(1 — i2)?
ar%ﬁﬁaizo- ©

Takoe e ypaBHeHHe noJsyuyaeM M Ajs 0606IIEHHOH KOOpDAHHATHI b;.
Orcrofa HaxoAuM, UTO yacTOTa KoJeGauu# no i-# cdopme

AR Vg 5.165)
£/ pFrt (1 + i2)

Ilpu i = | nonyvaem f;, = 0. B stom cayyae u =a,cos 8 u v =
= @, sin 8, ¥ KoJbLO ABUXKeTCSI KaK abCO/IOTHO »KecTKoe Teno. Kak
BUAHO u3 puc. 5.33, 8, Ko3bdHUNKEHT a, OnpefessieT [BUXKEHHE Kak
abCoJIIOTHO JKEeCTKOTO TesJa B HampasJeHuH ocd x. Ilpu [ = 2 umeer
MecTo ocHOBHasi (opMa HM3THOHBIX KoJieGaHu#l KoJsbuna. QopMBl KoOJbIla
NpH KpaHHHX MOJOXKEHHAX, COOTBETCTBYIOIIHE TAaKHM KoJeGaHHsaM,
NoKa3zaHbl Ha pHC. 5.33, 2 WTPUXOBBIMH JIMHHSIMH.

B cayyae HM3ruOHBIX KoJIeGaHHH KOJIbIA C MONEPEYHBIM CeyeHHeM
Kpyroso#l (opMbl, KOI'la YUHUTHIBAIOTCSI KaK INepeMelleHHs], HalpaBJieH-
HBIE MOJ NPSIMBIM YIJIOM K NJIOCKOCTH KOJbla, TaK U KpyueHHe, YacTOTHI
OCHOBHBIX] opM’ KoJleGaHH# MOXKHO ONpeNeNHTh.C.IIOMOMIbIO GopMy bl **

1 EIP (2 — 1)

==V ety (5.166)
rie v — koaunuent Ilyaccona. CpaBuuBasi dopmysl (5.165) u (5.166),
BHAUM, YTO faxe Jjs Hu3mel dopmbl (i = 2) KosebGaHHH H3 pacCMOTpeH-

HBIX JABYX BHJAOB H3rHOHBIX KoJsieGaHHB 4acTOTHI pasJ/inyarTcs, HO He-
3HAYUTEJBHO.

5.23. MONEPEYHbLIE KOJIEBAHUS MEMBPAH

JByMepHBIM aHAJIOTOM npeBapHTebHO pacTAHYTOH KoJiebomniecs
HUTH (HUJIH CTPYHBI), paCCMOTPEHHOH B 1. 5.8, ABJsieTCs npeiBapHTEJBLHO
pacrsinyTasi Mém6pana 2. B nocsenyrouiem oécymneﬂuu npejrosiaraercs,
uro MeMOpaHa sIBJsIeTCA HAeajbHO THOKOH, TOHKON W MOCTOSIHHOM TOJ-
wuHel. Kpome Toro, oHa pacTsiHyTa OJMHAKOBBIM BO BCEX HampapJie-
HUSIX H HacTOJNbKO OGOJIBIIHM DaBHOMEDHO paclpeesieHHBIM YCHJIHEM,

* Cv. Timoshenko S., Young D. H. Advanced dynamics. — New  York:
McGraw-Hill Book Co., 1948 p. 212,

** CM. UHTHPOBaHHYIO B nh. 5.22 KH. Love A. E. H. Mathematical theory «of
elasticity, p. 453.
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y YTO MOXHO mnpeHefpeuyb MaJLIMHU
a H3MEHEHHSIMH 3THX YCHJIHH, o6y-
C/JIOBJIEHHBIX MaJbIMH NporHGamH,
s BO3HUKAIOUIUMH TMpPH KoJeOaHHSX.
TNTTTHTTTTTM”” B3aB 3a maockocTh MeMGpaHbl MJI0-
= — CKOCTh XY, BBEJEM CJefyiolue 060-
= —= 3HAYeHUs: U — MepeMelleHHe Mpo-
= = . M3BOJLHOH TOUKH MeMGpaHBl B Ha-
-] >

= — npaBJeHuH, nepreHHKYJI PHOM
b —> MJIOCKOCTH  xYy; S — paBHOMEpHoe
— ; . YAeJbHOE pacCTATHBAIOLEE YCIIHE,
0 “uululuu“u Y [pHJOXEHHOe Ha TrpaHuie (pHc.
5.35); w — Bec eNHHHIBI MJIOLIAJLH

;“c 5.35 MeMOpaHHbI.

[Ipupawmenye  MoTeHIHATBHOH
SHEPTHH  H30THYTOH MeMOpaHbl
MOXXHO HaNTH, YMHOXXHB DAaBHOMEpPHOEe pacrsrusawoiilee ycHane S Ha
npHpaileHue nJowaid MeM6paHbl. B H30TCHYTOM MHOJIOMKEHHH NJIOLLAdb
NOBEPXHOCTH MeMOpaHb

=TV (G (5 e

Jns ManbiX NporH6oB 310 BbIPAXKEHHE MOXKHO NPHUOJIHNKEHHO B3ATH

B BHIC F I I ov\? |
~[[1+= (&%) +=¢ (ay>}d‘d~"

Toraa npupawenve noreHUHaANbHOH 3SHEPrHH GyjaeT pPaBHO

U~ S () e
KuHerHueckasi 3Heprus KoJebsiolieiics MemOp aHbl
:—2%_[_[ 0% dx dy. (6)

Huxe 6yayT HceaeloBaHbl AHHAMHUECKHE XapaKTEPHCTHKH Pa3HYHOTO
BHJa MeMOpaH.

[Ipamoyroapnbie Mem6panbl. [IycTb @ H b — CTOPOHBI NPSIMOYTOJb-
Ho#i MeMOpaHbl, NoKa3auuo#l Ha puc. 5.35. HesaBucumo or BHAa QYHK-
LMY KOODJAHHAT U B Npejesnax npsMoyroJbHOH 06JacTH ee BCera MOXKHO
npeACTaBuTb B BHAE ABOHHOTO psja

= E E Prnn S1 Sm ";JW ’ (8)

rjie KosphULUHEHTH @,,, ABJAAOTCA QYHKUHAMH BpeMeHH. Jlerko BHIETD,
4TO KaKAblil useH psija (B) yAOBJETBOpSieT I'PAHHYHBIM YCJOBHAM, a
UMEHHO: MpU ¥ == 0 U x = auMeeMv =0 unpiy =0 uny = b uMeeM
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= 0. IloxcraBasisa npejctaBneHye (B) B BblpaKeHHE (3) /IS npupame-
HPIH NIOTEHIHANBbHOH SHEPTHH, NOJY4YHM

AU%-STRZ-J?J.{(i i@mn%cos m:x sin n;:y)a .

00 m=] n=1
oo 2
-+ (2 E Prnp —— b sin 2% cos %) }dxdy.
M=l n=1

[TpouHTErpHpOBaB 3TO BHIpaXKE€HHE IO IJIOMAJH MeMOpaHbl, C y4YeToM
npHuBeJeHHHX B 1. 1.1 paBeHcTB HafineM

oo =]
S abn
AU~ EZ (G + %) P (r)
AnanoruynelM 06pa3oM MOXKHO C MOMOILbIO BbipaxeHHsl (6) BBIYHCIHTHL
KHHETHYECKYIO 3HEepTHIO
b (e o] 001 .2
r—z % Y, w
m=l] n=I|

Cuna uHepuuH, AeHCTBYIOIlAss Ha MaJsblifl 3JeMEHT MeMOpaHbl, paBHa

— (w/g) v dxdy. Tlocrymasi, Kak W BbILE, ¥ B35iIB BO3MOXHOE MepeMellle-
HHE B BHJIe OUp, = 0@y, sin (mnx/a) sin (nny/b), nonyuum auddepeH-
IlHaJIbHOe yDaBHEHHE JBHXKEHHSl B IVIABHBIX KOOpAMHATAX TPH CBOGOM~
HBIX KoJie6aHHaX

b - b
g Fmnt S T (S + 55 ) Pma =0, (e)
oTCloga cJaeayer
1 S 2 2
=t VEED), @167

Yacroty KoJe6aHHH MO OCHOBHOH ¢opMe NOJYYHM, MOJIOKHB m =
= n = |, 4TO0 pmaert

1 S 7 1 1
f11=TVT(F+F : (5.168)
Hsornyras ¢opma MeMOGpaHbl B 3TOM C/ydyae ONPEAESsercsi NepBhHIM
4jieHOM psiaa (B):

v=C <m— sin ’;y (k)

Kak BHAHO M3 ypaBHeHHs (e), NoJoGHble Y/EHbI Psifia (B) NPEACTaBASIOT
HOpMaJsibHBEIE (pyHKulm IJIsi paccMaTpuBaeMoro cayyas. Ecau Mem6pana
AIBNeTCsl KBaJpaTHOH B nJaHe (a = b), 4acTOTa, COOTBETCTBYIOLLAS

Husweld dopMe xosebGaHui:
1 S
=tV £ (5.169)
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y y y y
: AN /
| AN //
l 020 b — c=0 \\ c=0 / G=-0
I \ S
! > d
g x 0 x 0 x 0 X
aj &) 6) 2)
Puc. 5.36

dra wactoTa OpsfMO NPONOPHHOHANBHA KBAAPaTHOMY KODHIO H3 ycH-
Jds S ¥ o6paTHO NPONOPUHOHAJbHA MJIHHE @ U KBAaJAPaTHOMY KOPHIO
H3 BeCa W ENUHHIBI IMJIOIAJH TNJIACTHHBHI.

Caenyiouiue 1Be BbICiiHe HOPMBL KoieOaHUH MOJYYHM, MOJNOKHB OJHO
H3 YHces m WJH i paBHBIM 2, a gpyroe 1. OTH 1Be GOPMBI HMEIOT OJIHY H
Ty e 4YactoTy (npH a = b), Ho pasauyHele KoHopurypauuu. Ha
puc. 5.36, a u 6 NoKa3aHbl Y3J0Bble JHHUKH'® 15 3THX ABYX (opM KoJe-
Ganuii (Ha TUX JUHHAX OPOrHOGHI NPH KoJjeGaHusax pasBHbl HYyJ0). lo-
CKOJIbKY, KaK YyXe TOBOPHJIOCH BBbIllie, 3TH 4YacTOThl COBMNAAaioT, HMHTE-
PECHO MOCMOTPETh, YTO MOJYYHTCS NPH HAJOXKEHHH JAaHHBIX MOBEPXHO-
cTell Ipyr Ha Jpyra, ecqd 3aiaBaTh Pa3/HYHBIE OTHOILEHHS HX MaKCH-
ManpHBIX TpoTHGOB. Ilosyyaroniascss B pesysbTaTe HaJOXKeHHS KOMOH-
Hanusl MMeeT BUJ

2ny

U= Slﬂ—,
a

rie C u D — npoM3BoJbHBIE MaJible OCTOSIHHbIE. YeThlpe 4acTHBIX CJIy-
yag noJoOGHBIX KOMOMHHUPOBAHHBIX  KoJeOGaHWH  MOKa3aHbl  Ha
puc. 5.36, a—e. [Nonoxus D = 0, nonyyum cayyall KoneGaHHH, yHOMH-
HaBLIMHCS BbIlle W NpejcTaBleHHbIl Ha pHc. 5.36, a. Konebmomyiocs
MeMOpaHy pasbuBaeM Ha JBe PaBHble UaCTH y3JI0BOH JIHHHEH, Napanienb-
uoft ocu y. Ilpu C = 0 mem6pany pa3bHBaeM Ha JBe YaCTH Y3JOBOH JH-
HHel, mapaajeJbHON OCH X, KaK MmokasaHo Ha puc. 5.36, 6. [Ipu C = D
nojyuaem

v=0C (sin 2 sin 22 -+ sin 2% sin M—) =
a a a a
= 2C sin ’Zx LA (cos—— -1 cos —= ”y

DTo BHIpaxKeHHe TNPHHHMAET HyJIeBble 3HAueHHs] INpH sin (nx/a) =
unn  sin (ny/a) = 0, a Takxke npH  cos (nx/a) + cos (ny/b) = 0.
Ilepsble iBa YpaBHEHHS UMEIOT B KauecTBe pPelleHHs FpaHHIbl MeMOpaHHl,
a M3 TPeTbero YpaBHEHHS IHoJydyaeM fnix/a = it — (ny/a) wau x +
+y = a

DTo paBeHCTBO fIBJISETCS ypaBHEHHEM OJHOH JHaroHajgM KBajpata
(cM. puc. 5.36, 8). C npyro#i cropoHsl, Ha puc. 5.36, 2 NpeAcTaBJeH cJay-
yai, korga C = —D. Kax1yio U3 noJIOBUH MeMOpaHH, 06pasylomuxcs
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B [IBYX INOCJAEIHHX cCJydasaX, MOXKHO paccMarTpuBaTh KaK HE3aBHCHMO
KoJebJolyiocst Tpeyrojapnylo Mem6pany. Uacrory moGolt U3 mokasan-
HBIX Ha puc. 5.36, a—e dopm Kosebanuii Haxogum no gopmy.e (5.167),

4yTO pgaer - —
YV EED-AVE  em

TouHO Tak»ke MOXHO pPacCMOTPEThb BbIciIHe (OPMbl KosleGanuH KBagpar-
HOH HJIHM NPSIMOYTOJIbHOH MeMOpaHbl *.

PaccMoTpuM Tenepb BBIHYXKIEHHbie KoJeOaHHS, A5 KOTOPLIX AHG-
(epeHiHabHOe ypaBHEHHE IBH:KEHHs (e) HMeeT BHJ

wab -

b2 2 ne
ig (Pmn“l“sa_f_("’g‘z——*'ﬁ) (Pmn:Qmm (3)

rie Qnn BbGMpaeTcss TakuMm 06pasoM, 4roGbl NpousBeneHHe Qp,8¢nn,
IPEACTaBJsJI0O BO3MOXKHYI0O paoTy BO3MYILAOMMX CHJ B TVIABHBIX KO-
opauHatax. B kayecTBe mnpumMepa BO3bMeM T'apMOHHYECKYIO CHJY
P; () = P cos wt, npUJI0OXKEHHYIO B LieHTPe MeMOpaHbl. BBoasi Bo3MoXk-
Hoe mepemelleHue dw,,, membpansl [cM. Beipaxkenue (B) ], Haiizem cosep-
[IaeMy10 CHJIOH BO3MOXKHYIO paboTy

8Wp = P cos wtdg,,, sin (ms/2) x
xsin (n/2) = QmadPmn.

M3 storo sbipaKeHHst BHAHO, YTO KOTJA M WM 1 — HEYeTHbIE YHCJIA, TO
umeeM Qn, = =P cos ®f, B IPOTHBHOM cay4dae Qn, = 0. YuurniBas
3TO, U3 ypaBHEHHs (3) ¢ Momolbio HHTerpana [lioamensi mojydaem

t

4gP , ) o
abw—gpmn JSlnpmn (t —t)coswt' dt' =

0

Prmn= £
4gP
+ 2w (Pin, — @)

(cos ot — cOS py,t) (n)

rge m U n — HEYETHBbIC YHCIA;

_gSn? / m? n?
P ==+ )

IlopcraBasisi Boipaxkenue () B mpejcTaBieHHe (B), MoJayyuMm obliee pe-
HleHHe JJI51 pacCMaTPHBAEMOro CJjyyas.

Korza na mem6pany neficTByeT pacnpeieneHHas BO3MYLLAOMAas CHIa
Q (x, y, 1), umeem

b a
anZJJQSin m;;x sin ngy dx dy. ()

* TTogpo6Hoe 0BCyxIeHHE 3TOrO BONPOCA MOXKHO HaliTH B ra. 9 KH. Pemes. Cw,
Rayleigh J. W. S. The theory of sound. Vol. 1. 2nd ed. New York: Dover Publi-
cation, 1945, 504 p. (omy6aukoBan nepesox: Crperr Jx. B. (Peneit). Teopus 3ByKa.
T. 1. M. — JI.: Tocrexuapar, 1940. 499 c.).
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TlpexnosioxkuM, Hanpumep, YTO B HauafbHbIH MOMEHT BpeMeHH [ = 0
K MeMmOpaHe BHe3aNmHO INPHKJAAbIBA€TCH DaBHOMEPHO pacnpejeseHHoe
nasaenue Q,. Torza BboipaxkeHue (K) NPUHHUMAeT BUA

Qun :—;%%“2- (I — cosmum) (1 — cos ).

Korma m W n fIBAAWOTCA HEYETHHIMH YHCJIAMH, H3 3TOTO BBIPAXKEHHS
noJiyuaem

Qunn = 4abQ,/(mnmn?). (n)

B apyrux cayuasix Harpy3ka Q,,, paBHa Hymo. [loAcraBnsis BelpaxkeHHe
(1) B ypaBHeHHe (3) H nNpeinosarasi, 4To B HaYaJbHEIH MOMEHT BPeMeHH
MeMOpaHa HaxXoAMTCS B TOKOE, HMeeM

16gQ (1 — 08 prant) (M)
wmnn®pl,

Pmn =

Orciona nosiyuaeM BhIpaxkeHue A1l AHHAMHYECKHX NMpPOrHOOB NpU KoJe-
6aHusix, oOyCJOBJEHHHX BHe3alHO MPHJOXKEHHBIM AaBieHHeM Q:

1 [ —- t
_ 6§Q0 2 2 coszpm,l sin mmnx sin nay , (1)
2w mnp?, a b

rlie m ¥ n — HeYeTHble YHcJa.

Meron Peses—PuTua. Ilpu onpepeseHHH 4acToT CcOGCTBEHHBIX
¢opM KoseGaHHH MeMOpaH MOXKeT OKa3aThCs OYeHb [MOJIE3HBIM METOA
Penes—Putua. [das Toro 4to6bl BOCNOJAB30BaThCSl 3THM METOJOM, Npej-
NOJIOXKHUM, 4YTO NPOTHOH Kosebuolieiics MeMOpaHbl 3ahaloTcs Bhlpa-
XKeHHEM

= Z cos (pt — a), (0)

rie Z — QyHKUHSI KOOPAHHAT X H ¥, KOTOPas COOTBETCTBYIOLHM 06pa3oM
ONHchIBaeT ¢opMy Nporu6oB MeMOpaHel, T. €. Gopmy KoJebanuii. [loj-
CTaBJasisi Nporu6hl (0) B BeIpaxkeHHe (a) AJ1si NPHPAILEHHS NOTEHIIHATbHON
SHEepPruH, HaijeM, 4TO MaKCHMaJbHOe €ero 3HayeHHe

MU~ 5 [ [{(55) + (57 | dray, (n)

a MaKCcHMajlbHOe 3HaueHHe KHHETHYECKOH SHEPTHH B COOTBETCTBUH C BbI=
paxeHnueM (6) cocTasJjser

T =55 * | | Z2dxdy. )
[TpupaBuuBasi APYr ApYTY BblpaxKenus (m) H (p), HaxoauMm

s J{(GE) + (&) e

= ”zwxdy ) €
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{Ipumensisi meroi Penes—Putia, Bo3bMeM BbipameHHe s QyHK-
uEH Z, ONMCHIBAOLIEH NMOBEPXHOCTb NMPOTHGOB MeMOpaHbI, B BHAE psija

Z = a0y (x, y) + a0, (x, y) +
+ a;®; (x, y) +- -, (1)

Kaxblfl UJeH KOTOPOTO Y/AOBJETBOPSAET ycjosusaM Ha rpanuue. (IIpo-
ru6HL HA rpaHyLe MeMOpaHbl JOJKHBI OLITh PaBHEL HYM0). Kospduurents
a, Qg, Qg, ... 3TOTO PSJA JOJXKHBI GBITh BHIGPAHBI TAKHMH, YTOOBI BEIPA-
3eHHe (C) 1aBaJio MUHHMaJbHOE 3HaueHue Aas p®. Takum o6pasom, umeem

e | J{(5) + (&) Jaray] [ 22ardy o0

[ ey [[{( ) + (22 s -

~] {(%%)E (g-i-)z}dxdy—(;Z—nHszxdyzo.

[ToacraBiAs B NMOCJAEAHEe PaBEHCTBO BHIpAXKeHHe (c), HaHaeM

0 0Z \? 0Z\2  pw o .
El?”{(‘é?> 4’(@') &3 Z}dxdy—O. (y)
Takum 06pa3oM nosyyaeM cTONbKO ypaBHeHHH THia (Y), CKOJIbKO HMEETCS
KospuunentoB B psafe (1). Bece atu ypaBHeHus] 6yAyT JHHEHHBIMH OT-
HOCHTEJIbHO HEH3BECTHBIX KO3(DHLUEHTOB 4y, @y, a3, ... UacToTHOe ypaB-
HeHHe 1/ MeMOpaHbI MoJjiyyaeM NpPHUPAaBHHBAHHEM HYJIO ONpeENeNHTENs
3TOH CHCTEeMbl ypaBHeHHH.
Paccmarpusasi, HanpuMep, GopMbl KoneGauuit KBaapaTHoi MeM6paHsl,
CHMMETPHYHBIE OTHOCHTeNbHO ocell x M y (puc. 5.37), pax (T) MOXKHO
B3ATb B CJIeYIOUEM BHJE:

Z = (a —x%) (@* — 9°) (a1 + ax* +
T aay® + a Xyt A+ ).
Kaxppiit unen storo pajga NpHUHMMAaeT HYyJeBble 3HAYEHHS MpH X =
= y = sa. Tem campIM GYyAyT YIOBJETBOPATHCS I'PAHMYHbIE yCAOBHA.
Jnsi mem6paHbl B ¢opMe BBIMYKJOIO MHOTOYTOJbHHKA FPaHUUHBLIE
yca0BHA GYAYT YAOBJIETBOPATLCSA, €CJAH B3ATh
Z=[(ayx + by + c1) (@xx + by + 7

a

4. .. % Y a,xmyn, e a

rge ayx + by + ¢; =0, ... — ypaBHeHHs
CTOPOH MHOTOYTOJIbHHKA., YIepXkaB B 3TOM
psAly ToJbKOo nepBuift 4neH (m = 0, n = 0),
MOXKHO ONpeflesTh, KaK MPaBHjo, C J0CTaTOY- X
HOH TOYHOCTBIO OCHOBHYIO (opMy KoseGaHuii. S
Ecnn TpeGyercss HalTH 4acTOTHI BHICIIHX (OPM
KonebaHuHl, HeoOXOAMMO YaAepKaTth GoJbliee
YHCJIO YJIEHOB psijia. Puc. 5.37

HJIH
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Kpyrosbie memGpaHbl. PaccMOTpHM Temepb npoOCTeHINWiA Caydai
KoJie6aHHsA KpYroBoH MeMOpaHB!, KOrJa NMOBEpXHOCTb ee MpOoruGos CuM-
MeTpPHUYHA OTHOCHTEJIbHO IeHTPa Kpyra. B stoM ciydae mporu0Owl 3aBu-
CAT TOJIbKO OT PACCTOAHHA 110 PAJAHYCY 7, @ TPAHHYHBIM Y CJIOBHSM MOXKHO
YIOBJETBOPHTL C MOMOLLBIO psAja

Z = a, cos (nr/2a) + a, cos (3nr/2a) +-- -, (P)

rje a — paauyc TpaHHIbI.
Hansa yrobersa Bocrosb3yeMces MOJSPHOH CHCTEMOH KOOPAHHAT, TOT/A
BolpaxkeHHe (1) HeoGXOAMMO NpeJCTaBHTb B chaelyiouiell dopme:

a
S 0Z \? '
AUmax%—Q—-I (3’7) 2nrdr. (H)
0
3aTeM BMeCTO BbIpaxKe€HHs1 (p) CJeLyeT B3SATb
a
w ’
Trox= 5 pzj Z%mr dr, (p’)
0
a paBeHCTBO (y) 3aMEHHTb Ha CJepyolee:

e j{(g—f)z —%22} 2nr dr = 0. (v')
]

YaepxkaB B pany (¢) ToJbKO OJMH YJEeH H TNOJACTABHB NpeACTaBJEHHE
Z = a, cos (nr/2a) B paBeHcTBO (y'), MOJNyYHM

a

a
n2 . 7 2w nr
J sin? ~2alrdr=—%3— J cos®— rdr,
0 0

4q2 2a

OTKYJa CJeLyeT
w2y pe 1 2y
4a? (T nt/” g8 \ 2 2
HJIH

2,415 s
—2EV 5

TouHoe peleHue * B 3TOM cJyyae HMEET BHJ
2,404 1/ &S
p=200 1/ 88 (5.171)

Owu6ka nepsoro npuomuxeHusi He npesbimaet 0,5 %.

JIas Toro yTo6bl MOJYYHThL GoJiee TOUHOe NPHOMHKeHHe M OCHOB-
HO# (opMBI Kosle6aHuil, a TaKKe )1 yacToT 6oJiee BHICOKHX (HOPM KoJe-
GaHuli, HeOGXOMMMO YyJepKaTb GoJibluee YHCAO 4JaeHoB psaaa (¢). Itu

* CM. kd. Pejies, nuTupoBaHHYIO BhIilIE,
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dopmbl KoseGaHui OyAyT HMETh n=0;s=1 n=0;5=2 n=0:5=3

OJHY, IBE, TPH H T. 1. Y3406biX
OKpYyMcHOCmedl, Ha KOTOPBIX PaBHEBI
HYJIIO TPOru6el NpH KoJeGaHHsX.

Kpome d¢opm  konebGanui, :

CUMMETPHYHBIX OTHOCHTEJILHO
LieHTpa, Kpyroeas MeMm6paHa n=1;5=1 n=2; s=1 n=1; 5=t

MOXKEeT HMETb TakxKe Takue ¢op-
MBI, TIPH KOTOpHIX o6pasyiorca
OJMH, JABa, TPH H T. A. AUaMeT-
POB Kpyra, Ha3bIBAeMBIX Y3.0-

soimu duamempamu, Ha KOTOPBIX
nporu6el npH Koseb6aHusX paBHbI Prc. 5.38
Hy/io. Heckoabko d¢opm koJe-
Ganuil KpyroBoit MeMmOpaHbl TNOKasaHbl Ha pHC. 5.38, rie ysJoBble
OKDY2KHOCTH H Y3JIOBble AHaMeTPbl H306paKeHbl MITPHXOBbIMH JIMHHSIMH.

Bo Bcex cayuasix BeNMUYHHY P, NPEACTABJAIONLYIO COG0H 4acToTy,
MOKHO BHIPa3uTb B BHJE

pos = 22 £ (5.172)

aQ

3HaueHHs1 BXOJSILUHX B STy (OPMYJy MOCTOSIHHBIX Qs NPHBEIEHBI
B Tabus. 5.1 *, rge n — YHUCAO Y3JI0BHIX AHAMETPOB, S — YHCJIO Y3JOBBIX
okpyxkHocTell. (I'paHHUHAass OKPYXKHOCTb BXOAHT B UHCJIO TOCJEIHHUX).

5.1. 3HayeHHs o¢,s AJis KPyrosoH memGpaHbI

s n=0 n=1 n=2 n=3 n=4 n=25
1 2,404 3,832 5,135 6,379 7,586 8,780
2 5,520 7,016 8,417 9,760 11,064 12,339
3 8,654 10,173 11,620 13,017 14,373 15,700
4 11,792 13,323 14,796 16,224 17,616 18,982
5 14,931 16,470 17,960 19,410 20,827 22,220
) 18,071 19,616 21,117 22,583 24,018 25,431
7 21,212 22,760 24,270 25,749 27,200 28,628
8 24,353 25,903 27,421 28,909 30,371 31,813

B npempiaymux obcyxAeHMsIX npennoJarajoch, uto MemGpaHa
npeiacTapiasieT CIJIOIHOM KPYT M YTO OHA 3aKpelJieHa TOJIbKO Ha rpa-
HUYHOH OKPYXKHOCTH. IlonlyueHHble BHIIE pe3yJabTATHl TaKXKe MOTYT
6bITb HCIHOJb3OBAHHI B KayecTBe pelleHHs APYrUX 3ajay, TaKuxX, Kak
MeMGpaHbl, OTpaHHYeHHble ABYMSI OKPYXKHOCTAMH H ABYMS pajHyCaMH,
unu Mem6pannl B opme cekTopoB. PaccmoTpuM, Hampumep, MeMGpaHy
B popMe NoJIOBHHBI Kpyra. Bce Bo3MoxKHble hopMbl KoJieGaHU# 3TOi MeM-

* [lpusesennnie B Taba. 5.1 naHuwe B3aTHl M3 pabotsl M. Bypxe. Cm. Bour-
get M. J. Mémoire sur mouvement vibratoire des membranes circulaires. — Annales
scienlifiques de I’école normale supérieure, 1866, t. 3, S. 55—95,
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Opanbl 6y 1yT BXOJHTE B YHCJIO TeX GOPM, KOTOPble 06pa3yroTcs NpH KoJe-
Ganuu Kpyrosoil Mem6panel. IIpy 5TOM He06XOLHMO TOJBKO OLHH H3 Y3-
JIOBBIX JHAMETPOB KPYroBOH MeMOpaHBI CYHTATh 33 JKECTKO 3allleMJIeH-
HYI0 TpaHuuy.

Korpa rpanuma MeMOpaHbl HECKOJBKO OTJHYAeTCs OT KpPYToBoOii,
yacroTa HH3We#H GopMbl KoJebaHHH MeMOpaHBl NPHMEPHO paBHA 4acTOTe
Kpyroso# MeM6paHbl, HUMeoIeH Ty e NJOMalb H TO e 3HAaYeHHe Be-
JHYHHE gS/w. B obmem ciayyae GOpMyJy AJsT ONpejeNeHHs 4acTOTh OC-
HOBHOH (OPMBEI KosMeGaHHH MeMOpaHbl MOXKHO B3SITh B BHJE

p—a )/ £, (5.173)

rae F — nuyomajs Mem6pansl. Huxke npuBeseHbl 3HaueHH 1 HOCTOSTHHOH ¢,
cTosied B 3TOH (popMyJie H NOKa3bBalOledl BAHSHHE HA 4acTOTYy OTHO-
IIeHHS] OT KPYroBoH (opMH *:

Kpyr o= 2,404 V' 1 = 4,261
Ksazgpar a = /2 = 4,443
UersepTb Kpyra a=(5,135/2)/)V 7 = 4,551
CekTOp Kpyra ¢ yIJioM .
pactsopa 60° a= 6,379 V n/6 = 4,616
[Ipsimoyroabuuk {(a/b = 3/2) o= )/ 13/6 = 4,624
PaBHOCTOPOHHME TPEyrOJbHHK o= 2n V tg 30° = 4,774
[TonoBuHa Kpyra o = 3,832 V' n/12 = 4,803
[IpsimoyroabHKK (a/b = 2/1) a=mn V5/2= 4,967
[IpsiMoyroabHUK (a/b = 3/1) a=n ) 10/3 = 5,736

B Tex caywasx, Korja rpaHuua OTJIHYaeTcsl OT pPacCMOTPEHHEBIX
BBIlLIE, HCCJEJOBaHHE KoJe6aHUH MNpeACTaB/seT 3HAUHTEJNbHBIE MareMa-
THUeCKHe TpyaHocTH. OpHaKo AJs C/Ayyas SJ/JHNTHYECKOH T'DaHHIBI
HMeeTCsT TOYHOe pelLieHue **,

5.24. MIONEPEYHBLIE KOJIEBAHHS MJIACTHH

Ha puc. 5.39, a mokasana njacTHHA NOCTOSIHHOH TOJIIHMHBEL A, MpH-
yeM TOJI{HHA ee I[oJaraetcsi MaJod [0 CPaBHEHHIO C APYTHMH pasMe-
paMu. BospMeM B KauecTBe CPEIHHHOH IIOCKOCTH IIJIACTHHBI [JIOC-
KOCTb Xy M NPEATOJONKHM, YTO NPOTHOE Majibl MO CPABHEHHIO C TOJIIH-
HO# A. Kpome Toro, HopMaJii K CpeAHHHOH IJIOCKOCTH MJIACTHHBI OCTAIOTCS
HOPMaJsIMH K JeOPMHPOBAHHOH CPEIHMHHOH IIOBEPXHOCTH, oOpasyio-
mefica 3a cyer NPOruGoB IpH KoJeOaHHAX.

PaccMoTprM 1edopMaIHid TOHKOTO CJIOSI MaJIoro 3JIEMEHTa, NMOKas3aH-
HOTrO B BUje 3alTPUXOBAHHOH MJIOLLAJH, PAacIOJOXKEHHOH Ha paccros-

* CM. KH. Pesesi, HuTHPOBaHHYIO BHILIE.

** Mathieu E. Memoire sur le mouvement vibratoire d’une membrane de forme
elliptique. — Journal de mathematique pures et appliquees (Liouville), Ser. 2, t. 13,
1869, p. 137—203.
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Puc. 5.39

HHH Z OT CpeAHHHOM noBepXxHocTH (puc. 5.39, 6). 3TH gedopManun MOXKHO
NPEACTaBUTb CJEAYIOIHMH COOTHOILEHHSIMH *:

0% , ., 0%
ExZ—ZW, by——-—ay—z',

0%
Yoy = —22 5o (a)

B atux BbIpaxeHusx v o6o3HauaeT NporuGH (l€peMelleHus B HanpaBJe-
HHH OCH 2) IIaCTHHBI; €,, €, H Y.y — HOPMa/JbHBiE H KacaTesJbHas Je-
¢dopManuu TOHKOTO cos. HanpskeHns, COOTBETCTBYIOIIHE 3THM jedop-
MauusiM, ONpPEAessSIOTCS COOTHOIIEHUAMH **

E Ez 0%v 0% \ .
Gx=m-§(ex+vsy)=-—m (—672-—{—'\) W),
\E Ez 9% 0% \ ,
Uy”;l'—_"v—z(ﬁy—%—"ﬁx):—m(gy—z—i-""éx—,), (6)
' Ez 0%v
Ty = Vo = — 15 Sxag 7

rae v — Koagdunuent Ilyaccona.
IloreHunanbHas 3HEpTHsI, HAKOIJIEHHAss B 3aIlUTPHXOBAHHOM CJIO€
MaJioro 3JeMeHTa MNpH gedopManuu:

0= (5 2 ) sy

* Ilpepmonaraercss, 4TO CpeAMHHAR TWOBEPXHOCTh ILIACTHHH He xedopMupyercs
B CBOEfl IJIOCKOCTH.

** Cm. Timoshenko S., Goodier J. N. Theory of elasticity. 3rd ed. — New York:
MeGraw-Hill Book Co., 1970, 567 p. (ony6nukoBan mnepesoi: Tumomenko C. II.,
Tyavep Mx. H. Teopus ynpyroctd. — M,: ®usmarras, 1979. 560 c.).

445



[ToxcraBnsis cioga Beipaxesusi (a) u (6), MoJay4YuM
' Ez? P\ | [ 0%
dU:Q(l—vZ) Ka?) s (ayz> +
L

d*v d%
b 2(l— )(d - )}dxdydz (8)

Hurerpupys BbipaxeHue (B) Mo o6beMy MIACTHHBI, NOJYYHM NOTEHLHAIL-
HYIO 3HEpTHi0 H3ruba

= ffa=2 (55 + () +

0%v 0% 0% \2
+2v o o +2(1— )(axay)}dxdy, (5.174)
rage D = Eh%/[12 (1 — v*)] — XKecTKOCTb MJIACTHHB TNIpH H3THOeE.
KuHeTnueckasi 3HepPrus MNOMNEPeYHbIX KoJeGaHHH NJIacTHHBL
' .
T=25[[o2dray, (5.175)

rge ph — Macca, NPHXOAAIASICA HA €JUHHLY NOBEPXHOCTH IJIACTHHLI.
[TosyyeHHbie BHIpaXKeHHs [/l NOTeHUHaJbHOH U W KuHeTH4eckKod T
3Hepruil OYAyT HCIOJb30BAHBI NPH HCCJEJOBAHHH KOHKDETHOrO BHJA
NJIaCTHH.

TIpsiMoyroJibHble MJacTHHbL. B ciyyae npsMOyroJbHOH NJIACTHHLI
(cM. puc. 5.39, @) co cBOGOAHO ONEPTHIMH KPasgMH MOXHO NOCTYNHTh
TaK, KaK H NpU MpAMOyroabHoil MemOpaHne. Torza Bo3bMeM BbIPaXKEHHE
JJIs TpOorH6OB MJIACTHHBI PH KoJebaHHSIX B BHJE JBOHHOTO psja

U= 2 2 Py SN —— ma sm—ni;g- (r)

N0 HOPMAJILHBIM (YHKLHAM, COOTBETCTBYIOLUIHM PacCMaTpPHBAEMOMY CJIY-
yaio. JIErKO MPOBEPHTb, YTO KaxKAblil YJIeH 3TOro pSAa yJOBJIETBOPSET
YCJIOBUSIM Ha Kpasix Buia v = 0%/0x* =0 nmpu x = O H x = a; TpH
y=0uy=>umeem v=93%/0y* = 0. Ecau npexacrasjeHue (r) noacra-
BUTb B BbipaxeHnue (5.174), 01 noteHuHalbHOH 3HEPTHU NOJYYHM

- n4ab D V E cp( ’Z: _Z:_>2 (5.176)

ITpu atoMm ans KuHeTHuecKo# sHepruu (5.175) nmeem

T — Bheb Z Z Doune (5.177)

m=1 n=

Cusia nHepuuH, AeHcTBYIOWAs HA MaJBH JE€MEHT NJIACTHIb, PaBHa
— phidxdy.
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[Toctynasi aHAJOTHYHO BBILEH3MOKEHHOMY M B3AB M1 BO3MOMKHOTO
nepeMeleH s BEIPaXKEHHE

8Um, = 8¢, sin (mnx/a) sin (nmy/b),

NOJIyYHM NH(pPEpeHIHaIbHOE YPABHEHHE JBHIKEHHS NPH CBOGOAHBIX
KoneGaHHAX B IVIAaBHBIX KOOpJAHHATAX

. 2 2\2
P + 5D (T + ) =0.

Peienne 5TOro ypaBHeHHS! HMeeT BHJ

Pmyn = Cj cos pt + C, sin pt,
rae
D me n?%
p==) o (L +4). (5.178)
Ilo 31Ol QopmyJie JIErKO MOXKHO NOACYUHTATH YACTOTH KoJeBGaHuil mjia-

CTHHH. Hanpumep, B ciyyae KBagpaTHOH NJIACTHHBI AJISi YACTOTHl HH3-
mwed ¢opMpl KosebaHuil HMeeM

] D :
h=4=2 - (5.179)
PaccmatpuBasi Boiciine GopMBI Ko/1eGaHHH H COOTBETCTBYIOLIHE UM Y3J0-
Bble JIMHHH, BHAHM, YTO NPHBEJEHHbIE BhIllle OOCYXKIAEHUS KBaJpaTHBIX
MeM6paH (cM. puc. 5.36) B paBHOH CTeNeHH NPHMEHHMB H K KBaJpaTHBIM
nnactiHaMm. Kpome toro, 6e3 oco6oro Tpyjaa Moxer GuITh pellieHa 3ajaya
O BBIHYXKJEHHBIX KoJieOaHHAX MPAMOYTOJbHOH IJIACTHHBI CO CBOGOJHO
onepThiMH KpasfMH. OTMETHM TaKXKe, 4TO He BCTpeuaioTcs ocobble mare-
MaTHYECKHEe TPYAHOCTH IIPH HCCJEJOBAHHH KoJeGaHHH NPSAMOYrosbHOH
[VIaCTHHBI, JBE NPOTHBONOJOKHBIE CTOPOHBI KOTOPOH CBOOOAHO OMEPTH,
a JaBe japyrue Jau60o He 3aKpem/eHb, JHOO KeCTKO 3alleMJeHbl *.

Onnako ropaspo -6oJiee CJA0XKHBIMH SIBJSIIOTCS 3aJlaud HCCJIE0BAHHS
Kosie6aHHH NJaCTHH, BCE CTOPOHBI KOTOPBHIX HE 3aKpenJeHbl HJIH KEeCTKO
3aniemJensl. Kak 0GHapyXHJIOCh, OYeHb Y106E€H IpH pPEeIIeHHH TaKHX
3agau Meron Penesg—Purua'®, **. JIa1a Toro u4to6bl BOCHOJb30BAThHCH
S5THM METOJOM, MHOJIOMKHM

v = Z cos (pt — a), (n)

rae Z — ¢yHKUMA X H Y, NpUOJIHKEHHO oNHCHIBawlias ¢opMmy Kogeba-
uuil. TloacraBass npeactaBnende (1) B BelpaxkeHus (5.174) u (5.175),

* Voigt W." Problem der transversalen Schwingungen rechteckigen Platten. —
Nachrichten von der Koéniglichen Gesselschaft der Wissenschaften zu Gottingen, 1893,
N. 6, S. 225—230.

** Ritz W. Theorie der Transversalschwingungen einer quadratischen Platle
mit freien Rindern. — Annalen der Physik, 1909, B. 28, N. 4, S. 737—786. TounocTs
Meroaa Penes — Putua obcyxaanacs B pabore. Tomatika S. Vibration of a square
plate clamped at four edges. — Phil. Mag., Ser. 7, 1936, v. 21, N. 142, pp. 745—
760. CM, Takxke pabGory Weinstein A., Chien W. Z. On :he vibrations of clamped
plate under tension. — Quart. Appl. Math., 1943, v. 1, N. 1, pp. 61—68.
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fONIyUnM Caelylonine BHIPaXKEHUS 1751 MAKCHMAJIbHBIX 3HAYeHUH noTeH-
LHaJbHOH M KHHETHUeCKOH 3SHepruil npu KoJebGaHHsX:

e A CORNC RS2 F
+2(01—w) <a_i2.§_y.>2} dx dy;
TZ-[)’;—pzijzdx(ly.

[IpupaBHEBasi 3TH BbIpAXEHHs! APYT APYTY, AJs 4acToThl p? HafiieM BhbI-
paxenue
pt = _2h_ o Umax (5.180)
o ” 22 dx dy

Bosbmem Tenepb (yHKUHIO Z B BHAE CJEAYIOUIErO psja:

Z = a\®, (x, y) + a,D, (x, y) +
+ a3®s (x, y) + ..., (e)

KaX[bl{l YJeH KOTOPOTO YIOBJIETBOPAET YCJAOBHAM Ha TPaHHLE MJIAaCTHHBI.
Jlanee HeoOXOAMMO OINpPEAENHTb TaKHE 3HAYEHHS KO3(PPHLUEHTOB ay,
Qs, Qg, ..., KOTOPHIM COOTBETCTBOBaJO Obl MHHHMaJbHOE 3HaueHHE KBa-
gpata yactothl (5.180). Takum nmyTeM NpHUXOAHM K CHCTeMe ypaBHEHH

THIIA
0 02Z \? 027 \? 027 027
) - Y 9y L 2 22
dan .”{(6:62) I-<0y3> I‘”+ax2 6y2+
027 \2 ph .
+20 =9 (53) — 25 Z}dxdy_O, (5.181)
JIMHEHHBIX OTHOCHTEJNBHO MOCTOSIHHBIX @), Gy, Qg, ... [IpHpaBHUBAs HYJIO

onpejesuTe]b 3THX YpaBHEHHMH, HaHIeM YacTOTHOe YypaBHEHHE [JIs
IJIACTHHBI.

B. PuTIl npuUMEHHJ 3TOT METOJ K HCCJENOBAHHIO KOJeOaHHH KBa-
JpaTHOH MJIAaCTHHBI C He3aKpelJIeHHBIMH KpasiMu *. Psp (e) B sToM ciay-
yae OblJI B3AT B BHJE

L= % ;amnxrn (x) Yn (!/), (el)

rge Xn (x) u Y, (y) — HopMaspHble QyHKLUHM 33JaYH O MOMEPEYHBIX
KoJeGaHHsIX TNPHU3MATHYECKOIO CTEPXKHS C He3aKpenJeHHbIMH KOH-

* Cwm. cr. B. Putua, unrupoBannyio suime. IIpuMenenue Merona Penes — Putna
JAs pAfia APYTHX TPAHHUHBIX YCJIOBHH NokasaHo B pabote Young D. Vibration of re-
ctangular plate by Ritz method. — Trans. ASME, J. Appl. Mech., 1950, v. 17, N. 4.

pp. 448—453.
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¥ oy=14,10 Y o,=20,56 v oy=23,91
|
| \\ // RN
| N . \
] \)\/ | \
| - AN \ ]
} SN N /
\\ ’/
I d A - .
g X g X 1} X
a) o) 6)
Puc. 5.40

namd (cm. m. 5.11). YacTorsl pasnnusbix ¢opM KosaeGaHHH MOXKHO OTpe-
JeJUTh 10 (opmyJie

p¥-j‘7]/g, (5.182)

rge o — NOCTOsIHHAsA, 3aBucAmas OT (opMbl KoseGaHuH. [as Tpex
HH3IIHX (OPM 3Ta NOCTOSIHHAS HMeeT cJelylollie 3HaueHus *: a; =
= 14,10; a, = 20,56; oy = 23,91. Y310Bble JHHHH JAsT COOTBETCTBYIO-
mHX ¢opM KoseGaHui'® nokasauwl Ha puc. 5.40, a—a.

Kpyrosble maacTuHbl. 3ajaua Koje6aHHs KpYroBOH NJACTHHBL Ghla
pemena I'. Kupxrogom **, KOTopblfi OIpejesaHsa YacTOTHl HECKOJbKHX
thopM KosieGaHHull MJIACTHH C He3aKpeIVIEHHbIM KOHTYpoM. TouHoe pelie-
HHE 3TOH 3aJauH Bhlpaxaercsi yepe3 (yHKuuu Dbecceas. Huxke usaa-
raercsi npuOJHKEHHOE pelleHHe, Nosgydaemoe MeronoM Penes—Purna,
KOTOPBIH AJs1 HU3WHX (QOpM KoseGaHHH OOBLIYHO JaeT AOCTATOYHYIO JJIs
NpaKTHKH TOYHOCTb. [IpuMeHsisi ator Meron, yjo6Hee npeoGpa3oBaTh
BblpaxkeHHus (5.174) u (5.175) COOTBETCTBEHHO J1JIsi OTEHUHANBHON H KH-
HEeTHUYeCKOH 3HEePrHH K NOJSPHOH cHUCTeMe KOOpAHHAT.

M3 tpeyronbuuka ABC, nzob6pa)ieHHOro Ha puc. 5.41, BHAHO, 4TO
MaJioe NpHpamese dx KOOpJAHHATHl X COOTBETCTBYET CJEAYIOUIMM NpHpa-
LWEeHUAM TOJSAPHBIX KOOpAHHAT:

dr = dx cos 0, d0 = —dx sin 0/r.

Torpa, paccmaTtpuBas nporu6 v Kak QyHKUHIO OT 7 U 0, mosyuaem

ﬂ——ﬂ.‘?ﬁ. ! @_@_—.a_vcose_a_v__gne
9x  ar ox | 90 ox  or a0 1

* Kosdouuuent [Tyaccona nonaranca pasuem 0,225.

** Kirchhoff G. R. Uber das Gleichgewicht und die Bewegung einer elastischen
Scheibe. — Journal fiir die reine und angewandie Mathematik (Crelle), 1850, B. 40,
Nr. 1, S. 51—80. [Ilepeneuarxa: Kirchhoff G. Ge§_ammelte Abhandlungen. — Leip-
zig: Johan Ambrosius Barth, 1882, S. 237—272; Uber die Transversalschwingungen
eines Stabes von verdndlichen Quershnitt. — Monatsbericht der Koniglich Preussis-
chen Academie der Wissenschaften zu Berlin. Sitzung der physikalisch-mathematischen
Klasse, 1879, Oktober, S. 815—828. ITepeneyarka: Kirchhoff G. Gesammelte Abhand-
lungen. — Leipzig: Johan Ambrosius Barth, 1882, S. 339—351.
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AHanoquHblM oépasoM HaXOAHM

)
dx cos 8 —_C dxsing v ng+2 av cose
- 71 —\8 oy  or '
- , I [ToBTOpHOE ﬂnd}d)epeHquOBaHHe
@ | Jaet
0%v 0 0 sin@
0 . P 5 = (37 0050 — 557 =)
dv dv sin®
X ( cos0 — ) =
Puc. 5.41 or 90 7
0% 9 0% sinBcos® | v sm26 av sin@cos® |
~ or? cos*0 — 2 00 or r +6r —’_2 r2 !
| 0% sin%@
- 002~ 2 ()
0v 0% . o 0%v sin 0 cos O
o = o S0+ 2 e —F—+
Oov cos20 dv sin BcosO 0% cos2f
__J‘_____ . —_— — .
B L (3)
9% 0% 9% cos 20 dv cos 20
oxoy  ort sinfcos O + - oxoy r 98 rz
Ov sin 0 cos 6 0% sinB cos 6
= or r T re ’ (H)
OTKyJa cJenyer
0% 0% 0% 1 1 o
Tttt Et e (x)
Po Py (Fo_ vl _1___620> 2 (Laye
oxt oyr 0x6y>  Tor? ( r or rz2 902 ) ) or ( r 66) :

[ToncraBnss Belpaxenus: (k) u (1) B BeIpaxkeHue (5.174) u nomemias
HaYaJo KOOPAMHAT B LEHTP MJIACTHHBI, MOJYYHM

2 a
D 0% I dv 1 9%0\2
Uzz*”[(w**rsr“vw)
02 1 ov 1 92
=g ()
0 1 ov
Lol — v){7 (_r-_ag)} ]rdﬂ dr, (5.183)

rae a — pajavyc naactHHel. Ecau dopma nporuGoB MIacTHHB CHMMe-
TPUYHA K OTHOCHTEJbHO LEHTPa NJAacTHHb, U Oyjer QyHKUHEHA TOJbKO
pamuyca r. Torpa Boipaxenue (5.183) npuHuUMaeT Buj

“ d? dtv 1 d
U:npj{( S ] _2(1_v)7r§—7d—f}rdr. (5.184)
0 .
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B cnyuae miacTuHbl, KecTKo 3amemseHHOH Ha Kpae, HHTETpan
0% 1 ov 1 0% 7] 1 ogo\)?
5 G5 w5 - o (5] |rdoar
obpalaercst B Hyab. Toraa us Belpaxenusa (5.183) nonyuaém

2n a
D 0% I 9v , 1 0%\2
U==2] j<w+7_a;+r_,zw) rdddr. (5.185)
00

Ecsn nporu6el paccMaTpHBaeMoii MIaCTHHBI CHMMETPHYHBI OTHOCHTEJIBHO
ee LEHTpa, UMeeM

U=aD | <_01 ,TI,,La_Zr’)zrdr, (5.186)
0

KuHeTHyeckass SHeprusi KPYToBOH MNJIACTHHBI B MNOJSIPHOH CHCTEME KO-
OpJAMHAT TPUHHMAET BU/J '

2 a
T=20f [ovrdoar (5.187)
0 0

HWJIH B CJydYae LUEHTPaJbHOH CHMMETPHH
.
T = nph | 9% dr. (5.188)

0

Hcnonb3ys 3TH BhIpakK€HHsl JJIsi MOTEHUHAJIbHON M KMHETHYECKOH SHep-
FHH, MOXXHO HAaHTH 4acTOTbl COGCTBEHHBIX (IOPM KoJieGaHHH KPYTroBOH
MJIACTHHBI TIPH pasJHYHBIX TPAHHYHBIX YCJIOBHAX *,

Kpyrosas njacTHHa, XecTKo 3aleMJeHHas No KOHTYpy. 3ajaua
O KpYyroBOH IJIaCTHHE, XKECTKO 3allleMJeHHOH N0 KOHTYpYy, NpejcTaB-
JsieT co0oH HHTEepec B CBSI3H C NPHJOXKEHHEM K pacueTy TeJeOHHBIX
MeMOpaH W APYTHM aHaJOTHYHbIM cayyasM. Hcnoabsys meron Pemesi—
Purtna, npeanosoxuM, 4To HCKOMOE pelleHre uMeeT BHJ (€), Ho Z siBasieTcs
¢ynkuued kak r, tak H 0. [Ipu KosebaHHsAX no HU3MIeH hopme KOHPUTY-
pauusi nporu6oB KoseGJIOmeicst NIaCTHHB CHMMETPHYHA OTHOCHTENbHO
HeHTpa NJIacTHHBL, mostoMy Z Oyaer ¢yHKuueit Tosbko r. Ecau ¢yHK-
uuio Z 3ajaBath B BHJE psia

Z=a(1—2) ba(1—5) 4 (M)

yCJIOBHE CHMMETPHH MPOrH60B GYyJeT BBINOJHEHO. YCJOBHS Ha KOH-
Type OyAyT TaKKe BBINOJHATbCHA, NOCKOJbKY KaxKjblii uleH pspa (M),

* Brinyxnennbie KoJeGaHHS KPYrOBBIX IJacTHH OBUIM HccaefoBaHbl B. ®uorre

(cM. Flugge W. Die erzwungenen Schwingungen der Kreisplatten. — Zeitschrift tech-
nische Physik, 1932, B. 13, N. 4, S. 199—204).
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a4 TAK¥KE WX TepBble NMPOM3BOJHBIE Ii0 r NPH r = a GyayT obpamarbcs
B HYJb.

YcioBHe MHHHMYMa, COOTBeTCTBylomlee paseHctBy (5.181), B pac-
CMaTPHBAEMOM CJy4ae HMeeT BHJ )

0 j{( d22+—1—d—z)2~%zz}rdr=o. (5.189)

dan dr? r dr

YaepxKaB TOJBKO OAWH YJeH psxa (M) M MOXCTABUB €r0 B PAaBEHCTBO
(5.189), noayuum

96 _ poh a® 4
%D 10
OTKYZa
p == (10,33/a%) V D/(ph). (5.190)

g Toro 4to6el noJy4HTh Gosiee GJH3KOE K TOYHOMY 3HAueHHe AJis
4acToTHl KoJeOaHHH, yaAepKHUM B psfe (M) ABa NMepBBIX ujaeHa. B pesyJb-
TaTe IMOJYYHM

a
d2Z 1 dZ 96 2 , 3 9 o
—_— — e == — 4 ——a M
[ (7t 7)) rdr=g (a5 a5 &),
0

a

2 5 5
[ 2% dr =5 (@ - @18 + o ab).
0

U3 ycaosus (5.189) Haxoaum
(-t E) =
() a4
A = a'p®oh/D. (0)

[IpupaBHUBas HyJIO OMpEAEHTENb CHCTEMBI (H), TOJYYHM

a2 — 20848, 1 768.36.7 =0,

(1)

rne

OTKyJa HMeeM
A, = 104,3; A, = 1854.
[ToacranoBka 3THX 3HaueHHWil B (0) jpaer

10,21 D, 43,06 D
Pr=—03 R pd:T ok (5191)

Taxum o6pasoMm, BHAHM, UTO p; SBJISIETCS YTOUHEHHBIM 3HAU€HHEM ua-
CTOTHl HU3lIEeH (OpMBL KOJIeGAHHH KPYroBOH IJIACTHHBI, a Py NPEACTAB-
Jsiet rpy6oe npubaHKeHHe L5 4aCTOThI BTOPOH (hopMbI KosebaHu |, Korja
KoJseBJII0ILasnCcs JIaCTHHA HMeeT OAHY Y3JI0BYIO OKPY2KHOCTE. C IOMOIILbIO
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yKa3aHHOTO MoJX0Aa MOTI'YT ObITh HCCJEIOBaHBI Takke H GOpMLl KoJje-
6aHuil ¢ y3JIOBHIMH JAHaMeTpaMH.
Bo Bcex paccMOTpPEHHBIX BHILIE CJAyYasX 4acTOTy KoJeGaHHI MOXKHO
onpefeautb no dopmysie
a 7/ D
==V (6.192)

Hexkoroprie 3Hauenns nmoctosHHOH o (A5 3aJaHHOTO YMCJA S Y3JIOBBIX

AMAaMETPOB M 3aJaHHOTO YHCJ/A A Y3JOBBIX OKPYKHOCTEH) NpHBEAEHBI
B TabJ. 5.2.

5.2. 3Hauenus o 5.3. 3HaueHus ¢ JAJIs KPYroBoi
AJiS KPYroBoH miacTHHBI MJIACTHHB € HE3aKpelJeHHHIM
KOHTYpOM
s n=20 n =1 n =2
s n=20 n=1 n==2 n==3
0 10,21 21,22 34,84
1 39,78 — — 0 — — 5,251 12,23
2 88,90 — — 1 9,076 | 20,52 | 35,24 | 52,91
2 138,52 | 59,86 — —

Ecan nuactuHy norpysutb B BOAY, HacTOTHI €€ COGCTBEHHBIX KoJe-
GaHHH MOTYT 3HAYUTEIbHO H3MEHHTLCA. [l TOro 4To6bl yuecTb BJAHsSHHE
Macchbl KHIKOCTH Ha YacTOTy OCHOBHOH (opMBI KoJeGaHHH, BMeCTO
Gopmyaer (5.192) Bo3bMeM caeny- 5.4. 3WayeHus o JAJs KPYropoi

omypo *: TUIACTHHBI, KECTKO
3alemMIeHHo# B LEHTpe

10,21 /D
= e . e (5.193
Pr a2V 141 l ph’ ) s 0 1 2 3
rae n = 0,6689 (p,/p) (a/h); pi/p —
— OTHOHIeHHE TIVIOTHOCTH 2KHAKOCTH [e2 3,75 20,91 60,68 119,7
K IJIOTHOCTH MaTevaaJIa nJmjaa-

CTHHBI.  PaccMoTpuMm, Hampumep,
KPYTOBYIO CTa/bHYIO MJIACTHHY, JKECTKO 3alEeMJIEHHYI 110 KOHTYPY H
norpyxeHHywo B Boiy. Ecau a = 8,9-102 M, A= 3,2-10% M, TO
BEJMUYHHA 1) NPHHEMAET 3HaYeHHe

=006 (1) (£2497) =20

Torza umeem 1/3/1 + 1 = 0,542, a 570 03HAUAeT, YTO YACTOTA HHM3ILEH
dopmbl  KoneGanu#i Oyrer wmeHpuie B 0,542 pasa no OTHOWEHMIO K
HCXOMHOH.

Kpyrosasi njacTHHa NpH APYrMX rpaHH4HBIX yCJIOBHAX. Bo Bcex
caydasiX 4acTOThl KoJe6aHHH KpPYroBOiH MNJIaCTHHLI MOXKHO ONpENEeHTh

* Lamb H. On the vibrations of an elastic plate in contact with water. — Proc.l
Roy. Soc. London, Ser. A, 1920, v. 98, N. A690, pp. 205—216,
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no gopmyse (5.192), noso6pap COOTBETCTBYIOLIEE "3HAYEHHE MOCTOSH-
HO# a. [l/1si KpyroBoH NJIACTHHBI ¢ HE3aKPeIJIEeHHBIM KOHTYPOM, NPH KoJie-
GanusaXx KOTOpoH 006pasyloTcs n y3JOBBIX AHAMETPOB H S Y3JIOBBIX OK-
pPyXHOCTEH, TMOCTOsIHHAA & MNPHHHMAeT 3HAueHHs *, TPHBEJEHHBIE
B Tabua. 5.3.

JJ1si KpyroBo¥ MJIaCTHHEI, KE€CTKO 3allleMJIeHHOH B LeHTpe u obpa-
ayloled NpH KoJeOaHHAX § Y3JOBBIX OKDYXKHOCTEH, 3HAuYeHHs ** «
npuBeJeHsl B Tabu. 5.4. HacToThl dopM KoJeGaHHH, HMEIOUUX y3J0BbE
AHaMeTprl, GyayT COBNAjaTh C YaCTOTAMH IJIACTHHBI C HE3aKpeIJeHHbIM
KOHTypom?'S.

* Koadpunuent ITyaccoHa npu 3ToM noaaraics PaBHBIM 1/,.

*%* Cm. Southwell R. V. On the free transverse vibrations of a uniform circular
disc clamped at its centre and on the efiects of rotation. — Proc. Roy. Soc. London,
Ser. A, 1922, v. 101, N. A709, pp. 133—153. Kos¢p mument Ilyacconma 3xech Ho-
saraiacst pasubiM 0,3.



NPUJIO)KEHUE
NPOrPAMMbBI AJ1S1 3BM

I1.1. BBEAEHHE

Ilo pany 3aTpOHYTHIX B 5TOH KHHI'€ BONPOCOB GBLTO BECbMA XKEJaTeJAbHBIM HCIOJAb30-
BaHHE BRIYHC/IHTENbHOH MaIIHHB A/ OCJErdeHHs PacueToB. STH BOMNPOCH KAcCaJHCh BHI-
UHCJIEHHH M JJIsl CBOETO pelleHHS TPeCGOBANH BHINOJHEHHS. GOJBLIOTO YHC/a apHpMETH-
yeckux onepauui. ITosromy GbuiH pa3paGoTaHbl H B JIAHHOM MPHJIOXKEHHH IPHBEJEHB!
HECKOJIbKO MMOJESHbIX JJIst H3yueHHs nporpaMM. OHM 3amucaHbl HA fI3bIKE C Pa3jlelleHHeM
Bpemenn * BEWICHK, KoTopuiii IUIHPOKO PacIpOCTpaHeH H HECJAOXKeH B H3ydeHHH. I10Jb-
3oBatesqbr OBM, paGotaromuii ¢ sspkamn G®OPTPAH, AJITOJI u ap., MOXeT TpPaHCIH-
poBaThb NPHBOJHMBE 3/ieCh NPOrpaMMbl, He 3apydasiCb COTJIACHEM aBTOpa.

I1.2. YUCJEHHDBIE PEWMEHHUA MJ JUHEHHbLIX
CHUCTEM

B n. 1.15 TeMa uHC/IeHHBIX pellleHHH OGCYX/Jadach NPHMEHHTENbHO K JIHHEHHBIM
CHCTEMaM C OfIHOH CTeneHbio cBOGOAbI. /sl ompejesieHHs AHMHAMHUYECKHX NepeMeleHH
NPH OTCYTCTBHH JeMNPHPOBAHUS B NOAOCHOH CHCTeMe M NpH AHCTBHH Ha Hee BOSMYyINa-
IOIHX CHJI, OMHCBIBAEMBIX KYCOUHO-NOCTOSHHBIMH H KYCOYHO-JHHEHHHMH GyHKUHAMH,
TaM NpHBOJATCA BhpaxeHus (1.768), (1.76r), (1.778) u (1.77r). ITporpamma CONFORCE
MOCTPOEHA HA HCMOJAb30BAHHH MEPBBIX JBYX H3 3THX BbIPAXKEHHH B aJTOPHTME, BBHIYHC/S-
IoleM JHHAMHYECKHE NepeMeleHHs NMpPH JeHCTBHH KYCOYHO-NIOCTOSTHHOH BO3MYILAMOLieH
cuabl, TekceT 3Toff NporpaMMBI MpPHBEJEH HHXKe BMeCTe C Pe3yJbTaTAMH PAcyeToB MO Hel
AJISl TECTOBOH 3a/1auH, NMPOBE/IEHHBIX ]IS OTIAJKH NMPOTPaMMbl. TOT NPHMEP OTHOCHTCS
K CHCTEME C OJIHOH CTENeHbI0 CBOGOJALI, XKECTKOCTh MPYXKHMHH paBHa k = 0,18-10% H/m,
NepHOJ COGCTBEHHbIX KoJeGaHuit coctaBaserT T = 10 c¢. B xauecTBe BosMmywiaromei cuibl
NPHKJIAJBIBAETC eJIHHMYHAS CTyneHyaTas QyHKUWs, JHHAMHYECKHE IMepeMelleHns
BBIYHCJISAIOTCA Ha MATH IOCTOSSHHBIX LIarax IO BPeMeHH, paBHBIX Af= 1 c¢. B xonue
MATOrO IIara no BPeMEHH MepeMelleHne X5 A0MXKHO paBHATbeA 0,0508 M, a ckopocTs vy
JOMXHA NPHHATH 3Hauehwe O M/c. [IpoBepKa 5THX pPe3yJabLTATOB NOKAa3HBAET, YTO HX
TOYHOCTb PABHA MALIHHHOH TOYHOCTH.

Ilporpamma CONFORCE 6bl1a nepeseiaHa BO BTOPYIO NpOTpaMMy, Ha3BaHHYIO
LINFORCE u npepsasHaueHHYIO A5 BHIYHCIEHHS IHHAMHYECKHX TepeMelleHHil CHCTeMbI
C O/IHOH CTeNEeHbI0 CBOGO/B NPH ACHCTBHH BOSMYIIAIOWEH CHJBI B BH/I€ KYCOUHO-JTHHEHHOM
¢ynxuun. B stoM cayuae Bmecto popmya (1.768) u (1.76r) ucnoab3yroTcsi peKyppeHT-
Hele opmyan (1.778) u (1.77r). [lostoMy noTpe6oBaoCh HECKONLKO W3MEHHTb TEKCT
nporpamMbl CONFORCE, uTo6bl ydecTs pasnuume 3THX (opMya. XoOTs mporpamma
LINFORCE sBasercs B Kakoii-To Mepe Gosiee ru6koii, uem nporpamma CONFORCE,
00€ OHH NOJE3HRE! NPH HCCJIE/IOBAHHH HEYCTAHOBHBILETOCS MOBEJEHHS CHCTEMBI B CAyYasX
KOr/la BO3MYyLIAIOIMEe CHJIB ONMHCHIBAIOTCA (PYHKIHSIMH, KOTOPbIE HE OTHOCATCH K KJaccy
HEMPEPHIBHRIX AHAJTHTHYECKHX (YHKIHIH.

* Kemeny J. G., Kurtz T. E. BASIC programming. — New-York: J. Wiley,
1967. 122 p.
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N.3. YUCJIEHHBIE PEMIEHUA AJIA HEJHUHEHHBIX
CHCTEM

B n. 2.6 onucaHbl YHCJIEHHEE METO/bI PELICHHS HEJHHEHHbIX yPABHEHHN JBHKEHHA
CHCTEM C OJHOH CTemeHbio cBOGOAH. JIBa MOAPOGHO OGCYKIEHHEIX TaM NOAXOJAA Tpei-
CTaBJISIOT METOABl OCPEJHEHHHIX H JIHHEHHBIX YCKODEHHH, BKJIOYAMOIME HTEPAlHH Ha
KaXJIOM 1iare mo BPeMeHH. JKCTPamOJSAIHOHHBE (HOPMYJB JJis METOfA OCPEJHEHHBIX
YCKODeHHH COCTaBJSIOT BhIpaxeHHs (2.64)—(2.69). [lns [1eMOHCTPAIMH BO3MOXKHOCTH
NpHMEHeHHst 3THX (opMysn kX mpuMepaM 1, 2 m 3 u3 n. 2.6 3jech npejAcTaBJIeHH TPH
CnelHaJH3upPOBaHHbIE NpOrpaMMel moji HasBannem AVACIA, AVAC2A u AVAC3A.

ITporpamma AVACIA BhuHC/ISET AHHAMHYECKHE MepeMelleHHs JIeMIdHpOBAHHOMN
JIHHEHHON CHCTEMBI IPH IEACTBHH BO3MYINAIOMmEH CHAB B BHJE CTYNeHYaToll GyHKIMH Qg
H CPaBHHBAeT MOJyYeHHbIe De3yJbTaThl C TOYHHIM pelleHHeM. JlaHHBle, MPHBEJEHHEIE
B KOHIIE TEKCTa NMpPOTrpaMMbl, COOTBETCTBYIOT TOMY, 4YTO GbLIO 3ajaHO B npuMepe | u3
n. 2.6, a pe3ynbTaTH PacyeToB BOLULIH B Ta6i1. 2.la. 3Ty mporpaMMy MOXKHO TepejesaTh
B mporpammel AVACIB, AVACIC 1 T. A., OTHOCAIIHECS K HHBHIM THIIAaM BO3MYIIAIOIHX
CHJI, IyTEM TEPENeJIKH NMPOLeAYP, B KOTOPBIX BBIYHCJSIOTCS YCKODEHHE H TOYHOe 3Ha-
YeHHE IIePEMEIEHHsl Ha KaxJOM Ilare Mo BpPEMEHH.

ITporpamma AVAC2A npennasHaueHa jJisi ONpefieseHHsT TPHOJIHKEHHEX 3HAYeHHI
JMHAMHYECKHX TepeMelleHHH NpPOCTOr0 MAasTHHKA INDH 33JJaHHH HayYaJbHBIX YCJOBHH
Ha repeMemeHHsl ¥ CKOpocTb. JlaHHbIe, cojiepiKamuecsi B KOHIIE TIPOrpaMMbl, OTHOCATCS
K mpuMmepy 2 Hu3 m. 2.6, a pe3yJbTaThl pacueroB mnomemeHsl B Taba. 2.2. C ueisio
HCCJIEIOBAHHS IPYTHX CHCTEM C FeOMETPHYECKHMH HeJHHEHHOCTAMH THIIA PACCMOTPEHHBIX
B 3ajadax H3 M. 2.1 MOKHO COCTABHTb BapHAHTbl 3TOH NPOTPAMMEl, 03alJIaBHB HX
AVAC2B, AVAC2C?un 1. 1.

ITporpamma AVAC3A npennasHaueHa JJisi OmpefiesieHHS! MPHOJIHMKEHHKIX 3HAYeHHI
JNHHAMHYECKHX TNepeMeIeHHH neMnpHPOBAHHONH CHCTeMBl C TNPYKHHOH, HMeIOLieH BO3-
pacTaomylo KeCTKOCTb H 3aBHCHMOCTb HATPY3KH OT NepeMelleHHs B BHAE KyGHYECKOH
OyHKunu (cm. npumep 3 u3 n. 2.6). IIpeanosaraercsi, 4To B CHCTEME HMEETCSl BSIZKOE
ZeMNHPOBAHHE H HA Hee JeACTBYeT BOSMYLIAIOWAS CHJIa B BHIE CTYNeHYaTod (yHK-
unH Q. JlanHBe B KOHIe MPOrpaMMbl OTHOCATCS K NPHMEPY 3, DE3yJbTATH PacueToB
cBelieHBl B Ta6J. 2.3. [lnsA cHCTEM, YbH 3aBHCHMOCTH HAaTPY3KH OT NEpeMelleHHsT HMEloT
HEJIHHeHHOCTH, THINIa PAacCMaTPHBABIIMXCA B 3ajadaX K M. 2.2, MOXHO COCTaBHTb MpO-
rpaMMsl, osarsiaBuB HX AVAC3B u T. 1.

Ha6op cnennannsnpoBaHHBIX nporpaMM moj HasaHneM AVAC4A, 4B u 1. 1.
MOXHO COCTAaBHTb JJISl HCC/AENOBAHHSA CHCTEM C KYCOYHO-THHEHHBIMH XapaKTePHCTHKAMH,
THIIA NPHBOAMBILHXCA B 3ajayax K m. 2.5. Kpome Toro, Jio6ast u3 nporpaMM, HCIOJb-
3ylolas MeTOA OCPe/IHeHHBIX YCKOPEHHH, MOXeT ObiTh 6e3 0co6oro Tpyjla mnepefiesiaHa
TIPHMEHHTEJIbHO K METOLY JIHHEHHBIX YCKODEHHIt, eC/ii BMeCTO BhipaxeHHs (2.65) B3aTh

opmyny (2.74). Ilo cymecrBy anst mepexoga or mporpamm AVACIA, AVAC2A u
VAC3A x nporpammam LINACIA, LINAC2A u LINAC3A tpeGyercss H3MEHHTb TOJIBKO
HECKOJILKO CTPOK B KaxJOH H3 3THX IPOrpaMM. v

Bonee Toro, npu mporpaMMHpOBaHHH MOXHO HCIOJIb30BaTh KakK (OPMYJBI KCTpa-
TIOJSILMH, NPHBEJeHHbe B M. 2.6, Tak H HTepauoHHbl noaxoj. Ho mporpamma, ocro-
BaHHAsA Ha TOCJEJHEM, B NPHJIOKEHHE He BKJIOYeHa.

N.4. A”TEPALUOHHBIH METOJ ONPEAEJIEHHA
COBCTBEHHbIX 3HAYEHUW M COBCTBEHHbIX
BEKTOPOB

HrepannonHblii METOX BHIUHCJIEHHS 9aCTOT H hOPM KoseGaHull /151 IHHEHHBIX CHCTEM
CO MHOTHMH CTelleHAMH CBOGOABI OB ONMHCaH B 1. 4.7. PekyppeHTHBIMH GOPMYJIaMH /s
OnpejieieHHsi TIJIaBHOTO COOCTBEHHOTO 3HAYEHHSI H COOTBETCTBYIOUIETO COGCTBEHHOTO
BEKTOpA SIBJAIOTCA BhipaXeHHs (4.100)—(4.102), cooTBeTcTBYOIHE BOPMYJIH A5 3a1auH
Ha cOOCTBEHHbIe 3HAUEHHS, KoJeGowmeics cucTeMsl, cyTh (4.103)—(4.105). Kpome Toro,
BBEJIeHHe OTpaHHYeHHH Ha $OpMbl KOJeGaHHH H HCIONB30BAHHE «BHIMETAIOLIAX» MATPHIl
JJIS1 HaXOXJEHHSI MEePBOH H BTOPOH GOPM KoNeGaHHH NPHBOAHT K aJrOPHTMY, HCNOJb-
yiomiemy BbipaxeHns (4.106)—(4.109). Bce sTH BblpaKeHHS BKJIIOEHBI B nporpamMmmy
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EIGIT3 nna onpeneneHHs METOAOM WTepaLMi TNePBHIX TpPex COOGCTBEHHBIX 3HAYeHHM
H COOGCTBEHHBIX BEKTOPOB CHCTEMBI CO MHOTHMH CTeNE€HSIMH CBOGoAn. PacneuaTka stoit
NPOTPaMMBI CONEPXKHT HCXOJHBIE NaHHBIE 1JIST TPEXMACCOBOH CHCTEMBI, NTOKa3aHHOH Ha
puc. 4.1, a, xoTopas HCHOJb30BaJaCk B KauecTBe UHCJAOBOTO npumepa B 1. 4.7 (cM.
taba. 4.1 u 4.2). EIGIT3 yno6Ho Kcroab30BaTh /A HCC/AEI0BAHHS CHCTEM CO MHOTHMH
CTEMEHSMH CBOGOAL -C IOJOXHTEJNLHO ONpENeJIeHHON Marpuliell Ko3hdHLHeHTOB (CM.
3ajlaud H3 N. 4.7). 3Ty nporpaMMy MoOXHO YCOBEpPIIEHCTBOBaTb, YTOGH HMEThb BO3MOXK-
HOCTb HccJ/lefoBaTh GoJsiee Tpex GOpM KosieGaHHH, H TOTAa €€ MOXKHO HCII0Jb30BATh B Ka-
yecTBe 6J0Ka AAA omHchiBaeMod Hixe nporpammbl DYNACONS.

M.5. YUCJEHHBIE PEHIEHHA AJII CUCTEM CO MHOIHMH
CTENMEHSMH CBOBOJAbI

B n. 4.11 MeTox HopManbHBIX HOPM KOJeGaHHE NMPUMEHEH K PEIIEHHIO 3ajlauH HCcJle-
JIOBAHHS HEYCTAHOBHBILET'OCs IOBEJEHUst NeMNMHPOBAHHOH JHHEHHOM CHCTEMBI CO MHO-
THMH CTeNeHSMH CBOGOJbI NMpPH AeACTBHH BO3MYILAIOIHX CHJI, ONHCHLIBAEMBIX KYCOUYHO-
NMOCTOSTHHBIMH H KYCOYHO-JHHeHHBIMH ¢yHkuuaMu. [Tporpamma DYNACON3 ocHoBana
Ha npHMeHeHuH Bblpaxkenuit (4.155a) u (4.1556) nsisi ompenesneHust mepBHX Tpex dopm
KoJIle6aHHH CHCTeMB NPH JeHCTBHH BO3MYILIAomlell CHJIB B BHJE KYCOUHO-IIOCTOSIHHOM
¢yHKUHH. Jta nporpamMa coueraer Joruky nporpaMmm CONFORCE u EIGIT3 ¢ kol-
LenuHel KOODAHHATHEIX Npeofpa3oBaHuii, Jexamel B OCHOBE MeTOJa AHHAMHYECKHX
HCCJIEJOBAHHA C NOMOIbIO HOPMaJbHHIX (OpPM KoJeGaHHH.

Jannble, moMeleHHble B KOHLe pacneyaTKH nporpammbl DYNACONS3, otHocsTcs
K TpexMaccoBoOi CHcTeMe, NOKa3aHHOH Ha pHc. 4.3, KoTopas NpPeACTaBJsieT ONHY H3
OTJIAJIOYHbIX 3ajady. B 5TOM NpHMepe cHCTEMa HMeJa CJeIYIOllHe NapaMeTphl: Yy =
= Yo = Y3 = 0,05; k; = ky = kg = 0,18-10° H/M; m; = my = mg = 0,18-10° H-c?/m.
HauvanbHble nmepemelleHHss W CKOpPOCTH ObUVIM paBHbl HYJIO, H K TpeTbeH Macce GbuIa
NPHJIOXKEHA CHJa B BHAE CTyneHuaroff ¢yHKLHH, paBHOH eiuHHIe. [ToBelleHHe cHCTeMBI
HCCJIelyeTcsl Ha HHTepBaJie BpeMeHH IJIuHOH 10 ¢ ¢ MOCTOSHHBIM IIaroOM IO BpeMeHH,
paBHeiM Af = 1 c. Ilocae BHINOJHEHHS NPOTPAMMEl IeYaTalOTCH pe3yJAbTaTH B BHJE
COOGCTBEHHBIX 3HAUeHHH, COGCTBEHHLIX BEKTOPOB H JHHAMHUECKHX NepeMeIleHHH IO TpeM
nepebiM ¢opMaM KoseGaHuil cHcTeMbl. [IpHBelleHHble TaM uHC/AAa OBIIH IOATBEPXKAEHBI
NMyTeM pYYHOTO CueTd, YTO IO3BOJSET pacCMaTpHBaTb 3Ty NpPOrpaMMy Kak BIIOJIHE
KOPPEKTHYIO.

Kak yxe ormeuanoce B 1. 4.11, nporpamma DYNACONS 6bi1a uenoabsoBaHa miIst
HOJIy4eHHS Pe3yJbTaTOB, NIPHBEAEHHLIX B Ta6s. 4.3 W mokasaHHLX Ha pHc. 4.5. Kpome
TOTO, pEe3yJabTaThl, HOJY4YeHHblE C NOMOIIbIO aHajoruyHod mnporpaMmbl DYNALINS,
noMeleHbl B Ta6n. 4.4 W noKas3aHb Ha puc. 4.6. Srta nmporpamMMa no3BoJisieT ofpeieauTh
JHHAMHYECKHE IlepeMellleHHsT 1O INepBuM TpeM ¢dopMaM KojeGaHuii JeMndupoBaHHOH
CHCTeMbl, Ha KOTOPYIO AeficTBYeT BOSMYIIAloIas CHJIa B BHAE KYCOYHO-JHHeHHOH (yHK-
uun. OHa Gbuia nosydeHa nyTeM Moxudukaunuu nporpamvbl DYNACONS, rze Bmecto
Boipaxkenuit (4.155a) u (4.1556) 6b1M Hcro/b30BaHBI BhipaxkeHHst (4.158a) u (4.1586).
UnraTesnio 6b10 OB NTOJIE3HO B KauecTBe YNPaXKHEHHS ONpefeJHTb BHJ Te€X H3MEHEHHH,
KOTOpble NPH 3TOM HEOGXOJHMO CHesaTh. JHEPIHYHOMY IDOTPaMMHCTY MOXKET HpejcTa-
BHTbCSI HHTEPECHBIM PAaCHIHPHTh BO3MOXKHOCTH nporpaMMbl DYNALIN3, uTo6bl umcio
¢dopM KoseGaHHH CHCTEMBl CTaJlO BXONHLIM IapaMeTpoM, KOTOPHIH MOr Gbl MpHHHMAaTh
[eJIOUHCJeHHble 3HAaueHHs He or |1 no 3, a or | o n. BuJo 66 noJe3HO BKJIOYHTh
B KPYT BO3MOXKHOCTEH NpOrPaMMEI HCCJIefOBaHHE (OPMBI ABHXKEHHS KaK aGCOJIIOTHO
KECTKOro Tesa (cM. m. 4.11), npu 5TOM HEKOTODHIE UHCJIEHHble METOAb PEIIeHHs 3ajad
Ha COGCTBEHHblE 3HAUEHHST MOXKHO 3aMEHHTb UTepPalHOHHBLIMH MeTolamu. CyMMupys cKa-
3aHHOE, OTMETHM,  YTO CYIHECTBYET MHOTO HHTEDECHBbIX H INOJIE3HBIX C TOYKH 3PeHHS
NpOrpaMMHPOBAHHST BO3MOXHOCTEH H B jJaHHOH KHHre GblJla 3aTPOHYTa TOJIbLKO MaJjas
HX 4YacTb.
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COMPUTER PROGRAM

1. REM=-=-=-V|BRATIONS PROGRAM CONFORCE W. WEAVER, JR,
2. REM  (PIECEWISE-CONSTANT FORCING FUNCTION) STANFORD UNIV,
3, REM===== NOTATION
4, REM N1 = NUMBER OF TIME STEPS
5, REM T = TIME; D = TIME INTERVAL
6. REM Q = MAGNITUDE OF FORCING FUNCTION
7. REM X = DISPLACEMENT; V = VELOCITY
3. REM K = SPRING CONSTANT
9. REM T1 = NATURAL PERIOD; P = ANGULAR FREQUENCY
10. REM X0,V0 = INITIAL VALUES OF X AND V
1. DIM T(100),0(100),Q(100),X(100),v(100)
12. READ K,T1,X0,V0,N1
13. P = 2¢P1/T1
14. MAT READ T(N1),Q(N1)
15, PRINT 'UNDAMPED RESPONSE TO PIECEW!SE-CONSTANT FORCING FUNCTION'
16. PRINT
17. PRINT
18. PRINT *T(1) DC1) Q(t) X1 TN
19. PRINT
20. PRINT ' 0 1X0,V0
21, REM-=-==- COMPUTE AND PRINT RESPONSE
22. D(1) = T(1)
23, X1 = X0
24, V1l = VO
25. FOR 1 = 1 TO N1
26. IF | = 1 THEN GO TO 30
27, D(1) = TC1) = T(1-1)
28. X1 = X(1-1)
29, vVl = v(I-1)
30, C1l = COS(P*D(1))
31, C2 = SIN(PsD(1))
32, X(1) = X1+C1 + V1eC2/P + Q(1Xe(1,~ C1)/K
33, V(1) = = X1¢C2#P + V1+Cl + Q(I)'CZ'P/K
34, PRINT TC1);DC1);QC1);:X(1), V(1)
35, NEXT |
36. PRINT
37. STOP
38, DATA 1,10,0,0,5
39, DATA 1,2,3,4,5
40, DATA 1,1,1,1,1
41, END

COMMAND ? go

UNDAMPED RESPONSE TO PIECEWISE-CONSTANT FORCING FUNCT!ON

TCI)Y oC1) Q) X)) v(t)

0 - - 0 0

1 1 1 .190983 .3693163

2 1 1 .6909829 .5975664

3 1 1 1.309016 .5975664

L3 1 1 1.809015 .3693166

5 1 1 -1.999998 ‘1.430511€E~06

LINE 37 .(4000) STOP EXECUTED
COMMAND ?
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109.
110.
111.
112,
113,
114,
115,
116,
117,
118.
119,
120.
121.
122,
123,
12n,
125,
126,
127,
128,
129,
130,
131,
132,
133,
134,
135,

COMMAND 7

COMPUTER PROGRAM

REM===== VIBRATIONS PROGRAM-~-AVAC3A
REM (AVERAGE-ACCELERATION METHOD)
REM==<«~«NOTATION

REM T = TIME; D = TIME INTERVAL

REM X,Y,Z = DISPLACEMENT, VELOCITY, AND ACCELERATION
REM M,C,K = MASS, DAMPING, AND SPRING CONSTANTS

REM S = SCALAR MULTIPLYING NONLI!NEAR TERM

REM X0,Y0 = INITIAL VALUES OF X AND Y AT TIME T =
REM Tl = TIME RANGE OF INTEREST

REM N1 = NUMBER OF TIME INTERVALS

REM El = ALLOWABLE ERROR RATIO

REM 01 = MAGNITUDE OF STEP FUNCTION

DIM T(100),X%(100),Y(100),Z(100)

READ M,C,K,S,X0,Y0,T1,N1,E1,Ql

D = T1/N1

PRINT 'AVAC3A-w~-=-~ TIME INTERVAL = ', D
PRINT

PRINT

PRINT 'TIME 1 TERS. APPROX. X APPROX.

PRINT

PRINT * 0O ,X0,Y0
REM====~ INVTIALIZE 20 AND I TERATE Y(I) X(I) (1)
Z0 = (Q1 - CeYD - K#(X0 + SwXO-XO'XO))/M

FOR | =1 TD N1

T(1) = 1+D

IF t = 1 THEN GO TO 111

IF 1 = 2 THEN GO TO 115

A = ¥(1=1) « Z(1=-1)#D/2

B = X(1-1) + Y(1-1)«D/2

Y1 = Y(1-2) + 2«Z(1=1)+D

GO TO 118

A = YO ¢ Z0«D/2

B = X0 + YO#D/2

Y1 = Y0 ¢ ZQ+D

60 TO 1118

A= Y(1) ¢ Z(1)+D/2

B8 = X(1) + Y(1)+D/2

Y1 = YO ¢ 2e7(1)#D

J el

GO TO 123

Jow g ol

X(1) = X1

Yl = A + ZleD/2

X1 = B + Y1#D/2

Z1 = (01 = C+Y1 =Ke(X1 ¢ SuXleXleX1))/M
IF J = 10 THEN GO TO 127

IF ABS(X1 = X(1)) >= F1eABS(X1) THEN G0 TO 120

X(r)y = xi1

Y(1) = v1

(1Y) = 71

PRINT T(1),Jd,XC1),Y(1)
NEXT |
PRINT
sToP
NATA 100,0,400,2,0,10,9,5,20,0,0001,n
END

Y'
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COMMAND ?

460

COMPUTER PROGRAM

REM-==~-- VIBRATIONS PROGRAM~-AVAC2A

REM (AVERAGE-ACCELERATION METHOD)

REM===~=~ NOTATION

RCM T = TIME; D = TIME INTERVAL

REM X,Y,Z = DISPLACEMENT, VELOCITY, AND ACCELERATION
REM Kl = Pse2 = G/L FOR A SIMPLE PENDULUM

RFM X0,Y0 = INITIAL VALUES OF X AND Y AT TIME T = ¢
REM Tl = TIME RANGE OF INTEREST

REM N1l = NUMBER OF TIMF INTERVALS

REM E1l = ALLOWABLE ERROR RATIO

DIM T(100),X%(100),Y(100),Z(100)
READ K1,X0,Y0,T1,N1,E1
D = T1/N1 .
PRINT *AYAC2A~==== TIME INTERVAL = ', D
PRINT
PRINT
PRINT 'TIME ITERS., APPROX, X APPROX, Y!
PRINT
PRINT ' O ',X0,Y0
REM=~==~INITYALIZE ZO AND ITERATE YCI),X(1),2(1)
Z0 = = K1+SIN(XO0)
FOR I = 1 TO N1

T(1) = 1D

JF | = 1 THEN. GO TO F11

IF I = 2 THEN GO TO 115

A= Y(I-1) + Z(1-1)+D/%

B = X(1-1) + Y(1-1)+D/2

Y1 = Y(1<2) + 2#Z(1-1)4D

G0 TO 118

A = Y0 ¢ ZO0«D/2

B = X0 ¢ Y0sD/2

Yl = YO + Z0sD

GO TO 118

A = Y(1) + Z(1)»D/2

B = X(1) + Y(1)«D/2

Y1 = YO 4 24Z(1)eD

J =1

GO TO 123

Jd=Jd + 1

X(1) = X1

Y1 = A + Z21+0D/2

X1 = B + Y1#D/2

Z1 = - K1+SIN(X1)

IF J = 10 THEN GO TO 127

IF ABS(X1 = X(1)) >= E1+ABS(X]) THFN GO TO 120
X(1) = X1
Y(1) = Y1
Z(1) = 71
PRINT TC1),Jd,X¢1),Y(L)
NEXT
PRINT
sToP

gagA 3,437687,1.570796,0,2,20,0.0001



COMPUTER PROGRAM

1. REM-===~= VIBRATIONS PROGRAM--AVAC1A
2, REM (AVERAGE-ACCELERATION METHOD)
3, REM==~~~ NOTATION
. REM T = TIME; D = TIME INTERVAL
5. REM X,Y,Z = DISPLACEMENT, VELOCITY, AND ACCELERATION
6. REM M,C,K = MASS, DAMPING, AND SPRING CONSTANTS
7. REM X0,Y0 = IMITIAL VALUES OF X AND Y AT TIME T = 0
3. REM T1 = TIME RANGE OF INTEREST
9. REM N1 = NUMBER OF TIME INTERVALS
10. REM £1 = ALLOWABLE ERROR RATIO
11. REM Q1 = MAGNITUDE OF STEP FUNCTION
12. DIM T(100),X(100),Y(100),Z(100)
13. READ M,C,K,X0,Y0,T1,N1,E1,Ql
14. N = C/(2+M)
15, P = SQR(K/M -~ N*N)
16. D = T1/N1
17. PRINT 'AVAC1A-==~= TIME INTERVAL = *, D
18. PRINT
19. PRINT
20. PRINT 'TIME 1 TERS. APPROX, X FXACT X'
21, PRINT
22. PRINT ' 0 - ',X0,X0
101, REM----- INITIALIZE 20 AND ITERATE. Y(1),X(1),Z(1)
102, Z0 = (01 - C*#Y0 - K+X0)/M
103, FOR 1 = 1 TO N1
104, T(1) = 1eD
105, IF I =1 THEN GO TO 111
106, 1F 1 = 2.THEN GO TO 115
107. A = Y(I-1) + Z(1~1)D/2
108, B = X(1-1) + Y(1-1)sD/2
109. Y1 = Y(1-2) + 2#Z(1-1)4D
110. GO TO 118
111, A = YO + I0#D/2
112. B o= X0 + YO*D/2
113, Y1 = YO + Z0+D
114. €O TO 118
115, A = Y(1) + Z(1)#D/2
116. B = Xx(1) + Y(1)*D/2
117. Y1 = YO + 2+2(1)#D
118. J =1
119. GO TO 123
120. Jo= g+l
121, X(1) = x1
122. Y1 = A + Z1+D/2
123, X1 = B + Y1sD/2
124, 21 = (Q1 =~ CeY1l = K#X1)/M
125, TF J = 10 THEN GO TO 127
126, IF ABS(X1 =-"X(1)) >= E1+ABS(X1) THEN GO TO 120
127. X(1) = X1
128, Y(1) = vl
129, (1) = 21
130, E = EXP(-N*T(1))«(XN4COS(P*T(1)) + (YC+N+X0)*SIN(P*T(1))/P)
131, E = EXP(=NaT(1))*(COS(P+T(1)) + N«SIN(P*T(1))/P)
132, E = E + (Q1/K)*(1 - F)
133, PRINT T(1),J,X(1),E
134, NEXT |
135, PRINT
136. sTop
137, DATA 1,1.2,9,0,0,2,20,0,0001,9
138. END
COMMAND ? ’
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COMPUTER PROGRAM

1. REM-=~~=ViBRATIONS PROGRAM--EIGIT3
2. REM (EIGENVALUES AND VECTORS BY |TERATION)
3. REM==mnm NOTATION
4. REM A = COEFFICIENT MATRIX (OF ORDER N)
s. REM M = MASS VECTOR
6. REM X,Y,2 = EIGENVECTORS
7. REM E = EfGENVALUE
8. REM S = SWEEPING MATRIX
9. REM F1l = ALLOWABLE ERROR
10. DIM A(10,10),M(10),X(10),Y(10),2(10,2).5(10,10)
11. READ N,E1
12. MAT READ A(N,N),M(N)
13. PRINT "EIGIT3-==== THREE EIGENVALUES AND VECTCRS BY ITERATIQON'
14. PRINT
15. 1 =0
16. REM-~ ==~ ITERATE AND PRINT EIGENVALUE AND E1GENVECTOR
17, 1 =1 +1
18. MAT X = CON(N)
19. FOR K = 1 TO 20
20. MAT Y = AeX
21. F o= Y(N)/X(N)
22, J1 = 0
23, FOR J = 1 TO N
24, Y(J) = Y(I/Y(N)
25, IF ABS(Y(J) = X(J)) ¢ E1 THEN J1 = J1 ¢ 1 .
26. X(J) = Y(J)
27. NEXT J
28, IF J1 = N THEN GO TO 30
29. NEXT K
30. PRINT
31, PRINT 'MODE ';1;'EIGENVALUE = ';E;'NO. OF ITERS, = ';K
32, PRINT "EIGENVECTOR®
33, MAT PRINT X
34, 1F 1 = 3 THEN GO TO 57
35, REM==now SET UP AND APPLY SWEEPING MATRIX
36. MAT S = IDN(N,N)
37. 1F 1 = 2 THEN CO TO 46
‘38, $(1,1) = 0
39, 2(1,1) = X(1)
40, C = M(1)ex(1)
61, FOR J = 2 TO N
42, S(1,J) = = M(J)*X(J)/C
43, 2(9,1) = Xx(J)
uh, NEXT J
45, GO TO .54
46, $(2,2) = 0
7. 2(1,2) = X(1)
48, 2(2,2) = x(2)
49, C = M(2)0(2(1,1)22(2,2) - 2(1,2)2(2,1))
50. FOR J = 3 TD N
51, 2(4,2) = X(J)
52, $(2,4) = = M(J)*(2(1,1)902(J,2) = 2(1,2)42(J,1))/C
53. NEXT J
Sy, MAT B = AsS
55, MAT A = B
56. GO TO 17
57. PRINT
58, sToP
59, DATA 3, 0,0001
60. DATA 1,1,1, 1,2,2, 1,2,3
1. DATA 1,1,1
62. END
COMMAND ?
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COMPUTER PROGRAM

REM=-=--~ VIBRATIONS PROGRAM--DYNACON3
REM (DYNAMIC RESPONSE OF MULTI-DEGREE SYSTEM
REM TO PIECEWISE-CONSTANT FORCING FUNCTION)

REM=~=== NOTATION

REM N = NUMBER OF DEGREES OF FREEDOM

REM N1 = NUMBER OF TIME STEPS

REM E1l = ALLOWABLE ERROR FOR EIGENVECTORS

REM Gl = MODAL DAMPING RATIO (GAMMA)

REM Il = TYPE INDICATOR (O-STIFFNESS; 1-FLEXIBILiTY)
REM A = STIFFNESS OR FLEXIBILITY MATRIX

REM M = MASS VECTOR

REM B,C = INITIAL DISPLACEMENTS AND VELOCITIES

REM P = VECTOR OF LOAD FACTORS

REM T =TIME; D = TIME INTERVAL

REM F = FORCING FUNCTION (PIECEN!SE-CONSTANT)

REM E = EIGENVALUES; X,Y,Z = EI1GENVECTORS

REM S = SWEEPING MATRIX

REM G,H = INITIAL DiISPLS. AND VELS. IN NORMAL COORDS.
REM Q = NORMAL~MODE LOADS .

REM P1,P2 = UNDAMPED AND DAMPED ANGULAR FREQUENCIES
REM U,V = NORMAL-MODE DISPLACEMENTS AND VELOCITIES
REM R = RESPONSE N ORIGINAL COORDINATES

REM W,L = WORKING STORAGE

OiM A(10,10),M(10),B(10),C(10),P(10),T(100),D(100),F(100),E(3),X(10)
DiM Y(10),2(10,3),Q(3,100),U(3,100),Vv(3,100),R(1,10),w(10,10),L(10)
READ N,N1,E1,G1,I11
MAT READ A(N,N),M(N),B(N),C(N),P(N),T(N1),F(N1)
IF 11 = 0 THEN MAT A = INV(A)
FOR K = 1 TO N

FOR J =1 TO N

A(J,K) = A(J,K)*M(K)

NEXT J
NEXT K
D(1) = T(1)
FOR J = 2 TO N1

D(J) = T(J) - T(J-1)
NEXT J
PRINT 'DYNACON3--DYNAMIC RESPONSE OF FIRST THREE MODES OF DAMPED'
PRINT 'MULT!-DEGEE SYSTEM TO PIECEWISE-CONSTANT FORCING FUNCTION'
PRINT
PRINT
PRINT 'THREE EIGENVALUES AND VECTORS BY ITERATION'
MAT g = ZER(N,3)
! =
REM----=ITERATE AND PRINT EIGENVALUE AND ANGULAR FREQUENCY
I =1 +1
MAT X = CON(N)
FOR K = 1 TO 20

MAT Y = A*X
ECI) = Y(N)/X(N)
J1 = 0

FOR J = 1 TO N
Y(J) = Y(J)/Y(N)
IF ABS(Y(J) = X(J)) < E1 THEN J1 = J1 + 1
X(J) = Y(J)
NEXT J
IF J1 = N THEN GO TO 59
NEXT K
FOR J = 1 TO N
RAT PRI ()
NEXT J
Pl = 1/SQR(E(1))
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63, PRINT

64, PRINT 'MODE ';!;'E-VAL, = ';E(I1);'ANG., FREQ, = ';P1;'ITERS, = ':K
65, IF | = 3 THEN GO TO 8&

66, REM====~- SET UP AND APPLY SWEEPING MATRIX
67. MAT S = {DN(N,N)

68. IF | = 2 THEN GO TO 75

69. s(1,1) = 0

70. Cl = M(1)*X(1)

71. FOR J = 2 TO N

72, S(1,J) = « M(J)#*X(J)/C1

73, NEXT J

74, GO TO 81

75. IF N = 2 THEN GO TO 84

76. $(2,2) = 0

77. €2 = M{2)+(Z(1,1)+2(2,2) = 2(1,2)+2(2,1))
78, FOR J = 3 TO N

79. S(2,J) = = M(J)*(Z(1,1)+2(J,2) - Z(1,2)+2(J,1))/C2
80. NEXT J

81, MAT W = AsS

82, MAT A = W

83, GO TO 46

84, PRINT

85. PRINT 'MODAL MATRIX'

86. PRINT

87. MAT PRINT Z

88, REM====- NORMALIZE MODAL MATRIX WITH RESPECT TO M
89, FOR | =1 T0 3

90, Cl =0

91, FOR J =1 TO N

92, Cl = C1 + M(J)*Z(J,1)+2(J,1)

93, NEXT J

9%, IF C1 = 0 THEN GO TO 100

95, €1 = SQR(C1)

96, FOR J = 1 TO N

97, Z(J,1) = Z(J,1)/C1

98, NEXT J

99, NEXT 1
100. REM=-=~-~ TRANSFORM INFORMATION TO NORMAL COORDINATES
101, FOR | =1 70 3
102. G(1) = H(1) = L(1) = 0

103, FOR K = 1 TO N

104, G(1) = G(1) « Z(K,I)*M(K)*B(K)
105. H(L) = H(t) + Z(K,1)*M(K)*C(K)
106. , LEr) = L(1) « Z(K,1)*P(K)

107. NEXT K

108, FOR J = 1 TO N1

109, Q(t,Jd) = L{t)«F(J)

110, NEXT 'J

111, NEXT |

112, REM=~-~-- COMPUTE RESPONSE IN NORMAL COOROINATES
113, FOR | = 1 Y0 3

114, Ul = G(1)

115. V1 = H(1)

116. IF E(I) = 0 THEN GO TO 134

117. P1 = 1/SQR(E(!))

118, P2 = P1+SQR(1 - G1+Gl)

119, FOR-J = 1 TO N1
120, IF J = 1 THEN GO YO 123
121, Ul = U(1,4~1)

122, vl = V(1,J-1)

123, Cl = EXP( =~ P1+G1+D(J))

124, C2 = COS(P2+D(J))
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jas. c3 = SIN(P2+D(J))

126. Ch = (V1 » Pl-Glﬁul)/PZ

127, €5 = Pl=Gl/P

128, ce = Qi, J)/(Pl-Pl)

129. UCI,J) = Cle(U1leC2 + CUeC3) 4 CEo(1 = Cls(C2 # CS5+C3))
130. V(I,J) = Cle( = Ul+C3 + CueC2 - C5¢(U1sC2 +CLeC3))eP2
131. V(1,J) = V(1,J) + C6+Cle(1 ¢ C5+C5)+C3eP2

132. NEXT J

133. NEXT |

134, REM==--- TRANSFORM AND PRINT RESPONSE

135. PRINT

136, PRINT "RESPONSE IN ORIGINAL COORDINATES (PRINTED COLUMN-WISE)'
137. PRINT

138, FOR J = 1 TO N1

139, MAT R = ZER(1,N)

140. FOR K = 1 TO N

141, FOR 1 = 1 70 3

142, R(1,K) = R(1,K) + Z(K,1)eU(1,J)

143, NEXT |

14k, NEXT K

145, MAT PRINT R

146, NEXT J

147, PRINT

148, STOP

149, DATA 3,10,0,00001,0.05,0

150. DATA 2,-1,0, -1,2,-1, 0,-1,1

151. DATA 1.1,1,70,0.0, 0,0,0, 0,0,1

152. DATA 1,2.3.%,5,6,7,8,9,10

153, DATA 1,1,1,1,1,1,1,1,1,1

154, END

COMMAND ? go

DYNACON3--DYNAMIC RESPONSE OF FIRST THREE MODES OF DAMPED
MULTI-DEGEE SYSTEM TO PIECEWISE-CONSTANT FORCING FUNCTION

THREE EIGENVALUES AND VECTORS BY ITERATION

MODE 1 E-VAL, = 5.048918 ANG, FREQ. = .L&5042 +JTERS, = 7
MODE 2 E-VAL., = ,6431057 ANG, FREQ. = 1.246978 ITERS, = 17
MODE 3 E-VAL. = ,3079775  ANG. FREQ, = 1,801941 ITERS, = 2
MODAL MATRSX

Juh5042 ~1.246984 1.801909
i8019375 -.5549535 =2.246933
1 1

RESPONSE IN ORIGINAL COORDINATES (PRINTED COLUMN-WISE)
3,058553€-03 &,285055E-02 Lhusssss

7.557404E-02 +4513053 1.422269
4499555 1,361509 2,416564
1.195432 2,370045 3.339921
1.856796 3.163614 4,245371
2.014587 3.692737 5.019314
1.878725 - 3.859205 5.430093
1.811241 3.647371 5.271109
1.74055 3.225843 4.54407

1.438758 2,635145 3.558956
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NMPUMEYAHHSA PEJAKTOPA NEPEBOJA

1 BesuynHy P HHOIZIa Ha3bIBAIOT JHHAMHYECKHM KO3(MHUHEHTOM.

2 HenunefiHble KOJeGaHHA 3TOrO BHAA GbMH. pa3oGpanbl B paGore Jlypse A. H.,
Yexmapes A. H. BonyxaeHHbe KoneGaHHA B HeJHHEHOH CHCTEMe C XapaKTepHCTHKOM,
COCTaBJEHHOH H3 /IBYX NPSMOJUHEHHbIX oTpe3KoB. [IpHK/IaHasl MaTeMaTHKA H MeXaHHKa,
1938, 1. 1, BH. 3, c. 307—324.

8 Boiwe u B fajbHeAweM yepe3 ¢ 0603HAYeHA NOCTOSIHHAS JIeMNGHPOBAHHUSI.

* MeTOoZ BOCXOAHT K OCHOBOMOJAralou[HM HecieposanusM. M. T'. By6uosa (1872—
1919 rr.) 1 6bt1 ony6nHKOBaH HM ABaXAbl. CM. By6uos W. I'. Orabibl npogeccopos Kup-
nuyeBa, Besseukoro, By6rnosa n KosocoBa o counnenusx npodeccopa TuMOWwEHKO,
yroctoeHHEX npemun uM. [, M. )Kypasckoro. C6. Cn6. wun-Ta HHX. nyTeil
coobw. 1913, Bem. 81, pasa. III, c. 33—36 (nepen3n.: By6uor H. I'. OrsuB 0 pa6ore
npod. C. Fl. Tumomenko. O6 ycroiunsocts ynpyrux cucteM. HMa6p. Tp. JI.: Cyanpom-
ru3, 1956, c. 136—139); By6nos HU. I'. CrponrtespHas MexaHuKa Kopa6asi. U, II.
Cn6.: Tun. mop. M-Ba, 1914, c. 515—544,

¢ Teopema B3aMMHOCTH DaGOT B CYIIHOCTH COAEPXKHTC B YNOMAHYTO# B m. 3.3
cratbe [Ixk. MakcBessnta (1831—1879), B koTopoil paccMaTpHBaioTCs RBe ORHOPOJLHbBIE
BHEINHHE CHJ/B. [l11 NMPOH3BOJBLHBIX CHJ (HOPMYJIHPOBKA TEOPEMbl IPH CTATHYECKOM
HarpyxeHHH RaHa 3. Berrn (1823—1892 rr.), cM. Betti E. Teoria della elasticita. —
Il nuova cimento, Ser. 2a, 1872, t. 7—8, Juglio, pp. 5—21; Agosto, pp. 69—97;
Septembro, pp. 158—180; Novembre, pp. 357—367.

K. Peseit paccMoTpes ympyryio CHCTeMY, COBEpLIAOILYIO MaJble KoJeGaHHS 3a
CYeT rapMOHHYECKHX CHJI 33JaHHOrO MEPHOAA H aMILTHTYABI, NPHJIOKEHHHIX B ABYX pa3-
JUYHBIX TOYKax cucteMbl (cM. Rayleigh. J. W. S. Some general theorems relating
to vibrations. — Proceedings of the London Mathematical Society, 1873, v. 4, N. 63.
pp. 357—368). B naubuefimiemM oH (cM. Rayleigh J. W. S. A statical theorem. Phi-
losophical Magazine, 4th Series, 1874, v. 48, pp. 452—456; 1875, v. 49, pp. 183—
185) mepetuen K cTaTHuecKoii 3ajaue AJISi TEOPEMb B3aAHMHOCTH PaboT, MoJaras MepHOR
REACTBHS CHJIBI GECKOHEYHO GOJILLIKM; 31eCh BaXKHbI BBeJeHHble PejieeM NOHATHS 0606-
IEHHBIX CHJI H OGOCIUEHHBIX MEpEMELIEeHHH, KOrAa yxKe He HYKHO pas3/HyaTh BHELIHHE
YCHJIHSI — CHJIa 3TO MM MoMeHT. Teopema B3aMMHOCTH Gbla chopmyJinpoBaHa Peneem
B IBYX H3BECTHBIX HblHE BapHAHTaX — H JJIsl JKECTKOCTeH, H AJA noaamiHBocTteii. Jloka-
3aTe/IbCTBO TEOPEMBI BSAUMHOCTH PaloT A/l RABYX YNPYTHX CHCTEM, COBEPLIAIOUIHX MaJibie
KoJIe6aHHSI H HarpyXeHHHX NMPOH3BOJLHBIM YHCJOM CHJI, COREPXHTCS B T. | ero MoHo-
rpapHH, UHTHPOBaHHOR B m. 1.4,

6 TeopeMa B3aHMHOCTH NepeMellieHHH Gblia BrepBhie chopmysnnpoBaHa JIx. Makc-
BeJsIoM B 1864 I. Ha mpHMepe CTATHYECKH HArPyXKeHHOH IVIOCKOH CTaTHYeCKH Heompe-
RenuMoit depMbl A Cydas ABYX CHJ (CM. €ro CTaThio, LUMTHPOBaHHYIO B m. 3.3). O6-
oblieHHe 3TOH TEOpPeMbl Ha CAyYaH NPOH3BOJBLHOIO YHC/IA CHJ Pa3JHYHOTO THIA H Ha
Cayyait TapMOHHYECKHX Kosie6aHu# 6bl10 naHo Peseem (cm. cHocky 5). Teopema B3anm-
HOCTH TepeMelleNHi IpeACTaBasieT COOOH 4YacTHBI CJyYail TeopeMbi B3aHMHOCTH
pa6or.

7 Cnenyer ynomsHyTh Takxke W paGory K. XpH, Tak Kak B HayyHOH JHTeparype
TOYHblE DEIEHHS YPAaBHEHHH AMHAMHYECKOH TEOPHH YNPYTOCTH AJIA NPAMOLO CTEPXKHSA
KPYTOBOI'O MONEPEYHOTO CeYeHHs] Ha3LBalOT pewleHHAMH [loxrammepa — Xpu (cM.
Chree C. The equations of an isotropic elastic solid in polar and cylindrical coordi-
nates, their solution and application. — Transactions of the Cambridge Philosophical
Society, 1889, v. 14, P. III, p. 250—369). Xpn Tax:e MOJY4HJ TOYHBIE PELUEHHS H NPH
pacrpoCTPaHEHHH OCECHMMETPHYHBIX (TPOAOJBHBIX) BOJH B aHH3OTPONMHBIX LHJHHAPH-
yeckux crepxHusax (cM. Chree C. On the longitudinal vibrations of aelotropic bars with
one axis of material symmetry. — Quarterly Journal of Pure and Applied Mathema-
tics, 1890, v. 24, p. 340).

8 Ynobnee npumensitb ¢oynkuuu A. H. Kphuiosa.

® Nudpdepennnanbuoe ypasrenue (5.115) nonepeulbix KojeGaHHH NPAMOTO CTePKHA
C Y4YeTOM IONEPEYHOTO CABHTA H HHEDLHMH BDAllleHHs H3BECTHO KaK (YTOUHEHHOE) ypaB-
HenHe THMoweHKO WM ypaBHeHHe 6alNKH THMolIEHKO (IBYXMOJOBasl alNpOKCHMAIlHs).
BuiBog ero MoxHo HaiiTh B KH. THmowenko C. II. Kypc Teopun ynpyroctu. 2-¢ usn,
KueB: Haykosa aymka, 1972, c. 338. CM. rakxke Ipuromox 3. H., Cenesor H. T.
HexkJlaccHyeckne TeOpHU KoJIeGaHHH CTepikHeH, NacTHH u oboaouek. M.: BUHUTH,
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10 Fuorna B HayuHol JIHTEpaType NpPOLEAYPY ONpeeseHHs COGCTBEHHOil OCHOBHOI
YacTOTHl KoJe6aHuH Ha OCHOBE 3HEepTeTHYeCKOro MOJAXOjJa Ha3hBaloT METoioM Penes,
a soicunx ¢opm — MeroaoM Penes — Putna. [lis BbiuHCJIEHHS OCHOBHOH YacTOTH
(1873 r.) u Bbicwnx yactor (1877, 1899 rr.) Pesefi npumensn MeToj, CCHOB&HHBIE Ha
paBeHCTBE KHHETHYECKOR H NMOTEHIHAJbHOH 3HeprHHl AJs NpelesbHbLIX COCTOSHHA (HJH,
KaK Terepb TOBOPAT, METOJ] CTAllHOHAPHOTO 3HAYEHHS CYMMapHOH 3HEPTHH CHCTEMbI).
OH paccMOTpes KoJeGaHusi YIPYFHX CTPYH, CTepKHeH, IHJIHHIPHYECKHX, CHEPHUECKHX
H KOHMYECKHX 0GOJIOUEK, HCIOJb30BaJ B OCHOBHOM ]/l ONHCAHHUS JIBUXKEHHS CHCTEMbI
tdopMy KoaebaHult npocTefimero ocuuaasATopa. IlonyyeHHble pe3ysbTaThl BOLWIH B €ro
KH. «Teopust 3ByKa», LHTHPOBaHHY10 B 1. 1.4; nepBas NyGJAHKalHs METOAa OTHOCHTCS
K 1873 r.: Ravleigh. J. W. S. Some general theorems relating to vibrations. Procee-
dings of the London Mathematical Society, 1873, V. 4, No. 63, pp. 357—368.

B ra. 9 ynoMsaHyTO#l KHUTH NIDH HCCJEJIOBaHHH KOJ€GaHUH NpPSMOYTOJbHOH MeMG-
panbl nporu6 Bhipaxaercss B (opme

o0 o0

) . omax . nuy

':E Z(Pmnsm_Tsm 5 (*)
m=1 n=1

rie @mn — HOPMaJibHbie KOOPAHHATHI.
Jnsa xBaapaTHo# MeMOpaHbl (@ = b) MoApo6GHO PacCMOTPeHBI GOPMBI @p1, Pos, Pjgs

31> Pas, Pag, Pys, Pa306paHO HasloKeHHE GOPM Py1 H @12, P31 H P13, Paz H Pog.
Tam xe o6cyxaeHbl KoJieGaHHSI KpPyroBoil MeMOpaHbl, Koria

w =Y 1 (kr) (¢ cos n@ + ¢ sin nd),

rie k — BennuHHa, NpONOpPUHOHadbHass yactore; n= 0, 1,2, ...; r, 6 — noaspHwe
KOOPJHHATH; ¢, P — KOHCTAHTHI.

ra1. 10 paccMoTpeHbl OceCHMMeTpHUHbBle H HECHMMeTPHUYHbIe KoJebGaHHsi Kpyro-
BBIX IIJIaCTHH, NPHBEJEHb BHIPaXKeHHS VISl 4acTOTHl KoJlebaHHH CBOGOJHO ONepTOoH nJa-
CTHHBI, Korja nporu6 nmeer BuA (*). Kpome Toro, onpeaesenbl GopMbl Kose6aHu# KBa-
JpaTHOH IJIAaCTHHBI CO CBOGOJHBIMH KpPasIMH, B YacCTHOCTH, pa3o0paHbi (HOpPMEI

* nnx nmy
W =w CcoS "-E— =+ COST N

korma n= 1, 2, 3, 4.

B 1899 r. PeseeM Takxke onpejiesleHbl BHICLIIHE YaCTOTH yNPYrHX Kose6GaHuii. Pa6ora

B. Purua 1908 r. osarnasjena: «O6 0JHOM HOBOM MeTOJle pelleHHS] HEKOTOPHIX BapH-
allHOHHBIX 33Jlau MaTeMaTHuecKoH ¢u3ukH». B 370l cBsisu B 1911 r., yxe nocie cmeptu
B. Putna, Peseit nuuwer (Rayleigh J. W. S. On the calculation of Chladni’s figures
for a square plate. — Philosophical Magazine and Journal of Sciences, 1911, Ser. 6,
pp. 225—229):
«.....yIMBHTeJbHO, KaK oH [B. Puti] Mor paccMaTpuBaTh MeTOJ KaK HOBBI....», B «Of-
HOH u3 MOHX paHHHX pabort (1899).... aToT MeToA JaH B pOpMe, NOYTH B TOYHOCTH COBMa-
Jawleil ¢ Tod, B KaKOH OH npejjoxeH PurtueM....», «....s moJarai, 4TO 3TO HCCJEAC-
panue [B. PuTual orpanuuuBaercsi npuMeHEHHSMH 3TOIO MeTO/a». MoxeT 6biTh, B. PHTI
PasBHJ CBOH MeTOJ, NpHYeM He3aBHCHMO oT Pesesi. Bo BcakoM cayuae, nporeer Penes
He OblJ YCJBILIAH H €r0 MMs nocje pa6otst B. PuTila Haf0/1ro HCue3aeT NPH YNOMHHAHHH
06CyK/1aeMOTO 3HEPTeTHYECKOTO MeTojia.

Ha ocHOBaHHH BBLILIEH3JIOKEHHOTO peJaKTOp BCIONY B KHHTe BBeJ MeToj Penes —
Putna. TakuM o6pa3oM, TOBOPHTb O TOM, 4TO PuTll jan- janbHefillee pa3BHTHE MeTOja
Penes, neBepHo. IIpaBHJIBHO CKa3aTh, YTO OH Halues eMy GJjecTsiiee NPHMEHEHHE, KOTO-
poe NMO3BOJIMIO HAa MeToJi Pesiess H ero BO3MOXHOCTH B3TJISSHYTb APYTHMH TIJ1asaMH.

’ 11 ABTOp NHLIET O BTOPOM MeTojfe PuTia, 0AHAaKO, KaK YKa3aHO B NpHMeyaHHH 4
peJlakTopa nepeBOjd, PeYb HJAET O MeTojJle OPTOroHaau3aluu Dy6HOoBa.

12 Jleonapy Ditnep (1707—1783 rr.) ans ananausa KoJe6aHHH KOJOKOJOB, KaK TOH-
KHX 060JIO4eK BpallleHHS II€PeMEHHOH TOJIUHHbBI, MepPBHIM INOCTPOHJ TEOPHIO MaJbiX
NonepeyHHIX Kose6aHHi MeMOpaH B NpPeAIOJOXEHHH, YTO MeMGpaHa NpejicTaBJseT CO-
G0l CHCTEMY OPTOTOHA/IBHLIX yNPYTHX HHTEH, H MOJY4HI AnddepeninalbHoe ypaBHEHHE
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BTOPOTO MOPSAKA @Wxyx -} QuWyy== Wi, TAE @, O — MOCTOSIHHHIE, 8 W — MPOTHE
Memﬁlpam;l.

3 OnbITEL ¢ KOJeOGaHHSIMH TOKPBITHIX NECKOM CTeKJSHHBIX IVIACTHH, IIPOBEJIEHHEE
Xnagun (1756—1827 rr.) (cM. Chladni E. F. F. Entdeckungen {iber die Theorie des
Klanges. Leipzig, 1787; Die Akustik. Leipzig, 1802; Neue Beitrdge zur Akustik. Leip-
zig, 1817), ykasaJau Ha CyLIeCTBOBaHHE Y3JIOBBIX JIHHHH psAla KoJjeGaHui. XJajgHH nep-
BbiM ‘OGHAPYXKKJI Y3JIOBble JIMHHU IPH KOJeGAHHAX NOJHOCTBI0 He3aKpeIlJIeHHBIX KBa-
ApPATHBIX IJIACTHH; OH J€MOHCTPHPOBaJM GHTYpPH KoJeOaHHH CTeKJSHHBIX NJIACTHH: IO
Kpalo IVIOCKOi MJIACTHHE], NOCHITAHHOH MEJKO3EPHHCTHIM IECKOM HJIM HOPOIIKOM, Mpo-
BOJAT HNepINeHANKYJSPHO NMOBEDXHOCTH CMBIYKOM H NPH TOM BO3HMKAIOT MECTa CKOIIe-
HHMSI H Pa3pexeHHs MeCKa MJM IOPOLIKA, COOTBETCTBYIOLIHE Y3JOBHIM JHHHSM.,

14 Ecay cyuTaTh, YTO MO BCel JJIMHE KOHTYpA MPSAMOYTOJIbHOM IVIACTHHE 3aKpenJe-
HHE OJHHAKOBO M YTO MOXET GbiTh TOJNBKO TPH BHJA YCJHOBHUH Ha KaXJiOM KOHTYype —
cBofoanoonepTeit Kpail (1), sauemiaeHHb Kpail (2), cBoGonHbl Kpaii (3), To njasa naa-
CTHHBI MOXKET CYLIecTBOBaTh 21 BapuaHT KOHTYpDHHIX yciosuit: 1111, 1212, 1211, 1213,
1113, 1313, 2222, 2221, 2223, 2211, 2231, 2233, 2123, 2132, 2133, 2323, 2313, 2333,
1133, 1333, 3333. IlepBble mecTs OTHOCATCS K CJYyYalo, KOTJa JIBa NPOTHBONOJOMKHBIX
Kpas MJIACTHHBI CBOOGOJHO ONEPThl, AJS HHX pellieHHe NPH CHMMETPHUHBIX H AHTHCHMMe-
TPUYHBIX GopMax KoseGaHUH HalifleHBl, KaK YKa3aHO B npejbayueil cHocke, B. ®oiir-
TOM, 4 MHOTOUHCJIEHHBIE Pe3YJbTaThl JJsI 3THX LIECTH BAPHAHTOB KOHTYDHHIX YCJOBHH
nonyuenst K. 3eiicurom. CM. (Zeissig C. Ein einfacher Fall der transversalen Schwin-
gungen einer rechtekigen elastischen Platte. Annalen der Physik, 1898, Bd. 4,
SS. 361—397).

15 A. Jleficca (cM. Leissa A. W. Free vibration of rectangular plates. Journal of
Sound and Vibration, 1973, v. 31, N. 3, pp. 257—293) cocTaBua TaGJHUHEIE 3HAYEHH A
yacToT AJas 21 YKa3saHHOTO B NpefblAyIIeM IDHMeYaHHH PEJAKTOpa HepeBOfa CIydasi.
Tlpu stoM 6 caiyuaeB, pasoGpanHbix B. QOHITOM, COOTBETCTBYIOT TOYHOMY peLIEHHIO
3ajaun, a 15 -— npubauxennomy (MeromoM Peses — Purna). Cucremarndeckue pe-
3YJBLTaTEl O MaJbIX CBOGOIHBIX MONEPEYHBIX KOJeGAaHHSAX TOHKHX YNPYTHX NPSMOYTOJb-
HHIX [UIACTHH, BKJIOYAsl aHAJH3 4acTOT H GopM KojeGaHHH, OLEHKY BJMSHHS Pa3sMepOB
B IUIaHEe Ha 4YacTOTy koJjebGaHuii, cofepxkarcss B kH. JI. 'opMawa (cM. Gorman D. J.
Free vibration analysis of rectangular plates. Elsevier, North Holland, Inc., New York:
1982, 324 pp.), npuyeM AJS LIECTH CAyyaeB KOHTYDHBIX YCJOBHH, KOTJa JABa IPOTHBO-
MOMIOXHEIX Kpas CBOGOJHO OMepThl, PellieHHs! MU3BECTHH M OHH TOuHble. JIJIsT OCTaJabHHIX
clyyaeB, KOTJa HeMOCPeJCTBEHHO HeJb3sl PelinTb ypaBHeHHe )KepMeHa — Jlarpanxa,
pellleHHe MOCTPOEHO METOJOM HaJOXKEHHS.

16 B cr. A. Jleficenl (cm. Leissa. A. W. Free vibrations of elastic plates.—AIAA
Paper, N. 6924, AIAA 7th Aerospace Sciences Meeting, New York: January 20—22,
1969, 34 p.) npencraBieH o63op 500 paGoT MO TEOPETHUECKHM M SKCIePUMEHTAJIbHBIM
HCCIIeIOBAHHSAM CBOGOJAHBIX HeJleMN(dKPOBAHHLIX MONEpPeUHbX KoJeGaHHH yNpyrux mia-
CTHH. 3TOT 0630p OXBATHIBAET OJHODOJHBEIE H3OTPOIHBIE IJACTHHB B (OpMe Kpyra, 3J-
Julca, NpsMOYroJbHHKA, NapajJeJorpaMMa, TpPeYTOJbHHKA; pasbupaercs BJHAHHE
aHH3OTPONHH, II€DEMEHHOCTH TOJILIHHBE, HEOJHOPOJHOCTH NO TOJIIHHE, OKpyKaloueH
cpelibi, GOJBIIMX NMPOrHGOB, MONEPEYHOrO CABHIA M HHEPLMH BpaLleHHS; 0oOCYXAaloTCA
TaKxe KojeGaHHSI B IJIOCKOCTH NJaactTuHel. CM. Takke Leissa A. W. Vibration of
plates, — NASA SP-160, 1969, 353 p.). B 12 rnaBax 3Toifi KHHTH pacCMaTPHBAIOTCH
MaJible MonepeqHble KOJieGaHHsi TOHKHX YNDYTHX IUIaCTHH, NOJYHHSAIOIHECS THIOTe3aM
Kupxrodda, H mofpo6HO H3JNaralorcsi BONPOCH, KPATKO 3aTPOHYTHE B NPeABAyLIeR
cratbe Jlefichl,
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