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Kuura wuszBecTHOro asrnuiickoro actpoHoma Y. Cwmapra HpeacTaBisieT coOoi
COBPEMEHHBIM Kypc HEOECHOW MEXaHUKH, HAIllMCaHHBIH aBTOPOM Ha OCHOBE Kypca
JeKIHH, YNTaHHBIX UM B KeMOpUI)KCKOM yHUBEpCUTETE.

[lepBple 4eThlpe riaBbl KHUTH MOCBSIIEHbI OOLIMM MHTErpajgaM JBUXKEHHUS U
pasnoxeHusM B panel. B rn. 5 paccmartpuBaroTcs ypaBHeHMsl Jlarpamxka s
OCKYJIUPYIOLIUX D3JEMEHTOB, B IN. 6 — pa3iuyHble BO3MYILIEHUS, B TII. 7 —
pasnoxxkeHus: Bo3mymiarome Qynkumuu. [, 8—11 nocBAmeHbl KaHOHUYECKUM
NEPEMEHHBIM 1 KAHOHUYECKUM ypaBHeHUsM. B ri. 12 uznaraercs obmast reopus JlyHsl,
B IOCTENYIOIUX TIJIaBaX PacCMOTPEHbl Oojiee TOHKHE BOINPOCHl Teopuu JIyHbI U
0OJBIINX MJIAHET. 3aKIIOYUTENbHAs TJ1aBa NOCBSIEHA TEOPUH HyTallM U IIPELECCUN.

KHura paccumtana Ha CTYJEHTOB (DPU3MKO-MAaTEMaTHYECKMX H  MEXaHHUKO-
MaTeMaTHYeCKUX (aKyJIbTETOB M IMEIBY30B, a TaKXKE€ HAa HHKEHEPHO-TEXHHUYECKUX
pabOTHUKOB, KENAIOIIMX 03HAKOMHUTBHCS C HEOECHOW MEXaHUKOM.
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Ipeducaosne k pyccromy u3danuro

oHebGecHaa Mexanuka* CMapTa BHIIAA HAa aHrIHACKOM A3bike B 1953 r.,
T. €. elle N0 3aNycka MNepBHX HCKYCCTBEHHHX CNYTHHKOB 3eMJH
H KOCMHYeCKHX pakeT. IT03TOMy He YyIHBHTENbHO, YTO aBTOpP Hauaj CBoe
npenucioBHe K Heft caoBaMH: «3Ta kHMra Ohlla 3alyMaHa KaK BBOLHbiH
KyPC K NpeaMeTy, KOTOPHIM B MOC/eAHHE FOAbl HECKOAbKO NpeHeGperaiors .

Heab3f NOJHOCTBIO COTMaCHTLCA € aBTOPOM MNpeadaraeMofft KHHIH
B OLEHKe OTHOIUEHHs Y4eHHIX K HeGecHOH MeXaHuke B Hauaie 50-x ro-
10B HbHellHero ctodeTHs. OLHaKO B H3BECTHOH CTemeHH OH mpas. B me-
pHOd BpeMcHH, KOraa MHCajJachb 3Ta KHHra, B pa3sBHTHM HeGeCHOH Mexa-
HUKH Ha0.1i04a10Ccb HekoTOpoe 3aTHbe. OODbACHAETCA STO B MepByIO
Ooyepeab TeM, YTO TOraa nepen HeGecHO#t MexaHHKO# He CTOAJ0 3anay,
TpeboBaBUINX 6e30T/NaraTe]bHOro pelieHHs. 3afaydH O ABHIKEHHH ecTecT-
BeHHbIX HeGeCHHX TeJ, MPeACTaB/fIOWHUX HAHGOAbIIMY HHTepeC 4.1 acTpo-
HOMiN (ABukeHHe Goabluux nJaaHeT M JIyHH), K TOMY BpeMeHH yxe ObliH
pelleHbl C JOCTaTOYHOH CTEMeHbLIO TOYHOCTH, A 3a4auu, peleHHe KOTO-
PHX HeOGXOAWMO AJf PAa3BHUTHA KOCMHYECKHX MNOJeTOB, elle He ObIM
LOCTAaTOUIHO YeTKO onpeleeHbl H C(HopPMYIHPOBaHbI.

Ouanako Bckope mocie Buxoaa B cBeT ,HeGecHo#t mexannku“ CmapTa
NoJI0XeHHe 1ed pe3KO H3MEHHAOCh. B CBA3H ¢ cO3laHMeM HCKYCCTBEHHBIX
cnyTHuKOB 3eM.H, 3amyckoM paker k Jlywe, Benepe, Mapcy nepena He-
6eCHO# MeXaHHKOH BO3HHK UeJbiif pAL HOBHIX Pa3HOOOPasHHIX 3anau.
Hactb 9THX 3a1aY TO CBOEMY XapaKTepy CXOAHAa C 3a4auaMu MeXaHMKH
€CTeCTBEHHHX HeOeCHHIX Tea (HampHMep, 3alada O ABHXKEHHH HCKYCCTBEH-
HbIX cnyTHHKOB 3eMaH). OLHaKO BO3HMK/AH K NMPHHUMNHANLHO HOBLIE 3a-
Aaud, KOTOpHe He PacCMaTPHBAJNHCh B KjaccHuecko#t HeOecHOH MexaHuke
(Hanpuyep, 3a1aya 0 BHOOPe TPAeKTOPHH MeXNJAAHETHBIX NepeaeToB 4 Ap.).

Pa3puTHe yueHHs O KOCMHMYECKMX MOJETaX NpPHBENO K BO3HHKHOBEHHIO
HOBGTO pa3fesa MeXaHHWKH, KOTOPHH B HacToslliee BpeMs NOJYy4Ha Ha-
HMeHOBaHHE ,aCTPOAMHAMHKA“. STOT pasjen HayKH 3aHHMAeTCA CaMbIMH
OOUIHMH BOTMPOCAMH AWHAMHMKH MCKYCCTBEHHBIX HeGeCHBIX Te., BK:1iouas
HX MOCTynaTelbHOe ABHXEHHE, BpalllaTe/bHOE [ABHKEHHE, HCCIEI10BaHHE
BINSIHUS TPaBUTAUMOHHBIX CHJI, CHJ CONIPOTHBJEHHS OKpYiKalolled CpeaH,
PEaKTHBHLIX CHI H T. 1.

OueBHano, yto HeGeCHasAs MEXaHHKA, B KJAaCCHYECKOM MOHMMAHHM 3TOTO
TePMMHAa KAaK YYeHHA O IABH)KEHHH HeGeCHBIX Tea MoA AeHCTBHEM HX B3a-
HMHOTO TATOTEHHS, MrpaeT OdYeHb BAXKHYI0 POJb B acTpolnHamuke. ITo-
9TOMY HauMHas ¢O BTOPOR MOMOBHHH 50-X rofoB HeflecHas MeXaHHKa



6 Mpeducaosue Kk pycckomy u3laruro

BHILIJA Ba PaMKH HHTePeCOB aCTPOHOMOB H CTana NpuB.IekaTh K cebe
Bce 6oJbiiee H Gobliee BHHMAlMe IUHPOKUX KPYFOB HAYYMBIX M MHXE-
HEPHO-TEXHHYECKUX PAGOTHHKOB, CONPHKACAIOWNXCA € BONPOCAMi NpPOEK-
THPOBAHUA M ABHXEHHA MCKYCCTBEHHBIX HeGeCHBX Ted.

D10, ¢ ONHON CTOPOHHI, NaJ0 HOBLIft TOYOK PAa3BHTUIO HeGecHof Mexa-
HHKH, a C ApYro#i — BbI3BaJO Pe3KOE MOBbIIIEHHE HHTEpeca YuyeHbX-He-
ACTPOHOMOB K HM3yUeHHIO NOCTHXEHHH KJacCHYeCKO HeGecHOfl MeXaHMKH.

Kaaccuyeckas HeGeCHad MeXaHHKa NPEACTaBAAET 419 aCTPOLHHAMHKH
ABosikuft uHTepec. Tlpexne Bcero AAd HCCAENOBAHMA NBHXKEHHS HCKYyC-
CTBEHHHIX HeGeCHLIX TeJ HEOOXOIAMMO 3HaTb B JIO60H MOMEHT BpeMeHH
TOYHLIE MOJIOXEHHA TiaBHEHIUNX eCTeCTBEHHHIX HeOeCHHIX Tesa COJHeyHOH
cuctembl. Ho 3ajaua 0 ABHXKEHHHM NJAHET COJHeYHOH cucTeMbl H Jlynu
pelleHa KaacCHYeCKO# HeOecHON MeXaHMKOH, M acTPOAHHAMHKA MOXeT
noaL30oBaThCA STHM peltenHeM. Kpome Toro, 6GoratcTBo u pasHooGpa3ue
METOJOB pelieHHd 331aY O JABHXKEHHM eCTeCTBEHHHX HeGeCHHIX Te, pas-
paboTaHHBIX aCTPOHOMAaMH B TEYeHHE HECKOJbKHX CTOJeTHH, Mmo3BOJfeT
NpPH HCCAeAOBAHHH HOBHIX 3alay, MOCTABJAEHHEIX aCTPOAHHAMHKOH, WATH
H3BEJAHHLIMH NMyTAMH, BHOHpPAas AJ8 KAXAOTO KOIKPETIOTO Caydas TOT
HJAH MHOH TOTOBHIH MeTOA.

,HebecHaa Mexannka® CMapTa aBiseTcs BecbMa MOJe3HBIM nocobuem
A U3YYEHHA NMPAKTHYECKHX METOMOB KJAacCHuyeckoH neGecHOR MexaHHKH.
ITpu cBoeM cpaBHMTeAbHO HEGOJbUIOM O6beMe OHA COAEPXHT OUeHb 3Ha-
YyUTeJbHHI MaTepHas, H3JOXeHHbLI TpelaeabHO KpaTko. B To e Bpems
CTU/Ib H3/I0XKeHHS STOR KHHIHM ABJAETCA BNOJHE NOCTYMHEIM He TOJbKO
a8 CTYZEHTOB M aCMHPAHTOB, CMeUHANH3HPYIOUXCA B 06aacTH HeGecHOH
MEXaHHKH, HO M AJA JHL, BAAJCIOLIUX OCHOBAMH TEOPETHYECKON Mexa-
HHKH, HO He fABJAIOMHXCA CMELUHANHCTAMH-ACTPOHOMAMH.

Kax Mbl yxe roopuaH, MaTepHal, COAepXallHACA B KHMre, BecbMa
o6mwupen. Jlo6aBHM K 3ITOMY, MTO B Hefl M3/M0XKeH pAld BaXHEHWIMX BO-
NpOCOB, He OCBELUABIIMXCA 1O HACTOALIErO BpeMeHH B yue6HMKaX # yuel-
HEIX MOCOGHAX no HeGecHOM MexaHMKe Ha pycckoM s3mixe. Cioaa oTHO-
CHTCAl, HanpuMep, CHCTEMATHYECKOE M3/I0XKeHHe TeopHH ABHeHHA JIyHmi
Ilenons, Bonpoc O BeKOBOM YCKOPeHHH JIYHHI, TeODHA MpeleccHH H Hy-
Tauuu H np. OueHb MOYuHTeNbHOH ABAAETCA TeOopus OTKpuTHa HentyHa.
B npeanaraemoft xHHre oOCTOATENbHO H3/MOXKeEHH TeOpeTHYeCKHe Mpenno-
CHIIKH W mNpaKTHYeCKHE TNpPHeMH, KOTOPHIMH NOJAb30OBadHCh JleBepbe
H AlaMC B CBOMX NPEABBIYHC/IEHHAX TOJOXKEHHA STOH, THMOTETHYeCKOM
B TO BpeMs, MN.JIaHETHI.

B 3akaioueHHe MOXHO CKa3aTb, u4TO H3maHue ,HeGecHoH MexaHMKH®
CmapTa Ha pycCKOM 3blKe fBJAETCA JEJNOM BeCbMAa MOJE3HhIM. DTa KHHTa,
6e3yc/0BHO, HattmeT wWHPOKUH KpYr uuTaTesefl.

Ipu noarotoBke K PyCCKOMy H3AaHuio B kuure CMapTa He 1eJ1aJioCh
HMKaKuX u3MeHeHufl. McnpaBasauch JAMIIb OueBHAHBlE OMEYATKH.

A Opaos



Mpeducarosue

Sta kuura Omna  3aIyMaHa Kak BBOAHBR Kypc Kk npelMery,
KOTOpHIM B MOC.JelHHE TOAW HeCKOAbKO mnpeHeGperaiotT. [loutH Bcs
neppas NOJOBHHA KHHIM TOCBfllEHa OCHOBHBIM acTPOHOMMYECKHM H IH-
HAMHUYCCKHM TNPHHUMNAM, 3 BTOPAas NOJOBHHA — NMPHMEHEHHIO STHX TPHH-
LHNOB K OCHOBHLIM Mpo6JeMaM HeGeCHOR MeXaHWKH, HMEIOLIUM BaxHOE
31ayeHile B COBPeMEHHOR aCTPOHOMHMH HJHM TPEACTaB.JAIOWUM CaAMOCTOSA-
TeabHL WHTepec. [0 CBoeMy COIEpAHHMIO KHMFa MOYTH COBmagaeT
¢ KypcaMu Jekuuft, uMTaeMbix aBTOPOM B TNoOCJefHHe roim B [aasro,
a emwe paHee B KemGpuaxe.

Bonpoc 0603HaueHHA BLi3biBAET H3BECTHBIE TPYAHOCTH, KOTOpHIE yXO-
IST CBOMMH KODHSMH B OOWIUPHBIE MeMyaphi NpOWIIOro, B KawIOM M3
KOTOPHX OOHYHO HCMOAbL3YyeTcs CBOA CHCTeMa oGoaHaueHu#t. Onnako
fl MEITAACA COXPAHHUTb, HACKOJALKO STO BO3MOXHO, OLHOPOLHOCTb B 060-
3Hauenuax. DTa Kira fBJfeTCA MO CBOEMY XapaKTepy B OCHOBHOM TeO-
peTHYeCKOH M He MpeTeHAyeT HM Ha M3J0XeHHe HabaodaTelabHOR acTpo-
HOMHH, HH Ha OMHMCAHHE HOBHIX BBIYHCAHTENbHBIX METOAOB, TaK Kak
KamALil U3 3THX pa3feioB NMpeAcTaBAseT COOGOH CaMOCTOATENbHYIO AHC-
WHTHHY

[TepBble YeTuLlpe T/aBbI KHMMH MOCBSIIEHH OGWMM ypPaBHEHHAM OBH-
Menua Teld, MPeACTaBAAIOWMX HM30/HPOBAHHYIO CHCTEMY, M3BECTHLIM HH-
TerpanaM, OCHOBHHIM (POPMYJaM S/AHMTHYECKOrO ABIDKEHHS H pas.oxie-
HHIO Pa3NMUHbIX (PYHKUMK B rumepreoMeTpHyecKile pAAbl H MO QyiKUMAM
Becceas. B ra. 5 nocrarouno noapoGHo wuanaraioTcs ypasitenns Jlar-
paHxa A OCKYJAUPYIOIHX 9/eMEeHTOB, YTOOGbLI uHTaTeJb MOT 03HaKO-
MHTbCA C OCHOBHbLIMM MPOLECCAMH Mepexoda OT SAIMNTHUeCKOH OpOHTHI
K BO3MyIUeHHsM naaHer. B ra. 6 paccMaTpuBaloTcs pasauunbie KAacchl
»HEPaBEHCTB* ~— BEKOBbIe, KOPOTKONEPHOAHYECKHE I A0ATONEPHOAUYECKHE,
[a. 7 nocesillieHa PasiomeHHIO B pAA BO3Mylwlawomelt (YHKUMM, CHayaJa
B Teopuu JIyHBl, a 3aTeM B TeOpHM ABiKenus mJaueT. B ra. 8 —o Ka-
HOHMYECKUX YPpAaBlEHHAX — LUAr 3a WIarOM M31aralortca pasjnunbie Teope-
THYECKHE TMOJO0MEHHA M TNPHBOAATCA MPOCThie mpuMeps. B ra. 9 mo-
ApoOHO paccMaTPHBAETCA pellieHHe YPaBHEHHH AHNTHYECKOrO ABHKEHHS
npu nomown Metoaa [amuabtoHa — flkoGu. B creayioux AByx raaeax
H3.1araloTC 3JeMEHTH TeOpHH KOHTaKTuhX npeobpasosaHuit. I'a. 12 no-
cesunena Teopuu Jlyno Jen0H3; B Hefl moapodno ONMMCHIBACTCA ,0CHOBHAS
onepauMa® H AAETCA MPAKTHUECKUH METO HO.IyuelHs peuleHls B KeJae-
Mo#l ¢opme. B creayomux AByX ri1apax paccMarpiBalOTCA BEKOBHE



8 ITpeducaosue

HepaBeHCTBAa, BK.I0Yasd H YHCJAOBHeE pe3yabrathl CTOKY3.1a, OTHOCAwMecs
K SKCUEHTPHCHTETaM W HaKJIOHHOCTAM OpOHT n.aaHer. Bcaeactsue 6au-
30CTH aHaJMTHYECKHX MeTomoB B TIa. 15 paccMarpuBaercs u BausiHue
COMpPOTHB/EHHA Cpelbl M ABHWXXeHHe nepHrenus Mepkypusa. Caeayiowas
ra. 16 nmocesuleHa uccaenoBanuAM A aamca W Jlesepve, npuBelinum K OT-
kputuio Hentyna. B ra. 17 uanaraerca teopus Jlynsl TTonTeky.ana ¢ Toft
1eablo, 4yTOObl MOKa3aTb, KakUM O6Pa3oOM HEMOCPEACTBEHHO H3 ypaBleHHR
ABH)XEHHS BHIBOAATCA TAKHE TJaBHblE HEPABEHCTBA, KAK 9BEKLHA, Bapha-
LKA, MapajjaKTHYeCKOe HePABEHCTBO H IHBHIKEHHE Y372 W nepures .IyH-
HO# op6uTH. B ra. 18, B 0CHOBY KOTOpO# MOJOMKEHH! TPH KAACCHUCCKUX
HccaenoBanns Xuana W nocaenywoiue pa6oto Bpayna, paccMmatpuBalotcs
NpHHLKHNHAAbHBIE OcOGeHHOCTH Teopud Jlynn Xuana — Bpaywa. B cae-
Aylollleft TnaBe M3jaraeTcd 3aMeuyare/ibHOe HCCAENOBaHHe AlaMca O BeKO-
BOM YCKopeHHH JIyHH H ero cBsi3b C NPHJAHBHHM TpeHueM. Ilocaenuss
ra. 20 noceslleHa NHHAMHYECKOH TEOPHH mNpeLecCHH W HYTAlLHH; OHa
3aKaHynWBaeTcs naparpagoM, B KOTOPOM PAaCCMOTPEHO OAHO M3 HOBHIX
ACTPOHOMHYECKHX MOHATHH — ,3deMepHIHOE BpeMs.

ToT, KTO NMuLIeT B HACTOsILlee BpeMs KHHTH NoO HebGecHo# MexaHuke,
o6sizan oTaaTb Ao/mKHOe TuccepaHy, KOTOpPHIt B uYeTHIPeX BeJYECTBEH-
Hbix TOMax cBoeft ,He6GecHOK MexaHHKH® ¢ 60JbLIHM MAacTepCTBOM HCYCp-
NbIBaIOLEe M3J0XKHA paboTH KAacCUKOB, a Takwe BpayHy 3a ero ,Teo-
puo Jlynm* u 3a ILpyrue ero HccaenoBaHus. 5l Taike oueHb o6s3an
IMaommepy 3a ,JlnHamuyeckylo acTpoHoMHio“ u Tlyaukape 3a ero ,Jlek-
unM no HeGecHo# MexaHuke* W 3a ,HoBeie MeTonbl HeGeCHOH MexaHHKH®.
51 ouenb Gaaromapen npodeccopy Jhionsury Bekkepy, MoeMmy npedilect-
BeHuuky B [nasro, u npodeccopy X. ®. Beitkepy B Kem6bpumke 3a ux
JeKLHH, KOTOpHe BH3BAJIM Yy MeHs O6oublioft HHTepec K HebecHOR Me-
xanuke. JI. X. Caanep BecbMa A06pOeNaTeJbHO NMPELOCTABHA MHE Ma-
TepHaAN O COBPEMEHHOM DPAa3BHUTHH BHIYHC/IHTEAbHOR TeXHHKH M ILpYyrue
Mmatepuann. 5 oueHb o6asaH Aokropy I[loprepy 3a Bhunc.enne ¢yHnna-
MCHTAaJAbHBIX MOCTOAHHHIX Aas 3noxH 1950,0, kOTOpHE BK.IIOYEHH B TiaBy
0 npeueccHH H HyTauumH. f1 uckpeHHe Gaaromapio JI. I'. dsapra, oaHoro
H3 MOHMX aCNHPaHTOB, KOTOPHt MOMOT MHE NMPOBEPHTb MHOTHe NOKasa-
teabcTBa. Hakoweu, s BHpaxalio 61aronapHoctb paboTinkaM H3AaTeabCTBa
3a HX NPEBOCXOAHYI0 paboTy.

B. M. C.

Yuusepcurerckas o6cepatopus B ['aasro,
asryct 1953 r.



Fraasa 1

BBEJEHHE

§ 1.01. TipoGaemn HeGecHONt MeXaHHKH

Iaa yno6cTBa, a Takke MO TPaAHUMH OCHOBHHE NMpobaeMu HeGecHoft
MeXaHHKH pa3feisioT Ha ABe 4YacTH. 3TO, BO-MEPBHX, MeOopuUs niaaxem,
B KOTOPO# u3yudeTca ABHMeHHe naaHeT BOKpyr CoJHua, H, BO-BTOPHX,
meopua CRYMHUKOS, KOTOPas HMeeT NeJ0 C ABHXEHHEM CNyTHHKOB
BOKpYTr uX naaHer. Hau6ojee M3BeCTHHM MpHUMepOM MoOc/jelHed ABaseTcs
TeopHs ABHkeHHA JIYHH. BapHaHTOM TeODHH CNYTHHKOB SIBASETCA TEOPHSA
ABHKEHH TeCHOft ABOMIHOH 3Be3gH C Ja/NeKHM TPeTbHM KOMIOHEHTOM.
OTH ABe YaCTH HMMEOT MO CYLIeCTBY OAHH H TOT xXe O6GUM# XxapakTep
H 6a3npyioTcs Ha OLNMX H TeX xXe AHHAMHYeCKHX nmpuHuunax. Ounu pas-
JMYAIOTCA AHIIb NPAKTHYECKHMH METOAAMH, MPH NMOMOILH KOTOPHX yaA06-
Hee MOJYYHTb pellieHHi MX Pa3JHYHBIX co6CTBeHHBIX 3aaay. OcHoBHOH
UeJbI0 TEOPHH MJaHET ABJASETCA M3yYeHHe ABHXKEHHA OTAENbHOH nJaHeTH
oTHocuTenbHOo CosHLA MOA AeHCTBHEM T/aBHO# CHJAB — CHJAbLL MPHTANKE-
Hus CoJHua, M MeHee 3HAYMTEJbHHX CHJ TIPUTAXKEHHs BCeX APYTHX naa-
HeT W TeJA COJMHeYHOH CHCTeMH. B TeopHM CNYTHHKOB, W B YacCTHOCTH
B Teopud JIyHbl, Hamia UeJb B3aKAOYAaeTCs B HCCAEJOBAHHH HBHXEHHS
JlyHn OTHOCHTeAbHO 3eMad noj AeHCTBHEM TJIaBHOH CHJB — CHJAH MpH-
TAXKEHHs 3eMJH, M MeHee 3HAYHTENbHHX CHJA npuTsxeHus CoaHua, nia-
HeT M APYTHX Tea COJHeyHOH cHcTeMH. B 3To# rsnape M GyjdeM mouTH
MCKJIOUHTENbHO HHTEPeCOBATbCA OCHOBaMH TeOpHH maaHer. Onnako 06-
UlHe TPHHUMNIH, KOTOPHie 3Aecb OyAyT pacCMaTpuBaTbCi, B paBHOH CTe-
NeH! NMPHMEHUMB M B TEOPHH CNYTHHUKOB.

§ 1.02. 3akonu Kenaepa

Boabiive naaHeTH, B MOpsike yBeandeHus ux pacctosuuft ot Coanua,
caenyioune: Mepkypuft, Benepa, 3emas, Mapc, [Onutep, Catyps,
Ypau (1781), Hentyn (1846) u Ilayton (1930), npuyeM B ckoOkax yka-
3aH rol OTKPHTHA Tpex nociaesHux. Kpome Toro, umeercsa orpomHoe
uHca0 Gosee MEJKHX Tel —— MaJHX NJAaHeT, ABHXKYLIMXCA B 061aCTH MexAy
op6uramu Mapca u Onurepa. o cux nmop ux 6bAO OTKPHTO OKOJO
IBYX THICAY, HO, BO3MOXHO, 4TO ofllee YHCIO HX B 9TOH o6naacTu A0-
CTHraeT M JABAaAUATH THICAY.

B nepBHX necaTHaeTHAX CeMHaauatoro crojetusa Kenaep chopmyau-
pOBai TPH CBOMX 3HAMEHHTHX 3aKOHA JABHXKEHHA TNJaHeT. DTH 3aKOHH
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6ulav BuiBeldeHbl M3 Hab.lonenuft, HanGonee TOYHBIE M3 KOTOPHX mo.y-
uyua yuuteab Kennepa Tuxo Bpare.

1) ITepsnd 3axon. TlepBuft 3aKOH yTBEpXKAaeT, YTO opOiura nJia-
HeTHl OTHOCHTeAbHO CoOJHUA ecTb 944MNC, B (OKyCe KOTOPOro maxo-
autca CoaHue.

Puc. 1.

AHaautnyecku, ecan S —mnoaowenne Coanua B ¢okyce (puc. 1)
H P —nosoxeHue naaHeTH Ha ee OpOHTE B INAHHLIA MOMEHT, TO ypas-
HeHHe 9JJIHNCA B MOJAPHHX KOOPIAHHATAX HMeeT BHI

a(l—e?) 1)
T+ecos(0—o) '

rae r— paduyc-sekmop SP, 0—nosspruii Y204, H3MepseMHfl
B HampaBJieHWH ABHXKEHHA NJAAHETH OT HaajexauuM o6pasoM BEHOGPaAHHOro
OCHOBHOro Hanpasieuus SN B naockocTd saaunca a0 SP, o —yroa
mexny SN u SA, rae A— HauMeHee ylaneHHas OT S TOYKa 3J//MMCA,
a—G0oasvman nosyocs W e — skchenmpucumem saiunca. Ha puc. 1
C — uentp samunca, CA=CB=a, CS=ae.

Kak BuaHo u3 ypasneHHs (1), MHHHMAaAbHOE 3HAYEHHE 7 PaBHO
a(l —e), uTo cooTBeTCTByeT TOuke A, AA KOTOPOH MOJAAPHHHA yroa
paBeH ©; Touka A Ha3uBaeTcs nepuzesues. MakcHManbHOE 3HAYeHHe r
paBio a (1 -+e€). uTO COOTBeTCTBYeT TOuke B, HashiBaeMOR adbesues.

2) Bmopod& 3arkon. Bropoit 3akoH yTBep¥laeT, 4YTO A/ BCex
yacteft OpOUTH CEKTOPHA/NbHAA CKOPOCTb MJAHETH eCTb Be/JHYHHA TMOCTO-
aHHan. TakuM oGpa3oM, ecau Ha puc. 1 P(r, 0) ecTb moaoxenue naa-
HeTH B MOMeHT f u Q(r—-dr, 0 d0)—nonoxenne niaaHeTH B MO-
MeHT {— df, TO CeKTOpHalbHaa CKOpocTb pasHa dA/df, rame dA npen-

‘cTaBaseT coGoft 3awTpuxoBanKylo naowans SPQ. Tak xak d Ajdt =1/,r?,
a CeKTOpHa/lbHaA CKOPOCTb MOCTOSIHHA, TO Mbl MOXeM Hamucathb

re =h, ©

TAe h eCTb MOCTOAHHAA, PaBHAaA YJB0eNHOH CEKTOPHANLHOH CKOPOCTH.

re=



§ 1.02. 3axonet Kenaepa 11

OGosnaunm uvepes T Bpemsa, TpebyeMoe A8 TOro, uTOGH MNJAaHeTa
cosepmuaa noaHuf 06opot. ITO Bpems HasuBaeTca nepuodos obpa-
wenus. Tak Kak niowanb saaunca pasia wab, rae b=a } 1 —e? —
Maaasg Mo.JyoChb SJ/AHMNCA, TO NMOCTOAHHAA A, COTMaCHO BTOPOMY 3aKOHY,
6yaer paBHa 2xad/T, Tak uTO

2 _
h=%atYT—¢, ®)

3a spema T paauyc-BeKTOp ONMIIeT yroa, pasHHH# 2m. Cpeduee
yesosoe dsudxcenue, o6o3HauaeMoe ueped n, onpenenaserca dopmynoft

n=2 @

CnenoBaTenbHO, ypasHeHHe (3) MOXHO 3amucaTb B BHOE

h=na’y1 —e2 (5)

3) Tpemult sarxon. TlepBHe ABa 3aKOHA OTHOCHJHCL K OpOHTE OT-
nenbHoM maaHeThl. TpeTH# 3aKOH YCTaHABAMBAaeT 3aBHCHMMOCTb MeXAy
60/bIUMMH MOJAYOCAMH H TepHOAaMH oOO6palleHus ABYX HAH GoJbliero
yucaa nianer. ATa 3aBHCHMOCTb 3aMHCHBAETCA CAeAyloWMM 06pas3om:

g =—p=—y= ... =const, ©)

uad, coraacHo dopmyne (4), B Bume

243 — n2g3 =— —
nia}=n2a}= ... ==const, @

roe MHAeKCH 1, 2, ... COOTBETCTBEHHO OTHOCATCH K NMaanetaM P,, P,
H T A
Kaxk MW mnoxkaxeM B § 2.05, TpeTH#f 3aKOH He ABJSETCA BNOJHE
ToyHbiM. OJHaKO TO4YHOCTb HaGMIONEHHH, HMEBUIMXCA B PACNOPAKEHHH
Kennepa, easa au no3ponsna o6HapyKHTb HEPaBeHCTBA MOPAAKA MHHYTH.
Tperu#t 3akon Kenaepa B ero HCnpaB/ienNHOM BMAe JeTKO MOJydaeTcs
u3 caenyioueit ¢popmyan, KoTopas O6ymer BuiBedeHa B § 2.04:
=2g8
A —G(my+m) ®
uam
n%ad =y, ®

rae mg, m — COOTBETCTBEHHO MacCH CoaHua u naaHets!, G — NOCTOAHHAS
TArOTCHHA H

=G (m,+ m). (10)
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Tak KaKk MacCH MJIaHeT Majbl MO CPaBHEHHIO ¢ Maccoit Coauua, TO,
npexe6peras BeauyHHOR m/m,, MH npuseseM ¢opMy.u (8) u (9) Kk BuAy

at Gmy,

-ITI' = —4—1’-,— H ”203 == Gmo.

oTkyaa TpeTu#t 3akon Kensepa B dopme (6) u (7) caeayer nemea1eHHO.

HyxHo 3aMeTiTb, YTO 9TH TPH 3aKOHA NPEICTaBIAIOT Co60M Tpu pas-
JAWYHBIX YTBepXKAeHHA, KOTOpHE He HMeIOT fBHOH CBA3H APYr C APYroM.
HsoioTon Hawesn oSwui M NPOCTOR MPHHUHN — 3aKOH BCEMMPHOTO THArO-
TEHHS, H3 KOTOPOTrO KawAHLN M3 Tpex 3aKOHOB (TpeTHH — B HcnpaB/jcH-
HO#t ¢opme) MoxeT OBITb JIETKO BHBEAEH.

§ 1.03. 3aKOoH BCEMHPHOrO TATOTEHHA

He6ecnas MexaHHKa OCHOBHIBAaeTCA HAa 3aKOHE BCEMHPHOTO TATOTEHHR H
Tpex 3akoHax ABHienus HbioToHa. 3aKOH BCEMHPHOTO THrOTEHHS yTBep-
KAAeT, YTO 4YacTHLa P, ¢ Maccoit m, NpHTArHBaeT 4acTuuy P, ¢ Maccoft m,
c ciioit F, nefictylomelt no npamoft, coenuusiomeit P, u Py, u npo-
NOPUHOHANLHON NPOHM3BEJEHHI0O MAacC YacTHLL H O6GpaTHO MPOMOPLHO-
Ha/AbHOR KBaApATy PACCTORHHA r MewAy yacTHuaMH. Aare6Gpanuecku STOT
3aKOH BHIpaxaerca chaedyioweft popmyaon:

F=9mm, (1)
rie G HasHBaeTCA NOCMOAHHON mAzomeHus.

OTo BHpaMenHe AaeT TaKwe CHAY MPHTAKEHHs uvacTHUbB P, Ha da-
cruily P;. Vckopenwe f, Macch m,, ofychaoBieHHoe cuioft F, naercs
dopMmyaolt f, = Gmy/r?, a yckopenue f; MacCH m, onpelenserca Ha
dopmyast fo = Gm,/re.

ITpu noMowu MeToza, KOTOPHH MH 3zecb He GyaeM OMHCHBATD,
HaRneHo, yTO ecanm f==1 camfcex?, m=12 nu r=1 cm, TO B CHCTeMe
eanHut CI'C nocTofHHas TATOTeHHS paBHA

G=6,66-10"% 2)

Das HeGecuo# Mexauukd cucrema ezunun CI'C sBuo He yaoGwua,
HO MPH 10GHX APYTHX MAPHHATHX eAWHHLAX NJHHH, BPeMEHH H MacCHl
COOTBeTCTByIOUlee 3HaueHHe ( B STHX eAMHHLUAX MOxeT OHTb Jerko mo-
JyuyeHO H3 ero YHC/JAEHHOTO 3HaueHHs (2) u pasMepHocTH U, nMenHo
L’T*M7 CrenyeT saMeTHTb, 4TO Mocjae BHGOPAa MOAXOAAWIMX CAHHHILL
AJHHH M BpeMeHH MBl MOXeM Noao6paTb eAHHHLY MAacChl TaK, 4TOGH
G = 1. Takne eZMHHUIE HHOTLA HA3HBAIOTCA GCMPOHOMUHECKUMY e0u-
Hugamu.

B Teopun naamer HauGoNee YAZOOGHHMU SBJAIOTCA CJAEAYIOUIHE €LH-
HHLLBL:



§ 1.04. Motenyuan 13

elMHIUA AJHHB — GOoJbluas Moayoch 3eMHOR OpOGHTHI, NpHUHATAS
B KaYeCTBe ACM POHOMUMECKO L 0 UH LY b ATHHBI;
edMHHUA BpeMeHH — CpellHHe COJIHeYHHe CYTKH;
elHHHUA Macchl — Macca CoaHua.

PaccMoTpum op6uty 3eMan. B sTux emunuuax ¢ =1, T =365,2564

U m=1/329390. CootBercTBeHHO 3TOMY 13 dopMy.1Hl (8) § 1.02 a1a G
noay4aeM

G = 329390 4=n?
329391 (365,2564)% °

B Gonee paHHeH JauTepaType MOCTOSHHaA TArOTeHus 0603HAYaJaCh
yepes k2, mpHYeM BeJMYHHA & HasmBaeTca nocmoannoll Iaycca, Tak

yto k=)/G. Vcxona u3 sHauenut m u T, WMeBWHXCA B TO BpeMS,
Faycc moayuua nas R cielylollee 4WHCACHHOE 3HAYeHue:

k =0,017202099.

Tak kak 3TO 3HaueHHe R HAa MPOTAKEHHH NOJITOrO BPeMeHH HMCHO.b-
30BaJ0Ch B YHC/EHHBIX HCC/AENOBAHHAX, TO €ro OCTaBiJH 6e3 U3MeHeHHs,
a eMNHHUY IJHHBI W3MEHHJH TaK, yTOOH COXPaHUJIOCh coriacue ¢ Gosee
TOYHBLIMH 3Ha4YeHHAMH m u T, koTophie HMeloTca HbiHe. Ecan 6oabiuyio
noayoch 3eMHOH OpGHTHI 0603HAUHTL 4epe3 @, aCTPOHOMUYECKHX eXMHHL,
TO HaftaeM In a, = 0,000000013.

KpoMe TOro, HyxHO 3aMeTHTb, YTO ONHY H3 €AMHHL MOXHO BHOGPATH
Tak, 4t0 R=1, G=1, 1 TeM caMbM MNOJAYYHTb YMpOIlLeHHe AHAJIHTH-
yeckHx ¢opMya. B Takolt cHcTeMe Hau6o.ee YIOGHLIMH eAHHHUAMH
ABJSAIOTCA CJIedylolue:

€IMHHUA LJAHHB — aCTPOHOMMYECKasA eIHHHLA;
elHHHUAa Macchl — Macca Coanua;
eIHHHLA BpeMeHH — 58,132441 cpesHHX COJHEYHHX CYTOK.

B 3amayax, cBA3aHHBIX CO 3BE3IHLIMH CHCTEMaMH, HauGoJjee yAOGHHMH
eIHHHULUAMH ABJIAIOTCH aCTPOHOMHYECKas eAHHHLA, OLHH rol # Macca CoaHua.
IMostoMy u3 dopmyan (8) § 1.02, nonaras B Hett a=1, T=s1, my=1
M npeHeGperas m, Mb HalimeM, yto G = 4=2.

IMpu nocnenyloleM aHATHTHYECKOM H3JNOXElNHH MH O6yneM BooGlue
coxpanatb G Kak anre6paHuecKui CHMBOJ, HE CBA3LIBAS ero ¢ KaKoH-1u60
onpenefeHHOR CHCTEMOH eRMHML,.

§ 1.04. Motenunan

Mu Gyaem npeanonarate, 4YTO BO3MOXHO BHOGDATh WHEpPUHAIBHYIO
cucreMy ocet O3, On, O, B KOTOPOH MOXeT GLTh ONMpeneseHO M0J0-
Aenne HeGecHOro Teaa (cM. puc. 2). Tlycte P w P, —pBa Tena, KoTo-
puie, MO MPenmno.oKeHHIO, MNPENCTaBIsIOT cOGOH MaTepHaabHbBlE TOYKH
¢ xoopaunatamu (&, 7, §) u (§, My, &) u Maccamu m ny.
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Cuna nputaxenus Tena P teaoM P, pasna Gmml/rf U ZHeHcTByeT

—
B HanpaBaewuu PP,, rae ry—paccroanue PP,. Tlycts mX,, mY, mZ,—

Pz(gz: 727C2)

¢
/ Pl(gh ?lv€l)
rz/
Ty
0 V /]
/ (8, 9,6)
&

Pue. 2.

COCTABJ/IAIOMMNE CHJN TNPHTAXKEHHA MO MNOJIOXKTEJbHNM HampaBJeHHAM

ocefi. Toraa
Gmm, § —&

mx = r n
Ho
r=E—=8r+a—2)+F—5)
]
7]
N =t
Mostomy
X, = Gm o _ 0 (Gm
! Pk %\

Ecau umetorcs apyrue tena Py, Py, ..., P, ¢ M2CCaMH My, My, o .., M,
H ecan mX — CyMMa COCTaBAAIOIHX NO OcH OF CHN MpUTAXeHHs Teaa P
tenamd Py, Py, ..., P, 10

n
- /] Gm,
X—O—&ZT (t==1,2,..-, n).

Ananoruynnie GopMyael moay4aworca aaa Y u Z,
Mu onpeneaum nomenyuas V B Touke P, co3jaBaeMuift MaTepHaibe
HbIMH TOuKamu Py, Py, ..., P,, ¢popmynont

n
Gm,
V= 21: ot M



§ 1.05. Hotenyuaa wapa Ha 8HEUINIOIO TOUKY 15

3aMeTuM, 4YTO (YHKUMA V' 33aBHCHT TOJbKO OT PacCTOAHHH Mexay TeJaMu

P u Py, Py, ..., P, u, caenosarenbHo, lie 3aBUCHT OT BHIOOPA CHCTEMH
KoopanHaT. Mbl HMeeM
v _ov _ov
X =i V—-Tn-» =3 @

Takum o6pa3oM, noTenuuaa B Touke P (%, 7, {) o6aanaect TeM cBOHCTBOM,
yTO ero MpousBoAHbie Mo §, 7, { AIOT COCTaBAAIOWME CHABl NPHTSKE-
HHS YaCTHUH eOUHUYHOL Macch, pacnosoxeHHOW B Touke P, Maccamu
my, My ..., My,

§ 1.05. lloTennnan mapa Ha BHEWHIO TOYKY

[MpeanonoxuM, YTO AP ABAAETCA OLHOPOAHLIM HJH, B Gosee ofuieM
cAyyae, 4TO NJAOTHOCTb B JM00OR ero Touke ecTb QYHKUMA JMIIbL pac-
cTofliNA OT LleHTpa Wapa. 3akoH TaroTeHus HblOTOHA NpHUMeHHM K ya-
crnuaM. CoaHle, NAaHeTH M CNYTHHKH He ABJAIOTCA YACTHLUAMH B HbiO-
TOHHAHCKOM CMBIC/IE € MAacCaMH, CKOHIEHTPDHPOBAHHBIMH B TOYKaX,
a ABAAIOTCA OrPOMHLIMH CepHYeCKHMH, HAH GJAH3KHMH K  CepHUeCKHM,
tTenaMd. Bo MHOrHX 3amauax HOCTaTOYHO PAcCMAaTPHBATL STH Tena Kak
crporo chepuueckue. HbloTon n0kasan 3aMeuaTe/bHyl0 TeOpeMy O TOM,

Pac. 3.

YTO MPHTAXKEHHE OAHOPOAHOTO apa HAH 11apa, NIOTHOCTb BHYTpPH KOTO-
poro ecTb (pyHKUHMA JHLIb PACCTOAHHA AO €ro LEHTPa, ABJAETCH TaKUM
Ke, KaK H NPHTAKEHHE $aCmuyd, KOTOpas MOMEIUeHa B LEHTp luapa H
HMeeT Ty iKe Maccy, 4To H wwap. YToO6H HANTH CHAY NpPHTAXEHHs luapa
(puc. 3) Ha BHEIIHIOI® TOYKY P eIMHHYHON MaccH, HaM noTpe6yercs
BHpax(eHHe MOTeHUMana B Touke P, c034aBaeMOro GeCYHCJIEHHBIM MHOKe-
CTBOM YaCTHU, H3 KOTOPHX COCTOMT Liap.

PaccMoTpuM cHauana GecKOHeYHO TOHKHH OAHOPOAHBIH c(hepHuecknit
ciofl ¢ uentpoM B Touke O, paamyc kotoporo paseH a. O6o3naunm
yepe3 6 MacCy, MPHXOAALLYIOCA HAa eIMHHLY NJOILAAH, H BO3bMEeM KOJbLO,
orpanuyenHoe yraamu 0 u 0-}-db. IaockocTh Maabix Kpyros, OFpaHH-
YHBAIOMIHX STO KO/MbUO, MNepneHankyaspHn OP. Macca koabua pasHa
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2ra%sinf) df. Tak Kak KamAbif 9J4eMEHT KOJbLUA HAXOAUTCS Ha OLHOM
H TOM Xe PacCTOsHMM X OT P, TO mOTeHUMan KoJblLa B Touke P GyneT
paBeH
2rGa%s sin 6 d6
X

.

CrenoBateabHo, notexunan V, onHoponHoro cdepuueckoro ciaos s rouke P
6yner BHpaxaTbcs ¢opmyaoft

®
V,=2xGa% | LLLLL
0

Tak Kak

X2==q24~r2 —2arcosh,
TO

xdx=arsin0d9.

ITostomy

X3
V=200 % [ dx = 2xGo 7 (x,— x)),

*1

rle X, U Xy COOTBETCTBYIOT § =0 u 6 ==, Hox,=r —a,axy=r-a.
CaenosaresbHo,

41Gaa?

Vl = —_—r

?

HIH TaK KaK Macca caos pasHa M, ==4wa%, T0

Vl= GMl .

r

Takum 06pa3soM, MOTEHLMA] CAOA B TOUKe P paBeH MOTEHLUHANY YaCTHLUH
¢ Maccoft M, pacno/oxeHHOR B UeHTpe CJOA.

Tak kak wap MoxeT GbiTb pasieNeH Ha OdYeHb 6OJbIIOE KOJAHYECTBO
ONHOPOAHLIX TOHKHX KOHLEHTPHYECKHX CJOeB, TO MNOTEHUHAa liapa B
TOuKe P GyIeT TaKMM e, KaK W NMOTeHUMan YaCTHUH, Macca KOTOpoO#
paBHa CyMMe MacC BCeX Ca0eB, T. €. PaBHa MaccCe Iapa, H KOTOpas pac-
nojsoxeHa B ero ueutpe. CrenoBaTelbHo, MK HMeeM cJjeaywouwyio dop-
MyJly ANA MNOTeHUHana V 1apa Ha BHELIHIOW TOYKY:

GM
r

V=

Takum ©6pasoM, NpH aHAMMTHYECKHX MCCAENOBAHMAX MH MOXEM, Ha-
npuMep, saMenuts CoaHlle MaTepHanbHOH TOUKOH, PACMO/NONKEHHOR B ero
ueHtpe. B uactHocTH, npuraxenne CoaHua (Macca m,) Ha NAaHeTy
(Macca my) GyneT TeM xe, YTO U NPUTANKEHHE MATEPHALHON TOUKH m,, pac-
nonoxeHHOR B ueHTpe CO/HLA, HA MATEPHAMbIYIO TOUKY My, HAXOAALLYIOCHA
8 uentpe naauersl. Cuna sroro nputawenns pasua Gmym,/r?, rie r



§ 1.06. ¥Ypasrenua dsuxerus 17

— pacCToAHHE MEXAY HMX UEHTpaMu. HOSTOM}’ B AHHAMHYECKHX 3aJa4yax MBI
MOXeM paccMaTpHBaTh CosHue # naaHeTh Kak MaTe€pHaA/bHBIE TOYKH,
KOOPAHHATH KOTOPHX COBNANalOT ¢ KOOpAHHAaTaMH LUEHTPOB pacCcMaTpH-
BacMbBIX TeJl.

§ 1.06. YpaBHeHHa ABHXKEHHSA

Pagu npocTOTH Mbl OTpPaHHYHMCA CHadyala pAacCMOTPEHHEM TOJbKO
Tpex Tea, HMeHHO P, P, P,, U nNpeanosoXuM, 4TO OHH SBJARIOTCH
TOUKAMH C MaCCaMH My, m, my. JIas TOro 4ToGH BOCNO/IBL3OBATHCSH BTOPHM

é

z P,

a
P
T or
g -7
A, Y
13
X
Pnc. 4.

3akoHoM HblOTOHa, MBI npHMeM B KaucCTBe OCHOBHOH THMOTE3H BO3-
MOXHOCTL BHGOpPa B €BKAHAOBOM NPOCTPAHCTBE HHEPUHAALHON CHCTEMBI
oceit 0%, O, OF, B KOTOPOH ITOT 3aKOH AIBIAETCA CHpased uBeIM. JLas
KpaTKOCTH Mbl OylieM Ha3LBATL TAKYIO CHCTEMY Oceit cucmemoli Heromona.
Ha puc. 4 koopaunatu touexk P, P, P, oTHocuteabHo oceit O%, O,
OC cym> cootserctserto (5, 7y Go) G0 7 Q) u Gy My &)

PaccmoTpum npexcie Bcero apmxeHHe Touku P. COriacHoO paBeHCTBY
(1) § 1.04, noTeHuwan TAroTeHHs MacC m, W m, B TOuke P paercs
bopmy ot

_ Gm, Gm,
V= r A

rae r ¥ A cyTb COOTBETCTBEHHO paccTosHMa Toukn P oT Py u P,.

[TapaanenbHas O% cocTaBAAIOUIaA CHJBI TPUTHKEHHS TOYKAMH Pyu P,
eOuRu4nOl Maccw, HaxonduleHcs B Touke P, BcaencTsre GOpMyan (2)
§ 1.04, pasua dV/9:. CremoBaTenbHO, COCTaBJfIOMIAsAs 9TOH CHJH, Oefi-
CTBYIOLAA HA MacCy m, noMelleHylo B Touke P, 6yner paBHa m (0V/d%).
CKOpOCTb M3MEHEHHSI NMPOEKUMH KOJMYECTBA LBHXEHHA TOYKH P Ha Ha-
npasaenne O} Gyner d (mf)/d¢. TlosToMy Ha OCHOBAHHM BTOPOTO 3aKOHa
ABHKeHHs1 OyneM HMeTb

d .oV
—_ EY o= ——
aF (M)=m g

2 V. Cmapr
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HJH s s |
E =55 =am, 5 ()4 0m 3 ()- 0!
Tak Kak
rP=E—%+ 0=+ C—L
A= —§)P 4+ (1 —m)*+ C—5)%
TO
a (1 §—¢§ a (1 E—¢§
#(7) == wlz)=-—F
ChaenoBatenbho, H3 ypasneHus (1) nMeem
‘E' —Gf'loe_eo E—El. (2)

PaccmoTpuM Tenepb ABHxeHHe ToukH P, Ilotenuuan V|, tarorenns
Macc m ¥ m, B Touke P, naercs q>opuynoﬁ

Gm,

TosToMy, kak M paHblue, 6y11em HMeTb

=L (e () o

ri= Go— E))2 +(— 711)2 +G— c1)2'
0 (1\__&=8
050(’1)— B

£

Hanee,

Kpome ToroO,

TTosToMy ypaBHeHHe (3) NpPHMET BHL
Eo—E
r

§o—&
X 4

1

YpaBHeHHs 448 7 M [ aHaJOTHYHH ypaBHeHHAM (2) u (4).

HyXHO 3aMeTHTb, YTO STH YPaBHeHWs BHBeJCHH OTHOCHTE/bHO THNO-
TeTHueckHx oceft. JanbHefllnee MCC/IeNOBAHHE CTaHET BO3MOMXHBHIM TOJbKO
TOrAd, KOrAa MH CKOMOMHMpYeM STH ypaBHeHHs TaKHM OOpa3oM, uTO
HCK/IIOYHM NEpBOHAYalbHHE KOODHMHATHHE OCH. B Teopuu mnaamer sto
ROCTHTaeTcA TeM, YTO ABHKeHlie maaHer P u P, oTHocHTCA K ocam PyX,
PyY, Py Z ¢ navanom B Touke P, noa kotopoft nmonumaerca Co.mHue.
Ananornyso B Teopun JIyHn B KauecTBe Hayana KoopauHaT Gepercs
3emMas, DTH ocH MOKasaHH Ha puc. 4. HHoraa BuGpaHHbe TakuM 06pasoM



§ 1.07. Ocxoanbie ypagrenus dsuicenus naaner 19

OCH OTHOCATCA K IVIOCKOCTH 3KJHRTHKH, HHOTrAa — K MJOCKOCTH, KOTOpas
aBaseTcs HauGojee yaoGHO# B AanHo# 3amaye. Hanpumep, B Teopuu
CNYTHHKOB — K TJOCKOCTH OPOGHTH NJaHEeTH.

§ 1.07. OcHoBHHE ypaBHEHHA ABHXEHHSA NAaHeT

MycTb Ha puc. 4 P, 03Ha4YaeT HaYan0 HOBOH CHCTEMH koopauHat PyX,
P)Y u PyZ u nyctb X, Yy, Zz-—KOOpAWHaTH TOYKH P, a x;, y,,
2z, — KOOpAHHATH TOYKH P). Toraa

x=f—8 x=§—8
AHanorHuHHe PpaBeHCTBA HMEIOT MeCTO H AJd ¥, ¥, 2, 2. MH uMeeM
rP=x4y42% ri=xi+yj+2,

B=(x—x)P+y—y)+(@E—2)>~
Ilanee,

x=E—E°,

M Ha ocHoBaHuu ypasHenuft (1) u (4) § 1.06 naxoaum

f=— 0my% —Gm, 2=h, B =0m 3%+ G0m, 2.
A A3 A 'A
CoCTaBHB Pa3HOCTb STHX BHIPAXEHHH, MOJYYHM YpaBHeHHe
x4 G(my+ m)-:‘3—=—0m, x:;" — Qm, :_i; o
Tlonoxum
p=GC(my—+4m). 4]

Kpome ToOro, umeeM

H TaK KaK r; H KOOpAHHATH X,;, V,, Z2; HE 3aBHCAT OT X, ¥, 2, TO Mbl
MOXeM HanucaTb

r?—dx 3

n
VpaeHenue (1) Toraa npuMer BHA

_x_l__f_(xxl'*‘)')'l'*'ul).

. 9R '
i+ =32, B
rae dynkuua R ompeneaserca dopmyiaoht
R=0m, (%—i‘m_il_'{"_zﬂ.)_ 4)
r

2*
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COOTBBTCTBleulHe YpaBHeéHHa 48 Y H Z HUMEWT BHI

by _ OR _oR
S+ =3 44

B stux dopmyaax R nasuiBaetca so3mywamoueli gynxyueld, cooTseT-
cTByioulelt ,BosMyuwaioment“ naauere P,. Ecaum 6u Touku P, He cyue-
CTBOBA0, TO, COTJAacHO nepBoMy 3akoHy Kenmsaepa, op6uta Toukn P
OTHOCHTeJbHO P, Obita 6Bl 9J/MNCOM, a TaK Kak Torda R =0, ypas-
HEHHS LBHXeEHHS HMeau Obl BHL

i+t =0 ®)

HT. I

IeilcTeHe Tena P; CBORUTCA K MOSABIEHHIO B803MYujenud, T. e. cpa-
BHHTEJN5HO MaJjblX H3MeHein#t B op6uTe TOukM P, BejMyMHa KOTOPHIX
nponopilioHaAbHAa Macce m; BoaMyuaioued naavere. Ho ecan m,
fB/IReTCA MaJoRt BeJAHMYMHOR MO cpaBHeHHIO ¢ Maccoft CoaHila m, TO MHO-
wuteab Gm, Man mo cpasHeHuio ¢ p==G(my—}m), Tak uto B ypas-
HeHHH (3) uJjeH, 3aBHCAWIMK OT R, NpPOM3BOAHT CPaBHHUTEALHO MaJjble
H3MeHeHHS B KenJepoBoM 3jiunce. OnHaKo onpefeseHHe STHX MaJblx
9¢deKTOB, HIH BO3MYILIEHHR, H ABJAAETCA r1aBHOM 3ajaueil TeOpHH NJaHeT.

Jlerko nokasaTh, YTO eCJAH HMeeTcs 7 BO3MYLUAIOIKHX NJAaHeT, TO
ypaBHeHHA ABHXKEHHA TOUKH P 3amuiiyTcA B BHAeE

n
P+ =g DR, ©
W T. A, TAE 1
Rz=0mz<3}:—iﬁii§—'-l—i)- )
Ecan S; osnauaer yron mexay PP u P,P,, T0
cos §;= mﬁ;’—tﬂ . ®

Mu MoxeM Toraa R; samHcaTh H B TakoH ¢opMe:

R,=Gm,(Ali——7’?— cosS,). ©

§ 1.08. Maccn mnaaser

HOas pelieHHs ypaBHeHHN TeOPHH ABHKEHHS NMJAHET YHCJAEHHBlE 8Ha-
YeHH MAcC BCeX BO3MYLIAIOWUX Tead AOMKHB GbiTb M3BECTHH M Bhpa-
MEHHl B JOJAX COJNHEYHOM MAcCH, MPHHATOH 3a eauHuuy. Tosbko TOraa
MOJOXEHHA NJIaHeT Ha HeGe MOTYT GHITb TOYHO MpPeACKA3aHM LA JMIOGHX
RaHHHIX MOMeHTOB BpeMeHH. Kak Mbl ysuaum B § 2.06, ucnpapnenuuft



§ 1.09. Obaacte npumenumoctu teopuu Hewrona 21

Tpetu#t 3akoH Kenaepa naeT BO3MOXKHOCTb TOYHO OnpeleMITb M3 COOT-
BETCTBYIOWHX Ha6.1101eHHH MacChl TeX MJaaHeT, KoTophie 006.1a1a10T cnyT-
HuKaMu. B cayuae Mepkypus u BeHeptl, KOTOpHie He MMEIOT CNYTHHKOB,
onpeleieHde MacC NOCTHraeTcs MNyTeM CPaBHeHHA TeopeTHYECKHX BO3-
MyLieHH#t, KOTOpbie OHHM BHI3HBAIOT B Op6HTe Apyrofl m.iaHeTH, ¢ Habmo-
AaembiMH shdextamu. Macca [layToHa He HM3BeCTHa € J0CTaTOYHOH cTe-
newbio ToyHoctd. B 1950 r. Koftnep, nposoauBwiu# Ha6.ai01eHHa Ha
200-ai0#tMoBOM Teaeckone oGcepBatopui Mayut [laaoMap, Haiwen, 4To
yrnoBoft AuaMeTp NJaHeTHOro Aucka Oua pased 07,2, uto maer ana au-
HefiHOoro auaMerpa naavethl 5800 xm. IIpu pasyMublX NpeanoJoXeHHAX
OTHOCHTeJAbHO cpeaHe#t naoTHocTH IlayTOHa ero Macca Bpsa aM mpe-
Bocxoaut !/; Macchl 3eman. CreloBartenbHO, €0 BO3MYLIalollee BAHSHHE
Ha op6uty HenTyHa Bo/MKHO GHTb OYeHb MajbiM H He MOAKeT O6hTh OOHa-
PYXeHO ellle B TeyeHHe MHOTHX JeT.

§ 1.09. O6aacts npumeHHmocTH Teopud HeloToua

Cornacho TE€OPHUH OTHOCHTEJIbHOCTH, MPOCTPAHCTBO HE ABMAETCA €BKJH-
IOBHIM, Kak npeanonaraerca B cxeMe HoioToHa. OaHako BO Bcex 3aaa-
Yyax, ¢ KOTOpPHIMH MH HMeeM J1eJ0 B HeOGeCHOH Mexaninke, 3a IIEKOTODBIMH
UCKJAI0YeHHaMH, MeTod HbloTOHA aBaseTcs HCYEepNLIBAOUIHM. chmoueuue,
HanmpuMep, COCTABASIOT OCOOGEHHOCTH B [ABHXKEHHM MNCpHreius OpPOUTH
naaHeTHl Mepkypu#t, KOTOphie KOJAr0 OCTABAAHCH HEOOBACHHMBMHU H ObiiH
BHISICHEHH TOJbKO B OOlIEH TEOPHH OTHOCHTENbHOCTH. Mbl paccMoTpum
STOT BONMpoc Noapo6HO B OAHOR M3 mocaeayouux raas (ctp. 317),



Fanasa 2

SVIUIITUYECKOE JIBWXEHHWE

§ 2.01. YpaBHeHHSI ABHXERHSA

B oroft raase Mm 3afiMeMcs 3ajaveft ABYX Tea, paccMaTpHBaEMBIX
KaK MaTepHalbHHE TOYKH, W30JIHPOBAHHHE OT IPABHTAUMOHHOTO BJHMAHHA
BCEX APYTHX Tel.

Paccmorpum Teno Py ¢ mMaccoft my u teno P ¢ maccoit m. Hama
3aJaua 3aKJI0YaeTCa B ONpefeeHH OpOUTH Tena P oTHOCHTeabHO Tena P,
BoabMeM HeBpawaiomnecs oc Pyx, Pyy, Pyz ¢ HavanoMm B P, Koop-
IMHaTH Tena P oTHOCHTeNbHO 3TOM cuCTeMH oceft 6yayT x, y, 2.

VpaBHenns nBuxeHus Tena P ortHocuteabHo Py, coraacHo ypasHe-
uuo (5) § 1.07, sanuwyTtca B BHAE

it =0, j+H-=0 z4+ 4 =0, M
Tae
p == QG (my—+m). ()

DTH ypaBHEHHA ONHCHBAIOT ABHXKEHHE naaHeTH BOKPYr CoaHua, ABHKEHHe
JIyHH OKOJMO 3eM/H, ABHKEHHE OLHOM KOMMOHEHTH ABOHION 3pe3aH OT-
HOCHTEJAbHO APYro# ee KOMMOHEHTH, pa3yMeeTcR MpPH YCJOBHH, YTO
B KOXIOM TAKOM cJy4yae CHCTeMa ABYX TeJ He MOABEPIKEHA TpaBHTALHOH-
HOMY BJMAHHIO HHKAKMX APYTHX Tell.

VmMHOxaa BTOpoe ypapHenue (1) Ha 2, a TpeTbe —HA y M BLIYHTAA,
noayvaeM

yE —yz=0,
OTKyia .
yz—yz=A4A, 3)
rae A — NOCTOSHHAs HHTErpUpPOBaHHA. AHAJOTHYHO HAXOLHM
zx —zx =8, C))
xy —xy=C, (5)

tae B u C — noCTOsHHBIE MHTErPHPOBAHHSA.
YMHOuM paBeHcTBA (3) — (D) COOTBETCTBEHHO Ha X, Y H Z M CJIO-
KM, Mb TOTAA NMOAYUHM

Ax -+ By+Cz=0. (6)



§ 2.02. HNoaoxenue naocnocru opburss 23

[Mocaeaee paBeHCTBO MOKAa3HBaeT, YTO KOOPAHHATH TOYKH P yao-
BJETBOPAIOT YPABHEHMIO NJOCKOCTH, npoxoasauiefi uvepes P, Jpyrumu
ca0BaMu, opOUTa TOYKH P JeXUT B HEKOTOPOR MJIOCKOCTH, MPOXoaauieft
uepe3 TOuky P,

§ 2.02, llonoxkeHne NJAOCKOCTH OPOGHTH OTHOCHTEAbHO
OCHOBHO!f TJAOCKOCTH

Ha puc. 5 usobpaxena HeGecHaa cdepa c UeHTPOM B Touke P,
Ocu Pyx, Pyy, P,z nepecekaior HeGecHyio cdepy B Toukax X, YV, Z.

Puc. 5.

Mu GyaeM paccMaTpuBaTh NMJAOCKOCTh 604blioro kpyra XY kak ocHOB-
HYI0 TJIOCKOCTb, @ TOYKY X — KaK OCHOBHYI0 TOYKY Ha 3TOM G60JbluoM
Kpyre.

IMpeanonoxuM, 4TO MJIOCKOCTb OpPOMTH, YpaBlieHHe KOTOPOH aaercs
dopmynoft (6) § 2.01, nepecexaer HeGecHyio cdepy mno GoabwoMy
kpyry NAM. Tlomoc storo Goabuworo Kkpyra (B TOM MNOJywapuu,
rae Haxoautca Z) cosnanaer ¢ toukoft C. Hanpasasouine KocuHycs pa-
auyca PyC nponopuHoHanbHM NMOCTOAHHHM HHTerpupoBauus A, B u C,
psefeHnbiM B § 2.01.

Myctb panuyc-BekTop Py P nepecexaer cdepy B Touke Q. Mu npen-
NOMOXKHM, YTO HBHMeHHe Tena P oTHOCHTe/bHO Py MPOHCXOAMT B Hampa-
BAeHiH OT N Kk Q ¥ YTO B MOMEHT BPEMeHH T paiaNyC-BeKTOp nepece-
Kaetr cdepy B Touke A, ynaneHHoft oT N Ha yrioBoe paccTosHue .

[Mosoxenne NJIOCKOCTH OPOMTH OTHOCHTEJBHO OCHOBHOH MJOCKOCTH
onpeneJserca a) yrioBuM pacctosHueM Touku N oT X, 0603sHayaeMbiM
yepes 2, 6) HaKJIOHHOCTBIO NJAOCKOCTH OPOUTH K OCHOBHOM MNJAOCKOCTH,
KoTopas 0603HauaeTca uyepes ! W n3MepaeTcA ABYrpaHHbiM yraoM ANY
wan yraoBuM paccrosuueM CZ.



24 Trasa 2. aauntudeckoe Odsuxcenue

B TeOpHH MJaHeT, HANMpHMep, 32 OCHOBHYI0 NAOCKOCTb 4acTO NMPHHH-
MaeTcs MJOCKOCTb SKJHNTHKH, TOYKa X OTOXIAeCTBAAETCH C TOYKOH Be-
CeHHEro paBHOAEHCTBUA Y, a B KayecTBe TOUKH Z NPHHHMAeTCH CeBep-
HHft MOAIC SK.IHNTHKH. Tak Kak paiuyc-BeKTOP ILIaHETH Mepexoiut
M3 I0XKHOrO MNOJywapus B ceBepiioe uepes N B HanpasieHun NAQ, To
toyka N HasblBaeTcs 8ocx00Aujum y320M (OGHIYHO MNPOCTO Y3.404),
a ayra XN (mau YN)—doszomod y3aa.

Mu MOxeM BhIpa3uTh nocrosuiue A, B u C unrerpanos (3), (4) u (5)

§ 2.01 uepes 2 u ! u HaoGopoT. Bupanenne xy—.i:y npencraBaser
Co6OH YIBOEHHYIO CKOPOCTb, KOTOPAsA XapaKTepPH3yeT H3MeHeHHe NIOLIalH,
OnHChIBAEMO# npoekuned paauyc-sekTopa r Ha naockocte XV. Ecam
h — ynBOEHHas CeKTOpHa/bHag CKOPOCTh MNJaHETH (= r?, rae § —no-
JApHHR yroa), To

xy —xy=hcos CZ,

rie CZ — yroa Mexiy HOPMaJasaMH K MIOCKOCTH OpGHTH H naockoctH XY,
1. e. CZ=1. CnenosareabHo, u3 ¢opmyan (5) § 2.01 umeem

C=hcosl.
AHajnoruyno
A=hcosCX, B=hcosCY.

U3 cdepuucckux TpeyronbuukoB CXN u CYN Haxoaum, uTo

cos CX ==sin2sin{,

c0s CY ==~ cos Qsin!,
OTKyAa

A=rhsin2sinl, B=—hcossinl, C=hcosl. n

Tostomy W A B CR

TakuM 06pa3oM, s — BelHMUHHA MOCTOAHHAadA, H BTOpPOH 3axoH Kemaepa
TEM CaMbHM NOATBEDPXKIEH.
N3 dopmyan (1) naxonum
VA LB
Cc

A
1g9=——B—. gl =

§ 2.03. YpaBHeHHS ABHXKEHHA B NAOCKOCTH OPOHTH

BoabMeM MpAMOYroAbHYI0 CHCTeMy koopauHat ¢ ocamu PN, PM,
NewauuMy B MAOCKOCTH OpOHTH Tak, 4ro6n PN uMena HampaBieHHe
Ha y3ea. Ilyctb KoopaunaTel ToukH P Ha puc. 6 6yayt x,, y,. Ilycrs,
KpoMe Toro, O oanauaer noaspHuit yroa Mexay PoN u PyP. Torxa,



§ 2.03. ¥pasuenua deuxenus 6 nAOCKOCTU opbuTsL 25

TMPUHUMAA BPEMEHHO MJOCKOCTb OPGHTH 32 OCHOBHYIO, 3anHlleM ypaBHe-
HHAl IBHXKEHHA TOYKH P B BHIe

}1+f"'xl =0, y1+ !‘)’1

rd
HJH
— mi X1 e mu _Zl_

[Tocaennne ypaBHEHHs ABAAIOTCA HLIOTOHOBCKMMH YDaBHEHHMAMH ABHXKEHHA
YacTHLH C MacCOR m, MOABEPKEHHOM CHJe MPHTAKeHus mp/r? B Hanpa-

y-] M

Puc. 6.

BaeHun PP, OGosHauus cocTasisiowue yckopeHus pioab PyP u nep-
neuaukyaapHo PP uepe3 a u §, moayunm

®
a=-——r—-, p:o,
14
Ho a=r—r2 u = - (r20) CaenoBaTenbHO, YPAaBHEHUS ABHMKEHUS
TOukH P B MOJAPHHX Koop.zluna'rax HMEIOT BHA

r—rit=—2%4, )}
rh =, 2
rae h — NPOH3BO/IbHAA NOCTOAHHAA.

YpaBHeHue (2) — aHaJIHTHYECKOE BHpaxeHue BTOporo 3akoHa Kenaepa,
npuueM /i — yIBOEHHAA CEKTOPHa/JbHas CKOPOCTb, PaBHas

2rab
7

Tak kax B § 1.02 Mu onpeseannn cpenmee yriaopoe ABMKEHHE 7 TNpH
nomowx ¢opMyaul

2z
n=-, 6]
10

h=na?y1T—=¢. )
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§ 2.04. YpapHeHHe OpGHTH B NOJAAPHHIX
KOOpAHHATAX

YToOB MOAYuHTh ypaBHeHHE OPOHTHI B MOJAPHBIX KOODAMHATAX, MbI
HCKJIIOUHM ¢ H3 ypaBHeHH#

; ¢
I' —_rf?=— ﬁ . (1)
rf=n. @
Monoxum u==1/r. Toraa us gopmyan (2) HattaeM, uro 0 = hu?. Cne-
J0BaTebHO,
. d du
r=a ( ) b=—hgp
Ll
_4a( . du __po,0 d%u
'_do( h do)ﬂ_ h%u a5
YpaBueHue (1) Toraa mpHMeT BHJA
du
o7+ =gz 3)

OGutee pellleHHe STOrO YypPaBHEHHA AaeTcs Q)opuynoﬂ
u=%[l —+ecos ( — w)],

B KOTOPOH ¢ H @ CyTb MOCTOSHHble WHTerpupoBaHus. C.emoBaTeabho,

h3/u
=TFecos@—w) " 4

TMocenHee ypasHeHue fBJAAETCA ypaBHEHHEM OSJIIMNCA C SKCUEHTPHCHTe-
TOM e, ecan 0 < e <1, H doKaabHLIM MapameTpoM, pasubiM A%/, Cre-
ROBATeIbHO,

h=pa(l —e?). (5)
Oaxnako, coraacio ¢opmyne (4) § 2.03,
h=na?yY1—¢. (6)
Hs ¢opmya (5) u (6) HaxoauM
p = n%a?, )

naM tak Kak n=2x/T u p=GCG(my—+m), 10

3 G
gy =Gt m ®

YTO ABJseTCA yTouHeluHo# ¢opMoH Tpersero 3akoHa Kenaepa.



§ 2.05. Yrounennan gopma tpervezo 3axona Kensepa 27

3aMeTuM, 4YTO paBeHCTBO (4) mpenctasaser co6oft o6uiee ypaBHeHHe
KOHuveckoro cedyenus. CanenosatenbHo, opGuTa Tena P oTHocuTtensHo P,
B COOTBETCTBHH C 3aKOHOM TATOTEHUS MOXeT ObiTb:

a) saauncoM, ecan 0 < e <1 (uam xpyrom, ecan e ==_0);

6) mapaGoJoft, ecan e=1;

B) runep6ooft, ecan e > 1.

Mu Gyzem #MeTb Aeno raaBHHIM 06pasoM €O cayuaeM (a), KOTOPOMY
COOTBETCTBYeT SJAMNTHYeCKaA opOuta ¢ dpokycom B P, Takum oGpasom,
BuBOA ¢opmyan (4) M COCTaBAseT [AOKA3aTeJLCTBO MEPBOr0 3aKOHa
Kenunepa.

§ 2.05. YTounenHas ¢opma TpeThero 3axkoHa
Kenaepa

H3 npeamiayuiero naparpaga Mu HMeeM

42 2 = G (my+ m), m)

rae noa Py, mMm G6yanem noxuMars Coaunue ¢ Macco#t m;, a nmoa P—naa-
HeTy ¢ Maccoff m.

Ecan a, u T, otHocaTcs Kk opO6ure Kakoff-mu60 Apyrod njavern
¢ Maccoft m,;, o6Gpautaiouteica Bokpyr CoaHua, TO HMeeM

42 8 G mt-m) 2
Tf_ mo~t-my). )

Ha dopmyn (1) u (2) Haxoaum

a’(T? — 14 (m/mo) ] 3)
&[Tt 1+ (m/mg)

OtHoumeHHs m/my u m,/m, asasioTcA MaanMH., MakcumaibHOe 3Haue-
HHE TaKOro OTHOLUeHHA, paBHoe 1/1047, coorBercTByeT maauere HOmurep.

Ecas STHMH MaJuMH OTHOIIEHHAMH mnpeHe6Gpeyb, TO paBeHCTBO (3)
NPHMET BHA

& &
T =T
o T

YTO ‘npeacTaBaseT co6o# Tperu#t sakon Kenuepa, samucaHHbff Aas AByx
naaver. OueBHAHO, 3TOT 3aKOH MOMXeT OHTH PacHpOCTPaHeH Ha aoGoe
yucao naaHer. Korma B AaabHefliueM 6GyAeM CCHAAaTbC HA TPETHH 3aKOH
Kennepa, mn Gyaem umets B BuAy dopmyay (1), KoTopas BhHpakaer
9TOT 3aKOH TOYHO,
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§ 2.06. Maccu naauer

Mbl nponadiocTpupyeM MeTOL OmpenefeHHs MacC MJaHeT, KOTOphe

ofiaialor CnyTHuKaMu, Ha npumepe Mapca u ero cnytuuka Jeitmoca.

[TpeanonoxuM, 4To HeBO3MYyeHHas opOuTa [leimoca (Macca m,), onpe-

neJaseMas npuTskeHHeM Mapca (Macca m), ABASETCA .IJAUNCOM ¢ Goabluof

noayocelo @, # nepuonoM T,. Tlpumenss Tpertu#t 3akoH Kenaepa B ero
yTouHenHo#t ¢opMe k opOute cnyTHHka Mapca, noayuaem

a}
4r? —T-?— = G (m -4 m,). a

Ecau a u T othocarcs k op6ute Mapca otHocuTeabno Coauua (Macca my),
TO

42 2 = G (my+-m). @)

Tak Kak m,; ABJAETCA OueHb MAJAOH BeJHYHHOH MO CPABHEHHIO C m, TO
Mbl MoxxeM B ¢opmyne (1) m; or6pocutb. Torma ua dopmya (1) u (2)

GyneM MMETb 2 T2
=) () ®

OtHowenus af/a, w T/T; noayyaiotca W3 HccaenoBawns op6utr. Caeno-
BaTeJbHO, C MOMOLUbLI0 GOpMy/aH (3) MB Jerko onpeaeaseM OTHOIUElHHE
Maccul Mapca x Macce Coaxua.

Kak Mo sametuau B § 1.08, Macca naaHeTw, He HMelOleH CyTHHUKA,
onpenenfeTcs APYTHMH METONAMH.

§ 2.07. dneMenTH 9aAMNTHYECKOA OPOGHTH

Cornaco dopmyaam (4) u (5) § 2.04, ypasHenne opOGUTH B moasp-
HHX KOOpPIWHATaX MMeeT BHUI

a(l—e?
I4ecos(0—o)’

r ==

rie a(l —e?) paBHo h%/p. BenuunHa r mnpHHHMaeT HaWMeHblllee 3Ha-
yenue, Korsa cos() — w) JOCTHraeT MaKCHMyMa, T. €. koraa 0 =—o.
CaenoBare/ibHO, MHHHMA/IbHO€ 3HaueHHe r paBHo a (1 —e), uTO cooT-
BeTcTByeT mepureaufluomy paccrosnuio PyA (puc. 6, ctp. 25). Amnaso-
FHYHO MAKCHMA.IbHOe 3HaueHHe r uMeeT MecTo npu § —w==. Ouo
pasHo a(l--¢), uTO COOTBETCTBYeT adeauitHomy paccrosuuio P,B.
Yron o, TakuM o6pa3oM, onpelenseT opueHTauuio 60.abiuo# ocH BA or-
HOCHTeAbHO HanpasJeHud PN, OT KOTOpoOro uaMepsieTcs NOAApHHIA yroa 0,

BenuuuHbl @, ¢ H © ABJRIOTCA TPeMs dpeMenmaMmu OpoutH. Yersep-
THIM 9JIEMEHTOM fIBJAETCA T — MOMEHT BPEMeHH, KOrja IJaHeTa npo-
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XomuT uepe3 nmepureauih. Jlas Toro uToGBl MOJHOCTBIO ONpPENeaHThH
nojoxenue OPOUTH OTHOCHTEJIbHO OCHOBHOM MJOCKOCTH M OCHOBHOTO
Hampas.eHus B 9TOH nAOCKOCTH, TpeOyioTcs emie ABa 3JeMeHTa. Ecau
OCHOBHOH MJOCKOCTbIO fBJAETCA MIOCKOCTb IKAMATHKH (puc. S, cTp. 23),
TO ITHMH 3aeMenTamu Gyayt & (moarora ysnaa) n ! (HaKJOHHOCTb OPOUTH
K NMJOCKOCTH IKIHNTHKH).

das yao6cTtBa pa3o6beM UIeCTb 3.1eMEHTOB Ha ABe TPYNMbl, Kaxjaas
U3 KoTopux Oyner comepxarb no Tpiu 3Jementra. [lepsyio rpynny co-
CTaBAfIOT 3/EMEHTH &, e, T, KOTOpble XapaKTepH3yiOT 3.IJHNC He3aBH-
CHMO OT ero MOJIOXeHHW OTHOCHTEJbHO OCHOBHOH MAOCKOCTH. Btopyio
Tpynny COCTaBJAIOT 97eMeHTH 2, o, I. DiaeMentn R u ! onpegpensior
ROJOKelHe NJIOCKOCTH 3.1JMACA OTHOCHTEJAbHO SKJMNTHKH M TOUKH BecCeH-
Hero pPAaBHONEHCTBHA, 3 3JeMeHT o OmnpefeiseT OPHEHTaLHIO GOJbILON
OCH OpOHTH OTHOCHTE/]bHO HampaB/leHHds Ha BOCXOAALMR y3ea N.

STH 3MeMEeHTH MOABJAIOTCA €CTeCTBEHHHM O6Pa3oM M3 MN[EOCTLIX reo-
MeTpHueckuXx coobpamenult. OnHaxo MoxeT OkasaTbcs 6oJee yAOGHLIM
paccMaTpHBaTh B KauecTBe MOCTOAHHLIX 3/VIMATHYECKOTO NBHIKEHHA JI06HE
WecTb HeaaBHCHMBLIX ¢yHkuu#t oT a, e, ..., {. Hanpumep, B HeKOTOpHX
TeOpHAX B KauecTBe HE3aBHCHMOTrO 3JeMeHTa NpHHUMAETCA NOCTOsHHas

)
hz[p.a(l——e?)]/’, KOTOpas CTOJb jKe ecTeCTBeHHLIM 06pa3oM MOsB.AsfeTCs
NpH pelleHWH AWHAMHYeCKOH 3agauu.

§ 2.08. HcTHHHAA H 9KCUEHTPHUECKAS AHOMAJHH

Hemurnasn anomasus, o6GosHauaeMas uyepes f, onpelensercs Kax
NOJMAPHEA yron naaHers, otcuuThiBaeMuft ot PyA (puc. 7). Coraacho

Pue. 7.

HAWMM MpPeAbAylinM 0003HAUeHHAM, MB MOXeM HamucaTb f=<0— 0.
YpaBHenue opOUTH TOrAa MPHUMET BHA

a(l—e?)

14-ecosf* )

OueBnaHo, MHTErpaa nJiouwiafeft MoxeT GHTL 3anucaH B BHie
rif =h. @

r=
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[TonspHele KOOpAUHATH TOYKM P OTHOCHTeAbHO PyA Kak OCHOBHOTO
HanpasaeHus OYAYT r, f, COOTBETCTBYIOUIME NPAMOYTO/ibHEE KOODPAH-
HaTH — PyR u RP. OGosnauan ux uepes £, 7, HaltleM

E=rcosf, m=rsinf. @)

ITposenem us uentpa C OKpykHOCTb pamuyca a. Opanxara
TOukH P nepeceueT STy OKPYXKHOCTb B Touke Q. Yron QCA wasmBaerca
Kcyenmpuyeckold anomasueli n o6o3Hauaercs uepe3 E. MH umeem

CR=acosE, RQ=asinE. “@)

Tak xak ypasHeHHe SAAMNCA C UeHTPOM B Touke C H c mnoay-
ocbl0 CA, pacnooKeHHOR BAOJb OCH X, WMeeT BHA

2 2
.

rie b2==a?(1 —e?), 1o opaunata PR BHpaxaerca yepe3 E creayouwum
oGpasom:

PR = g (62— a%cos? E)* = bsinE.

CaenoBarenbHo,
RP b
=3 ®
Tak xax CPy==ae, To uMeeM
t=rcosf=a(cosE—e), ©)
n==rsinf==>bsinE. )

Panuyc-sekrop r onpepeautcs kak ¢dynkuus E, ecam BossectH
B Kksaapar ¢opmyan (6) u (7) u cnaoxure. Toraa moayuum

r==a(l —ecosE). ®
Hs dopuyau (6) Haxonum
r(2cos’%—-l)=a(cosb‘—e) 9

UaH, Hcnoabsys dopmyay (8).
f__ — 2 E
rcos’7-—a(1 e)cos? 5.
AHanoruyHo s pasencTBa (7) noayyaeM
r(l —2 sin’%) =g (cosE—e),

OTKyaa, Hcnoab3ys dopmyay (8), Haxoanm
rsintd =a (1 gsin? 2. (10)
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U3 dopmya (9) u (10) umeem

S ‘l+e E
gy=) 1= €5 (11)

Tlocaeanee ypaBHeHWe BHPaXaeT UCTHHHYIO aiOMA:HIO yepes SKCUEHTPH-
4ecKyl0 aHOMaJHi0, K HaoG6opoOT.

§ 2.09. Cpeanssa anomaaus

[TpeanonoxuM, 4TO B MOMEHT f/ NJAaHeTa HAXOAMTCA B Touke P
(puc. 7). 3a uHTepBan BpeMeHM f— T paauyCc-BeKTOP MepeHAeT H3 MO-
noxenus PyA B nonowenue PP. Ecam paanyc-BeKTOp B MOMEHT <
coBnazaer ¢ PyA u B JaabHefluleM Bpauiaetrca co cpeaHel yraoBoft
CKOpocTbiO 7, TO yroa PPyA, Ha KOTOpHA OH MOBEepHETCA 3a BpeMs
t —, HasnBaerca cpednell anomaruel. Ecam 0603HAYHTL CPenHIO0
aHoMaiauio yepes M, To

M=n(t—n). ¢))

§ 2.10. Ypasnenune Kemaepa

D10 ypaBHeHHe CBA3HIBAET MeXAy cOGOff 9KCUEHTPHYECKYI0 aHOMa-
amio E u cpeanioo anoMannio M. Ono nmeer Bua

E—esinE=M.
Mu BHBeleM ero cjelylioluM o6pasom.
U3 dopmyan
r=g(l —ecosk)
nMeeM ) )
r=aesinE - E. M
U3 paBencraa
1 1-4ecosf
T a(l—6)
HaXOAUM ;
r_esinf-f
™ T a(l—ey)"

OTKYyJAa, TaK Kak
r}f =h=na? Vl —e?,

noJjyyaem
- _ naesinf
Tyi—e @
Hs dopmya (1) u (2) umeem
E= nsinf

Vi—etsinE
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Ho, coraacuo ¢dopmyae (3) § 2.08,
n=rsinf=ay 1 —e’sinE.
CaenopareabHo,
rE=na
HIH
(1 —ecosE)E=n.

Huterpupys, noiayuaem
E-—esinE=nt—+c,

rae ¢ —NOCTOSHHAsA MHTerpupoBaHusd., OaHako E =0, koraa f==r.
MosroMy ¢=— nt. CieloBaTeibHO, MH MNOJy4YaeM

E—esinE=M=n(t —~), 3)

yTo M fBAReTCA YpaBHeHueM Kenaepa, cBASHBalOWMM MeXAy coGoft
9KCUEHTPHYECKYI0 H CPENHIOI0 aHOMaJaHH.

§ 2.11, Pemenue ypashenns Kenaepa

[TpeanonoxuM, 4TO 3JCMEHTH € M = OPOHTH H cpelHee ABHXKEHWE 7
HaM H3BeCTHHl. B TakoM cayyae Mbl MOXeM BHYHCAUTL 3HaueHue M ans
MoMmeHTa {. Jas onpeaeaenna 3HaueHus E aas MOMEHTa ¢ MB uUMeeM

ypasHenue
E—esinE=M. a

a) Ecan e maino, ckaxem nopsagka 0,1, kak B cayyae GOABIIMHCTBA
NJaHeTHHIX OPOHT, TO E MOKHO BHYHCAHTD C MOMOWBI0 BecbMa yno6-
Horo Meroda, npenaoxeHHoro Bpaynom ). IToaoxum

E= M+x. (2)
rae X HYXHO OMNpefe]uTh.
Toraa us dopmyan (1) HMeeM

x =esin(M 4 x). @®3)

Hs dopmyan (3) caedyer, oueBHAHO, YTO X HMeeT nopsmok e. Janee,
N X8 X5 _
smx-—x—m——l-ﬁ— ces ==

= esin(M-i—x)—-%sina(M+x)+1i21)-sln5(M+x)— ces

HJH
sinx (1 —ecos M) —esin Mcos x ==

= — £ sind (M - x)+ G SIS (M) — ... @

1) Mon. Not. Roy. Astron. Soc., 92, 104 (1931).
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[ycts C u x, ONpeleAsIOTCA ypaBHEHHAMH

Csinxy=esin M, ®)
Ccosxy=1—ecos M, 6)

M3 KOTOPHIX HaXOAHM
AT @
Csin(M 4 xp) =sin M, ®8)
C?==—2ecos M e ©))

Mu BuunciHM X, no ¢opmyre (7) u C no ¢opmyne (8), ecau
Toabk0 M He aBaserca GauskuM k 90° wam x 270°, xoraa mas onpene-
nenus C MoOxeT OuTb Hcnoab3oBana ¢opmyaa (9). CrelyeT 3aMeTuTh,
4yTo X, uMeeT nopaaok e. Hcnoawsys ¢opmyan (5) u (6), sanumem
pasaoxenue (4) B BuAe

e

sin(x — xg) = — Fésln”(M + x) 4

+l‘_2‘;?sm5(M-{-x)+ (10)

dopmyaa (9) nokasusaer, yro C uMmeer nopaaok eauuuusl. Ciegopa-
Te/bHO, COraacHo pasaoxenuio (10), x — x, uMeer nopanok e3, Tak uto
ecAH Mbl MOACTABMM X, BMECTO X B MepBHH uneH MpPaBoH 4acTH pa-
BeHctBa (10) u or6pocuM BTOpOft 4fieH, TO MOJYYHM YpaBHelHe

SInx — xp) = —e SIS (M + xp), a1

KOTOpOe CMpaBeAIHBO C TOYHOCTHIO NO 4jaeHOB mopsaaka ef. dro ypas-
HeHHe MOXeT OuTb 3anucano W B Apyro#t ¢opme. Hs ¢popmya (5) u (6)
HMeeM
sinxy(1 —ecos M)==ecos x,sin M.
Orciona
sin xy =esin(M -+ x;),

H u3 ypasHenua (11) noayuaem
1

sin(x — xg) = — ¢ sind x,. (12)

ITo ¢opmyne (11) uan (12) 3HaueHue x MoueT GHITb JNErKO BLIYH-
caedo. OGo3nauuM ero uepesd x'. LA naaHeTHbIX OPOGHT C ManbIMH &
STO 3HaueHue X' OOBIYHO OKa3bLIBAeTCA HNOCTAaTOYHO TOUHBIM. Peienue
ypasHenns Kennepa Toraa npuHumaer Bun

B=M+x,5

3 VY. Cumapr
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Ecan e uMeeT HeCKoJbKO GOJolllee 3Ha4YeHHE HAH ecau TpebyeTcs
66ablIas TOYHOCTb, TO MONKHO MOJY4YHTb TpebyeMOe 3HayeHHe X NyTeM
NCACTAaHOBKH X' BMeCTO X B nepebifl uned npaBoH uyactu dopmyaun (10)
H X, BMecTo X BO BTOpOH uaeH. Toraa x OymeT BbluHCIATLCA MO

dopuyae
3 S
Sin (¥ — xg) = — g7 SIS (M + x') + o SIS (M 4-x,). (13)

Bcan x” — 3nauenue x, HaMaenHoe no ¢opmyre (13), To peuwenue
ypasHeHns Kennepa umeer Bu

E=M+4x".

6) Ecin e He sBaseTcs CpaBlHTeNbHO MaJbIM, KaKk B cayuyae (3a), TO
npouelypa pelleHHs HAYHHAETCH C OMNpeleNeHHs HCXOAHOTO 3HaveHus E,
KOTOopoe npeacTasaser co6ofl npubaHKeHHOe peuleHHe ypaBHeHusa Kem-
nepa. Takoe 3HaueHHe MOXET OLITb NOJYYEHO OAHHM W3 MHOTMX TpadH-
YECKHX MeTOO0B, MpeldJOXeHHbHX AN STOH wead (HX MMeeTca okoJao 120),
HJAH C MOMOLIBIO CreuHaabibiXx Tabaul !). B 9THX Tabauuax aawTcs 3Haye-
Hug M, BHUMC/AeHHble A4S OTAeAbHbIX 3HadeHWA £ u e, nanpumep E
c unrepsaioM B 1° u e ¢ unreppanom 0,05.

IMyTem uHTepnosuuMn nO STHM TabJHLUAM Jerko MOJAYYHTb 3Haue-
Hue E; xoTopoe npuGamkenHo ynosaersopser ypasHennio Kenaepa npu
ONaHHBIX 3HadeHusax e n M.

Mycts E,-4dE o6Go3uauaer Beanunny E, KoTopas TOuYHO yadoB.ae-
TBOpAeT 9TOMY ypasHeHuio. Toraa

E,+4dE —esin(Ey;4dE)y= M. (14)

C TOYHOCTHIO 1O HYJIEHOB MepBOro MNOpsAaka MH nojaydaeM aaa dE
dopumyay
M—M,
dE = I—ecosE,’ (15)
rae M,=E,—esinE,, a nostomy dE nerko Buuncasercs. Taxum 06-
Pa3oM, MOXHO MoAyuuTh Gojee TouHOe 3Hayenne E,—-dE. Ilaa nanb-
Heflluero yTouHeHus 3HaueHusa E, ynoaeTBopsiowero ypashenuio Ken-
Aepa, MOXHO NOBTOPHTb ITOT npueM, npuiuMas E,4-dE B kauectse
HOBOTrO MpPHG/IHKEHHOTO 3HAUEHHA.

1) Hanpumep, J. Bauschinger, Tafeln zur theoretischen Astronomie,
Leipzig, 1901, nam J. J. Astrand, Hulfstafeln, Leipzig, 1890. [CM. Takxe:
Mo C H'Goorun, BcnoMorateabHble TaGAHLW A48 BHYHCACHHSA %Xﬁlﬂ‘ u sde-
mepup. Ipunowenue k kypcy HeGecuoi mexawuku, ocrexusgar, M—JI, 1941;
A. 9. Opaor u B. A. Opaos, Kypc Teopernueckoit acrpotomuu, Iocrex-
usaar, M.—JL., 1940. — [Tpun. ped.}
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§ 2.12. CxopocTb ABHMEHHE NJAHETH
no ee opburte

Iycts v— opOuTasbHag CKOPOCTL naaHeTH. Toraa
V=472
Ho
t=a(cosE—e), n=ay1—elsinE.
IosTtomy
v? = a?(1 — e2cos?E) E2,

U3 ypasuenus Kenaepa umeem

(1 —ecosE)E=n. ¢))
ChrenosatenbHo,
1 E
v’=n2a’%=% [2—~(1 — ecos E)]
HaAH 9
1

910 M ecTb Ta dopMyna, KoTopyl Tpe6OBaAOCL BHBECTH.

§ 2.13. Moandukauus SNNHNTHYCCKHX SJAEMEHTOB
dneMeHTH OPGHTH, C KOTOPHIMH MBI MOKa HWMEJH HeA0, TaKOBHI:
a,e,t H 2, ol
Tocaenuss rpynna sJeMEeHTOB, OTHECEHHHX K OCHOBHOH NJAOCKOCTH H

ocaM, o6o3nauenHuM uyepes X, ¥V u Z, nokasana Ha puc. 8.
a) DAeMeHT T, BXOmAWWH B ypaBHenHe Kenaepa

E—esinE=n(t—n)
HHOTAa OhiBaeT ynolHee 3aMeHUTb SJEMENTOM X, PaBHHM — AT, TaK 4TO
ypasxenne Kensepa npunumaet Bul

E—esinE=nt+y. a

AneMentaMu opOHTH Torha OyayT:
a, e,y 1 2 0L

6) Hmeiomaa Gosee MmHPOKOe NpHMeHeHHe MONUDHKAUHA OCHOBHLIX
SMIEMEHTOB BKJIOYaeT B Cceba 3aMeny o M t (4au x). Korna ochosHo#t
NAOCKOCTLIO ABJSETCA MJAOCKOCTb SK/AHNTHKH, TO 00.420ma HeKOTOPOR
Touk# Gobworo kpyra MAQ B Teopun naaHeT OnmpenesAeTCA Kak yrod,
H3MEpEeHHHR OT OCHOBHOR TOYKH X (MAR Y) A0 BOcXomauiero ysaa N

3.
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W dajee BAOJb OGOJBbIIOrO Kpyra OopOHTH 10 MHTepecyiolle HAac TOUKH.
Takum o6pa3oM, doszoma nepuzesusn, o6o3navaeMas uyepes &, — 3T0
LOJroTa TOYKH A H OHa BHIpaXaeTcs uepes @ W o caelyiowny o6pasoM:

d=Q2+ a. 2

CnenoBaTe bHO, Mbl MOXEM 3aMEHHTb © Ha & — 2.
Ecan Ha puc. 8 Q-—Touka nepeceueus pamHyc-BektTopa PyP co
chepott, a AQ — HCTHHHAA aHOMaJHA f 9STOR TOUKH, TO UCMUKKGR

Puc. 8.
doszoma naanems, 0603nayaeMas yeped L, — 3TO A0OATOTa TOUKH Q.
CaenoBaTeqbHo,
L=Q+4o+f
HaM
L=&+f. 3)

AHaNOTHYHO cpednAn 00s20ma nnaaHeTH, 00603HauaeMaa yepes [,
CBfi3aHa co cpenHett anoMaiveh M =n(f{ — <) =nt—-y ¢dopMmyaoh

l=a4n(t—n). 0)

BMecTo 9neMeHTa < (MAM )¥) 4YACTO BBONMTCA 3/MEMEHT &, Ha3bBaeMbift
cpednell doszomod 8 snoxy. IT0 CpelHas NOATOTA B HAYAIbHBIA MO-
MeHT BpeMenH f{=0; ona aaercs ¢opmyoft (4), ecau NOAOKUTL B Helt
t =0. Caenosare/bHo,

e==@—nr. ®

MUckaouas © u3 pasectB (4) u (5), Mbl AaA cpeldHeH 20aroThl I Hakaem
¢popmyay
l=ntte. (6)
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Coraacio ¢opmy.ie (4), cpeanss aHomaans M onpemeautcs Tak:
M=Il—a.
CnenoBateabHO, HCMOAb3YA paBeHCTBO (6), moaydaeM
M=nt4z:—a. ™)
OTa CUCTEMAa COLEPXKHT CAelyIOlHe SJAEMEHTHI:
a, e e 2, 8, L

§ 2.14. Ceopka GopMya IAAHNTHUECKOTO
ABHXEHHS

CoGepem 3aecb 479 CnpaBOK OCHOBHHE (OPMY.1H, NO.JyuYeHNHE B Npe-

ABAYIIHX naparpadax:
a(l—e?)

r=t|-_em' e}

n%ad = p == G (my - m), ),

h2=pa(l —e?), @)

E—esinE=Mn(t —1)=

=nt+x=

=nt-te—a, “)

=a(l —ecosE), ®)

o=y E et ®

dTH GOpMYyaH BakKHH 118 TEOPETHYeCKHX HCCAef0BaHKH, KOTOpHE
Mbl PaCCMOTPHM B C/eAYIOLUMX TAaBaXx.

[Tpu noMOUIH MX MOXHO TaKXKe BHYHCAHTH MOJ0XeHHe NJAaHeTH Ha
ee op6ute, T. €. 3HaueHus r W f Aa9 n06Or0O MOMEHTa BPeMEHH,
€CJH U3BECTHH 3JEMeHTH @, € H T, ® (HAH € H &), a C/JelOBaTeJbHO,
u nepuon o6pauienus 7. CHavana Mu Haxoaum n==2n/T, 3aTeM Bbi-
uncaseM M. CooTBercTBylolllee 3HaucHne E onpenenseTcs U3 ypaBHEHHS
Kenaepa oanum u3 cmoco6oB, onncanvmx B § 2.11. TTo stoMy 3Hauye-
unio E seanunnul r W f BHuMcAfOTCa nocpeacTsoM ¢opmya (5) u (6).
dopmyna (1) MoxeT ObTL HCMO.JL3OBAHA 119 KOHTPOJA.

§ 2.15. BuuncaeHHe NPAMOrO BOCXOXAEHHMA
H CKJOHEHHS 7O H3BECTHHM 9JEMeHTaM OPGHTH

OTH BHYHCJIEHHUS COCTOAT 43 YeTHiPex 3Tanos.
1. O6patumca Kk puc. 8 Ha crp. 36. OtHocuTeabHO oceRl PyA,
PyB, nexauux B MJOCKOCTH OPOGUTH, KOOPAHMHATH TOYKH P cyth £, 7
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NOycts (4, my, 1) 4 (I, My, ny) — HaNpaBAAIOLHE KOCHHYCH COOTBeT-
crBenHo ocelt PyA u PyB otHocuTeapbto ocel X, V u Z ua stoM
PHCYHKE W NyCTb X, Y, Z — KOOPAHHATH TOUKH P OTHOCHTEe/bHO STHX Xe

ocefd. Toraa
x =L+,
y=mg 4 my, m
z=ng—+ ny,

HIH, TaK KaK E=a (cosE—e) u n=a 'VI—ZT2 -sinE, To
x = al, cos E + blysin E — ael,,
y==am,cos E-+ bmysinE —aem,, 2)
z=an,cos E+ bn,sinE — aen,,
rie b=a ) T—¢.
Hs tpeyroavuukos AXN, AVYN, AZN umeem:
l,=cos AX = cos 2 cos w —sin2sinwcos ¢,
my==cos AY =sinQcos w4 cos 2sinwcos/, €))
n,=cos AZ =sinwsinl.

AHaNOTHYHO

ly=cos BX = —cos 2sinw— sin2coswcos¢,
my==cos BY == — sin 2sinw - cos & cos wcos?, @
ny=cos BZ =coswsinl.

Ecan 9saeMeHTH H3BECTHHl, TO E MOXKHO OMpefe/uTb W3 YPaBHEHHS
Kennepa cnocoGom, onucaunbim panee. Hanpapasiommue KoCHHYCH
L. ..., ny BHuKCAAOTCA no opMyaaM (3) u (4). TeaHoueHTpHueCKHne
SK/AUNTHYECKHE KOOPAMHATH X, Y H 2 TOFAA onpeletarcds no ¢op-
Myaam (2).

2. Ha sTomM 9Tane Ml onpeleiuM FeJHOUEHTPHYECKHE SKBATOPHAMb-
Hble KOOPAMHATH MJaHeTH OTHOCHTeAbHO SKBaTOPHANbHHIX OCeH, 0603Ha-
YeHHBIX Ha puc. 9 uepes X (mmt Y), F u G. IlycTb €, — Hak.JIOHHOCTb
sxaunTuku. Ecam x,, y,, 2, — KOODIHHATH NJaHETH B 9KBATOPHAJLHON
CHCTEME KOODPAHHAT, TO

x‘ = X,
Y = ycose,—zsing,, ®)
z,=ysine,~+ z cose,

O1ciona, NOCKOMbKY &, H3BECTHO, OMPEeAC]ATCA 3HAYEHHA X;, Y, 2;.



§ 2.15. Bouiuucaenue npamoeo 80Cx0NCOeHU U CKAOHEHUR 39

C apyrofi CTOPOHH, MbI MO}eM CKOMOGHHHPOBaTb $OPMYy/bl NMepBOro

H BTOPOro 3TanoB caeayiouiuM o6pasoM. Y3 dopmya (2) u (5) umeen:
x,=aP,cosE+0Q,sinE —aeP,,

yy=aP cos E-bQ,sinE —aeP,, 6)
z,=aP, cosE+bQ,sinE —aeP,,

rae
P, =, Q=1
P, =m, cose,—n;sing, Q,=m,coss; —nysing, @)
P, =m,singy—n,cossy,, Q, =m,singy— n,cose,,
Beanunnnt P, ..., Q, BHUMCAAIOTCA MO 3HAYEHHAM [, ..., Ny U ¢,

3aTeM, nocjae TOTO KaK COOTBETCTByMOliee 3Hayenwe E HafiaeHo, BHuH-
CARIOTCA X, ¥, H 2.

3. Ha TpeTbeM 3Tanme MH oOnpeieaHM TreAHOLEHTDHYECKHE 3IKBATO-
pHa/bHbe KOOPAMHATH 3eMaM, KOTOphie 06O3HauMM uepes Xj. ¥i. 2.

Puc. 9.

[Tycts ua puc. 9 E— Touka ua IKIMNTHKE, COOTBETCTBYIO!AA MOJIONE-
uHio 3eMaH B MOMeHdT £, u mycTb 7', f’ M &' — BeAUHHH, OTHOCALIHEC
Kk opbute 3emau. Torma XE =& 4 f’, u TaKk Kak

x,=r'cosEX, y =r'cosEF, z =r'cosEQ,
TO MOAy4aeM
x;=r'"cos (@& -+ f').
y =r'sin(@ -+ f')cose,,
z{=r'sin(® -+ f')sine,.
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Tlocko/bKy 9/M€MEHTH OPGHTE 3€M.IH H3BECTHHl, IKCLEHTPHYECKas aHO-
Maaua E’ moxeT OHTb BHuucaeHa oObuHLIM myTeM. Toraa r/ v f/ BH-
uucasiorca no dopmynam § 2.14.

Ecan X, Y, Z-—reoueurpnueckiue 9KBaTOPHA/bHHIE KOOPAHHATH
Coanua, 10 X =—x|, V=—y|, Z=—2z], NpHYeM COOTBETCTBYIO-
Lilde KOO PAHHATHBIE OCH MAPaAJeIbHbl SKBATOPHAILHEIM OCAM, H306paKeH-
HEIM Ha puc. 9, M TakuM ke oGpasoM nanpasJiennl. Koopaunatel X, VY, Z

Puc. 10.

tabyauposany B Nautical Almanac!) Ha Haano Kaxc1oro Ans Ha mpoTA-
aeHuH roaa. CaenoBAaTeAbHO, OHH MOTYT OHTb HafigeHH MyTeM HHTep-
noJAuMH A48 Al06oro MOMeEHTa f.
4. TMyctb £, 7, {—reoueHTpHYECKHE O9KBATOPHAJbHHE KOOPIHHATH
naavetu P B Moment ¢ (puc. 10). Toraa
E=x,—x, M=y, —y, l=z—2z,

HJAH
E=xl+X! 7l=)'1+y. C=Zl+z,

OTKyZa MOTyT ObiTb MOJY4eHH 3HaueHus & 7 u .

Mycts paauyc-Bekrop EP nepecexaer chepy B Touke Q. ITycts,
kpome Toro, GQT — mepuauad, npoxoasuufi vepes Q, XT — npamoe
BocxoxaeHne a H TQ — ckaosenne 8. O6o3navyans EP uepe3 p, Mb HMeeM

E=pcosQY, m=pcosQF, U{=pcosQQ,

OTKyAa noJyuaeM
E=pcosacosd, n=psinacosd, {=psind.

_t
VEtT

1) Auraufickuit actpoomuyeckuit Exeronuuk. — ITpus. ped.

Orciona
tga== —2— , tgd=




§ 2.15. BoiwucacHue npasto20 80CXOMOCHUR U CKAOHCHUR 41

Takum 06pa3oM, KOOPAHHATH a W & MOJYyYeHH.

5. Saxawuenue. GOpMyaH, BHBeleHHHe B STOM naparpade, J1erko
MPHMEHHTb IS BLIYICICHHA 3d¢feMepuds NAAHETH, T. €. ee KOOPAMHAT
(a, 8 c wuntepBasom, Hanpumep, B 10 cyrok. Hcxoas u3 uaBecTHHIX
97eMeHTOB  OpOHTH, BHYHCAAeM Beauyuwn P,, ..., Q,, KoTopue
ABNAIOTCA (YHKUHAMH TOJbKO 9/€MEHTOB M HAKJIOHHOCTH SK/AHNTHKH
M MOSTOMY HMMEIOT ONHH H Te e 3HAYeHHA NPH BHIYHC/AEHHAX A48 BCex
MOMEHTOB £, f5, .... Beanuunn E,, E,, ..., COOTBETCTBYIOIUIHE STHM
MOMEHTaM, KOHEYHO, BHIYHCAAIOTCA OTAENbHO CNOCOGOM, OMHCAHHHIM
B § 2.11. Tlocae okoHuanWa 9THX BHuHcAeHHR MH no ¢dopmyaam (6)
MOXeM HaHTH reIMOLEHTPHYECKHE OSKBATOPHAJbHHE KOOPAMHATH AAf
Kamaoro H3 MOMEHTOB £, [y, .... POPMyIH TpeTbero H 4eTBEPTOro
STanos Ja!0T BO3MOXKHOCTh NOJYYHTb MPAMble BOCXOXIEHHS H CKJAOHEHHS
aas TpebyeMHX MOMCHTOB.



'masa 8

PA3JIOXXEHHS PA3J/IHYHBIX ®YHKLIWMM
B 3/VIMIITUYECKOM JBUXEHKH

§ 8.01. Beenenne

B 9To#l raaBe Mbl 3afiMeMC pa3NOXKEHHAMI B PANH  Pa3JIHYHBIX
GyHkuuit, OTHOCAMMUXCA K SJJHNTHYECKOMY ABivkennio. BoJablias vacTb
RAWIKX pe3yabTaToB OyneT MNpeACTaBAATb NOATOTOBKY A MOJyYeHHS
(B ra. 7) pasnoxenus posMywaiouted ¢ynkunn R [onpesenseMofl ¢op-
Myaoit (4) § 1.07] B BHae, nNpPHroZHOM 1418 peuleHHs YPaBHeHHA
ABHXKeHHA naanets! P, Boamymaemofl naanerofl P,, uau ypaBHeHHH BO3-
MYWEHHOrO JABHXEHHA CMYTHHKA BOKPYT NJaHEeTH.

B § 2.14 nana caenywuwas rpynna ¢opMya SATHNTHYECKOrO IBH-
HEHHus:

a(l—e?)
r=l+ecosf’ M
b=y Eik ®
=a(l —ecosE), 3)
E—esinE=M=n(t —*). “4)

dopmyna (1) BHpaxkaer r uepe3 HCTHHHyIO aHoMaauio f, a ¢op-
Myna (3) — uepe3s SKCLUeHTPRYECKyIo aHoMaauio E. Ypasuenne Kennepa (4)
JlaeT BO3MOXHOCTb BbipasHTb E yepe3 cpeanioio aHoMaanio M. Yro6u
BHPa3uTh HekoTOpylo ¢yHkumio ¢ (r, f) HenocpeACTBEHHO uyepe3 cpen-
HIOI0 aHOMAJHIO, T. €. MO CyllecTBy uYepe3 £, MH HCNOJAbL3yeM TOT (haxT,
4TO OGLIYHO B TEOPHAX MJaHET H CNYTHHUKOB SKCUEHTPHCHTET e MaJ, H,
Clle]OBaTebHO, MH MOXeM Ppa3noxutb ¢ (r, f) B nepuonnueckuit psan
no cTemeHH e. 3TOT NpolecC pasjoxeHus OOGHMHO COCTOHT H3 ABYX
yacreft. Cnavana ¢(r, f) pasnaraercs B psA BHAA

o0
D! (A, cos nE + B, sinnE),
n=0

K09} dHUHEHTH KOTOPOro OOHYHO SABJARIOTCA pAaMH MO CTENeHAM e.
3atem cosnE u sinnE pa3naraloTcs COOTBETCTBEHHO B NMEPHOLHYECKHE
paan BHAA

ay+a,cos M4 ay,cos2M+4- ...

bysinM—4-bysin2M—+ ...,



§ 3.02. Pad Jlazparxa 43

npuyueM KO3pduuueHTH @ H b O6HYHO TaKXKe ABIAOTCA PAAAMHM MO CTe-
neHaM e,

[Tlepen TeM Kak nepefTH K DPa3NONKEHHIO B PALB, Mbl MOCBATHM 6.H-
Kafhine Tpu naparpada paccmotpenuio pana Jlarpawxa, ¢yHkuuit Bec-
celd M THNEPreoMeTPHYECKOro paaa, KoTOpue OyayT HCNOJAb30BaHH
B JaibHeRuieM.

§ 3.02. Psan Jlarpauxa

PaccMOTpHM COOTHOLICHHE MexAay X H Y, Bhlpakaemoe ¢opmyaoft
y=x-agp(y), ¢))

B KOTOpO#f ¢ — 3alaHHasA QYBKUHA, & — MaJAHH# napaMerp, noj KOTOPHM
B Gyaywem GyzeM nonumath e/2. Teopema Jlarpanxka COCTOMT B TOM,
yro ¢yHkuus F (y) Moxer OHTb pasnoxeHa B pAN MO CTeNEHAM a CJe-
AywoiwuM o6pasom:

FO)=Fot{r(0e 55)+ 37 3 (R FE)+ - +

+ 5L () @

nt ox"
rae F,=F(x) n 9,=¢(x). [Ipu stom npeanonaraercs, 4ro ¢, F u
HX NPOM3BOAHLE FABJAOTCA HENpPepPHBHHMH (PYHKLHAMH,
PaccmatpuBas ¢opmyay (1) Kak ypaBHeHHE OTHOCHTENLHO Y, MH
B NPHHUMNE MOXEM BLIPAa3HTb Yy uepe3 a M X; HaNpHMEp, €CaH Npe-
HeGpeub a2, TO MH MOAy4uM NpuGaHKEHHO Y ==x - ayp(x). [Tpeanoo-
XKHUM Tenepb, uto y==f (@, X) ecTb peuseHne ypasBHenus (1). Toraa
F(y) Moxer OhTb BHpaeHa yepes a H X, H NPHMEHEHHEe TeOpeMH
MaxkaopeHa maer

Fo)=Fo— 11 (5) +or(5)+ - +ar (T )+ -

rie HHIEKC ,HYyJAb® O3HayaeT, 4T0 nociae aupdepeHURPOBAHHA HYIKHO
nonoXuth a=0.

Ilycte A o3nayaer onepatop 0/da; TOraa Mpeabayinee pasjoxeHde
NPHMET BHL

F@)=Fy+ 17 (At 57 (B + .. + 57 AP+ ooee @)

H3 dopuyan (1) Takxke caenyer

Ay=90) +a-gt Ay. @
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[Tycte D o3Hauaer onepatop d/dx. Toraa u3 dopmyam (1) uMmeem
d
Dy=|+a-a-';’70y. (5)
YMHOXHM ypasHenne (5) Ha ¢(y) M BuuYTeM H3 ypaBHeHus (4); Toraa

(Ay —% Dy)kl —a d;) 0.

OxHako
dy dy
1 e # 0, H60 ecau l—aw_. ,
TO ag==y -~ const, 4TO NpPoTHBOPeuHT ypasBHeHuio (1), B KOTOpOM, NoO
NPenno.IoKeHuto, ¢ — NpoussosabHas ¢yukuus or y. CrenosareabHo,

Ay =¢ Dy. (6)

PaBerctBo (6) sBARETCA COOTHOWIeHHEM Mexiy onepatopamu A u D,
cOBMeCTHMOe ¢ ypasHeHueM (1).
C apyro#t CTOpPOHH, Mpit MOMOLIK pasencma (6) naxoaum

oOF (y) oF
4r ) =0y .
DF(y)_OF(y) — ———-D
Mostomy
AF =¢ DF. )

JlokaxeM Tenepb cnpaBelaHBOCTbL cjeayiowtelt dopmya:
A"F = D" (4" DF). ®

TMpeanonoxum, uTo OHa BepHa H NMpHUMeHHM K He#t omepatop A. Toraa,
T4aK KaK @ M X ABAAIOTCA He3aBUCHMEIMHM, a MO3TOMy onepatopu A u D
TaKkke OyAyT He3aBHCHMEIMH, MNOJYHHEHHEIMH 3aKOHY KOMMYTaTHBHOCTH,
TO MH NMOJAYYHM

A" F = D" A(¢" DF)).

Hanee, ucnoabsys pasenctBo (6), GyleM HMeTb
A(9" DF)=DF - A(3")+9" - D(AF) =
== DF - ¢D (¢") 4 ¢" - D(AF) ==
=¢DF - D(¢")+¢" - D(¢ DF) =

[MostoMmy
All+lF — Dll (c?nd'l DF)«



§ 3.03. dynkyuu Becceas 45

ChaepoBatenbHO, ecau ¢opmyna (8) BepHa NpPH HEKOTOPOM 1, TO OHA
OyneT Takwe BepHa M npH 3aMeHe n Ha n— 1. Ho sra popmyaa cnpa-
BeAauBa MnpH n==1, TaK KaKk OHA TOTAa npHBOAHTCA K opMmyre (7);
caenoBateabHo, ¢opMyaa (8) cnpaseasuBa mpu do6oM n.

Tenepb, ecan nepefiTd K MpOU3BOAHLIM, TO (opmyaa (8) npumer Bua
F ! ( OF)

= e—— n
da” ox"! ¥ ox

(anF) — an-—l ((?n dFt)'
a™ [y ax*"1\T¥ ox
TMoacTaBaas mnoclefHee pPAaBEHCTBO B pasfoxeHue (3), ML BHIHM, YTO
TeopeMa, BhipaxaeMmasa ¢opmynoft (2), Aokasana.
Tpeasizyee a0ka3aTeabcTsO GopMyasl (2) 3auMcTBOBaHO u3 «Teopun

naaner»> Bpayna u Ulykal). DTuMH aBTOpPaMH [AaHO TaKikKe HEKOTOpOe
o6obuienile 3TOR TeopeMel.

CnenosarteabHo,

§ 8.03. ¢®yunknuu Beccean

PaccMoTpuM BuipaxeHHe

.e , (1)

HJH

0))

n! m!
m=0

e i ()= $ (=)=

Mycts J,(x) o3Havaer kospuuuent npu z? psapa, noaydeHnoro
nepeMHoXeHHeM panos B dopMy.ae (2). Torma umeem
U=, +h () z4+Lhx)22+ ... +
Izl U (%) 2724 .., 3)

HJH

U= i Jp(x) 2" 4

n=-o

H3 ¢opmyabl (2) Jerko yeuaerb, YTO

et (x/2)? (x/2)*
L=+ 1-(n+1>+1-2.(n+1)-(n+2)—”']' )

) E. W. Brown, C. A. Shook, Planetary Theory, 1933, p. 37.
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dyuxuns  J,(x) HasmBaerca ¢pynxyuel becceans nepsozo poda
nopadxa n.

TMpucTynuM K BHBOLY HEKOTOPHX COOTHOUIEHHH Mexay ¢yHKUHAMH
beccens.

1) U3 ¢opmyan (1) sumHo, uto U ocTaeTcs HeH3MeHHONH, eC/H
BMECTO 2 HamucaTs — 2~1. CnenoBartenbHo, ¥3 pasfnoxeHus (3) HaXOLKM
U=Jy(x)—A(x)z '+ Jp(x) 272 — ... —

—J X zHJ o (x)22— .... (6)
CpasnuBas paan (3) H (6), noayuaem

Jax)y=—J(x) Jx)=h(x) ...
n BooGiue
J_p(x) =(—=1)"Jp (). @

2) N3 paBenctBa (1) HMeeM

=242y,

a u3 dopmyan (4) Haxomum

=¥ w@zi= Y, (141 (02"

ChnenoaTenbHo,

FA+2) Y L@ =Y+ D2 @)

[pupasuusas kosdpduuuents npu 2" B pasenctBe (8), moayuaem
5 Vs () Jasa D) =B+ D) Jpsy ().

H/H, 3aMeHAs n HA B —1,
1y ()= G Upoy () +Jp s (01 ©)

3) Mycts J'(x) o3navaer (d/dx)J(x). U3 dopmya (1) u (4) umeenm

.‘;_Z_=%(z—z'1)U=EJ;(x)zn
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HJaNH

—;- (z—2z7Y) 2 Ju(x) 2" = E Ja (%) 2"

TMpupaBuuBas sgech ko3dHUMEHTH npH 2", HaXoAuUM

T2 ) = g Uy (£) = Sy (O (10)

4) TokaxeM Tenepb, uto J,(x) yaoBaeTBopseT AuddepeHuUnaATLHOMY
ypaBHEeHHI0O BTOPOFO MOPAAKA — ypaBHeHHI0 Beccens

%+iﬂ+(1—_§)y=o. (11

x dx

W3 dopmyan (10) nmeem

) = (Upop () = o (0] — 10, () = Jp 1 ()]} =
= —Ja () Vama () J (O] 4 U () T (),

U nanee, MpH momoutk cooTHoweHu#t (9) K (10) Haxomum
S 4 Jn () =g (8 = D) Sy (D) (- 1Dy ()] =

=%h@—%£®~

TeM caMHM nposepeHo, uTo J,(X) ynoBieTBopseT nuddepenunans-
HoMy ypasHenuio (11).

5) dyukuus Beccens nopsaaxa n MoxeT OWTb NpelcTaBjieHa B HHTe-
rpancHoft dopme caenywouM o6pasoM.

Caenaem B pasenctsax (1) u (4) noacranosky 2z =e', rae #=—1,
Toraa

Uz==elrsind — i "n (x) eind,

YuHoxuM o6e uacTH Ha e~i"® uw mpounterpupyem B npemenax ot 0
no 2=. Toraa, Tak Kak
2=

fe”‘°d0=21t uau 0
(]
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(470 cOOTBETCTBYeT CayyasM k2 ==0 HaH R — NOJNOKHTEIbHOE UJH OTpPH-
uaTeibHOE LeJI0e UYHCI0), TO MM MOJYYHM
2=
2nJ, (x) =fe-l'ln0-xsln % 49.
0

TpencTaBumM STOT HHTETpan B Buae CYMMH ABYX HHTErpa’oB, B mep-
BOM ¥3 KOTOPHX mNpeleiH HHTerpupoBaHus pasid O u w, a Bo BTO-
povu —= u 2x. Bo BTOpOM uuTerpane 3samenum 6 Ha 2w —0. Toraa
NoAyuHM

© n

21:_," (x) J— f e-t (n8—-x sin 6) as + e—2nx f e' (n8-x sin 6) de,
0 0
OTKYAa
=J, (x) = f cos (n0) — x sin) db. (12)

0

§ 8.04. T'unepreomeTpuuecknit psan

Tunepreomerpuueckuft pan, o6osHavaeMbifl yepes F (a, b, ¢; x), onpe-
nenasierca ¢opmMyJoft
_ a(a-]-l) b(b+1)

F(a, b, ¢; x)= l+lcx+ SRIES)) 24 ... )
Jror paa cxoautca, ecam |x]< 1. B npunoxennsx x umeer nops-
AOK €2, TaK YTO YC.10BHE CXOJIWMOCTH YIOB.1ETBOPSETCA.

dynxuus F MOXeT NpPHIKMATL pasanyHe GOpMb, H3 KOTOPHX MH
OTMETHM 1A GYAyluero HCNoJb30BaHUA CJAERYIOWLYIO:

F(a. b, ¢; x)=(1—x)"“F(a,c—b, 6 — = ) )

l—x
Jlerko npoBepuTs, uto F yROBACTBOpAET RHPEPEHUHANBHOMY YPABHEHHIO

(2—x) T+t o+Dr—clgh+aby=0. @

§ 8.05. Meton pasnoKeHHA HeKOTOPHX Gynkuuht r n f
B MePHORHYECKHE PAAb

TycTs
t=e, n=¢lf, 6))

rae 2=—1 n e —ocHoBaHne HenepoBHX Jaorapu¢mos. Toraa
t* =™ =coskf+Isinkf, t *=coskf—1isinkf. @)

Ananornunne GOpMyab CNpaBeasWBH W A% N* u 7%,



§ 8.05 Merod pasroxenun nexoropvix Gynxyud r u [ 19

peacTaBuM SKCUEHTPUCHTET € B BHIE

e==sing @A)
H 0603HaYUM :

B=ig5 o )
Toraa
| =170 ®)
H

p=1(1—VT=#). (6)

Mocnennsn ¢opMyna nokasbiBaeT, uTo § MMeeT NOPANOK e/2.
PaccmoTpuM ypasHenue

tg%f_—._ l""'é't —E—li-g-tgfl:‘ )
Ho y
ltg-l-f— el —1 — §~—1 .

MonoGHuM xe 06pa3oM HMeeM

ltg%5=%ﬁ:—l.

Mostomy dopmyna (7) npuHHUMaeT Buz

§—1_ 143 5—1
§+1 1-—8 n+1

OTKyZa s (d— g1
—_— — 1l —pn"
=T = 1= ®
H
-1
p= E(l-{;BE) ®

C zpyro#f cTOpOHH.
r=a(l -—ecosE)=a[1 —'l—-IQ-ST("H' -,‘—1)]_

IMosToMmy
£ _(A—=Pf)d—Br7Y (10)
a 14 B3 y
Uepes % BeauunHa r Buipaxaercs cleayioueft Gpopmyon:
r 1—et __ (1—P% 1 q
T = TTecosf — 149 TFBHIFET" an



50 Trasa 3. Pasaoxcerus gynxyud 8 3a1untudeckon Osuxcenuu

§ 8.06. Pasnowenne §™ B paa NO cTemeHAM €
Hanuwem dopmyay (5) npeawmayulero naparpada B sune
p=§+50
ﬂ=x+¢?(§)-
rae a=e/2 u ¢B)=Pp2% Tak uto @(x)=x2 B pane Jlarpauka ans

F (B)=P™ MH IOMKHH OTOXAECTBHTb X C &/2.
Ha ocHoBanuu TeopeMn Jlarpamka § 3.02 Mb uMeeM

—x"‘+2 Tt dx"' [x”—(xm)]

HIH

—xm+m 2 n! dxll—l (x2n+m-l)_

_xm+m 2 a® .(_?Ll("-*-*-m—m)!__xn-lm'

HJH, BHPpaXasa yepes e,
00
m__(e\™ @ntm—1) (e\"
B —(2) [H"" e “nT(aFml (2) . M
BuinuieM HecKOJbKO nepBHX Y/AEHOB STOro pas/OKEHHA

§ 8.07. Bupawenne f uepes E
Mu Gyaem ucxomutb 3 Qopmyan (8) § 3.05, a umento:

1—B89-1
t=20=L. M

Jlorapupmupys sty dopMmyay u uMes B Buay, uro §=e'/, n=_¢'E,
noayyaem
tf =tE+1In(l —ﬂvrl)—ln(l —Bn=
=IE+B(n— ":"H- S =)+

CnenoBatenbHo,
f=E+BsinE+Psin2E42E sin3E+ ..,



§ 3.08. Pasaoxenue r? cos pf u r? sinp} 51

HJIH
(-]
f=E-|—22%sinnE. 2)
1
ITpumewanue. Bupaxenne E uepes f mnoaydyaerca HeMemeHHO H3
paseHcTBa (2) npH noMomn dopmyan (9) § 3.05:

(g _ (1 —Bg7YH
M= = TR @)

rae B,=—§. Tak kak Qopmyan (I) u (3) UMEIOT OMUH H TOT XKe aHa-
NMUTHUYeCKHA BHA, TO MW BupasuM E uepes f, ecaH mnoMeHseM
Mectamu f H E B pasenctse (2) n nanumeM (— ) Bmecto B. Caeno-
BaTeJbHO,

E=f+2 =1 Esinny. )
1

§ 3.08. Pasnowenune r?cospf u resinpf

H3 ¢opuya (8) u (10) § 3.05 Mu HMeeM

r{= ol ) (ll:—ﬂ;:’), .
ITostomy
rP = aP (1§07 0 (1 — B, M

rAe p — NOJOXKHTECALHOC H/AH OTPHUATCABHOE LEJN0E HHCAO. I'chn;
__ k(k—=D(k—=2)...(k—j+1)
Ci= % :

@

rae j—nojOXHTeJbHOE LEJ0e HHCAO, a8 R - MOJOXKHTEAbHOE HJH
OTpHUATEAbHOE LeNA0e YHCJO.

Bcan & H j— ueane no/oXuTeAbHHE YHCAL, TO C}—xosqaqmuuem

npu x/ B pasnomennn Gunoma (1 4 x)*. Ilpu stom npeanoJaraercs,
aro J < k.
N3 dopmyan (1) Mm Torza moayuum

PP =aP (147 (1 = CP B )+ CP By — .. )=
=a’ (140977 (v — Cirpne-' + CPrBwe-2 — | ).
4.



52 l'aasa 8. Pasaoxenus ynxyud 6 sssuntudeckom dsuxcenult

[TostoMy, Geps B 9TOM paBeHCTBE OTJeAbHO ACHCTBHTENbHYI0 H MHHMYIO
4acTH, MBI HaflaeM

rPcospf=
= a” (14p%""[cos pE—3CY" cos (p—1) E4+3°C¥ cos (p—2) E— .. .],
rPsinpf=
= a? (1482 [sin pE — BC}’ sin(p — 1) E+ B°CY sin(p—2) E—.. .].

Kaxan#t 43 stux paaos 6y,n.e'r KOHEeYHhIM, €CJAH p — UECJ0€ NOJOXKH-
TEJAbHOE YHCJAO.

§ 8.09. Pasaowenne r”cos ¢f u rPsingf
Hs dopmya (8) u (10) § 3.05 umeem

P =aPyl (14877 (1 — 3n)” "7 (1 — By~ )", (1)

3zeck MH NpPeAnOJOXHM, YTO P — NOJOKHTEIbHOE WK OTpPHUATEb-
HOE LeJ10€ YHCIO W YTO ¢ — MOJOXHTEIhNOE Leaoe 4HCA0 (310 noc.eld-
Hee NpeANoJoOXeHHe He NPHBOAMT K HAPYWEHNIO OGLIOCTH).

Mbl uMeeM

(=" (1 =B =
=[1+ 2V B [1+ Z )" CaT " | =
=1+ ci e gl s+ .. +
+ X ()" o (C - CRICTT R L)+
2(——1) " (CRTE" + CRCETT )=

IM =

— 1+ B ®
+ 2 (P (G2 + 2 CRICR ™)+ ©)
+ 3 (—prY (CB+ 3 CRHCE ). @

Ianee, no onpeleseHHIO C,.+k HMeeM

cl..—=cl. . Y=nU—n—=l)..0—n—~k+1) _
n+k n (n+l)(n+2) (n+k) =

<n+1>(n+2> N ©)

rae n u k — NOJOKHTEJAbHHE LeAbe YHCaa.

=clcl™"



§ 8.09. Pasaoxenue re cos gf u r® sin gf 83

BupaxeHue, 3akal0ueHHOe BO BTOpOH ckoOke B opmy.ae (3), npu
NOMOIH paBeHCTBA (5) MPHBOAMTCA K BHAY

p-q |1 p+qrp~q—n k! .
Ca [+§1C" S (o VO 5 e B”]' ©

Danee, ecan B dopmyae (1) § 3.04 aaa F nanucaTb — a, BMecTo @
u —b, Bmecro b, To noayuum

F(a, b, ¢; x)=

. a; (a,—1)...(a;—k+1) by (b,—1)...(b,—k+41

—I+Z(“l)kl —H = l)kcl(c-;-l) (c:f-ki_l; =
k!

*I+ZC"‘C~ CF) L GEE=D* ™

TTostoMy BLipaxkeniie (6) npHHIMaeT Bu71

ColF(—p—q. —p+qg+n n+1; 3.

[loaoxim
G,(p, 9=F(—p—q —p+q+n n+1; ). (8)

Toraa soipasenue (3) sanmiiercs B Buie
Z(—B0"Ci G (p. 9. ©)

AunanoruyHo BepaxeHue (4) npuMeT BHA

Z (— B CiG, (p, —9). (10)

n=1
a Boipaxenne (2) ¢ yyerom dopMyan (7) —Bnj
Go(p: 9)- (1

Takum 06pa3oM, MH NOJyyaeM
(A —B" (1 =B =G,(p. )+ "2_1! (—BD"Ca G, (p. 9)+
+ E, (—B1~Y' CitG, (p, —9). (12)

IMocpeacrsoM npeo6pasoBanust (2) § 3.04 Mt Moxem pamenctso (12)
3anucatb B ApPYyroi ¢opme, a MMelHo

G, (p. q)=(l--§“’)”+"F(-p—-q. p—q+1 41 )

1—?
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uau, Beoas oGo3HaveHue
Ta(p. q)EF(—p-—q- p—q+1 nt1; —1—1’3—:)
TaK:
G, (p, =1 —P""'T,(p, 9.

Mu Tenepb HMeeM
A=B) A =B Y =1 — B Ty (p. 9)+

+ (1= X (— B0 CATa(p. 9+

+ (1= X (— B ) CHTH (p, —9). (13)

[Mpeumyutectso ¢yukuun T no cpasuenuio ¢ G COCTOUT B TOM,
YTO ee pa3/oKeHHe cXOHWTCH OHICTpee, uyeM pa3iowxenue @yskuun G,
KOrla n fBARETCA CPaBHATEIbHO GOJLLINM YHC/IOM.

Tak kak

— 2,

TFE=V1=¢
10 ¢dopmyaa (1) npumer BuA

(%), = —e?)"”[(l —B To(p. '+
+ (1 =B X (— )" B"CE T (p, "+

nwml

+ (1 =By Y, (= 1)BCE T (p, —0) n""']- (14)

n=1

Hpupanuunaﬁ AeHCTBHTENLHHE U MHHMBIE YaCTH, OTCIOAA HaXOAUM

( ar_'_)l’ cosqf = Ao°°qu+2 A, cos(q—i-n)IE‘—i-ZB,l cos(¢g—n)E,

n=1 n=l

(15)
(%)p singf = A,singE 4 2 A,sin(g+n)E4 2 B,sin(g—n)E,
n=nl n=}
(16)
rae
A== =Ty (p. 9 an
A, =(—1)"(— e’ (1 —B) Ci'TA(p. 9) " (18)

B,= (—1)"(1 — )" (1 —B)~ICa*'Ta(p. — )"  (19)

Paccum‘pnu CleAywollHe YacTHHE CAy4aH:



§ 3.09. Pasaoxcenue r? cos gf u r? sin gf 55

1) Paasosxcenue (rla)®.
3neck ¢ =0. TNosromy

(%)" = 442 Y, A cos nE. (20)
rane
, 2 B
A= —eY?F(—p. p+1. 1 —1 ) @1

A= 1A= F(—p. p+1 a1 — B )cmm. @

2) Paasoscerue ajr.
3neck p=—1, ¢=0. Mostomy Ch=(—1)" u Tp(—1, 0)=1.
Hs dopuya (20) — (22) Haxoaum

(l +2 Z B" cos nE) (23)

Il

a
r

Vl

3) Pa3zaodicerue a¥lrl.
B stoM cayuse p=-—2, ¢=0. IMostoMy Ch=(—1)"(n+1) u

82
Ta . 0)=F(2' =Ltk 1—5:)
—_ 282 _1 .
_1+(n+1)(1—ps) n+l[n+(1_e2) 2]
W3 dopuyan (20) nonyqaeu

S=(—e) 7 [1 42 V(1+nV1 —e’)ﬁ"cosnE] 24)

4) Pa3sasoscenun cosqf u singf.
Hs dopmya (15) u (16) npu p =0 Haxoaum

cosgf = Aj cosqE + 12 A cos(q+n)E+12 Blcos(¢q—n)E, (25)
singf = Ay singE+- ; A;sin(q-}-n)E-]—; B;sin(¢ —n)E, (26)
rae

A =(1—8" Ty (0, g). @7)
=(—1)"(1 =) C;7 T, (0. )" (28)
=(—1)"(1 —$3)"'CiT, (0. —q)p" (29)



56 Traea 8. Pa3aoxeHus (yHKiud 8 3AAUNTUHECKOM OBUNCEHUU

5) Passoxcenusn cos f u sinf.
U3 dopmyan

14-ecos f= —:—(l —e?)
MOCPeACTBOM paBeHCTBA (23) moayyaeM

1—y1T =% 28V 1—e? n-
V.e e + aVe_—e.Elp 1

cos f=—

cos nk,

YTO MOXeT OWTb 3aMHCAHO B BHIE
cos f=—3+4(1 —09) 28" ' cos nE. (30)
1
31'0 nocaeaulece paBeHCTBO MOXKHO ﬂoﬂy""'ﬂ'b. Bbine.184 JCHCTB"Teﬂb"yD

yactb B (opMmyae
b= — B (1 — ) Z "

B3sB MHHMYI0 uacTb 9TOH (OpMYJH, HalileM

slnf=(l—ﬂ’)gﬁ"_tsinn5. ¢1))

§ 3.10. Pasaoxennsa HexoTopux yuxuuit or r 1 M
B paRMl, coxepxamme f
1) Coraacio dopmyne (9) § 3.03, umeem

__ EQ4-pe7Y
=T

Cpaenum o1y dopmyny c dopmysoft (8) § 3.05, a uMenno:

t= n(1 —B"‘n_l)
—TW'

OuyepuaHo, 4TO pasiomenue moboft ¢YHKUHH OT % B pSfl, 3aBHCALUA
OT £, MOXHO MOJYYHTb, €CAH B DPa3/NONeHHH Tako# ke yukuuu ot &
B PSA, 3aBHCALULUA OT %), MOACTABUTL BMECTO 7 BeaHuHHy § (T. e. mo-
MenaTs MecTaMu f u E) u samenuts § wa —@. Hanpumep, wa dopuya
(25) u (26) § 3.09 noayuaem

cos gE = Ay cosqf—l—E]D,, cos (¢ + n)f+’§lE,, cos(@—n) f. (1)
singE= Assingf + XD, sin@+n [+ KE,sin@—mf @

rae A; naerca dopmynof (27) § 3.09 u
D,=(—1)"4, E,=(—1)"Bs



§ 8.10. Passoxenun nexoropoix ynxyud or r u M 8 padm 57

B wacthocTn, mpu g==1, Mu u3 Q)Opuym (30) § 3.09 noayuaem

cosE = p+(1—ﬂ2)2( '8 cos nf, @)

a u3 dopuyan (31) § 3.09 naxoaum
sin E == (1 — 82 X (— 1)*"'8" ' sinnf, (4)
n=1

Ilaaee, uto6b nOAYuHTb pasaoxenue (r/a)”” no kocunycam Kpar-
HHX f, MH MOCTynuM cJienyiowum oGpasoMm. Us ¢opmyam (11) § 3.09
HMeeM

(l+3) L—1
(;) (l a,)zp (l +?\)p(l +3 )
(Y la+ora+30+87YL ©

Ho, coraacio ¢dopmyne (10) § 3.05, (r/a)” smpaxaercs uepes % Cle-
ayioluM o6pasom:

(£) =a+mra+mr(—s),
uan, coraacio dopmyre (20) § 3.09,
(5—)’ = A+ 2 Y AzcosnE,

rae Ay n A, cootsercTBenHo naiotca dopmynamu (21) n (22) § 3.09.

Jlerko BuAaeTb, 4TO BHpaXeHHe, CTOALLee BHYTPH KBAAPATHHX CKOGOK
dopmyan (5), MOXHO NpeiCTaBUTL B BMIe (YHKUMH f, eCau Hanucathb §
BMecTO 1, T. €. f BMecto E, u —B Bmecto f. B pesyabtare Gynem

HMeTb ,
B+ 2 213,, cosnf,
riae
By= A =(1 — e""T,(p. 0).
=(—1)" 4, =1 =T (p. ) Cip".
Mostomy, Tax Kak (1 —PB/(1 4=V 1—e% 10 M3 o pMyau (5)
NOJy4HM

=P 1 n
(£) =(T:7),,7,-[To<p. 0+2 Y Tap. 0)CIB cosnf]- 0)

a
n=l
Ecan p=—2, 10 nocieaHee paBeHCTBO NpPUMET BUI

r=aYT=d[1+2 R 1" (+rVT= csns]. 0



58 Trasa 3. Pasaoxenun ynKyud 6 342unTudecKomn dsuwenuu

2) Boipasum cpeaHioio auoymaauio M uepes f. Mu umeem
a __ l4-ecosf dr __ er*sinf

TS T 1= ' df  a(—é&)°
Ho
rsinf=a ) T—e?sinE.
CJ1e10BaTebHO,

dr ersinE
“Vi—a’ ®
C apyro#t cTopoHH,
r=a(l—ecosE) nw E—esinE=M.
TMostomy

dr dE ale .
W=ae$inEW=TSlﬂE- (9)
U3 pasercts (8) u (9) Haxoaum
dM r?

o Tayi=a
Hcnoabays paseHcTBO (7) H HHTErpHpya nocielHee ypaBHEHHe MPH yCAO-
Buu, uTo M o6pauiaercd B Hy. b BMecTe C f, MH MOAYUHUM

M=f+22(—l)"(%—{-Vl——e?)p"sinnf. (10)
n=)

Yroa f— M mnasviBaercs ypasuenuerm ueumpa. dopmyna (10) naer
ero BhHpaXKeHHe 4epe3 HCTHHHYIO aHOMA.THIO.
Ilo uneHos nopaaka et Haitzexo

M=f —-2eslnf+( e2+—e4)sm 2f—-—e3sin 3f—|-32e4sin4f
OO6palaa 9TOT psal, MOXHO BHPa3uTh f yepes M n e onpeaeautb mo
dopuyae
f=M+(2e ——l-e3)sinM+

5 11

—{—(4 e2———e4)sin 2M+Weasin3M+%e4sill4M. (11)

§ 3.11. PasaoxenHs B TPHrOHOMETpHYECKHE PAAL
Nno KpaTHHM cCpegHell aHOMaJHH

Mycte F (M) — nepuoanueckas ¢yunxkuns M, xoTopyio npeanosa-
raeTcs pa3NoOXHMTL B CXOAAWHHCA pAL BHAA

F(M)__—Ao—{- ZA,,cosnM +23 sinnM. (1)

r=1



§ 8.11. Pazsoxerus 8 TpucoromerpusecKue padst 59

YMuoxuM 06e uacti paBeHcTBa (1) Ha cos nM u npounterpupyem B mpe-
denax ot 0 go w. Toraa npu n s 0 noayuum

a,=2 [ Fycosnmam. @
0

VMuoxum pasenctBo (1) na sinnaM u npouHTerpupyeM B TeX e mpe-
denax. Mb HaizeM

B,=2 [ F(MysinnMdm. ®)
[}]

KpoMe TOro, npounterpupoBas paseHcTBO (1) B npeaenax ot 0 a0 =,
AONYYHM

=2 [ Fanyam. “)
0

Ecin F(M)—uemnas ¢ynkuns M, to kospduuuentst B, B dop-
myne (1) pasun Hymo (r=1, 2,

Ecin F (M)— nevemnan (pymclum M TO KospHuenTH A, B dop-
Myae (1) 6yayr pasun Hymo (r=0, 1, 2, ...).

BuBeseM Tenepb TpeSyeMbie paanomeum.

1) Pasaoxcenue cos RE.
E cBasana ¢ M nocpeacrsom ypasHenus Kenaepa

E—esinE=M. ®)

Tak kak cos RE saBagerca ueTHo# ¢yHkuue#t E, a cnemosareabHo, H M,
TO MH HMeeM

oo
coskE=—;-A,,'0+ 2 A, ,cosnM.

n=1

Ha ocHoBanuH ¢opMyaH (2) milluem

A,,,,,=%fcoskEcosnMdM=
0
== [cos kE sin nM]; + fsin REsinnMdE =
0

k.4 k x )
=2 [ cos(aM — rE)IE — - [ cos(nM+ kE) dE,
0 0



60 Traea 8. Paarowcenun PyHKyUL 6 34aunTuteckos deuxcenuu

Hau, coriactio dopmyae (5),

Ay

+

"='nk?fcos[(”'—k)f—nesinE]dE —
0

_% fcos [(n <+ k) E— nesinE)dE.
0

Ho ua ocnoBaiun d¢opmyasl (12) § 3.03 kakiam#i U3 3THX HHTerpa’os
BHpaxaeTc yepe3 ¢yukuuu Beccens:

Arn ———[J,, # (n€) —Jy iy (ne))- (6)

Janee,

‘IIO

A, -f cos kE (1 — e cos E) dE =
0

=%fcoskEdE——% fcos(k—l—l)Ed‘E—%fcos(k—-l)EdE=
0 5 0

=0. ecan kB> 0,

=-—e, ecai k=1,

Mostomy, ecan 2> 1, TO

COSRE=kFk E % [ (ne)—J,, (ne)l cos n M. ()

n=1

Ecau k=1, 10

COSE= ——+e+ Vl (Vo (ne)—J, ., (ne)] cos M, ®)

n

v —

n=1

WaH, TpHHHMas BO BuuMaHue dopmyay (10) § 3.03,
cos E = -3 e+ 2‘ - de [/, (ne)] cos n M. ()]

2) Pasaoxcenue sinkE.
dta dyHKUNA ABAAETCA HEUETHOM, M MH HMeeM

sinkE= X B, ,sinaM. (10)
n=m}



§ 3.11. Pasroxenusn & TpueOHOMeTpuveckue pAadet 61

MostoMy Ha ocHoBaiMH GopMyan (3), caenys npouenype n. (1), Haxoanm

B, ,= -2—f51nkES|nnM aM =
0

= % f.[cos (RE 4 nM)—~cos (nM — RE)} dE =
0

=2 Uyrn (6) Uy ()], a1

B wactHocTH, Korla k==1, 6yaeM HMeTb
sinE = S‘ — ns1 (n€) 4 J,—, (ne)]sinnM, (12)
HAH, COTJ1aCHO cpopuy:le (9) § 3.03,

sinE=%2-,l'-J,, (ne)sinnM. (13)

n=1

3) Passooicenue rla.
Tak kak r =a (1 —ecos E). To npu noMown dopmy.s (9) noayyaem

1 o
-;—=1 +7e2—2e n, de [/, (ne)] cos nM =
n=l
—_ 1 2 3
=1 -|——2—e —-(e—?e-“’)cosM-—
l 3
— 5 €7c0s2M — z eScosIM— ... . (14

4) Pa3asoscenue E.
HUcxona u3 ypasHenusa Kenaepa

E=M--esinE,
nocpeactsom ¢opmyan (13) Haxomum

E=M~42 Y1 J,(ne)sinnM. (15)

n=1

5) Pa3axodcenue afr.
W3 ypasueHus Kensepa Mbn nMeem
4E _
aMm —

wl&



62 Traea 8. Passoxenus Pynkyull 6 941UnTULecKom 0suxcenuu

Mostomy, auddepenunpys pasencrso (15), noayuaem
-f—=l+22J,,(ne)cosnM. (16)
n=1

6) Pasaoxcenue r2al.
HueeM

d {(r? 2r dr dE
W(?‘)=a_’dc T—Qeslnb‘_42 J,(ne)sinaM.
CnenosarenbHo,

;l,- J,(ne)cos nM,

Ma

=C—14

IR

n=1

rae C — HekoTopas moctosnsas. Ho Tak kak
3

-;—,= 1 +—,1,- et —2e cosE—I-%e’cos 2E,
TO Ha OCHOBaHMH dopMmyan (9) Hemepuomuueckas 4acTh r2/a? ects

1 +—;-e’—2e(——;-e) w1 +%e’.
IMosTomy

Q !
—--l+—e’—42?.l,,(ne)cosnM. a”n
n=1

7) Pasaoxcenue cos f.
IMpu nomomn dopmyan (16) Haxomum

ecosf=—1-4(1 —e’)%-_:

=14 —e’)[l +22.I,,(ne)cosnM].

n=]
TMosromy

cos f= —e 20=6) ‘) 2! (ne) cos nM. (18)

=1
8) Pasaoocenue sin f.
Hmeen

= 5 .___ T —e24r
rsinf=a)l1—snE=-yI—e 7.



§ 3.11. Pasroxernun 6 tTpucorHomerpudecKue padot 63

Ho

Caenosarenbho,

n Bcaeacteue dopmy.an (14)
sinf=2Vl—e”Z%%[ln(ne)]sinnM. 19)
n=1

9) Pasaoxcenun cos f/r u sin f/r2.
MycTb &, 7 — KOOPAHHATH NAAHETH B MJAOCKOCTH OpOuTH. Torma

%:cosE—e, 7’:-=Vl —e%sinE.

TMostomy, npuuuMan 8o BHiMAaHKe Gopuyan (9) u (13), umeen

(=]
%:-%e+22;l,-die[.l,,(ne)]cosnM. (20)
n:l
%:%Vl—e"’z-’—l‘-l,,(ne)sm nM. 1)
Ho "
¢=rcosf, m=rsinf,
NO3TOMY

3 cos f ! sin f
-5 ="

KpoMe Toro, ypasHeHus ABHKEHHMS HMEIOT BHA
o ué .- g
E"rT; =0, 7+45=0,

WM, Tak kKak M =n (¢ — <) = (pa ‘3)"’ (¢t —1), 10

Tostomy
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ChepoBarenbHo, H3 Bhpaxenn#t (20) u (21) HaxoznM

';E'a‘E ""r# =5 2 7z [u (ne)] cos a M, (22)
n=l
T—2

-:‘TE sl:’f = 2Vl,e £ Z nJ,(ne)sinaM. (23)

n=1

B Honoanexun (ctp. 490) NpHBOAHTCA HECKO/bKO MEPBHX YAEHOB pH-
OOB, NpPeACTaBAAIOIHX GYHKUHH J,(ne) u (d/de)(J,(ne)l.

Yka3anus, kacaiollHecs YHCAOBHX Tabaull ¢yHkuuft Beccensn, MoxHO
HaHTH B ¢YKasaTene MaTeMaTHyeCKHX Ta6auu» daeruepa, Muanepa u
Posenxena?).

) A Fletcher, J. C. P. Miller, L. Rosenhead, An Index of Ma-
thematical Tables, 244—270 London, 1946. [Ta6aunu dpynxunt Beccean cum. Takixe
B xuurax: E. finke u ®. uje, Tabanmuu dynkumit ¢ cl)opmynauu H KPHBHIMH,
Usn. 2-e, loctrexuspar, M.—J1,, 1949; B. U. Ceraa, K. AL Cemennsnes,
TMATusHaThie MAaTeMATHUECKHE TAGAHUH, M:m-ao AH CCCP, 1948. — ITpun. ped.]



Faasa 4

OCHCBHbIE YPABHEHHWA OBWXKEHLS
H X U3BECTHbBIE MHTEIPAJIbI

§ 4.01. Cuaosaa ¢pyHKnHA

B stoft rnaBe Mu 3aftMeMcs 3aauel HECKOJbKHX Ted (MaTepHaMbHHX
TOYeK), OO6pa3ylOlIHX B NMPOCTPAHCTBE H30JMPOBaHHYIO cHcTeMy. [lpen-
MOJIOXHM, 4TO HMeeTcA n Takux Teax: Py, P, ..., P, ¢ Maccamu m,,

my, ... m, u xkoopnuHataMu (;, My, §p)s Gos M9s 8y oo v s Mo + o 00 §p)
OTHOCHTE/NbHO HHepUHaAbHO# cHCTeMH oceft (cucteMn HbloTona). Ecam
P;—Teno ¢ maccoit m, u A;; — paccrosnue mexay P, u P; B MOMeHT £,
TO MOTeHUHal B TouKe P; GyleT BHpaxaThc ¢OPMy.oOh

(Au + B sl ol v Am)

HJTH

o)l“”—” U+ 0.

Toraa ypasueHHe ABHXeHHA Teaa P; B mpoexkuuu Ha ocb § GyleT HMeTb
BHI

o i) “ m;
m,E‘=G—6—El—m12A—u. jf#‘ (1)
1
H, B YaCTHOCTH, ypaBHeHHe AJs TeJa P, sanmuilercs B BHIe
e d (mm mm mym
t .09 1M 1ms 1Ma
m= O g (Pt 4+ T+ o D),
Ecau I+#1 u J> 1, 10 A He conepxut koopauHat Tena P,. Ilosromy

npeabayllee ypaBHeHHe He H3MEHHTCH, €C/H K ero MpaBoH 4acTH npH-
0aBUTh CJelylOlliee BbpaMmeHHe:

0 (mymy mym, mgm,
05, (Tgme - 2a B Tttt
msm, msm,
+— “aa +"'+_Am -+

§ V. Cumapr
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Mycte U onpeaeasercs dopmy.iot
n
Gm;m;
U—;;_AJ—» J> L 2

3aech U — cuMMeTpHyHas GYHKUMA BCeX PACCMATPUBAEMBHIX MAaTepPHAIbHLIX
Toyek. CJieayeT 3aMeTHTb, YTO IBOHHOE CYMMHPOBAHHE BK.IOYaeT 4.CH,
cozepauluit Npou3BeaeHHe MACC m,m; TOAbKO ONHAXIH.

YpaBHeHHe A9 KOOPAMHATH : MacChl m, Tenepb NPeLCTABUTCA B Blile

o ou

mlﬁl = W .
OueBHAHO, YTO ypaBHeHHe AJ KOOPAHHATH % MaccH m,; Gyaer
. ‘}U
m,E, = —()—El— ,

4 BCA CHCTEMA ypaBHemm ABHXKEHHA MOCCHl mM; 3anHIUeTCd B BHIE

mi =22, mp =29
1= gz =gy 3
E __ou @
mg; = —(RT .
dynxuus U, onpeneasemas Gopmyaoht (2), HasnBaeTcs cu2080d dyuryued.
Hrak, uMeercs 3n ypaBHeHHH IABHXEHHS, KOTOPHeE HYXHO pPeLinTb,
M NOCKOJAbKY KawI0e ypaBHeHHe BTOPOro MOpAAKa, MOJHOE YHCAO Npo-
M3BOJIbHBIX NMOCTOSHHBIX, KOTOPHIe NO/MKHH MOABHUTHLCA B OGLUEM pelieHHM
ypaBHenuit, paBHo 6n. CHcrema ypasHenuit (3) o6aamaer Toabko 10 u3-
BECTHBIMH NePBLIMH HHTerpajsaMu, KOTOpHe GyayT noaydyeHn B § 4.03—
4.06. B caywae, koraa n =3, Takad 3ajaya Ha3uBaeTc 3adaveld
mpex mea.
Baxxoe MeTpuueckoe CBOACTBO CHAOBOH ¢yHKUHM U COCTOMT B TOM,
YTO OHa He 3aBHCHT OT BHIGOpPA CHCTEMH KOODIMHAT, TaK KaK B Hee
BXOIAT TOJbKO B3aHMHHE PaccTOsuus 4,; onpenenseMbie ¢opMyaof

8= — )"+ — 1)+ G — L)

Hanpumep, ecan H3MeHHTb Hauyalo KOOPAMHAT HAH BBECTH HOBYIO CH-
CTeMy ocefl, NMOJy4YeHHYI0 NyTeM MPOH3BOJbLHOTO NMOBOPOTA MEePBOHAYA/D-
HO#t CHCTeMBI, TO A,, He Oyler 3aBHCETb OT HOBOH CHCTeMHl, TaK e Kak
OHO He 3aBHCEJIO OT CTapoh.

§ 4.02. Hutepnperanus U

Mu nokaxem, uro U npencraaser co6oft noauyio paGory cua npue-
TAXKENUA B CHCTEME n MAaTepHAJbHBX TOUeK, HeOGXOIMMYIO IS NpHBele-
HHA CHCTEMH H3 COCTOfIHHA, NMPH KOTOPOM BCe 9TH TOYKH OECKOHEYHO



§ 4.02. Hurepnperayus U 67

yAajaeHb APYT OT APYyra, K TOR KonbUrypauuu, KoTopyio oO6pasyloT TOYKH
PG % 8) (¢=1,2,3, ..., n) B MOMenT £. Kpome TOro, Mul Benem
onpeeesie NOTEHUMANbHON 9SHEPrHH CHCTeMBI, COrJIaCHO KOTOPOMY OHa
pasna —U.

[MpeanonoxuM, 4To Macca m, 3zKpemniaeHa B Touke P, u 4To Macca mq
noi HeHCTBHEM CHAB NPUTSKEHHA K /1, MePeXONMT H3 no.Joxenus A
B NOJOXeHHe B, mpHueM BCe OCTa/bHble MAaCCH HaXOHATCA Ha GeCKOHey-
HoM paccrosHun. Iycts X, V, Z — cocraBasiowne cHabl, AeHcTBYIOLLefH
Ha MaTepHaJbHYI0 TOYKY M, KOOPAMHATH KOTOPOH 4J7 MPOCTOTH 060-
3HauuM 4epe3 (5, 7, L); ecam U, — cunoBas ¢yHkuuA, cBa3alHas ¢ Mac-
CaMH m, H My, TO

__ U, olu, __oU,
X'— oe H —"7"“ ] Z—— 0,; ’ (l)
riae
Ug___i:;mz, @
12

PaGota, npongenakHas NpH ABHXEHHH m, H3 NOJOMeHHA A B NOJONKe-
HHe B noa Ae#cTBMEM MPHTAXKEHHA MaccH m,, paBHA

B
f(XdE—{-Ydr,—{—ZdC)
A

HJIH, COrJacHO ¢opuynam 1.
f(dU,d+ﬁU,d +0U, )
A

Tax kak U, — dyukuna ot & %, { (koopaunate m, asasoTcs dukcn-
pOBaHHEIMH), TO npoienaHHas paGota Gymer pasua (Up)g —(Us),. Ecan
Touka A GecKOHeyHO yhaleHa oT Touku P, To, coraacio dopmyae (2),
(U;), =0. Cnenosareabto, eciu nox B nounMats Touky P,. 10 pa6ora,
Npole aHHaA NPH ABHIKEHHH M, U3 GeCKOHeUHOCTH 10 P, moa ae#cTBHEM
NpHUTSAKEHHA MaccH m,, pasHa U,, rae U, naerca dopmyaodt (2).
PaccmoTpum Tenepb paGoTy, KOTODYI NPOH3BOIAT CHJIbI NPUTAXKEHHS

Maccel mj K MaccaMm m, ¥ m, (Tenepb nNpeano;araercs, 4to 06e 3TH
MACCH HaxoOATc B (UKCHPOBAHHHIX MONOKEHHAX) NPH NEpeMelleHHH My
u3 GeckOHeYyHOCTH B TOuKy P, CocTaBasiolmas CHAB NPHTAXEHHS MO
ocu & (¢ Tenepp 0603HauaeT KOOPAKHATY & TOukH Pj) pasHa

0 (mmg | mams,

0 \T A Ay )

W, MOBTOPfAA NpenblAYLUHE pacCyxaeHud, A.19 npohesantoft p860Tbl, oye-
BHAHO, MOJyuYaeM CJeAylollee BhIpaxKeHHe:

mlmg Mmaomy
( Axa + Agg ). (3)

5*
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CaenoBatenbHO, MOJHan pa60'ra. npoaenaHHas COBMECTHO MacCaMH my
H my NPH HX NepeMelleHHH OTHOCHTeAbHO m, paBHa

U, —+ Buipaxenne (3)

Ha4, o603Hayas 3Ty cyMMy uepes U,, uMeeM
U =G(m.m, mymg m,ma).
3 Yl My veule M v

Takum o6pasom, U, ectb cHioBasd ¢yHKUHMA NepBHX Tpex Ted.

IMponomxas 3TH paccy:;AeHHd, MB, OYeBHAHO, MpUAEM K TOMY, 4TO
nonHaa pabora, NPONeNaHHAA COBMECTHO 7 TeJaMH NpPH TiepeMelllenHH
HX H3 GECKOHEYHOCTH B Te NOJOMeHHd, KOTOPHE OHH 3aHMMAIOT B AdH-
HBH MOMeHT f, paBHa U, rae

U= 022”"”" U>.

ITomenyuarsnas snepeus CHCTEMH OnpelenseTcd kak paGoTa, KOTO-
Pyl Heo6XoAMMO 3aTpaTUTb, 4TOOH TNepeBeCTH 3Ty CHCTEMY H3 TOro
NONOXEeHHs, KOTOPOe OHa 3aHHMAaeT B JaHHHIA MOMEHT, B TOJIOXEHHE,
KOr/la B3aHMHble PacCTOAHHA MEXIY MacCaMH, ee COCTaBJAOUIKEMH, 6yayT
6eckoHeuniMH. TakuM 0oO6pa3oM, MNOTeHUMANbHA SHEPrus CHCTEMH
pasHa — U.

§ 4.03. Huterpaan ABHKEHHA LEHTPA MacC
CHCTEeMH

Jna 4yacTHOro 3HaueHus [ HUMeeM

ouU /]
W=Gm'0_ﬁ(Au+Au+ +

)=

=0Om, 5 2 5 U+

=]
Danee, !
A = =8P+ —)y+C—4)
9 1y  &=§
%, ( Ay ) T
[MosTomy

3
—Gnm 2”’"’ DG+, M
j=1



§ 4.03. Hureepaasbt OsuxceHus yenTpa Macc cucremsl 69

AHaJOrH4YHo

2 ‘ -
L om, R HOZW g, @

M3 ypaBHenuft (1) nyreM cyMMipoBaHus MO BceM 3HaveHusaMm { oT | 10 n
no.yyaem
n n n
o m,m,(E;—E:)
— G —————
S0y

rae j<1i. JisofiHas cyMMa B mpaBoff yacTu paBHa Hymio. I eHCTBHTeNbHO,
IBA YieHa, HanpuMep, cooTseTcTBylomue (=2, /=3 u i=3, j=2,
paBHb

Gmams ¢, —8) n ST g,
8y Ay

M HMX CYMMHpDOBaHHe JacT HyJb. A TOCKOJbKY STO CNpaBeLJHBO AJA
BCeX APYrMx map HHiekcoB { u J, To

Q oU
211 & =0 ®

Mpu nomous ypasuenuth (3) § 4.01 mocnenHee paBeHCTBO NPHBOLAHTCA
K BHAY

n
? m;&;=0. @
AHanOru4yHo

n n
2mm,=0 " Zlm,t,=0.

STH ypaBHEeHH MOTyT OHTb HeMelJeHHO TNPOHHTEr pHPOBAHH, YTO
Aact

dmf=a, Xmm=p, Zmfi =1 ®)

H 3aTeM
Dmb=atta, 2mm =P+, ©)
2ml=0t+1s

rae ap, By, Yy M ag Po. T2 — MOCTORHHBE.
VpaBHenus (5) NOKA3HBAIOT, YTO CyMMa MPOeKUMH KOJNHYECTB ABHIe-
HHA Tel CHCTeMH Ha MmQG0e HANIPaBjeHHe eCTh BeJMYHHE MOCTOAHHAA,
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Myctb Touka (X, YV, Z) o3nauaeT ueHTp MacCc CHCTeMbl 7 Tea H NycCThb
n

M pasio Xim;. Torma
1
n
MX = 211 mg,. )

AHajoruysble ABa ypasHenus 3anuwytcs Aas Y u Z. CoraacHo ¢opmy-
aaM (D), uMeeM clenyiOliHe DPaBeHCTBa:

MX =a;, MYVY=8,, MZ=rq,

KOTOpble MOKa3hHBAIOT, YTO UEHTP MAacC CHCTEMH HMeeT NOCTORHHYIO CKO-
poctb. Kpome Toro, Ha ocnoBaun ¢opmya (6) u (7) umeeM

MX =at+ay, MY=0it+B, MZ=1i+1, ®

A 9TH paBeHCTBAa MNOKAa3LIBAIOT, YTO UEHTP MacC CHCTeMH [BHIKETCH MO
npsMoit.

Yncno NOCTOSHHHX MHTerpupoBanus B Qopmynax (6) u (8) pasHo
IeCTH.

OueBHAHO, YTO CHCTeMa OCeff C HayalOM B UEHTPE Macc fBJAgETCH
no cBoeMy xapaktepy cucremofl Huiotowa. Ecau x;, y;, 2, —xoopau-
HATH Tena P; OTHOCHTENbHO 9TOH CHCTeMH ocCelt, TO MB OydeM HMeTb

.

0
m;x, =—0X‘

W QHAJIOTHUHbe YpaBHeHHS AAA YV H 2.

§ 4.04. Hurerpaau naomaneft
Hs ypasuenuit (1) u (2) § 4.03 moayyaem
ou ou

N my
4, — —m, — =G0Gm —— Em,—t =+ 0).
Com 0 %, ‘12:1 5, Cmy—tm) J+D

Otciona € nNOMOLIBO PpacCyxAeHHH, aHANOTHYHLIX TeM, KOTOpHe
HCNO/b30Ba/IHCh NpH BhBOLe ypasHenus (3) § 4.03, b noayusan cae-
Ayiouiee PaBeHCTBO:

n
\'(. U ou
2 (o — )=

-
[}
-

KOTOpOe BcaeacTsHe ypasHenu#t (3) § 4.01 npunuMaer BuA

n
; my (Eny — ~1"h) =0.



§ 4.05. dpyzue doxazareavcrea pesyasraroa § 4.03 u 4.04 7

Hurerpupys nocienuee paBeHCTBO, MOJyuaeM

n
2:1 my Gy — &) = ¢3. 1)
AHanoruuHo
n
Zim @l —nl)=c, ©)
n
21 m; Q5 —CE) =cy 3)

B 9TUX YpaBHEHHSX €y, 5 H €3 —NOCTOsHNHeE., PopMyan (1) — (3) nHoraa
HA3WBAOT UKmMezpasamu nrowaded. VIX noaHas HWTepnperauus 3a-
K/AIOuaeTCA B TOM, YTO CYMMa MOMEHTOB KOJHYECTBA ABHIMMEHHS n Macc
OTHOCHTE/LHO KawAOH OCH KOODAHHAT €CTb BENHYHHA MOCTOAHHAd.

§ 4.06. Jpyrue mokasaTeAbCTBA Pe3yAbTaToB
§ 4.03 u 4.04

1. TIpeanonoxuM, YTO HAaYanO KOOPAMHAT CMelleHO B Touky (a, B, ¥)
M YTO HOBHE OCH KOOPAMHAT mapannenbHH cTapuiM. Ilycts x;, vy, 2, —
KOOPAHHATH Teaa P; OTHOCHTeNbHO HOBHX ocefh. Toraa

§=x,a =y+B8 L=2-47 1)

u U ¢ n 0 npeobpasyercas B dynkunio U, (x, ¥, 2; @, B, ¥). ITo-
9TOMY, HCNOJAb3ys ypasHeHHs (1), moayuaem

oU, __\oU & ou
T—"Te,"oa—‘l g @)
Hanee, \ \
Al =D E—t) = d(xi—x))
Evs xyz

H, caenosateabHo, U, ue coaepxur a, B uam y; nosromy 0U,/da =0,
TaK 4YTO PaBEHCTBO (2) NMPHHHMaeT BHA
U
=

Otciona u caeayior Hurerpaan (8) § 4.03.

2. IpeanonoxuM, 4TO OCH § H 7 MOBEPHYTH B HX TMJAOCKOCTH Ha
HEKOTOPLI MOAOKHTEALHHA yroa 6 u 4TO KOOpAMHATH Teaa P; OTHO-
CHTEJbHO 9THX HOBHX oced CyThb X,, ¥, 2, Toraa, onyckas Ha BpeMs
HHAEKCH, 3amuiueM

f=xcos0—ysind, 7N=xsin0-4ycosh, (=2, &)
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OTKyZAa
o8 g .
W == e 11’ .._.g.. =3z, (4)

ITpu nomomn ¢opmyast (3) UE, v, {) npeobpasyerca B ¢yHKuuIiO
Uy(x, v, 2, 6) u na ocHoBaHHM ¢opMyan (4) GydeM uMeTb

DS G+ RS ) o

Ho, xak u B m. (1), Al = 3} (%, — x)* mak uro U, ne comepxur 8.
Xy Yo 2
IostoMy 0U,/060 =0, u ¢opmyaa (5) npuHHMaeT BHA

2 (E; _!30_(;_ — %&Ul.) =0 Hum Z m, Em, —"l:gt) =0,
. i

OTKyAa, MHTErpHpyA, NoJydYaeM
Zlml G —Sm)=cy

yto cosnanaet ¢ paseHctBoM (1) § 4.04. Hurerpansi naowmanet (2) u (3)
§ 4.04 noayuaioTca aHAJOTHYHO.

§ 4.06. Unterpan sHepruu

U sBaserca ¢ynxuueft Tonbko koopauuar &, W, §; (=1, 2, ....n).
Kpome Toro, U He RarucHMT 8BHO OT BpeMeHH. [Tostomy

n n
du oU - o - U - . o
gt = 2 (a_glsl +a—m -+ O_C;c‘)= 2”‘1 GE L) =
1 1
14y
= m(E+E+E. O
1
Kuneruueckas sHeprua T cCHMCTeMbl 7 Tel 3amMILETCA TaK:
n
1 . . s
T=5 Y mE+n+0). @
1

TakuM o6pa3oM, dopmyna (1) npuHuMaer BuA

dU _ dT

at — dt’
OTKyZAa

T—U=C¢C, 6)]
rie C — nocrosHHas.



n
§ 4.07. dopmyaa (d’/dt’)‘T‘min =2U + 4C = 2T + 2C 73

IMockoabky Ha ocHoBanuH § 4.02 — U ecTb noTeHuManabHas SHeprus
cucreMbl, ¢opmyaa (3) BupawaeT co60ff MOCTOAHCTBO NOJHOH# SHePruu
CHCTEMBI.

dopmyaa (3) aaer nocaeAHuH, HECATHH M3 M3BECTHHX HHTErpajos
B ofuieft 3azave n Teun.

Caenyer 3aMeTHTb, YTO B HeGeCHOHt MexaHHKe MeTOJ peLIeHHS, KO-
TOpPH#A Gb.1 HCMOJL30BAH NpPH BLIBOAE H3BECTHHIX HHTEerpajioB, He Haer
BO3MOXHOCTH NMOJAY4YHTb MHOroro. IToSTOMy pelueHue OTHCKHBAeTCH MeTO-
IOM TMOC.J1e10BATE bHHIX NPHOMIHKEHHH, KOTOPHH OKa3HBaeTCs MNpaKTH-
YeCKH YAOGHHM MeTONOM JHGO BCJAEACTBHE TeOMeTPHUECKHX O06CTOf-
TeNbCTB, TaKHX, HanpuMep, Kak B Teopud JIyHn (rZe OTHOMIEHHe reo-
UeHTpHYeCKOro pacctoanus JIyHb k ee paccrosHuio X0 CoaHua Malo),
AH60 OGCTOATENbCTB, HMEIOUIUX MeCTO B TEOPHH IJaHeT, Tle HCNOJb-
3yeTcsl He3HAyHTeJbHOCTb MAcC NJaHeT Mo cpaBHeHHI0 ¢ MaccoR Coanxua.

§ 4.07. dopmyaa (d%/df) ‘ﬁ mR} =2U +4C=2T+2C

B stoft dopmyne R, — paccrosnHe Tena P; oT Havana KOOpPRHHAT,
KOTOPHM MOXET ObiThb UEHTP MAacc CHCTEMH 72 Tel.
Ymuoxas ypasrenus (3) § 4.01 Ha &, m;, u §; u cymmupys, noayuaem

n

21”‘1(515“1""41;!14‘(-1&1)"42(51 % +"h o 7 e, dtg)

1

Onunako U sBasercs OAHOpPOAHO# ¢yHKuueR KOOpAMHAT nopsgka —I1,
H MO3TOMY Ha OCHOBAHHH TeopeMH Jfirepa uUMeeM

22%% M

&t 1
HJIH
2 2imbhy+U=0. @
Ho
. d .: . 1 42 .
= v (¢ — 8= o (¢ —¢t2, 6))

IMosToMy cooTHomieHHe (2) NMPHHHMaeT BHX

7:_2”‘1(53"'"3""3)_2‘mt(é§+';lf+<§)+u=0'
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Cornacio dopmyne (2) § 4.06, sropoft useH JeBOH wacTH MmocaeaHero
cooTHolleHHs paseH — 2T. Kpome roro,

2, .2 p2 2
» G+ =Ri
Cref0BaTeIbHO, MH MOJYYacM

Y mRl— 4T 42U =0,

HaH, Hcnoab3ysa pasenctso (3) § 4.06,

AN 2

25 Yy mRi=2U+4C=2T+2C. @)

B stot dopmyse U u T ABAAIOTCA BeJHYHHAMM NOJOXKHTENbHBHIMH.

TMosToMy, ecan C mMOJONKMTEAbHO, MJAH OTPHUATENbHO, HO MPH ITOM
|C|< T um |C| < !,U, 10 npaBas uacTb paBeHcTBa (4) GyAeT MOJOKH-
TeAbHOH M, CJel0BaTe/bHO, (d’/dt'-’)Zm,R'f nooxuteabho. Tlostomy
(d/dt)zm,R.f O6yneT yBe/HUHBATbCA HEOTrPAaHHYEHHO, OTKYAa 3aKJIOYaeM,
YTO MO KpafiHelt Mepe 0AHO M3 R; O6yldeT HeOr paHHMuYEHHO BO3PACTaTh.
A 310 mpHBeneT K TOMY, YTO MO MeHblleft Mepe OAHA H3 MAacC MOKMHeT
cucTeMy. JIns ycTOMUMBOCTH CHCTEMH B CMHIC/e OTCYTCTBMAl €€ pacceH-
BaHMA Heo6XO0AuMO, yToG6n C OBIO OTpHUATEJAbHHM M TaKHM, YTOGH
BunoaHaaoch ycaosie |C| > T uau |C| > V,U. 310 ycnosue, oxuako,
He ABJAETCA AOCTAaTOYHBIM AJfl YCTORYHBOCTH CHCTEMH.

§ 4.08. Hensmennas mIOCKOCTH

OGparuMca kx uHTerpanam naowaseit (cM. § 4.04). Oun uMmelor BUL

. ; .
Z’”z (& —n8)=rcy
2m G —CE) =cn )
2m G —Em)=cy
BupakeHus, CTofliMe B JeBHX YacCTAX STHX PaBeHCTB, ABJAITCA Ha-
NpaB/eHHHMH BeIHYMHAMM, NPeACTaBJAOILUMH cOGO# MpoeKUUH NOJHOro
MOMEHTa KOJHMYeCTBa JBHXKEHUs CHCTEMH Ha OCH §, 7 M { COOTBETCTBEHHO.
TMosToMy MOXHO HaiTH HekoTOpyl0 ocb OB, KoTopas cosnafana GH

C HampaB/ieHHEM MO0.IH020 MOMEHTa KOJHYeCTBA ABHIKEHHS A CHCTEMH.
Ecau I}, m;, n,— Hanpasasiomwue Kocuuycu OB, T0O

LA=c¢c,, mA=c¢,, nmA==c,,
OTKyAa

hom @

Bcan LEHTp MacC CHCTeMH HaxOmWTCs B Hauane koopauHat O, To
NAOCKOCTb, MpoXoaswas uvepes O, HanpaBJAAIOIHE KOCHHYCH HOpMa.au
KOTOPO# yNOBJETBOPAIOT paBeHCTBaM (2), HA3LBACTCA NeuMeHHol nao-
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cKocmbio cHCTeMbl. HeusMeHHas NJAOCKOCTb MokeT OwiTh oOnpeneneHa,
€C/IH ¢, Cy, €3 W3BECTHH, ANf Yero, coraacHo dopumyaam (1), Tpebyercs,
yTOObl OBLINH H3BECTHHI MAacCHl BCeX 7 Ted, a TaKXKe HX KOOPIMHATH H
COCTaBAAIOLIHE CKOPOCTe# AN HekoToporo MomenTa f. Hcxona us
HAlUUX COBPeMeHHbIX 3HaHMH O CO.HeYHOH cHCTeMe, MNOJY4YeHHBHX NpH
NOMOLIH MeTONOB, KOTOPhie OYIyT ONHCaHH B TNOC/AeldyIOUIHX T/aBax,
MOCTORHBIE €y, Cg, €3 MOTYT GHITH MONYYeHH ¢ 60ALIION TounoCcTbI0. Coeno-
BaTe.1bHO, MOJOKeHHe HeH3MEeHHOH#t M.IOCKOCTH MOMeT ObiTb Onpeie/eHo
OTHOCHTE.TbHO OGLIYHON OCHOBHOM NMJAOCKOCTH. MOXHO CKa3aTh C MOYTH 1o~
HOH YBEepeHHOCTHIO, YTO Moboe YTOUHEHHe 3HaueHHH ¢, ¢y, €3 B COOTHOLLE-
HuM (2) B OyAyuieM SIBUTCA TOJbKO Ppe3yJbTaTOM onpeleneHus Gonee
TOYHHIX 3HaYeHHH Macc maaHer.

Ecan M BhiGepeM HOBbE OCH, MPOXOIsllHe Yepe3 LEHTP Macc, Tak,
YTOGH HOPMaab K HeH3MeHHOH MJOCKOCTH fBAAIach ocblo Z,a och X u Y
OblM  B3ATH B 9TOH MJOCKOCTH, TO MH MOJAY4YHM pPAaBeHCTBA TOTO Xe
THna, 4To # paseHcTsa (1). Ho Teneph c¢; GyldeT pPaBHO MOJHOMY MO~
MEHTY KO.HYeCTBA IBHXEHMSI CHCTeMH, a ¢, ==¢;==0. ITpeuMyuecrso
Takoro BHOOpa OCeff COCTOMT, KOHEYHO, B TOM, YTO JBe NOCTOSIHHHE
HHTEer pHPOBANHA PABHLI HY/IO, @ STO BEAET K YMPOIIEHHK AHANHTHYECKHX
BhlpaeHH# B oOllell MaTeMaTHYecKoH Teopuu. Mcmoab3oBanue HeH3MeH-
HOR NJOCKOCTH B KayeCTBe OCHOBHO# KOODAWHATHOH NJIOCKOCTH mpoma-
ranguposanoch JlannacoM, no 9Ta Mies He noayuyuaa 60AbWIOrO pacmpo-
CTPaHeHH B MPAKTHYECKHX MPHIOKEHHAX.

TTocTOANCTBO MOMEHTa KOJHYECTBA ABHXEHHS OTHOCHTENbHO HOPMAJH
K HEN3MEHHOH MAOCKOCTH mpeanosaraer onpejeneHusie oroopki. CoaHue
H NJAaHeTH fBAAIOTCA He MAaTePHAJbHBIMM TOYKAaMH, a CdepHYECKHMH
(W moOYTH CcdepHUeCKHMH) TeNaMH, Kawldoe M3 KOTOPhEIX BpalllaeTcs
BOKPYr HEKOTOPO#f OCH, H 9TO BpalleHHe AOMKHO H3MEHATb MOMEHT
KO.IHYeCTBA ABHKEHHA CHCTeMbl. Ecaum 6 3TH Tena fABAANMCL TBEPIALIMH
cepamu, MIOTHOCTD KaxAOH H3 KOTOPHX Ohiaa 6 ¢QyHKUHelt Aulib pac-
CTOfIHHA OT LEHTPa CcdepH, TO MOMEHT KOJHYECTBA IHBHIKEHH CHCTEMB
OcTaBajcsi Ob MOCTOAHHBIM H HEH3MEHHYI0 NJIOCKOCTb MOXHO OO 6bi
onpeneuTb M OHA Oniaa OBl AeficTBUTENbHO HeM3MeHHOH. DTH yCJOBHUS
HE BRLIMOJHAIOTCA CTPOro AAA GOJBbUIMHCTBA MJAAHET H BHIMOJHAIOTCA TOJAbKO
npubauxenHo ana Coanua. Kpome Toro, naxe BpaiaTenbHBI MOMEHT
KO/IHYeCTBAa JBHXKEHHA HEKOTOPHIX MJAaHeT (HampuMep, 3eMiu) molsep-
FaeTcsl NMPOrpecCHBHLIM H3MEHEHHAM BC/IEACTBHE TPELECCHH H MPHIHBHOTO
Tpenns. Hanpumep, BcleacTBHe npeLecCHH OCb 3eM/H H3MeHSeT CBOe
NoJIOXKeHHe OTHOCHTENbHO OCHOBHOM MJAOCKOCTH, H, C/eAOBaTelbHO, CO-
CTaB/fIOUIME €€ MOMEHTAa KOJHYEeCTBA JBHIKEHHA OTHOCHTENbHO Oceft
KOOpAMHAT HEeNMpepHBHO H3MeHAOTCA. UYTO Ke Kacaercqa MPHAHBHOTO
TPEHHS, TO OHO MOCTENEHHO 3aMeAJfeT BpallleHHe 3eMAH, XOTA H C OueHb
HE3HAYHTEbHOR CKOPOCTHIO.

IToACYHTAHO, YTO MOJHBIR MOMEHT KOJHYECTBA ABHIKCHHA CO.IHEYHOR
cucreMnl Ha 989 06yc/0BleH OPGHTAALHBLIMH ABIKEHUSIMIL UYeThIPeX
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Goabwux naaver: KOnurepa, Catypua, Ypana u Hentyna. CaenoBateasho,
H3MeHeHHs, O KOTOPHX Mbi TOJbKO YTO YNOMHMHAIH, COCTaBJASIOT MOYTH
HEOLLYTHMYIO 4acThb OT MOJIHOTO MOMEHTa KOJHYECTBA JBWIKEHHS CHCTEMB.
HeuaMeHHas NAOCKOCTb, TaKMM OOPa3sOM, MPAKTHYECKH AB.ISETCA (UKCH-
POBaHHOH NJOCKOCTHIO MO OTHOLIEHHIO K LEHTPY MAacC CHCTEMBI.

§ 4.09. CuctemMb KOOPAHHAT, HCHOJAb3YeMble B TeOPHH JIyHH
H IPH H3YUYEHHH ABHXKEeHHE 3Be3f

B xauectse npumepa BHOOpa CHCTeMH KOOPAHHAT B KOHKPETHOM
Caydae Mbl BHBENEM YPaBHEHHS NBHEHHS B 334auax O ABHKeHHH JIyHH
HAM 3Be3d. IDTH YPaBHEHHA COCTaBAT OCHOBY AAs Ha/jbHeflIHX HCCae-
nosauufi. B teopun JlyHn Mb raaBHHM O6pasoM HMeeM Ien0 TOJIbKO

M (ma)
S
,'7\ (m3)
l'
r
! c (Y}
]
"
'3
E(m)
Pue. 11.

¢ TpeMs TenaMu: ¢ Semaelt (Macca m,), JlyHo#t (Macca m,) H CpaBHHTENbHO
ZanekuM CoJHIeM, C MacCOR mj, 3HAYHTENbHO NMPEBOCXOAAIUEH m, H M.
B 3agaue 0 ABHXeHHH 3Be31 MH HMeeM J1e/0 C AHA/NOTHYHOK KOHQHry-
paumueft, cocToslieft H3 IBYX TEeCHHX 3Be3l H CPaBHHTENbHO yIa/AeHHOH
TpeTbell 3Be3NOH, MpPHYEM MAacCH BCEX TPeX TeJl HMEOT ONHH H TOT e
NopALoOK.

Ha puc. 11 wusobpawennt Tpu Tena E, M u S c xoopaunaramu
G M. §)s Bae Mo ) 1 (g Mg C3) OTHOCHTENBHO O6LIHOH HHEpUHab-
HON cucTeMh koopauHat. Cuuaosas ¢yukuus U Bupaxaercs ¢opmynoh

U=G(m,rm, + m,Aﬂh + mk’l’la)' 6y

rae r=EM, A=MS u A, =ES.

MycTs X, ¥y, Z—KOOPAHHAaTH Tena M MO OTHOILEHHIO K CHCTEMe
KoopauHaT ¢ HayaqsoM B E, a x; y;, 2, —KoopauHatH Tena S OTHO-
CHTENLHO OCefi, Ha¥yaJ0 KOTOPHX HaXORHTCA B TOYKe C — UeHTpe Macc
ten E u M. Kpome toro, mycts X, ¥V, Z—koopauHath Touku C
OTHOCHTE/IbHO HHepLHaJbHHX ocefl. Toraa
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Mu 1MeeM
x=H—4 3)
H
. § 3
x1=¢3—x=gs_%_:__-¥{_:%:_s, @
Otcioaa npu nomown dopMyant (3) noayuaem
mapX
S—h=x+ ml-;-m, ' ()
KpoMe Toro,
E3_E2=E3—El—(52—el)=xl—'m_:n_ﬁ° (6)

B nanbHeftiieM KOCTaTOUHO GYHET O paHHUMTBCA PACCMOTPEHHEM YpaB-
HeHHH ABHXEHHS B HalpasJeHWH, NapaaneibHoM OocH §. 3TH ypaBHeHHS

HMEIOT BHIA N 5 oU
H 1 oU 3 1 aU 1
W= R T & 9w @

M3 oTux ypasHeHH#t Ml BHIBEfEM COOTBETCTBYIOIIME YPaBHEHHs AAf X
n x,. U3 dopmyn (3) n (7) HeMenNeHHO TOJydYaeM ypaBHeHHe

=y %m0 @)

1 U 1 U myx
=, 0% m, 0§ m +my'

KoTopoe, ¢ yderoM ¢opMyan (8), mpHHHMAeT BHI

- 1 oU 1 oU ouU
b= i — ()

Oxnnako, coraacHo paseHcTBY (3) § 4.03, npn n=3 nMeeM

U U ouU
&t T ="

m 4+ mg+my U
mla (”'l‘,'f'mz)' 08 @)

Hanee, u3 gopmya (5) u (6) caenyer:
2= x24y2 4 22,
pr= Y G — b= ) (1 — =Y,
Af == 2‘ G — )= 2 kxl -+ ‘,;,l—_l_T’Y'

IMostomy
* =
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CnenosatenbHo, dynkuua U BeipaxeHa yepes X W X, Y M ¥y, Z H 2;.
Ucnoabays dopmyast (3) u (4), noayuaem.

U _ U ox U ox__ U __m U
T T Tk O T ox  midmy 0%
AHaNOTHYHO
oU_oU __m OU U __oU
05, ox m,+ my 0x, A T

Ha ocnoBanuu 3THX paBeHcTB ypaBHenHs (8) u (9) NPHHHMAIOT BHA
m, -+ m, fﬂ

X = m ox ’ (10)
s __ m+tm+4m; oU
1= S o ) Oy (n
TTonoxuM
w =G (m, 4 m,). (12)

Torna, noactasass B ypasuenne (10) puipaxenne aas U u3 dopmyan (1),
noayuaem

. px oR
=T

rie R — Boamywaiowas ¢yukuua naa Jlyns, onpenenseMas ¢opmyaoft

R=Gmelmobm) (7 ) fu), (13)

m.m, A A,

Tockoabky r He 3aBHCHT OT Xy, ¥y, Z;, TO YpPaBHeHHE ABUIKEHHS
CosHua 415 OCH X Ha OCHOBaHMH ypaBHenus (11) wMmeer Bun

v __Gm+tmdmg) 0 (m m
A= o (B )

Yno6uo ucnoab3oBaTh $yuxumio F, onpeneasemyio dopmy.ot
=M, m
F=%+ A"
H 3aMeUHTL My, my H My COOTBETCTBEHHO Ha E, M n S. Toraa noayunm

. M E
F=%+5 14
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U ypaBHeHus ABuxenua JIyHn H Co/HUA MPHUHMMAIOT BHA

" GS (E+4 M) oF
b BEEM OF (15)
5 _GELM+S) OF (16)

\="TEFM  ox "

OTH ypaBHeHH SBJAIOTCA OCHOBHHIMH YPaBHEHHAMH B Teopuu JIyHH,
M, KaK MH TIoOKaxeM B § 7.03, HX mpeHMYLIeCTBO 3aK/IOYAETCA B TOM,
YTO C BHCOKOH CTemeHbl0 TOMHOCTH ABuxeHHe CosHua oTHocuTeavHo C
(puc. 11) MOXHO pacCMaTpHBATh KaK S/IMATHYECKOE H, C/AefOBATENBLHO,
KOODAHHATH X;, Y;, Z;, OT KOTOPHX 3aBHCHT ¢yHkuua F, MOryT OHTH
BHIpaOXEHH NpH NoMowy GopMy. ri. 3 yepes BpeMs NOCPEACTBOM Cpea-
Helt aHoManun Cosnua,



F'aasa &

YPABHEHHSI NBWXKEHHS TIVIAHET
B ®OPME JIATPAHXA

§ 5.01. 3amena nepeMeHHHX

YpasHeHHa asHKeHHS NiaHeTH P (Macca m) mnop nXeHcTBHEM lieH-
TpaJbHOTO npHuTAKenua CoHla (Macca my) H NPHTAXKEHHA naaHeT Py, P,, ...
(Maccn my, my, ...) Ouan nonyvyennt B § 1.07. OHH HMelOT BHA

. ,opXx OR - OR - OR
rth=g YtE=% i+E=% O

rae p= G (my—+ m)=n%a3 u R — BosMymaiomas ¢yuxuua. Mu Gynem
npeanosiarath, 4TO B Ka4yecTBe OCHOBHOM MJOCKOCTH B3fTa IJIOCKOCTb
SKJHNTHKH, & OCb X HampasjeHa B TOUKY Y.

B stoit rnaBe MH H3NOKHM MeTom, MpennoxeHHHH JlarpaHimeM H
4acTo MNpHMeHSeMHR B TEOPHH HABHXNEHWA MJaHeT, IDTOT METOL OCHOBaH
Ha npeo6pasoBaHHH ypasHeHu#t (1) k BHAy, yROGHOMY AJA HX OKOH4Ya-
TeNbHOTO pelleHH .

PaccMOTpHM CHauana pellleHHe ypaBHEHHR He803MYUieHHO020 HBHNKE-
HHA maaHeTH P. DTH ypaBHeHHs HMEIOT BHI

i+ =0 j+8 =0 z4% =0 )

Pemenne ypasHenu#t (2) maetrca ¢opmyaamu (2) § 2.15 B Buse QyHKuui
9KCLEeHTpHYeCKON aHOManun E H Hanpasasiowux KocuHycos (I, my, n,)
H (I3 my, ny), KOTOPHE BHPAKANTCA uepes ddeMeHTH 2, o, { dopmy-
Aamu (3) u (4) § 2.15. B wvacTHOCTH,

x = al; cos E+4 blysinE — ael,, @3)

a aHajaoruuHble GOpMyaH AJ8 Y H 2 CONEPKaT m,, My U M,, Ny COOT-
BETCTBEHHO.

dopmyant (9) u (13) § 3.11 nokasusaiot, 4t0 cosE u sinE MoxHO
NpencTaBHTb B BHAe

cosE=——é—e+ZGscossM.

s=1

o
sinE = 3, D,sinsM,
§=1
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rae M —cpennss avoMaaua M C, u D, 3aBucar ot ¢yuxkuud Beccens,
COlePXalUHUX SKCUEHTPHCHTET e.

Ecan noactasuth 3TH BhipaweHus B popmyay (3), TO MOXHO Jerko
YBIL1ETb, YTO pa3fiokeHHe A X HMeeT BUA

x=A-+ X Bcos(t,M + J2 4 k),

rie A u B —uekotopsie ynkuuu a, e, I, a i, j, k — noIoKuTEIbHBIE
MK OTpHUATE/bHBIE Leiable YHCAA, BKMOYas ¥ uyab. Hag y u 2z umeior
MeCTO aHaJoruyHole ¢opmyan. Iloka MbH He 6yldeM BHHKaTb B noapo6-
HOCTH STHX pa3/oKeHH#, MOCKOAbKY HaM BaXHO ceHyac TOJbKO TO, YTO
X, ¥y, Z JalOTCA B BuIe u#38ecmisx GYHKUMA BpeMeHH M 1IeCTH 3Je-
MEHTOB OpPOGHTH, NpHuYeM BpeMa / BXONMT NOCPEACTBOM CpelHeh aHO-
maaun M. HyxHo 3aMeTHTb, uTO B GaMialwux naparpadax STOH riaasbl
AA8 yno6CTBa NPH aHAJAMTHYECKMX BHIKJAAAKaxX MH OyleM HMeTb A€o
He C 9JIeMEHTaMH T HJM €, a C SAEMEHTOM Y, KOTOPHA BXOAHMT B ypaB-
Hetive Kennepa caeaywomum o6pa3oM:

E —esinE=nt-47. “4)

Kpome Toro, yno61o 0603HauuTh 3/7eMeHTH 4, e, y 4yepes a; ({ =1, 2, 3),
a sneMent 2, o, {—ucpes B; (=1, 2, 3).

Toraa peuieHHe ypasHeHu# (2) MoxeT GHITb NMpeACTaBJeilo Caelylo-
MM o6pasoM:

x=Fl(t. “l' Bl)’ y=F2(t. a,. Bl)’ z=F3(t, a,, pi)' (5)

rae Fy, F,, Fy— u3Bectiblc ¢yHKUHH BPeMEH H 3/]eMEHTOB.
AHanOTHYHHIM 06pa3oM COCTaBJsIOLHE CKOPOCTH (0x/0¢, dy/0t, 3z/0F)
niaveTsl P B HEBO3MYLICHHOM JABHMEHHH MOXHO MPEACTaBUTb B Buie

7}
G=01t. 0. 8). F=0,(t 0 B) F=0s(t anB)

rie 8/0¢ o3Hauaer AuddepeHuUHpOBalHe NO BPEeMeHH, MPHYEM, KOHEYHO,
o u § paccMaTpHBalOTCA Kak MOCTOsHHBe. Tak Kak

(l—ecosE)Ez_-—E;:-E'=n. )

TO, HanpuMmep, Aas o¢ynkuun G, natiaem, coraacHo ¢opmyne (3), cae-
Ayoliee BHpaxeHue:

G, =-——f’fi(allsinE—bl, cos E), 8)

KOTOpOe MOXeT pPacCMaTpHBaTbCA Kak #38ecmHas GYHKUMA ! W IeCTH
9/IEMEHTOB TOTO e BHAA, YTO M pasfoxXeHHe, HaHleHHOe paHee Ana X.

Has pemenus ypasHehu#t (1) MH BO3bMeM B KayecTBe HOBHIX nepe-
MEHHBIX IIeCTb 3JeMeHToB a; H B, Tak, 4To6M X, Yy U 2z onAms onpe-
Oeanauce gopmysamu x=F (¢t o, B;) n 1. A. U3 stnx Ttpex coot-

6 V. Cmapr
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HolteHn#t mobuie mpu 3neMeHta a;, B, MOTYT OHTb BHpPaeHH Yepes x,
Yy u z. Oaa Toro 4to6b MONHOCTHIO ONMPENENHTH OCTAIOLIHECH S/EMEHTH,
MH noTpeGyeM, YTOGE! BEIMOJHAMHC TPH AOTOJHHTENbHHX COOTHOLIEHHS.
BubepeM HX TakuM 06pasoM:

%: o—f = Gl (t. a‘. p[)o
_6% =G, (¢ a;, B). ®)
dz

0t =0, o By

3nece d/dt o3navaer auddepeHuUHPOBAHHE TNO BpPEMEHH TPH YCJOBHH,
YTO HOBHE MepeMeHHHe a;, B, paccMaTPHBAIOTCHA KaK (YHKLUUH BpeMEeHH.
ST0T MeTol OGHYHO HA3HBAIOT KemoGOM 8aPUGUUU NPOU3IBOALHHX
ROCMOAKKHX.

W3 nepsoro cootHowenua (9) nmeem

dx aa. \ 0G, da 0G, d§,
= T oa,' +275#T:' (10)

Tae CyMMHpOBahWe mpoussoiautcs mo I ot 1 no 3.
OnHako 13 paBencT (6), aaMenan x Ha dx/0f, umeeM

x 0G, ox G,

o — ot ' Oa  Oa

"
dx 60.
o8 - B
CaenosarenbHo, ypaeHenue (10) npm-muaer BHIL
d?x 0%« . 0x 4
= o +2 at‘l‘Zgg'pz- (1n
]

Mockoabky ¢ynxkums x == F, (¢, ¢;, B;). rae a u P — mocrosnHHe,
YIOBJIETBOPAET MepBOMY M3 ypaBHeHH# (2), TO MH MOXeM Nepenucarsb
ero CJelyiomHUM 06pasoM:

?x

i+ =0 (12)

u ypaBHenue (11) Toraa npuMer Bui

dx . ox
t’ + = da, 2 T
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Hs ypashennft (1) Mu nonyqaeM

da, l+ 2 0"3, B
KpoMe Toro, Tak kak x=Fl ¢ a; B) 10

dx . 0F| 0F| ()Fl 2
-F +2 Oa, 'G‘+2 pl.

OF _ox OF _0xr OF Ox
ot - ot ! 01[ - 00[ ! 03, - (ﬁl

I MOCKOJBbKY, COrJlacHo q)opuyne (9). dx/dt =0x/0f, MW mnoayyaeM

°‘I>o

(13)

Ho

= a,+2 =0 (14)
(13) u (14) aBasOTCA BaXKHHMH (bopmynauu, H3 KOTOPLIX, KaK MH
YBHAUM HHke, OYAyT BHBEeNEHH YPaBHEHHS, CBASHBAIOUIHE &, g, « .., P3

1 NpoH3BOAHHE Bo3Mywiaiowest ¢ynxuun R.

§ 5.02. Ockyaupylomu#t sanunc

Ilycto Ha puc. 12 P o3Hauaer no.joxeHHe NAaHETH B MOMEHT £
Ecan npeanosoxuTb, YTO B 9TOT MOMEHT BO3MYLIAlOlIHe MJAHETH MNpe-
KpalwaiotT cBoe aeficTsne Ha Teno P, To ero op6uta GyaeT aaauncoMm PQ
C NOCTOAHHHIMH SJIEMEHTAMK &, e, ..., {,. Koopaunmat nuawetrn P
Toraa OyayT BHpaxatbea x = F (¢, ag ..., {)) M ABYyMS analOrHYHBIMH

’

e
=,

Q P
Puc. 12.

(YHKUMAMH AM8 Y H 2. AHAJOTHYHO COCTABJAAIOLUIME CKOPOCTH B 9JJHIM-
THYECKOM JBHXEHHH B MOMEHT f, MPH HMCNOJb30BaHHN 0603HayYeHuH mpe-
Abayluero naparpaga onpeaesfioTcs  COOTHOLUEHHEM x/dt__x—
=G,(¢y, 8¢ «.+, {5) W COOTBETCTBYIOLIHMH BHIPAXEHHAMH LIS y H z.
KpoMe TOro, €CH MW NPEANONOKHM, YTO X, Y, Z H X, ¥, Z B MO-
MEHT f, H3BECTHH, TO MH OyleM HMeTb HeOGXOLMMOE YHMC]O ypaBHeHuf
ANs OnpelesieHHs LIECTH SJEMEHTOB &g, ..., {y SAaunca.
HeficTBHTebHAA OpPOHTA NAaHeTH, KOTAa TPHHATO BO BHMMaHHe Nefi-
CTBHE BO3MYLIAOWIMX NJAaHeT, OydeT OTaMuYaTLCA OT 3aaunca. Ha puc. 12
NMOKa3aHA 4YacTb AeHcTBUTEbHOR OpOuTH PP’. Ilocko/bKy B MOMEHT £,

6*
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COCTaBJAIOUIHE CKOPOCTH B NeHCTBHTEJILHOM [ABHXKEHHH Te )XKe CaMble,
YTO M MpPH 3JJAHNTHYECKOM IBHKeHHH (dx/dt = 0x/0f u T. A.), TO Kaca-
TeAbhas K AeHCTBHTEIbHOR op6ute B Touke P 6yleT cOBmaaaTh C Kaca-
TenbHOH K 34Juncy B STOH ke Touke. daaunc PQ HasblBaeTca 0cky.au-
PYIOWUM S42unCOM ANA MOMEHTA f;, a MOCTOSHHHE &g, &5 ..., {H—
OCKYAUPYOU UMY 316 MeNmamu 13 MoMenTa £, Tlnockoctb ockyau-
pylolero 9/JAMNCA HA3LIBACTCA OCKYAUPYOUWel nAOCKOCMbIO AAA MO-
MeHTa £, H MOXeT OhTb HCNO/Jb30BaHA B KayeCTBe OCHOBHOM IIOCKOCTH
BMECTO MNIOCKOCTH ISK/MNTHKH.

Mowenty £, caenyiolleMy HemoCpeiaCTBeHHO 3a £, GyleT cOOTBeT-
CTBOBAaTb HOBHIH OCKYJHPYIOIHA S/AJMAC C 3JIEMEHTAMH 4y, ..., I,
CBA3aHHLIMH C HOBBIMH KOOPAHMHATAMH M COCTaB/MIOLIUMH CKOPOCTH M.Ja-
HeTHl B ee JNeHCTBHUTeJbHOM IBHXMeHHH. To ke camoe MH OGyleM HMeTb
M 1719 MOMEHTOB £y, £3, .... PasHoctu @, —ay, ..., I, —I; HasbIBalOTCA
803MYUeHUAMU 3SEMEHTOB 3a BpeMa f, — . CKopocm H3MeHeHns
3THX 9]EMEHTOB B TOYHOCTH pPaBHB MPOU3BOMHLIM &, p,, 0 KOTOpHIX
rOBOPH/IOCH B Mpelniayulem naparpade. Bosuyuenus B KOOpAHHATAX X,
¥, Z onpelesAIOTCA aHAJOTHYHO.

§ 5.03. Hcnoan3oBanHe OCKYJAHPYIOULEro 9JJAHNCA
aas sdeMepuanbix ueaed

[MokaXceM, 4TO A7 MaABIX HHTEPBAJIOB BPEMEHH MOJOXEHHE TJIaHeTH
Ha ee JNeHCTBUTeNbHOH OpOMTE HE3HAYMTENbHO OT/IAHYAETCA OT COOTBET-
CTBYIOLLEro MOJOXEHHS HA OCKYJMPYIOLleM SajHnce. 3T0 06CTOATENAbCTBO
HCMOJIL3YETCA MpPH BbYKCTenu 3deMepia NMJaHeT AJA MAJbIX HHTEPBA/OB
BPEMCHH.

Mycte Ha puc. 12 P’(x, y, 2)-—HCTHHHOE TO/IOXEHHE TJIAHETH
B MoMeHT f u Q(x’, y', 2’) — cooTBeTcTBylOlllee MOJOKEHHE HAa OCKY-
AupylolieM saaunce. ByzeM oOTMeyaTb 3HAYKOM HyJb 3HayeHHe KakKoM-
60 BEeJAMUHHLI B MOMeHT £, [lonaras Af=f— £, noayuaem

x'=x(’)+At(%)o+ N ( - ) + ...
H

x—-—xo+At( )+2( 82 (dt,)-g-

Toraa, NMOCKOAbKY B MOMEHT f, X ==X, u (dx'/dt),==(0x'[df)), npu-
6MIKEHHO HMeeM

x— 2 =g Qo TE— )

dfr T ol )
HaM, yunteiBas pasexctsa (1) u (12) § 5.01,

P (%) . )

0



§ 5.03. Hcnoav3osanue ockyaupyouje2o saaunca 85

[Tycts a o3Hauaer 6OJbINYI0 MOAYOCH 3.TJIHNTHYECKOH (OCKYMHpYIoOLLeh)
OpPGHTHI, COOTBETCTBYIOIEH TOUKe P, BLIPAKEHHYIO B aCTPOHOMHYECKHX
enyHuuax, a T —nepuoa B ronax. Torma, ecam npeHebpeub OTHOLIe-
HHEM m/m,, NOJaYyuUM
4n2q3
T?

= omo.

rae my,— Macca Coanua. [Tostomy

@op=(F)T=

4723 (At 2
Gm° T) ¢

Ias yno6etBa monoxkuM R = GmR,, rae

R 1 xxutyntzz,
177 A r '
1
OTKY.Za
R,  _ x—x  x 2)
ox A3 " (
Takum o6pa3om, A2 OR
m
x—x' = 2“2“3(?zf)(‘f‘) % 3)

B kauecTBe npHMepa pacCMOTPHM OpPOHTY 3eM.H, BO3MYILAeMyI0 HaH-
6onee MaccuBHOH naaHero#t — lOnutepom. Toraa a =1, my/my~ 1073,
272~ 20. [IIpeanonoxuM, uro Af=0,1 roaa. B TakoM cayuae
AYT =0,1 u dopmyna (3) npHHHMaET BHL

r~9.10"% OR,
XxX—x'=~2.10 (W)o.

[peHe6perad HaKJOHHOCTbIO OPOHTH IONHTepa K SKJHNTHKE, MH MOXeM
BHIGpaTh SK/AHNTHYECKHE OCH KOODIHHAT TaK, 4TOObl B MOMEHT £, KOOp-
aunath lOnutepa 6um (7, 0), a ecan k TOMy e npeHeGpeub 3IKCLEH-
TPUCHTETOM, TO OHH OyayT — (a,, 0). Buipaxkehnue, croduiee B npaso#t
yacTH paBeHcTBa (2), HMeeT MAaKCHMYM B TNPOTHBOCTOSHHM, KOrAa
~a~lunld=a —1.
Hanee a, = 5. INostomy

(&),vﬁ_
ox 0~400.

Xx—x'~45.107% a. e. ~ 670 xa.

CrenoBaTefbHO,

[Tpu cAeNaHHBIX NPEANOJOKEHHAX, 4T0 y=2=0 U y, =2,=0,
BO3MYLUEHHS B KOOPIAHHATaX y H 2 paBubl Hymo. Bce BO3Myluenus,
TakuM 0O6pa3oM, najaloT Ha KoopauHaTy X. Toabko 4TO NoJyueHHOe
BO3MylleHHe B X HMeeT MNOPAAOK MHHYTH, M AJ9 MHOTHX LeJefl SToH
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senHYHHON MOXHO mpeHeGpeus. TakuM 06pa3oM, A4s Maiabix 3HaueHn# Af
OCKyAHpYIOWHi aaaunc 6yneT AaBaTh AOCTATOMHO TOYHEE 3HAYEHHA KO-
opauHat 3eMaH Ha M0Obe MOMeHTH, OJau3KHe K f.

BoaMyuienns op6uTH 3eMaH, BHi3biBaeMbie APYTHMH MNJaHeTaMH COJ-
HEYHOM CHCTEMB!, MHOTO MeHbllle, YeM TOJbKO UYTO HaftleHlible BO3MYllle-
nus or IOnurepa. 310 06BACHAETCH raaBHHIM 06pa3oM TeM, YTO MacCH
9THX NJAAHET 3HAUMTEJbHO MeHblle Macch IOnurepa.

§ 5.04. YpasHenna nan &, u f,
O6patuMca K ypaBHeHmm (14) u (13) § 5.01, nmenno:

= ',+Z 7 =0 (1)
H
) g;: l+2 apl ('3: @

rae ! npuHuMaer 3Havenns 1, 2 u 3.

YmHOxan ypasuenue (2) Ha dx/da), a (1) Ha 0.:5/011 M BHIYMTaA, Mbl
6yneM HMeTb

MM, HCNOAL3YA 0603HaueHHA AKOGMAHOB,

d (x, x) /] (x, x) OR ox
T @) ""2 Ty = 0x o @)

Tak e MOXHO MOJYYHTL aHANOTHYHHE YPaBHeHHH, COZepXKaluHe y H 2.
CkJaafmBas 3TH nocJediHe ypaBHeHMs C ypaBHenueM (3) u mojaras

_06® , 0y | 0(z2)
lr al= 3Gy t TG ey T T )’ )

nonyqaeu

2‘[“1’ ] ai+2[al' BB = Tx' 0&; + 35 aR 33: + az f: N )

i=1
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Buipaxenus suna [a,, a;], onpeaenseMue paseHcTBOM (4), Ha3HBalOTCA
cko0kamu Jlazpanyica OTHOCHTENBHO ay, &;.

Ho R — ¢ynkuua xoopauHaT X, y, 2 paccMaTpHBaeMOH MN.IaHETHl M
KOODIAHHAT X,, ¥,, 2z, Bo3aMywawwux naaHer. Ecau Bupaxenus (5)
§ 501 ans x, y. 2z, Koropue uMelor Bua X =F,(t, a; B,
y=~Fy(t, a;, B)), z=Fy(t, a;, B;)), M ananoruuHHe BHIpAXEHHA LAK
Xp Y 2, M T. L. TNOACTABHTb B BO3MylIaloOWyl0 ¢yHkuuo, TO R
craHer ¢ynkuuer £, a;, B, M cooTsercTBylOmHX & H P, CBA3AHHHIX
¢ OpOMTaMH BO3MYWIAOWIHX NJaHeT. [a.ee, 9/MeMeHT a; BXOIMT B R
nocpeacTBoM X, y, 2. CrenosareabHo,

dR dx R
ox " oa, T oy Oe T oz e 0

YpaBuetue (5) Tenepb NMpUMET BHA

oy, gl @+ [0y, aglaz+ _ - R
+ [y, pl] pl+ [ pz] pz‘l" [ay. 93] 93 = o, (6)

Mub OyzeM uMeTb TpPH ypaBHeHHA Buia (6). 3anuuieM HX C/JeAYIOLIMM
o6pasom:

oR
Ta ]

3
Y lle,s ada, 4o, i1 61} =
i=1

rie r NpHHHMaeT 3HaueHua 1, 2 u 3.
AHa/NOrHYHO MBI MOXeM MOJYYHTb YPaBHEHHS, COLEpiKallHe NPOH3-
BoaHHe OT R mo BceM P. OHM HMelOT BHA

3
2 (1B b+ 18, BilBo) =§£ . ®
i=1

Kak MH mokaxeM HHxe, Kaxmas ckob6ka JiarpaHwka BooOie sBagercs
¢dyunkuuelt auwb wecTH 3neMeHToB. TakuM 06pasoM, HMeeTcs TPH ypas-
HeHua (7) u TpH ypaBHeHHA (8), mpuueM Kaxaoe W3 STHX YpaBHeHHH
ABNAETCA JHHERHHM OTHOCHTENBHO @, Gy, ..., By Pellan sTh ypasue-
HUA, MH BHIPa3HM, HampHUMep, a, 4epe3 MNPOH3BOAHHE R H Ppa3/iHyHHe
ckOOkH. OueBHAHO, BHIPAKEHHA LJA Gy, ..., (B3 HMEIOT aHANOTHYHYIO
CTPYKTYpY.

TouyHoe aare6panyeckoe BHpawkeHue R usBectHo. Huxe Gyner
noKasaHo, KakuM oO6pasoM ¢yHkuua R Moxer OGbTb pasfiokeHa B psf,
YJIeHH KOTOPOro 3aBHCAT OT a&; M P,, a TaKke OT BPeMeHH U S/EMEeHTOB
Boamylaowe#t naaHerst @ M B. Ho ceftvac mocratouno sameruts, 4TO
Ans OR/0a; m T. A. MoryT OHTbL HaiAeHH BMOJHEe OMNpele/ieHHHe BHpa-
KeHud. A8 Toro uyTOOGH 3aKOHYMTb MNpeABAapHUTENbHOE paccCMOTpeHHe
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paBeHCTB, KOTOpbHle JHalOT &, H T. JH., BHPA3HM ckoGku JlarpaHxa
yepes a H §.
Ipumewanue. U3 MeTOna, MpH NMOMOLIH KOTOPOro GBI yCTaHOB.IEH

o6wHMA BHA WCCTH YpaBHeHHH AJA @;, ..., (33, OYEBHIHO CJeLyeT, YTO
MBl MOJyunaH OBl YpaBHeHHs TouHO B TOH ke ¢opMe, ecian Gu Be.H-
YHHBl @, Oy, ..., B3 PACCMATPHBAIMCh C CAMOT0 Hayala KaK He3aBHCH-
Mble QYHKUMH OZHOTO MJAH 6oJsiee SMJIHNTHYECKHX SJAEMEHTOB.

§ 5.06. CeoitctBa ckofok JlarpaHka

OGo3HauuM 4epe3 p H ¢ nBa 106X 3JeMEHTa M3 INECTH a;, P; HIH
BoOGIlle 1Be He3aBHCHMble QYHKLUHH 3THX 3JEMEHTOB.
Toraa nmo onpejesieHHIO

NV 90
P 01= L35G

xyz

) [p. ql=—1Iq. Pl
310 CcBOACTBO cJaeayeT M3 CBOHCTBa fKOOGMaHa, HMEHHO

0(x, %) ____ 0(x x)
one ~  d@p’

2) [p. p1=0.
3T0 CBOH#CTBO MBJASETCS OUEBHAHLIM B CHAYy onpeneneﬂuﬂ ﬂxo6ua|-|a.

3) 20p q=0.
910 paBeHCTBO B CATOH ¢opMe BHIpaxaeT CjelyioLlee: eCaH X,
Y. £ M X, Y, z BHPa3UTb dYeped f H 9JMeMEHTH &, $ NOCPeACTBOM
pasencts x=F,(¢, a; B). ..., 2=0,(¢, a, B) (um uepes ¢
wecTb (yHKUHH p, ¢ OT 3/eMEHTOB) H BHMOJHHTL COOTBETCTBYIOLiee
auddepeHunpoBanue, T0 [p, g] He OyldeT 3aBHCETb OT BPEMEHH.
Tpun nokasaTenbCTBE MH OyieM HCXOAMTb H3 Tpex YpaBHeHHft
tuna (12) § 5.01, uMeHHO
03x
o

Mycte V ==p/r. Torna 9TH TpH ypaBHEHHA TPUMYT BHI

x_ov By oV o ov 1
o —ox' O —oy' oF — oz M

S+ =o.

Ho

i[d(x,x’)] ox 0% _ox X
o(p 9) 0p 0q o op’



§ 5.06. dopmyas 048 aviuucaenus cxobok Jlaeparna 89

rae
P
== dtz .

Ha ocxoBauuu nepsoro ypasHenus (1) npeanocieidee paBeHCTBO 3amu-
wetcs B au:le

d(x,x)]____x _d_(OV d_x /] (OV
[d(p,q) ] dx) o Op ax)
_ (V. ox\_ 9 (V ox
— odq (dx dp) dp(dx'() )
ITostomy
_0_[ ]—- oV ox 9 NIV oax
ot 1P 4 % " Op  Op i 0x 3¢
xyz xyz
Ho
Eav _ox _ oV
ox Op op '
xyz
YoV ox_ oV
iad 0x 0q 0q
xyz
CnenomraTenbHO, Mbl HMeeM
(/]
o [P 91=0, )

4yT0 ¥ Tpe6oBajaoCh AO0Ka3aTh.

3nayeHue ITOr0 CBOHCTBA MOXET GbITb KPATKO NPOHAIOCTPUPOBAHO
Tenepb xe. C ILUMPOKMM Ke NpPHUMEHEHHEM €rd MLl BCTPETHMCH HHXKe.
Jns toro uytoOn BuuncAuTh CckoGku Jlarpawxa [p, gl, Mb AOMKHM
HaliTH mpoussodine dx/dp, dx/0p, dy/dp, dy/dp, 0z[dp, 0z/dp w
COOTBETCTBYIOIHe NpOu3BOAHHEe no ¢. Ilocae aAnddepeHunposaHus Mu
MOXeM, COraacHo csofictBy (3), npuiath £ ni060e wenaeMOe 3HaYeHHe.
Ha npaktuke naxoaar Ham6onee YNOOHLIM mojarath f{==1, ke T— MO-
MEHT NPOXOXIEHHA Yepe3 MNepHrenudt, TaK KAK NPHU ITOM SKCUEHTPH-
yeckas anoMaaus E, KoTopas BXOAMT B BHpaxenus AJA X, ...,

X, +.. ., COTIACHO dopmyaam (3) u (8) § 5.01, pasua nyio.

§ 5.06. Pasanunbie GopMyani, HeOGXOZHMBIE AR BHIYHCACHHSA
ckoGox Jlarpanxa

1) Bupascenue cxobox Jlazpauxa wepes &, .

Ilycte X, Y, Z2-—KOOPAWHATH NJAAHETHl OTHOCHTENbHO OCeH KoOp-
audatr X, Y, Z (puc. 13) ¢ Hayanom B Touke O, osnavawouieit Co.Hue.
[TonoxeHHe MAOCKOCTH OCKYAHPYIOLLEro 3JAHNCA H HaNPaB/JcHHE Ha MepH-
reJui OTHOCHTEIbHO 3THX OCEH omnpefie/1feTCA C MOMOLIBIO OGBIYHLIX 3=
MeHTOB 2, o u L
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BoabMeM OCH MNpAMOYroJbHOR cucTeMH KoopauHat OA, OB B nuao-
CKOCTH S/JIHNCA TaK, 4ToOB Touka A coBnajana ¢ nepure.ueM, H 060-
snaunm uepeda C mogioc Goabuworo kpyra NAB. O603uaunm nanee
yepe3 §, 7 KOOPAMHATH NaaHeTH OTHOCHTeaAbHO OA u OB,

Pnc. 13.

Mycro, Kax u B § 2.15, (I}, my, my), (L, my, ny) w (I3 my, ny)
03HaYaloT COOTBETCTBEHHO HAnNpaBAAIOlUHe KOCHHYCH npamux OA, OB
n OC no othHoueHuio kK ocam OX, OY u OZ. Torxa

x=lf+Ln y=mitmm 2z=ni-+ny, ¢y
OTKYNa, TaK KaK X==0x/0f W T. 4., HAXOAHM
.it = llé + 127.‘, ).’ = mlé + ”lz';’, é = nlé + nz';lo (2)

Mpu nomown (bopuyn_(l) H (2) ckobku Jlarpasxka Moryt GHTb

BHpaxeH ueped &, M, & N M L, Ly ..., no. Tlodyuenne ¢opmanbHBX
BHpaxeHH#t CKOGOK 4epe3 STH BeJHYMHH MH OT/AOKHM Ha Oyayuiee.

2) Bupasenus HANPASARIOULX KOCURYCO8 Hepe3 2, o, L.
Mu HMeeM
ly=cos AX, my=cos AY, n,==cosAZ,
ly==cosBX, my=cosBY, ny=cosBZ,
ly=cosCX, my=cosCY, ny=cosCZ.

Mu yxe HamuM Bepaxenus ana I, my, ..., ny [cM. dopmyan (3)
u (4) § 2.15). Huxe onn npusesenn noa Homepamu (3) u (4). Bupa-
WeHuss AnA l;, mg M ny Nerko HAXOMATCA H3 TpeyroabHukos CXN,
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CYN, CZN wu npusomarca Huxke noi HomepoMm (5). IMosuas ceoaka
atux GopMya TakoBa:

l,=cos Qcos o —sinsinwcos,
m, =sinQ cos ® - cos 2sin w cos ¢, 3)
n,=sinwsini;

ly=— cos 2 sin v — sin & cos v cos ¢,

my = — sin sin w4 cos € cos w cos ¢, “
ny==cos wsini;

l;=sinsin¢,
my=—cos 2sin{, (6)
ny;=cosi,

3) IIpou3godnse om HANPABARIOWUX KOCUHKYCOB.
Hatizem npoussofume ot Iy, Iy, ..., ny no 2, o, {. Hanpumep,

%’—'_—sichosw—costinwcost=—m1.

AHa/NOTHYHO MHBl MOJyuHM OCTajdbHble npousBoauuie. CoGepeM sTH
¢opMyan B Buie caepyloureft TaGaHLbL:

lpox3BoaHbIe OT HANMPABAAWIIHX KOCHHYCOB No £, o, I

A my n A ms n;
Q —_m [l 0 —m, Iy 0
(] [3 m; ny '—tl —m, —n
i l3sino mzsino n3sin e lgcos mscos @ n3 Cos o

4) Popuyse a8 0l,/0p u m. 9.

Has nocrenyoweft pa6oTH HaM NOTPeGylOTCA NPOHSBOAHHE OT Uy,
my, ny NO p, TAe p—B o6ueM cayyae m06as QYHKUUA LIECTH 3/eMeH-
TOB, HO, B YA4CTHOCTH, MOXET OHTb NMPOCTO 9JEMEHTOM.

Tak kak I, aBasercs q)yHKuuen muwb 2, o, I, TO

oy _ oty oz, 00) ot, 01
9p ~ 02 + + ‘op’
Hcnonbsys naunbie Tabauubl mynxrta (3), Mul MOxkeM STy (opMy.y nepe-
nucath TaK: 5
ol Q i
=M™y l1 Op +I3cosw7-p ®)



92 Trasa 5. Ypasuenua deuxcenus naaner 8 opame Jazpanxa

Ananorunyso 5 o ) o1
m w
6p.2_=123;_m17+m3cosm-$. @
on i
o; ”!o -|—n3cosw-5;- ®

5) dopuyra dan 2 L5 oi’
imn
Tak kak
Limg— lym, ==n,==cosi
B4+ m4-ni=1. L+ mm—+nn,=0,

To H3 dopMya (6) —(8) HmeeM

al [/} 0 e (7]
gy +m g +mg) =—cosl g — 0. ©
6) dopuysra 0sn 2‘ “))((I;’ ;’))

l'!ponmpq;epeuuupyeu cootHowenue (9) no ¢, rae ¢ p obweM cay-
yae apaserca ¢yuxuneRt snementos. Torna

a, ol o1,
(55 ot hope)=—cs! ppas

3amensa B dopmyne (9) p Ha ¢, GyneM uMeThb
01, 0m, 0n, do
+ 1 g +n Mog = —cost 22 3¢ " og°

Hponu(p(bepenuupyeu nocnentee paseHcTso nmo p. Torna

N 01, 012 0’19 —
24('5' 3 Th 0176:1)_

% 0%
+it =3 —apag (10

02 Jai 0%
_—costo o —+sin t0q % 7 (1)
Buiynras pasenctso (10) us pasencrsa (11), mosyuaem
oty 9(Q )
Py R IO N 12)

§ 5.07. Buuncaenue [§,, Bl

Mycts B,, B;—aBa n06uIX eMenta u3 @, o, & Tak Kak 5 & u 7, 7
He COLEPKAT ITHX SMEMEHTOB, TO Jy GyAeT 03HauaTh CyMMHpOBaHHe



§ 5.08. Buiwucarenue [a, B 93

no I, m un:

B B = B[ (¢ b ) (0 28] -
Sl 315 -
et 1Y

Ho tq—in=~h, rae h—TNOCTOSHHAs MHTerpaia mJiouwianeH, onpe-

reaseMas ¢opmynamn (5) uaum (6) § 2.04. Ilostomy, HMcnoab3ys pa-
BeHcTBo (12) § 5.06, Mu moayyaem

L 0(Qi
By B =—hsint . v

Ecmu B,=w u B;=C umu !, To u3 dopmyau (1) Hahzem

[0, ]=[w, {]=0.
Ecmu B,=Q u B,=!, 10 9(8, )/ (R, §)=1. TosToMy Ha OCHOBaHHH
dopmyant (1) noayvaeMm

[Q, ] = — Asini.

Csodra pesyssmamos. 3HaueHusi ckoGok THna [B,, B,] TakoBbi:
[Q, /|=—hsinl, [0, 2]=0, [o, {]=0. ©

§ 5.08. Buuucaenue [z, §]

Bnece o —moGod H3 3/eMEHTOB a, e, X p—'no6on H3 9/IeMeH-

108 Q, 0, 5; & Eu M N—oyuKunn a, a U Ly ..., ny— dyHxunu B.
CnenoBaTeslbHO, MBI HMeeM

=l 4315+

~SlbE ) g ) o
Ho 2+ m? 4 nl=1. Tostomy

Y2
Y g =o.

Kpome toro, tak xak lly—+ myms—+ nn,=0, To

211 0!, 212 ()l.

AHaJOTHUHO
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TakuM o6pa3oM, ¢opmyaa (1) npunuMaer BHA

[a.m=(v‘z3—i—-ﬁ EIN 1
50 Gn— »71)2’101’

Ho us pasenctsa (9) § 5.06 umeem

2!, | = coslT ?;; .
Kpome Toro,

h=tn—kn=[pa (1 — "™
TTosTomy

{2, B]——(cosla-—l—-a—) ok
Ecmn a==y, 10 0h/dy =0; cnenoBarennHo,
4 Ql=Ix, o]=[x, {]=0.

Ecau =1, 10 [a, {]=0; caenosatenbHo,
(@, f] =[e, 1=y, 1] =0.

Eciu B=2Q, 10 [a, 8] ==—co0s{(0h/0a); caeaoBaTeAbHO, TaK Kak

p = n?a® nMeeM
{a, Q]=-——$—na V 1 —e2cost,

[e, 8] = ﬁiﬂe? cosi.

Ecau f=o, T0 [a, 0]=—0k/da. TosTOMY

na%e

TaxkuM 06pa3oM, BuuHCleHue Bcex ckoOok Buaa [«, B] 8aKoHueHo.
Csodxa pesyasmamos.

[a, ll=]e, {]|=[y. =[x, o]l=[y, {]=0,
0. Ql=—gna VI—&cost, [a, o]=—snaYT—2. (3

nale

yi—

[a, w]=——%na Vi—e. [e o]=

nale
'/‘1_.—72°

le, @]=——== cos!, [e, 0]=



§ 5.09. Buuucaenue (a,, o) 95

§ 5.09. Buuncaensue [«,, )

HOCKOJley HanmpasJadloWe KOCHHYCHl He coarepxKar a, TO
\ o, 06 , , o
L %]=S [(11 da, +l5- )(ll‘o‘g'rla ’5%)] -

— B[ +u ) +u )]

¢ 6 4 00 ) )

la, a]= 0 (a,, as) 0(er a5’

HJ/N

Bocnoassyemca Tenepb csofictsoM (9/0f) [a,, a]=0. Ckobxu Jla-
rpaHXa NOCTOSHHH NPH BCeX 3HAYEHHAX f M, B YaCTHOCTH, NMPH TAKHX
3HaueHHsX £, NpU KOTOPHX n (f — 1) Majo. Toraa E Gyner Takxe MajanM
¥ MB MOXeM Hanucath ypaBHeHue Kensepa caenyiomum oGpasom:

E—e(B—%EH— ...)=n(t—t).

Otciona ¢ TOYHOCTLIO 1O YJEHOB TPeThero MOPSAKA OTHOCHTEJbHO
n (f —t) HaxoouM

E=2¢=0 4 4 —op,

npHueM 3HaveHHe A HAaC He HHTepecyer.
Cnenosate/bHO, MH HMeeM

cosE=1_2(l"__’_e),(t_:)2, sinE="2¢=9 1 p(_
H NOSTOMY
E=a(l—_i)_—.2(+n_ﬂe),-(t—t)2—|—..., @
n=22¥I= o yc—ap ®
H
. 2
E=—(l—a_’l—ﬁ(t—-t)+0(t—t)3. @
a="211=¢ | Py, (5)

rae anavenus B, C, D n E Ans Hac He MpeiaCTaBAsIOT HHTepeca.



96 Tzasa 5. YpasHenua deuwenun naaner 8 opme Jlazpanwa

Mu cHauara npumeMm, uto 2 CyThb @, € H T. O603HauMM uepe3
(0%/0a) 3Havenne 0%/da npn t—<=0. H3 dopmya (2) u (4) umeem

(E)=ime (e ()=

(F)=0 (&)= (&)=aZe

IMosToMy HMHTepecyiOuiHe HAC AKOGHAHLI, BBIYMCHEHHbe NMPH £==T, paBHH

0GYH _, 0GH_ o
9@ e ' 91  (1—e7" )
aGbhH __  am?
o(r,a) 1—e'
Kpome Toro, ua dopmya (3) u (5) waxonum
o\ _ o\ __ o\ __  mayi=4
(@)= (&)= (F)=—"1="
"
0\ __ V1—¢& d(na) o — na o —0.
(0a)— l—e da ' (oe) (1—eVi—e’ (a:)
[MostoMy skoOMaHbl, BLIYHCAEHHbIE NMPH f =1, paBiibl
oMM _ o 7)) __ an
0(a, e) — ' d( ) (1—e)2?’ @
o(m 1) __ an*(l+e)
0(z, a)  2(1—¢e) '
Us ¢opmya (1), (6) u (7) umeem
[, e]=0, [e, 1]=0 ®
]
[t a]=-—%a—“,=—-;—an’- ©)
Jlerko Buaeth, uTo ecau &, 7, E, n B ¢opmyae (1) BbipaxeHH uepes a,
e W Y BMECTO @, € W T, Tle ) =—nz, TO
[a, e]=0, [e, x]=0, I[a, x]=—%na. (10)

§ 5.10. YpaBHenHs ABHXEHHA mjaHeT

1) Urak, Mbl BouncaHAW Bce ckoGku Jlarpamka. [Monumas noa ay,
@5, @3 COOTBETCTBEHHO @, €, y W moa B,, By. B cootBeTcTBEHHO 2, 0, 7,
HalliieM, 4TO ecau 3HaueHHs cKoGOK, BHyuC/ieHnblx B § 5.07—>5.09, noa-



$ 5 10. Ypasnenus dsumenua naanet 97

ctasnTb B ypastenun (7) u (8) § 5.04. 10 3TH ypaBHeHus NpPUMYT BHA

—%nak—%na VIi=é(cosi- 2 +a) =%{,
na’e . . 0R
‘ﬁ-—;——-e—;(cosbg-{—w) ="
1 - R
Fnea = o
-%—na l/l—eecosl(é—IQ_Le,-é—Qatgz.%)=%§_,
1 5" 2ae - oR
— l—e2fa— _. =9
5 naVy e (a - e) ”
na®Y1—etsini. Q =%.
Orcioaa noayuyaeM
2 0R
4= % 5 M
1 nIR 1 r— OR
e== na’e [(1~e)-3Z—Vl_e _()_u).]' (2)
_ _1—¢ R _ 2 R 3
L= "na’e de  na da' G
. 1 OR
Q== —_——, 4
. na?Y 1=elsini di *
- _ YIiZe oR  dgi  OR
= T e natyY1—et oi ®)
9i 1 oR OoR
—_— ——— [t | — — eci —]).
ot na?yYi— et (cg 0w cosec 09) ®

DTH ypaBuCHHS M SBJAAIOTCA yPaBueHHAMH ABHKEHHA MAaneT B MepeeH-
HHX @, e, X, 2, o, L ~

2) B Teopuu nuaneT OGHYHO B3aMEHAIOT SJEMEHTH © H ) HAa @ H s,
Ecau R’ o3HauaeT Bo3MylLaoLy 0 GyHKUHIO, KOTAA OHA BHpPaXKeHa Yepes &,
e, I, 2, ®, €&, TO MU TOXIECTBEHHO HMeeM

R(a, e, i, 2 o, Y)=R'(a. e 1, 2, o,c¢),
rle B MpaBoH YACTH ® H & COOTBETCTBEHHO PaBHH
o=0+92 u e=o0424y.
Toraa

OR OR' , 0R’ 0dw , OR® 9« OR' , OR' , R’
og"_)+o?.; o(.z+a. o(_z—og+az+o.'
OR __OR" 0w | OR'  0v _ OR' | OR

do _ do  do 92 Odo oo o

7 VY. Cmapr



98 Trasa 5. Ypasrenua dsuxenun naaner 6 popse Jazpanxa

Ecan stu supaxenus 83 0R/02, dR/0w, dR/0y mnoicTaBuTh B Mpashle

yacTH ypasueunfl (1) ..

.(6) W ecan @ U ¥ 3AMCHHTL HA @ —Q H e —w

COOTBETCTBEHIO, TO Mbl NOJAy4YiiM CJACAYIOIIHE YpaBHEHHA (OH)'CKa'iI WITPUX

npin R'):
2 OR
8= 25 o
tg-l—q:cos" tg—l—i
i 2 R ETPRT R B3 or
" 'na da na? 0¢ | na®cosy O '
é__c[g?ﬂ_tg2?cos?££
na® do na? o’
@ L___OR
na®cosgsini 0i '
tg—l—i
s_dgyor 7' o
T na? Jde na?cosy ovi '
tu.l.,
g1 gr_ IR OR)
ot na®cos psini o na?cos 9 \ 0w 0¢

B NpPaBLIX YACTAX KOTOPHIX MBI 3aMelH/in & Ha sin P.

@)

®)

9

(10)

(11

(12)

3) BuiBaeT M0/Me3HO BMECTO 3/1eMEHTOB €, w, {, & HCNO/L30BATh ApPY-

rde BeIHYMHLI
Mycte

h=e¢esino, k=ecosw,

p=sinisin®, g=sinicosQ.

3necy £ W kR wMeloT MOPAAOK e, @ p U g — MOPSAOK [.

Mycts R, 03HauaeT BO3MYLAOUIYI0 GYHKUMIO, BRHIPAXEHHYIO Yepe3 h,

k u p, q. Toraa

R sine 2R 4 cosa R, R _p0R _ p ORW
de oh ok = da on ok
H
OR _ 1( 0R, dR, OR _ OR, _ _ OR
T”?(P_op 195 ) o =90 P



§ 5.11. Merod Kemnbeara evivucrenusn cxobox Jazpanxca 99

Ypasueuns (9) u (11) Toraa 3aMeHsIOTCA CJelyIOLIHMH:

1
Rig =i
; __ cos¢ OR, 2 OR, oR, h cos ¢ - (OR/0¢)
h= “nal ok + 1natcos ¢ ( op +4q oq )— onat cost Lo (1D
2
ht li
i _wﬁ_;gi_( Ry g R)_
- na® oh qna? cos % op daq
_ kcos JoR, (14)

2na? cos? % 9 g

roe cos¢ u cosl/yo, 1 n tg1/, { HyXHO BHIpa3uTL depes i, R u p, q
Aunanoruyno ypasuenns (10) u (12). npeo6pasyiotca B TakHe:

cosi OR, pcosi (k O0R, —h OR, + ORI)’ (15)

P=%arcosy 00 T cos 9 cosr L\ OR 13 3
2

cosi_ OR, gcosl__ (kS —nZp4+32). ae)

9="Tgtcosy op on ~ "ok ' Toe [’

2na? cos ¢ cos? 7i
B cayuae BoaMmyuieHu#h opOMTH 3eMJH, BH3BAaHHHX LeHCTBHEM mJa-
Het, / MaJo, Tak 4To, npeneGperas /3, MH MOXeM HamucaTbh
p==1sin®, ¢g=IcosQ.
Koraa paccMaTpHBalOTCA TOJNbKO BeKOBHIE YJMEHH, TO, KaK ObJIO HaH-
AEHO, p H @ BHPAXAIOTCA CAelyIOWHMH (POpPMYaaMH:
isinQ = gt} ht?, an
lCOS 9 = g1t+ hthv (18)

rie g. h (1e HYXHO CMelwHBaTh C esin o), £ 1 hy — Maine Koauye-
ctBa. Mu BocnoabsyeMca ypasHenHaMu (17) u (18) B ra. 20 npu usy-
UEHU:! MpeuecCHH.

§ 5.11. Meroa KemnGeana BHYHCACHHS
ckoSox Jlarpankal)

Monoxum V =p/r u HanuiieM ypapHeHHA HEBO3MVILEHHOTO ABHIKEHUS

ov - oV - oV
X=57" y-——W. 2'-——?-"72—' §))

1) Cm. A. Y. G.Campbell, Mon. Not. Roy. Astron. Soc., 57, 118 (1897).
7‘



100 Trasa 5. Ypasnenua dsuxcenua naaner 8 gopae Jlacpanxa

rae x==02x/0¢2 u 1. A. Ecau v— op6UTaIbHAA CKOPOCTb B /HNTH-
YeCKOM IBHMGEHHHM, TO, coraacHo dopmyre (2) § 2.12, mur GyaeM umeTh

v it it p(2 - ).
TMonaoxum

12

1 !
T=§'02. vV, =—%- (2)
Toraa
T=V+v-0.

Nycts p. ¢ — mo6ble 2Ba 31eMeHTa HJAM .TO6GbIE JABe HE3aBHCHMLIC
¢dyHkuuu ot saementoB. Hmeen

or ov..
& =%+ %
nan, Tak Kak V — QyHkuus ot x, ¥, 2, TO
of _ \ oV dx avo __\1 - Ve
Op ~ hd 0x + * o dp >+ dp *

xyz
Kpowme Toro, coraacio dopmy.e (2),

T _ W, 0k
0p  4ad” dp
l'!osmuy. CKJaAbIBaA MOCAEAHME ABA YpaBHEHHS, 1AXOAHM

ovo_i_)‘( . oi)= 0V°+:t ‘\: g:

rie CYMMHPOBaHHe TPOU3BOAMTCA MO X, Y, 2.
Huterpupys 9TO paBeHCTBO B Mpelenax OT Tt 20 f, MB GyAcM iMeTb

2 [0S D) - Tl ©

Ho
i frdt_f—dt T(:)g_;.

l'loarouy cooTHoweHue (3) MpUHUMaeT BHA

det ﬂ’l— -%Z’,f—-—ﬂ(t),, ‘;‘;; E(x%)

“)

FZe NpH CyMMHPOBaHHM B JCBOH 4YacTH Mb ONyCTH.IH 3HAYOK f.



§ 5.12. Buuucsenue Cp 101

Danee,
oT==t_EL,
a
H, NOCKOMbKY r=a (1l —ecosE) u E=0 npu £ =1, M 6yaeM uMeTb
p(l4e
o7 (= 2019 )
Kpome Ttoro, Tak kak
- oV, p da
Vo—-—-2—a- TO 0——‘2—'—0—,,-. (6)

H3 paseHcTB (4)—(6) nuMeeM

2 fra—19p Tk, @
rke
c__l‘_(‘i‘l.____*i.ﬁ_z(;ci{) (8)
P a(l-—e) op 2a* ap op .’

3ameruM, uto C, — QYHKUHA 371EMEHTOB H OHA HEe 3aBUCHT OT BPEMEHH.
AHAaJOTHYHO, €CAH ¢ — OAWH H3 9JeMEHTOB HaW GYHKUMS S/eMeHTOB,
TO Mb OyaeM HMeTb

oV, \
frdt—t e '«F—G" 9

rie C, 2aeTcA BLPaXKEHHEM, 2HANOTHYHHM (8).
ﬂponu(bq:epeﬂuupyeu dopuyan (7) u (9) Mo ¢ U p COOTBETCTBEHHO
¥ BHYTEM; TOrAa MOJYYHM

op.9) _ op  og°

P gl= 7 — - (10

Tak xak C, u C, He 3aBUCAT OT BpeMeHH, To paBeuctso (10) naer
He3aBHCHMOE ROKa3aTeJbCTBO XapaKTe PHCTHYECKOrO CBOHCTBA CKOGOK.
2 HMEHHO

0
5 1P, q1=0.

§ 5.12. Buyucaenne C,
Coraacvo ¢opmyae (8) npenunymero naparpada,

— #(l+e) #z  da Y[+ Ox
CG=—a=a % " % A(*H) O



102 Taasa 5. ¥pastenus dsuscerus naaner 8 gopse Jlazpanxca

BoiuucInM cHawaaa nocaeanuit uned 8 popmyae (1). Koopaunatu %, v, 2
BLIpaXaloTca 4Yepes £, 7 NMOCPEACTBOM pPaBEeHCTB

x=lt4-ln, y=mit+mm z=ni+n,y,

rae I, b ..., ny— HanpaBafloumMe KOCHHYCH, oOnpeleseMbie Hopmy-
aaMmu (3) u (4) § 5.06. Takum o6pasom,

ol 2
Zx ¥ i+ (n L A L oz)

lmn

O '_l_ o ()12
——‘,,,,+n,,p (n— .n)s‘ll

Ho tn— §q=~h. Tlostomy, ucnomssys pasexctso (9) § 5.06, Mu
noayYuM

- Ox .
E("o_p), ( B otnd )+hcost 2 4+nde @)
Ilanee, cornacHo dopmyae (4) § 5.09,
(). =0,
coraacio dopmyne (5) § 5.09,
__nayi—=é
) =—T——
H, Kak nokasmisaer dopmyna (3) § 5.09,
(on\ __myi=e o
op T—e op °
MosTomy, Tak kak p==n%a3, TO
(98 L s0n) __ p(de o
(b5 +i5). =—s0=a 5 @
Ecan ucnoasaosats pasetctda (2) u (3), 10 dopmyna (1) npuMer Bux
ut da 0Q a
l,=—w-ﬁ—hc031-$—h—a% (4)
I'7M, 3aMeHss — T Ha ¥/n, a p Ha n%a?
1 da 0Q 00
Cp——fﬂaxW—'hCOSla—p—h o—p-. (5)

§ 5.13. O6mas dopmyaa nxs [p, q]
3anuweM dopmyay (4) npeasizymero naparpada caeayiomnm o6pasom:
7]

L0 o pY 00 o2
C,=—155( 3 )~k 55 — heostgg. (1



§ 5.14. Buiwucaenue cxobox Jlazpanxca 103

Anaaioruyso
_ 0 B dw 02
Cq_—-t-ﬁ-(—ﬂ)—hﬁ—hcosl—o—q-. (2)
Tax kak, coraacHo pasenctsy (10) § 5.11,
aC, 0oC,
lp. q1= o 07"
o 13 ¢opuya (1) u (2) Mul noayuaem obuyio ¢opmyay a1a CkoGok
Jlarpanxa
(p. gl = 0("‘"%) 496 m) | 0@ heosi) 3
P9 9(p. 9 3(p. 9) i

re h=Vpa(l —é?).
3aMensa — T Ha y/n, MW NPEACTAaBHM STY GOPMYIy B APYrOM BHIe:

o2, —4)
_ n 0 (w, h) d(Q, hcosi)
. == + e+ S *

Ecau 3asennTb © (Ml %) W ® 13 & H ©, TaK 4TO
g0

H o=o-—29,
n

== —

To ¢opmyaa (1) npumer sua
—izE 0 % —cosn o2, ®)

a ¢opmyaa (3) 3anumeTcs CAEAYIOLIKM oGpaaou.

(55 8) o
. n 2q 0(0—2Q, h) 0(Q, hcosi)
[p. q1= a(p. 9 + a(p. 9) + o ©)

§ 5.14. Buiuncaenne cxo5ox Jlarpanka

Jhio6Gas cxoGka Jlarpainxka Mowmer ObiTb JMerko BHYHCJAeHa MO oGUIMM
dopmyaam (3) uau (4) npeanaywero naparpada. Hanpumep, ecan p =a,
=9, 10

o1 — (8 hcosi)
6. ®l1==5eo

la, Q)= —cos! o —-~——l—na V1—¢¥cost,

410 coraacyercs ¢ ¢opuyaoft (3) § 5.08.



104 Taasa 5. Ypasrenun deuxenun naaser 8 opme Jlacpanxa

Jipyroft Meroa BuuiCIeHis ckoGOK caeayer u3 onpeaenewus C, no
cpopuynau (5) uan (4) § 5.12. Hpuaasas p no ouyepedit 3HAYEHHA a. e,
% 2, w, I, noayyaem

Co=5nay, C,=0, C=0,
Ce=—hcost, C,=—h C;=0.

[TosToMy, Kak M paHblue, HaflaeM, HanmpuMep,

aC ac oh ——
(a. Q]=a—:—-‘—39—“=——cost3‘?=—%na V1I—e? cost.

Mu MOXeM, TakuM 06pa3oM, BHUHUC/AUTb 3HAUCHHS MATHAAUATH CKOGOK
Jlarpanxa, xoTopuie Obii HaflAeHbl B MpeAbAylLIHX maparpadax.

Ecau B KauecTBe 9/1eMEHTOB NpPHHATH &, e, I, &, o U 2, To cooT-
sercTBylowume snavenus C,, coraacio ¢opmyse (6) § 5.13, papuum

~

Ca=.:‘i....li_ C’=C‘==C.=0,

n 2q%°
Cy;=-—h, Co=(1 —cosi)h.

HeBaTb cKO6OK paBHb HY10. BhimuileM He paBHHE HY/MO CKOGKH:

(a, s]=—%na. (a, 0] = :;—na (l — le —e?),
la, Q]=—;—na V1—e(1l—cosi), e, ml:?;m:—eez' 1)
le, Q) = — na’ (—cosi) £, Q) =na? Vl —e? sind.

Vl—e2 !

§ 5.15. BuBoa KaHOHHYECKHX ypasHeHuil

B npeaniaywem naparpage Mu Gpaan B KauectTBe p (MAH ¢) OAMH
H3 oneMenToB. OAHAKO e€C/IH B3ATH B KayecTBe P (MAH §) HEKOTOpHe
(QYHKUMM OT S/1eMEHTOB, TO Ml MOXeM MOJyunTb Gojee NMPOCTbie ypas-
HeHHs.

Nycts @), ay, a3 u B, By, By 03HAYAIOT He3aBUCHMBIE DYHKUMH OAHOTO
HAH GOJLUIErO YHCAA IJEMEHTOB, OnpenensdeMble (GOPMyaaMu

al__....-f;, ag==h, az=~hcosi, 1)

fi=—n fp=0, B=2 @)



§ 5.15. Boigod ranonuueckux ypasHeruil 105

CornacHo npuMeyaHHio Ha crTp. 88, ypasHehns JlarpaHxka B camoft
obuie#t ¢popMe HMeIOT BHI

2 (2, ) &+ 2 (e, Bl By =5

lzl

}, B e+ 2 (B, BB, =

=1 i=1

rae r NpuHHMaer 3Hauenusa 1, 2 u 3.
Bupaxenne aan C, 4epes HOBHEe MOCTOSHHHE a; H B;, coraacHo
dopmyne (1) § 5.13, uMeer BHa

O 0 0|
C '—'pl a, @y aa; —a3 03; .
AHaloruuxo
0 0 d
C —31 al @ de; —ag ;; .
IMoaromy
_ aC, aC, 0 (a1, By) 9 (as Ba) 0 (a3, Bs)
== =" %o o0 omp’ ©
OTKyAa

la) Bil=1ay Byl =1la3 Bol =—1,

a BCe OCTaJbHLie CKOGKH PaBHB HYJIO.
YpasHenus Jlarpamka Toraa NpPHBOAATCA K BHAY

3 oR : oR 5 OR

bh=—t B=— 5 B=—5 @
. oR . OoR . oR

= T RTFH ®)

Ypasuenna (4) u (5) Ha3HBAOTCA KAHOHUYECKUMU YPABHERUAMU,
a nepeMeHHble a; [; 1123LIBAIOTCA CONPRANCERHUMU KAROKUYECKUMY
saenmenmaru. Mb BCTPETHMCA C KAHOHHYECKHMH YPAaBHEHHAMH, HX CBOH-
CTBaMH H HMX pellleHHeM B MOCJAEAYIOLHX [I/aBax.

3aMenas — B, Ha y;, MbH MOXeM 3amHcaTb dopmyay (3) B Buze

1p. ql-}] CIVaOR ®

Crnenyer noMHHTb, u4To BOOGiLe p H g — /ioGble He3aBUCHMblE QYHKUWH
sacMenToB. ONHAKO B KauecTPe HHX MOryT OMTb NMpPHHATH JMi06We ABa



106 T'1aea 5. Ypaswenua deuxcenus naawer 8 gopme Jlazpanxa

3J1eMeHTa, CKawkeM 4, H a,. Toraa Mp GyieM HMMeTb Takoe BEIpaweHie
Ana cKoOku Jlarpamxa:

3
9 )

0(am. as) '
i=1

KoTOpoe 6yaeT HCMOAbL30BAHO B cJaeaylouleft r.ase.

(M)

[am' as] =

§ 5.16. BuBoa Yurrexkepa obuieft dopmyan
ans cxobox Jlarpanwxa!)

Ecan p n g — mobuie aBa 31eMenta HIH Boobule M00He 1Be dyHK-
LUHH SJEMEHTOB H ecan A, onpeneme-rca q:opuynon

A, =z +y +2 ¢))
TO, CYEBHAHO,
o4, oA,
(p. ¢I]=-37]——‘§,—- (2)

3necb x, y, z— KOOpPAHHAaTH NJAaHeTH P oTHocHTeabHO ocel O X,
OY, OZ c¢ o6uuHof ocCHOBHOH NAOCKOCTbIO W Hava;ioM O B Coauue
(puc. 14).

2
ot
7
» <) R
Puc. 14.

Tlyctb X,, ¥, £, 03HAYAICT KOOPAHHATH P no oTHoweHHIo K ocam ON,
OR, OZ, xotophie noayuaioTca nyTeM noBopata ocet OX, OY ua
yroa Q. Toraa

= x,c08 2— y,s5in8, y=x;sinQ-y,cos2, = 2z,.

Cu. E. T. Whittaker, The Messenger of Mathematics, New Series,
(January, 1897).



§ 5.16. Boigod Yurrexepa ¢opmyast dan cxobox Jlazpannca 107

IMycTb, naee,
u=x4ly, v=x—1y;, uy=x41y, O,=x—1ly; {=)—1.

Torna 5
— ie — -i8 v -iQ du, 02
t=upe'®, v=v,.e"'%, Y i =e (ap — v, rr
00 * 00, . 02
ap =Uy-—=5- ap lulvl a—p .

Bass B STOM paBeHCTBe NeHCTBHTENbHYIO 4acTb, MWl HafleM
ox < Oy . 9 02
x7+.\’ op %1 Opl +.V1 S +(x1.\’1 xl.\’l)g;;- 6))

Ho Bhpamenue (x,y,—x,y,) paBHO /2 cosl, T. e, PaBHO TNPOEKUHH
YABOEHHO# CEeKTOPHANLHOM CKOPOCTH Ha OCHOBHYIO TIOCKOCTb.
Chnenosateavho, 43 ¢opmya (1) u (3) noayuaem

A,=x520 oty ,""' +z 1"" +hcosl—a—— )

OcyutecTBHM Temepb NoBOpoT oceft y, u 2, Ha yroa I Ilycte X,
Y, Z — koopAuHaTH NJAaHeTH OTHOCHTENLHO HOBHX ocet ON, OT, OC.
Toraa x,=X H no aHanoruu ¢ ¢opmyaoft (3) nuiem

NP Y ST A A ]
wR+nB=v L +2Errz—vn 5. ©
Ho Z=0, nostomy u3 dopmya (4) u (5) noayyaem
A, _x—-+y +hcosla§ ©)

Tosepen Temepb ock ON, OT Ha yroa o Tak, yro6H OHHM COBMAJH
¢ OA v OB, rae A—nepureaufl. Tlyctb §, % — KOOPAHHATH MJIaHEeTH
oTHOCHTEAbHO oceft OA u OB. Tlo anaaornn ¢ cpopmynon (3) umeewm

X ;0 .
XE L =tEadra—inge.

Ho tq—Eén=~h. Hosvrouy

a,=i T 0"+h +hcost" @

Haanee,
§=a(cosE—e), n_a(l —e)hsinE=bsinE
"
: = — gEsinE, n=>bE cosE.
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Ecan uepes F 0603HaunThb nepebie ABa 9AeHa Nnpasoi 4yactH dop-
Myaun (7), TO J€rKo BHAETH, 4TO

-E—a"w (l—e’cos’E)+aslnE(l—ecosE)( —+a Z;)
Ho u3 ypaBuenus Ken.iepa nmeem

E(l — COSE) =n =P.'/na—':
ITosromy

oE Oa Oe
~%hF =g E = —_— Ya —
p~"2F=a's(1 4 ecos )7)—’;+a eslnEop+a sinEop

Oty dopMyay MOXHO 3amucaTb B BHAE

1 0E 3 . 0
pF=—5ah(l—e COSE)Tp'—T a-'lz(E—esmE)Tap-—{—

1 Oe 1, oE
+3 a'/zsinEW+—2-a/s (3+ecosE)$—|-

-+ 71— a='h (3E + esinE)—g%+-,_!,- a' slnE-gg-

— [@**(E —esinB)| -

w'h
[a'/: QBE—+esinE)j= 2a (Z)(; + ﬂp ' ©

Hlanee,
G=a":(E—esinE)= na’/:(t + %) =l (t + %) '

TaK 4YTO

oG y, 0(Un)
I =ph op " ®
Uz dopmya (7) — (9) noayuaem
Ay=—L op( )—|—-5——|—h-b—+hcosl 02 (10)

A, naerca ananoruuxofl ¢opmynoft. Tenepb mpi momomwu pasenctsa (2)
uu Haltaem o6y dopmyay aaa cxoGok Jlarpawka, HMeHHO:

"(%""2%) d(w, B) , 9(Q, hcosi)
P 9=—=Gn tTieo T o ° an

4To coraacyerca ¢ ¢dopmynoft (4) § 5.13.



IFaaBa 6

O PELLIEHWMW YPABHEHHI JIATPAHXKA

§ 6.01, Beenenne

Mu OyleM NOAL30BATLCA YPABHEHHAMH AAs SAeMeHTOB &, e, I, Q.
® U ¢, KOTOpHe ToAyyeHr B § 5.10. OTM ypaBHeHHS ONMHCHBAIOT ABH-
KenHe MaaHeTel P ¢ Maccoft m, Bo3mywaemoRt naateToRt P, ¢ maccoft m,.
B uacTHocTH, MBI 3afiMeMCSl ypPaBHEHHUSMH

. 2 OR

¢ =1 5" M

. 2 OR OR OR

c=—ngo TP TG @

¢ oR

Q=4 5" @3)
3xecy n onpeneasercid U3 Gopmy.an

rac my— macca Coanua, R — Bosmymawuas ¢QyHkilUsg, KOTOopas Bh-
pakaerca ¢opMyIoH

R—m, (1 —ztapben), ®)
1

npuueM X, ¥, 2 U X;, ¥, 2, — FeJHOUSHTPHYECKHE KOOPAMHATH NJja-
Her P u P, coorserctBeHHo, A, P u Q — dyukuuu a, e, {, KOTOpHe
He HYXAaloTcA B noacHenusx. Hakoweu,

B=(x—x P2+ @—y)+(E—2)0 ©)

Peutenne ypashenu#t, onpenesiomux e, ! H o, uMeeT Te xe obue
0COGEHHOCTH, YTO U pelueHHe ypaBHeHus Aas 2. [ostoMy B HacTosweH
rnase MOXHO OLPAaHMYMTLCA NOAPOOHEIM paccMOTpeHHeM ypasHeHHA (3).
Paccmorpum Boamywaomee nefictBue naaHetd P Ha mnaadetry P

Ecau a,, €, ..., e, —9neMeHTH OpOMTH mnaaHeTH P;, TO ypaBHeHHe,
aHaJoruyHoe ypasuenuwo (1), Gyaer

2 O0R
T ™
rae
Ri=0m(3—Eatumton), ®)

MokHO HamucaThb TaKxe ypaBHeHHMS, aHaJOTUyHHe ypaBHeHusM (2) u (3).



110 l'agsa 6. O petueriti Ypusnenun Jlazparnica

OueBuaHO, YTO 9TO paccyxideHHe MOXKHO pPacHpOCTPaHUTh Ha J1060e
YHuCa0 MaaHet.

[MpakTuuecku#t MeToxl pellieHus Yypasuewuit JlarpaHka OCHOBaH Ha
TOM (akTe, 4TO e, ¢, I U I, MaIW, Tak 4TO BO3MYyllalOWHe GYHKUMH R
H R, MOXHO pa3NOXHTb B PAAW NO CTeNeHsaM e, e, v, T, rae

T=tgl. 1,=tgi. )

Mu MoxeM 106aBuTb, 4TO B TeOpHHM JIyHH OTHOLIEHHE TeOLUEHTpH-
yeckux pacctoaHuit Jlynw u CoJHLAa Malo, M NpH  PasiokeHHH BO3MY-
waowe# ¢GyHKuUMH (TAaBHHIM BO3MYUIAOUWIMM TeaoM aBagerca Co.iH.le)
9Ta O0COGEHHOCTb TaKKe NPHHMMAeTCs BO BHHUMaHMe,

§ 6.02, O6muft sBua pasnoxenna posMymaomed Pynkuuu

B caenyioweft raaBe mMbl OyneM 3aHMMAaTbCs BO BCEX NETAJNAX PAa3no-
KeHMeM BO3Mylaouied OYHKIMH, HO NOKAa AAf YHTaTeds BaXHO, HE
BXONS B H3JHIIHHE NOAPOBHOCTH, O3HAKOMHTLCA C NpeABapUTENbLHLIMHU
H1esMH O TOM, KakuM o6pa3oyM R npunumaer dopMy, yA0OHYIO Aas NpaK-
THUeCKHX leaelt, u KakOBW oOuiie cBoicTBa ITOR dopmu. B stoM na-
parpade Mu OyseM OTOpachiBaTh 4Y:la€HM, CoAepalliue TpeTbH M Gojee
BLICOKHE CTCNeHH SKCUEHTPHCHTETOB M HAaKJAOHHOCTeH.

B npeauayuweit raaBe Ml 3anHCHIBAMM  GOPMY.IL  ILIHNTHYECKOTO
IBHXKeHHA Tena P B Buae

x=F (t a, B). y=F,(t, e, ). z=F,(t o, B),

rae a; u 8; ({=1, 2, 3) npeacraBaaioT co60O# IIECTb 3SAEMEHTOB 9J-
aAunTHYecKOR opGutH, a F,, F, F,;-—u3pectHule ¢QyHKUHH BpeMeHH
(unu cpesHeft aHoMaaMu M) W leCTH SA€MEHTOB. YpPaBHEHHS ABHKEHHS
naaveT Tenepb OYAYT- NOJYYeHH METONOM BAapHAUHH NPOM3BOJLHHX NO-
crofuubix (cM. § 5.01). Ilasm storo caenyer BullllenpuseldeHHbe ¢yHk-
UMM X, Y H Z TMOACTaBHTb B R M MpHHATL @ H B B KauecTBe HOBHIX
flepeMeHHHX.

O6wasa dopmyna aas F,, HanpuMep, AaeTcs, COTMAacHO paBeHCTBY (3)
§ 5.01, B Buze

x ==al, cos E 4 bl,sin E — ael,. M

Ecan mu BupasuM cos E u sin E uepes cpenHiolo anoManuio M u skcueH-
TPHCHTET €, TO 1IOAY4HM, C TOUHOCTLIO 1O Y/JEHOB Mopsaaka e?,

cosE=-—~%e+(l -——‘2— e’)cosM—{»—;-ecos 2/\fl+%e’cos M, @

sinE=(I —%e’)sinM+%esin2M+—g—e’sln3M. 3)
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Haiee npu nomoun dopuyau (3) § 5.05 [/, MoxHO MpeacTaBHTb B B.11e
I, =cos (%4 w)+ 2 sin2% sinQsin v,

HaIH, C TOYHOCTHLIO 10 Y/JEHOB MOpaAilKa “{2,

I, = cos @+ —i— 12 [c0s (22 — w) — cos v]. 4
AHanoru4yHo
l,=——sinc~o+%12[sin (22 — @) +sin a]. %)

Jlerko NoKasaTb, YTO MOCPeACTBOM paBeHCTB (2) — (3) dopmyaa (1)
A9 X TPHHHMaeT BHI

=— 3 aecosa+ Y| Acos (M + j@ 4 k), ©)

rie !, j u k—nonoxuTeAbHHE HAH OTPHUATEJIbHBIE YWC]A, BKJIOYas
Hyab 44 j, a A—yHkumua a, e u 7.

TouHo TakuM e o6pasoM GopMyaa Aas KOOPAHHATH X; BO3MYLLAIO-
el naaHeTsl P; MOXeT GLITb 3anHcaHa B BHle

3 - ) .
X)) =5 46,0050, +2A1 cos (LM, 4 /12, + &), @

rae {;, j, u B, —N0JOKHTeIbHBHIE MAH OTPHIATENTbHBE WYHCAA, BK.JIIOYas
HyMb 048 f;. a A; 3aBUCHT OT a;, €, H Ty
Paccmotpum 'renepb MHOXHTeb X, [r}, colepwallifica npu X BO

sTopoM uaede dopyyan (5) § 6.01 nas R. YpasHeHne HeBO3IMYILEHHOrO
ABHXKEHHS A9 KOOPAWHATH X, NjaaHeTH P; HMeeT BHA

X1
X=—p 3 =—nla} 3
E A
Haaee, tak xak M, =n,t 4 y,. TO
- 2 d2x,
X1=n —
am?’
OTKyaa
X1 &%
rn a3 aM?

Hcnoabsys dopmyay (7), MH MOkeM NOAYYHTH

x, = 2 1A cos (WMy 4 /12, + k1B,

’1
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rae {, + 0. U3 nocreasero ypasueHHs W M3 paBeHcTBa (6) BHAHO, uTO
xx,[r} mpHHHMAeT BHA

S Ccos (M +{,M,+ jQ+ 1,2+ ko + ko)), ®)

rie C 3aBHCHT OT &, a,, e, €, T H T,. {, HO He 3aBHCHT OT /, U MO-
MeT TNPHHMMaTb HyJeBOe 3HaueHie, yyl/rzl* H zz,/ril TaKXe npea-
CTaBAAIOTCA PAAAMH TaKoro e Buaa, uro u (8).

Pasnoxenue 1/A BMOJHAieTCA ropasfo GoJee CAOKHEIM 06pasoM,
H MOSTOMYy MH He OyleM 31ech NHTAThCA NaBaTh JaKe MOBEPXHOCTHOE
ero onHcaHne. M npocto npuMem, uto 1/A Moxer OHTb Pa3.OKeHO
B paa BHuAa (8) ¢ oroBopkofi, uto { ¥ [, MOTYyT NPHHUMATb Hy’AeBHe
8HaUEeHUd pasfe]bHO HAM OaHOBpeMenHo. Takum o6pa3oM, noJioe pas-
noxeHHe R moxer OHTb 3amuCaHO B BHIE

R=m, D\ ccos f,+ m; D,Ccos?, 9
npuuem 6, u 0 naworcs dopmynramn
Bo=Jj2+ /,Q + ko + ko, (10)
ra~ J, ..., B MOryT NpPHHHMATL HyJeBble 3HauenHs NOPO3Hb MM
BMeCTe, H
0 =IM~+ LM+ j2+ /2, + ko + ky0,, an

rze { u I, B 4aCTHOCTH, MoryT OubTb paBHH Hymo. B dopmyae (9) ¢
# C— yHKUHH a, a,, e, €, T W {;; NPH STOM NPpEANOJAraeTcs, uToO
MOCTOSIHHAA TATOTEHHAA BKJIOYEHA B ¢ H

IMpo6aema cxoaumoctu pspos THna (9) (koraa paccMaTpHBAlOTCA BCe
CTENEHH SKCUEHTPHCHTETAa H HAKJIOHHOCTH) CNOXHA, H MH He OyleM nu-
TaThCA 3JeCb ee paccMaTpHBATh, a4 MpHMeM, 4To oOuwe paaw Buaa (9)
(v npyrde psaH, NOJAYyYeHHbHe AHANOTMYHWIMH METOMAMH) MPeNCTABJAAIOT
BO3MYWIAOIYI0 QYHKUHIO LIS NPAKTHYECKHX Lefef.

3aMeTHM, 4TO 9JeMeHT £ BXOAMT B Bupakenwe (11) aas 0 Toabko
BMecTe C nf, Tak kKak M =nt—¢ —o.

Bumectro M ynoGnee umeTb neno co cpemiefl poarotoft I, xortopas
Bupaxaetcs ¢$opmy.ioft

l=nt+e. (12)
Torna 6 Gyner uMeTh BHL
0 =415+ 2+ 1,2+ ko+ ko, (13)
Us ¢opmya (12) u (13) ME 3aMevaeM, uTO
dR JdR

Se=5r (14)
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§ 6.03. Baxnas mMoaudHKauHA ypaBHeHHH ABHKEHHS NJAHET

PaCCMOTpHM nepsoe ypaBHeHlie ABHXKEHUR

—— —— D e ——

Hs dopmya (9) u (13) § 6.02 nmeem
o =—2" Y (Csins. (1)

Tak rak Kaxiablh 4jgeH NMPaBOH YaCTH 3TOFO YPABHEHHA COLEPIKHT MHO-
KHTeNL /M,, KOTOPHH ABASETCA MAJIbIM MO CpaBHeHH0 ¢ Maccoi Co.Hua,
TO ANA NMOJYyYeHUS 4 B MEPBOM NMPUGIHXEHWH MBI MOXKeM CHHTaTb, YTO

3/eMeHTH &, @y, ..., ® B TpaBoft yacTH ypasHeHHs (1) NOCTOAHHH

U uTO
6 =(n-t+i4n)t+g. 2
Tie g-—TNOocToAHHAaA. TOrna, WHTErpupys, MH MOJyuaeM
2ml iC 9
a=a,+ na 2 in+ in, cos 3. @)

dopmy.aa (3) nokasbiBaeT, 4TO 4 Ko.1e6JeTcA OKOMO cpexliero 3ia-
yeuus @, M MBl KPAaTKO 3amulleMm

a=ay+n.u.,
FAe N.4. 03HaYaeT PAL C NePHOAHYECKHMH YJaeHaMH.
PaccmoTpuM Tenepb ypasHenue (3) § 6.01, umenno
. JR
g = A —ai_ .
Tak kak ! (==arctg ) Bxomut B KO3pduuuentn ¢ u C dopmyau (9)
§ 6.02, 10

Q= Am, 2%% cos Oy Am, %cos 0.

B nepBoM npubawkeHHH MH MOJYYHM

9 9
R=2,+ Am¢ 2 3% cos i+ Am, 2 WI_-I!TE —algsin 8,

rae 9 naerca ¢opmysot (2). OGoaHauum yepes A MOCTOAHHHH KO3Pbii-

uueHt npu f. Torma
=,4+M+n.u. O]

H3 cooTBeTcTByIOULIX Y PABHEHUNA JIerKO BUAETb, YTO ¢, [ H © B Hc)-
BOM NpubauxkeHud BhHpaxaloTca PopMynaMi, aHaNOTHYLHMH (4).

8 V. Cmapr
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KapTuua MenseTcsl, KOrla Mbl MepexOlnM K OCTaBUIeMycfl YpaBHe-
HHIO ABHKEHHA MAaHETHl, T. €. K ypasueumo a1 &

= d Oa +P +Qo (%)

UuterpnpoBaHiie MNOCJIEAHHX ABYX 4JAEHOB NAaCT YacTb pelleHHs
B Bule A M. 4., KOTOpafd, KaK MbH BHIMM. COBMAldeT C pe3y.b-
TATOM a8 APYTHX 31eMEHTOB, KPOMe 3.1eMeHTa &, 119 KOToporo A =20,
Cen0BaTe b0, Mb MOXKeM OMYCTHTb B AafbHefllieM PacCMOTpeHHe ABYX
MOC/eIHHX YJeHOB B mpapoft yacTH ypasueHus (5).

PaccMoTpHM Temepb nepBbifl YjeH B MPaBOH 4acTH STOrO YpPaBHEHHs.
Beanuuua a Bxoaut B Kosdduument ¢ u C pasaoxedus aaa R, a maxice
B 7 M TeM CaMuiM B apryMenT 0, nockoabky n# = p'sg~*. Haflaa npous-
BOAHYI0 OR/0a, MBI MOAyuuM

. 2’"1 dc 0
=__7 WCOS 0o
__2m, S\ t)C 0+ﬂ._t}‘tCsm0 (6

HurterpupoBanne nepsbix IBYX YJICHOB NpPaBOH 4acTH 3TOrO ypapHe-
HUS AaCT YJeHb BHIA A - M. Y., KOTOphle MOXHO OOGDbeIHHHTb C paHee
MOJYUYEHHBIMH YJEHAMH, COAepxKaluuMH P u Q B MpaBoH YacTH ypaBHe-
uua (5).

HoBylo 0c0G€HHOCTb, 112 KOTOPYIO HYXHO O6GpaTHTb BHUMaHue, co-
CTaBAsfeT BUA MOCJeAHEr0 Y.1CHa B MPaBo# uyacTH ypasueHus (6), codep-
Kaulero MepHOAHYECKHH pAL C aMAAMTYAAMH, YBEJMYMBAOLMUMHCA CO
BpeMeHeM. DTO HexeaaTeJbHOe OCJAOXKHEHHE MOXeT OuTb Npeono.IeHO
caenyowuM o6pasoM. Ecan Mbl 0603HauuM yepes (OR/0a) mpou3BOAHYIO
oT R no a, BXoasiwteMy moasko 8 xKo3gpduyuenms. ¢ nu C, 10

OR (dR)+0R oL dn

Oa on " da
uau, coraacuo ¢dopmynam (12) u (14) § 6.02,
OR __ [ OR) dn OR
7 =(m) @ @
Ilanee, Ha ocHoBaHHW ypaBueHns (1) § 6.01

dn _dn da _ 2 dn oR 8
dt = da dt na da 0c¢’ ®

nosToMy, omyckad uYiennl ¢ P u Q u ucnoibdys pasencTBa (7) n (8),
ypastiene (5) MOXKHO 3amucaTh B BHAe

()it

@ .
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HJH
G =—(%)
TMyctb ¢ onpeneaserca ¢opmyaok
d=ctt 2, ©)
Torxaa
¢ =i (@) =— T D coste— Tt X 55 cos 0. (10)

Hurterpupysa ypaeHenue (10), mbl B mepBoM npuGAHKeHuH HakhaeM A44d &
cJlenyiolLee BhpaXKeHHe:

e/ =¢y+M-4n u (11
Coranacso ¢opmyne (9),
. . d
4 =s+ﬁ (nt) —n,
TaK 4TO

zEnt+e=fnd:+s'. (12)

Kak Jaerxo 3ametutb, € BXoaut B R Toabko BMecte ¢ [. Caenosa-
TeNbHO, €CAH BMeCTO nf-} & MOACTaBUTL B R BhipaxeHie f ndt-+ ¢,
TO MH OyaeM HMeTb

Q;I%

9R
de’
TaK 4To

'__2___5
¢ =1z

Qa

Bce apyrue ypasHeHHa NMpu 3TOM TNpeoGpa3OBaHHM OCTAIOTCH HEH3MeH-
HBIMH, I'lpummaﬂ ¢’ B KayecTBe HOBOrO 9SJEMEHTa BMECTO €, Mbl BHAHM,
470, coraacio dopmyaam (5) u (10), ypasHeHue Aag &’ uMmeer BuA

¢=—Z(R)+PR+eF (13)

rak 4yto B nepsoM npuGamxkenuu &’ GyneT BHpaxaTbca dopmyaolt (11).
TakuM 06pa3oM, ecaH p O3HayaeT /OGOH SaeMeHT (BK/aiouas &), TO
pelleHne ypaBHeHHH ABHXKEHHA NJaHET B MepPBOM NPHOAMKEHHH KAeTCA

B BHAE
p=po+M-4n. u (149)

C BaXHO#t OroBOpKOf, YTO AJA SNEMCHTA @ COOTBCTCTBYIOUlee 3Haue-
Hue A B dopmyae (14) pasuo Hymo.

8*
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Mocrynas ananornynuiM 06pasoM ¢ y paBHeHUAMH JABHXKeHNS NaaHeTH Py,
RO3MylIaeMOlt maaveToft P, MLl NoJyyaeM B NepBOM MNpPHGJIKenun Aas
KaKOro+iu60 saeMeHTa p, Cilelylollee BbipaxceHue:

= (py+Mt+n. u

C TOH ke OrOBOPKOH, Y4TO COOTBETCTBYIOLLeE 3HaueHue \, A8 JeMeHTa @,
paBHO HYJI0.

Crnelyer 3aMeTHTb, YTO MEPHOAHYECKHE UJEHH B S/eMeHTax a, e, !
8aBHCAT TOAbKO OT KOCHHYCOB 6, B TO BpeMs KaK B 2, ® i & — TO/bKO
or cuHycop 8 [sTo BuaHO H3 ypaBueHu#t (7)—(12) § 5.10 u dop-
Myan (9) § 6.02 ans R).

Takum 06pasoM, MH MOKeM HanmHCaThb

a a,
e == e,+MF+m D Jcosh, (15)
l Il
o) Q
o f=0,+M+m X Ksinb, (16)
¢ &

npuyeM B nepeo#t popmyae (15) A=0.

§ 6.04. O6Guinil MeTon BHIYHCJEHHA MPHOAHKEHHH
BHICIIHX TOPAAKOB

Beegem $yHkuuio p ROCpeACTBOM (pOPMYJIH

o= f ndt. (1)
Toraa, coraacHo pasencrsy (12) § 6.03, moayuum
l=nt4+e=p4¢. 2

COOTBETCTBEHHO STOMY B pasfioeHWH Aas R Mbl 3ameHuM [ Ha p—¢’
HJH, OMyCKas Paau NPOCTOTH WITPHX, — Ha p—} &. Mbl JOMKHEI, KOHEUHO,
MOMHHTb O 3HaYEHHH €, KOTOpPOEe Tenepb eMy nmpHmvcmBaercd. [Ipu sTHx
o6o3Hayenuax 0 Gyser onpegeaarbca (opmyiolt

8 =1i(+e)+ 4, +e)+ J2+ 1,2+ ko4 ko, 3)

rije HHIEKCOM 1 0603HaueHH BeJHYHHH, CBf3aHHBE C MJAaHeTOH Pl'
[Tomus, uto n ectb (I)yHKllel a, MHl BHAHM, YTO p, ONpEACAIEMOE no
dopuyne (1), B TOYHOCTH COBMARAET C

p=p'h f a="hdt, 4)
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OTKYyAa

Wurerpaa f ndt, T. e. p, HA3BIBAETCA CpeOHUM OBUNCEHueM nO 803-

Mmyuennoli opbume.
Kak Mbl Buaeau, ¢opMmanbioe peuienne ypaBHeHHH ABHMEHHS NaaHer
B NepBOM NpPHOGAHIKEHHH, HanpuMep Aas &, AaercAa dopmyJoH

_ 2m, iCcos 0
a—a0+ na ln+l|n| ' (6)

B MPaBo# YacTH KOTOPOR Bce 9JEeMEHTH PacCMaTPHBAIOTCA KAR MOCTORH-
Hble, paBHEIE @y, €y H T. A. HTOOH ynpocTHTb 0603HaueHHs, Mbl ONMyCKaeM
MHJEKC HY/b IPH KaXIOM H3 3JeMeHTOB B npaBo#t yactu dopmyan (6),
3a HCKJIOYeHHEM, KOHeYHO, nepsoro uneHa. COBOKYMHOCTb BCEX YJEHOB,
CTOAIMX MOA 3HAKOM CyMMH B ¢opMyJse (6), cocTaBigeT BO3MYLUEHHA
B 9/eMEHTe @,  HX MNOPALOK TAKOB ke, KaK H MOPAAOK MaaoR Be.u-
4nHb m,. Pelueiie COOTBETCTBYIOUIEr0 ypaBHeHus AJA BO3MYLueHHH B a,
6yaet nMeTb Ty ke dopmy, 4to H (6), npuueM Maaoft BeaHUMHOR B STOM
cayyae 6yaetr m.

Jas npocToThH MW GYACM CYMTAaTb, YTO MOPAAOK BEJHYMHB m CO-
BNANJET C MOPAAKOM Beanynubl m,. 3anumem pasenctso (6) B BHAe

a=a,-}+4'a, )

rac A’a npeacraaser coGOR BO3MylieHHS MNEPBOrO MNOpAAKAa OTHOCH-
TeAbHO m. AnanoruyHble pasencTBa GYAYT MMETb MeCTO M AAf 1PYrHX
S/IEMEeHTOB NJaHeTH P M Ans BceX saeMenToB naavet P,. Koraa sce
9TH BHpa}eHHa OYAyT MOACTaBJAeHH B QyHKUMIO R, KOTOpas caMa co-
RePHKHT MHONHTENb M, TO Mbl MOAYYHM PpsAb, COAEPHKAUIHE MHONH-
Tean m W m? Pewenne ypaBHeHHR ABHKeHHs NiaHeT GyaeT TOrAa BKMO-
4aTh YJeHH BTOPOTO MOPAAKA, M MH 3anHileM

a=ay+A'a44"a,

rie uyepe3 A”a 0603HaueHH 4JeHH BTOPOrO NOPSAKAd OTHOCHMTEJLHO m.
Boo6uie MbH MoOxeM HamucaTb

a=a,+Aa+Aa+A"a+4 ..., 8)

rac A”a o03HayaeT ujeHH TPeTbero MOPAAKA OTHOCHTEABHO m W T. A.
Tak xax 7 ==p'2a="%, 10, OorpaHMuHBasch TOJAbKO YJeHaMH BTOPOTO
NOPAAKA OTHOCHTEAbHO M, MOJAYYHM

n=ph[a,+Aa+A%) ™" ®)
IlosToMy MOXHO HANHCATb
n=ny~+4'n+ A", (10)
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Paanaras npasyio yacTb GopMmyan (9) B pAX M OTpPaHMuMBAACh YAEHAMM
nopsaka m?, MOXHO HaHTH

uO = p'l/'ao- ./'i

A’u=—%%A’a, (1)
", 15 (A’a\2 3 A”"a
wn=m[5 (%) —2 %] ar

ToyHO TakK Ke HMeeM
p ==po—A'p 4 A"p.

p=fndt

Ha pasencTpa

CleAyeT, 4TO
Po= f nodt =aot.

Alp = f A’ndt, (12)
Ap = f A"ndt,
rae A’n, A”n pawotca popmyaamu (11) u (117).

§ 6.05. Cpofictea Bosmymennfi nepsoro mopsaka

Hccnenosanwe Hactosulero mnaparpadga Mu npoBeleM Ha NpHMepe
ypasHenusa aaa 2. Ero pemenue, coraacHo dopmyae (4) § 6.03, umeer sua

=Q,+M-+n. v, 1)
rae A — MoCTOfiHHaA, onpeaenseMas (opmyno#
dc
)\=m1A2wCOS 90. (2)

NpHYEM 71, @, ... PACCMATPHBAIOTCA KaK MOCTOAHHHE, PABHHE My, Gy, « . .
a nmepHOAMYECKHH ujeH B OGWEM CAyyae HMeET BHA
mlA OC
nf oy o Sind @)
dopuyna (1) coaepxHT WIEHH TpeX THNOB, KOTOPHe MH ceHyac u
paccMoTpuM Goaee noxpoGHO.

1) Bexoswe uaenu.
YneH A HasbBaerc B8exO08wM waenos. Ecam, nanpumep, xosddu-
UMEHT A MOMOXKHTENEH, TO JAOJArOTa ysaa (MOCKOJbKY paccMaTpHBaercs
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3TOT 3.1eMeHT) 6yJeT YBe.IHUHBATLCA C MOCTOAHHONH YTIOBOH CKOPOCTBHIO A,
rie- h — MaJas Beanuuna nopsaaka m,. Ecan & otpuuareisno, To aoarorta
y3aza OyieT YMeHblWaThCA C MNOCTOAHHOR CKROpOCcThIO A. AHajoruu-
lble 3aMeyallns MOKHO CAe.1aTh OTHOCHTEJIbHO KaXAOFO 13 OCTAJbHBIX
3JeMelTOB, HCK.TI0Yas @, KOTOPHI He HMeeT BEeKOBOro uaeHa. C.aenctsue
H3 3TOrO MOCJelHEro pe3yabTaTa HMeeT BaxHOe 3HaueHne. Tak Kak
B nepBoM TNpuEAHNKEHHH pellenne JaeTcs B BHAe 4=g,—N. 4., TO
60.blias NOIyoCh KO/1e6GieTcA ¢ MAI0H aMIJAHTYAOA OKOJO CPeaHero 3H1-
yenus a, Ecam Obl nMe.Icsi BCKOBOM uaeH, ckakeM X, u ecam nped-
LONOICUMD HA BPEMA, ¥MO peLIEHUE ABAALMCA HOUHBM, TO 6O.lb-
1138 MO.1yOoCh MPOrpPeccHBiO YBeanulBaiack OLI WM yMeHbWIalach B 3a-
BHCHMOCTH OT TOrO, MOJOXHTEIbHO NI OoTpuuate.Liio X. B mnepsom
cayuae a CTpeMHiochb OW Kk OeCKONCYHOCTH, T. €. MaaHeTa bbilaa 6bl
n3-noa BausHna Coanna. Bo BTOpOM cayuae a4 yMeHbluanoch 6H A2
TAKOTO pasMepa, 4YTO NJaHeTa B KOHlE KOHUOB Ohla Ob Moriaoumexa
Coauuem (ecan Obl OHAa RNpPeABAPHTENbHO He HCnapuaack). OTCYTCTBHe
TAKOTO BEKOBOrO ujeHa oGecneunBaeT OOMYI0 YCTOWYHBOCTb M.IaHETHBIX
OpGHT (ecaH TOJbKO Hallle MPeANoJIOXeHHe CNpPaBedNHBO), TAK KAaK BO3-
MyuleHHs 60/bUIOR MOAYOCH MPHBEAYT TOJALKO K ee KoJAeGaHHAM € MaJoft
aMnANTYIOR OKOJO CpelHero 3HaueHns a4, M3 storo Takxke caeayer,
YyTO B NepBOM NpPHOJAHMEHHH CpelHee IBHXCIIHE 7 He WMEET BEKOBOTO
yrena.

2) Kopomxonepuoduuecxkue nepnsercmsa.
PaccMoTpHM Kakoe-1M60 ciaraeMoe B CyMMe NMePHOAMYECKHX WYJICHOB
dopmyan (1). Coraacno ¢dopmyste (3), Mbl MOXeM ero 3amucaTh B BHAe

i sinlGn L) gl @

rae

g=1le+1ie,+ J2+ /2, + ko + ko,

H D umeerT omnpene’eHibit MOPANOK OTHOCHTENLHO e, e,, [ u T,. Ias
MPOCTOTH NPEAMNOJOKHM, UTO 3TH 3JEMCHTH HMEIOT OAMH H TOT X MNo-
PANOK MAJOCTH, TaK YTO D MOXET PacCMAaTpPHBATLCA KAaK BE/NHUYWHA NO-
psaka e”, rme p-—nonoxureabhoe uucao. Toraa, ecan in—f-in, ne
f8AemMcA MaA04 Beauyunod, TO aMNANTYAa unaeHa (4) Gyaer umerb
nopanok m,eP. Tlpeanonarast, yTo 3TC yC/AOBHE HMMeeT CHIY AJS HEKO-
TOPOH mnapw 3HaueHu#t ! W I;, MB Ha30BeM COOTBETCTBYIOLUMH eff usen
Kopomronepuoduyecxus Hepasencmson ). IIpoucxoxneHue sToro Ha-
3BaHHA CBA3aHO C TeM (paKTOM, UYTO MNEPHOA TAaKOTO YJeHa SBJSETCH

1) .HepaBeHcTBO® ABASETCA apXAHUECKHM TEPMHHOM, O3HAMAIOUIIN OMKA0-
HeHue Om 3AAUNMUYECKO020 O6UNCEHUST, M IKBHBANEGHTHHM B 1aHHOM Clyuae
NOHATHIO ,BO3MYIUEHHE" PaCCMATPHBACMOTO 9JEMEHTA.
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MaJHM — caMoe Gosblilee PaBHHM nepuoay naavetel P uan naaxetn P,.
Mycte T’ o3nauaeT nepuon uneHa (4). Toraa

T 2z
7= wtim
Tax kak n=2=/T »n n,=2x/T}, 10
1 i,
T=7F+t7" (5)

Hanpumep, ecan non P nonumaerca IOnutep, moa P, — Carypu, To
npubausutenbio T=11,86 u T,=29,46, npuueM B KayecTBe eAHHMILL
BpeMeHH B3aT 1 roa. M3 cootHowenua (5) Mu nMeem:

l=1. l|=1' T,= 8)46!
=1, 4 =—1, T =19,85,
1=2 =1, T = 494

AMNAHTYAL TAKHX 4JeHOB paBHH m; DT’'/2w, 1 COOTBETCTBYIOLIE BO3-
MYUIEHHS MO CBOeMy XapakTepy HHueM He OyiyT MpHMeuaTe. bk, eC/u
YNOMAHYTHE paHee YCJOBHUA HMEIOT CHJAY.

3) Hoazonepuoduueckue nepasencmea.

37O BO3MYILEHHA, NEPHOAHYECKHE MO CBOeMy Xapaktepy. HMx naauuue
06yC10BA€HO, B HEKOTOPHX CAy4asx, NMPHOAH3UTEIbHOR COM3MEPHMOCTDHIO
CpelHliX Yr0BHX aABHxeHHA n 1 n,. Ecan n/n, npubausurebHo pasHo I/,
rae { M I, — HeKOTOpHE uenHe uicaa, To In—1In, 6yneT MaIOR Beau-
yHO#, 2 AMNJAMTYAHN COOTBETCTBYIOLUHX NEPHOAHYECKHX Y.IEHOB CTaHyT
npn NpPOYHX PABHHX YCAOBHAX MHOro Go.biue, 4eM B C/yuae, pPaccMo-
TpeHHOM B M. 2.

ITpn Gojee TOUHHX 3HAYEHMAX OPOUTAALHHX NMepuoaos IOnuTepa u
CartypHa HaxOAHM, 4TO

n=299",13, n,=120"45,
TaK 4TO, €caH {=-—2 n {; =25, 10
in+tin,=3",99.

Ecau uepes T” 0603HaunTb MEePHOL COOTBETCTBYIOLLETO ilepaBEHCTBA, TO
MH HaiifieM, uyto T” npu6auautenbHO paBHO 75 OpOUTANLHHM MepHOAAM
IOnutepa, uto cocrasager okonao 890 ser.

Ecau D, ectb To sHauenue D, KOTOpPOe COOTBETCTBYET STOMY uJjeHY,
TO aMNaAuTyla TAKOrO liepaBenctsa pasua m,D,T"/2x.

Tako#t unen, BO3NHKAWOLIKA H3-32 G6AM3OCTH K COM3MEDHMOCTH 1L H n,,
1123bIBaeTCH 00.220NnePUOCUSECKUM HEPABEHCMBOM.

M3 pacccMoTpenus cBOMCTB BO3Myinaouel ¢yHKUHI B cienylouiet
vaape Gyner Hafaeno, uto D (korma {==2, I;=1) u D, (koraa
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{==—2 1 {,==5) umeoT oxnH u TOT e nopsaok e’. Ecau aaa npo-
CTOTH Mbl MPeAnooXuM, 4To D u D, paBHH, TO aMnAMTyZa HOATO-
NepHOAHYECKOTO HepapeHcTBa Oyaer B T7/T' pas Goablue aMmAMTYAL
COOTBETCTBYIOLLEr0 KOPOTKOMEpHOANYeCKOro HepaBeHcTBa. 3mech T/T ~
=~ 890/4,94 =~ 180. TakuM 06pa3oM, OUYEBHAHO, YTO AOATONEPHOLHYECKIM
| €DaBeHCTBAM COOTBETCTBYIOT OYeHb GoJbluHe BO3MYILEHHS.

Pas/nuHe B BeaHuYHHAX MepHOLHYECKHX BO3MYILUEHHH STHX ABYX KJac-
COB CTaHOBMTCH elle 60/ee 3aMeTHHIM, KOT1a MBI PacCMaTpHBaeM BO3MY -
WweHnsa B cpeaHeit poarote /. Tak Kak [==p-}-¢, TO BO3MYLIEHHA nep-
Boro mopsaka A’l BelpakaioTca cyMMoR A’p-j-A’e. Temepb, Kak 3T0
caefyeT W3 m. 2, THNWYHBIA mepHOLMYeckH# uneH B A’e GydeT HMeTh BUA

m,L

T hn, sin[(in+ 4iny) £ 441 6

# eMy COOTBETCTBYIOT KOPOTKONepHOAHYeCKOe HJH A0.1roMepHOLHYECKOE
HepPaBeHCTBa, KOTOpHle yxe OBLIN HCCAeAOBaHH.
Paccmotpum Ttenepp A’p. M3 dopmya (11) u (12) § 6.04 Haxomusm

2a
Ho

P Y M
Ag=m, L "_"-"FT;'"—I cos[(in4tn)t “+ql,
H N09TOMy THIMUHE uied B A’p GyaeT HUMeTh BHI

TPy SinlUn = L) £+ q). %

OGpatuMcs ewe pa3 kx cayuao IOnutepa u Carypwa. Ilycts T/ — ne-
PHOL KOPOTKOMEPHOAHYECCKOrO YJeHa, AAf KoToporo (=2, =1,
W mycTb T” —nepHOA [AOJArONEPHOAMYECKOrO 4Y/MeHa, AAR KOTOPOTO
{=—2, /,=5. Kak u panble, npeanonoxum, 4to M umeer nops-
IoK e nnA Kamaoro M3 STMX uieHoB. [IpeanonoxuM nanee Ans npo-
CTOTH, 4YTO STH 3Hauenns M oanHakoBw. Toraza, cornacuo dopmyae (7),
aMIIHTYAa A0JATONepHOAHYeCKOro HepaseHctBa Oyaer B (T/T')? pa3s
6o/blle AMMANTYAB COOTBETCTBYIOWETO KOPOTKOMEPHOAHYECKOTO Hepa-
BeHCTBA. K3 HaMleHHWX BHILe YHCACHHBIX pPe3yJbTATOB MOJYYaeM, 4TO
910 oTHoweHHe pasno (180)%: 1. OueBnaHO, YTO BAHSHHE ROATONEPHO-
AHYECKHX HEPaBEHCTB ABAAETCA Han6o/aee 3HAYHUTEAbHBIM.

Haftneno, uro cpeansis noarota CatypHa noa neficTBHEM BO3MyLieHHH
or [OnuTtepa Moxer W3MensThca B npefenax a0 50’ NoA BAMSHUEM AOATO-
NePHOAHYECKHX HEPABEHCTB THMA, PaCCMOTPEHHOTO HAMH.
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§ 6.06. TposaHuu

Ipyrofl, ewe Gonee uHTepecHb mpuMep NPe06.1alaloWeEro B.IHANAS
A0aronepHOAMYECKHX BO3MYyLUeHHR HMeeT MeCTO B TpOAICKOW rpynne
MajbX NAaHeT, M3 KOTOPHIX M3BeCTHH naTHaauath (1952 r.). INepsas n3
3THX nJaHeT, Axnanec, 6naa oTkpuita B 1906 r. CBoM HasBaHHA OHU
NOJYYHAH B YECTb FepoeB rpeKo-TPosANCKO# BOHHL, onicaiHo# IoMepom
B «Manane». TposHlE — Ma/ibe NJAHETH, ABHKYLUMECS MOYTH HA TOM e
pacctrosHun ot Co.aHna, uto u IOnurtep, Tak u4TO HX CpeilHHe ABINDKeHus

A

~~.

MaJ10 OT/ANYAOTCA OT cpeaero apuxkenus Onurepa. Heckoauko Tposiiien
nayt snepean IOnurepa npu6ansnteabno ua 60° no mo.arore, B 70 Bpems
Kak ocTa/bhbie MpuMepHo Ha 60° mo anarorte uaxoastca nosaau IOnu-
Tepa. Op6uraibHble MJAOCKOCTH OoabluiHcTea Tposiues CcocTaBasior
C NJOCKOCTbIO Op6uTH lOnuTepa yrabl Bcero JHiL B 1ECK )IbKO Trpa-
AYCOB, XOTA A4 NATH NJaHeT 9TOT yroa aocturaer 20°

Ecau Ha puc. 15 A u B —touku, Jaexawne Ha opGure Onurepa,
Takue, uto yram ASJ n BSJ pasum 60°, To 4 u B nasmBaiotca mpe-
yeoasHoimu mouxamu aubpaguu, C rpyGoRt cremenblo npub.anxeHns,
npeHeGperas ynoMauyToH BHILIC HAKAOHHOCTBLIO, TpaekTopHa TposHuUa
omrocumessno fOnumepa, TaKk nasbiBaeMuft 2u6payuorRnul saaunc,
YKa3aHa NyHKTHPHOH KpHBOH 0K040 A uau B. OrtHouwelne oceft sToro
9//MNCa OAHO M TO Xe A1 Bcex Tposnues. Bosmoxio, 4TO HasBaHus
3THM MJaHeTaM ObIM Jdalbl HeyldayHo, W60 Apy3e W Bparos NMOMECTHJH
B TeCHOH GJAH3OCTH ApYr K APYry OKOJAO KaxAoR Toukn JuOpauum.
B mutepecax neGecHOro Mupa u rapMoHuH 6hi10 GH Goaee uenecoo6pasio
NOMeCTUTb rpekos BOAN3W oAuch Touku AuGpauun, a repoes Tpou BO6au3N
apyrofl. Oanako ¢ noanbM npeHeGpexceHHeM K ALHONAJbHLIM mpenyOe-
KIEHHAM BCA TPynna MaJjuX NAaHeT, KOTOPHMH MLl Tenmepb HHTepecyeMcs,
Ha3blBaeTca MpPoAHcKod 2pynnod.

Boaee uem 3a moaTopa CToJeTHA A0 OTKpLTHA nepsoro Tposuua
Jlarpanx paccMOTpe. 3a1auy ABIDKEHHS TPeX MaTepHaJbilbix TOYEK, KOTad
Ollll HAXOAATCA B MOAOKENHH OTHOCHTEILIOrO paBiosecis, o0pasysa pasno-
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cTopoHHuf#t Tpeyroabhuk. OTKpuTHe TPpOSHUEB NMpeBpaTuao 3Ty 3agauy
H3 MEepPBOHAYAAbHO YHCTO TEOPETHYECKOM M aKajeMuuecko#l B 3apavy,
NPpeACTaBIAIOIWYI0 GO.IbIIOR NPAaKTHYECKUH HHTepec.

Boamywenus Tpossues Onutepom BecbMa 3HAUHTeJbHH M MOTYT
zoxonuts B poarote mo 20°. Ecau, HanpuMep, M PacCMOTPHM NaaHeTy
Hectop, 1o aas storo Tposuua n==301",00, B To Bpemss Kak n, (11
IOnurepa) pasio 2997,13; nostoMy uJeH B BO3MylIalOWeH (YHKLUHH
c apryMentoM {(n—mn))t—-q, rae i=1, 2, ..., OYeBHIHO, BLI3LIBACT
RoJaronepHonuyeckue liepaselctBa, 6o n—n; =17,87, tak uro T”,
Korza {==1, npu6ausure.btio pasen 1900 romam. Tak kak coorser-
cTByowas Beauunna D B ¢opuyae (4) umeer mopamok €%, To 9TH BO3-
MYLUEHNs 3HaYyuTeabHO 60.blle, Y4eM BO3MYLUEHNA, PacCMOTPEeHHHE B CH-
creme lOnurep — Carypu. Ilo oto#ft npuuuse ypaBHeHus Jlarpamka He
rOmATCA AJA LETaJbHOTO HCCJAeLOBaHMA HBHXKeHus TposHUEeB H, cJelo-
BaTeNbHO, MOMKHE OBITb HCMO.b30BaHH 60/ee CHAbHbIE METOAb.

§ 6.07. Bropoe npuGanxenne aaa Q

YpaBHeHHe Aas @ B NMPHHATHIX BHIUEe O0GO3HAYEHHSX HMEET BHA

. O0R dc \' 0C
Q=A7=AmlEﬁcoseo—i—Ale—éi—cosO, 1
rae ~
O=i(+e)+i4+e)+ ... +ko. 2
Sanuiiem ypaeHenue (1) B Buae
Q=mlF(p+s, Pt @ ap ... o, 5,), @A3)
rie yepes F o6o3naueHa ¢yHKuMs, BHpaxaeMas $opmyaoft
F=4 Y% cost,44 % % cosh. )
Myctb

p=py+ AP+ 4%, e=e;+ A4 A%

W T. 4., rae A’p W T. 1. — MaJjule BeHYHHH nopsaaka m, a A”p u 1. p.—
Majble BeAMYMHBl nopaaka m2. Jlas NPOCTOTH MPEANONOKHM, 4TO m U m,
HMEIOT OIMH H TOT Xe NMOPALOK.

Pasioxum Tenepr F B pan Te#nopa. Toraa, ecau o — moGo#t u3
LIECTH 9/€MEHTOB OPOHTHI NMJAaHeTH P HAH M3 WIECTH 5/eMeHTOB OPOHTHI
niauetst P, To 114 BTOPOro npuGaHxeHHs Mb GyaeM MMeTb

7 QoF NN =mFi . oy .0 @)+
+ [A’p (%,9:—)0 +4% (z—:)o + 2 Aa (%f—)o] ' ®)
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rae ,Hyab® B BHpawenwusx Fo, (0F[0p)y. ..., (0F[da), oanauaer, utO
F, 0F[dp, ..., BHUYHCACHH NPH Py, « .., &5 30ecb Mu npednoroxcuru,
yto A’p, A’p, u A’a ABJAOTCA CTOAb MaAHIMH BEAHYHHAMH, YTO HX KBal-
pataMu u GO/ee BHICOKHMH CTeNelfMH MOXHO NpeHeGpeuysb.

YpaBHeHHe AnA 4.1€HOB BTOPOro MOpPsAKa TaKOBO:

Lwo=m[ap(5) + ... + 30 (L) @

Tlpu HaweM NpPeANOAOKEHHH OTHOCHTENLHO m M m, npasas YacTb Gyner
Manoft peanyuHol nopsaka m2.

§ 6.08. O6wuit BHx BO3MYymeHuil BTOpPOrO
nopsaaka B Q

YcTaHOBHM npexae BCero 8ud pasHYHHX YJEHOB, KOTOPHE NOAB-
JA10TcA B mpaBofl wacTu ypaBHeHus (6) § 6.07.
B cootsercteun ¢ dopmyaofl (4) § 6.07 F umeer cirenyiownf Bun:

F=X-+4 XY cosH, (1)

rhe X=X (., e, ..., 0,0, Y=V(a, e, ), 0=(, Q, 0, 2), npuuem
B 3TH (YHKUHOHAIbHLIE 3aBHCHMOCTH BK.IOYAeTCA p; H COOTBCTCTBYIOLIHE
saeMenTH naavetn P,.

Cornacio ¢opmyaam (15) u (16) § 6.03, saementn pasieasiorcs
Ha aBe Karteropud. as onpeseneHHOCTH GyleM CYMTaTh, YTO € Xapak-
Tepu3yer Nepsyl0 rpynny, a o — BTOpyl. Hixe mb GyaeM nHTepeco-
BAaTbCA TOAbKO 840O0M DPas/AHYUHBIX (GYHKUHA.

1) ANe=Xi-m X Jcosh
(%’:) —G—{-\ H cosh.

TosToMy, Tak Kak A — Be.IMYHHAa MOpsAAKa M, TO

m, Ae (%;) ._m,(A+Bt+n a.4+¢ 3 Dcos ). @

2) ANo=M-4m 2 Ksind

"
(5:) =0’ +2H’sln9
MosTomy ‘ )
m Ao (%g)o=m¥\‘4' 4Bt fn w4t D sl (3)
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3) Ha ocuoBanuu ¢opmya (5) § 6.04 uan (7) § 6.05 umeem
o — 9F\ __ Ny
Ap_-m,ELsinO. (09 )O—ZL sin 9.

m, A’p(%)():mf (A" 4n. u.). “)

Mocrosnnnie A, A’ u A” nosasanioTca B pesdy.JbTare NepPeMHOMKEHUA
YJ€HOB, HMEIOIIMX OLMH H TOT Ke apryMeHT.

dopMyan (2) —(4) ycranaauBaioT oOLIMEt BHA mpaBoft vacTi ypas-
Henusa (6) § 6.07. Hurerpupys 370 ypasieHHe, HaxXOAHMM

A"Q = Ayt + Byt*+n. u. 4t X, (D, sin - E, cos ), (5)

ric HHAEKC 2 03HayaeT, YTO KOIQQHIUHEHTH HMEIOT BTOPOR nOpAROK
Ma.T0CTH.

[Tepsuift uien npasoft wacTH ¢opMyan (5) ABAAETCA 4YaCThi0 BEKOBOTO
4YJ1eHa W HMeeT BTOPOR MOPAROK Ma’tocTH. BTopo#t uneH, ¢ £2, HaswiBaeTcs
8eK08HM YCKOpeHues. B cayuae nJaaHer STOT U/eH fB/AETCA Ype3Bbi-
yalHO MaJHM MW U3 HaGnofeHWR OH He moayvaerca. Jloarora Jlyum,
OMHAKO, UMEeeT Y/eH TAKOro BUAA, KOIPPHIUHEHT KOTOPOrO yiKe He ABAAETCA
npeHe6peXXHMO MAJNOH BeJAHUMHOH M OOHApYKUBAETCA NMPH HAGJIOREHHAX,
npoBeAeHHHX B Te4eHlle 3HAYUTEJbHOTO MPOMEXKYTKa BpeMeHH (MH BCTpe-
THMCA ¢ 3THM uacHoM B Ta. 19). IMocaeanune caaraemuie B dopmyae (5),
coaepkalliie MHOXKHTENb f, MPEACTaBAAIOT COOGOH TpPHrOHOMETpHYECKHH
pan, aMMJMTYAH YJ1EHOB KOTOPOrO YBeJHUIIBAIOTCA CO BpemeHneM. Takue
YJeHH Ha3HWBAIOTCA CHEWAHHBMU.

VpaBHenus 134 o, €, e u I, KaKk Jerko BuaeTb, OyayT AaBaTh YaeHLl
BTOPOTO MOpAAKa B TaKOM ke Biiie, uro u dopyyaa (5).

[Tosromy

§ 6.09. Bosmymenue BTOPOro mopsaka B @
M3 dopmyan (1) § 6.03 umeenm
a=— 2—”;—'2ICsin’i-=-mlF'(p-|—e, cey ),

n
rae F’ uMeer caeayiomufl BHA:

F' =3 Msin®.
YneHH BTOPOFO MOPAIKA B @ ONMpERE/AIOTCA 3 ypPaBHEHHs

G womm () 4 + T (D) o

Mbl nocTynuM Tak e, Kak W B npeabiayuiem naparpade. Ilpexae Bcero

1MeeM
OF’
(———ae )o =m, El Nsin,
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[Toaromy
A 0F'\ 2 ( ¢ y Psinf
m, e(—de )0—”‘1(“' u. 4 sin )

AHAJOrHYNO W3 pabencTBa

oF’ \
(E)o =m, Z Qcosh

p~fOFY \"
m, A m(-—o-;-,)o_ml[n. u. +t>_‘ P’ cos 0].

clelyer, 4TO

(4]
Kpome TOro, nockoaeky
(OF'\ _ N\ o
(a—p)o“ Y @ cos,
TO

m, A’p (i;;—)o= m? [n. u.].

Hurerpuposanne yparuenns (1) aaer
A”a = mi [n. u.]+ ¢ 2 (S, sin 0+ T, cos b). )
§ 6.10. PaccMoTpenue Bo3MymeHnit BTOpOro
nopsaaka B Q H a

M3 npenbiaymmx naparpadoB ceayeT, uTO NOJHLHE BHIPaXeHHs Aid
H @ C TOYHOCTHIO IO YJEHOB MOPALKA m? BK/IOYHTEILHO MMEIOT BHA

Q=20+ A+ Byt>+n. u. - ¢ X, (D, sin - E; cos H), (1)

a==ay-+n. 4.+t X (S,sin b - T, cos 6). )
TpHCOenHHUM CIOAa TaKXKe CAelylollee PABEHCTBO:
a=ay-4m, 2 JcosH. 3)

Boamyuienns B noarote yana, onpefeasdeMble ¢opmyaoft (1), BaMAIOT
TOJMbKO HA MOJIOXKEHHE OCKYJAHPYIOUIETrO 9JJIHNCA OTHOCHTE/IbHO OCHOBHOMN
MJOCKOCTH B KaXAn# MOMEHT BpeMeHH f. DTH BO3MYIlUeHHA caMu no cebe
He H3MEHSIOT TeJHOLEHTPHUECKHX PpacCTOSHMA NJaHeT, a BJAMAOT Ha HHX
JHUWIL Yepe3 MOCPEACTBO CBOMX WJIECHOB MNEPBOTO MOpPAAKA, BXOAALIMX
B ¢opmyay (2). AHanorHuHbie 3aMevaHHs MOXHO CleJaTb O BO3Mylle-
HUAX B O M €.

Paccmotpum  Tenepr ¢opmyay (3), KkoTopas naeT BO3MYIUEHAR
nepsoro nopsaka a. Kosdduumentn J Boobluie npeactaBasior cobof,
paabl MO cTeneuaM e, ey, T M 7,. Ecam 3tu panbl a6coOMIOTHO CXOAATCH,

TO 3HaueHWe a NEXKHT Mexay a,—-+3%a u a,—3da, rae da=m, X, |1,
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§ 6.10. Paccauotpenue soamyujenuli 8Topozo nopadka ¢ Q u a 12

[pannubl, BHYTPH KOTOPLIX AOTKHO JekaTb @, TaKWM 006pasoM BRO.He
onpeieleHbl, YTO CNpaBedJIHBO TaKke W A1 KaXIOA ApYyTOH MNJaaHeTHl.
C 3Tofl cTenmelblo npubanxkenus (MOCKOIbKY 3TO Kacaercs 60.1blUKX NO.IY-
ocefl) maaHeTHas cHcTeMa J0.kHa Oblia Obl ObiTh YCnioQwusod B TOM
CMBICJ€, YTO OHa MPOROAAAId Obl CylLIeCTBOBATHL C 3THMH OCOOEHHOCTAMH,
He M3MEeHSAChH.

Ecau ke Mbl 6yleM HCXOLHTL M3 BTOPOro npub.anxkenus, npeacra-
BAEHHOrO GOopMyaoH (2), TO npedbaylllee yTBepkaeHHe yxe ne 6yaer
CnpaBefJMBLIM, TaK KaK NPH KAKOM-1H6O 3aJaHHOM 3Hauyenun ¢ Be.li-
YHHA @ JAEXHT B Mpeje]ax, KOTOPHle Ml MOXEM 3anicarb B BHle

a,-+3a,+ tday; a,—3a, —t3a,

[TosToMy 06aacTb M3MeHeHHs @, OYeBHAHO, He OyaeT OrpaHiyeHHOR aas
BCeX 3HAayYeHuH f, KaK 3TO Obi0 B NepBOM MPHOMNKEHHH, H YCTOHYHBOCTL
B NpexHeM CMbic1e 6yldeT OTCYTCTBOBaTb.

PaccMoTpuM Tenepb BO3MyilcHNs e. BO3M) lueHHs BTOpPOro Nopsika e
uMelor Bua (1). TlpeanonoxunM, uto dopmyna (1) saBaseTcs TOuHOA.
Toraa Haauume uieHOB A,f -} Bf? yKaweT Ha TO, YTO € MOXeET Heorpa-
HHYEHHO YBEeJHUMBATbCA, €C/H AAS MPOCTOTH CYHTATh, 4TO A, W B, no-
A0XKHTEAbHB, HJH Heor pauHYcHHO YOBIBaTH, ecan A; H By OTpHuUaTe bHBL.
Ecan A, n B, HMeIOT NPOTHBONOAOKIIbIE 3HAKH, TO T e CaMble BHIBOABI
6yAyT cnpaselauBu, koraa ¢ npceaofizeT |A,|/|B,|. Tlpu srom opbura,
OyeBMAHO, cTana Obl CHayaja napaboaiyeckoft, 3aTeM FHIep60anYecKOR
M NJaHeTa NMOKHHYJA Obl COJHEYNYlo CUCTCMY.

Ha nepBuil B3rasn KameTcs, YTO yCTOHUMBOCTH COJMICULON CHCTeMB
He fABAseTCH rapaHtupoBaHnofl. Oanako Takoe 3ak.woyenie G0 6u no-
CNEwHEIM — MH 3a6bL1H 6bl O NPEeANOACKENHH, CAENaHEOM OTHOCH:€ 1bHO
pasa Teflnopa aas Boamywiaowedt ¢yuxunu, a HMenno uto A'p, A'p,, A'a
fIBAAIOTCA CTOJb MajbIMK BeJHYWHAMH, YTO UX KBAAPATAMH, NPOU3BE ACHUAMH
n 60Jee BHICOKHMH CTeMeHAMH MOXHO npexeGpeus. Ho BcaeactBue mo-
fB/JeHH BEKOBHIX ujeHoB B A'Q, Ae, ..., A’ 9TO Orpatinuenue T0.1bKO
06f3biBaeT clenaTb BHIBOA, YTO 3HaueHHe f, 1.JA KOTOPOro STH pe3ydb-
TaTH CNPABeANHBH, ABJAAETCA OTPAHHUEHIILIM, HAPHMEDP, ONHHM HJH OBYMS
croneTHaMH. TakuM o6pa3oM, Ha OCHOBE aNaan3a, H3JAO0KEHHOTO Bhillle,
MOXHO MOJYYHTb BO3MYLUEHWS BTOPOro MOPAAKa C OmpeleneHHoff Cre-
NeHbI0 TOYHOCTH IJf OrpaHIYeHHLIX HHTCPBAJOB BPEMENHH M BO3MYLIEHHA
TpeTbero nopsiaxa ¢ eute Goavluef TounocToio. Ho sToT anaaus we Gyaer
NpOAHBaTb CBeT Ha NpobaeMy ycroHunpocTi (HJAH HEYCTOHUMBOCTH) maa-
HeTHON CHCTeMHl. JIpyruMu cJ0BaMii, HCBO3MOXHOCTb CAeJaTb BHIBOJH,
cBA3aHHbie ¢ TNPo6aeMOH YCTOWYHBOCTH, fABAAETCA NPAMBIM CAEACTBHEM
NpUMEeHEHHA MeTONd MOCJAeA0BATeAbHMX NPHOMIKEHHR.

B ra. 13 M yBROUM, YTO eCTb cepbe3lible OCHOBAaHMA CYHTaTh, YTO
H3MEHEHHA e M APYrHX 3.ICMCHTOB HOCAT MePHOAMYECKHR XapakTep C ne-
pHOZAaMH B HeCKOAbKO ThicsY AeT. Ha npoTawenmun KOPOTKOro mpome-
HYTKa BPCMEHH, CKaXeM CTO.eTHf, HCTHHHAA KPWUBAs M3MEICHHA, Hanmpu-
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»

Mep e, fBafeTcA MouTH npamMoft auHueR. [losToMy Takne u3MeHeHus
HHTEPNpPeTHPYIOTCA Kak BekoBwe. O6paTHO, BeKOBOR uieH Buja M B ¢op-
Myne (1) MOXHO MHCAMTL Kak mpubauxkeHue K sinhf, xorma M MaJo.
H sto cnpaBenanBo pas aioGoro saementa. CrenoBatenbHo, Tak Ha3bi-
BA€MBE BEKOBble YJeHHl OKAa3hBalOTCR BK.1I0YEHHLIMH B OOlLHe TpPHrOHO-
MeTpHyeckHe psabl. KpoMe TOro, uccieaoBanine MOKAa3EHIBAET, YTO B STOM
clyyae He MOABHJAHCH OLI H CMelaHHHE YJEHH BO BTOPOM MPHOMAKeHHN
ana Bcex saeMentoB. HO HyxHO momuepkHyTb, YTO STH apryMeHTHl CaMH
no ceGe He A210T 10Ka3aTeNbCTBA YCTOHUYKBCCTH MJAaHETHOH CHCTEMBI.

Myaukape ') paspaGortaa ciaepyiomue yCAOBHAI YCTOHYHBOCTH:

1) reanoueHTpHUeCKOe PACCTOAHHE KakAOH NAAHETH He MOXeT Heorpa-
HIYEHHO BO3pacTaTh WM YOHIBaTh;

2) TecHble COMMMKEHHA B Kaw/AOH Mape MJAaHET HCKJAIOYEHLI;

3) B HeKOTOpHIE MOMEHTH BpeMeHH f;, fy, ... CHCTEMa MOXeT Mo-
BTOPHO TNPOXOAHTb Yepe3 KOHOQUIypaulilo, KOTOPYI0 OHa iiMela B MO-
MeHT £,

Ycnosue (2) Tpebyer HekOTOpOro noscHenus. Ecau Owl ABe naaneThbl
npoiwan oueiib 6AM3KO APYT K ApPYry, TO B3aHMiible BO3MYLIeHHS TOTAa
cTaan 6ol ropasno GOALIINMH, YeM Te, KOTOPHIMH Mbl 3aHHMaeMcf B 3Toft
raase. Toraa Bo BpeMa OJAH3KOTO TNPOXOXKAEHHA MOriao OH OKa3aThcd,
YTO IKCUEHTPHCHTET OpPOHTH OAHOR W3 NJAaHeT H3MeHHACA O OT HOp-
ManbHOro 3nauenMs A0 BeJIHYHHLI, NpeBblIalOWled eAHHHLY, H B 9TOM
cJyuae paccMarpHBaeMas naaHeTa Moraa Onl OuTb BHOpOLEHa B Mex-
3Be3gHoe npocTpaHcTRBO. Takue G6.JW3KHe NPOXOKAEHHA HeACTBHTEJbHO
cayuaauck. Hanpumep, komMera Mopxaysa TecHo c6ausuaach ¢ [Omutepow,
B pe3syJbTaTe Yero ee d1JunTHYeckas opOuTa GLina mpeppaniena B runep-
60.1HueCKYyIO0.

CnenaeM 0ofHO 3akIIOuMTe/blioe 3aMeuanue. B onpepenenun ycrofi-
YHBOCTH lie TPHHATO BO BHUMaHWe BJAMANHE CHJI TPEHH HA ABHKeHWe
TeN COMAHeyHOH cucTeMbl. OAHUM W3 TMpPHMEPOB TAKHX CHJ ABJAAETCA Mpil-
/HBHOE TpeHKe B 3eMHHX MOpSX.

1) Les Méthodes Nouvelles de 1a Mécanique Céleste, III, 1899, p. 141.
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PA3JIOXXEHWME BO3MYLUAIOLUEN $YHKLIMU

§ 7.01. Beenenne

B oToft rnase MH MOAPOGHO HM3JM0XKUM METOAHN Pa3NOKeHHS BO3MY-
waioweft ¢pyHkuun R B Teopuu JlyHn M Teopuu naaver. B uacTHOCTH,
Mbl 6yJeM NpeanojaraTb, YTO SKCUEHTPHCHTETH M HAKJAOHHOCTH Ma/ib H
HMeIOT OJHH H TOT e MopaioK ManoctH. Koneuno, crnoco6, ¢ momouibio
KoTOporo R pasnaraetcd B psl, 3aBHCHT OT BHGOpa mepeMeHHHIX, K KO-
TOPHM Npeobpa3yioTcs ypaBHeHHs ABHXeHHd. Bo MHOrMX Teopusx Bpems ¢
oObiuH) Geperca B KauecTBe HesaBHCHMOft mepemenHo#t. C apyro# cro-
poub, B Teopuu JIyHh (M He TOJAbKO B left) 3a He3aBHCHMYIO NepeMeH-
Hyl0 NPHHHMaeTCd MCTHHHAs poarota Jlynw v. Tak Kak BpeMs 06nuHO
BBOAUTCS B BO3MYIUAOWIYI0 ¢GYHKUHMIO fBHO MOCPEACTBOM Cpenlel aio-
MaJHM BO3MYIUIAIOWIEro TeMa, TO B NMPHHUMNE # MOxeT OHTb BLHIpPaXeHO
(MCTOLOM NOC/AeNOBATENbHEIX NpHOAMKeHn)t) yepes v B Bule psaia.

B nocsnenyomeM ML OFpaHHYHMCA pPacCMOTPeHHeM TOJbKO TaKOro
pa3noxeHns R, KOrma B KayecTBe He3aBUCHMOH mepeMeHHOR MpHHUMaeTcs
BpeMd. MH CHayana paccMOTpUM pasnoxeHue R B Teopuu JlyHw, Tak
KaK 31eCb UMeloTc OOCTOATEeNbCTBA, YNPOLIAIOLIME STO PaslioKeHHe H
OTCYTCTBYIOLIUIC B Cay4ae Teopuu mnaaner. Oana u3 npuyuH, obJeryaio-
IHX Pa3JoXKeHie, COCTOHT B OCOGOM YC/JOBUM, CBA3AHHOM € IBHXKEHHEM
Connua OTHOCHTENbHO LeHTpa Macc 3eMmaun u Jlydsl. dtoT Bompoc Gyaer
cnelHansHo paccmorped B § 7.03.

§ 7.02. Pasjowenne dyHKuun (%4——%)
B TeopHH JIyHn

Ypasuenua nskenns Jlynst u Connua (15) u (16) § 4.09 umeior Bua

- GS(E+ M) oF

P =R M
« __G(E+M+S) oF

WETUERM o ox @

npuieM ypaBHeHUs IS Y, Z M y,, 2y AHANOTHYHH STHM. 31ech X. ¥,
z — KoopauHatel JIyHH oOTHOCHTeNbHO oce#t ¢ Hauanom B E (puc. 16),
a x;, ¥, 2, — koopauHatet CoNHIA MO OTHOILIEHHIO K CHCTEMe KOOPAH-
HaT ¢ HauanoM B Touke C, ABAsioulelcs uentpon macc E u M, u ocsmH,

9 V. Cmapr
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napaaneabiniMn ocaM Ex, Ey, Ez. Kpome Toro, F na ocnosauun ¢op-
myas (14) § 4.09 Brpakaerca Tak:

M| E
F=1+%- ®)

B stux pasenctBax E, M u S — maccn 3ema, Jlynnt u Co.anua coot-
BETCTBEHHO.

M (flyna)
™~ i
! a4
," /o
r.loe i $
/ A (Conmye)
1
L/ . ! |
£ (Gemns) r
Puc. 16

Ha puc. 16 o6oanauum EC uepes p, MC —uepe3 p, u yron MCS —
yepe3 a. Ilo onpeaesneHHIo, ME HMeeM

Mr Er
P=ExM P=Exwm 4
3arem
A?=r? — 2pr cosa—p}
uaH

G=[1 =B (2"

Hanee, p,/r, aBaseTca MaJoH BeJMUHHOR, TAK KaK OTHOUIeHMs r/A, r/A,
W r/r, nueioT nopanok 1/400. IMTostomy

LN | (&) P@. ®)
{=1

rie P;(a) —nommsiom Jlexauapa I-ro mopsasxa. Ecau uepes ¢ o6o3na-
YHTb COSQ®, TO MBI CMOMEM HANHCaTb XOPOILO H3BECTHHE (HOPMYJIH:

PI=C. Pz=‘g‘c2—‘%’t
5 3 35 15 3 ©
Py=5 —gc, Py=-g ct—— 4.

Kpome Toro,
Al = rf+ 2or, cosa 92.
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OTKyAa
1+2<—1) (&) P@. @
Bcneactsue pasencts (5) u (7) dopmyna (3) npuﬂumae‘r BHI
nF=E+M+ 2L (Mp,—Ep>+ B (Mt + £+
(MPI—EP:’)-F (Mp.+l=‘p‘)+--.

HJH, COT/aCHO cbopuynau 4).
_E4M ME [rt E—~M
F= + [ A Py —— ETM T P,+

rl E4+M
LPt . ] @)
l

”
=y
n

—EM4+ M
+% (E+ My

§ 7.03. Op6ura Coanua

W3 ypaBHenuft (2) n (8) § 7.02 mm umeem

;V1=G(E+ M+S)—5i_l[l + (EﬁEM)‘z r3 2+ ]

OTHOlleHHe BTOPOTO YaeHa B CKOGKAaX K mepBoMy HMeeT NOpAAOK

-t (7)

E+MpP\r)’
Ho M/E = 1/81 u r/r, =~ 1/400. CnenoBate/bHO, STO OTHOLUEHHe MpPH-
GausutenbHo pasHo 8- 1075 Takum 06pasoM, BTOPOH uieH He OKa3H-

BaeT 3HAYHTENbHOTO BJHSHHA, YTO CMPABEAIHUBO TAKKe AAA MOCAEAYIOLINX
uaenoB. ITosTomy sanuiueM ypapHeHus nBuxeHus CoJHua B BHAe

},+G(E+M+S)‘_r;=o
1

MAIOC 1BA AHAJOFHYHMX YpaBHeHHS8 Ana ¥y, W 2z,. Ilemxenue CoaHua
oTHOCHTenbHO C, TaKHM o06pasoM. aBAdeTcs SJAHOTHYecKHM. Ecan n,
H @, CyTb CPeiHec HBHXKEHHe M 6H0annts: n-1yoCb 9TOH SAAHMOTHUECKOH
opOuTH, TO

GES+ M + 8= nia} ¢))

HopMmaab k naockocth op6uth CoaHua umcer (HKCHPOBAHHOE Ha-
npasjenne, ¥ MH BHOepeM OCb z Tak, 4To6GH oua npoxoauaa vepes E
napanneabHo stot Hopmaau. Toraa ocHoBuofh naockocTbio xy Gyzder

9'.
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NAOCKOCTb SKAMNTHKH. TIposencm na puc. 16 orpesok npamo#t ET (=r,)
napaaieabio CS. Torna 7 CyneT ABHTaThCs B NMJAOCKOCTH SKJHNTHKH.
Koopansatet T orHocuteapHo E Te e caMHe, Y4TO H KOOPAMHATH
Couanua orHocurenbHo C.

Mu MoxeM 3ateM BhpasuTb koopauHath Coanua (othocureasiio C),
sxoasue B F, no ¢opMmynaM 31JHNTHYECKOTO JABHXKEHHS uYepe3 &,, €,
M T. A., TAC @, € H T. I.—nocmoaxnse. OTMETUM B 3TOH CBA3N
pasauune Mexay Teopuedt Jlynw u Teopueft niauer. B mocaemwem cay-
yae KOOpPAHHATH BO3MYIHAIOMEro TeJa MOACTABJAOTCA B BO3MYLUAIOLIYIO
¢yHkuMio B BHAe aareGpanyeckHX (PyHKUMH, MPeACTAB/AIOWHX pelleHHe
yPaBHeHHH HEBO3MYILEHHOrO ABHXEHHA, HO @, €; H T. H. ABJAIOTCA YKe
He TOCTOAHHHMH, a (PAKTHYECKH HOBHIMH TePeMEHHHMH, YIOBJETBOPSAIO-
WKMH ypaBHeHuaM JlarpaHka. 1o 6yleT CKa3WBaTbC A Y/JeHaX BTO-
poro nopsaaka B BO3MYLIEHHAX PaccCMaTPHBaeMOH MNJaHETH.

§ 7.04. BosMymaiomasa GyHKUHA B TEOPHH
asHxeHus Jyno

Cornacuo cootHowennio (1) § 7.02, Boamywaiowan d¢yukuus R

BHpaxaerca popmyaoft
R=SECLM p, )

Tak kak r, He 3aBHCHT OT KOOPAMHAT JIyHH, TO NepBHA ujeH B npasoft
vactH ¢opmyan (8) § 7.02, onpeaensiomet F, Moxer GHTb OTGpOLIEH.
Kpome Toro, mockoabky E/S =~ 3 - 1078, dopmyna (1) § 7.03 moxer
GHTb C NOCTATOYHOM CTeNMeHbI0 TOYHOCTH 3aNHCaHa B Buje

GS = nlad. @)
TMycrb n osHauaer cpeiHee yrioBoe AnHeHHe JIyHn u mycTb
="
= ®

3t0 oTHOmIeHHe, NPHOHXKEHHO paBHOe !/,;, GyleT paccMaTpHBATbCA
KaK Manas Be/JHMYHia nepsoro nopsaiaka. dopmyay (2) sanuilleM Tenepb

B BHIe
GS = m?n%a3. 4)

TMocpencteom pasencts (4) U (8) § 7.02 dopmyaa (1) aaa R npu-
BOAMTCA K BHAY

R= m’n’ﬂ(“') [P2+ E+M( ) 3+

+ 5 () P ] ®)
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Ecan MB 3fech B nocleaHeM 4YjacHe NpaBoH yacTH Hanuwem (E — M)?
EM r\2
0 E?2— EM - M2, 1o BBeAeM owHOKY N ———~(—-)
BMeCT -+ AcM owuOKy nopsika EF My ’
KOTOpad, KaK nokasano B § 7.03, npuGaukento pasxa 8 - 10~°, Baua-
HHe STOM OowHOKH Ha BesMYNHY BO3MYVINEHHH OYIeT He3HaUUTeNbHBIM.
Beoas a, Mb 3annwem ¢opMyay (3) creayiowuM o6pasom:

e ] ot (B 35 2
e ] o

Yno6HO 3anucaTh BHIpaXeHHe (—E;M- . -i) NPOCTO KaK a/ay, HO MM
a P E4+M g P p

HHTb, YTO OTHHHE @/a, — yNpOllleHHas 3anuch Goaee CAOKHOTO BhIpaxe-
uua B ¢opmyne (6). Mn, Takum obpasom, uMeeM

e e B (B [

B cko6kax nopaaok koddduunenta npu Py TOT Xe, 4TO U NOPALOK a/a,,
TaK Kak r/a u a,/r, npubau3uTeabHO paBuu eaunuue. llanee, a/a, ectb
OTHOLIeHMEe cHHyca mnapaanakca CosHua kK cunycy mnapaanakca Jlyww,
ecau noA a Mu GyaeM moluMath 6OAbWYI0 MOAyoch OpGUTH Jlynu, uaw,
BecbMa NPHOAMNKEHHO, OTHOLIEHHE COJIHEYHOrO Napasjakca K JAYHHOMY.
Mosromy yno6Ho uneH, colepwmautuil P;, Ha3BaTb NAPAALGKMULECKUM
HACHOM.

§ 7.06. MNopsanok Beauduu e, €, Y, @a/a1 u m

Mannle BeaHuMHW, BXOAfIIHE B BHpaxeHue AAA R, npubamxeHuo
HMEIOT CAeAylole 3HAYeHHA:

! 1l & _ 1
a ~ 400°

N S IS B
e=55, =5 T1=Ri=q, m=v3,

[

Mu 6yneM cyHTaTb NMepBhle YeTHIpe BeJHYHHE MaALIMH MEePBOro NOpPsAAKa,
a a/a;— BeauynHo#t BTOpOTO mMopaika. B nanbneliieM B BHpaweHud R
MB OyleM OMNycKaTb YJeHH, MMcioliHe NOpsaok Gojee BHICOKHH, ueM
ujeH, colepikallui P;, u Aaa yA0OCTBA NMOJOXKHM

R=Ry+ Ry, )

rae
Ry = min?r?( 2L )p,, @
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Ry=mnr? 2L (ﬂ)‘ P, (3)

a a\r,
CaenoBaTeabHO, BeJAHUMHA R, COAepXKallas MHOXHTEIb m?, MMeeT BTO-

pof MOpAmOK, a BeIWYHHA Ry, colepxawas MHOXHTeAH m? W afa,,
HMeeT ueTBEpPTHHl MOPALOK MaJOCTH.

§ 7.06. Pasaoxenne posmymaromef QyHKuHn
B TEOPHH ABHXeHHA JIyHH

1) Bupaokenue sosuywanoueld Gynkyuu vepes r, A u s.
Ha puc. 17 usobpaxkeHa neGecHas cdepa ¢ uentpom B 3emae E.
Boabioit kpyr YNT ¢ noniocoM B K COOTBETCTBYET OCHOBHOM N/IOCKOCTH

X

Pnc, 17.

(NMOCKOCTL  SKIHNTHKH), KOTOpad Owiaa onpedereHa B § 7.03, T —
dukcupoBatnas TOYKa B cTofl MAOCKOCTH, OT KOTOpO#l H3MepseTcs 10J-
rota, M -—nmnonoxenne Jlynst H T —Touka B OCHOBHOH IJIOCKOCTH,
Jexaluas Ha npsMol, npoxoasiue#t yepes E mapannenbho CS (puc. 16).
Kpome toro, S — zeoyenmpuneckoe nonoxenue Coanua Ha stoft cepe.
N — y3en mrHosennoft 0p6uTH JIyHH, HAaKJOHHOCTb KOTOPOH paBHa i.
Hoarorta Jlyns, 06o3nauaemas yepe3 A, B OCHOBHOH MJAOCKOCTH ecTb V' X,
a mupota Jlynn 0 pasia XM. Joarora tTouku T ectb A;. Ilostomy
TX =X\—A,. Kpome Toro, ayra MT pasHa yray a (cM. puc. 16).
U3 npamoyroasHoro tpeyroabuuka MT X umeeM

cosa==cos (A —A,) cos 8.
TToaomum

s=1g0, M
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Toraa B oGo3havenusax § 7.02
cos (A —1,)

Y1552
S9T0 paBeHCTBO LaeT HaM BO3MOMHOCTb BHIPa3HTL MoauHOMH Jlexawapa

Py, P; uepes A, A, u s.
Hanee, u3 Tpeyronbﬂuxa MNX Haxoaum

tg 0 =tgisin(A — Q)

C=(Cosa=

@

Ui
s=171sin(A —9Q), 3)

1=tgl. )

Takum 06pasoM, BeAHYHHA § HMeeT NOPAnoK 7. [109TOMy MHEI MOMeM
PasnokiTh ¢ B PAA MO CTeNeHAM S M 3aTeM MOJIYYHTb TakuM ke oGpa-
30M pasnoxenus a8 P, u P;. Mu Toraa Hafinem, uto Ry, u R,;, onpefe-
AeHlble GOpMyaaMH (2) 1 (3) § 7.05, nawtca B BuIe

rae

Rz_%nﬂn?r?( )[1—332+3(l—32)c0s2(k—kl)] (5)

R3=_’"_’8"ai(i) (ﬂ)‘[B (l ——1.21- s’) cos(A—A)—+

a, )\,
+5(1 —%sﬂ)coss(x-xl)]. ®)

B HeBO3MyLIEHHOM ABHXEHHH PaAHyC-BEKTOP 7 H WCTHHHAsS aHOMa-
JHA f C TOYHOCTBIO IO Y/NEHOB MOpsAAKa e3 BKJIOYHTENbHO AAITCH (Op-
myaamu (14) § 3.11 u (11) § 3.10, T. e.

=l+-;—e2—(e—-%ea)cosM——;-e’cos?M——g-e3cos3M. ()]
f=M+(2e—%e3)sinM+%e2sin2M+%g-e3sln3M. ®)

rie M — cpeznnss aHOManud, onperenseMas no ¢dopmy:e
M=nt+e—o. ©)

2) Buipadicernue sepe3 ssemenmsl.
Hs A MNX (puc. 17) Haxoaum

g (A — Q) =costg (f + ).
ITos0XHM A% NMPOCTOTH
V=A—L, F=f+4o, x=tg%.
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Toraa | Bto P
— x)to
tgv=(—'¢i—,§—:
OTKYyAa N )
V11— PF_

2V LT 14 S
rie =) —1.
Hanee moayuaeM

2 - 2F
i v-p 1+ xe ™
l+x282”:

[TponorapudmupyeM o06e 4HacTH STOrO pPaBeHCTBA ¥ PA3/NOKHM B pal
no creneHsM x. Mo noayuyum

V= F—xsin2F 4 3 x'sin4F — ... . (10)

Ho

— 2
1=1tgi= ==

OTKYZa C TOYHOCTbIO X0 7! Haxolnm

C TouHOoCTLIO A0 uYJeHOB mopaxka 73 dopmyaa (10) npumer sux

A—Q=f+0—11sin2(/+ o).

Tak Kak w=0—2, To u3 dopMyan (8) € TOYHOCTBIO N0 Y/ICHOB
TPeTbero NOpsAKa MOAYYHM

)\=nt+e+(2e -1 e3)sin M43 ersinam 4
13 1 o, 1 .
+ 3 esin3M — ¢ 128in 21 — 5 eq?sin (M + 27) —
—-;- ex?sin (M — 27), an

rae
n=nt+e—L. (12)
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Anxanoruuno aas xoopausar Coanua otHocureabno C (puc. 16) wam
koopauHat T otiocureasHo E (puc. 16) umeem

ry=a,(1— e, cos My+ el — 3 e cos 21, (13)

My = myt &+ 2¢; sin M, + 3 e2sin2M,. (14)

Hs ¢opmya (3) u (11) ¢ TOUHOCTLIO A0 YJAEHOB TpETbEro NMOpaAKa
HaxoauM

s=(1 -—e’——%12)1sin~q+e1sin(M+n)+
+e1sin(M—n)+%e’1sin(2M—~q)—|—

—|——g- ey sin(2M+'q)——fl;— 13sin 3. (15)

HyxHo 3aMeTHTb, 4TO ry W A, OT/HYAIOTCA OUEHb MAaNO OT 2e04eH-
mpuyecko2o paauyca-pektropa ConHua A, ¥ ero reoueHTpHueckodt a0J-
rota A. M3 puc. 16 Buano, uro A, =~r,(14xcosa), rae x=p/r,.
Ho rak kak M/E==1/81,5, r=~384000 xu, 10 p=4600 KM H

x~3-10"%~6”. Ecan Aa o3nauaer ua puc. 16 yron ESC, T0
Aa=xsina. Ha puc. 17 MT =a, ST =A7a. Ecam ¢ o3Hauaer
yroa MTX, 1o, npene6peras Y2 U SKCUEHTDHCHTETOM, MOJAyuaeM

N —X =AacosP=1xsinacos Y =—xsin(n—mn).
Kpome Toro, mmpora Coanua 6’ naerca ¢popmyuno#
0" = Ao siny ==xsinasinp =xysiny,
B KOoTopo# x»Y =3 - 1078 =~ (‘?,‘)”
3) IMycts & onpenenserca ¢opMyaokt
t=(m—n)t+e—e,. (16)
Toraa u3 pasencts (31) u (14) umeem
A—\ =t+2(esin M —e,sin M)+
+ 5 (€?sin2M — e2sin2M,) — X sin 2y, an

Ecau pasencrsa (7), (13), (15) u (17) noacrasuts B dopmyan (5)
u (6), To nepsble ABa craraeMuX Bo3Mywlaiowe# ¢yHKuuH R; u Ry
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NPHMYT BUA
Rz——-m?n?a?{%—J——g—(e?—l— e&— 1)+

—I—(%——Isée — 1'85' e2-——~ )c0525+
+e[ cos(2'—|—-M)——-cosM ——cos(2»—M)]+
+e,[%‘cos(25—/m,)+ cos M, — 3 cos (22 +M,)]+
4o [1—5 cos (2 — 2M) 43 cos (25 + 2M) —  cos 2M]+
+e? [——— cos(2*—2M,)+§cos2M,]+
+ee,[ cos (2% —M+M,)+—8-cos(25+M—M,)—
— 2 cos (M M) —3 cos 2+ M+ M) —
-—%—cos(M—-Ml)—%a—cos(QE—M—Ml)]—F
+_§’_12[cos(25-—2n)+cos 21;1} (18)

H, € IOCTaTOYHOR A/ HALIMX UeJed TOYHOCTHIO,

Rs:l’%’:ﬁ(%)@ cos £ - 5 cos 3%). (19)

Ecan pasnoxenne nas R Tpebyercs 10BeCTH 10 00Jee BHCOKHX
creneHel e, e; H Y, TO /KO BHAETb, YTO R MOXeT GHITb NMPeACTaB/]EHA
paaoM ¢ OOLIMM 4/AeHOM BHAA

Arrcosqf . ryPicosq, f, 4 BrPsingf - ryfising, f,

rae p, P, ¢ M ¢ —TOJOKHTEJbHHE YHCAA, TakHe, 4t0 p>1
p1> 2. C noMouwio dopumyau (15) § 3.09 yneu r?cosqf., Hanpumep,

MOKeT OHTb TpPeACTaBAEH pRIOM BHAA ZA cos JE. 3areM cos fE
B cooTBeTcTBHH ¢ dopmyaoll (7) § 3.11 MoxHO mnpencTaBuTh B BHIE

pana X B, cos kM. OKkoHuaTebHHA Pe3ynbTaT 3anMMIUETCS B BUAE psna
2 Ccosh, rae C— dyHkumst o1 a, a,, e, e, 1 ¥, a

0=IM—+ 1L, M, + JQ+ /,2, + ki —+ k,d,.

3nece Beawuun ¢, I, J, J), Rk, kR, — nojoxuTe/bHble HJAH OTPHUATE/Nb-
Hble LieJble YHCA4, B TOM UYMC/Ae H HY.lb.
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§ 7.07. Bosmymwawomas PyHKiHA B TEOPHH ABHHEHMS
nJaaHeT

B rteopun Jlynn, Kak Mbl TOIbKO YTO BHIE.TH, Pa3/oKcHUE BO3MY-
wamoled QyHKUHH HAYMHAETCH C PA3JOKeHHS MO CTeneHwaM r/r,, a 3areM
MPOH3BOAUTCA pPa3.JioNeHHe MO CTeneHaM e, e;, T # ;. B Teopun aBu-
KEeHHA MJAaHeT OTHoWleHHe r/r; (AW a/a,) MowxeT OBITb 3HAYUTEILHLIM
no seauuuie. Hanpumep, aaa Benepnl m 3eMan 3TO oTHoLlenue paBHO
0.72, a aas KOnurepa u CatypHa ono 6au3ko k 0,5. Ouesuano, yToOH
NOJMY4YHTb TOYHOCTb, CPaBHUMYIO ¢ To#f, KOTOpylo JAaloT HabmoaeHus,
HYXHO OBIIO OH B34Tb OuYeHb 6OJbIIOE YHCJIO Y/AEHOB B pAjax cTeMme-
Helt a/a, (uau a,/a, ecan a > a,). Tlostomy caavara R pasaaraerca
B PAL MO CTEMeHAM SKCLUEHTPHCHTETOB H HAKJIOHHOCTeH, KOTOphe pac-
CMaTpPHBAIOTCA KAK BeJHYMHB MEpBOro MOPsAKA MaJoCTH (OOHYHO caMoe
Goabiee 0,1), a 3amem NepexolsT K Pa3/oOkKelHAM NO CTeNeHAM a/a,
Hau a,/a.

Beanunna A BHpaxaeTcs uepes rejqHOUEHTPHYECKHE KOOPAWHATH C/e-
dytotueft opmyoft:

A= (x — %))+ (y —y)’+ (2 — 2))%
npuueM 2/@ W z/a; UMeIOT NepBLH MOPANOK MAJOCTH OTHOCHTENbHO T
H |, COOTBETCTBEHHO.

[Mycto M Ha puc. 17 usoGpaxaer Temepb naavery P, skauntuyes
cKkaa aoarota kotopoht A==NJX, wupora 0= XM, a A\ u 6, — coor-
BETCTBYIOIIHE BeJAHUMHbl, OTHOCAUIMeCd K naaere P,

[ycTs p ¥ p, —NpOeKUHH 7 M r; HA NJIOCKOCTb SKJAMNTHKH; TOrAa

X2y =p% X+ yi=pl xx,+yy,=ppcos(r—A).
[lycts, manee,
A=\ =0, AZ=p?—2pp coso—+pl. 0}
Toraa
A=A (z—2z)
1
ChrenoBarensHo,
1t 1 (Z-—Zn)’_i_i (z—2)!
A 48 2 & g &
C zpyroft cropoun, BTOpofl uien B R pabeH
— Gm, xx 4+ yyi 4+ 2z, =—Gm, 4} C°S°—:"izl —_—
"? (P¥+21
pcosa zz, 3 picosa

AN w2

3 22} 15 p2icosa
0 ).
2 p 8 3

@

@)
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Pasaoxenus (2) u (3) MOryr OHTh NCAyYeHH C JIOGOH CTenmeHbld TOY-
HOCTH OTHOCHTEILHO MAIEIX BeauunH 2/a u 2z,/a;. B nocaeayoweM mu
pa3nokitM R 10 BTOPLTO NOPSAKA OTHOCHTEILIO MAILIX BEAHYHH H B CO-
OTBETCTBUH C 3THM U3 pasioxeHn# (2) u (3) OyieM umetsb

R 1 peoss 1 (z—z)" zz 3 pzlcose @
Gm, 4 P 2 A o2 ol

§ 7.08. Pasaowenne p, ¢ B 2
1) Ua puc. 17 (ctp. 134) nmeem
sin § ==sin{sin(L — Q),

roe L —ucTHHHas [oarota nJaavetol, pasHas YN+ NM. Ilanee,
€ TOYHOCTBIO 1O Ma/biX BTOPOTO MOPAAKA HAXOAHM

p=rcosﬂ=r—-—é—rsinzlsin’(L—9).

Bo BTOpPOM ujeHe, He U3MeHAA MOPALOK BEJHUHH, MH MOXeM 3aMeHHTb I
Ha a, L Ha nt+4¢ u sinf==(iglcosl) Ha 7; TakuM 06pasoM, C TOY-
HOCTbIO J0 Y/€HOB mopsaka Y2 6yleM HMeTb

p=r——~é—a125inz(nt+e—9)sr-—%a'f’sinzn.

Torpa, ucnoab3ys Gopmyay (7) § 7.06, MH C TOYHOCTBIO 10 4YJAEHOB
nopsaaxa e? noayuyaem

—f;=l—{—%e’—%ﬁ—-ecosM—%e’cosQM—{—%12cos2'q. 1)

2) Bupaxkenue Aad A ¢ TOYHOCTHIO 1O YJIEHOB BTOPOTO MOPAAKA
naerca ¢opmyaoit (11) § 7.06. Buipaxenue Aaa A, AaeTcR aHANOTHYHOR
¢dopmyaoft. Toraa o (==k—\,) onpeneaserca no ¢opmyae

e=nt+e—(nt+¢) -+ 2¢sin M — 2e,sin M, -
+%e’sin2M-— % efsin2Ml-—%12sln 2n+71-1';’sin2~ql. 2

3) Tak Kak z=rsinf, TO MOXHO Hamucatb
z=rsinl.sin(L — Q).
Dlanee, Tak kaxk R, coraacHo dopuye (4) § 7.07, conepxur Toabko 22, 22,
H 22, TO HaM HYXHO HAHTH BHIPAXKEHHE ANA Z TOJbKO 1O 4JEHOB nep-
BOTO MOpsAKa BKJloyuTeabHo. [lostomy
z==aysinn. 3)
AHanoruyHo
zy=a,7,sinn. 0]
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§ 7.09. Meton pasnoxenus R

Mol noaoxum

p=a(l4+uw, p==a(l+u) 0))
o=9+9, @

rae 1)
o=nt+e—(nt+e). (6))

U3 dopmyn (1) u (2) npeamayuwero maparpada caeayer, uro 4,
4, W ¥ —BCe BEJHYHHH MEPBOro MOPAAKA MaNOCTH. PAKTHUECKHE BHpa-
MeHHA AN U, &), U yepe3 €, €, T H Y, MOTYT OHTb NOAy4YeHH H3
STHX ABYX TOJBLKO YTO YMOMSHYTHX ¢opMys.

Coraaco ¢opuyae (4) § 7.07, R ects dynkuus p, p, 0, 2 U 2;;
M eclH Ml 0603HauMM uepe3 R, Takoe sHaueHHe BO3Myllaoulel dyHK-
UHH, KOTOPOE OHA MPHHMMAET MPH HYJEBHX SHAYEHHSX 4, 4,, ¥, Z H 2,,
To H3 paBeHcts (1) moayumm, Hanpumep,
(dR 9Ry

op ) “0a '

rae (OR/0p) o3HayaeT BeAMYHHY NPOH3BOAHOR OR/dp NMpH HylAeBHX 3Ha-
YeHHsX U, 4, U, Z H Z;. AHaJOrH4YHO

( IR\ _ R,
Op 0s ) = Daop

HT A&
Pasnaras R B paa Teflnopa, MH ¢ TOUYHOCTBIO MO MA HX BeJHYHH

BTOpOro mopsaaxka OyaeM HMeTh
dR
R=R,+au—3> °+41"1 aa S Lo
o 07 PR d
o @up SR 4 2 (@S °+ @It

dRo

+(a8) (3y) e+ (a) 0 o (@) 0 e (4)

nAlC yYJjeiisl, 3aBHCALHE OT 2 H 2. an S9TOM

Ry _ 1 _ acosg 5
Gm, 4 a'f ' ®)

rae
A} =a’—2aaq, cos 9 4 a. (6)

) B reopun leuu, kak Buano u3 dopumyam (16) § 7.06, oMmecto ¢ 6uina
NpUHATA BeAnduHa §.
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Yaennt B R/Gm,, 3aBHCAIllke OT 2 M 2;, HMEIOT BTOPOH MOpAZOK ®
Ha ocHoBaHMH ¢opMyaH (4) § 7.07 onum Moryr OWTL Tenepb 3anMHCaHK
B BHIE
1 (z=—2) 2z, 3 azlcose

T8 @i a4 @

Paznoxum 1/A, [nepBuft unen B dopmyae (5)] B pan Pypse:

1 ©0
7 By+ 2 B, cos ne. ®8)

nel

Ananornuno Muoxuteas 1/A3, Bxomsmuft B nmepsmf uren dopmyan (7),
Oyner NpencTaBjeH PAROM BHAA

-;—Co + 2 C, cosng. )]

n=l

Hanee, ecan Mu, HanpuMep, HaflaeM OR,/0a w 0?Ry/0a?, To Muw nony-
YUM BHpaXKeHHs, COAepkaliHe l/Ag H l/Ag. Kpome Toro, u3 ¢opmya (4)
n (6) caemyer, uto, ecin HaM moTpebyerca pasnoxenue Aaa R jgo mo-
psAKa BHIe BTOpOro, MH OyldeM HMeTb 4/eHH, COMepaliHe MHOXH-
TeaH l/AZ,. 1/A3 u 1. L. KOTOpHe MOryT OHTb NpeACTABJEHH PAAaMH
Buaa (8) uau (9).

Mu GymeM CunTaTh, Y4TO @ > G, H MOJOXHM

a

T‘ =a (10)
u
D=1—2acosp-a2 (8))
Toraa
1 1 1 1
A_o = %" -E = —5o% T. AL (12)

Byzaer nonesHo noayuuts pasdnoxeHue yHKILHH
(1 —2acosp4-ad)~°,

rae § uMeeT BHR n-}-1/;, NpuYEM 72 — NOAOKHTENbHOE WLeNOe HHCIO,
BK/IIOYaA H HYyJb.

[Tepen Tem Kak 3aHATBCA B chedyiomeM naparpade 9Toi uacTHO#
3amaveft, M NpHBELEM C TOYHOCTBIO A0 Y/EHOB BTOPOrO MOpsAKa pas-
NOXEHH AN BENHYHH U, Uy, U, 4% ..., 40, BXOHAIHX B KauecTpe
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MHOXHTE1el B pasioxenue (4) Aa3 R. DTH pasfoKeHHs HUMEIOT BUI

u=——ecosM+—l-e7—-1~12—le2c052M+—1- 2cos 27, (13
2 2 2 71

1 1 1 1
uy=—e,cos M+ 5 €] — 7 1} — 5 €] cos 2M, 42 1} cos 2n,,  (14)

u?=% e2—l—-}2—e’cos2M, (15)
1 1,
u%=—2— e%_l_-f eiCOS?A”l, (16)
uit, = 5 ee, C0s (p — &~ &p) -+ cos (M + M), an
fu--2esmM—2elsinM +—e sm2M-——e sin2M, —

-——j; T2Slﬂ 27I+'4_ T%Sin?fll: (18)
uv==— e?sin2M — ee, sin(¢ — &+ &,) + ee, sin(M 4+ M), (19)
uv =elsin2M, —ee, sin(¢ — &+ &) — ee, sin(M -+ M,) (20)
H nance

2:';’=7 111"‘—4271”5 27,, @n
1

1
zzy=15 aa,(7, cos(p — L+ L) — 5 agyyy; cos(+m). (22)
(z— 2, )?=la212+ 5 aly? —l a212c052r—la 2{3cos 27, (23)

TMonactasass 9TH BhHpaxeHus B ¢dopmyay (4) W npeamoaarad, 4TO
BeJHYHHLI

R, 9*Ro
0a ' """ 0d, 09

pa3nokeHH B MEPHOAMYECKHE OTHOCHUTENLHO ¢ pAAW, MH TyTeM mnepe-
MHOXEHHS TaKMX BeJHYHH, KaK & W ORy/da, momyduMm pasaoxenue R
B BHAE TNEPHOIAHYECKOr0 pAAA RO BTOPOro MOPAAKA MANOCTH OTHOCH-
TEJbHO SKCLEHTPHCHTETOB M HAKJOHHOCTeH.

§ 7.10. Paznoxenne (1 — 2zcos¢—+a?)~’
Mycts z2=e'?. Toraa 2cosp=2+42"1 4

D=(—az)(1—az"}), 0y}
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NosToMy

D'=(1=—22coss+a) " =1 —a2) (1 —az-1) =

=['l+saz+f%'£"—1)-a?zz+-&ig+"'2)-a3z3+ ]X
><[l—{-saz“+s(—s2-!!—_—l)a2z‘2+&'*_—§3)l(s—'}'—2)a3z"3+ ] 2)

AR
D™ =1 Bi4+ ¥ Bi(e"+27"). )
n=1
rae
1 Dye
—2—Bé=l+82a2+—[8—(‘22—':')fla4+ 4)
H
1
2 n

B = s(s+1) ...!(s—l—-n—l) an X
X

s s-+n s(s+1) (s+n(s+n41)
R = s e o e I )

Tak kak a <1, To ficHo, yto panu (4) u (5) cxoxsarca.
OueBnaHO, 4TO paBeHCTBO (3) MOXeT OWTb 3aNMHCaHO B BHIE

1
2

D™= Biz", (6)

b8

-0

rae n nNpHHAMaeT BCE LEJbLEC IOJOXHTEJAbHHE H OTpPHUATE/IbHLHIE 3Haye-
HHA, BKJ/I04asd H HY/b. TakxKe OueBHIHO, 4TO

Bf.n == B.;..
W3 pasenicTBa (3) MB HMeeM
(o]
D™= Bi+ Y, Bicosny, @
n=1

a 9TO M ABASETCH TPeGyeMHM pas/okeHHEM.

Kosdduuuentn Bj HaswBalotca rxosgguyuenmanu Jlanraca. s
¢dopMmyanl (5) BHAHO, YTO BCE OHH MNOJOXKHTEJbHH.
Pazaoxenue (5) MOXHO 3amHcaThb B BHIe
1

7Bf,= s(s+1)..,;l(s+n-—1) a"F (s, s4n, n--1; a?), ®)
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HJH, Ha ocHOBaHuH dopmyan (2) § 3.04,

_l_B;___s(s-{-l)...(s-{-n——l) an

2 al TT=a X
al?
XF(S. l—s, n+41; —-——l‘:a?-). )

Pasnoxenue (2) MoxeT GLITb HeMedJeHHO MOAydeHO M3 opmyan (12)
§ 3.09, ecan noaoxuts B Het ¢ ==0 u 3amenuts p Ha —s, a B — Ha a.

§ 7.11, Hurerpaapuuie dopmyan aas kospdHuHEeHRTOB
Janaaca

YMuoxaa o6e yactu pasencta (7) § 7.10 Ha cosnp n uHTerpupys
B mpepenax ot 0 no =, nojayvaem

__2 f cos np dy 1
=% ) T—acosg ™ (1)
0
B vacTHOocTH, KOrAa s==1/,, HMeeM
l/, — f cos ne de
(1 — 2!1 cos ?+ G’)l/' . (2)

3areM u3 q>opuynu (5) § 7.10, noaarasa B uet s=1/,, HaxoAUM
Vo (2n — l) (2n41)
781 [ 74, +g- N TES) @+ ... [o"

M, NPHHHMas BO BHHMaHHE H3BECTHYIO q>opuy.'|y

1 (. % —1
3 [orgdg= 15y Cml)
0

noayyaem
®

%BZ’:a"fsin”'cp(l—}-—é—sin"’cp-{-%sln‘cp—}- ...)dcp,
0
TaK YTO

1/, 2 ,.fl/sln e de . ®)

T—a?sin?o sin? ¢

HHTepecHO 3aMeTHTb, YTO M3 paBencTB (2) H (3) MH HMeeM

f cos ny dy " ; sin?® ¢ dy @)
V1i—2acos¢+Fa? J Y T—da?sinfe

10 V. Cuapr
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Hs dopmyant (3) npu n =0 naxoanm

2sin? ¢ %

1 2 d; 4
0

rae 9
B
Foy= ?

0

VT—aZsin?e

©)

npeacrapiaser coboft 3aaunTHyeckuf uHTerpaa mepporo poaa. Kpome
TOro, korad n=1. to

l/, 4 f sin? ¢ d¢ —
Y 1T—a%sin?g

-;[f S Ll

=2 F@—E@L @)

H

rae E (a) — saaunTiueckuit MHTerpan BTOPOro poaa.

Yucanennsie 3nauenns E (a), F (@) MoryT GuiTL Hafioensl mo TaG.auuaM
Ans 9THX ¢yHKun#t, OGuGanorpadus KOTOPHIX NPHBOAHTCA B «YKasaTesle
MaTteMaTHyeckux Tabmuu» Paeryepa, Muanepa u Posenxena (cM. mpume-
yanne Ha cTp. 64)1).

§ 7.12. Pasanunnie popMyan aas KospPuunenTos
Jlanaaca

1) U3 ¢opmyant (6) § 7.10, 3amenns B Buipaxenun Ans D 2cos¢
Ha z-+2z~1, MbH uMmeeM

[14at—a(z 427 = VB,z : )
[TpoandpepenHunposap 310 PaBEHCTBO MO Z, NMOAYUHM

as(l — 27?1 +a-—a(z+z—l)]‘s'l 5 Z Bs n-1 @)
OTKy1a

as(zmz‘l)iB‘,’,z"=[l+a2—a(z+z‘1)]§‘,n37,z". (3)

) Cum. takie: A. B. Jle6eaen, P. M. denopoBa, C!'lpaBO'-lHHK Ao Ma-
TeMaTuneckuM Tabausam. Usp-so AH CCCP, 1956. — ITpun. ped.
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[MpupaBuseM B 06eux yacTax paBeHCTBa Koddduunentn npu 271, Toraa
as(Bh-2—By)=(n—1) (1 +d°) Bi_1 —a[(n — 2) B2+ nB},
OTKyAa

= "_1(a+a'1)B,,_1 n-}-s—s—- -2 (€))

Crano 6uiTh, ecau 3Hauenusa B, B} uspecTiini, To 3uauenua B3, B3, ...
MOryT OHTh NOCMENOBAaTEAbHO BHUHC/IeHH. B uactnoct, korza s=1/,,

1 1
suauenns B!, B, ... MOTYT 6blTb Aerko Hafilennl NOC.1€40BaTeNbHO

H3 3HaveHHR KO9(DPHUHEHTOB B{:, Bf, NOAyYEHHHIX H3 TaOJHLL JIHNTH-
yeckux GyHKuu#, Kak yxe ynomma'locs B npeanAylleM naparpade.
2) Mu MoxeM 3anHcaTh paBeHCTBO (2) B BHIE

as(1— 272 iBf,“z"_ SinBi2". [6))

[MpupasuuBas koSPQPHUMEHTH NMpH 27”1, HAXORHUM, UTO
nBy=as(B3t — B3)). (6)
3amenns B cpopuyne @ nuan<t1 usmHa s 1, Mt OyaeM uMethb
aBi i =——=[r(1 +d®) BSt —a(n + 5) Bitl].
Moaromy ¢opmyna (6) npumeT BHA

2 [2aB3H — (1 +4%) B*']. @)

S
Bn - n
3amenum B sTo#ft dopmyne n Ha n+4 1. Toraa ona 3sannercs B BuAe
Bri= =gy [2083 — (1 ) B3] ®

Uckawouup B“.", " Bf.“ u3 ¢opmya (6) — (8)., MH noayunm

(n4 )1 4a®) B, —2 (n—s41)aBS

Bfl” s(l—a?)? . )]

Bra GopMyaa 1aeT BO3MOKHOCTb HAM BHUYHCAMTL 3uauenne Bi*!, koraa
sHavenus B u Bj,, M3BeCTHH.

Cosokyniocts ¢opuyn (4) 1 (9) 2aeT BO3MOKHOCTb BHUMCAATL KOSG-
¢uunentsl Jlannaca, Koraa uMcleHuHe 3HaueHHs Bl( " B/ noayueHn u3
TabanuL  9AAMNTHYECKNX (YHKUHA HAM KaKuM-AM60 APYruM cnocoGOM.

10*
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Samensas B ¢popmyne (4) n ua n-+1 ® Hcnoabays 3ateM STY ¢op-
Myay Ans MCKJloueHHs Bjy, n3 dopmyam (9), HameM, yTo nocaemHss
npHuMeT BUA
2a(n+4s—1)B,_;—(n—s)(14d) B}

S(1—a?)? y

B = (10)
O1a ¢opmyana u Moxer OHbITL HCMOAb30BaHa BMecTO GopMmyan (9) aas

utuncaenns Byt
Kpome Toro, us ¢opmyant (9) u dopmyan, noayuenHoft u3 (9) ny-
TeM 3aMeHH 7 Ha n— 1, MH Jerko Haliem, 4To

s(14+d®) BiY — 2asBiL ) = (n +5) BS. (11)

§ 7.18. TMpouseonusie or By no «

1) Npoanddepennnpyem d¢opmyay (1) § 7.12 no a. Toraa Gyzem
HMETH
dB‘

—s(2a—z—z'1)23"“ "=V

-0 -0

—2 2",

OTKyZa, MpHPaBHKBAA KO3¢dulUKeHTH NpH 2", moayuaeM
dB’

w4 By — 24851, 1)

Hcnoasays pasetctBo (9) § 7.12, BHpasum BSY! uepes BS_, u B2
Ilanee, no dopmyae (10) § 7.12 smpasum B5L) uepes B u Bl
w BS*! yepes Bi_; u Bj. Haxonew, no ¢opmyae (4) § 7.12 Bupasum
B, uepes Bj_; u By. Torna dopmyna (1) npumer Bug

o e 2t s— DB+ [2as—n(e+aB). @

Kak ¢opmyaa (1), Tak u ¢opmyna (2) MoryT ObTb HCMOJbL30OBAHH AAS

swuncrenus dBj/da.
2) UYro6u HaliTh BTOpYl0 Mpou3soanyio oT kosdduuuenta Jlanaaca,
BOCROAb3yeMcs mpexae Bcero dopmysont (7) § 7.10, umenno

[ -]
(1 —2acosp4-at)™ = %Bﬁ—{-—EB},coan.
1

Mpoauddepenuupyem ee no a. Toraa

25 (cos ¢ — a) 1 dBj i dB;, cosn
(1—2acosp+a?)’t! ~ 2 da da L
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Mpoauddepenunposas no a BTOPHUHO, Oylem HMeTs

4s (s 4+ 1) (cos ¢ — a)2 — 25 (1 — 2a cos -p-}-a’)
(1—2acos qa-{-at’)""2

1 a’Bj a’B;,
=z da,o-l-z <71 COS Y. 3)
1

JleBaa uacTh STOTO PAaBEHCTBA MOMXeET O6HTh 3anKucaHa B BHIe

2s(2s4-1) 4s(s+41)sin’e 4
Da+l D3+2 ( )

Tlepsuift uneH BHpaweHua (4) paseH
23(23—]—1)( B’+'+23’+' cos mp) ®)

IMponuddepeHnpoas BHPAXKEHHE
D-‘_IE—;-BZ;H—I-Z B;“COS ne
1

no ¢, NOJyuHM

(-]

2a(s4-1) sin

——%—;{—;—1 = 2 nB;'sinng.
1

VuHoxuM 06e uacTH 9TOTO paBeHCTBa Ha sing H BHpasum
sinnp -sing uepes pasHocTb ABYX KocHHycoB. Toraa BTOpPo# unen
B opumyae (4) upumer BHA

o«
—%Ean.“ [cos (n — 1) @ —cos (74 1) 9]
1

HIH

—< g [(r41) B3Y ) — (n — 1) B3 ] cos ng. (6)

[TostoMy, npupasHusas B ¢opmyse (3) k09dpduUMEHTH NPH COSnP H
Henoabaya ¢opmyan (5) u (6), Mn moayuaeM
2gs

L 25 @5+ 1) B — L[4 1) By — (a — 1) BYY)

Jlerxo Bumerb, yTo STa GOPMyna MMeeT Cuay TaKkKe M npH n=0,
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§ 7.14. Pasnoxenne Gymxuuu R

Ynenn HyneBoro nopsiaka B pasaoxkenuu (4) § 7.09 nas R nawores
dopmy.ioit

Ry - 1 __acosg
Gm, 4y a}

O

-l
Paanaraa 1/A,=(aD) h B pAl M moaaras a = a,/a, MH AAA 3THX uJe-
HOB MOJYYHM

% Bf + % ( B — —-) cos ¢ 4 — 223,, cos ny. @

Ilns uneHOB mepBOTO M BTOPOro MOPAAKOB HaM noTpebyerca dRy/da
H T. I
M3 dopmyau (1), onyckas BpeMeHHO MHOxHuTEab 1/Gm,;, uMeeM

OR, a9 (1 1

da_ _W(K)_Fcos?’
0R, _ 0 (1) %
0a, o 0a, ( )+ a? cose
-o—:;“—-— :?( )+—sln<p

PaccMoTpum cuauana (9/da)(1/Ay). Tpexne Bcero uMeeM

S(H)= 2 (2) = & [E s+ Dot

Kosq)qmmleu'ru B ssasiotes pyHKuMaMu o = a,/a. TTosToMy

g (30) =~ (3

dB’ 1 %l 1 dB
d )—FL( By a ——da" ) cos ny.

n=l
ChnenoBatenHo,
OR, 1 aBl\ 1 (1 aB:
—5?19'="'_( ) ar (Bl e ) cong —
—_— 2‘ ( ) cos ng.
n=2

Ananoruquo

oR, _ 1 abf Ly O S

%a, =_2'a_’ o +a r T+ @) s+ ar X~ cos s

nm2
e )one—1 s

n=2



§ 7.14. Pasroxcenue gynsyuu R 151

0°Ry 1 B'/’ , CBYf
w =W B’ +4a ‘*’ “ )T
Blh 23%
+ _aa_ 2 ( ) cos ny,
n=1
PR, 1 d'Bf 1 ( 6 da’Bl 1 d*B's
= —— — —— — | —— COS 4 — cosnyp,
daf 243 dal aa e 2 ? + a8 22 da® ?
Ry _ 11 \ 2%
o —‘;(4—2—3/’)‘:05‘?"“_2” B cos n,
Ry 1 ( dB§ d2BJ )
Tade, — W\l @ T @ )T
1 {2 dB} d*B}
+E\F 2 g |cose—
1 dB»  4’Blh
._a_sZ( T +a—7s da )cosmp.
n=2
PR, 1 (1 | dBl*\
daoy  af (7+B‘/’+“ @) sinet
1 y dB"'
+F 2 sinne,
n=2
0*Ry 1 ( 2 dBh ) B}
0a, 09 @ =t sincp———zn sinfg.

TMockonbky sHauewws u, u,, ..., 40 Hanenw B § 7.09, Mu Teneps
MOXEM NpeACTaBuTb au (0R/da), ..., a,u,v(0°Ry/0a d9) B BHAE MepHO-
IHYeCKHX PALOB BIAOTH MO 4JAEHOB BTOPOrO NOPARKA OTHOCHTEAbHO
MajBX BEJHYHH €, €, Y U T; H C ROCTATOUHOR CTEMEHbIO TOYHOCTH OT-
HOCHTENbHO «. CTeleHb TOYHOCTH 3aBUCHT OT UHC/ACHHOTO 3HadeHus STOR
BEJIHUHHHI.

PaccMoTpuM Tenepb uJeHH B BO3Mywaowe#t QYHKUMH, COAepialine
z, z,. Otu uneHsl, coraacHo opmyae (7) § 7.09, Takopni:

— 5 — 5 5 cose. @®

MMepsuift yaeH paseH

— —2% (z—2z,)? (—;— Bi*+ B{*cos 4 2: Brcos ncp) .

n=2
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W ecnH BMeCTO (2 — z;)? NOACTaBHTb €ro BhIpameHHe U3 opMyan (23)
§ 7.09, a npousseneHHss KOCHHYCOB Npeo6pasoBaTb B CyMMH KOCHHYCOB,
TO B pe3y/bTaTe MO.IYYHM

1 23 M
— 52 (C 210 Bi + g7 1Bl cos (2 — Q) )

NMOC pas uyHble NepiHoAHYeCKHE YJAEHH.
Btopoe caaraemoe B GopMmyae (3) AaeT 4aeHH

— o @77 [c0s (p — @+ ) — cos (4. ®)

a Tperbe caaraeMoe B STOH ¢GopMyae — 4ieHH
31
BaaT 12 COS @ — €08 (9 — 27;) — cos (9 2y)]. ©)

§ 7.15. Henepuonuueckne uaesst N Bosmymaiouief
PyHKUHH

Ba kiyio 4acTb pasjiodeHHs R COCTaB/IAIOT HenepHOAHUYECKHe YjaeHH !).
OG6o3naynm 3TH uneHs uyepea N.

UYjens Hyaesoro mopsaaka — gopmyaa (2) § 7.14 —H unens, Koto-
pble BKJIIOYAlOT B ce6f KOOPAWHATH 2, 2;, T. e. dopmyan (4) — (6)
§ 7.14, naayr B N/Gm, chaeayiollue ciaraemble:

| JEPRTA 1 3, %2
55 Bl — 52 (P + ™) B + - 1uBlcos@—2). (1)

HenepuoauueckuMu uneHaMH, NpoUCXoAfWuMK OT au (IR /da), ...,
ABAAIOTCA:

R 1 dBf
ou i~ gy e — 10 (B4 d({)
0R, a dBf
55w GA— 1)@

1 ’R, ¢ dBj d*Blh)
soor S o L )

2 2 nt
LA B WL s
2

0a® " 8¢  dd’

1) ABTOp Ha3nBaeT ,HEMEPHOIHYECKHMH® TaKHE WAEHH PA3NOMEHHS BOIMY-
maome# GyHKUHH, KOTOPHE HE COACPKAT MHOXHTENAMH TPHTrOHOMETPHYECKHX
ObyHKIMA CcpeAHHX aHOMANHH BO3MYIAIOUIEr0 M BO3MYIIAEMOro Teld. 3aMeTHM,
YTO B COBpPEMEHHOH auTepatype Mo HeGecHOM MeXaHHKe TakHe UMEHH YaIke Ha-
3WBAOTCA ,BEKOBHMH®. — [TpuM. ped.
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R ee; (1

70 0?: :——d'—(a, Bl’)cos(u)—wl)
PR, e, [ 2 af d°Bf ~ o~

au - a ) =—— 3ada; da \F — 22 i % —ga | cos(0 — ),

R e d
Jaoy ( & +Bl+a

o’R , oeey (2 dB

/e
1 ~  ~
Gl V0% P28 \ @ .—dT') cos (0 — ).

B‘/z

al U ——r )COS(‘D—‘”x)

OG6beauHHB Bce STH YAeHH, MW GyZeM HMeTb

N . dB da*Bl
= B g+ (2 T+ )

e, 1 /’ d Bll/’ 2 zBll" ~ ~
-+ 'y 2B{* — 2a o — & gz ) cos (0 —~o)—
T

— 5 (Bf,’ —Bp— dB"’h ) — gz— (a i +a233") +

—{-%T-—B/’ cos (% —Q)). @

da dz

IpucTynuM Temepb K ynpoluenuio Bupaxeuus (2). Ilonaras n =0,
s==1/, B ¢dopmynax (1) § 7.13 u (7) § 7.13, M noayuaem

dBf:

——=B{" — B, ®3)
d’Bj "
da;( =2B{*— B'/’ 4)

Ananornyso, noaaras =1, s=1/; B Tex e paBeHCTBax, Mu Oy-
JeM HMeTb

dBv’ l 37 3 4,

— =7 (BI+ B3 — 2281, ®)
ngll/’ 9. 3/,

-—d—dr = 2B|’ - B ’ (6)

Hs dopuyn (3) u (4) cresyer, uro kospduument npu e?/8a (u npu
¢3/8a) B Bupaxennn (2) pasen aBls, a us dopmyn (5) u (6) —uro

Kosdduunent npu ee/4a paaen-—-aBJ’ W3 pasenctsa (3) BHAHO, 4TO
KosdduuneHT npu — 7?/8a npeactaBaser Bhpawenue

(1 +d¥)BJ*— aBj*— B,
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Ho us ¢opmyn (9) u (10) § 7.12 umeeM

(1+ a‘*’) Bf —24B}

B();’ = (1 — a,)z ’
y,  20Bfi— (1440 B}
B{* = I=a%? '

Or1cioza
(1 +4°) Bj* — 2aBY" = B{.

CnenoBaTenbHo, KospduuueHT npu — 72/8a B dopmyne (2) paseH «B,
a paseHcTBO (3) nOKasnBaeT, 4TO KOS(OHUHeHT npH — 7i/8a Takwe

pasey aBy’.
[MoacTaBass 3TH BeauyuHH B (opMyay (2), MH Ha#iieM, 4TO Hene-
puoaHyeckie uneHn N BosMylwaiowmel GyHkuuH BHpaxalTcs $opMyao#

G 3
N =t (4B} +aBji[e?+ & — 12— 13+ 297, cos (2 — 2,)] —
_— 2aeelB;f’ cos ((3 — Jl) } )

Tak kak a=a,/a, To popmyna (1) § 7.11 Moxer OHTb 3amicaHa
B BUIe

®
2 9 cos ne dyp
By=>a f 5 < o
™ 5 (a — 2aa, cos ¢ - a.f)

SroT HHTerpan asafercs QyHKIUMeH, CHMMETPHUHOH OTHOCHTEJbHO 4 U 4,
3anumwem ero B Buae (n/2) Py, Torna

5 =a" P,
. 1 1
1
'ﬁzB({’:E'P:)/’EC,
3 1 3
8-‘;- Bl = 5 aa,\P*=D, 8)
1

@ "——— «‘3=
%BJ = - aa,P!=E,

<

rae C, D u E— cummeTpHuHbe GyHKUHM a H a,. M MOxeM Tenepb
sanucatb N caenyowum o6pasom:

N =Gm, {4C+ e+ e} — 12 — 13+ 277, c08 (2 — )] D —
— 2ee,E cos (o — )} (©))
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1o Bupaxenue N Ham norpelyerca B ra. 13, Ham mnoTpeGyercs
Take HepaBeHCTBO D > E, x0TOpOe MOXeT OHTb MOJy4YeHO CJAeAyIOLIHM
o6pasom. U3 dopmyan (9) § 7.12 umeeM

(1 —a2? (BY: — By) =3 (1 +a?) B} —[6a+5(1 +a?)] B + 10aB}.

[Monoxus B dopmyne (4) § 7.12 n=3 u s==1/,, HaltheM Buipaxe-

1
HUe A4 B;i” H NMOACTAaBHM €ro B Inocnentiee paBeHCTBO. Toraa ero npa-
BaA 4YacTb MNpUHBEAETCA K BHIPAXXEHHIO

3(1 — a)’*(BY* 4 BY).

KOTOpOe fBJAeTCs NOJOXHTENbHOH BeauuuHoR, W60 Bce B — no.1oxu-
) 3/,
Teabh. Ilostomy B{* > Bj*, T. e., coraacHo ¢opmyaam (8),

D>E. (10)

§ 7.16. loxasareapCTBO TOFO, 4TO
wacte Gm,r cos S/r} Bosmywmaiomel QYHKUHH cComepKHT
TOABKO NEPHOAHYECKHE YJAEHH

Bo Bcex pasnoxenuax Bo3Mmyuiaiouiet ¢QylukuMH, KOTOpHe MH J0 CHX
NOp MNOAYYHAH, CPeAH UJNeHOB BTOPO# 4acTH ¢yHkumd R 10 BTOPOrO
NOpsAKa OTHOCHTEJbHO SKCUEHTPHCHTETOB H HAaKAOHHOCTeH BKAIOYHTEIbHO
OTCYTCTBYIOT HemepHOAHYeCKHe cJaaraeMele. B Teopuu ABiKenus mJaHer
HemepHOAHYECKHE u/elbl NpeactaBaeHH d¢opMyao# (7) § 7.15 aaa N.
Mu Temepb noKaxkeM, YTO 9TO YacTHOe CBOHCTBO fBAfETCA OOLUMM; ApY-
THMH CJIOBaMH, OHO ABJSETCA BEPHHM HE3aBHCHMO OT TOro, Kakoro O
POpALKA uJeHH pa3foxeHWs R MH HU paccMaTpuBaau. Jlag mpocToTH
B 06o3HayeHusx ¢opmyan (9) § 1.07 Hanuem

R = rcosS

=183, 1)

r

rae S —yroa Mexiy paiHyCaMH-BeKTOpaMM ABYX MJaHeT.
dopMyaH npeaHAylMX mnaparpadoB TNOKa3HBalOT, 4To R’ Moxer
6HTb pa3noxeHa B pPAA BHAA

R = ; jj‘_, [Cp, ¢ COS(PM~+qM)+ S, sin(pM+gMDL. (2

B KoTopoM M u M, —cpenune aHoManu, kospduunentn C u S He

sapucar ot M n M,, a sBasiotcs ¢yukuuamu a, e, I, 2, © H COOTBET-
CTBYIOLHX 9/EMEHTOB BO3MYLUalOlleff RJAHETH, ¢ ~— NOJOXHTENbHHE H
OTpHUATEbHBE LeJHe YHCAA, BKJIOYAs H HyJb, a p (6e3 orpanuueHus
OGIHOCTH) — MOJI0XKHUTE/bHEE Leable Yydcaa Wau Hyab. Henepu oanueckas
yactb B dopMyne (2) pasua Cy g
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PaccmatpuBas M u M| Kak He3aBHCHMHE NepCMeHHbie, MW W3 pa-
BEHCTBA (2) HEMEANEeHHO NOayyaeM

2r
[ R aM, =2, (C,,ocos pM+-S,,45in p M). 1))
0 p

Ilanee, s BOSMyWalOUeA NAAHETH HMeeM
2f —h =na2V]—e =
rifi=h=naY1—e =nc.

HJIH TaK Kak M,=n,, T0
CdMl

3
rn

df, =

TlostoMy ua pasencTBa (1) Haxomum
2

2=
0 0

Iycts Ha puc. 18 A,BP, — Goabwoft kpyr ¢ uentpom B Coanue,
N0 KOTOPOMY MJOCKOCTb OpPOMTH maanet P, nepecekaerca ¢ HeGecHOfi

Puc. 18.

chepoft u nmyctb A, — nepureanfi, Tak ut0 A,P, = f,. Ilycrsb nanee a, B
CyTh KOOpAHHAaTH nJAanetH P otHocuteabHo ABP,. Torna PP, =S,
BP;= f,—a u BP==§. CnenosareabHo,

cos S = cos B cos (f, —a),

W TaK Kak a H § He 3aBUCAT OT MOJOXeHHA Py, To

b3 2n
fcosSdf,=cost cos(f, —a)df,=0.
0 0
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TMoatomy u3 pasencts (3) u (4) OyneM HMeTb

2 (Cp 008 pM+S, gsin pM)=0.
P

[Mocneanee paBeHCTBO cnpaBeAaHBo npu mo6om M; nostomy a1d Bcex
3nayeHHh p uMeeM
Cp'o=s'o=0- (5)
B uacTHOCTH,
Co0=2S0,0=0,

a 9TO PaBHOCHJAbLHO YTBEPKICHHIO, 4YTO R’ ne COLECPKHT HemepHoaHuEC-
CKHX 4JIEHOB.
2x

OueBuaHO, 4TO ec/H OBl MB BHIYHCJHJH HMHTErpan f R’ dM, Bxo-
0

aswu# B paBeHcTBO (3), TO MH npuiau 6 K pe3yJabTaTy, aHAaJAOTHY-
HOMY paBeHCTBY (5), HMEHHO

Co’ q = So’ q = 0- (6)

PapenctBa (5) u (6) mokasmBaloT, uTo OOiee pasnoxeHue R’ naercs
dropmynoft (2), rae ¢ -—NOJNOXKHTENbHOE HJAH OTpHUATEeNbHOE leJoe
YHC/0, P — NOJNOXKHTENbHOE LEN0e YHCJIO, PHUEM KyLesne 3HAYeRUR P
U q ucka4aromes.

§ 7.17. OGmne saMeyaHHs OTHOCHTEJNLHO PA3INOWEHHSA
Bosmymaomeft QyHKuHH

Ecau BosMymiaiomas ¢yHKUHA pas3ioxkeHa B NepHOAHYECKHR psanx
OTHOCHTEJNLHO BpEeMeHH KaK HE3aBHCHMOHM nepeMeHHOHM, TO paccykaenus,
NpHBeJeHHHE Ha MpeALAYIINX CTPAHHLAX, MOKA3HBAIOT, YTO OOIIMHK YjeH
STOrO0 psla HMeeT BHI

Ccos(IM~+ LM, ~+ JQ+ J2,+ ki + ki), (1)

rie M=nt4e—&, M =nt+e —&, C— dynkuns a, a,, e, e,
YUYy aid i, ], Ji, B 0 k —NONOKHTENbHHE WAH OTPHUATENLHHE
yHcaa (BKAKYaA Hyab). Jlerko BHAeTb, 4TO BooGwe C ABJASETCA PSAOM NO
CTENEHSM €, &, 7T H {;, H €C/AH MH NPeANOJOKHM, YTO KaXIAHH U3 STHX
9/EMEHTOB HMEET OZMH H TOT 3Ke MOPANOK MalOCTH, TO MNOPSNOK
ManoctH kosdduumenra C Oyner eepy’th, rae a 4a, 4 B+ B, — nau-
MEHbIIAs CYMMa WHIEKCOB 4Y/eHOB YNOMSHYTOTO psiia.

YMECTHO BHACHHTb MOPANOK MaJOCTH OTAEAbHOTO 4aeHa Buma (1).
Ias yro6ctBa MH 3anuiieM Bupaxewue (1) B BHae

C cos [(tn+ tyn,) £+ h), @)
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rIe BeAMYMHA ki 3aBUCHT OT &, €, 2, @, & &, M He mpeacrapisger A1
Hac ceflyac HuTepeca.

W3 npenpaywnx naparpagos sCHO, YTO YjeHH BOaMyllaiouweft ¢yik-
UMK, He cojepiallye Z H 2, MOABJRIOTCA B PE€3y.1bTaTe TMepPeMHOKEHHS
BLIpaXEHH

u" v’ M, 3)
0a® 0a] 0¢°

PaccMoTpuM cHayana nocieiHee BoipaxeHnue. Eciam s uerHoe, TO,
KaK Jerko BHAETb, 9TO BHIPaXE€HHE MOXHO pPa3JOXHTb B P, oOwu
ufeH KOToporo HMeer BuA A, cosRp, a ecH $ HeueTHOe, TO BHIpaxe-
HHE 3TO MOXHO MPeACTaBHTb PANOM C OGLIHM uneHOM B, sinky, npu-
ueM A; u B, aBafioTCA GYHKUHAMH OT @ U 4, a

p=(n—n)t+te—e¢,. C)]

PaccMoTpuM Teneph mepBoe Rbipaxenue (3). Ofluee pasnoxeHue papuyc-
BEKTOPAa MO KPaTHLIM CpejlHell aHOMa.JH MOKAa3HBAET, YTO MOPAAOK KO-
¢uunenta npu cosaM pasen e°; KpoMe TOro, €CAH MBl Pa3JOKHUM
p==rcosfH u TakuM 0Gpa3oOM NOAYuUMM &, TO MOPANOK Ko3aduilnenra
KaWioro uJeHa, coaepxkauero cos(anf—¢q), OTHOCHTEJABHO e HAM
GyaeT cHOBa paBeH a. PacCMOTPHM Temepb BeJNMYHHY 42, KOTOpas MOXeT
6uITb Jerko pasnoskena B pan ¢ obwum yaeiom C cos(pnt—gq). dror
yjeil MOXeT MOfBHTLCA B TpeX Caydasx.

1. Tlpy nepeMHOKeHHHM MepHOANYeCKOR HaCTH B # W 4jeHa BuAA
C,cos(pnt+¢), ecmt rako#t unen umeercs. IMopanok semmuunn C
toraa OyaeT mo Menbluel Mepe pased p.

2. Tpu nepemHOMKeHHH Y/EHOB BHIA

C,cos(ant+8) u Cycos[(p—a)nt+3],

rae p > a. [Mopanox Beamunn C B 9TOM chaydae OyZeT paBeH CyMMe
nopsakos C, u C,, T. e. CyMMe a It (p —a), WJIH TMPOCTO p.
3. TIpu mepeMHOKEHHH 4JNEHOB BHIA

Cycos(ant 4+B) u Cycos[(@a— p)nt+3],

rae a> p. Toraa nopsgok Beanunn C paseH cymme a H (a — p), T. e.
paBeH (22 — p), uro Go.blie p.
Mu saxaloyaeM, TakuM o6pasoM, uTo mopsuaok uneHa C cos(pnt -+ ¢q)
B 42 no Menbwed Mepe paBeH p. AHaNOTHYHBIE PACCYKACHHA TpHMe-
HHUMBl K KaXION CTemeHW #, K KaXIoM cTemeHH #, H K M0GOR crenenu v.
Hlanee, ecan Ml pasiokHM MEPBYI0 W3 BeAHUHH (3), TO NMOJAyYHM NpPH
YeTHOM § 4JeHH BHAA

C,cos[(pn—+qnpt+3] nm Cycos|(pn—qny)t—+ AR
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B KaXIOM H3 KOTOPLIX MBI MOMKeM paccMaTpHsarb p H ¢ Kak MOJOXHU-
TeJbHule Leabie uncia. Ha ocioBauud Npeabiiyulix paccyxjeHn#t Jerko
NoHATb, 4To nopagok C, OydeT mo MeHblue# Mecpe paseH p-}-¢, a no-
psaok C,—no kpaitneR Mepe |p —gq|.

Ecan s HeueTHOe, TO, 3aMeHAS KOCHIYCbl HAa CHHYCHI, MH NMpHIEM
K TeM ®e 3aKJII0YeHHSM OTHOCHTE/JbHO MOPAAKOB Ma.JOCTH, YTO M paHblile.

PaccMoTpuM Tenmepb npousseseHie aByx Beauuud (3). Ecam s yerHoe,
TO MH OyleM HMeTb MNpOH3BeleHHe HBYX PALOB MO KOCHHYcaM H HX
npousBeseiie GyIeT PANOM, CONEPHKALINM TOJAbKO KOCHHYCHI; €CaAH S He-
yeTHOe, TO Mbl OyldeM HMMeTb MNPOHM3BEACHHe HBYX DPALOB MO CHHYCaM,
a ux npousBeieHue OyldeT psaIOM MO KOCHHycaM. MH paccMOTPHUM TOJbKO
cayyaft, KOTODHI# CONEPXKHT NpPOHU3BeleHHEe ABYX PAAOB MO KOCHHYCaM,
MOCKOJbKY PacCyxIeHHs B CAy4yae NMpPOH3BENACHHS ABYX PAAOB MO CHHYCaM
ABAAIOTCS aHAJIOTHYHBIMH,

B peayabTaTe nepeMHOMeHMs ABYX BesHuH:l (3) MOJAyuYMM uYJeHH BHAA

Ccos((pn+gqn)t -+l )
C’ cos|(pn —qn)) t + '}, 6)

B KOTOPHX MHl CYHTaeM p M ¢ TMOJCKHTEJIbHBIMH LeJLIMH YHCIAMH.
Unen Buaa (5) nmosBuTCA B pe3y.ibTaTe MEpeMHOMEHHS uiaeHa

Cycos kp=C, cos [(kn — kn,) t 4 (] @
M uJeHa
Cycos {il(p — k) (g + R ni]t+y) ®
U
Cycos{l(p+hRyn+(qg—k)n]t+G,). )

Hanee, nopanox Beauund C u C’ B suipaxenusx (5) u (6) cosna-
naet ¢ nopsakom Beauuun C, u C, B BHpaxenuax (8) u (9), Tak Kak
nopsaok Beauyud C, B (7) HyaesoH, u6o C, ectb JulWb GYHKUMA OT @
H a,.

PaccMOTpHM cienyioulHe cayyau:

1) p>k, ¢g>k. Toraa nopanok seawunH C, No MeHblleH Mepe
pased (p — k)4 (g+ k). nau p-gq. Auajorudubit pe3yabTaT MMeeT
Mecto H aaa C,.

2) p < k< q. Torna nopagok Bemiun C, mo MeHblueft Mepe paBeH
(g +&)— (kR —p), nau p—-+gq, a nopardk C, no kpaitHel Mepe paseH
(p+R+(@—Fk), nm p4-gq.

3) p<k, g<k. TMopanok seanuunnl C, no MeHblueH Mepe paBeH
(q+ k%) —(k— p), umm p ¢, a nopazok C, no Kpaitue#t Mepe paseH
(p+k)—(k—q), nm p+gq.
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CaenoBaTesibHO, BO BCeX CAy4asX NOPANOK BeanuuHn C B BhHIpaxe-
Huu (D) no kpaitHe#t Mepe paseH p -gq.

AHaJOTHYHO NOPpALOK Beauuunnl C’ B BHpaxeHuH (6) mo MeHblueft
Mepe paBen |p —gq|.

TMoao6Hbie paccymaeHHs NPHMEHHUMH K TeM 4/eHaM B BO3MYylualoLiel
(YHKUHH, KOTOpble COAEPKAT KOOPAMHATH Z H 2.

OKkoOHYaTeIbHO 3aKJ/I04aeM, YTO NepHOAHYECKAs 4acTh BC3Mylialolle
¢$yHKUMH MOXeT CLITh NpeACTaBAeHa B BHAE pAla MO KOCHHycaM, OO
4JeH KOTODOTO HMEET BHI

Ccosf(pn—+qn,)t+1%.

rie nopsasok C, NOCKOAbKY p H ¢ PacCMaTPHBAIOTCA Kak Leable MOAOXKH-
Te/bHble HAH OTPHLATEJbHHE YHCA3, MO MeHbleRt Mepe paBed |p—t4q|.



F'nasa 8

KAHOHHUYECKHE YPABHEHK“

§ 8.01. Beenenue

B pane naparpados oToft raasu Mu OyleM 3aHHMATbCA MAJHMH Bae
pHaLuaMH KOOPAHHAT, COCTaB/AIOWUX CKOPOCTH H HX ¢yHkuuit. B ka-
uecTBe HATIOCTPAUHH PACCMOTPUM MNPOCTOA NPHMEP LBHKEHHA YACTHLH
no npaMOR JIMHMHM, COT/IACHO YPaBHEHHIO ABHXeHHA X == ({, X), pelue-
HHE KOTOPOro MoxeT OHTh MpeacTaBieHo caelyiouieft ¢GyHKLHOHANbHOM
3aBHCHMOCTHIO:

x=F(t a) a), a

rie a, U d, — NOCTOANNBIE HITEr PHPOBAHIIA.
H3 pasenctBa (1) HaxoaHM

k:%—I:EG(t, a;. a). 2)

Mol MoOXeM, eciaH noxenxaeM (KaK 9TO OOHWYHO AeNaeTcd BO MHOTHX
NPaKTHYECKUX 3a1avax), B KayecTBe MNOCTOMIHBIX UHTErpHPOBAHHUA B3AThH

HavajbHble YCJAOBHA: X ==X, H X ==X, npu t==0.

z Q;_T-““xp
r LT~

8

\\~~“——< 0_.._-” ‘i'
~——1" '
Q

(t,2)

t'——

-

Pue. 19.

Ypasuenns (1) n (2) onpeaensioT ABa ceMeficTBa KPHBLIX C napa-
MeTpaMy &, 4 d; NpHYeM JI060R KPHBOR H3 KaXZOro ceMedcTsa Co-
OTBETCTBYIOT 4YacThble 3HAYEHHA «, M &, Ha puc. 19 kpusokt AB Mu
u3o6pasuan rpapuk ¢yHkunn F(f, @), ay) A9 4aCTHHIX 3HauenuH a,
H %5, a KpuBo# EF —rpadux dyuxuun G (¢, a,, ay). Jluvuu CD v GH —

11 Y. Cuapt
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cocelHue KpHBHeE, COOTBETCTBYIOUIHE 3HaueHHAM &, —+da, H ap - 8a, na-
paMeTpos,

Has kaxaoro AaHHOro Momenta £ Touke P Ha kpusot AB Gyaer
COOTBETCTBOBAaTb TOuka P, Ha kpusot CD. Takum 06pasoM, MH HMeeM
cMeuienne PPy, cootsercTeyiouee BapuauuaM 3z, u da;. Opaunara
TOYKH P eCTb X, W ecau OpAMHATa TOUKH P, 0603Hauena uepes x —+ 3x,
10 cmewenne PP,, pasHoe 3x, Gyner ¢yukuue#t ot 3a, u 3a, BHpa-
waemoft opmyof

oF oF
dx = 'b;T 8“1 + —E'a%. (3)

AHANOTHYHO CMellleHHe TOukH Q Ha xpuso# EF, BH3HBaeMOe BapHa-
uusamu da; u 3a;, pasHo QQ,. Opamnata ToukH Q ecTb X, H €CAH MM
0603HAaYHM OPAHHATY TOYKH Q, uepes £+ 8x, To cMelenue QQ, 6yaxer
paBHO 3x. Us dopMyan (2) umeem

. oG oG
= b ba, + e 8a,, C))
HJH, BHpakas 4epe3d ¢yHkuuio F,
: 0*F 0%F
5% = eyt Wt o7 e ¢ ®

M3 pasenciBa (3) HaxoauM
d 0*F 0%F
a7 O%) = 5r5a- 8oy + 555 daa.
IosroMy, yuuThBas cooTHomeHnue (5), MOXeM 3amucarb
d . dx
F(Bx)=8x=6(7—t—). 6)
Ecau 3 u d paccmaTpuBath Kak oOnepatopH, TO paseHCTBO (6) MOxer
OHTb NMPeACTaB]eHO B BuAe (GOPMYIH
d-dx=38-dx, (7)

KOTOpas MOKAa3HBAET, YTO STH HE3aBHCHMEIE ONEPaTOPH MNOMYUHAIOTCH
KOMMYTAaTHBHOMY 3aKOHY.

§ 8.02. Bapnanhs GyHKuHH

PaccMOTpHM CHauana ABHIKEHHe YaCTHUH B TPEXMePHOM MPOCTPaHCTBe.
B 3TOM cayuae ypaBHeHWR NBHXKEHHS WMeEIOT BHI

E=fi(t. £, 9. 2), Y=[folt, x. 9. 2, z=[fs(t. %, ¥, 2).
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O6uee pelleHHe 3THX ypaBHeHHH Oyaer BK.JOYaTb WIECTb MOCTORHHHIX
uuterpuposanns «; ({==1, 2, ..., 6) M MOxeT OHTb NPeACTaB]EHO
B BHIe

x=Fl(t, a). y=F2(tv a)s Z=F3(t, a). (l)
OT1clona MB HaxoauM
x=0,(¢ ), y=0,(t a), z=0,(t a). )
Bapuauusm da; (=1, 2 ++es 6) COOTBETCTBYIOF paBeHCTBA
6
OF . oG
2 e, b= Gl 3)
1 1

NJIOC anaforHyHble COOTHOWIEHHS Aaf Yy W 2. TakuM o0pasoM, IleCTH
HE3aBMCHMBIM BapHAUMAM MOCTORHHBX a GYAyT COOTBETCTBOBAaTb He3aBH-
CHMBle BapHAaUWH TPeX KOOPAWHAT M Tpex COCTABJARIOWIMX CKOPOCTH. Tak
KaK 4HCAO paBeHCTB (3) paBHO LIECTH, TO MK HMeeM HeOOXOAHMOe YHCIO
ypaBHeHH#, YTOOH ONHO3HAaYHO BHIPa3HTL MoGoe da yepes dx, ..., dz.

PaccMoTpuM Tenepb QYHKUMIO BpEMEHH f, KOOPAHHAT H COCTABJAIOLIHX
ckopoctH. O6o3HauuM ee uepes ¢ (¢, x, ..., z). TMocne HCMOAL3OBAHHS
ypaetenu#t (1) u (2) sta ¢yHxkuus npumer sua @ (f, a), a ee BapHauus ¢
6yaer BHpaxaTbca ¢GopMyaoft

B = Y o 3. (4)
C apyroft CTOPOHH, MH HMeeM
o9 09 &
a ——1 —8 —_— . 5
? ,,Z,(Ox x+ SL8%) ®)

Ecau 3x, 8x, ... AaoTcA dopmynamu (3), TO BapHMauHH ¢, onmpeaense-
Mmuie dopmynamu (4) u (5), pasHH Apyr Apyry.

TakuM o6pa3oM, MH MOXeM npH mnomouwH ¢opMyan (5) BHPa3HTb
BapHaUHIO QYHKLUMH 4Yepe3 He3aBHCHMBIE BapHaluu dx, 8%, ..., KOTOpHE
B CBOIO OYepelb 3a8UCAM OT BapHaUM# LIECTH NapaMeTpoB a;.

OTH paccyxiaeHHs, OYeBHAHO, MOTYT OHITb pACMPOCTPaHEHH Ha JI0-
60e YHCIO MaTepHaJbHHX ToYeK. EcaH 9TO 4HCAO pasHO 7, TO NMOJHOE
YHCAO KoopauHAT OyseT paBHO 3n, KOTOpoe MH 0603HauyuM uepes R,
H NOJHOE YHCJAO MOCTOAHHHIX HHTerpupoBanus Oyler 2k. B obuiem ciay-

yae papHauus ¢QyHkuud o (!, x;, x; ...), rae {==1,2, ..., n, naercs
dopumyao#t
d
aq;__z 2( ?Bx,+——-bx,) (6)
xyz 1

11*
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B KOTOpO# 3x, 3x, ... — He3aBHCHMHle BADHALWMH, PACCMATPHBAEMblE KaK
¢yHKkuMH OT BapHauu# 2R NOCTOAHHBIX HMHTErDHPOBANHA, HAH Mapamer-
poB a;.

§ 8.03. OGo6mennbie KOOPAHHATH

PaccMoTpuM n MaTepHanbHHX TOYeK ¢ OOGLIMM UYHCAOM KOOpAMNHAT,
paBunM k(= 3n), npuueM STH KOOPAMHATH ABAKIOTCA QynkuHaMi Bpe-
MeHH H B He3aBHCHMHIX NepeMeHHHX, 0603HAYaCMBIX 4ePe3 4. o, «+ v\ pe
Toraa M MOXeM Hankcathb

x;=Fi(t. q. ....q), =0t q -+ @)

zy=H,(t gy ... Q) ¢))
uau, 6onee KpaTko,

x;=F(t. 9. y,=0/(t 9. z,=H/L 9. 2)

BeanunHn ¢ HaswBalOTCA 0000ujeHHuMu KOOpOunamamu.

MpocTuM npumepoM npeo6pasoBanus (2) aBaserca npeobpasoBaHue
NPSMOYTrOMbHEX KOOPAUHAT B CdpepHYECKHE KOOPAHHATH TNOCPEACTBOM
dopmya

x=rcos¢gsinl, y=rsingsinb, z=rcosb.

dro npeo6pazopaHue He COAEPKHT BpeMenu. 3aech r, ¢ H ) moryr pac-
CMaTPHBaTbCA KaK TPH KOOPAMHATH (.

TIpocro#t npumep npeo6pa3oBanus B ABYMePHOM MpPOCTPAaHCTBe, CO-
Repxaitero BpeMs. naercs GopMynaMu

x=tcosnt —mnsinnt, y=%sinnt4 v cosnt,

rae £ W N — KOOPANHATH OTHOCHTEJNbHO BPALIAIOUINHXCA OCEH — MOTYT
paccMaTpHuBaThCcA Kak ABe 0Go6LIeHHBe KOOPANHATH ¢. Mu BcTpeTuMcs
C 9THM YaCTHHM npeo6pa3oBaHMeM B MNOCJAeAyOWUX naparpadax.

H3 pasencts (1) umeem
6F1+2 . (3)

H I1Ba QHAJOTHYHHIX YDaBHeHMA AJA Y W 2.
Mycts T o03nayaeT KUHETHYECKYID SHEPrHI0 CHCTEMbl, TaK YTO

oT = ;m,(ég+ 2+ 7).
Tog'na u3 ¢opmyan (3) BuaHo, utro 7 mnpeoGpasyercs B QYHKUNIO
T(q. q. t). onpeneaseMyo ¢opmy.oft
r=; Ag+2 ; %"B,’si],éa +2Cq,+D. 4
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rae ABOHI0€ CyMMHpOBaHHE MNPOH3BOAHTCA NPH YCJAOBHH, 4TO §> r,
a koapduuuentt A, B, C uw D B obuieM cayyae sBAAIOTCA (PYHKUHAMH
g n t, onpeseiseMbiMd B J1060H AaHHOW 3amaye npeo6pa3oBaHHEM
Buaa (3).

3aMeTHM, 4YTO mnepsHe ABe CyMMH B ¢opmyae (4). KOTOpHe 'MH
06o3HauiM yepes Ty, NPEACTABASIOT OAHOPOAHLIE KBAApaTHUIIbeE QYHKUMH
OTHOCHTE/bHO npou3BoaHHX ¢. YUTo Kacaercs Tpetbefl CyMMbI >Caq,,
TO OHa ABJSETCA OAHOPOLHON JNHHEHHON QynkuueR sesnyun ¢, KOTOPYIO
MH 06Go3HauuM uvepe3 T,. [Tocseanufl unen D, koTOpH# 0603HaUNM Yepe3

Ty He 3aBUCHT OT MPOH3BOAHHIX q Yno6xo 3anucate T B BHAE
T=T,+T,+T, ®)

npuyeM T, u T — QyHKUHH ¢, g. t a T, —¢yukuua g u £
Ecan npeo6pasosanre (1) npumennts k cuaoo#t ¢yukuun U, korto-

pas mepBOHa4aNbHO OHAA yHKUHeA MPAMOYTONbHHX KOOPAHHAT, TO OHA
npeppatutcs B QyHKUuio ¢, f, KOTOpPyl® MH 0603HauuMm uepes U (g, £).
§ 8.04. Ypasnenna Jlarpanxka

YPaBHeHHﬂ ABHXKEHHA n MaTE€pHAJAbHHX TOYEK HMCIOT BHA

- 1% - ou : au
m,x,zo—x‘. m,y,-—-—d—h. m,z,-—--d—z‘. (1)
rae U —cunoBas ¢yukuna, a l==1, 2, ..., n. ITH ypaBHeHns MOTyT
6uiTb Npeo6pa3oBaHH B ypapHeHHA A48 Rk 0GOGLIEHHHIX KOOPAMHAT ¢,
(r=1, 2, ..., k).
VYno6io 3anucatb ¢opmyan npeo6pasoBanns (2) mpeamayuiero na-
parpada B BHae

xj=x;(¢. ) y,=y,04. 8 2z,=2@4 0. 2

Toraa pasenctso (3) § 8.03 sanuwercs caeaywouwuM ofipasom:

: 0x, ()X[ °
xy=0 4 )‘ a €}
OT1ciona MH uMeeM
9q, 9q,

ax; dx; NRGET

oq, _ ofdq, + 2 oq, 0qs 9s
S
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Kpoue Toro,

@ (55:) = ara; + Dag oy v

IMostomy '
7o =t (%at)- ®
Hanee T onpenenserca ¢opuynaoH
2T = m, (¥} + 2+ 23). (6)

ChezoBatenbHo, yuuTHBas ¢opMyay (4), moayyaeM

TS mh )= T B 5 22).

C apyroft CTOPOHH, H3 9TOr0 MmocJjeaHero ypasHedus u ¢popmya (1) u (5)

it (ag;)= 2 m [ 3 50 +5 5 (5] =

XYz
ou dx, * 03.’
—2 E(ox, o T i) @
Ho Ha ocnoBanun dopmya (2) U(x, y, z)=U (¢, £). nostomy
2 2 U ox; _
0x; 0q, oqr
H, NpHHHMas BO BHHMaHue dopMyay (6), ypasuenue (7) MOXHO 3anucaThb

B BHAe
d 07') ou
Ly 8
dt (oqr 54, + "Qr ®)

dyuxuus U He 3aBHCHT OT . ITostomy 6U/0q--0 ¥ ypasHenue (8)
MoeT ObiTh 3aNMHCAaHO B BHRE

_(ﬁ).____‘i C)
dt \ 9q, oq,

rae L=T+ U ecrb ¢ynxuns q, é, t. ®yHkuus L HHOrAa HasmBaercs
KUHEMUYECKUM NOMERLUAA0M.
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VYpasueHus (8) uau (9) n ABAAIOTCH ypaBHeHusMu ABHmeHns Jlarpanxa
B 0GOOGLIEHHHX KOOpPAHHATAX.

Has dpopmyan (4) § 8.03 suano, uro dL/d(i, HMeeT BHA
oL .
2o =X+ Cr
[MostoMy oueBHAHO, YTO YypaBHEeHHE (9)_ COlepXKHT (NPH BCEX 7 H §) a,.
4,9, g, W UAEHH, He 3aBMCALIKE OT q.

§ 8.05. Ilpumep

Ias Toro 4To6H MPOHIMIOCTPHPOBATH MPHHUMMH, Jexallne B OCHOBe
BHBOAA ypasHeHHA JlarpaHka, a Takxe A8 NMOATOTOBKH K MOC/eAyiOLEMY
M3JOKEHHIO, MH pAaCCMOTPHM HArAAAHHA NpPHMEP MNJOCKOTO ABHMKEHHS
B 3ajade Tpex Ter.

Puc. 20.

Paccmotpum Ha puc. 20 nBa Tena P, u Py ¢ OAHHAKOBHMH Mace-
camu M, o6paumaomuecs OKOIO HX LeHTPa Macc O no KpyroBuM opGH-
TaM PalHyca 4 C NOCTOSAHHOR yraoBoft ckopocTobio n. Ilyctb P o3Hauaer
Tpetbe TeAO0 C GECKOHEYHO Manofft MaccoR m, KOTOpas He OKasHBaeT
pausHUA Ha ABuxeHwe Tea P, n P, Cuiosas ¢yuxkuns U OGyaer onpe-

Aenarbes Gopmyaol om | .

rae r, u ro— paccrosuns P no P, u P,. Ecan x, y — xoopaunatu £
N0 OTHOMIEHHI0 K ¢ukcuposanHuM ocaM OX, OY, To kHHeTHdecKas
SHEpPrHs CHCTEMH Onpeneautca opmyaoit

T=Ma? 4+ 3 m (x4 5. @

B kauectse HOBHX OCeft BuGepem ocu OP, (nau OA) n OB, koto-
pHe Bpawaiotca ¢ yraosofA ckopocteio n. Ilycts / AOX =nt. Ecau
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§, n—KoopauHath Teia P orHocuteabHo oceft OA, OB, To
x =7;cosnt —sinnt, y=gsinnt—-+ ncosnt. 3)

Uz ¢opmya (2) u (3) naxoaum
T=Matnt+ g m (272420 @ — )+ n2 @+ DL @)
Kpome Toro,
R=G—aP+m. =G4+

ByaeM paccmatpuBaTh Temepb & H % Kak 060O0lieHHbe KOOpPIAHHATH
¢, ¥ ¢,. Hyxuo 3aMeruth, uro npeoGpasoBatue (3) umeer BuA X == x (¢, £)

ny=y(q. o).
H3 ¢opmyan (4) Mu uMeeM
s oT . N

—r=m@E—nn), —=m-+ nd);

o3 d7

aT : - oT s

—o?=mn(n+ ns), ?‘{:m"(_;_*_ nw).
Ypasuenua Jlarpainka Toraa 3anumiyTca B BHAE

d . . . ou
m g Q—nn)=mn (N n) + -5,

m g (1 ) = mn (—E+ )+ 5L

HIaH
" . . o /1 1
E—an—nzg_GME(z——}—r—z). )
P . o l 1
N+ 2nf —nlp=GM W(,—l‘i" ,—’) (©6)

3ameTHM, 4TO NpH BbiBoAe ypaBHeHHH (5) u (6) GbL10 NpoOH3BEeAEHO
cokpalietHe Ha Maccy m. ITO CTai0 BO3MOKHHM 6.arogaps TOMY, 4TO
nepesmennan vactb U B ¢opmyae (1) u T B popmyne (4) uMean Muo-
kuteab m. CneaoBaTenbHO, MOXHO CYMTAaTb, YTO B ypasilenuax (5) H (6)
poab U u T wrpaior caenyiottue gyHkuun:

U=GM(r—‘l+L) )

ra

T =116 74 2 Gi—Em + 2@+ ). ®

ITH BHpakelHA OTAMYAIOTCA OT BhipaxeHn#h (1) u (4), BO-NepBHIX, TeM,
4YTO B HHX OTCYTCTBYIOT MOCTOAIHHHE YJeHh (STH YAaeHH nponajaioT npu
audoepenunposav U n T), H, BO-BTOPHX, TeM, YTO B HHX Omyueil
MHOXHTEAb M.
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Cheayer 3aMeTTb, YTO OAMH HHTerpaa ypasHeHu#t (5) u (6) mOxer
GbITb MOJYyYeH BecbMa MPOCTO: YMHOXHM MepBoe ypasHeHue Ha §, BTO-
poe—Ha 7 H caoxkuM. [Tocne HHTErpHPOBAH:IA MLl NOJAY4HM

1 . 1 .
3 @+ — 5 @4 =M (71.‘ + riz) 4const.  (9)

310 nocaenHee paBeHCTBO NpeACTaBAfeT COGOHM MHTErpan 3IHeprui
B 0606LIeHHHX KOOpAHHATaX § H 7.

§ 8.06. Kanonuueckne ypasnenna 'amuniabTona
ITponeaaeM Tenepb C.elyiollyld 3aMeHy fepeMeHHBIX. [lycTb

0T (g, g, ¢

—and, (1)
L/

rie =1, 2, ..., k. Beawunnn p Ha3umBaTCca o06o0uweHnumu uM-

ny.ascasmu WAH NpocTo amnyascamu. Toraa Ha ocHoBaHuH GOPMY.H (4)

§ 8.03 p, ectv auHelHas (yHKUHA BeJHUHH ¢, KOTOPYI0 Mbl MOMeEM

3anucaTtb B BHIe

pi=anqy+apgy+ ... + a,4,+ ¢ 2

3aech BeMHUMHH @ W ¢; ABAAIOTCA BooOUle (yHKUMAMH Beanuun ¢ u £,
npuueM 3TH GyHKUMH GHIBAIOT H3BeCTilb B M1060H nanHO# 3amave. Tak kak
uMeercas Kk ypasHeHui Buaa (2), TO OHM B MpuHUuNE MOryT GWTb pas3-

pewleHbl OTHOCHTEJNbHO BEJHYHH ¢, T. €. Aal0T BO3MOXHOCTb BHIPa3HTb

BCe ¢ yepe3 R BeauuuH p H KosdpduuuentH a ¥ ¢. M MOKeM 3anucath
3TO pellleHHe CHMBOJIHYECKH B BHIe

9;=4q,(q, p. 0, 3
npHYeM TpaBas 4aCTb, KAK JMerko BHAETb, fBJASeTCA .JHHeHHOH dyHKuueft

uMnyabcoB p. ITocpeactBoM dopmyan (3) dyukuua 7T (g. ¢, ) MOXeT
6niTb Tenepb npeo6Gpa3oBaHa B ¢yukuHio or ¢, p,

IOas toro uytoOm pa3nnyath ABe (OPMH, B KOTOPHX MOMXHO Npel-
CTaBUTh (PYHKLHIO KMHETHYeCKOH 3HEpruH, MH HCMOJb3yeM AJA Hee 060-

3HaueHne T B TOM c/yuyae, KOra OHa BLIpaXeHa uepe3 ¢, ¢, ¢, u 060-
3HayenHe T, KOrja oHa BLIpakeHa uepe3 ¢, p, i.
TlycTe BeMMYHHH ¢ M ¢ MOJYYHJH MaJble NPOH3BOJbHBIE HE3aBUCHMBE

npupaueius 3g; u 6(}, (i==1, 2, ..., k). Toraa, npuMenss popmyay (5)
§ 8.02, 6yaem umerb
k

. ar
8T—2(0ql 1+——“‘h)

1

pPi=



170 Taasa 8. Kanonuueckue ypasHenus

nam, coraacio dopmyane (1),
oT .
0= 1 Ea‘h'{'gpls‘h' )
Hanee, u3 dopmyan (5) § 8.03 Mu Buaum, uto 7 MOXKHO NPENCTaBUTH
B BHIE
T=T,+T,+T, (5)

rae Ty — ONHOPOAHAN KBAAPATHYHAN PYHKUHA NPOHIBOIHHX q T, — oaHo-
poaHas auHeHHas ¢yukuus g, To— dynkuua ¢ u £. CoraacHo Teopeme

SMtrepa, uMeeM
oT; - a7, -
D R

CknanniBas STH aBa PaBEHCTBA, noJyuaeM

0T +7) or -
2Ty, 4+ T,= : = =y
2 1 2 24, 4 o4, i

TaK Kak T, He 3aBHCHT OT g. Toraa, yuuTmBas dopuyay (1), moxem
3anucathb

X
2T+ Ty = ; P (6)

Boaspamasce X ¢opMyse (2), MH BHIMM, YTO ee MpaBas 4acTb

ABAseTcA dyHkument ¢, ¢, f. [ToSTOMy He3aBHCHMHIM Bapuauusm 3¢ u 3¢
GyAyT COOTBETCTBOBaTb BAPHAUHH 8p; HMNYJLCOB p;, ONpeneiseMile

dopmyioft .
bp; = ; (A;;8¢;- By; 8q). ™

rae B obuieM ciaydae A u B — ¢pyHkuuu ¢, q £, HAH, COrJIACHO paBeH-

crBaM (3). ¢yHxuuu ot ¢, p. {.
Yucno ypasuennit (7) pasno k. [lostoMy onH MoryT OuTh pas-

pellieHH OTHOCHTe/IbHO Bapuauu#t 8¢. dto mact

b, = ; (Cij3¢; -+ D,;3p), ®)

rae C u D — dyuxuun q, q t wmgq, p ¢t
[MepBoHayaibHO MBI PacCMaTpHBaiH 8¢ M 3¢ Kak He3aBHCHMBlE Bapua-
uun. Ho fcHO, 4TO B KayecTBe He3aBHCHMHX BapHauul MbH MOXeM pac-

cMaTpuBaTh Takxke 3¢ H 8p, a BapHauun 3¢ OyAyT ONpEENATHCA NIPH STOM
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dopuynoft (8). Kpome Toro, Bapuauus QyHKUHH He 3aBHCHT OT TOro,

yepe3 KaKkyi0 mapy mepeMeHHHX OHAa BHIPaXKeHa: ¢, ¢ WIH ¢, p.
Hanee u3 paseHctBa (6) OydeM uMeTb

RT, + 3T, = X ¢,3p,+ 2 p, 34,

a u3 dopMyan (5) ¢ yyeTOM BHIpAMEHHA (1) HaxoauM
ST—8T2+8T1+8T0_2 8‘h +2 P,

BuiuHTas STH paBeHCTBAa APYr W3 ApYra M moJaras

T'=T,—T, ¢)
noyuaeM

67"=2¢}, 3p, —Ziaq,. (10)

Teneps ¢yskuuio 7°, aaBucawyio oT ¢, q. ¢, MOXHO NPH TMOMOLLUH
dopmyan (3) Bupasuth ueped ¢, p, f. Mu noayuum

oT*(q. v ¢ oT*(q, p, ¢
ar=2_—_(‘;lp"’ ) 3p, + ——-(gq"’ ) 3g,. (11

Mu Tenepb uMeeM aas 87 apa BupaxeHuda — (10) u (11). Ouu noa-
KHB OHTb ONHHAKOBHIMH, H, C/lleNOBaTe/IbHO, NPHPABHHBAA KOSDPHLHEHTH
npu 3p u 3¢, KOTOpHE ABAAOTCH HE3ABHCHMHMH, MH TOJAYYHUM

oTr*(q, p. ¥)
=— 7, (12)
! d d
r _ T*(q, p. t)
= o (13)

Bropoe u3s pasexcts (13) sameuatenbHoe. [Tepenuiuen ero noapoGHee:

0T@.at) __ dlTa(q p.)—To (g p. 1))
g, g, ’

Bametum, uto, xota T, H eCTb ONHOPOAHaA KBAAPATHYHAA QyHKIUHS

NpOH3BOAHHX ¢, T(q. p. T) ne ssnserca B obuwem clyyae omHOPOZHOM
KBaapaTH4YHON yHKUHeR HMNYAbCOB p.
[Tycts

H=T"—U=T,—T,—U. (14)

Toraa H OGyaer ¢yukumeR ot ¢, p, £ Oua HasmBaercs gywxyued
Tamussmona.
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Tak kak U He colepXuT ¢ H, ClelOBAaTeNbHO, HE COAEPHKHT p, TO
¢opmyna (12) npuHuMaeT Bul
) A (X))
g =—x""1, 15)
1 9p,

C apyroft cropoHn, coraacuo dopuyae (1), umeem

b2 (2T
Y ("‘51 )
Mocneatee ypasHenne npu nomown dopmyan Jlarpanxka (8) § 8.04
NpHHHMAeT BH1 s

. oT U

P1=E+E
uaM, coraacio dopmyae (13),
p= 9q, o, '

HostoMy npi nomomwt dopmyan (14) noayuaem

s . _OH(@qpt) X

p=— ——_‘ETN . (16)

N3 § 8.04 caemyer, wTo Kaxmoe n3 ypasueitnft Jlarpamka nmeer

BTOPOR MNOPAROK, TaKk e Kak n ypasHuenns (1) § 8.04, sanucanuuie

B NpAMOYro/bHLIX KoopauHatax. ITpueM, HCROAb3OBaHHLIK B STOM Napa-

rpade, No3BOJAET 3aMEHHTb § HOBLHIMH NEpPeMeHHHMH p, B pe3yabTare

yero 2 ypasnenu#t JlarpaHika BTOpPOro NOpsaKa 3aMeHsOTCA 2% ypasHe-

nuamu (15) u (16) nepsoro nopsaka. Ilepennwem ans yaoGcTBa STH

ypaBHeHHR B BHAe

c _9H(q, p 0 s ___OH@pt)

9= op, v P 9q, . an

DTH ypaBHeHHR M HA3HBAIOTCR KGHOHRUKECKUMYU YpasHeRuasu laxurs-
moxa.

B kax10#l KOHKpeTHOR 3azade, B KOTOPO# H3BeCTHO BHpaxeHue ¢yHK-
uun U depe3 npaMOYyroJbHue KOOPAHHATH, ¢popMa QyHkuun ['amuabToHa
H(g., p, £) Takxe M3BeCTHa, KaK 9TO Jerko BHAeTb, PacCMaTpHBas No-
cleloBaTe bHHe mnpeoGpasopanus ¢yuxuun T, onpeneasemMo paseH-
cteom (6) § 8.04.

TeopeTHueckHe paccyxaenns sToro naparpaga Gyayr noapoGuo
nponanioctpupoBarn 8 § 8.08.

§ 8.07. Huterpan sHepruu

Ecan npeo6pasosaniic NPAMOYrOJbHHX KOOPAHHAaT B 0GoGluetinne
KOOPAMHATH He CONEPXKHT BPeMeHH, T. €. ecau x==x(q), T0 T TaKxe
He COAEPXHUT BPeMeHu aBHO, TaKk yt0 T =T, n, kpome Toro, U Gyaer
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dyHkuued ToAbKOo Benmumn ¢. Tak kak p=0T/dg. 1o BHpaxeHue

A8 p 4epes ¢ u ¢ He OyAeT COAEPKATh BPeMeHH ABHO H, C.1eN0Ba-
teavio, H=H(qg, p). TMosroMy, ucnoabaya ypasuenua (17) § 8.06,

noayuaes
. oH - N\ OH
H= E:d—q,—q’ + 2|5EP1=0-

H=T ~ U =const.

CienoBaTebio,

3T0 paBeHCTBO M eCTb HHTErpajd SHEPriH, MONYYEHHHA MPH YKA3AHHHX
ycaosusx, npuueM T — KHWHeTHYeCKan 3Heprus, a — U -~ noreHunanbHasn
SHeprus.

§ 8.08. Mpumep (npomoaxenne)

B § 8.05 mMu nmoayuman ypasHeHua Jlarpatua, OMHCHBAIOUHE ABH-
xeHue Touku P. B stoM mnaparpade MW BHBeseM COOTBETCTBYIOLUME
KaHouuueckue ypasHenus. BynseM ucxoautv u3 paseHcts (8) u (7) § 8.05,
nojaras, OAHAKO, Kak u B oOweR Teopu,

E=q. 1=q»

Toraa oTH paBeHCTBA NPUMYT BHA

1. . . .
T=5[a}+49}+21(9,9,—9,9,) +n* (3} + @)} M
1 1
U=0M(-r—l-+7;-). @
rhe ry ¥ ry— QyHKuUMH g, H G,
Janee
== .E_T_ 3 -— 1 —_— e ==g + n
h= o0 q dyr D= q, )T
Orciona
@1=p + 19y Ggy=p,—nq, 3

Hs dopuyan (1) Haxoaum
Ty =5 (& +43) )

Ty =g 26+ ) ®
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Hcnoabsys ¢opMyan (3) u (4), noayuaem

= 1
T*=T,—Ty=5(Pi+ p;+ 2nq9,p, — 2nq,p)). ©®
dynkuna Camuabtona H Gynser Torna BHPpakaTbes GopMmyaoft
1
H(. p. )= (P} + Pi+ 2nq,p, — 2nq,p,)— U. )

Mpumeuss teneps dopmyan (17) § 8.06, noayuaeM KaHOHHueCKHe
ypastieHHs B BHIe

‘}1 = p,+ nq, é’z=P2 — nq ®)

. ouU . oU

P1=nP2+37l" p2=‘npl+'o_q;" ®
Ilea ypasHenus Jlarpanmwa (5) u (6) § 8.05, kakmoe M3 KOTOPHX

BTOPOro mnopsnka, 8aME€HEHH Tenepb 4YCTHMPbMA KAHOHHUECKHMH ypaBHe-
HHUAMI, KaxXaoe H3 KOTOPHIX MepBOro nopsiaka.

llpunmesanue. U3 dpopmyan (1), cornacHo ypasHenusM (3), Haxoaum

oT .
= ngy, + n%q, =np,.

Hs pasencrsa (6) nmeeM

Mui, TakuM 06pa3oM. noay4yaeM noATBepxaeHue obieRt dpopmyan (13)
§ 8.06 nas KOOPAHHATH ¢, H (NPH MOMOIUH &HAJIOTHYHOTO MpHEMa) AR
KOOPIAHMHATH §,.

§ 8.09. dopManbHOe pemieHHe KAHOHHYECKHX
ypaBuenufl

Kanonuueckue YpaBHEHHA HMEIOT BHA

. 0H . oH
W=7y P=—7g" M

rae i=1. 2, ..., k. Mu nokaxeM, u4t0 OOlllee pelleHHe STHX ypaB-
HeHHH MOXeT OHTb MOJYYEHO. eC/M MB 3HaeM HeKOoTOpyl ¢yHkuuio S,
YAOBAETBOPAIOIYIO Y PABHEHHIO B YaCTHHX NPOU3BOAHHX, KOTOpPOe OGHYHO
Ha3uBaOT ypasnenuem [amursmona — Slkobu.

Kanonuueckue ypasnenus (1) npeacrasasior coGoft cucremy 2k oOhiKe~
HOBeHHHX AnddepeHUNHaNbHHX YpaBHeHu#t. [1peanosOKHM, YTO OHH MOJ-
HOCTbIO peweHH. Toraa nw6oe ¢ u aw06oe p GyAyT BHPaxeHH B BHAe
byHKu# BpeMeHH H 2R NOCTOAHHHIX HHTErPHPOBAHHA, KOTOpHE MH
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00603HaYMM 4EPe3 ¢}, €9 +.., Cgp. MH MONeM, TakuM 0O6pa3oM, Hanu-
catb

ql=ql (t. Cl, Czp s ey 62.) (2)
H aHaJNOTH4YHO

Pi=pi(t. ¢y Cg o vty Cop) ®

B ypasHenuax (1) ¢yukuma TCamuastona H BHpaxeHa uepes ¢, p.
t. Ecnu MH MONCTaBHM BMECTO ¢ M p HX BHIPaXKEHHA H3 COOTHOLIe-
Haft (2) u (3), 10 H crader dyuxkumed £ W ¢. Mu Torza GyaeM uMeTb

H(, H=H(q. p. ).

oTkyna, nuddepeHUHpYs NO €; HAXOLUM
R
oH __ oH dq OH dp; __ ] ap;
'aT,—;lmo—c,"'l o o Epldc +Z‘haﬁ'
HJH, BBINOJHAA NPOCTOE npeoGpaaonaHue.

9q;
dc] dt 2 ‘ Oc, + dC] 2 p‘ql (4)

l=] [£ 3}

Ho n3 ¢opmyau (6) § 8.06 umeem
le pl‘il =2T,+ Ty

a u3 ¢opmyan (14) § 8.06 —
H= Tz—To-‘-U.

IMostoMy paBeHcTBO (4) MpHHHMaET BHIL
[
d d 9
3; L= = (Tt T+ Tot V)= T+U). G
Iycts ¢ynkuua S(c, ) onpeaenserca ypabHeHHeM
ds
F=T+U. 6)

Toraa ypasHeHHe (5) mepenuiuercqa B BHIe

1
0 (dS _d aq;
5 (ar)=@ I}Ilw-
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YMHOXHM STO ypaBHeHHe Ha BapHaUMIO &¢; W MPOCYMMHPyeM BCe TaKue
ypasHenus no J ot 1 a» 2k. Toraa moayuum

28 k 2}:

U3 cooTHoweHus (2) HaXOAUM

2k
0
b=, -5“{—; 3¢;. ®)
j=1

AHATOrHYHO Ha#leM, 4TO JeBaa 4acTb ypapHeHus (7) pasHa & (dS/df)
HAH, Ha OCHOBaHWH paseHcTBa (6) § 8.01, (d/df)(8S). Nostomy ypas-
HeHue (7) NMpHMeT BHI

k
d . AN
25 @) =— 2‘ pdq;
i=1
Huterpupys, noayuaem

R
8S = gl pdq;+C, ®

rie C — nocTosHHad,

$opMa 9TOr0 ypaBHeHHS HABOAMT Ha MHCJb O NpeoGpa3oBaHuu yHK-
uan S(e, #).

Mu paspeaum 2k nOCTOAHHHX ¢ Ha ABe rpynnu: a) ¢; M 6) cp,
rae B kaxmo# u3 rpynn j=1, 2, ..., k. Jaa ynoGcTsa 060o3HayuM
YNeHH NepBO# rpynmbl yepes a; a YjaeHH BTOPOH rpynnsl — Yepes ¥,
TAK UTO @;==C; U Y;=Cpy;

Torna paseHcTBO (2) mpHUMeT BHA

,=q,(¢ a ). (10)

Hucao Takux ypaBueHu#t paBHO R, NMpHYeM NpeANoJaraeTcs, 4TO OHi
pa3pelsuMbl  OTHOCHTENbHO 7, T. €. YTO Mbl MOXEM NpeiCTaBHTb JIO-
6oe 1 B BHAe

=10 a f) 1)

Cornacuo pasenctsy (10), k£ BapuauuaM 3a u & BapuauusM dY COOT-
BETCTBYeT CJeayiolitee COOTHOLICHHE:

= V' 9%, N 94
Bq,_z da; Eal—{—}‘#sn. (12)
J

J
Takum oGpasoM, umeercs & ypaBHeHu# Tuna (12), M3 KOTOPHIX Kax-
poe 3y MoxeT OWTb BbipaXeno uepes k wapuauuih 52 u k sapuauutt 3,
NpHYeM NOCAeAHHE MOTYT PacCMaTPHBAaThCA KaK He3aBUCIHMbE,
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B Hamux HOBbIX 0603HaueHHaX ¢YHKuMa S(c, £) npuMeT BHA
S(a, 7, £), a 3ateM nocpeacteoM paBeHcTBa (11) npeo6pasyercs K BHAY
S(q. a, £). Mostromy

k
o \Y 95 o 2‘ gS
oS = —q—;o + -a—a-‘—(la (13)

Bruipaxenus aas 3S B cpopmynax (9) u (13) noamubl GLITH TONAECT-
BeHHbl. B uacTHoCcTH, C LOMKHO WMeTb BHA

k
Y
C = z p‘aap
1
rae ﬂ—nocrommue BE/JAHYHHDI.

Tak kak 8¢ u da nNpeACTaBAROT TNPOH3BOAbHHE BapHaLMH, TO
cpasuenne paBencTB (9) u (13) nokaswbiBaer, yToO

as t
p=2400 (14)
" oS
,a,t
B= —%,1—)' (15)
rae i=1, 2, ..., k.

[Tpeano.oXuM, YTO KaKHM-aHGO cnoco6oM Mbl Halail (YHKUHIO
S(g. @, £), KOTOpPYI0 Mbl Ha30BCM Xaparmepucmudeckol gyuxyued.
Torna % ypasHenuft (15) MoryT GuiTb pellleHbl OTHOCHTeJbHO B KOOp-
AMHAT ¢, KOTOpHE B pe3yabTate 3TOro GyAyT BbipaxeHb uepe3 2 no-
' CTOSHHHX @ W k2 nocTOAHHHX § B BHie (YHKUHOHAABbHON 3aBHCHMOCTH

=gq(¢, a, ). MoncraBaaa ee 3aTeM B paBeHcTBO (14), Haxoaum p
B Biae p==p(f, a, §). D10 u naer ¢opMaabHoe pelueHHe KaHONHYe-
CKHX ypaBHeHHH.

MocTosHHbE a 1i § HA3HBAOTCA KAHOHUYECKUMU NOCMOAHHRMU.
npuueM § ABAAETCA KAHOHUYECKU CONPANCEHHOL MO OTHOWIEHMIO K a,
H Hao6oporT.

KpoMe Toro, Mb MOxeM Ha3BaTb ¢; ¥ p, Napoll conpaxcennmnx
nepemennux,

§ 8.10. YpaBnenne 'amuabTOHA — SlKOGH And S

Mu Tenepb BHBeleM ypaBHeHHe B YAaCTHHX TPOH3BOAHHIX, Ha3hLIBaC-
Moe 4acTo ypasHeHHeM [aMuabToHa — flkOGH, KOTOPOMY YAOBJAETBOpSser
xapaktepucTHueckas ¢yuxuus S(q, a, £). Ilo onpenenennio (6) § 8.09.
dSjdt=T + U.

Ouxnako

ds __ oS (q. a, f) 0S(q.a,t) -
dt + Z 0q, ql'

12 V. Cmapr
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TlostoMy, cornacHo paeeHcTBy (14) § 8.09, umeeM
R
aS .
T+U=%+ X pdr
1
Ho coraacio ¢opmyne (6) § 8.06,

Iy
Ty +T,= g P9

CocTaBnss pasHOCTb 9THX paBeHCTB M yuuthBas, uro T =T,
+ T+ Ty MH MOTy4HM

a8
-&'+T2—To‘_u=0-

Ho Tak kak, coraacio ¢opmyne (14) § 8.06, H onpeaenserca ¢op-
MyJoft
H(q, p, t)=T2—T0—U.
npHYEeM _
Ty=Ty(q. p. )=T,
TO

.";9_(!;“_‘) +H(@. p. )=0.

A coraacHo ¢opmyne (14) § 8.09, umeenm
0S(q, o, t)

CnenoBaTe/bHO, S eCTb pellieHHe YPaBHEHHS B YaCTHHX MPOH3BOL-

HBIX s oS
%t—+H(q. = t)=0. %))

colepxkalliee MOJMHOE HHCAO (T. €. B) NMOCTOAHHHIX HHTETPHPOBAHHA G»
NpHYeM MH OTOpacHBAaEM AAIHTHBHYIO MOCTOSHHYIO, CKaMeM a.

B moGo#t koukpeTHOR® 3amaue TouHulit BuA H (¢, p, £) uasecreH, u6o
KuHeTHdYecKas oHeprus T, koropas naercs ¢opmyron (4) § 8.03,

ABAACTCA, KAK OTMENAnOCh, M3BECTHOR QYHKUMER ¢; M, B UaCTHOCTH,

Ty(q. ¢, £)— u3sectHan QYHKUHA q H Ty —usBecTHaa ¢ynxuus gq, £.
Kpome Ttoro, onpesenenne umnyancos p no ¢opmynam (1) u (2)§ 8. 06

NOKa3biBaeT, 4TO MoG0e p;, ABAAETCA HM3BeCTHOR AuHEAHOR yHKuMeH ¢.

U3 9THX £ AHHEAHMBIX 3aBHCHMOCTe BEJHYHHH ¢; MOXHO BHPAa3HTb B BHIE
AuHeRHHX ¢ynkuut p. Koraa stH nocneaHue BhpaxeHus GyayT Roa-

craBaent B T,(q, q'. £), Mo noayuum T, B BHIE H3BECTHOR (YHKUHMH
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ot ¢, p. t. HakoHeu, tak xak U — u3BectHas dyHkuus, 10 H (=T, —
—T,— U) Gyner Takxke napecTHOR ¢yHKuueR oT ¢q. p, £.

§ 8.11, O6mue samevanHAa O KAHOHHYECKHX
NOCTOAHHKX

B § 8.09 HavanbHas COBOKYNMHOCTb 2R TMOCTOAHHBIX HHTErpHpOBa-
HHUA €y, Cg «.., Cgp HOCHJA COBEpIIEHHO OOUIHA XapakTep, T. e. He 3a-
BHCEJA OT YaCTHOTO METONAd MOJAY4YeHHS CaMOro pellleHHs.

PaccMOTpHM CHauana NpOCTYI0 8ajauy ABHKEHHS 4YacCTHUH NMO Mps-
MOH NHHMH COTJACHO YPaBHEHHIO ABIXeHHA X ==-— x. Peuenue storo
ypaBHeHHs MOXeT GHTb 3aMHCaHO B BHAE

a) x ==a,sinf 4-a,cost,
U
6) x =bsin(t 4 =).

IMTOCTOSHHLIMH HHTEr PHPOBaHHA, KOTOpHE NOMKHH GBITH OTONKAECT-
BJEHH € ¢; H Cy, B MEPBOM CAyuae SBAAIOTCA a; H dy, & BO BTOPOM —
b u t. TakuM o6pasoM, NMOCTOAHHBIE C; H €, HMEIOT RBE Pa3/uuHblE HHe-
TepNnpeTauHH B 3aBUCHMOCTH OT ABYX GOpM, HIH METONOB, NMOAY4YEHHA
peuieHus.

PaccMoTpuM Tenepb Gojiee CNOKHBHIAA NMpHMEp, HMEHHO HEBO3MYLIEH-
HOe JNNMNTHYECKOe ABHMeHHe MaaHeT. Ecan Mu npeo6pasyem npsamo-
yroabHble KOOPAMHATH NJAaHeTH B O0O6OGleHHbE KOOPAHHATH ¢ (Hanpu-
Mep, NOJAPHBIE KOOPAHHATH), TO MOJAYYeHHHE B pe3yabTaTe STOrO Ka-
HOHHYeCKHe YPaBHeHuA, Kak GyleT MOKa3aHo B ra. 9, MOryT GHTb Jerko
pelennl. [IpHHMMas AR MOCTOAHHHIX HHTErpHPOBAaHHA CHCTEMY 0003Ha-
el ¢;==a, U cp,=T1,¢=1, 2, ..., k), MB MONKeM 3anucarb
pelleHue B BHAe

i=q; ¢t a, ), p=p;¢ a 7) 0))
roe i=1, 2, 3. B MomeHr £,
@o=q;(tp» a. 1) u (po=p; ¢ a. 1)

YHC/JO STHX ypPaBHEHMN PaBHO WIECTH, H JETKO BHAETb, YTO NOC/AE HCKe
MOYEHH M3 HHX TpeX BENHYMH 7T OCTAaBUIMECA TPH YDPaBHEHHA MOryT
6LiTb paspellieHbl OTHOCHTENbHO a@;. 3TO RacT

a;=a,; (%, gor Po) (05]
AHaJIOrH4HO

Ti="Ti(tp 9o» Po) €))

3necb a u {—dynkuun OT OCOGIIEHHHX KOOPAMHAT H HMNYJLCOB B
HavanbHBIA MoMeHT £ Jlerko BHAeTb TOrAa, yTO pemienHe (1) Moxer

12+
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6biTH 3aNUCAaHO B BHAC
9:=q;¢ g0 P))» P=p;(t G5 Po)-

OueBHAIlO, 4TO 2K MOCTOAHHMX WHTErDHPOBAHHA MOXHO  HHTep-
npeTHpoBaTh a) KaK R BeMMUHH (), H R BelHuHH (p,),, Han 6) Kak
OYHKUMH 2 M T OT ¢y M p, BbpaxaeMbie dopMyaamu (2) u (3), uau
B) B ewe Gonee obweM cayyae, Kak ~2ofwse 2k He3aBUCHMHX ¢yHK-
uM#t oT g H Py

Teopema, KoTopas GyAer A0Ka3aHa B CjedylolleM naparpade, OTHO-
CHTCA K peLIEHHAM KAHOHHYECKHX YpPaBHEHHH, KOIAa MOCTOAHHHE HHTE-
rpupoBaHud, BXoasuwue B S(g, a, £), NPHHUMAOT AOGYI0 H3 BO3MOXK-
HHX (opM, OTMeyeHHHIX paHee.

§ 8.12, Teopema fikoGu

Sta TeopeMa COCTOHMT B CAeAyiolleM.
Ecan S(q. a, £) — 40604 noAHHR HHTErpaa ypaBHeHHA

2 +Hq. %% t)=0. )

BHIPAXKEHHHH 4epe3 BpemA f, k& BeAHUHH ¢ W R He3aBHCHMBIX TOCTOSAH-
HHX HHTErPHPOBAHHA &), ..., @p, M MOAYYEHHBA MOGHM METOAOM, TO
ypaBHeHus

0S(q,a,t
2ol =p @

05(q. 4 ) —

oq‘ pt' (3)

rae i=1, 2, ..., kR onpesensior obiiee peiieHHe 28 KAHOHHYECKHX
ypaBHeHHR

: 0H (g. p. . 0H (9. p. t
o=24r0, j=_JGr], @

B ypaBHennax (2) BeAHUHHH B — He3aBHCHMBIE NOCTOAHHBE, H TaKie
npeanoJjaraercd, 4To (QYHKuHH p,; HE3aBUCHMH.

Tak kak ¢yHkuua S H3BECTHa, TO Trpynna ypasHeHHRH (2) naer HaM
BO3MOXHOCTb HafiTH N100YI0 KOODAMHATY ¢ B BHAE

a=q a p. ©®)
Toraa u3 ypaeneHuf (3) MH MOXEM NOAY4HTb P, B Buie

Pi=2p;(t a B) ©)
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IMponnddepenuupyem pasenctsa (2) no £ Torma, Tak KaKk ¢ — yHk-
ung £, MH NOJYYHM

%S .
9a; 0t +2 “Oa; 0q; 0q1

HAH, UCNOJb3yA ypasHeHue (3),
%S op ;
34, OF E qf 0. )

[MoncrapuM BMecTo p MX 3HaueHus u3 ¢opmyn (6) 8 ypasHenne

BE20 4 HG p. =0 ®)
1 npoauddepenuupyeM no a, Toraa
el or;
oa, Toy OF +2 3y e =0 ®
Briyntas pasenctso (9) ua paBecha (7), nonyuaem
R
. OH \ dp;
/2:("’“'&‘5)7-;-“'0- a0

OG6o3navas &,—-(0H/6p/) yepes X, W Mojarag nocnaenoBaTeAbHO

i=1,2, ..., k., mu Gynem uMeTb R ypaBHeHH#l, AHHEHHWX OTHOCH-
TeJbHO X:

(/) 0] a
of' %+ 2 Xyt e ”* %, =0,

ap 0p
oa; + e e o o e o +"_‘x.=0.

0 d
pl x|+ . o +'0:;:x.= .

Tak kaK p,, Py, «+.: P, = He3aBuCHMHE (QYHKUHH, TO

d(ph Pas ooy pk)
T on oo a) 7O

WAH, BHIPaXaACb HHaye, onpepeautTeab R-ro nopsaaxa, COCTaBaeHHHA 13
KOIPDULHEHTOB Xy, X9 o 44, Xp He paBeH Hyd0. CneloBaTenbHO, MH
AOMKHH HMEThb

Xl=x2-—- LI ) =xk=0.
T. €

. oH
q‘=7p—" (l=l. 2. XXX k)o (ll)
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C apyroft cropoHH, npoauddepeHunpyem coorHouenHe (3) no £,
Toraa

S s -
= i oq +2 0g; 0q, i
HAH, HCNOAb3ys pasenctso (11),

NS s
= 37oq +2‘o*p_, a0 " (12)

Kpome Toro, npu noMouiy COOTHOWIEHHR (3) MOKHO MPENCTABHTL p,
B Buge p;= p,;(q, «, t). [loaromy, anddepeHunpys ypastenne (8) no g,
H 3aMeyan, uto H comepHuT ¢; Kak ABHHM 06pasoM, Tak M 4Yepe3 no-
CPeACTBO P, MH NOJYYHM

s oH oH 6p,
ot dq; +-¢E+2 op; " Oq (13)
Tak kax, coraacHo ¢opmyne (3),
Op, %S

9q, = 9q,0q; "

70 H3 ypaBHenuit (12) n (13) M HeMeA/eHHO NOJAydaeM

oH
= (19

Tak xak ypassenus (11) u (14) ABAAIOTCA KAHOHHUECKUMH ypaBHe-
HHAMH, TO TEOpeMa JAOKa3aHa.

§ 8.18. YacrHne cayuan ypaBHeHHA
Famnaprona ~— SAixoGu

1) H—¢gynxyua moassxo q & p.
B oroM cayuae ¢ He mxoaur sswo B H, tak uro H=H(q, p).
Toraa, Tak Kak
- _OH - oH
1=%p" P——-a;-

TO, Kak H B § 8.07, cymecrsyeT MHTErpan SHepruu

=const ==a;.
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W3 ypashenns Famuabtona — flko6u uMeeM

aS
= (1)
Mostomy s s
=—u iU

rie S; — byHkuus, He coaepxkauias sBHO f.

2) B H omcymcmayem odna xoopdunama q.
Ecan g¢; ue Bxoaut sasHo B H, TO

ﬂ:o.

77
MostoMy p,=0 H, CleNOBAaTENBHO,

pi=const=a;, (J#1).

Mu Toraa uMeeM

-d—s = al; (2)

NOSTOM
y S == a,q‘ + Sgo

rae S, — dynkuus, He coaepxainas g;.

3) H ne codepracum odnod xoopdunamw q; ¢ spesmeru t.
OueBHaHO, 4TO S GyaeT HMeTb BHA

S=—aottaeg+S (+1) 3)

rae S’ He comepXHuT HH £, HH ¢;.

§ 8.14. Tpumep

B ostoM naparpade MH NPONOMKHM NOACHeHHe OOlEro MeToAa Ha
npumepe, paccmorpertom B §§ 8.05 u 8.08. IMepennmem dopmyay (8)
§ 8.08 ans H B Bupe

1
H(q. p. )= (P}+ p}+ 2nq,p, —2nq,p,)— U =
1 1 1
=3P+ n9Y+ 5 (py—ng) — gt (g +g)—U. (1)
Ypasnenue amunbrona — flko6u Toraa npuMer BHA
oS 1(0S :  1/(0S 3 1
o +2 (3 + ) +2 (35 — ) — 3@ +@—U=0.
@
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Tak kak ¢ He Bxoaut aBuo B dopmyay (1), TO, coriacHo cooTHouIe-
wuio (1) § 8.13, Gyaem uMmeTb

oS

P =T

H, TaKHM O6pasoM, mnoc.]e NOJACTAHOBKH — &, BMeCTO 0S/0f B ypaBHe-
nue (2) ypaBHenne I'aMuabTOHa — flko6M 3amnuierTcs B Bujle

(-‘E-{—n (S g Y =2 (24 g2+ 2U 42

gt ) + (o= nn) =@+ @)U+ @)
Tak kak B 3TOM NpHMepe ABe CTeneHu cBOGOLH, TO obllee YHC.IO mo-
CTOAHHHIX MHTErpHPOBaHHA OyleT PaBHO ueTHPEM, HMEHHO a;, U
Bim Bo

MareMaTHuecKkH 3anaya, CJCAOBATEJblIO, COCTOHT B TOM, 4TOGHB Bbi-

pasutb 0S/0q, w 0S/dq,, yaosaeTBopsOlUlE YypaBlteHuio (). uepes
t, q,. g, ¥ TNOCTOAAHHBE HHTErPHPOBAHHA &, H d,. Kak OkasulBaercs B
9TOM npumepe, ¢opma 3asucumoctn o¢ynkmun U ot ¢, u ¢, Takona,
4TO Mbl fle MOKeM HaHTu Bbipaxenn#h 111 90S/dq, uw 0S/dq,, wis no
iyTH, ykasaHHOMYy oOweli Teopyedt. Ho dopmaabno Ml MoxkeM oupe-
Ieautb ¢yHKuuio S, npeano.arad, yro 0S/dq, w 0S/0q, noayuenul u3
ypaBHeHHa (3) W BHpPaXKeHH uepe3 NOCTOAHHLIE a; H &y, Mbl OyneMm uMeTb
npH 3TOM

45 95 | 98 . 4 9S .
a ot T og, T 9g, T

Tak yto S 3amaetca opMy.o#
oS 0S
S=—at+ [ 5dg+ [ 5dan,
npHyeM aANUTHBHAA MNOCTOAHHAA 01'6pomeHa. ¢0pMﬂJlbllO€ peuieHye 3a-

laup Toraa GyneT cC/lel0oBaTh H3 ypaBHEHHH

S _q 95 _
oo P g = Pu

rae (=1, 2.

§ 8.15. OGumee npuMeHenHe MeTOAa
FamuabTona — flkoGu

OOGuee npuMeHeHHe Metona [ aMH/IbTOHA — fIKOOGH B TeopHAX ABHiKe-
1na naadetr M JIYHH OCHOBAaHO 1A MPEANOJOKEHHH, YTO KAHOHHYeCKHe
ypaBHeHHst MOTYT OBITb pellleHH OMMCAHHHIM Bhillle METONOM, €CH B ypaB-
HelMs BXONMT TOJLKO HeKoTOpas yactb ¢yukuun Famuabtona H. Takum
06pa3oM, ec/M MBH HanuiueM

H=H,4(H —H) (M
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1] peunimM YPAaBHEHIUA
o _6.“0 .'____ 6“0 (r))
9= go- = p= T

veroaoM [aMuibTOHa, BBIpa3uB 3TO pelleHUe yepe3 KAHOHHYECKHe NO-
CTOHHEIE & H 3, TO Mbl CMOMKEM NOJYYHTb, KaK CKOPO YBHIMM, HOBhie
KaHOHHMYECKHe ypasHeliMs, B KOTOPHX HOBOR dyukuuelt [amuabtoHa Oy-
ACT CAYKNTb pasHocTb H — H,, durypupyiomas 8 dopmyae (1), Yaro6xo
3anucatb opmyay (1) B Buze
H=H,—H,,
rae 3)
H,=—H—H,).

Has Toro utoGLl peliHTh YypasHerus (2), nam Hywno nadrtu ¢ynk-
wio S(g, 2. 1), YyAOBICTBOPAILYIO YpaBHCHilio

S+ H (g 55 f)=0. &

Mu npeanosaraem (kak M padbuie), 4TO pelleHHe ypaBHemus (4) us-
pectHo. Toraa peurenne KanOHWYCCKHX YpaBlieHH# AaeTcss GopMmygaMu
0S(q, a, f) 10S(q, 1, 1)
Br=—"g— P =,

o, ' Pr="gg" ®)
H3 KOTOPHIX /1i060e ¢; H p, MOXeT OUTL Halleuo B Biie
g;=q;(t. o, B). p;=p(¢ a B) (6)

B nociaeanux ¢opmyaax a u §-— conpskeHHbie KaHOHHYeCKHE NMOCTO-
AHHBlE.
B coranacun ¢ ¢opmynamu (6) MH MOKeM mepenHcaTb YpaBHEHHs (2)
B BHIe
oq;  OH, op; oH,

of =op ' ofF — " oq " @

Meron, kotopuift Tenepb OyneT H3naraThCs, B MPUHUMMAE aHAJOTHYEH
TOMY, KOTOPBIl yie MCNO.b30BajcA NpH BHBOAe ypasHeHHR Jlarpanwxa
B I'a. 5.

[lycts @ # B paccMaTpHBAIOTCA KaK HOBbie NEpeMeHHbie, 3aMeHsIolue
nepsoHayaibHBe nepemedHnie ¢ W p, coraacHo dopmyaam (6), T. e.
¢ 4 p BHPAXKAITCA Yepe3 HOBHE MepeMeHHble a M § TakHM xe o6pa-
30M, KaKMM OHM MOJY4aIHCh MPH pelleHHH ypasHenu# (2) uau (7), 1. e.
dopmyaamu (6).

[lepBoHayanbHbHe KAHOHHYECKHE yPaBHEHHS TAKOBbI:

= O OH
N"="op " PI="%g"
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OtH ypasHenua nocpeactsoM ¢opmya (6), B KOTOPHX a H B — HOBHE
nepeMeHHLe, H NMPH MOMOWMH paBeHcTBa (3) NMPHHHMAOT BHX

0‘11 +2(041 04]1 B,) d(Hsp—lHn) ,

ol’t +2(0Pl oPl ﬂ,) O(qu—"Hl)

IMosToMy B cHay ypasHeHuft (7) nmeeM

(et & g be)=—Gor- ®
'E(%%—d,+”' )= ©)

Tlepsonauaavio H, O6uaa ¢yuxuueft ¢, p. ITpu nomown dopumya (6)
OHa MOXeT OHTb NMpeACTaB/eHa KaK (YHKIUHA HOBHX MepeMeHHHX a H f.
CaexosaTenbHO,
gH_. (aﬁ, Ogy | OH:  opi
= oq, 0“/ op 0“1)

H, HCnoab3ys ypasHedus (8) H (9), uMeeM
01'71 9(q1. py) 9(qu. p)
E [ E Feray T 4 TGy B ] (0

O603HauuM

! 9(q1 Po)
pIE- B wepes oy o) (11)

AHanoruuHoe 06o3HaveHHe BBeleM H AAA kodpduumenta npu B,. Buipa-
MEHH TaKOrO BHAZ MH O6yleM Ha3HBATL 0006WEHHWMU CKOOKAMU

Jazpanica, Tenepv dopmyna (10) sannwerca B BuAe
o }.“ lay a ,1+La, (2. Br): (12)
AHaJI0THYHO

= 18y o+ BB te B a3)

Hcnoavsyem nanee pasenctsa (5). IMycte S(g, a, £) npu nomown
nepsoft Tpynns PaBeHCTB (6) npeoGpasyerca B ¢yHkuuio or £ z, 8.
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OGosHauuM 9Ty ¢yHkuuio uepes S’(¢, a, B). Tak kak S(g. a, £) co-
NePKHUT a@; ABHO, TO MH HMeeM

as'___gg__z_*_z%_‘ -3;‘3.

HaH, ¢ yueToM ¢opmyn (5)

m,j Zmo : (14)
AHaNOTHYHO 05"
dq
%= E Tpf (18)

Tenepn, npuMenus dopmyay (14), moayuum

SRS i

Tak Kak a H § HE3aBHCHMH, TO l2;, @,] =0 u BooGwe Bce CKOOKH Ta-
KOro BHAA PaBHH HYJIO.
C zpyro#f CTOpOHH, HcCmoJAb3ya paBeHcTBO (15), MW HaflaeM, uTO

9 aq 9 9q
8. ﬁrl—ﬁ—zpzjﬁ'—ﬁ;‘zh 03:

-3 ()4 (%)=
o, \o; )~ o o, )=
Takum o6pasoMm, Bce ckoOkH Takoro THma ob6pawiaioTcd B Hyab., Hako-
Hell

2 o _ 0 N , 90
o). Bl 557 21’1‘57}'—;}— Pigg, =

d (a8’ _0 (oS’
=T( —8)— a5 (3;)-
[TostoMy
la;, B)=0, ecin r+#J
H

[2). Bl =—1
HAH, B COOTBETCTBHH C ONPeAe/NeHHEM,
l@ §l aj] =1.
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Hs ypasuennl (12) u (13) Mul Torma GymeM uMeThb

. oH ; oH
al=—W;-. pl=—oT,ln (16)

dTH ypaBHeHHs ABJAOTCA KaHOHHYeCKUMH. Takue paccyieHus, oue-
BHIHO, MOTYT OWTb pacmpocTpaHeHn Ha pelwende ypashenu#t (16) ¢ Ho-
Bo# ¢yHkuue#t [aMuIbTOHA, B KauecTBe KOTOPOH NpHHATA HEKOTOPad
yactb Gpyukunn H,.

§ 8.16. KanoHHuyeckHe ypaBHeHHS BOSMYULEHNOTO
ABHXEHHSA

ByaeM HCXOAMTb W3 ypaBHeuufi BO3MYIUEHHOTO MNBINKEHHS NAAHETH,
3a4aHHHX B MNpPAMOYTrOAbHHX KOOpAHHATaX. nﬂﬂ KOOPAHHATH X HMeeM
px __ OR

X+ 5 =5o n

rae R~ sosmywawwas ¢yukuus. R — dynkuua m;, x,. ¥, 2, (Maccu
M KOOPANMHAT BO3Myllaouied naaHetw P,) W KoopauHaT X, y, 2z NJa-
HeTw P. Mu mnpeanoaaraem, 4to X, y; W 2; BHpPa}XeHH 4epe3 BpeMs
H SAJMNTHYECKHe 9JeMeHTH opOuTh naavetn P;. Torna

R=R(x. y. 2, 0.
CunoBaa ¢ynkuus U u KuHerHdeckas sHeprus T, Bxoaswue B 06-
Y0 TEOPHIO. B NAHHOM CAyuae OMpelesioTcs OpMY.1aMu
U="% L mR, Te=gm( 4524 ).

B ypasuenun (1) MHOMHTENb m OTCYTCTBYeT H MOITOMY (yHKUHMM
U u T (kak B npumepe § 8.05, rae Ha MHOxuTenb m OHJIO NpoH3Be-
DeHO COKpaLieHHe) cJenyeT OmpeneuTb QOpMyaaMH
U=—‘:—+R=U0+R. @
rae

=SP4+ 4 ),

Buipaxas x, y, 2 uepes TpH 0060OlieHHHEe KOOPAMHATH ;. ¢
npH moMoiun ypapHeHHH Tunma x = x (g, ) Mu npeobpasyem TpH ypas-
nenns Buaa (1) B TPH mapH KaHOHMYECKHX YpaBHeHu#

. oH . oH
=755 Pi=—3g (=1, 273), ()
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rae _
H=T,—T,—U=H,—R, C))
npuyeM _

Ecan npeneGpeur ¢yHkune#t R, To Kanouuueckue ypasHeHus GyayT
HMeTb BHA YpaBhenu# (3), B kotopux ¢yukuus H 3ameiieHa ¢yHK-
uue#t H,. Pewenne ana g, Ttoraa OyAeT BHPaKaTbcA GOPMYaaMH
g,=q,(¢, a, B), tae a n B-— KaHOHHYeCKHE NOCTOAHHHE. DYHKUHH P,
onpenenaTcs aHanoTHYHBMH dopmyaamu. KaHoHHYecKHe NOCTOSHHbIE,
TakuM 06pa3oM, MOABAAIOTCA NMPH pelIeHHH YpPaBHEHHH HeBO3MYILUEHHOTO
HOBHXKEHHA M, OYEBHAHO, B OOIIEM CJIyuyae MPEACTaBAAIOT QYHKUHH IIECTH
97eMeHTOB OPOHTHI.

CpasHenne paBencTBa (4) ¢ paseHcTBoM (3) § 8.15 nokasuBaer, uto
ec/aH @ W B paccMaTpuBaTh Temepb KaK NepeMeHHHe, TO COOTBETCTBYIO-
IlHe KAaHOHWYECKHe YpaBHeHHS, aHa/JoTHYHWe ypaBHeHuam (16) § 8.15,
HMeIOT BHI
. dR dR
ar=—da—l-. ﬂ,=—-?'a—‘- (5)

SToT npouecc Moxer GLITh pacnpocTpaveH u Aaabiue. Tak, ecau Mu
nonoxuM R ==R,— R, u pewnM ypasHenus (5), npuuas R, B KauecTse
¢yuxkuun aMHABTOHA, TO MNOJAYYAaTCA HOBHE KAaHOHMYECKHE MOCTOAHHME
a;, b;, W TOrRa OHM, paccMaTpHBaeMHe Kak HOBhHle nepeMenline, OyayT
YBOB/ETBOPATb KAHOHHYECKHM Y PaBHEHHAM

° 0R|

al:TbT’ bl=

dR,

-(Ja,'

Onucannuft Meton Ona passut [llenons B ero Teopun JIyHH, mpuuem
yKasaHHHfl UM npouecc MoxeT OHTL NPOAO.JKEH RO TexX Mop, MOKa Bce
y/eHH BO3MYyIlaiolle QYHKUHH He GYAyT HCuepmaHil.

§ 8.17. CootHowenHs SIKOGH

Mu npeanonoxuy. Ges orpanuueHHs OGWIHOCTH. yTO, Kak B § 8.15,
@, 0 B, NpPeACTaBAAOT A NMap KAHOHHYECKHX NOCTOAHHEIX, NOAB/AIOLUHXCSI
NpH pelieHHH YypaBHEHHH

- 0H . 0H,
q£=7p—lo-. pl=—Tq,o (l=l-2l"'l k)'

Kak Mo BuAe.i. pellieHHe TOrAa naercd B BHIAe
u=q¢ a B, p,=pt a B ()
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OT™H ypaBHeHHs MOryT OHTb B MPHHIUHNE DelleHH OTHOCHTEAbHO BE/H-
unil @ U P. B peayabrate a u § OyRyr BHpaxeun uepes ¢, p, ¢

B BHIC
e, =a (g p. ) B,=8( p o). @

flko6H MOJAYYHA YeTHipe 3aMeyaTeNbHBIX COOTHOUIEHHS MEeWAYy NMpPOH3BOL-
HHMH ¢ W p (BHpaXeHHHMH 4epe3 « H fB) mo a u § M npouseoa-
HHMH o H B (BHpaXeHHLIMH Yepe3 ¢ H p) N0 ¢ U p.
Mu npeanonoxuM, kak u B § 8.15, 4r0 nepsoHauanbHas QyHKIHSA
npeacrasneHa B Bune Hy— H,, rae H, u H) — dynkunnu q, p, ¢
Ecan @ u B paccMaTpHBAIOTCA KAK HOBLE NEpeMEeHHHE, TO MH MO-
nyvaeM ypashenus (8) u (9) § 8.15. Onn umecioT BHA

(s, + g 6)=— L. ©)
St )=

Haaee us ypasHenu#t (16) § 8.15 caenyer, uro BeauunHn a« u B
YAOBJAETBOPSAIOT KaHOHHYECKHM YPaBHEHHAM

= fe=—2, ®)

f

B KoTOpux Hy=H, (¢, a, B).
l'lycn 3g; n 3p, cyTb HesaBucuMHE BapHauuu ¢; u p; (I=1,
2, , k). Torma Bapuaumna 3H,, ecan H,=H,(q. p. f), Gyaer BH-
pa)xarbcn dopmyaoft ol oH
J— ik i
¥H, —21( 3+ 55 P 8p,),

uan, coraacio ¢opmyaam (3) u (4),

8Iil —22841(01" ar+ 01’1 pr)

- 2 2 Sp, (ﬂl_l_ @, + oql pr) ()

CornacHo cooTHouleHuaM (2), Bapuauun 3a,, 3B, BHpaxaworca ¢op-

My aaMu
2( -3q, + 3—- 61’1) @

8, = 2‘( :;i: q,+ aa’ 8Pt) ®)
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Kposme toro, ecan Hy==H,(¢, a. B), 10, cornacuo dopmynam (5),
HMeeM
oH OH . .
8H, = 1= 2( L3 - 8pr) 2 (arapr - B,Ba,).
r

Mostomy npu nomown dopmya (7) u (8) noayuaem
_ N\, (98,0 _ Oa %R, 0x, 4
aHl—lzzdaq‘(dq: T 8q; pr)+22 6P[[op: o—p:pr]' )]
r

Ipasue yacth popmyn (6) n (9) A0MKHH OHTb TOMAECTBEHHO PABHH
ApYr APYry; H TaKk Kak 3q; M 8p,— He3aBHCHMHE BapHAUHH, TO KO-
¢uumnent npu 3¢, B dopmynax (6) u (9) AomkHH OHTL paBHH. AHano-
rHYHO KOS(dHUHEHTH MpPH 3p, TaKkke ROMKHH GHTb paBHHMH. MH Toraa
GyleM HMETb ChAelylouiHe COOTHOIUEHHS:

(-t Dl +ah=o
(et (@ —am)h=o  av

Tenepb COOTHOLIEHHA (10) u (11) MoXHO paccMaTpuBaTh Kak k ypas-
Hennit A% @ M K ypasHeHu#A Ans B. Tak KaK 9TH BE:AMYHHH He3ABHCHMH,
TO KOS(MHIUHEHTH NpPH &, H ﬂ, Kak B (10), Tak u B (11) AOMKHH OHTbL
PaBHH HY/IIO. ‘ClleRoBaTEbHO,
on __ 9%,. Op ___ﬁr_.
O, = Oq;0 Of, —  og’ (12)
Oq ___ 08,. g __ 9

B, = Op B, p” (13)

OTH COOTHOLIEHHA, MOAydeHHble FKOOGH, CBASHIBAIOT Maphl COMPAKEHHHIX
MepeMeHHHX ¢ H P H NMApH CONMPAXEHHHX TNOCTORHHHX & H B,
Us dopmya (12) u (13) MH TOTHaC KE MOJyyaeM

d(ql- pl) — d(an Bf)
0@, B7)  0(qi P 14



Fnasa 9

KAHOHHUYECKHE MNCCTCAHHBIE
AJVIMIITHUYECKCIO ABMXKEHUS

§ 9.01. Onpenenenne dpynkuun S

B 3TOi raaBe MBI peliuM ypaBHeHUA HEBO3MYLIEHHOI'O ABHMKEHUSA
naaHeTH MetoAoM 'amuabToHa — $lkoOu. 3710, BO-NEPBHX, AACT BO3MOXK-
HOCTh MPOWAIOCTPHPOBATb B JeTaAdX CaM MeTOA H, BO-BTOpHIX, noJy-
UHTL BaXHLIe COOTHOUICHUS MEXNily 9J1eMeNTaMy OPOHTHl H KAaHOHHYeCKHMH

K

i

Puc. 21.

NIOCTOAHHHMH, KOTOpHE MNOABJAIOTCA B XOAe pellleHHa 3ajaun. Cuaya.a
Mbl noJayunM ¢yHKuWi0 S, YA0B.eTBOPAIOLLYI0 ypaBHeHWO MaMuibToHa —
fIko6H B YacTHHX NPOHIBOAHHX.

Mycth X, y, z — nNpAMOyroJbHble KOOPAWHATH MNJAaHeTn P ¢ Mac-
COft M OTHOCHTENLHO 9KJAMNTHUECKOR CHCTEMB KOOpPAHHAT ¢ Havaac O
s ueTpe Coanua, mpuyem Maccy Cosanua o6osnaunm uepe3 my. Ilyctb
Ha puc. 21r — paguyc-sekrop OP, h — akauntiveckas goarora YR u 0 —
cooTBercTBylowas wupora RQ. Toraa

x==rcoshcos, y=rsinicos?, =rsin. ¢))

B kavectse oO0OOLICHHHX KOOPAMHAT §;, ¢, M @ BO3bMEM COOTBETCT-
seHo r, A u .
YpaBHeHus ABHKCHHA B NMPAMOYTOJAbHHX KOODAMHATAX MUMEIOI BHA

. [V !J-\__(’Uo
k=g (&)=
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MJI0C ABa auajoruyHulX ypapHenus A1 y W 2. 3mech w==G(m -} my)
u B ofosuaveHuax § 8.16 U,=yp/r. Kpome TOro, B 3tux xe 0603Ha-

YeHHAX T=‘/2(x'2-1'-y'2+ 2'2), WM mocje npeobpasoBaiing No GOpMy-
aaM (1)

= £+ (Pricos0 - k24 r202), @

Sto Buipaxkenue aaa T sBasgercds OAHOPOIHOH KBaApaTHYHOH ¢yuKuuen
Beauunnu ¢. TlosToMy Ty=T u Ty=0.

Kak u B oOwe#t Teopun, p,, p, H p; ONPeleAIOTCA CiAeAYIOIUM
o6pa3oM:

p_"_T_ — =T
V=57 T AT

CaegoBaTesibHO,
pi=r, py==ricos?f.k, p,=r2.

Ecan npasyo uyacte ¢opmyan (2) BLipa3uth uycpe3 ¢ H p, TO OHA MpH-
MeT BHI

1
=2 (pf—l— r’cos‘O +7 )
Gyuruns Famuanrona H=7T,— T — U, pupaxaerca ¢popMyo#

l 2
Ha. =+t L ) z ®)

n ypaBlleHHe raMHanOHa — ﬂKOéH TOraa 3annillierca B Bl e
0S 1 0S \2 1 0S\2 1 {0832 &
S+l e () + (B )] —E=0 @

Ho ¢ u A me BXoasaT ABHO B ypaBhenue (3), MOITOMY, COIJAaCHO pa-
BernctBy (3) § 8.13, moaowim

S=—ayt a4 (r, ), (5)

rae S’ — ¢pyHkuus Toabko ot r u 6.
C yueroM Bripawenus (5) ypasHenue I'amuabtoHa — flko6u (4) npu-
MeT BHJ

2a,r2+ 2ur —r2(0£_,) _(08’)+a2 sec?9, ©)

rAe mepeMeHHHe 7 W O pasmeneHm, 4ro nospoJser 3anucath S’ B BHIe
S (r, 0)==8,(r)+ S, (0). @

13 VY. Cmapr
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Ouesuano, neBass M npasad 4acTu ypaBueHus (6) pasun HeKoTOpo#
NOCTOAHHOH, KOTOPYI0 Mbl 06o3uauum uepes a2. Toraa

r (3037’)2 — 23— 2ur 4 al= @®)
H
(03,) -+ a2sec? = a?, ©))

MH Tenepb HMeeM

rae, coraacio ¢opmyae (8),

r
S = [Voartor —a3-2, a1
n
npHyeM BesHyHHA 7, Oyaer Bui6paHa muxe. W3 ypasuenns (9) umeem
S2=f V& —aZsec?t db. (12)
0

B kavectBe r, npumeM MeHulufi W3 ABYX Kopuc# £, W r, ypaBHeins
y=2ay242sr —a2=0. (13)

My GyneM npeanosnaraTh, YTO 7y H ry— AeHCTBHTE/bHLIE il IONOXKHTC/b-
lible BeJHYHHH. OueBHAHO, YTO

®
Nhr=——= Niy=—75, (14)

TaK 4TO, MCKMIOYas ry, HaieM, 4To ry==r,(a;, ay). Takum obpazom.
S,(r) He BBOAMT HOBOH moctosnHOR B pemenue (10). AmnanoruuHoe 3a-
MeyaHHe OTHOCHTCE H K S, (08). Bu6op nuKHHX npenesioB B KamaoM H3
uurerpanos (11) u (12) saBuCHT OT Hac, Tak Kak, COTJacio Teopeme
§ 8.12, HaM Hy®HO HaHTH KaKyw-”HuUGYOs ¢yHkuuio S, yAOBAETBO-
psiollyl0 ypaBHeHHI0 (4) M COAepXKallyl0 TPH He3aBHCHMHE NPOHM3BOJb~
lible MOCTOAHHHE. DTH MOCJAEAHHE CYTb &), & H d,.

dynkung y, onpeneasemas dopmyaoit (13), aomkHa OLITb NOJOKH-
TeAbHOH, Tak Kak MOA 3uakoM uHrerpana (11) coaepxurcs y's. Ho r,
M ry, noaoxutenbHel. CaenoBatenbHo, Ha ocHOBaruH ¢opmya (14) «,
oTpuuareabHa. Toraa MH MoOXeM HanucaTb

yh=(—2)"Vr=r)r,—n, (15)

M OUYeBHAHO, YTO y Oyler He OTPHUATEAbHHIM IJs BCEX F, JAEKAMUHUX
B mpeaenax r, Lr < ry




§ 9.08. Hurezpar 3S/0a, = B, 195

3710 orpanHUeHie, KOTOPOMY MOAYHHAETCA BeJHYHHA PafHyC-BeKTOpa r,
AaeT BO3MOXHOCTb NPeANOJOKHTb, YTO OPOHTA ABAAETCA SJIMNTHYECKOH,
npHueM r, U ry COOTBETCTBYIOT Mepurenuio H adeanio. daxTHueckoe H0-
Ka3aTeabCTBO TOFQ, 4TO OpPGHMTa ABAACTCA 9/AMNTHYecKoN, OyAeT AaHO
no3xe,

§ 9.02. dopmaabHoe pemenue

Koopaunatu r, A, 8 nnaveTn Aad 11060r0 MOMEHTa ¢ ONPeEAEAAIOTCA
H3 PaBeHCTB
aS S

0¢| —'pl 0z, =fs ’E=pz-

Mu paccmMoTpuM 9TH PaBeHCTBA B YKa3aHHOM nopaake. Tak kak S,
He ComepXHT @), TO H3 dopmyan (10) § 9.01 umeem

—t4+ 500 —p,. M
[TockoabKy S; He COREPXHT a3 TO
M= @
H, Hakouel,
aS, (r) + 085 a(aﬂ) =B, )

§ 9.03. Huterpan 9S/0a, = §,

Hs pasenctsa (1) npeamaymero naparpada umeem
aS
¢ +pz='¢)711'

rie S, Buipaxaerca ¢opmyno#t (11) § 9.01. ITomusa, uto HuKHEH npe-
Aea r; HHTErpana ecTb QyHKUHA OT &;, HAXOAUM

r
= [(rdr __ o 2 —
t+§1-—-—;f o e [ V2alr —+ 2pr az]r=r'.

[Mocrennuit uneH B MpaBOH 4acTH paBeH Hyal0, TaK KaK ry— KOPeHb
ypastenua y ==0. Hcnoabsys temepn ¢opmyay (15) § 9.01, noayuvaem

4 rdr
b= = 2“1  Ve—r)n—n’ (1)

Tak Kak Hama ueab NOKa COCTOMT NPOCTO B TOM, uyTo6H BBIPA3UTDL
KaHOHHYECKHE TIOCTOAHHHIC 4Y€pe3 SAAHNTHYECKHE 9SJACMEHTH, TO H3

13*
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¢opmyan (1) naxoaum, yro £+ 8,=0, korna r =r,. CaenosareabHo,
B;=—, rae t — MOMEHT MpOXOXcienus yepes mepure.nil.
Buipasum r; # ry uepes HOBble MOCTOAHHBE @ H € (OPMy.IaMHu

ri=a(l—e), ry=a(l-e)

B KOTOPHX & M € — COOTBETCTBEHHO G60JbLIAafA MOJAYOCh M SKCUEHTPHCH-
ter., Us pasencts (14) § 9.01 mm Torna GyneM uMeTb

g=—a au=Vpl—e). @

[TepelineM Ttenepb K BLIYMC/IEHHIO HHTerpajsa mnpaBoH uwacTH ¢op-
myaet (1). TIpu sToM GyleM PYyKOBOACTBOBATHCA H3BECTHHIMH (DOPMY.1aMu
SNJMNTHYECKOTO JBHWeHus. TTycTb r ompeneaseTcs uepe3 HOBYIO mepe-
mennylo E nmo ¢opmyae

r=a(l—ecosE),

tak 4yr0 E==0, korna r=r,. Toraa
r—ry=ae(l —coskE),
ro—r==ae(l +coskE),
dr=aesinEdE

i dopmyaa (1) npuMer BuL .
V—2a,¢t+B)=a [ (1—ecosE)dE
HIH °
E—esinE=— V%, (t+B)=n(t—n)
4TO, OYeBHIHO, ABJAeTCA ypaBHeHueM Kenuepa. IToatomy

1
n= z V—Qal’

TaK YTO H3 PaBEHCTB (2) MOJy4HM
p = n?ad
Takum oGpasoM, B 9TOM naparpade noJaydesn cJaeiayiouue GopMyau,

BHpaxaloumue CBA3b MeXKAY KAHOHHUECKHMH NMOCTOAHHBLIMH M 3JIAHMTHYE-
CKUMH SJEMCHTAMH:

py=—r=21, ax=——2'%, u=Vpa(l—éd). @3)
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§ 9.04. Muterpan 9S/9a;=f,

Hs papencrs (12) § 9.01 u (2) § 9.02 MH umeeMm
=95 _)‘ sec 6 46
33 a g fV“

.='.=======
2 — alsec’ 0
[]

_)\_f sec’ede )

° ‘/ —tg’ﬁ
“3

Orciona BHAHO, uTO |ay| > |ag|. Onpeneaum ¢ ¢popmysoit

d—d=alig’y @

H TPeANONOKHM, YTO @ €CTh MOJOXKHTebHHR ocTpuit yroa. Toraa mocae
MHTETPHPOBaHHA PaBeHCTBO (1) mpuMeT BHA

By=A— arcsm( g; )
rae ¢ > |8]. Ortciona

sin(\ — By =1g O cige. (3)

B npsmoyroablibx KoopauHaTax, ompeneasemux dopmyaamu (1) § 9.01,
STO ypaBHeHHe 3amHIUETCA CJACAYIOHM 06pasoM:

ycos By — xsinPy=2zctge,

OTKYAa BHAHO, YTO MJaHETa ABHKETCH B NJIOCKOCTH, Mpoxoasilelt uepes
Coanue. Ha puc, 21 sta niaockoctb mnepecckaerT HeGecHyio cdepy mo
60JbIIOMY KPYry.

dopmyna (3) nokasusaer, uTo koraa 0=0, To A—P;=0° uan
A—P;=180°. Mu onpenenum (; M3 MepBOrO paBeHCTBa, TaK uYTO fB4
Gyaer noarotolt socxodauwezo ysna. TakuMm o6pasoM,

f=2. @)
Ianee, dopmyna (3) NoKas3wBaeT, YTO MAKCHMa/bHOe 3HaueHHe O paBHo ¢.
Ho MakcuMaabHoe 3HauyeHHe 0 nas ToueKk 6OJLIIOTO KPyra eCTb HaKJAOH-
HOCTb GOJLIIOTO KPYyra K OCHOBHOM MJOCKOCTH—MJAOCKOCTH SKJHNTHKH.
[MostoMy ¢ — HakaoHHOCTb I. CaenoBaTeiabHo, H3 GOPMYIH (2) HMeeM

ay==a,cos, ()]
WJH, COTJacHO mnociaeiHeMy pasenctsy (3) § 9.03,

ay="V pa (Il —e?)cosi. (6)

Takum 00pa3oM, CBA3b NMOCTOAHHBIX f; M a3 C KENJIEPOBCKUMH 9e-
MenTaMu jpaerca dopmyaamu (4) u (6).
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§ 9.05. Unrerpaa 0S/0a,=f,
Ha ¢opuyn (3) § 9.02 u (11) u (12) § 9.01 umeem
r
- ar _on (_yl/i) 1
o= Oa, %fv'% a3 sec’ %'l ry's 03\ r /., @

IMocaenHuft uneH B MPaBOR 4acTH paBeH HyJIO.
PaccMoTpuM nepsuift ujneH, koTOpHft MM 06o3HaunM uepes /,. Torna
NpH MOMOLIK paBeHCTBa 2) § 9.04 Hannem, 4TO

/ "’2f cos 0 48 ___f cos 6 40
=
H a2—a ces?d 'Vsln 1—sln20

npuyeM ¢ 3ameHeHo Ha I. IloaTomy

sin 0
ly= arcsin( Sin )

W3 Tpeyroaphuka QNR na puc. 21 nmeeM

___sin® _ sin®
sinNQ = sinQNR =~ sini°’
C/IeA0BATE/BHO,
I,=NQ. @)
Mycry /, o3Hauaer BTopo#t uned B dpopmyae (1); Toraa
r
L= ___ar
? V—2°|!"V(f—fx)(fz—f)

Ecnn BHpa3nTb STOT HuTerpai yepes E, TO OH mpuMeT BHA

7! 1—ecosE
HUJH

sec?
a(l—e)fl+l+etg32 .

INycts f onpenenserca mo ¢opmyae

f_ ., 1¥e, E
tg2'—l/ tg‘2'

Toraa serko supets, yro ly==f,



§ 9.07. Cxobru IMyaccona 199

H3 ¢opMy.1 31AHNTHYECKOrO ABHM(SHHA, OYEBMAHO, CJAedyeT, YTO
J —wuctunuas avomaaua AQ. IlostoMy, Bo3sBpamadce k dopmyie (1),

MH BHAHUM, 4YTO
B =NQ— AQ=NA,
Ts €.

B =o.

§ 9.06. Ceoaka ¢opMya, CBA3HBAIOMHX KAHOHHYECKHE
NOCTOAHHME ¢ KeNJEPOBCKHMH SJeMeHTaMH

Pe3y/bTaTH npeAbAyuX naparpadoB MOXHO 3aMMCaTb CJeLyIOLHM

06pasoM:
N ==,
a="YVpa(l—e?), B,=o, 1))
ag=V pa(l — % cost. B;=2.

Otclona KenaepoBCKHe 9JeMeHTH BbIPAMAIOTCA 4Yepe3 KaHOHHYECKHE MO-
CTOSIHHBIE nocpencTBom dhopmya

G=— 2a, =—u=—h
o 2ala2 o, @
== arccos (7;) , Q =3,
Caas Mexny e, & u  u B,, By u By Bupakaerca ¢popmy.raMu
B=pC—@). Bp=6—2 =0 ®
’ e=nf+B+B o=B+F 2= @

§ 9.07. Cxobku Iyaccona

Ecau pellesse ypasHcHH#t HeBO3MYLIEHHOTO IBHIKEHHR BHIpaxeilo,
Kak 3T0 OHJ/IO CHC/MAHO B MpPEABLAYIHX maparpadax, yepe3 KaHOHHYeCKHe
nocrosuHele a; # B, (!==1, 2, 3), TO ypaBHeHHs BO3MYyLIEHHOrO ABH-
MEHHA NJaueThl HMEelOT BHA

. oR 5 dR
&= 53 Bl-—-‘}m- ¢))
OGo3Hauum uepe3 a, (m==1, 2, ..., 6) sJeMeHTH SAIMNTHYECKOH

op6uth. Kaxawift sneMeHT BHpaxaercd dyepes KaHOHHYECKHE MOCTOAHHLE
no ¢opmyaam (2) u (4) npeaninyuiero naparpaga (B Kauectse ,yraoBux*
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97eMeHTOB Mbl BO3bMeM &, & u Q. Ilepenumem a1s yaoGcrsa 3TH dop-
MyJAH B BHIE

2a a2
a,__a———-b— a,=e== l 4+ —5= Rk

A== arccos( )

ag=e=nf,+f+Bs as—-‘”—ﬁz+@3o ag=2=3, (3

Cko6ku IlyaccoHa mnofBIMIOTCS NpPH BHIBOJE YDPaBHeHH#t XBHXKCHUSA
naaHer B ¢opme Jlarpanxka nocpeacrsom ¢opmya (1) —(3). Tak kax
Booble a,=a,(a, B), To Ha ocHoBauuu ypasHenu#t (1) HMeem

3
_ Oapy ° 0am 5\ __ 1(aa,,,.6R___6a,,, dR
am—zl( a"r a,+ aﬁr pr)—“L Oa, Tﬁ: Eﬁr _5;)
re r
IMepBoHauyaibHO R ecTb GYHKUHA @,, HO 4TOOH BOCMO/b30OBATHCH

ypasHenusMu (1), ee HyxHO npeoGpasoBat nocpexctsoM d¢opmya (2)
u (3) B Rz, B). Toraa nonytmu

Oay
aa, 2 Oay "~ oy

@)

swl
H
[}
OR . NV IR da
B - as 0B, ’
Toatomy
6 3
. dR dam Oas  Oam %)
am—Z"'a_s'Z( Oa, ) a3, a3, 9o, )’

B ra. 5 M BHpasuau ckobku Jlarpawwa [a,, a;] uepe3 a;, u 7,
rae 7;=—@8;» ¢opmyaamu (7) § 5.10:

3
(3 a]= 25————0 @ 1),
i=]

@m %s)

OnpenenuM ckoGku IlyaccoHa OTHOCHTENbHO a W T caeaylowuM obpa-
soM:

3
0 (am,
(o 2 = X 5235 @
Irs

Toraa
=_2 (@ a) 3R] ®)

§=1
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[TocneaHee ypaBHeHue sBAACTCA NMPOCTO OAHMM U3 ypaBHeHHR Jlarpanxka,
BLIPaXKEeHHBIM Yepe3 ckoOku Ilyaccona. 3TH CKOGKHM Jerko BHIYUCAIOTCA.

2 {a a,)=— d0a Oag

oc oa 4 r p

toro, @ ==a(a;). [TosToMy 9Ta cko6Kka NPHBOAUTCA K suny—__g: . %'

Us ¢opmya (3) BuagHO, uTO B, COmEpKHTCA TOAbKO B €. EauHCTBeHHO#t
ckoOkolt Buma (a) sBasercq, TakuM o6pasoM, chexyiouias ckobka:

np 2

a, g =e— —— = — —,
{ } 2a¥ na
6) f{e a =——2-%‘- . g—g':—. Tak Kak e He 3aBucHt ot fB,. Jlerko

BHIETb, YTO BCe CKOOKM DPaBHBI HY/IO, 338 HCK/IOUEHHEM TeX, B KOTODPHIX
a,==¢ W &. B stux cayuasax

e e}____(nﬁ_‘___oi)__cosq;(l—cosq;)
Rt 0, —

Oay nale
N 0
~ ____ Oe _ cosg
{e, 0}= F.R na’e '
rae g==arcsine. s o s o
=% 9% % 02
B) (&, a;} = oy 08, oa; 05, TOK KaK ! ecTb QYHKUHA JHLIL

L O 0 O 0 _ seca(l—cosd
ey =— 5 08 — Da; B —  nateml '

~ ai oi
{t. o} =— g — =1t ¢},
_ ol sec ¢
{t )=~ O0a; ~ na*sini’

OGbennHuM pesybTaThl, MOJyuYeHHBe B Cayyaax (a) — (B):

[ E}=_.’%;, (e, 5}=&?(}mje°°_s?),
~ 1—cos!
e 0) =52, (1 o =2c2L=D ®

R e L A A T

[ToacraBasa 9TH BHpawenus Aaa ckobok [lyaccona B ypasHenue (5),
MOXeM TnoayuuTb ypaBHenus Jlarpawxka. B caepyiomem naparpade Mbi
NOKaxeM, YTO BbipaxeHHa (6) MOXHO Nerko BHIBECTH M3 M3BECTHHX Qop-
Myn nas ckobok Jlarpamia.
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§ 9.08. CooTHOweHH MeXAy OGOGUMIEHHHIMH CKOGKAMH
Jlarpanxa u cko6kamu Ilyaccona

IMycte ¢ U p — conpskeHHble KaHOHHYeCKHe mnepeMeHHbie. Onpene-
miM 06o6luennylo ckobky Jlarpawxa [a,, a,] npx nomouu ¢opmys

n
=N (99 9op__ 91 9pm
(8 ar]'-)g(dam da, da, 5am) M

i=1

m
\ [ Oa da da dag
(am as}=§(___m_,d_p;,____m_.__s_)' 0]

rae m, r 4 § MOryT NpHHUMaThL 3Havenus 1, 2, ..., 2n.
Das kpatkoct mycts L, , u P, ; 03HauaioT CKoOKy Jlarpanxa H
2n

cko6ky ITyaccona, a X —cymmy 2 Ly Pps Torna
m=1

2n
_.Z 2‘ a5 Op; 9q;  Oap L 2 das  9q; 1 Opr Oam )
op; da, da,,, dgj dqj Oa, Oa,,, opj
__z 2 opt 04: 0111 . Yap + 9 9q; das 01’1 . 9am |
Oq/ da,,, apy oa, dp] da,,. oq;

I'Ipenno:xomm. YTO ¢ H P — He3aBUCHMbIE beHKU.HH OT 27 BeJIHYHH 4 H,
obGparno, 4T0 @ — pyunkuusa ¢ 1 p. Torza

= =B = =], ec =
m=1 oam oq] dq] " j :
=0, ecan j+#1.
AHajxorpuio
2% [/} da
b [l |/ RES— —_
2‘ o o7 1, ecnu j=lI,
m=1
=0, ccan j+#1.
Kpome Toro,
\ 0¢i  Oam __\) Opi | 9am

Oa; ap; da, dqj =0,
m m

TaK KaK ¢ H p nesapicnmsl, ITostomy

da; Op; Oa, Oq;]_ .
X = 24[01)1 %, E-E_l. ecam s=r,

=0, ecan s£r,
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H M OyzeM HMeTb

2n
2 Ly Py =1 ®@)
m=1
"
2n
N LpPps=0, ecan s#r. )
m=1

Bcnomuum, 4TO B 9THX ¢OpMyJax r u § MOryT NPHHHMATh mobuie
ueanle 3HaYeHHa B mpoMexyTke oT 1 mo 2n. CremoBaTenbHO, HMeeTCs
2n ypaBHenu#t TMna (3) M 2n(2n — 1) ypaBueHuft THna (4); npu STOM
na BpeMa 3afylleM O cyluectBoBaHun cBofictea L, =—0L U T. 4. #
ananoruyHoro csofictBa Aaa P,. TakuMm oOpasoM, GyldeM HMeTb BCEro
4%? ypaBHeHuft.

Tpeanonoxum, uto Bce L (ux Bcero 4n?) uapectHu. Toraa uMeercs
4n? ypapuenuft (3) u (4), KOTOPHX [AOCTATOYHO, HYTOOL OHH AAAH HAM
BO3MOXHOCTb onpenenuts 4n? cko6ok P.

HanuweyM ypaeuenwe (3) npu r=1 u 2n—1 ypaeHenu#t (4) a1s
cayyaeB, koria s==1, a r mnocienoBaTeJbHO NPHHUMAET 3HAYCHHE 2,
3. ..., 2n; 9TH ypaBHEHHS HMCIOT BHI

LyPy +LyPy + .. Ly, \Pop =1,
pru '} L‘22P2l + +L2",2P2n,l_o

O e ©)
Ll QMPll + L?. 2nP2l + e +L2n.2np2n,l _0
OG6o3HauuM yepes A clenylOLuit OnpeneauTelib:
Lll L?l oo L2Il. 1
le L22 s L2n. 2
A=|- . (6)

Ll, 2n L2. 2n *°° L?n. 2n
Pemenne ypasuenuft (5) Toraa Gyaser naBathbcs $OPMYyaaMu

’ ’
P, = L, P = Ly
n=73 0 Fp=-3 0
’ 14
rae Ly, Ly2, ... —anre6panueckne gononaHenus saeMeutoB Ly Ly, ...

B onpeneutene A, OGuee pelllenne, OYeBHAHO, HMeeT BHIA
1,
PF.J=-A— L"’ (7)

AHaIOrMYHHA TNpHeM [1aeT BOSMOXHOCTb HaM ONpeAe/HTh CKOOKH
Jlarpauxa, ecau hapecTHu ckoOkH Ilyaccowa.
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dopmyna (7) MoxerT OHTb 3amucaHa B HECKOJbKO H3MEHEHHOM BHIe,
eCMH MM MNpeAnoJOXHM, YTO BooOGlle ckOOkH Jlarpamia MMEIOT 3HAaueHHs,
’
OTJAHYHBE OT Hyasd. OueBuaHo, uro L,;== 6A/0L,; 4, crenoBaTe/bHO,
1 oA
Py= 3 9L, " ®

Ecan  kakuM-aH60 CmocoGOM IepecTaBuTb, HANpPHMep, CTOAGLLI
B onpeneautene A, TO MOJYyueHHLt B pe3y/abTaTe STOrO onpenenutetb 4,
Oynder BHpaxaTbCi uepes ompeaeautenpr A caenyowum o6pasom:

Al=+4A unm Aj=—A

Cae 1oBatesnbHo, BO BCex Clyuyaax 6yneM HMETHb

0A
HIH
P =-l—l L,,, 8)

rae Tenepb L:,—anreOpauquKoe IomnoJHeHHe 9JeMenta L.  onpenein-
Teas A,. Hrak, Mn MOxeM HcnoJb3oBaTh GopMyJan (7) U B TOM ciyuae,
Koria B onpejeautene A caenaua Kakas-au60 nepecTaioBka CT0.610B
H/H CTPOK.

3aMeTHM, YTO NPH BHBOAE PE3YALTATOB STOTO Naparpaga Mb HE HCROb-
80Ba/iM HHKAKHX CBOMCTB ¢ M p, KPOME TOTO, YTO ¢ ¥ p ABAAIOTCA lie-
8aBUCHMHIMH (QYHKUMAMH OT 21 BeAHWUMH @ M, OOpaTHO, YTO 4 — He3a-
BHCHMbHE (YHKUMH ¢ H p.

§ 9.09. Buuncaenne cko6ox ITyaccona
no cko6kam Jlarpamwka pas SJJHNTHUECKOR OpOHTH

Mu 6y11€M noa a, NOHUMaTb CJACAYIOULHE LIECTb S/AJNHNTHYECKHX 9J€-

MEHTOB:
a1=as a2=e, a3=tl

a,=L8, a;=o0, ag=ec.

dopmyan (1) § 5.14 nokasusaor, 4T0 CkoOkM JlarpaHka, He paB-
HHe HyJlo, 3anHIUyTCA Tak:

[a, e]=Lg=— -;—na; [a, (‘;]EL15=%H;G(I-—COSCP);
[a, Q]EL,,=%nacos<p(l—cosl); le, o]= Lys=na’tg¢;
le, @l=L,,=—na’tge(l —cosi); [I, =L, =na?cos¢sini,

rae monoxeHo e ==sin¢. Kpome Toro, u3 onpenenenns ckoGok caeayer,
4YT0 L" — — L‘ .



§ 9.09. Buiuucaenue cxobox IMyaccona no cxobram Jlazpanxa 205

’ ’
Ckodika [lyaccona P,, Torna Gyner pasua L, /A, rae L,s — anre6pau-
yeckoe NOMOJHEHHE B H3MEHEHHOM ONpene/HTele, MOAYyyeHHOM H3 oOnpe-
Zeauteas (6) § 9.08 npu n=3:

LGr L5r L4r L3r L‘Zr Llr
Ly Ly 0 0 0
0 Ly L, 0 0
0 0 L, 0 0 O
0
0
0

o

0 0 Ly Ly Ly
0 0 0 Ly L
0 0 0 0 Ly
rae croabus 06oanavenst Ly, u T. A., npuyem r =1, 2, ..., 6 nocaenosa-

Tenbio. OueBHIHO, onpeneanTeb Al paBeH NPOU3BEACHHIO 9/E€MEHTOB
riAasHof AxaroHasnu:

Ay =LgL; sslasloslyee

Kpome Toro, aare6pauyeckoe nAonoaHenne 9aeMeHta Lg pasHO
L;,LLayLosL,s; mostoMy, coraacHo pasenctsy (8) § 9.08, nmeem

1 1 2
PGI__L;T HAH Pw——-m——"—a.

AI1a10THYHO

Lgs na’ ’
1 sec 9
Py = Ly, = na*sini '

AuareGpauveckue monoanernus saemeutos Ly (s=35, 4, 3, 2, 1) nep-
BOH CTPOKH PaBHH HYJIO, TaK Kak Kaxjpoe aire6pauueckoe AOMOJHEHHe
PaBHO ONpele/HTENMO NATOrO MOPAAKa, B MEPBOM CTOAGLE KOTOPOro
CTOAT 9/EMEHTH, BCe paBHLie Hymo. [TosToMy

Py =Py =P = Py = P,; =0,

npuyeM P,, paBHO Hyal0 MO OMpele/eHHIO.

Jlerko 3aMeTHTb, YTO K aireGpauyecKHM JAOMOJHEHWSM, HE DaBHHIM
HyMO, OTHOCATCA Lgy, Lgy m Lg,. Hanpumep, anre6panueckoe nomoue-
uue Lg, NMpencraBaser Caelylowui onpeaeauTens:

Ly Ly 0 0 0
0 Ly 0 0 0
0 0 Ly Ly Ly
0 0 0 Ly L
0 0 0 0 L

L=
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ITosTomy
—— Lﬂl
P62 - Lszl-el
H, CAeA0BATEAbHO,
P — ctg ¢ (1 —cos ¢)
28— nal

63 = — LysLoslas (Lol — LeoLsy)s
OTKyAd sec ¢ (1 —cos §)
Pyg=(LyyLos — LogLrp)/(LeyLsolg) = — 3ot

Takum xe 06pasoM HaxOmHM, 4TO Pyg== P
PesyabTaTh, nonyveHHne B 9TOM maparpade, HaXOMATCA B COrAaCHH
¢ ¢opuynanu (6) § 9.07.

AHanOrH4yHo



Faasa 10

KOHTAKTHBIE MPEOBPA3OBAHNSA

§ 10.01. Kpurepult KaHOHHYHOCTH

Kak u B § 8.09, Mu GynzeM cuHTaTh, 4YTO pelleHHe KAHOHHYECKHX

yPanH2HH#
g=0art ,__ _HG@pH a)
T om oq,
BHIpaXeHO Yepe3 f M 2R NOCTOAHHHIX €;, €y, ...» Cop POpMyJaMH BHIA
@,1=q,(c, t), p,=p,(c ¥ )
[ycte X onpeaenserca cdopmynoft
2 2
. d gy ] . .
X—'=7[21on—cl—‘,ﬁ ;P;‘h- 6]
= =]
Toraa, npuHuMas BO BuuMaHie paBeHcTBO (4) § 8.09, moayuaem
oH
X == (C))

JlokaeM BaxHyl0 TEOpeMy, KOTOpas 3aK/II0OYaeTCH B CJaelylolleM.
Ecn ¢, u p; ({=1, 2, ..., k) —Takne He3aBHCHMHE (yHKLUUK

OT £ M 2k MOCTOAHHBIX €, €gy « s Cp YTO AAA NOGOTO C; BHMOJHAETCSH
PaBeHCTBO
2
=S i ©
i=1 l=l

rae H nepsoHayanabHO — pyHKUHA ¢, p, f, a 3aTeM npeoOpa3oBHBaeTc
nocpeacTsoM ¢opMya (2) B QYHKUHIO OT £ H 2k BeJMYHH ¢, TO ¢ H p
ABJAIOTCA KaHOHHYECKHMH COMPSIKEHHHIMH MepPeMeHHBIMH, YAOBAETBOPSIO -
UMMH KAHOHHYECKHM YpPaBHEHHAM

Go=OH s OH
= ap,’ ‘ og,"

Tak kax H(c, t)=H (q, p, £), TO MK HMeeM

kR
oH Z(OH dq, OH op,)

%, W%, T, ©
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Jlepas vyacTb pasexcTBa (5) MOxeT OblTb 3amicaHa CJaeAyloUiHM o6pasom:
R
. 0q, . dpt
2 Pt'b— 915,
i=1 1
IMostomy npu nomown dopmyan (6) Mul MOxeM NpPeACTaBHTb paBeH-

¢TBO (5) B BHIe \
0
3 (g 31 k) =0. %

i=1
rae

oH oH .
X = ""——‘hv YzE'E +p;

Bcero umecrca 2k ypaBHeHHH TakOro THNA, COOTBETCTBYIOUIMX 2R
aHaveHusM ¢; (=1, 2, ..., 2k), B KOTOPHX R Be/NHYHH X H R BeH-
YHH Y paccuanusamca Kak HeusBecTHHe. Tak Kak ¢ H p — HE3ABHCH-
MHe QYHKIHH BEJHYHH ¢, TO

_"_(Pv Pyreoes Py Gy Gy oeor 4,)

0 (Ch Cgy ooy Czk) -—# 0.
CurenoBaTeviio,
X=Xg= .. =X =V =Y, ... =yk=0,
TTostomy oH o
. ) 'y t ° v 'y t
q,= ————(:’, Pf , p=— “——(gqtp ) ®

TeopeMa, TakuM o6pasoM, fokasana. Oia OyNeT HCMO.Ib30BaHa B Kaue-
CTBE KPHTEpH KaHOHHYHOCTIl B MeTOJE, CBA3AHHOM C KOHTAKTHHIMH
npeo6pa3oBaHuAMH, KOTOPHE ML OyieM paccMaTpHBaTh B MOCJEAYIOLIHX
naparpadax.

§ 10.02. KourakTHbie npeoGpa3oBaHus

Mu 6yzeM ucXomuTh M3 KaHOHHYeCKHX YpasHeHHH (8) mpelwiayulero
naparpada. ITpeanonoxuM, 4T0 MH REPeUIIH OT TNEPEMEHHHX ¢ H p
K HOBHM TepeMeHHHM Q H P mocpencTsoM ypasHenu#t Buaa

,=¢,Q P. 0, )]
pi=pr;Q P, 1), @

B KOTOPHX COAEPKHTCA R mepeMeHHHX Q M &k mepeMennbx P,

Ecan 3aMeHa mnepeMeHHHIX TakoBa, 4To Q, W P, ABIAOTECA comnps-
HEHHO KAHOHHYECKHMH 1O OTHOLIEHHIO K HeKOTOpo# dynxuun aMuabTOHa
H'(Q, P, £), T0 Takoe npcobpa3cBaHHe NepeMeHHBIX Ha3BIBAETCA KOKMAK-
MmHuM npeobpa3osarues.
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W3 asyx rpynn ypasuesut (1) u (2) MBI MOXeM B NpHHUMNE BhIpa-
3HTb KakJ0e W3 mepeMeHHbIX Q M P uepe3 ¢ M p B BHAE

Q=Qq. p. 8, P,=Piq p.¥. 3
Pewenue ypasuenuft (8) § 10.01 umeer Bua
=49, &), p;=pc 0, 4

NpPHYEM YHCAO MOCTOAHHLIX MHTErpHUpOBaHUA ¢ paBHO 2&. CrepoBaTednHo,
cornacHo ¢opmyaaM (3), mepeMenHnie Q M P MOryr GbiTb BHPaXeHHl
yepes 2% MOCTOAHHHX NO ¢dopMynam

Q=Q,(c. ), P,=P(c, ?). )

PaccmoTpim Tenepb rpynny ypasHenu#t (1). OHu MOryT GHITH B NpPHH-
uune paspewieHs OTHOCHTeNblO P, Tak, utobn P,=P;(q, Q, #).

IIpeanonoxum Tenepb, uTO CylecTsyeT Takad ¢yHxuua F (g, Q, #),
41O

Ep;dqz—EPdez—E(qul dg+ 55, 9Q)=dF. ()

i=1

npnueM dF ectb nommbii anddepennyan mo OTHOIWEHHIO K TNepMeH-
HuM ¢ ¥ Q. Toraa

oF (g, Q, ¢ 0F(q, Q. ¢ -
P = ______(qoqu ), py=— "—"—"*‘(ZQ? ) (7

Bocnoab3yeMca Temeph KPHTCPHEM KAHOHHYHOCTH, KOTOPHH O nOay-
yeH B npeabiayuem naparpade. Ilycts
4N p 00 0N\
- QR 9 .
Y=2 EPI oc; ¢ EPIQI'
=1 =1
Toraa, ucnoabays pasenctso (3) § 10.01, Mu sanuuem

d o, Q) o .
X—y=ﬁg(h W—Pt W)-E;(Pz‘h‘ Q)

OTKyJa, TPHHUMaA BG BHUMaHHe dopmyan (7), Haxoaum

OF o4  OF 0Q
X— y_th(Oql dc do'd—cj')—

J (% ',+,,Q &)- ®

dcj

14 V. Cuepr
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Hanee, ¢ynkuus F (g, Q, f) nocpeactsoM mnepnofi rpynnel ¢popMya (4)
i neppo#i rpynnsl ¢opMya (5) Moxer GwiTh mpeodpasopaia B QyHKUHIO
F(c, t). Mu Torna 6yneM HMeTb

oF(c. f) oOF 0ql oF 0Q,
“‘}.l(oq‘ 9, oQ"o_c;)

dP‘i(:.t)_dF(q,Qt)+2( qt+TQt)

IMostomy ¢opmysaa (8) npuMer Bun
OF (¢, §) 0 TdF(c,f) OF(q,Q.H7__
X—r=al%" -5l =

00] de dt
— [OF(q, Q, t)J
_ 9¢j ot
Coraacio ¢opmyaam (3) u (4) § 10.01, umeem
Y
== o—cj'.
CnenopaTenbHo, )
Y = OH'
=—2
rae
oF (g, Q, ¢
=HG@ p )+ LEL2LD (10)

Ipu nomoww ypapnesu#t (1) u (2) ¢yukuns H’ Moxer GuTh mpeicra-
paeHa B Buge H’' (Q. P, £). Crenopateabto, opyyas (9) npeacras.sior
coGoft xputepuft xauoHnunocti. ITosTomy

5 O Q. P t) b —__OH Q. PY

JpyruMu cioBaMH, HOBHe TNepeMeHHHe Q W P yAOBIeTBOPSIOT KaHOHH-
ueCKUM ypaBsHeHuaM ¢ ¢yHkuued Tamuastona H’, Bupaxkaemofi ¢opmy-
aoft (10), mpuuem ¢ynkuua F (g, Q. £) onpeneaserca u3 ypasnetus (6).

§ 10.03. Buson ypasnenus I'amuabtoHa — SIxoGu

[Ipeanonoxum, uro ¢ynkuus amuasTona H’ B popmyae (10) § 10.02
paBHa Hyai0, TaK 4TO

H. p. n+TL20 o, )

Toraa, coraacio ypasneHnsM (11) § 10.02, Q,=f"==0. IMostomy Q
H P; —nmnocTofHHbIe, K MB NHILEM

Q=a;, P=—8, (=1,2 ..., k).
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YpaBuenua (7) § 10.02 Torna npumyT BHA
0F (q, &, t) 0F (g, a, t)
—og, B = =0, @

OueBHAHO, 4TO B 3TOM cayuae ¢yHkuus F coBmagaer ¢ ¢pyHkuvest S,
pBeaeHHoR B § 8.09. 3amenum B ypaBHenun (1) F va S u Q Ha a. Toraa
STO ypaBHeHHe NpPHMET BHA

BE@rd L HG. p. H=0,

pi=

H, TakuM o0O0pa3oM, NpuHIMas BO BHHMaHHE NEPBYI0 Tpynny ypaBHe-
Huit (2), MOXHO yTBepxkaaTb, 4TO ¢yHKuua S npeacTaBaser coGoit pe-
LleHHe YypaBHeHHA

dS(q,at)+H( q. aq’ t) 0,

KOTopoe fiB/seTcA ypaBHeHueM I'amuabtona — fIkoGH, nonyyeHHniM B § 8.10.

§ 10.04. JMaabueflmee npumenenue

B stom mnaparpade MH BLiBeieM NPH MOMOUIH MeTOAa KOHTAKTHHX
npeo6pasoBaHuft pesy/bTaThi, noJyuennsie B § 8.15.
KaHonnueckue ypaBHeHHS, W3 KOTOPHIX Mbl HCXOAHM, HMCIOT BHE
oH . oH
=% P="%: O

Kak u paHblie, MH MOJOXKHM

H=H,—H, )
M DONYCTHM, YTO KaHOHHYECKHe ypaBHeHHs ¢ ¢yHkume#t TamuabT ona H
yxe pemeHn. ITycTb pelllenne, MOJyyeHHOE M3 PaBEHCTB
0S(q. 2 8) B= 9S (g, & t)'

pP=——%¢" oa
HMeeT BHA

g=q¢t o B, p=p¢ a p). 6))
3nech S — pellleHHe YpaBHEHHA

SF+H (g 50 £)=0. @

Tenepb GyaeM CuMTaTh a M { NMepeMEeHHHMH H NMPEANOJIONHM, YTO aHa-
AHTHYeCKHe BhipaxkeHus (3) AJf ¢ H p YAOBAETBOPAIOT ypaBHeHHaM (1).
OTomecnnxa Q, ca, u P, c —B, noayuaem

zpl dq,—ZP,dQ, )‘(Pt dg,+8;da) = 2 (g%dq,-{—%dal).

im]

14
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IMpapas wac1b 3TOro paBeHCTBA eCTb NOJHbLIA anddepenunanr dS no
OTHOWIEHIIO K BeJIHYHHaM ¢ H a. IlosTomy, coraacno pesyabTaTam

§ 10.02, nmo.ayyaem

(JH oH’

P‘=—0—Qg—'

Q=
rAe, Ha OCHOBaHWHM ypaBHeHHs (4),
—Hy 5@a0 oS(q, qf) — H—H,,

naH, cornacHo cdopmyne (2),
H' =—H,.

- 0H| OHI
= — =, P =,
Q‘ oP; £70Q,

IMosromy

Ecau B nocneAHux ypaBHennax 3aMeduT Q nHa a u P na —@, To oun

MPHMYT BHI
o0H,

= @‘=.__

op; ’

310 u ecTb ypasienus, Brbenenune B § 8.15.
Ecin Hy— dyuxuns [aMuILTOHA, COOTBETCTBYIOMIAS 3IANMTHUCCKON
op6ure, B CHIy uero a i B OyAyT COOTBETCTBYIOLUIMH KalONUUCCKIMIL

NOCTOAHHBLIMH, TO YPaBlICHHS BO3MYLICHIIONO ABIDKEHNHS BLIBEAYTCA TaK XKe.
Kak u B § 8.15, u npumyr Bun :

LRy R
“=g W=

0H,
da, *

rae & H B Tenepp NMPHHUMAIOTCA B KayeCTBE€ HOBHX KAaHOHHYECKHX mepe-
MCHHBIX.

§ 10.05. YcaoBHA KOHTAKTHOrO NpeoGpasoBaHud,
sanHcaHHbe uepes ckoOkH Jlarpanxa
H cko6kn Ilyaccona

Ina KoHTakTHOrO NpeoGpasopaiiis MEePeMEHHHX ¢, p B NepeMeH-
Hue Q, P M u3 dopmyan (6) § 10.02 moayuum

L k
& pidg,— X PdQ=dF . Q. . M

rie dF —noaunt audiepeHuHan no OTHOWIEHHIO K MepeMeHHHM ¢ H Q.
3anuiteM 5T0 npeobpasoBaHHe B BHAE

9=qQ. P. 5, p=pQ P ¥
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IMpn noMowmu nepso#l rpynnu stux ¢opMya F moxer 6uthb npeofpaso-
BaHa B ¢yHxuuio or Q, P, ¢, Tak uro

dF = 2( 5 4@+ 3p- ¢P)- @

Kpome toro,

(35048 )

Il
FM,

k 2
B dopmyae (1) BMecto 3 Pp; dq, nanutieM >\ p,dq,. Torna, yuntuBas
i=1 r=1

paBeHCTBa (2) H (3) Mbl OyleM HMMETb

R
2 zp,(""' dQ,+ 0" aP,)— ZP,inE

rel i=1
2(00, 4Q+ 5p; ap dp,)

OTKyla, NpPHPaBHHBAsA KOSCM)HU.HCHTH npu dQ, u dP,;, noayvaem

oq OF
2 p, 0Q: ‘o_QT' C))
oq, __ OF
2 P 5p- = 9B, (6)
r
Onpeneaum ckoOku Jlarpawxka [#, v] npu nomowu GopMyan
a ’
o, )= 3, 5. ©
r=1

Hs pasenctsa (5) Haxomum
(i} dgq — dq
P 2 Pr5p; = ap, 2 P-3p;
9@n py)
0(P: p;) —[Pl' Pj]""o (7)

C apyroft cTopoHu, u3 paBeHcTBa (4), nockoabky P u Q ABAAIOTCA He3a-
BUCHMBIMN (PYHKUHAMH, HMeeM
[/} o9, 0 g,
Q; ZPrW—To : Zl’r""ao, '
r
OTKyJZa

Q: Q1=0. ®)
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Ipoauddepenunpyem cHoBa ¢opmyau (4) H (9) COOTBETCTBENHO
no P; u Q; u puiuteM. Toraa noayuum

{4 oq __ 0 oq
’JITZ”'?'Q—’,—I =307 2 Pr ahe
r
OTKyZa
Q. Pl=1. )}

CooTtHoweHHs (7) — (9) M COCTaBAAIOT BCIO COBOKYMHOCTb YCJAOBHH KOH-
TaKTHHX mnpeo6pa3oBannfl.

Bosspawasch K onpeaeauteno A, Kotopuft ¢urypupyer B § 9.08
B COOTHOLUIEHMH Mexcay cxoGkamu Jlarpamwa W cko6kamu [lyaccoma, Mm
YBHAHM, YTO OH MPUBOAHTCA K BHIPAXKEHHIO

2n
Azl__[llorr:l-‘I[Ql, p‘].

N3 ¢opuyan (7) § 9.08 umeem

| 1
p"=-A—L"= L".

TostoMy Bcaenctnue paseiictRa (9) OyaeM HMeTb
[Qn P)=1. (10)

C apyroft cropoHu, Tak Kak L, =0 (r s s), To aareGpauyeckoe 10-
NoJHeHHE 9/eMeHTa L,, PaBHO HyJi0; MO3TOMY

{Qu Q/l ={P, pj}=°~

dopmyan (10) u (11) nalT ycaopHs KOHTaKTHHX npeobpasoBanHft,
samucaHHHe 4epe3 CKOOku Ilyaccona.

B uactHocTH, ecan nox Q; u P; noHuMath @; H — ; COOTBETCTBEHHO,
TO STH YCJ/OBHMs, 3aMHCAHHHE yeped CKOOKH JlarpaHxa, NpPHMYT BHI

o, Bl=—1 (12)

’ [a, a]=1[B; Bj1=0. (13
i Ke ycnosua, BHPaxeHHHe yepes ckoOku IlyaccoHa, 3anHCHBAIOTCA

: e {a; B} =—1 (14)

{ap aj} =1y B;}=0. (15
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§ 10.06. Yacthul#t cayvaft KOHTAKTHOTO
npeoGpa3obanus

PaccMOTpHM BaxHbifl A1 AajbHelillero crmeuMaabHuf cayuaft, koraa
npeo0pasyercs TOJIbKO OAHA MNMAPa KAHOHHYECKHX MepeMeHHHX, HanpH-

Mep ¢, P B Q). P,
Mycts
Hn=0Q. P, 1), pr=p,@Q, P 1) 1)

qr=Qr' pr=Pr ("=2, 31 ey k).

CoraacHo mpeasigyieMy naparpady, YCAOBHS KOHTAKTHOrO npeoGpa-
30BaHNs 3AMNHCHLIBAIOTCA B Blije

0(q1, 1) 2(q, Pr)
TQPY +2 3@ Py =1 @
U
Q. Q1=IP, Pjj=0. ®)

Tak kax ¢, u p, (r > 1) ne 3asucar ot Q, ¥ P, T0 ycaopusa (3) asro-
MATHYECKH YIOBJCTBOPAIOTCH, H, KPOMC TOro, KawAbH ujieH B cymMe (2)
paBed Hymo. ITostoMy TpeGyemoe ycaoBHe MpPHMET BHI

94 p) __ .
Q. Py b ‘s

§ 10.07. Jdpyroe n0xa3aTeabCcTBO

Mul nanuM apyroe aokasareabctBo peayabtatoB § 10.06, ocHoBan-
HOE Ha MPOCTHX NPHHLHMAX, H, KPOMe TOro, ycraiuosuM obmyio dopmy
HoBOH ¢yHxuun laMuabTOHA OTHOCHTEARHO Q) u P,.

Tak Kak ¢, U p, — CONMpsKENHHC MePeMelHbe, TO HMeeM

. 0H(q, p ) . oH
W="op =T
Pewas ypasuenns (1) § 10.06, noayuaem
A=Q(@» P & Py=P(q1 Py b )]
IMosToMy. onyckas AAA MPOCTOTH HHACKC, HAXOLHM
T =

Ipn nomown ¢opmya (1) § 10.06 H moxHo BHpasutb uepes Q, P, ¢,
H Mb OyIeM HuMeTb
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CaenoBaTtedbHo,
Q— OH 9, P) , Q
— OoP 9(q, p) ot *
AHanoruyHo
0H 0(Q, P)

; oP
P=—%0 9an T

W3 atux PaBEHCTB, BOCCTAHABJWBAf HHAEKC, Mbl HafiaeMm

: i . OH'
Ql-—'ﬁl—p Pl=—'o—QT»

ecan

o(QI' Pl) —_—

(9, P) — ! )
u H’ —rakaa ¢ynxuus, 4ro

H'=H+g, €))
rae

dp __ 0Q, a9 0P
P, — Tof ' oQ, ot ° O

U3 ycaosus (2) caenyer, 4to ckobka ITyaccona {Q,, P;} paBHa enu-
HiUe, TaK KaK BCe 4JeHbl B Bulpaxenun 0 {Q,, P,}/0{q,, p,}, nm ko-
TopuX r > 1, paBunl Hymo. Ha ocHoBauuH u3BeCTHOM TeopeMbl MMeeM

(@ Pl =

NOSTOMY PaBeHCTBO (2) 3KBHBAAEHTIO COOTHOLICHHIO

9 (41, p1) —
9(Qi, P) ’

coBnanallleMy ¢ pasenctBoM (4) § 10.06.
CornacHo ypasHenusM (4), dyuxuna ¢(Q, P, £) naerca dopmyaoft

oP 0
v=— [ G+ [ G apr,
Hanee,
0 0
dQ,= ’0% dq,+ 'gf' dp;.

Buipaxenue aas dP, uMeer aHanoruuuui#t Bua. ITostoMy koraa ¢ BHpa-
KeHO uyepe3 ¢,. p;, { TO MH HMeeM

9(Qu Py) r 0(Qu, P))
- a(qlh t)l dql— O(pl,, [3) dpl‘ (6)
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Wrak, HoBas ¢yuxkuna TaMuibTOHa oOmpeledsercd paseHcTBami (3)
u (6). HoBhie kaHOHuueckiie ypaBlienus Toraa 6yayT uMeTb BHA

: oH' > OH’
Q=75p Pi=—5g )

rae npeanojaraercs, uro H’ BuipakeHa uepes Q, n P,.
Tak Kak ¢ B ¢opmyne (6) we 3asucum ot Q,, P, (r=2,3, ...),
TO OCTaabHLIe KAHOHWYECKHE YPaBHeHH MOTyT OHITb 3amucanbl B Bijle

. OF’ : oH'
o=, A=—3.

r=9p,"’

NMpunmenanue. Eca npeoGpasoBaHile NepeMeHHHX ¢ H P B MepeMcH-
HHe Q H P He cONEpXMT fABHO BpeMeHHM, TO o6e MpPOU3BOAHHE 0Q,/0f
u OP,/0¢t paBHH Hymo. [To3ToMy ¢ =0 H HOBhHE KaHOHWYECKHE ypaBHe-
HHA 3aMHIIYTCA B BHAE

. oH . 0H
Qr=—0"p';'v P’=—0—Q’) (8)

npuueM ¢ynxuua 'aMusbTOHA OCTaeTCA MpexHeR.

§ 10.08. OGoGuieHHoe TOYEHHO-AHHeHRHOE
npeobpasobanne

Mu 6yaeM MCXOZHTb H3 KAaHOHNYECKHX ypaBiennit

g =20 5 -9

Ecan npeo6pasoBaiiite K HOBHIM KAHOHHYECKUM mnepeMenHuM Q u P
Takoe, 410 Q,, Hanpumep, ecTb OyuKuHs TOALKO ¢, a P, — dyukuua
TOMBKO P, TO Mpeo6pasoBaHie HA3HBACTCA OO OCUEHHUM MOUCUH UM
npeo6pa3osanuen.

IMycTtb

Qr=Qr (q)' Pr=Pr(p)'

Ecau Q,(g) — nuneitnan dynkuus g, a P, (p) — auneltnas ¢ynkuna p,
TO Takoe NpeoGpa3oBaHHe HA3LIBACTCA O0600WEHRUM MOUCYHO-AURel-
Hum npeobpaiosanuer. Ero Mb cefluac M paccMOTpHM.

3anuiueM JuHelHOe npeoGpa3oBanue B BHAE

n
Qr = Arlql + Ar2q2+ M + Arnqn Esgl Arsqs' (1)
Pr =a P+ 8pPr+ oo + 0P = Z;I Q5P #)]

rae r=1, 2, ..., n, A H @ — NOCTOAHHLIE BEJHYHHH.
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,U,.’lﬂ KOHTAKTHOr O npeoépaaonauuﬂ Mbl HIMCEM YC.10BiE
Y
2 p,dq,— X P,dQ,=dF.
r r
10 ycaosue Gyser cnpaseaausbiM M npu F=0. B atoM cayuae

2 p,d9,— 2 P,dQ,=0; @3)

nocjeaHee paBeHCTBO npd nomoiu dopmya (1) u (2), ecau saMounTh
B HEM § Ha £, MPHHHMAET BHA

2 p,dq, — f;‘, }_‘, a,p, g A, dg,=0. 4)

3

TpOﬂllYlO CYMMYy B NeBOf 4acTiH MOXHO 3amHcaTb B BHAE
n n1 -
er sZIIl arsArspsdqs+ g 2 2{1 arsArlps dqt'
- = 3

rae ¢+ s. Ecan Bmecto p, dq, nanucatb > pydq,, T0 dopmyaa (4)
r 3

NPpHMET BHJA

g psdgs— Z:I Psdq; }; a4, — g Zj psdq, 2 a,4,,=0,

rie r ¥ § MOT'YT MPIHUMaTb BCe 3naucius oT 1 A0 » n ¢ #s.
IMocaeniiee ypasilelile ya0BJACTBOPUTCH, €C.IH

2 ar.sArs =1 (5)
r=1
H
n
g%%=oa+u (6)

9TO H eCTh YCJOBHR KOHTaKTHOro npeoGpasoBaHus, H Tak Kak F =0,
TO HOBbleé KaHOHHYECKHe YPaBHEHHWS HMCIOT BHI

2 oH > 0H
Q’—-()_PT’ P,=—-0—Q’-- (7)

Ecau, Hanpumep, BeauuHunl @ 3agaHsl, TO ypasiuieiiust (5) u (6) maor
BO3MOXHOCTb ONpeleinTb COOTBETCTByIOLIHe 3Hauenus A, TaK Kak
uMeercs n ypasHenul (5) m n(n—1) ypasuenuft (6), T. e. Bcero
n? ypapHeHu#l, TO H3 HMX MOryT GuTb HaHaeHot n? Beanuun A. Jlerko
8aMeTHTb, YTO eCJH NOJOXKHTb B ypaBHelinsx (5) s=1 u B 2 — 1 ypas-
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Heunsx (6) f=1un s=2, 3, ..., n, T0 A, HanpuMep, Gyner aare-
GpaunyecKuM IOMOJHEHHEM 31eMENTa a@,y, ACJEHHHIM Ha onpeneautenp A:

Gy G «vs Qpy
Qy9 022 ) 0”2

Qi Gop vve Gpp
Boo6iue
1 ,
AIS = —A— a’s' (8)
rae a;s—anre6pauqecxoe AONOJIHEHHE S/AEMEHTA 4,

YcnoBus (5) u (6) MoryT GniThb mpeAcTaB/eHb OAHOR MpOCTOH M Bax-
Ho#t dopmynoft. Tak kak Q, npeacTaBaseT co6o#t AuHefHOe BhIpameHHE
OTHOCHTe/IbHO ¢, TO, OYEBHAMO, YTO YCJOBHE

Zr" P4, — § PrQrEO
coBnazaer ¢ ycCJAOBHEM
g p,dq, — zr: P,dQ,=0,

npHYeM STO nocieiuee ycaoBHe naeTcs opmynamu (5) u (6). IMostomy
118 060G6LIEHHOr0 TOYEYHO-MAMHERHOrO NPeo6pa3oBatua LOCTaTOYHOE YCI0-
BHE 3aMHCHIBAaeTCA B BHAE

g QP = 2:! q:P; ()]

§ 10.09. OproronaabHHe mpeo6pa3oBaHHs

Ecan B pasenctsax (2) § 10.08 a,,= A,,, T0o npeo6pa3oBaHue Ha-
3HIBAETCA OPMOZORAAbRHM. YCoBHA (5) H (6) mpeabiaywero naparpada
TOrja 3amuIIyTCa B BHIe

21 A35= 1 )
H
2 Arshy =0 (E+5). @

Ecau n==3, 710 BeauunHs A 6yayt oGaanatb CBOMCTBAMM, MpHCy-
WHMH HanpaBJ/fIOIUUM KOCHHYCaM. Tak, ecin MB NOJOXHM

ly=Ay, my=A4 n;==A4,
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10 ycaosusa (1) u (2) sanHiuyTcs B BHIC PaBeHCTB
l§+m§+ =1 (s=1,2,3)
+mm4-nn,=0 (t+5s),

KOTOpbie SBJSIOTCS XOPOUIO M3BeCTHRIMH (POPMYaaMH, CBA3LIBAIOLIHMH Ha-
NpaBJsioLIHe KOCHHYCHI.

§ 10.10. BeckoHeyHO MaJjbie mpeoSpa3OBaHHA
Mycts
Q=q,+ex;, P,=pi+ey, 1M

Tle € — NPOH3BO.IbHAA GECKOHEYHO Manad DeJH4HHA, He 3aBHCALIAA OT ¢
M p, ¥ KBaapaTOM KOTOPo#ft MOxo npeHeGpeyb. A8 KOHTAKTHOTO mpe-
00pa3soBaHus MH JOJ/XKHbI HMeThb

gpid‘h—zl‘ipi dQ,=dF,
rae dF — noauuift audpdpepenuuan. Ucnoavaya gopmyant (1), Mul nosyyaem
g pidq;— ; (pi+ey)(dgq;+edx)=dF
HiH
—ce 2{ (v,d9,+ p,dx;)) =dF.
MoxHO cuutath, uTo ¢yHkuns F colepxut MuoxHTe b . I[Toa0xuM

F =¢W. Toraa
2()’;‘ dg,~+ p,;dx))=—dW,
YTO MOXHO 3amkCcaTb B BHjie
;(y,dql—x,dp,)=—d(W+;p,x,)=—dK.

rae uepes K (g, p, £) 0603HaueHO BbipaxeHHe, 3aKJIIOUYEHHOE B CKOOKH.
ITosTomy
— 0K p 1) __9K@npt) 9

3aMenuM € Ha Af, koTopoe He 3aBucHT OoT ¢ ¥ p. Toraa, npunumas
Bo BHuMaHHe ¢opMmyas (1) u (2), nojayuaem HauGosee obliee GeCKOHEUHO
Majoc KOHTaKTHOe npeoGpa3oBanie B BHIe

0 ’ ’

Q=q‘.+_ﬂg_pf’._§_.At, (3)
a ’ 1]

Pl=pl_K_(gq;£ﬁ.At. )

rae K — npousBoabHan (yHKUHS,
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Hanee, mycTb KOOPAHHATEI H KOMNOICHTH HMOYJIbCOB B MOMEHT £
cy™» ¢ u p. Toraa, kak nokaswBaoT ypasHeHus (3) u (4), B MOMEHT
t+ Af cocrosiHie CcHCTeMB MOJYYHTCA nyTeM GeCKOHEYHO MaJjoro KOH-
TAKTHOTO mnpeo6Gpa3oBaHus. Bce nBHKeHHE CHCTeMul, TakuM O0GpasoM,
MOXET pacCMaTpUBaTbCA KaK MOCAEAOBATENbHOCTb GECKOHEYHO MabiX
npeo6pasoBaHuil, yTo B OO6WIHX 4YepTaX CXOAHO C OMHCAHHEM BO3MYILEeH-
HOTO ABHKEHMA MNJAHETH NPH NOMOWH MNOCJIeA0BATENbHOCTH GeCKOHE4HO
MaJabiX YT OCKyaupyioiueft opOHTH.



Faasa 11

MEPEMEHHBIE JEJIOHD W IYAHKAPE

§ 11.01. Heo6xonumocTh nmpeofpa3oBanus
KAHOHHYECKHX MNepeMeHHbX

PaccMoTpHM ABHXKeHHe MaaHeTh P, BosMyllaeMoe naaietoft P,. Ypas-
HeHHSl IBHXEHHS WMeOT BHI

. R > 0R
=35 ﬁt="'ﬁ (=1, 273, M

rie « 4  nepBOHaYaAbHO ObIAM KAHOHHYECKHMH MOCTOSHHEIMH, MOSHBHMB-
IUHMHCA TIPH pelleHHH YpaBHeHHE HeBO3MYLIEHHOTO IBHIKEHHA, a Tenepb
B ypaBHeHHAX (1) ABJAIOTCA KAHOHMYECKMUMi MepeMEeHHBIMI.

Bosmywaiomasa ¢ynkuua R — ¢dyukuna [aMuabToHa B ypasie-
HuAX (1) — comepXHUT Kak lenepHoditeCKHe Y/eHH, TaK H NepHopHYecKile,
Cefiyac HaM Heo6XOAHMO pacCMaTpuBaTh JHUIbL T€ Y/JEHH, apryMeHTH
KOTOPbIX 3aBHCAT OT cpelHel aHOMaJiiH.

Taxue unenrt umeior Bua C cos 0, rae C==C(a}, a5, ay) u 0 = jM 4-4,
HIK

0=jn(t+B)+u. @

npuueM J — MOJOXKHTEIbHOE ILeN0e YHCAO0, 4 # — auHeRuas dyukuns B,,
B; M), @ u 2, rae Tpu nocaenHue BEAHYHHB OTHOCATCA K MaaHete P,
Hdanee, B gopmyse (2) 2 ectb $yuKuus a;, TaK Kak
o

n2a3=p. =-—T¢l. (3)

[TosToMy ecau paccMaTpHBaThb TOJbKO ujenn Buaa Ccosf, To BTOpOE
u3 ypaBHeHuRt (1) mpu {==1 OyaeT HMeTb BHA

E_W=—2%2cosﬁ+(t+$l)2]:—;sin0. @)

Hannune mHoxuTens £-4 (B, BLI3bIBaeT, OYCBHAHO, 3aTPyAleHHE TOro
e XapakTepa, YTO H YXe BCTpeuapuicecs NMPH PacCMOTPeHIH ypaBHe-
Hua (6) § 6.03 ana 9aementa e. Hyxuo 3ameruth, uro ypasHeHue (4)
ABAAETCA €AMUCTBEHHBIM H3 IecTH ypasHenn#t (1), 06.anaiomwmuM Takof
0CO6EeHHOCTbIO. Jra TPYMICCTb YCTpaHdeTcd mnyTeM BLi6opa B Ka-
YecTBE HOBOH KAHOHMYeCKOH mepeMenHoff cpepuelt auoMaauu n (¢ B,
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(xoropyio [exons o6oaauna yepes {1)) u onpeseeins coOTBETCTBYIOlH
conpsikciHofk mepeMeHiofl, o6o3nadaeMoft yepes L. Torma «, u B, same-
Hatca Ha L u [, a BCe ocTadbHEle MepPeMeHHble, %y, By, a3, B3, OcTaHyTCs
HeH3SMEeHHBIMH.

§ 11.02. Nepemennas, conpaxennas cpeauedt
aHOMaJIHK

Cpeansas avoMaans ! maerca ¢opmynoft
I=1(a, B, H=n(t+B). M
npuueM n BLIpa)aeTca uepes a, no dopmyae (3) § 11.01,

Iycts L==L(a,, B;, £) o3nauaer nepemenyio, conpaxenuyio l. Tpe-
Gyerca nalith Takyio opMy Ana L, uto6u Gnao
IR’ OR’

o —or’ @
rae R’ —Hopas ¢ynkuna amuastona.

Ycaopue toro, uro L M [ — conpsxennsie nepeMeHtible, 6HAO0 NoJy-
yeso B § 10.06 u § 10.07, npuuem moa ¢;. p, Mu nonumaeM «;, f,
amnmon @ u Pp—L,, I,.

1o ycaosue, pupakaemoe dopmyaokt (2) § 10.07, saminuercs toraa
B Bule

L= i=

oL _
0, B) L. (3)

dynkuna R’ pasHa R} ¢, rae ¢ onpeseaserca dopmyaot (6) § 10.07
H B HOBHX 0003HaueHHAX UMCCT BHUA

DU A () ok
v=—[ e [ Sy o @
Tak xak [ naerca dopmyao#t (1), To yciaobHe (3) NpHUHMAeT BHA
oL dn oL
”7;;7—(t+31)7;;'0—31=1~ (6))

dro ypaBHeHne ynopiretBopurcd, ecai L=L(a;) Takoe, uro OL/dB,=
=0L/0¢t = 0. CnenoBateabHO, MH MOXEM PaBeHCTBO (5) 3amucaTth B Buie
ndL =da, nan, npunuMas Bo BuuManue dopmyay (3) § 11.01, dL =
=d }/pa. Iostomy

L=Via=p) —%. ®

1) He caeayer cmemuparh co cpeauefi 10arorofl, ye HCNOAb30BaHHOH, Ha-
npuvep, B dopmyse (12) § 6.02.
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Torma paBeHCTBO (4) mpuMeT BiA
‘?=—f”%‘d’1=—al- )
CaenoBaTe bHO, YuHTHIBag ¢Gopmy.ay (6), uMeeM
R'=R—a=R+ L. ®)

Toraa KaHOHHYeCKHe YypaBHeHus, colepxawmue L u [, GyayT uMeTb
Bun (2), npuyeM R’ Temepb mpeanoaaraercs npeoGpasosantolt 8 R’ (L, [).
Tak kak p%/2L? He 3aBHCHT OT dy, (B, TO COOTBETCTBYIOIHE KAllO-
HllYecKHe YPaBHEHHSi MOTYT GHITb 3aMHCaHB B BHIE
aRI » aRI
= e
YpaBHeHHs 474 oOcTaBlieficd mape nepeMenuuX (a3 U B3) MOryr G6uTb
3amucaHu B aHajJoruyHoft ¢opme.

§ 11.03. dpyrofi BeiBoa dopmyau aas L

Yurareab MOXeT paccMaTpPHBATL CoLepXKallHe STOro naparpadga Kak
npuMep HENOCPEACTBEHHOrO MNOJAYYCHHA Pe3yJabTaTOB NPEANAYLIETO na-
parpada Ges nomowu o6wux ¢GopMy.a npexviaylied raaBbl.

ByaeM ncxoantrb 3 ycaonui

L=:L(oy By ), I=n(t+) (1)
rre n=n(a). Mu ToTYaC e MOayHMuM
. 9L+ , 0Lz 0L 0L OR 0L OR oL
b=t o bt or =5 o — % = T @
AHxanoruyHo
Tor B O8O T @

Danee, npu nomowu ¢opmya (1) moayuaem R(ay, Pi. )=R(L. L, O).
Tloatomy
OR _OR 0L , OR Ol
Fay — 0L " 9a, T ol " oa’
OR __0R dL OR dl
o oL T

TloacTaBHM STH paBeHCTBa B cooTHoweHue (2). Toraa

o(L.I) oOR , oL

L=%ensy o T
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AHanoruyHo
___O(LDh OR L a
== 9(an B1) W——l_ﬁ
CaenoBateabHo, ec/H
oL _

0(a;, B1) - (4)
"
R'=R+q,
riae
dp oL dp __ __a
oT=F L= TF ®
T R’ OR’
L=+ l=—

Ecaun L=L(a,). TO PaBeHCTBO (4) SKBHBANEHTHO paBeHCTBY nt dL = da,,

U3 KOTOpOro L=Vp.a. T. €. MOJyYyaeM pe3y/abTaT, BHpameHHHR ¢op-
Mynaoft (6) § 11.02.
Hs ypasuenuft (5) Haxonnm

9% 0 H .@.=.d£_=_n

'o—l=
nostoMy @ == —a,. Toraa R’ Gyaser Bupaxatbca popmynoft (8) § 11.02.

§ 11.04, Nepemennne Aeaons

Henons BBen cireayouwne 0603HaueHHs:

L=V pa. l=n(t+ B
=aq=Vpa({l—¢?), g=B,=o, (
H=ay=Vpa(l —e>cost, h=p,=2,

paccMaTpHBaeMHe Temepb KaK crainapTHee. Kanonuueckue ypaBHeHHs
TOrAa MPHMYT BHI

. oRI . oRI

b=+ t=—%

S OR - R

0=0_' g’———o—an (2)
OR' : OR'

W= t=—"%m
rae

R'=-_R+2*‘—l;. @)

15 ¥. Cuapr
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OTH ypaBHeHHs ABAAIOTCA OTNPaBHOfl TOYKOH B TeOpHN HBHIKEHHS
JlyHsi, paspa6oranHoit TenoHs.

[Mepevenunie [, g, h HasHBAIOTCA Y2208uMU nepeMennvimu, a L,
G u H—Heyzr0804u nepemennomy,

§ 11.06. Monndukauus mepeMeHHHX JeaoH9

OTH nepeMcHHBle CBA3aHH C PaCIIMPEHHBIM JHHEHHHIM TOYEYHHIM Ipe-
o6pasoBatuemM nepeMeHHux Henons L, G, H; I, g, k. OGuweHd Teopueit
Takoro npeo6pa3oBaHus Mbl 3aHnMaauch B § 10.08 u 31ech Ha Hee OyleM
ccunaThea.

ByaeM nounMath nof Beauduuamu ¢, (r==1, 2, 3) nepemenHsie L,
G, H, non BeanyHHaMu p, —nmnepeMenHue I, g, h, a noa Q, u P, —
nepemennwte L', @', H' w I, g’, h’ cooTBercTBeHHO.

CornacHo dopmynam (1) u (2) § 10.08, obuee nuueltHoe npeoGpa-
30BaHHe NAeTCA YypaBHeHWAMH

U=ayl+apg+ ayh,

g’ = ayl+ ang+ axh, ¢))
b =ayl+apg +agxh

i
L' = Ayl + AnG + AH @

H AByMSl aHaJIOTHYHLIMU ypasHemuaMmu gaas G u H'. Tlepemennue L', I';
G, g’y H', h’ cyt napsl Kauotnuyeckux nepeMeHHux. ®yuxuus I'aMuib-
TOHA OCTaeTCA HeH3MeHHOMt, ecam, coriaacHo ycaosuaM (5) u (6) § 10.08,

3
:§l arsArs =1, @)
3
rgl a,A,,=0 (¢t s) @

rae § W f NPUHMMAOT 3HaveHna 1, 2 u 3.
Ecau B ypasHenusx (1) MH 321aauM BeAHYHHH @, TO BeJHYHHH A
B ypaBHeHuaX (2) onpeleastca npu nomowtn ¢opmya (8) § 10.08, 1. e.

1 ’
Ars=—A'ars’ (5)
rae a;s-—aaredpauqecxoe Aono/HeHHe 9AEMEHTa @, B ONpelenuTene
ay G agp
A==|ay ayn ay|

3 Gp Gy
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Kpome Toro, coraacio nocratouHoMy ycaosuio (9) § 10.08, ycaosus
(3) ¥ (4) SKBHBAJEHTHH TaKOMY:

L'V 4+ G'g’ + H'W = Li+ Gg + Hh. (6)

Lleab Takux npeoGpas3oBaHuit COCTOMT B TOM, 4TOObL! YNpOCTHTb, Ha-
CKOJbKO 3TO BO3MOXHO, ypaBHeHue [aMuiabToHa — flko6u. Mwb KpaTko
NOACHUM 9TO CJeAylolIuM 06pasoM.

Mycts R’ 03HauaeT COBOKYNMHOCTb WYJA€HOB BO3Myluaioulefl GyHKUHI

BHIA C0+2Cs cossh (s=1, 2,...), rae xospduunentnt C 3aBHCAT
or L, G, Hmn
6=1U-+ jg+ kh+ unt+ v,

npuuyeM Z j. R, 4 —NOJOXKHUTEJIbHHE H/H OTpHUATEeNbHbBIE Leabe YHC.a

~

(BKMIOYas HyJb) H ¥ -— AHHeRHAA QYHKUMA SJAeMEHTOB ®,, £, H €, BO3-
MYLIAIOLIero Teaa.

Jlaa Toro uToOH pelIHTL KaHOHHYeCKHe ypaBHeHus ¢ $yHkuue#t [a-
MUABTOHA R), TNOJOXUM

V=14 jg+ kb,

rae I,/ u kR Temepb 03HAYAOT @y, @,y 4,3 BXOAAlIHe B yYpaBHeHus (1).

Ipeanonoxum nanee, uto koshpduuueutst a4 B dopmyaax (1) aas
g’ v k' KakuM-1u60 0o6pasoM Yyxke BHOpaHH (Ha NpPaKkTHKe NMPH ITOM
BLGOPE CTPEMATCH K MOJYHEHHIO YNPOILEHW! MAH K JOCTHMECHHIO HEKOTO-
pux apyrux npeumyumects). KosdduuueHtTH A TOraa MoOXHO HaHTH
npu nomown dopmyas (5), a L, G, H Bupasutb yepes L/, G', H' no-
CpeACTBOM ypaBHeHu#t (2). YpaBHeHHds, mnoAjJexalllle peLIeHHIO, HMEIOT
Bl

'I__oRl r R,

U= V=—7 .

Gl=0RI '/=_____‘7R| @
0'gl' g oG’

NJIOC ABA aHAJOTHUHLIX ypaBHenus aas H’ u h’. 3pecsb
R, =Cy+ N CL'. G'. H)coss (' + unt -+ ).

Mostomy (/ = H' =0, Tak uro G’ u H’' —nocTosHHMe, paBHHe, Ha-
npuMep, dy, %3 YpaBHeHie [aMMAbTOHA — flKOOH NPHBOLMTCA K BHAY

%f——{—co—}-EC,(L'. ag aa)cos[s(%+un,t+v)]=0.

310 ypaBuecHile COAEPHHUT TOoabko nepemeHnyo L’. Ero peirenue Moxer
OuiTh Hnafizeno mPH MOMOWM MCTOAOB, KOTOPhie Mul oniniteM Gonee
noapo6uo B ra. 12. B pesyabtare gToro Gyner BBeleHd TPerb MOCTO-
fAlHasn a,. '

15*
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Pemenue ypasHenuft (7), TakuM 06pasoM, POpMaIbHO MOJAYYEHO, MpH-
yeM COMpsKeHHLIMH MOCTOAHHBIMH ABAfIOTCA a; H fB; (=1, 2, 3).

Koraa a; u B, npuHaThl B KayecTBe HOBHIX KAHOHHYECKUX MNepeMeH-
HbIX, YpaBHeHHs MOryT ObiTb HeMeNJeHHO HAMHUCaHBl, MpHYCM QYHKLMA
TaMuabTOHa 6GyiaeT coBmamaTh C MepBOHAYAAbHOH yHKuiue#t I"aMuabTona,
H3 KOTOpOH wieHn Buia O C,cOSS9 ycTpaHeHH H K KOTOpOH npu6as-
JeHa YacTb, aHaJNOTHYHam caaraeMoMy p?/2L2, no6ae.aeHHOMY K R B ¢op-
myne (3) § 11.04.

Bes nanbHefiulelt neTanM3aUUN Tenmepb OYEBUIHO, YTO OMHCAHHYIO Ofie-
paLui0O MOXHO MOBTOPHTb I8 HCKJIOUEHHS HEKOTOPHX APYFHUX UJIeHOB
HAY FPYNNH Y/E€HOB H3 NMepBOHAayaJbHOR BO3Mywiaiowelt GYHKiUMH.

IMpakTueckoe 3HaueHHe METOMA, TOJbKO YTO KPATKO H3JOXKEHHOro,
COCTOUT B TOM, YTO JABe MOAHGUUHDOBaHHHE mNepeMeHHue eaons G’
H H’ aBJAIOTCS MOCTOAHHBLIMH, BCJeJACTBHe 4ero ypasiienue [aMnabToHa —
flko6u mpuHuMaer GoJaee MPOCTYIO (opMy.

§ 11.06. Bawnas moandukanus nepeMeHHHX
Jeaons

Hs suipasenntt (1) § 11.04, naowux BuipaxeHus nepeMennsix Jle-
JIOH3 yepes 9JHNTHYECKHE SJEMEHTHl, OYeBMAHO, caeayeT, yto L — G
win G —L uMeer mopsaok e2. TlostoMy ecan B KavectBe G’ B3ATh
L—G (unn G—L), To G’ Gyaer uMeTb nopsaok e2.

AHanoruyHo Tak Kak

G—H=4a( —-cosl)=205in’-;—.
0o G—H (uau H — G) nmeer nopsasok 72, rae [=tglL.
PaccyoTpuM caeayiomue MOAHGHUHPOBAHHLIE NepEMEHHEbIE:
L'=L @=G0G—L, H =H-—QG. )
Yro6H yCTaHOBUTb BHI COMPMKEHHLIX mnepeMenunx U, g’, A/, Mu

pocnoJb3yeMcs ycaosueM (6) § 11.05.
Tak kak L'=L, 7o

L'i4+g+m=L0l+g+h=

=L+ Gg+Hh—(@g+mnNG—L)—h(H—=G), (2
HJIH eCJH BOCNOJb30BaThbcs ¢Gopmynaamu (1), To

Li+g+mn+G (g+m+Hhr=Li+ Gg+ Hh.
IMosroMy ycaosue
L'+ G'g +HnH =L+ Gg—+Hn
YAOBAETBOPHTCA, €CAH NOJOKHTL
V'=Il+g+h g =g+h h=h @)
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[Tepemennnie !', g’ u A’ RHPAXAIOTCA 4Yepe3 SMMMTHYECKHE SAEMEHTHI
caenyowuM o6pasom:

V'=Il+o, g =0 k=2, 4)

rae !/ —cpenuss poarora.

ApryMeHTH NEpPHOLAHYECKHX 4.ICHOB BO3MYylUaiollel (yHKUHH, TaKuM
06pa3oM, Jerko BmpaxawoTcs yepes I, g’ u h'. U3 pasenctsa (2) nerxo
y6eautbcs, uto ecau 6l MH BuGpaiu G 4 H' no ¢opmynam

¢=L—G, H =G—H,

TO COOTBETCTBYIOIIHE COMpSKEHHble IlepeMeHHble BhlpaXaucb Ou pa-
BEHCTBaMH

g=—@+hH=—0, h=—h=—2.

TakuM 06pa3oM, B APTYMEHTaX NEPHOAHYECKHX 4JeHOB BO3MYyLiaioLiel
¢dydxunn Heo6xomuMO ObAO0 OH H3MEHUTb 3I11AK TaM, FlAe BXONAT 3Je-
Meutn ® u Q. CaenoarenbHo, BHOOp nepeMenHHx no dopmyaam (1)
ABASETCA, OYeBHIHO, 6OJjee yAOGHHIM.
Onpeneass G’ coraacio (1) MH HMeeM
1

G’EG—L:L(Vl—ﬁ—l)=L(—%e2—-8—e4...). )

T. e. G’ orpuuareaso. B nepsom npubaukenuu

2G’
=T
el= "
Bo BTOpOM npuGaneHHH
2 2GI G, -.2
e=—"T-—\T)" ©)

Bosee BHCOKHe NpHOAUMKEHHA, eCH OHI Tpe6GyloTCd, MOTYT OuiThb MO.Y-
yeHH aHanoruyHuM o6GpasoM. TeM e myTeM mo6as cTeneHb e MOXET

6uTh NpeACTaB/eHA B BHAE paAa cremeHeft V— 2@’/L. Hanpumep,
2G7 G’
e=l/“T(l+7ﬂ?+ ) @

H'=—G(1 —cosi)=—2(0'+Lysin &,

AHanoOruyHoO

OTKyZa
1

sim g =—4r (1+5) ®

TMoatoMy sin?({/2) (nam Y) MoxeT ObiTb BupaxeH ¢ A000# CTeneHblo
npUOAMIKEHHA CTeMeHHHIM pPAAOM OTHOCHTeaAbHO -— H/j2L w G'/L. Bos-

Mywaomas ¢yukuus toraa Gyzer uMetb sun C,—- X C’ cos¥’, rae

0 =il + jg' + kh' + un,t + 0.
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Mbl MOXeM Tenmepb mpojenaTh OMepalHH, OMHCAHHLIE B NpelbLAyLieM
naparpade, BHOpPaB MOAH(GHUMPOBaHHYIO NepeMeHHYIO [” no ¢opmyae

I =l + jg' -+ kh'.

Has cnpaBox Mul cob6epeM BhipameHHs A9 MOAH(PHILHDPOBAHHBIX Mepe-
MeHHBIX ,D.e-’IOHS yepes 9MIHNTHYECKHE 9JAE€MEHTH:

U'=L=YVpa,

G=0—L=Vpa(YT=e2—1),

H =H—G=YVpa(1 —eé®(cost—1), ©)
! =1+ g h =cpeaHell moarote,

g=g+h=3a,

=hr=9,

§ 11.07. Nepemennnie Iyankape

Mbi 06o3HauuM STH mepeMeHHHie noka uepes Ly, Gy, Hy; I, g, h,.
TepBas napa nepeMeHHHX B 0603Ha4YEHHAX MpelbIAyLlero naparpaga Bhi-
O6upaetca cjeaylOUIHM O6pa3oM:

L=L =L, L=V=I4+g+h. ()
[IpeanonoxuM, 4To BTOpas Mapa onpeaeaseTcs No GopMyaam
G,= Asing’, g,=Acosg’, )

rae g'=g-+h u A, — Boobuie rosops, dyHkuus G’ u g’. AHANOTHYHO
ycaosuio (4) § 11.03 G; u g, 6yayT conpmmeHHEIMH, eCJH

9 0(Gi. &1)
@) @
OTKyZa Jerko HaiTth, uto A(0A/0G") = — 1. TTosToMy MH MOXeM &a% A

NpHHATL CcJAelyloliee BulpaxeHue: A=V — 20,
TpeTblo napy onpelenuM ¢ NMOMOLIbIO (HOpPMYa

H,=Bsink', h,=Bcosh'.

TpuMeHss MpHEM, aHAJOFHYHLIE TOJBKO YTO OMHCAHHOMY NpPH Haxoxie-

nut A, MB Hataem, uto B =) —2H’. Toanas COBOKYNHOCTb Tepe-
MeHHHIX Torja 6yldeT HWMETb BHA

L=L L=Il4g+h
=V —2Gsing’, g =V —2Gcosg’, )
H=V—2H sink', h=V—2H cosk,
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Tak Kkak 9TH ¢opMyan Npeo6pa3oBaHHA HEe 3ABICAT SBHO OT BPEMEHH,
T0 ¢yukuus [aMpabTOHa, BBHIpaXceHHAas B HOBLIX MepeMeHHLIX, OCTaeTCd
HeH3MeHHOH.

Ias ynoGctBa Mul mpuMeM caenyioline 06o3HayeHis:

479 nepsof maphi: A Aaa l; Toraa A=1[I-+®&, Tak 4TO A — cpeauss
L0Ar0Ta;

Aas BTOpoft mapu: & Ana G, u m 413 g, p A1 V——QG’ H 3aMe-
HUM g’ Ha ®; Toraa &=psin®, N ==pcosd;

nas TpeTheR maph: # a8 H, w v ana hy, o aaa V' — 2H’ u 3ame-
HuM A’ Ha Q; Toraa u=—gasin®, v=occos Q.

TakuM oGpasoM, mnoaHas cucTeMa nepeMmeHHuix [lyaukape Oyaet

TaKoBa:
L= V.}:Z, A=l }o,
=psin®, 7N==pcosd, ®)
e=o9sin2, v =occosQ.

B npeawsiaywem naparpade Mul Bumeau, uto G’ uMecT nMopsaok e? u
H’' — nopanok 1% TakuM 00pa3oM, p MMeeT NOPALOK € U 6 — MOPANOK Y.
CrnenoBatenbio, pesnuiHbl § 1 7 6yAyT nopsiaka e, a # W U — NOPALKa Y.

[lyankape wasnai § n v SKxclhenmpuieckumi nNepeMeHibiMi, a 4 o
VY — o0 suneckumut nepeMEeHILIMH.

HyxHo 3aMeTiTb, 4TO M3 HOBLIX NMEPEMCHIULIX MO.2bKO A, 0O3HAUaI0-
Was CPeaHion NOATOTY, ABAseTCS Y2.£0804 nepemennoit. B § 5.10,
n. (3) Mbl BBead SaeMeHTH kA n k. h=esind, k==ecos®d. It 3e-
MEHTHl OY€Hb MOXOXH HA § M 7, TaK KaK p MMeeT MOPSAIOK e.

Mu Takxe BBean HekoTopuie dyukuun ot I u 2 mo Qopmyaam

p==sinisin Q, g =sinlcos Q,
unu, npeneGperas 13,
p=1sin®, g¢g=7cosQ.

BuaHo, uto oHn Gausku Kk & u v B dopmyaax (B), Tak Kak ¢ HWMeeT
nopanoxK f.

Ecan BosMywaoulyio OYHKUHIO Pas3OMHTb B Pl TNO MepeMeHHLM
TMyaukape, To OHa npuMeT BHA ')

R=Y, A0 t{n]u’ o/ ufo] % A+ JM), (6)

1 sin
rae A—oyukuna L, L, (uHlekc 1 OTHOCHTCA K Bo3Mmyluaioweft naa-
HeTe), a
a, b» C, dr e, f' ga ha j’ jl

) Poincaré, Méthods Nouvelles de la Mécanique Céleste, I, 1892, p. 32,
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— MOJIOXMHTE/JbHHE Leane 4YucAa (33 HCKAIOYEHHEM J;, KOTOpPOEe MOXeT
OLITb OTPHLATENbHLIM), 0AHO HAH 60Jiee H3 KOTOPHIX MOXKeT GHITb HyJeM.
B ¢dopmyne (6) xocuHyc clelyeT mHCaThb B TOM cJydae, KOrjaa

atctetg=2s,
rle §-— NOJIOXKHTEeNbHOE LEeJN0e YHCIO, 8 CHHYC — KOrja
atc+e+g=2s41.

Ecau M npeanoso:KuM, paau MPOCTOTH, YTO e, €, T H Y, — BeJu-
YUHbl OZHOrO W TOrO e MOpAAKA, TO MOPAAOK BedHuiHH O KaxAOro

ynieHa B BhpaxeHun (6) Gyaer pasen a+b-+c+d+te+t+f+ gtk
U CBA3aH C uucaaMu J H J;, BXOOAWMMH B apryMeHt, ¢opmynoit

O=|/+hl+2r

rie r,—Booflue TOBOpA, MOJOXHTEJNbHOE LeJMOoe YHCIO H MOMeT OHTb
PaBHLIM HY.JTIO.



'nasa 12

TEOPHY JIYHBI JEJIOH3

§ 12.01. Beenenne

HauGonee HcuepnuBalonlee npuMeHeHHe KAaHOHHYECKHX SJeMEHTOB
k Hebecuoft Mexanunke ocyulectsun Jenouws B cBoeft Teopun JIyHH.
B pesyabtate asamuatuierHet paGoTh uM OHJAa MOCTpPOeHa camas NoJ-
Haa OyKBEeHHAA TeOpHA M3 KOrAa-anbo cosaaHHHX B 9TOH caOKHOH npo-
OneMe. BcneactBue TOro, 4T0 STa TeOpHA OYKBeHHas, OKOHYaTe/lbHHeE
dopmyan Hesons MoryT GHTb HCNO/B30BaHH NPH HCC/AELOBAHHAX ABH-
MeHNs H JPYrHxX CHyTHHKOB.

Mu GyzeM HCXONHTb K3 KAHOHHYECKHX YPaBHeHHH I/ 3/eMEHTOB
Henons L, G, H; I, g, h, kcTopHe 3anuimeM B chaeayiouwlet KpaTkoh
dopme:

d OR’ d oR’
-E(L' G, H)-‘=m, —d—t(ly & ’l)———-——a'm—)'; (l)
rae .
R' =R+ 473, 2)

npuueM R — nepnonayaibHas BOaMyllalouwlas ¢yHKuus.
HanumeM Takxe BbipaxxeHus Ais 9JeMeHTOB Jle/OHS uepes 9SJJMNTH-
YecKHe S/EeMeHTH

L=V pa, G=Vpa(I—¢) H=Vpa(—e)cosi; (3
l=nt+e—d, g=06—C, h=2g, @)

dopmyan (18) n (19) § 7.06 nawT pasnoKeHHEe C TOYHOCTBIO A0
YJ€HOB YETBEPTOro MOPSAKA MANOCTH OTHOCHTENbHO BENHYHH mt, e, Y, e
W a/a,, NpuYeM NOCHelHss NMPUHHMAETCA 33 BEJHYHHY BTOPOro MOpAAKa.
B orux ¢opmynax §, HanpHMep, onpenenseTc PaBeHCTBOM

g=@m—n)tte—e=I4+&—nit—e,

a M, Tak xe Kkak M [, —cpeaHss aHOMaaus.

Oaa npumepa MH GyneMm paccmatpuBath B ¢opmyne (18) § 7.06
nepuoauyeckutt uneH ¢ aprymeHtoM 26—+ M nau 314-2g 4 2h—2n,f —2e,.
Mu MoxeM npeo6pazoBaTb STOT apryMeHT, BHIPa3HB €ro Yepes MOJIH-
¢uunposaunbie sneMmentht Jleaonws !, g’, h’, kotopuie onpenensioTcs
dopmynamu (3) § 11.06, T. e.

V=I+g+h g=g-+h HK=h
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HaH
I =cpenteli noarote, g' =&, h' =Q,.

DT0T apryMeHT TOrXa MpHMET BHIL
31’ —gl - 2nlt""- 231.

Daa yno6ctBa Mbl OyneM OMYCKaThb IUTPHXH W NMHCATh 3TOT apryMeHT
B BHIe
3 —g—2nt—2,,
TaK 4TO
I ==cpenHe#i poarore, g=&, h=29Q. 5)

CornacHo ¢opmyaam (3) Hacroswero naparpada u (1) § 11.06, coot-
BETCTBYIOIHE HEYTJOBLIE 3JMCMEHTH, eCAH ONMYCTHTh LITPHX, BHPAKAIOTCA
yepe3 KemJepOBCKHE S/EMEHTH CAenyIOlHM O00pasoM:

L=V o=VE(yT=a—1) o
H=1Vpa( —e)(cosi—1).

3nece G —Majas BeauunHa mnopsaka e? u H —Maras seanunHa no-
paaka 7%

KaHonuueckne ypasnenns torma Oyayr umerb ¢dopmy (1), rae L,
G, H; I, g, h onpexeasiorca no dopmyaam (6) u (5).

Coraacto ¢opmyae (18) § 7.06, aMnanutyna paccMaTpUBaeMoro 4jaeHa
pasHa 3/,m2n%a%, uau 3p2m2e/4L?, ecan monoxute n?=ypa~3, CornacHo
dopmyne (7) § 11.06, umeeM

"T2G a
e=V —T (1+'4—L' ...).
CnenoBaTebHO, aMNJIMTYAa B paccMaTpHBaeMOM cJayuae OydeT Bhpa-
wathe yepe3 L u G.

Auanornuio u3 dopmyant (18) § 7.06 naxomuM, 4YTO BekoBass 4acTb
B R’, Heo6X0oaMMO BKJIioualowas uieH p%/2L2, pasHa

'2%4_%"’—2[1"_%(‘?2—124'@]' @

Tpu noMown ¢opmya (6) oHa Mower OuTh Bhpakena wepes L, G, H.
3xecb e, — NOCTOAHHAA BeIHYHHA.
Meron JlenoHs 3akaiouaeTcs B CJAelyiolieM: a) 3anuckiBaeM R’ B Bule

R'=—B— 2 Acos(ll+ jg + kh+qnit+¢q'), 8)

rae I, J, B W q—nOJOKHTENbHbIE HJH OTPHLATENbHHE LUeable YHcaa
(Kaiouast HyAb), ¢’ — BuIpaXeHHe, JHHeHHOE OTHOCHTEIbHO &y, 2,
H & C udca0oBHIMU Ko3ddumientamu, a B u A—dynkuun L, G u H,
onpeneaseMue dopMyaamu (6); 6) BhGHpaeM OXUH TPHTOHOMETPHYECKHH
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ynen u3 CyMMmbl (8); B) 3aMmenseM B ypasHeHuax (1) R’ ¢yukumeft R,,
KOTOPYIO MBI 3amuuieM Ans 4YJeHa OoOLiero Biia CreaylowinM o6pasoM:

Ry==— B — Acos (l+ Jg + kh+qnt+¢), ©

H TIOJYYEHHYIO CHCTeMy ypaBHeHUM pewaeM MeTonoM FaMuabrona — Siko6u.

Pa3anoxenue R’ Buna (8), ucnoab3osanHoe Jleaons, Bk.ouaer 320
NepHOAHYECKHX CJAraeMBIX 1 OXBaThLIBAET BCE YJMEHH A0 CEAbMOro H Heko-
TOpLle A0 BOCHMOTO (BKJIOUHTEJbHO) MOPSAKA OTIHOCHTENbHO MAJHX Be-
JUYIH,

§ 12.02. BenoMorateasHas dyukuua S

Bpenem HOBHe KaHoumueckue mnepemenume L', G/, H'; I, g’, K/,
KOTOpble CBS3aHH JIHHEHHO CO CTAPHIMH, TaK uTO, COTJIACHO paBenctsy (6)
§ 11.05, umeeM

L'V+Gg'+HHW=LI+ Gg -+ Hh. )

Mpexae Bcero BuGepem [/ u L’ caenyoumm o6pasom:
V=4 jg+ kh, @
=1L ®)

B ¢opmyne (3) npeanoaaraercs, uro I 0.
Toraa pasencTBo (1) mpuMer BHI

G’g’—|—H'h’=g‘(0—% L)+ n (H-é L).

YcaoBue (1) ynoBaeTBOPHTCA, €CJAH MOJOXKHTD

g=g H=h )
u
J k
v=0—t1 w=n-_%. ©)
C.’lCIlOBa'l‘eJIbHO. MBbI no:"ly"laeM HOBHI€ KAaHOHHYECKHE ypaBHeHHﬂ
d(Ll',G' HY Ry d _ oR
a— =sw.gw &l & M=—gum ©
B KOTOPHIX
Ry==—B — Acos (' +qnt+¢"), )

npHyeM mnpeanonaraercd, 4yto A u B npu nomowu paseHcTB (3) H (5)
shipaxens uepes L', G', H'.

Tax KaK cpopyy.na (7) He comepxut g’ u k', To u3 ypasienuit (6)
Mb uMeeM G’ = H’=0. Takum o6pasom, ¢’ u H’ sBasAIOTCA NMOCTOSAH-
HbIMH, KOTODHE MLI B AajbHefleM OTOXAECTBHM C ABYMA KallOHHYECKHMH
NOCTOAUHBIMH, MOABJALIUMHCA NPH pelleHHH ypaBHeHH# (6).
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B cooTBeTcTBHH €O cnOcoGoM BHOOPa HOBHX MepeMeHHWX MM Oy meM
paccmatpuBath L’ u !’ Kak OCHOBHHE KaHOHHYECKHE MepeMeHHLIe !).

Hcnoabays o6o3HaueHHs, NpHHATLEe B OGlieH TEOPHH, OTONIAECTBHM
Beanunnl L', G/, H' ¢ 06OGUICHHBIMI KOODPIAMHATaMHM ¢y, o, {3 BE.H-
unne ', g’, A’ —C COOTBETCTBYIOWUMHA CONPSIKEHHWMH BEAHUUHAMH P,
Py P3 U Ry—c ¢yunkuued amuabToHa H(q. p, f).

Mu pewnm ypashehus (6), ecau HaiaeM 4/06Y10 QYHKUHIO (6)

S a, H=S L', a, ),

COLEePKALIYI0 TPH HE3aBUCHMHE NOCTOAHHHE &), &y, &3 H YLOBIETBOPSIO-
myo ypasueHnio I'aMuabToHa — fko6u:

aS as \
F—-B—Acos(w—f-qnlt—l—q’):o. ®)
IMonoxum
S=8—@nt+q)L. ©)
Torna ypaBHeHue (8) mpumeT BHL,
O —qnL'—B— Acos (%)=o. (10)

Tak kak f He BXOOMT ABHO B STO ypaBHeuue, T0 0S8'/0t=C, rae
C —nocTosHran, KOTOPYI0 MH OTOMXIECTBUM C NOCTOAHHOA a,, ¢urypu-
pyiouwe#t B obuiefi Teopuu.

Iyctb
By=B-+gqnlL'. (1
Torna u3 ypasuenus (10) HaxomuM
% = arccos( C—AB' ) (12)
CrenoBatenbHo,
L'
§'=Ct + [ arccos (E—A—B'—) dL’' 4D, (13)
X

rke D — nocToAHHaA, a HWXKHHH npegen HHTerpupoBaHus X ecTb QyHK-
uis C, G’, H' u Gyzer onpepenen oco6o. IMonnHTerpanbhas $yHKuUHS
aagucut ot L', G', H' u C, npuuem G', H' u C —nocroannne. Takum
0o6pasoM, STOT WHTerpaa MoXeT OHWTb BHYHCJAEH NO KkpaftHeH Mepe
B NMPHHLHDE.

B npouecce peineHua ypaBHeHHs (8) MW BBeAH MOKa TOALKO OAHY
M3 Tpex NOCTOAHHWX &, HMeHHO C. CrepoBaTeabHo, D ROMKHO OHTH
¢yHkuuet ay H a3 H, KOHEYHO, NOJXHO GLITb MOCTOAHHHM. [TpocTefilnas
¢dopma D caenywoian:

D =a,G' 4-a,H’. (149)

") Ecan 6 {=0 u j<=0, T0 BMEeCTOo paBeHCTB (2& # (3) MH HCTOAB3O-
Baan 6w dopmyam g’ = jg+ kh, G’ =G/ u roraa G’ K g’ paccMaTpHBa-
auch GH KaK OCHOBHME KaHOHMYECKHE MepeMeHHHe,
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1o coraacyerca ¢ Tpe6oBanueM, u4TOO6n S Guna 20604 yHKumMeR,
colepxauleR TPH MPOH3BO/JbHBIE NMOCTORHHLIE H YIOBJAETBOPAIOLIER ypaB-
HeHuto (8).

INpunuman oGo3HaveHna Jlen0H3, MBI NONOKHM ay==(g), az=(h).
Torna u3 ¢opmya (9), (13) u (14) umeem

S=Ct—(@gnt+q)' +8,+ @G0 +HH, (15)

rae yepes S; 0603HaveH CleLylOWHA MHTerpan:

S, = f arccos(C:B' )dL’. (16)
X

§ 12.03. dopmaasHoe peuieHne

Pemenne ypaBuenuft (6) § 12.02, purexaiomee u3 BHpaxeHus (15)
§ 12.02, Gyaer

p=22 =4+, 0]
9250—"(%)-=0’. @)
9350—0(‘-:-)-=H’. @)
r=35 =9 _gnt+q) )
g =357 =@+ g @
B =P = () oo ®

Pavee MH Buzead, 4To G’ u H’—nocrosiHHHe, a paBeHcTBa (2)
u (3) nokasumsaior, uto G’ u M’ cyTh KaHOHHYeCKHE MOCTOSHHHE, KOTO-
pHe ABASIOTCA CONPSMEHHHIMH C Gy U a3, T. €. (g) u ().

3nech GyneT yMecTHO npupecTH GOPMYJH, onpeleisiolilHe BBeLeH-
HHe KaHOHHYECKHe MOCTOSHHHE (3a MCKMOuYeHHeM PB,, KOTOPYIO MH onpe=-

JeAuM mO3xkKe):
o =C, a=(g), a3=(),
po=0". By=H"

Tak kak S; — dyHkuus nepemenroft L’ w nocrosuuux G’, H' u C, 10
ypasHenne (1) MOXHO B NPHHUMNE PEWIHTb TaK, YTOOH MOXNO OO
npeacrasute L’ B Bume dyukuun £¢—p,, G, H' u C. Toraa MH cMo-
MeM Hamucath

L'=L@¢t—B; ¢, H, C). ")
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Mycte 6 onpenenserca opmyno#t
0=V +-gnt+q'. ®

Torna 0 Gyzer apryMextoM kocuHyca B dopmyaax (7) u (8) § 12.02.
IMostoMy u3 paBeHCTBa (4) MBl HMeeM

S C—B
0=-0—L}=arccos( = ) (9)
Han
C — B, = Acos). (10)

Takum o6pasoM, O moxer GuTb Bhipaxena yepes L', G/, H' n C. Mu
cMOXeM Toria 3amucatbh ¢opmyay (16) § 12.02 B suze

Sl=f'0dL’=farccos(C;B‘)dL’. ¢9))
x X

Mu Teneps onpezeaum X Kak To 3Hauenne L', koTopoe cooTBer-
cTByer HyaesoMy sHauenuio 0. B Takom cayyae us ¢opmyan (10) uait-
aeM, 4yto X ecTb KopeHb ypaBHelus

M SBAAETCH, KaKk STO cJAelyeT u3 npeawayuero, ¢pyukuue#t or C, G’
n H.

§ 12.04. dopma pemenus ypasuenuit aag L' n U

PaccMOTpHM IBa OCHOBHBIX YpPaBHEHHS

: oR o0R
L, P=—p. W

rae
Ry=—B— Acos( 4+-gqnt+q')=—B— Acosh

n 0 maerca ¢opmynoft (8) § 12.03. Torza

L' = Asin® @

i’=6—qn,=gzl?,—+-g—24,-cos0;

HaH, TpHHHMas BO BHHManue Qopmyay (11) § 12.02,

A 0B 0A
e=—‘TL,—I+—aZ-,-C089. (3)

D10 ypasnesue A4a yLOGCTBA 3amHIleM B Biie
0 =B’+ A cos®,
rae A’ u B’ — ¢yukunn L', G/, H',
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Ilanee, BhpaxeHue O0Jas Bo3Myliaiouleft QYHKUMM NOKasnBaer, 4Tto A
M, CJAenoBaTeabHO, A’ uMeloT MO KpaiHel Mepe mopsaok m2 n uto B
H B, — BenHYHHH Hy:1eBOrO NMOPAAKA, MOCKO/bKY B R’ BXONHMT aiNHTHB-
Hbit uneH p?/2L2. Tak KakK, COTrJacHO CKa3aHHOMY, A — Ma.1aq BeIHYMHA
nopsaka m2, To ecau OTOPOCHTb U.IeHH MOPALKa m?, Mbl CMOXeM 3a-
necath ypastenue (2) B Buze L'=0, oTkyaa B nepBoM NpHGIHMKEHHH
naxonum, uto L'=L; rae L,—NOcTofHHas, HMeloulasd HYJeBOH moO-
pAROK.

Toraa nepsoe npu6ammenue aas 0 moxer OuTb HalaeHo u3 ypas-
nenua (3), ecaum or6pocuth A’ M moactasuth L, BMecto L’ B BhIpaxe-

7
HH:i Ana B’, npuueM B’ Temepb 6ynAeT paBHO HEKOTOPOH MOCTOAHHOH By,
Torna, moaaras

’

6=Bo

6="0,(t+c)=), 4

rae ¢—TOCTOfIHHAaA HHTerpupoBauud. OuesnaHo, uro 0y, — Beauunua
’
HYNeBOTO MOPAAKA, TaK Kak By MMeeT Hy/eBofi MopAmOK.
PaccMoTpum Tenepp Bropoe npubauxkenue. ITo10xuM

L' =Ly+L, 6=X\46,

6o,
no.1yyaem

14 4
rae L, n 0; — mansie nopaaka m2. Torda ¢ paccMaTpupaeMoli TOYHOCTBIO

ypasieuue (2) npuMeT BHA Ly= Agsin), npuuem Ay — 3uavenue A npu
L' = L,. Tostomy

rae L, =— A,/0,— Manas nopsaaka m?2.
Tenepr ypasuenile (3) NpUHHMaeT BHA

éz—i+f);=B'+A{',cos)\,
H, pasnaras B’ B pan Tellnopa, 1axOAMM C TOYHOCTBIO WYJEHOB MNO-
paaxa m?

’ ’ oB’ ’
B =Bo+(-o—L-,—)oLl.
Ho L{=L, cos A, TToaromy
. r, (OB
x+el_eo+[Ao+(7,L—,)oL,]cosx.
OTKYyAa, MOCKO.IbKY B MEpBOM NPHOIHKEHIH i=60, HaXOdHM

9; = 01 sin )\t
rae



240 Trasa 12. Teopus Jlyusi Jeaons

Pewenne BO BTOPOM NMPHG/IHMKEHHH HMeeT BHA
L'=L,+L,cosh, 06=A-+0;sink,

=90 (t+ C)o
OueBnano, uto B 6ojiee BHICOKHX NPHOAMIKEHHAX MBI MOMeM Mpelds
CTaBUTb peleHus (2) u (3) B BuAe pAmoB

L'=L0-+-p2=‘_.1 L, cos pby(¢+c), (6)

0 =60t +0)+ 2 bpsin ply (¢ +o). @

rae Ly, 8, L, 6, —dynkunn C, G’ u H'.
Coraacio ¢opmyae (8) § 12.03, paa ans I/ 6yAer HMeTb BHA

V= 0y (t +c) —qnit — ¢’ + 20, sin pO (¢ +-¢). ®

Hyxuo uMeTs B BHAY, YTO 3HauHTeJbHas YacTb Oflepauuit COCTOMT
B noaydediun panoB (6) u (7) nmo crenenaM m u e, e, Y. T, G/G;.
Mu paccmoTpuM Goaee moapo6GHO STy yacTb 3ajaud B § 12.17.

Kak yxe 6nao nokasaHo, 8, umeer HysneBo#t nopsaok, a L, u 6, —
Mannie BeJWuHHM Topsaka m? B ¢opmysax (6) u (7) L, u 6,
(p > 1) — BeauunHn 6osee BLICOKOro nopaika, uyeM m2. Ouenusas mo-
PANOK BeJHYHH, MH MPHACM K BHBOAY, YTO A HMeeT HauMenbiiuil no-
PALOK, T. €. NMOPAAOK m2, '

npuueM

§ 12.08. Onpenenenne B,

PaccmoTpum ypasuenne (1) § 12.03, 1. e.

Br=t+J3-, )

rae
L'
S, = f fdL’.

x

Mul 6yaeM uMethb
L'
a6 X
X

rae (6) pasno suaueunio 6 npu L' = X. CnenoBaTesbHo, No onpeaene-
Huio, (0)=0.

Hanee, Tak Kak cos9=(C— B,)/A, To, npuHHMas BO BHHMaHHe
dopmyay (2) § 12.04, umeem

a0 1 1
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TMosToMy u3 ypaBHeHus (2) GyneM uMeTb
¢
By — f==— fdt=t0—-t.

rne f,(=28,) ectb TO 3HayeHue f, npu kotopoM L'= X, T. e. 06 =0.
Ho u3 dopmyam (7) § 12.04 cnenyer, yuto 6=0, koraa f¢=—
Orciona HaxoxuM, 4TO

fi=ty=—c.

YpaBHenne (1) Tenmepb MOXHO 3anmucaTb B BHIe
aS
t+c=—-ﬁ. 3)

Hanee, S, — oynkuna L', G', H' u C, u3 xoTopux Toabko L’ sBagercs
nepeMentoft. Takum o6pasoM, ypaBHeHHe (3) ZdaeT HaM BO3MOXHOCTb
B NpHHUHNEe BHPa3uTb L' uepes t4-¢, G’, H' u C, npuuem L' ¢akTn-
yeckH OyAeT BHipamarbcs paaoM (6) § 12.04.

§ 12.06. ®opmyan aaa g’ u A’
PaccmoTpum ypasuenne (5) § 12.03, T. e.

aS X
=@+ 5 =@+ f 557 4L’ — ®) 557 m
Kak u B mpeamaymeM naparpade, (0) =0. Hdanee,
cos 0 = C;B‘ ’

rie B, 1 A— ¢yukunn G'. l'Iosmuy

. a9 (L] B 04
Asmﬂo 065 —|— L. = =FEC, L, G, H). @)
Torna Tak kak L'=Asin0 u f=—¢, korma L'=X, 10 ypasHe-

nue (1) npHHHMaeT BHA
¢
g=@+ [FC L. 0 Hat.
-c

Mockoabky L’ Bhipawaercsa pamoM (6) § 12.04 no kocuHycam, TO, ove-
BuaHO, ¢yrkuna F MokeT OHTb pasdjoxeHa B TPHrOHOMETPHueCKHH
pan Buaa

F = go+ X D, cos pi, (t+¢). ®)

16 ¥. Cmapr
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IosroMy, uHTerpupys, Hafiaem

g =@+ g t+ )+ 2 g,sin pby (¢ +c) 0))
rae
Dy
&= ;ﬁ;‘ *

3ameTHM, YTO TNOCTOSHHAs MHTerpupoBaHus B ¢opmyre (4) pasna gc,
TaK 4TO, COrJacHo ypasHewuwo (1), g’=(g), korma L'=X, 1. e.
Korma ¢==— c. AHaJlOrH4HO

B = ()4 ho(t+ ¢)+ 2 b, sin pby (¢ + o).

BakHO 3HaTh TNOPANOK BeiduyuH g, H hy MuH paccMOTpUM cHa-
yasa g

Tak kak Acos§=C—B,, 10 ¢ynkuuio F MOXKHO mNpeiCTaBHTb
B BHIe

oB 04
F=—a—-G—’,-+WCOSO. (5)

C mocTaTOYHONH 4719 Hallefl UeJH TOYHOCTLIO MH HanuleM

L'=Ly+L,cosh,
rae A==10,(t <4 ¢).
Torna npuGAHIKEHHO HMeeM

5, ___(%%)0_,_(\?%)01.1 cos ), (6)

rae 3Hayok O o3HayaeT, 4to nocae nuPpdepeHUHPOBAHHA HYKHO MOAO-
xutb L’ =L, AHanoruyso

% = (%)o + (0—[’:3“1(;—,-)0 L cosh,. D

B ¢opmyne (5) moxno Hanmncatb cos0==cosA. Jlanee, g, ecTb Heme-
puopuyeckaa uacte F. ITostoMmy u3 dopmya (6) u (7) ¢ mocTaToyHO#M
CTENeHbI0 TOYHOCTH HAXOUMM, UTO

&0 =(5a"), +7 h(5r7507),

PaccmotpuM chavana B,. Cornacho d¢opmyaam (7) § 12.01 u (11)
§ 12.02, umeem

2 2,02
B, = qnlL’—-QELT—-*;;"; [l +%(e’-—‘r"’+ef)].

®
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CnenoBarebHO, HAM JOCTATOYHO PACCMOTPETb TO/ALKO Y.JeH, COMepmka-
watt 2. Tak kak

G=L(V1—e?—l)z——;-e2L

Q' =Q—jL',

TO OYeBHAHO, yTO (0B,/0G"), ecTb Maias BeJuyHHa mopsaaka m2.

Mu npuMeM, 4TO Beanyn#a A ABIAETCA B Pa3/ONKEHHH BO3MYILAIO-
meR dyHKkuan Ko3pGHIIMEHTOM HAIMCHLUIETO MOPAAKA, COLEPXKALLUM &,
H MOXeM MNO3TOMy nanucath A=uam?e, rie a He 3aBHCHT OT m H e.
Torsa ecaH NPEANOJOXKHTb, YTO € M m HMelT OZHH W TOT XKe mops-
IOK, TO

0A 0A Oe am?® __

02
KpoMe TOro, —r7=r=r — MaZa# BeANYHHA MOpAAKA m, TaK KaK audde-

pesiuMposadie no L’ mo Meibulel Mepe OCTaBAfieT MOPANOK BEAHYHHH
HenaMenuniM. Tak kak L, eCTb Mo KpaHHe#f Mepe Manasa nopsaaka m?,
TO MOpPRAOK g, COBMajaer C TOPANKOM NEPBOrO WYJieHa NpaBoi HacTH
pasenctsa (8). Mu 3akaMiO4aeM TOrAa, UYTO g, — Malas mopsika m2.
AuanoruytHo hy — Manas nopsgka m?.

Jlerko BHAETb, YTO &, M 7, HMciOT emwe Gojee BHCOKHH MOPALOK H,
KpoMe TOrO, 4TO MOPANOK g, H i, YBeJUYHBAETCA BMeCTe C yBeauue-
HHeM p.

§ 12.07. ComoctaBnenne pe3yabTaTos

Yno6Ho co6paTh T/laBHHE pPe3yJbTaTH, KOTOPHE TOAbKO 4TO Ouau
noayuyexsl. OHH BHPaKAIOTCA CAEAYIOIHMH (OPMYJIaMH:

L'=Ly+ XL, cos pOy(¢t+ o), (1)

G’ =const, H’ =const,
V=10y(t +c)— qnt —q' + X0, sin pby (¢ + ¢), (9]
g=g =(g) +go(t+ )+ i g,sin pby(t+ o), ®3
h==h'=(h)+ ho(¢ + )+ 2 h,sin py (¢ ). @

rae p=1, 2, ....

MepeoHauanbHbie MOAHDHUHPOBaHHEE NepeMeHHule [JleqoHs paoTcs
¢opmyaamu (6) n (5) § 12.01; onn MoryT GHITb Jerko NpPeACTaB/EHH
B Buae panoB. Tak, npu noMomu ¢opMyan (1) HemenJeHHO onpeie-
ASI0TCA caenyiowue Beanunnu: L=IL', G=jL' + @', H=kL' + H'.
3atem g u h ompegensiorcs dopmynamu (3) u (4).

16*
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Tak kak '=1il+ jg+ kh. TO MU MOXeM HanucaTb

I=0+h(¢+0)—F@nt+a)+ NhLsinpht+o. 6
rae
O=—1U@+EWL  ly=1(0— jgo— kkql.

b= 10, — Jg,— kh,]. 6)

IMpuseacM Aa8 CNPAaBOK BHPAXeHHS KAHOHHYCCKHX MOCTOAHHHX, KO-
fOpHE MOAYHaloTCd NpPI  pelieHHH, Yepe3 KalOHHYCCKile MOCTOMINEE
ofeft Teopuu:

a=C, ay=(g), az==(h),
1=—c¢ B=0, p=H.

@

Pewun kaioHnueckue ypasHenus ¢ pynkuue#t Tamuaprona R, asasio-
wefics yacTbio OT Bceft QyHkuuu Tamuabrona R’, KOTOPYI Ml 3anuiuem

B BHIE
R,=Ro_(— Rl)’ (8)

Mb NPpUMeM BeJHYHHLI, SKBHBAJIECHTHLIE @ H B. B KadecTB€¢ HOBHIX KaHO-
HudyecKux mnepeMenHuiX. HoBme KaHoHH4Yeckue ypasnenia ¢ Qyuxuneft
TFamuapToHa — R, MMEOT BUA

dR ; oR 2 oR, ,
C= acl' 0,=-Tg,)' H,=-0(_hl)’ (9)

. d . 0 : {4
i =3 =3 o

rae ¢yHkuus R, Tenepb NpeAnosaraerc BHPaXeHHOH uepe3 HOBHe ne-
peMenurte C, G/, H'; ¢, (g), (h).

§ 12.08. Bropas onepauns

Tepen TeM kak NOACTaBHTb B R, BHIPaXKeHHS, onpele]siolline pelie-
HHe, NMOJyYeHHOe B MpeAHAYUIHX naparpadax, PacCMOTPHM OOCWMHA ujeH
pa3noxenus sTot ¢yHkuuw. TakoH uneH HMeeT BHI

Dcos(t/+ /g +kh+qnt+ q;) ¢

rae D=D(L, G, H). U3 npeansymero naparpada, ouesuaHo, cje-
ayer, 4to ¢yHkuus D Moxer OWTb NMpeACTaB/ieHa B BHAE pAAa

D ==Dy+ XD, cos pb, (¢ + ¢),
re D— ¢pynxkuus o1 C, ¢ u H' u p=1,2, ....
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Apryment xocuHyca B ¢opmyae (1) npu nomomu ¢dopmya (3) — (5)
§ 12.08 npubomitcs k Buiy

L+ J, @+ k(W + (g, —ta)nt+q, —1q +
A (¢4 ¢) Uylo+ 1180+ krk)) + D E, sin ply (2 +-c),

Ep == tllp + jlgp -+ klhp'

rae

CrenoBateabho, Tak Kak E,-—Manas BenHuMHa no kpafiuedl Mepe no-
psaxa m2, To Bupawenue (1) Moxer GHTb Da3NOKeHO B pAn Buia

>} A*cos 0°, Q)
rae
=4O+ @+ kOB + (@ —4Le) nt +
+qi— 4,9’ + (t +¢) o+ /1804 Fyhy £ P €))
"

A=A, @, H).

AnanornyietM o6pasoM BCe ApYrue uJeHH B R, MOryT GWTbL mpen-
crapaeHH panaMu Buna (2). CrenosartenbHO, MM MOKEM paccMaTpHBaTh
Bupanenne (2) kak oyl ¢opmy, KOTOpyio npumuMaer R,, koraa
BCe Npeo6pasoBaHHA K HOBHIM KaHOHMYeCKHM mnepeMeHiuM C, G/, H';
¢, (g), (k) BHNOJHEHH,

PaccMOoTpHM KaHOHMYeCKOe ypaBHeHHe

OGosnavas kodpduument npu £+ ¢ B dopMmyre (3) uepes Q, Mu u3
BEIpaxeHHs (2) noaydaem

é=—2%%‘-cos0'+(t+c)2A‘-:%sin0‘. 4

npuyeM Q— dyuxkuua C, G/, H'.

Ouesuano, 4to (g), (k) 6yAyT BLIpakaTbCA YPaBHEHWUAMH, aHAJAOTHY-
HEMH (4).

Hannuue MHOXuTeas £-|- ¢ BHe 3HaKA TPUrOHOMETPHYECKOR (yHKuUMK
B TpeX ypaBHEHHSX THNA (4) BH3HBAET Te XKe AHAAMTHYECKHE TPYAHOCTH,
yro G6uau onucanu B § 11.01. Tam M BBeH HOBYIO Mapy nepeMeHHHX
L u l, npu noMomu KOTOPHIX 9Ta TPYAHOCTb MpeodoeBaercd. B Ha-
CTOAIEM H3/I0XKEHHH, COOTBETCTBYloOlleM Gojee OOIIEMY CAyYal0, HaM
norpeyeTca CHenaTh M 3aMeHy nepeMeHHmX (ojee o6liero Buma.



246 T'aasa 12. Teopus Jlynet Jeaons

§ 12.09. Hoeas nepemennas A
Bosspatumca k Qopmyae (3) § 12.05:

oS
ttec=—7" )]
rae J A4
$=S,(l", ¢, H', C)= f 0dL’, @)
X

npHueM NPEANO.Jaraercs, 4TO ABHOE BHIPaXeHHe Aas S; ompeneeHo.
BuipasuM Tenepb S; uepes BpeMsi NOCPeACTBOM (OPMY.H

L=L,+ L, cos p, 6))

rae A="0,(t+¢). Mycts K(¢+¢; C, G’ H') o6osnauaer ¢yuxuuio,
NOJyueHHYI0 nocae Takoro npeo6pas3oBanus. Toraa nocie NOACTAHOBKH
B S, BupaxeHud (3) Mb HMeeM TOXKIAECTBEHHO

K(@t+c; C, @, HY=S,(U’s @', H', C), )
OTKyZa

0K _ 98 oL , 9S,

3C =9 'oC T oCc

Hanee, cornacio ¢opmyne (9) § 12.03, umeem

oS
o ="* ®)

H, ucnoaw3ys dopmyay (1), monyvaem
f4c + oK __g9L" OL

CnenoBaTenbHo, MH OyneM HMeTb TOXAECTBO
t+c+oc [90(t+c)+20 slnpl]x

[0L° +2 Lo (o5 P—(t+o) 5 9% sz sin pk]_

—<t+c)[ﬂo"—L€°—l% PLY, |+ X,

rae yepes X o6o3HaueHH YjeHH BHIa

X=n.u.-4(¢+c)n 4.]4 (¢4 c)?[n. u.]. 8)

C apyro#t cropoun, H3 dopMyan (2) umeem
LI
S =[aL = fo—dt.
X

(6)
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Ioaromy .
k=[085 . ©)
0
Hanee,
6% =—[l+ 2 8, sin p)\][z pL,sin p)\] =
— 5 U200y 4 BLfy+ .. ) w40 n. w).
(10
Wnrterpupysa pasercta (9) u (10), noayvaem

K=__;_eo(t+c)2pr0p+n. 4.4+ [n. u], an

npuYeM NOCTOSAHHAA WHTETPHPOBAHHA paBHAa HYal0, TaK KaK, COTJacHO
paseuctsy (9), K=0 npu t=—c.
U3 dopmyaur (11) Haxomm

e=—7¢+o5 [0 Y pL0]+Y (12)

rae Y umeer, kak u X, dopmy (8).
MoxacraBuM Buipaxenue (12) B dopmyay (7) 4 npupaBHseM HenepHO-
Auyeckue xoscbcpuuueu'ru npu ¢£—¢. Toraa noayunm

T [0024”LP6P]"‘B° Rz g Nl (3

oTKYAA
l=ﬂo%[Lo+%2pLﬂﬂp]. (14)
Mycts A onpeneaserca ¢opmy.oh
A=Ly+5 VoL, (15)
Toraa A Gyaser ¢yuxkuueh or C, @/, H’. s pasencrBa (14) umeem
=1 (16)

B nanbHefluieM A Gyder NpHHATa B KauyecTBe HOBOH KaHOHMYeCKOH ne-
peMeHHolt BMecto C.

§ 12.10. Ceofictea A

PaccmoTpum Tenepb dopmyay (5) § 12.03:
aS
g,=(g)+o_ol'"‘ 1
Tak kak L'=L'(C, G', H’'), 10 u3 q;opnym.x 4) § 12.09 umeem
oK 9S, a8,
5o =3 5+ 5
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OTKyZla, NpHHHMas BO BHUMaHue ¢opmyay (1) Hacroswero naparpada
u ¢opmyay (5) § 12.09, noayuaem

oK oL’
g=@+ 36— @
310 paBeHCTBO CTaHET TOXAECTBOM, €CAH MH MOACTABHM BMecTO g’
BHEIpaXKeHHe
®)+ g (t+ )+ 2 g, sin pr
u L’ samenum no d¢opmyne (3) § 12.09.
Torpa us ¢opmyan (2) 6yneM HMeETb
0. oL’
—gO(t+c)+0_é<'=0 W—i—n. Y. (3)
CpaBuuM 3TO ypaBHeHHe ¢ ypasHeHueM (6) § 12.09. T. e.
oK oL’

Nocaenyoune npeo6pasoBanus ¢opMyan (3) GyLyT uAeHTHUHBI TeM,
KOTOpHeE BHMOJHAAHCL Npu BhHBode dopmyan (13) § 12.09, ecan Mu
saMeHuM C Ha G’ u xo3¢duuueHT (epusuuy) npu { B ypaBHeHuu (4) na
— g, B ypaBHenuu (3). Mu Toraa noayuyum

oA
— & =" 3" %)

AHanoruynyio Gopmy.1y MOMXHO 3anmucaTb H AJa A,
Takum o6pasoM, A kak ¢yuxuus C, G’, H' umeer, coraacHo ¢op-
Myse (16) § 12.09 u ¢opmysne (5), caenywoue cBOACTBA:

oA 0A g 0A hy

1
=T, G0 oH % (©)

§ 12.11. HoBhe KaHOHHYeCKHE NEepeMeHHHe

Tak kak
A=A, @, H), 1)
TO

JA JA JA
dA = WdC+0—G,dG’ +FIT dH’,
Had, cornacHo pasencrsam (6) § 12.10,
dC =0y dA~+ g,dG’ + hydH'. )

Onuako u3 ¢opMyan (1) Mu MoxeM Beipadute C B Buge C (A, G/, H').
IToatomy

aC oC aC
dC= 37 dA + 52 A’ + 5o dH',
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CpasinBas 970 BHpaxcenue ¢ dopMmyao#t (2), umeem

aC aC oC
a =% =8 E="h @)
Coxpanum G’ u H’ B KauecTBe HOBBHIX MepeMeHHHX. Toraa HeyrJao-
BHMH NepeMeHHuMu Oyayr A, G/, H'.
[lycTe A, ¥y M 7 03HaYalOT HenepuoaMyeckHe UYJieHH B GOpMyJax Aas
U, g’, 1), OHu, Kak nokaswBaOT popMyan (2) —(4) § 12.07, uxeor

BHA
l= 60(t+ C)_qnlt_q’o (4)
X =)+ &t +0). ®)
n= (k)= ho (¢ +-¢). (©)

Mu Temepr nokaxeM, uro A, \; G/, y; H', m sBasoTCA monapHo co-
NPAXKEHILIMA KaHOHHYECKHMH NepeMeHHHIMH.

§ 12.12. Ypasuenua aaa A, G/, H'

YpaBHenus, KoTOpble HaM HykHO mnpeo6pa3oBaTb, HMelT BHA (9)
§ 12.07. 1. c.

AR
€= dc ' G

oR,

_ OR,_ OR,
T’

4 OR
H = IO ()

Mu npeanozoxkum, uro ¢yuxuus [amuabToHa R; npeo6pasosana
K HOBHIM mepeMeHHHIM, M 0603HauuM ee yepes R’. Torma Mu Gyaem
HMeTb TOXJeCTBO

Ri(C. G'. H'; ¢, (8), (W)=R'(A, G'. H'; )\, x, ). @

PaccmoTpuM cHauana Bropoe 3 ypasHenu#t (1). HUs dopmyan (5) § 12.11
BHIHO, 4TO (£) BXOAMT B ypaBHeHHa To./bko udepe3 y. IlosToMy M3 TO-
KaecTBa (2) HaxomHM

OR, __ OR" oy orR’

@ o o @
AHanoruuHo R R
W= ®
ITostoMy us ¢opmya (1), (3) u (4) noayuaem
~ __ OR s OR'
G’ _— W ] H' = ""?T . (5)

) A B dopmyae (4) He creayerT cMemHuBaTh C A, KOTOPOE HCMNOAb30BAHO
B mpeanAyuwux nmaparpadax kak KpaTkas 3amucb O (¢ 4-c).
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PaccmoTpuM Temepb nepsoe u3 ypasHenuft (1). H3s ¢opmya (4)— (6)
§ 12.11 BuaHO, YTO ¢ BXOAHT B YpaBlieHud NOCPEACTBOM A, Y H 7.
ITostomy

OR, __OR" oA 91 OR"

=T Rt oL "ot e
Tl el

: OR’
C=90 0;‘ +go ‘)/‘ 't‘ho on *

Kpome Toro, us dopmyan (2) § 12.11 umeeM
C=00A+g0é’—{—h0 7.

S1tu psa Bupawenus Aas C HODKiL OWTL TOWASCTBEHHL, H TaK Kak,
coraacho dopmynam (5), kosdduuneHTH npu g, n h, B 060MX BHpa-
HEHHAX Te Xe CaMhe, TO MH MOJY4YHM

. ORI
A= — e
Takum o6pasoM, HMeeM
i IR o OR o OR’

§ 12.13. Ypapuenusa aas y u 1

Tenepr npcobpasyem sropoe u Tperhe ypasuenus (10) § 12.07, 1. e.
0R,

@ =—gg W=—37 ()
U3 dopmyast (5) § 12.07 umeem
=)+ 8+ g+ (¢+0) &0 @

BcaeactBue ¢opmyan (1) Hacroswero naparpada u (10) § 12.07 sto
ypaBHeHHe NPHHHMAET BUJ

- Ry dR :
X=—3g" T & — & ¢ +{¢+0) & ®3)

Tak kak g, asaserca dyukunet C, G', H’, 1o, ecan C BHpa3uTL ye-
pes A, G’, H’, oHa crauer ¢yukuueit A, G', H', Iloatomy

. 9 [’} 4}
Go=S0 A+ 7800+ H. 4)

Ouanako, coraacio ypasneuuaM (3) § 12.11, umeem
0go #*C a0,

Ogo — 0:C - oho
OH" ™ OH' 0G" ~ 9G"°
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CaenoBaTebHO, eCa BOCMO.b30BaThC ¢opmyaamu (6) § 12.12, 10
ypaBrenue (4) mpuMmer BuA

98, OR | dg, OR | Ok, OR'
&o=¢" " "o T3¢ "o Tac " “or )

Hanee, H3 TOXIecTBa
R, (C. G, H"; ¢, (g), ()=R'(A, @', H'; \, . ). (6)

Brpaxas B ero Jesoft yactu C uepes A, G’ u H’, 3aMensa B ero npa-
Boft yactu A, ¥ H n no ¢opmyaam (4)—(6) § 12.11 u auddepenuupys
no G', Mu HafneMm

dR, 9C |, OR, __ OR’ a0, oR’

I —_ oR' OR’ 0k,
3C ‘W+W—W+<‘+C)(W‘—aa'+o—x )-

9go
96 T 5w
[MocnenHee ypaBHeHue, TMPUHHMas BO BHUMaHWe ypaBHenue (5), MOKHO
3amucath B BHIe

0R, dC oR OR’ .
o 96+ =30 T¢I

Briuutas 370 ypaBHeHHe U3 YpaBHeHHS (3), mOJayuyaeM

oR, 9C __ 0R,  OR’
X—3¢ "9g"—80—8v3Cc — 3G

Ho, kak Mbl Bugeau B § 12.11, g,==0C/0G’. TToatomy

. 0

x=—7g" R —C). ™
AHAJOrMYHO HAXOAUM, UTO

. a

"I=—7ﬁr(R'—C)- (8)

§ 12.14. Ypaeuenue ans i

VpaHeHue, ToANexailee NPeOGPa3OBAHHIO, HMEET BUA

. 0R
c=—-f. (1)
Tak kak

A= by (¢ ) —gmt — ',

A= 0)—gn, +6pc+ (t+¢) b @

Tlpu nomoliu npHeMa, yiKe UCNO/Ab30BAHHOTO IPU BHBOAE ypaBHeHHs (5)
§ 12.13, HaxoauM, 4TO

. 08, OR | 0g, OR’ , Oh, OR’
=<3 " tor ot o @)

TO
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Juddepenunpys Tomaecrso (6) § 12.13 no A, no quaeu

B oS e S e 2K
YTO, BCJEACTBHE paBeHCTBA (3), MOXHO 3amucaTb B BHUIE
R =R L+
Bhiyutas 3TO paBeHCTBO M3 paBeHCTBa (2), moayyaeM
A — %’é’ E_O —qnl-]-ﬂoc—a—;}

Ho, cornacio nepeo#t dopmyne (3) § 12.11, 8,=0C/0A. TToaromy,
HCMOJib3ys ypasHeHue (1), Haxomum

: oR’ oC 0 ’

§ 12.15. HoBe kaHOHHYeCKHE YyPaBHEHHA

B aToM naparpade MB COCTaBHM CBOAKY YPaBHEHMH, NMOJYYeHHHX
B Tpex NpelblAyWHX naparpagax. DTHMH ypaBleHHAMU AB.ISOTCA ypaB-
Henus (6) § 12.12, (7) u (8) § 12.13 u (4) § 12.14.

Ilycte R” onpeaeaserca ¢opmyaoh

R"=R'—C—gqn A, ¢))

B KoTtopo#t C mpeanonaraercd BhpaXeHHHM Yepes A, G/, H'.

PaccMoTpum neppyio rpynny ypaBHeHu#, T. e. ypabHeHus (6) § 12.12.
Tak xak C u A He 3aBucAT OT A, ¥ H 7, TO R’ B 3THX ypapHenusx
MoxXeT OhTb 3aMeHeHOo Ha R”. TakuM e 06pasoM B NpaBeIX 4acTAX
ypaBieHu#t (7) u (8) § 12.13 moxHOo 3saMenutb R’ —C Ha R”. Kano-
HUYeCKHe YpDaBHeHMS TOrAa MPHMYT BHI

e
. OR” . OR”
G = o X=—3" @
0 _OR"  + __ OR"
H = o’ "= o

dru ypasuenus HenoH3 W HCNOAL3YeT AMA BHIMONHEHHS BTOPOH onepauuu,
npudeM ¢yunkuus Tamuabrona R” Moxer OHTb MpencTasBieHa B BHie

R’ = —B' — 2 A’ cos 0, (3)
rae A’ u B’ —dyukunn A, G’ u H’, a 0’ onpeneasercs paBeHcTBOM
0 =i\ SR gt ©)

npuueM I/, j', k', g’ He asasoTCA 06A3aTEAbHO WENLIMH YHCAAMH.



§ 12.16. Yactnoie cayuau 253

§ 12.16. Yacthsie cayuan

1) npelll'IOJO)KHM, 4yTO B aprymehte Bulpanxoro u.iexa (9) § 12.01
l=0, /0. Toroxkum g’ == jg -+ kh. Torna sToT apryMmedt npumer
BUA O_g —+gqnt+44¢’. O6pamaucu K yCJAOBHIO

L'V + G'g'+H'h =L+ Gg+ Hh

JHHEAHOTO KAHOHHYECKOrO Ipeo6pa3oBaHuA IepeMeHHHX ), Mu BUIHM,
YTO OHO YJAOBJETBOPHTCA, €CJH

V=1, g =Jjg+kh K =h,
=1L, G’=—}~G. H'-_—H—-;;G.

Pemenne ypasueHus [lamuabToHa — flkoOH B STOM C/Ayyae iMeeT BHA

S=Ct—(gnt+q)G +S,+O L +(h) H',
rae L', H' — noctosHHbe H o
S, = [ vaq'.

npuyeMm | — 3uaveine G’ npu §=0.

[Tocaeayiowjie BHYUCAEHHA aHAJOTHUYNB TeM, KOTOpule Oulau mpce
Re/laHbl B MpeAblAyliuX naparpadax.

2) MMpeanoaoxuM, uro =j=~k=0, a ¢ # 0.

CoGepeM Bce ujelbl pa3/oxeHHA BO3MyulaiomeR QyHKUHH, KOTOpHE
YLOBAETBOPSAIOT STHM YC/IOBHAM, H TOJOXHM

Ry=— A, cos(rnit+4q,) (r=1,2,...),

rae A—doyukuuu L, G, H. Tak kak R, He 3aBucHT oT [, g u A,
10 L, G w H — Beanuuss nocrosuusle. Y pasHenue FamuabTona — flkoGu
B 3TOM CJyuae HMeeT BNA

— 2 A, cos(rnit+q,)=0.

Peutenne 3toro ypasienus naetcs dopmy.aoft
s=Y _r‘”_l A sin (rryt +,) =+ () L+ (8) G+ (h) H,

rae uepes (I), (g) u (h) o6o3nayeHH KaHOHHYECKHe NOCTOAHHHe, Pemic-
HHe KaHOHHYECKHX YypaBHeHHft AaeTcd cbopny.noﬂ

E—(—)%—-(l) +2 N 0L ~sin(rnt+4q,)

HB xa.wcdoa onmepauni MH scnoabayem cumpoawt L, G, H; I, g, h u L',
G, H' U, ,f / ,Ans o603HaueHHA NepeMeHHHX G0 H nocae mpeo pasoaamm
H Ry, ¢, ¢’ — nns o6o3HaveHHs CONTBETCTBYIOIMX GYHKUME H T. A
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M AHAJOTHYHLIMH (OPMyAaMH, cOACPKAUWMMH £ W h, MpHYeM KAHOHH-
YeCKHMHM NMOCTOAHHHIMU sBalOTCA L=23,, G =0, H =3,

3) Korna Bce nepitonnyeckne uieHnl OyAyT HCKJIOYeHb, OKOlIYa-
TeAbHHE yPaBHEHHS 3aMHINYTCA B BHAE

L . ORo l‘ — ORQ
i’ - oL
MJIOC aHaloTHyHHe ypastewna aas G, g; H, h. 3aece R,=—B.

IMoatomy L. G u H — nocrosunse. Ypashenue 'amuibTOHa — fKOGH
B 3TOM CJy¥ae 3amHILETCA B BHIE

S
S —B(L, G, H)=0,

a ero pelueHde maerca ¢opmyJoft
S=Bt+ )L+ (g) G+ () H.

HHTerpainl KaHOHWYeCKHX YypaBHeHH#l TorAa OyayT MMETb BHAL

I=O)+lt g=@ 18t hr=Mm+ht
rae
0B B 0B
h=31 &=7355' h=57

L=const=1L,, G=@G, H=H,

§ 12.17. NpakTHuecKnit MeTOX MOJYUEHHS pPelIeHHA
npH nepBoOi onepauuu

Mbl paccMOTpHM 3AeCb MepByio onmepaumio JlenoH3, XOTA STOT MeTOX
npuMeHUM K MIOGO# onepaiuu.
Tak kak BoaMmymiaiouas ¢ynKuHS BbIPaXKEHa uYepe3 BeJHYHHH e
H { (=tigi), T0 MeTON pelleHHA KAHOHMYECKHX YPaBHelu#, OMHCAHHbIf
B § 12.04, Bx.Jouyaer B ce6s npeo6pa3oBaHHe BeAHYUH &, € H 7, BXO-
aauux B ko3pduuuentn A u B dyukuun Tamnastona R, KOTopas
naetrca dopmyJoHt
bopuy Ry=—B— Acos¥, 4}

B BeauunHsl L', G', H’. Ha npakTuke oxasbiBaetci 6osee BHTOAHBIM
COXPAHATb B BHIPaXEHUH LA R, BEHYHHE € HAH | HEH3MEHHBIMH H OTHI-
CKHBATh OKOHYAaTeJbHOE DellieliHe OMHCAHHBIM HXKE METOLOM, OCIIOBAHHLIM
Ha 3saMene L’ (uau Lfl) uepes e uam §. Mbl paccMOTpHM nepByio
U3 9THX 3aMell.

1) IMepenuiieM Moan¢uUHPOBaHHLIC HEYr/JOBble NMepeMeHlble [eaous,
onpenenseMble dopmyaamu (6) § 12.01:

L=i'=Vpa, G=Vpa(YT—¢ —1), @)
H=Vpa(Il—e) (cosi —l)=—2sin* § Ypa(Il—¢) . (3)
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N3 § 12.07 umeem aBa HHTerpana KaHOHHYECKHX ypaBHeHHR
=dito=+0a 0
=i, @

rae G’ u H' — nocroaxuule.
OcHobiinie ypasuenus (2) u (3) § 12.04 umeior Bun

L' = Asin?, (6)
2 0B oA
0= ()L'l —+ 577 cos 0. @

2) Us dopmya (2) u (4) nonyvaem

f p— G’
¢ _i(VlTe’—l—%)' ®

Takum 0o6pasoM, L’ MoxeT GhiTb BHIPakKeHO CTCNEHHHM PALOM OTHOCH-

2
TeabHo e u yepes G'. lanee, L?=pa=1{2L"". [TosToMy a MOXeT GHiTb
BHipaxeno yepe3 e H G’ n pas3’oxKeno B CTeNeHHOH PAL OTHOCHTEJBHO e.
Bun dopmyn (3) NOKAa3HBAET, YTO BMeCTO tg { == T ynobiiee Hcnosb-

30BaTb BeAHYHHY sin2. KOTOpYI0 Mu 0603nauiM vuepe3 T,. [losTtomy

M OyneM CYHTaTh, 4TO BO3Myulaiouwlas ¢Gyukuus BhipaxeHa uYepes T,.
Ha dopmya (3) u (5) nmeem

e+
_————— (9)
T T3 T -
MoncrasuM B dopmyay (9) suipamenue (8) ana L’. Toraa Y2 moxio
OyneT NpeacCTaBHTb B BHIE PAAd NO CTenmeHAM e ¢ KoadduuuentTamu,
sapucawmuMu ot G’ u H'.
3) Ipn nosmown dopMyau (8) Mn MOxeM npeolpa3oBaTb ypabie-
HHe (6); OHO npuMeT BHA

LD —ayr=a(YT=e —1—4) Lsino,  (0)

rae A, BooGuwe rosops, ectb Qynkuus a, e u 7,. [Tostomy, Tak Kak
a=a(e G) u y==1.(e G, H'), To npasas wactb ypaeHeHus (10)
MoxeT OuiTb npeactapiaena B Buae A, (e, G', H')sinf. CaenoBartensHo,

2ED — A(e, @, H)sind. an
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PaccmorpuM Tenepb ypaBHenue (7). Tak kak B, n A — ¢pyskunu a,
e H Y, TO MH OyneM HMeTb, HanmpHUMep,

0A __0A da , 0A e |, 0A oy
W= ot o T oL (12)
Ho pa=_L[2=1L". TlosroMy
o __ 28L
o =" *

Cnenosatenbio, da/dL’ moxHO BHpasuth yepes e U G'. Kpome Toro,
nz dopmMyan (8) HmeeM

TakuM oO6pasoM, Je/0L’ MoxeT OHTb Takie BHpaxexo uepes e u G'.
Hanee, u3 ¢opMyan (9) MM MoxeM HaHTH npousBolnyio 0J7,/0L’,
KOTOpas uMeeT Go/see CMOMHHR BHI, HO TaKKe MOXeT GHTb BHpPaxeHa
yepes e, G' u H’. Auanoruuuo 0A/da, dA/de, JA/07, MOryT OHTb
BHpaxeHH uepes e, G’ u H’. OueBupmo, MH MoOxeM ypaBHenue (7)
3amucaTh B BHIe

= f(e, G’ H')+ F(e, @', H")cos 0, (13)
rae f U F—paan no crenensMm e.

Pemenne ypasHeHuRt (11) u (13) MoxeT OHTb HafilleHO MCTOLOM
nocneaoBarebHHX NPHGMINKEHHHA B Buie

e?=¢2 e, cos pb,(t+c). (14)
0 ==8, (t+ ¢)+ 26, sin p8y (¢ + ), (15)
rie ey W ¢ — NMOCTOSHHHE HHTErpUPOBaHuA, a e,, 8, n 8y — dyHkuuu ey,
H u @.
OueBHAHO, YTO, BOCMOAb30BaBIIMCL paBeHCTBaMH (8) u (14), MH
MOXeM MPEACTaBHTL @ B BHAE CJelylouiero psaaa:

4= a0+2ap cos ply (¢4 ¢). (16)
AHanornyHo u3 ¢opmyan (9) MOXKHO HatiTH
12 =13+ 2 1} cos pb, (t+¢). (17)

B ¢opumynax (16) & (17) @ u Y — dynkuun e;, G’ u H’'. CnenosatenbHo,
ao'——" ao (eoy 0,1 HI)) 10=’fo (eo. G,o H’)o

Pemas stu ¢yHKuUHOHANbHHE ypaBHeHHS, HafileM
G, = G, (ao; eo, To). H, =H’ (ao) eo, 10). (18)
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IToacras.ias B ko3dpduumnentnt popmya (16), (14) u (17) smecro G' u H'
HX Bupaxenus (18), mMm noayuaem

a=ao+ZApcosp60(t+c). (19)
e?=el + X E,cos pfy(t+c), (20)
1= 13+ X T, cos pby (¢ +¢), @1)

rie A, E, T u 0,— dyuxunu ay ey, v Yo
OueBHAHO, YTO MH MOXeM Moayuutb u3 dopmya (20) u (21) paas
RIS e W ;. OTH PAAH 3aNMHIIYTCA B BHAE

e=-ey-+ 3 E,cos pl (t +¢). (22)
T1="To+ Z Tpcos ply (¢t +c). (23)
4. PaccMoTpuM Tenepb YriaoBue mnepemexune I/, g’, k',

Tak kak 0 =10"—4qn,t+q', T0 u3 popMyan (15) MH HeMerJeHHO
noay4aem

V=0y(t+c)—qmt—q' + 2 0,sin pb, (¢ +c). (24)
VpaBuenune, onpenensioitee g’, uMeceT BHR

',_'____ aRo_()B] aA
§'=g=—5g=5g" tag cosl.

IMyTem paccymaeHuft, npuMeHaBmuxcs k ¢opmyac (12), Mu MoxeM npu-
BECTH 3TO ypasiietilie K BHAY

g=f(e. G'. H)+F(e G, H')cosh. (25)

Ipu nomowu ¢opmyan (15) cos® Moxer OHTb pa3noxkeHd B PAd MO
kocuHycaM KpaTHux 0Oy(£-c¢), a ucnoabayas c¢opmyan (18) u (20),
MOXHO MPHBECTH K TAKOMY XKe BUAY BeauuuHn f W F. Ypasueune (25)
Tenepb NMpPHMET BHA

é’=f1 (a5 €y o)+ 2 F,(ay ey 1o)cos phy(t+¢) =
= gy+ X pg,0 cos pby (t4-c),

rae pgp,==F,. Wurerpupys, noayuaem

g=@+ g ¢+ o)+ X g,sinpby (t-+0), 26)
rRe NOCTOAHHOR HHTEerpupoBaHus fABasgetca (g) -+ go¢.
AHajoruyHo
b= (W) ho (¢ )+ 3 by sin pby (¢ 4. @7

B ¢opmynax (24), (26) u (27) Bce Beauunun 0,, g,, £, (r=0,1,2,...)
ABASIOTCA QYHKUHUAMH ;5 €, Tor

17 V. Cuapr
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Kak u B § 12.07, noayuaem
=+ hLt+0—T@ut+a)+ WL sinpl,(¢t+0).  @8)

B dopmynax (28). (26) u (27) ! —cpemian 10aroTa, g =0 u h=2Q,
Y106 NOAYYHTb MNOJAHYIO CBOAKY OCHOBHBIX (OPMY.I, HepenuieMm
pasexctBo (15):

0 =0, (¢ + ¢)+ 2 0,5In pby (¢ + ), (29)

rae 8y, 8, — dynxunn ag €5 To
5. Hoamm nepeMeHHBIMH B Clelyiollel onepauny SBJAAIOTCA

Al G" H’) l! x’
byuxuus FamuabTona R” paerca dopmynoft
R"=R'—C+ gnA. (30)

IoxaxeM npexae Bcero, kak A u C npeo6pasyotca B Gynkuun a,, ey, 1o
O6pamascy k dopmyae (1) § 12.07, M nmeem

L' =Ly+ 3 L,cos phy (¢ +c). (31

Ilanee, coraacuo ¢opmyne (15) § 12.09, A Bupawaerca uepes L,, L

0, Tax: o
A=Lyt+5 X pL, (32)
lo L=Vpa =iL’, u no ¢popmyae (19)
a==ay+ X A,cos ply (¢ + ¢).
[TosToMy Mu MoxeM npeacrasutb L’ B Buae
L'=L,+ X L,cos pby(¢t+c), (33)

rae
PlLo+ X Lycos pbo(t + ) =p[a,+ X 4, cos pby(t+ o).

Bupaxenus Ly L,, uepes a, A, nerko HaxomATCHA 9AEMEHTaPHHMH

MeTOAaMH; TaKkiM O6pa3oM, LouL,, GYAyT u3BeCTHHMH QYHKUHAMY G, &5, {o-

Hanee, ¢opmyamt (31) u (33) coBmamyr Apyr ¢ APYroM, eciH MH
npeanoaoxuM, uto Ly, L, BhpaxeH uepes a,, €, To- [lostomy ¢op-
Myaa (32) npuMer BHA

A=L{,+-§-E PLp

1. e. A —yukuna ay €, To
C apyro#t croponut, k3 dopmyan (10) § 12.03 umeem

C=B,+ Acos?,
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rie A n B—dyukunu a, e u { (uau 7,). Caenmosarteawiio, npu ¢4
+¢=0 umeem C=B,+ A, a a, e 4 ¥, 3aMCHEHbLI COOTBETCTBEHHO BHI~

paeHHAMH
ay+ 2 Ap e+ p Ep Yo+ 2 Th

npuyeM JBa NOCJAeJHHX BbpaseHus cacmylor H3 dopmya (22) u (23).
Takum 06pasoM, C TaKke BHIPASHTCA 4Yepe3 a4, &, Ty

Paccmotpum Tenepb ¢ynkuwio R’ B dopmyne (30). Ona spasercs
CYMMOH TpPHTOliOMETPHYECKHX YJACHOB, BXOUSLUUX B COCTaB MepBOHayab-
HOH BoaMywaiouleft ¢yluKUHH, H3 KOTODHIX OTOpOHIEHa 4YacThb YJEHOB,
BLIGPaHHEIX A1 NMepBoi onepauun. R’ HMeeT BUA

2 Acos (il +J, g+ kh+qht+q),

rae koodduuUleHTH A nepBoHayaIbHO OHIAH QYHKUUAMH @, &, ;, 4 Te-
nepb npu nomowr paseHcts (19), (22) u (23) moryr OmTbh npexcra-
BJeun B BHIe

D,~+ 2 D,cos py (¢+c),

rae 6y, Dy u D, — dbynxunn a,, e, 7o
Kak ¢ynkuMs HOBHIX YTJIOBLIX NnepeMeHHHX R’ sanuuwercs cAelyio-
mum o6pasom:

R =— 3 Ajcos(i\+J'x+ k'n+qin,t+ "), G4

rae ¥, ..., g;—He 0683aTeablI0 LeAbe UHCAA, 3 A)— bYHKUMA B, €&, To-
Btopas onepaius 3akaio4aeTcss B pelIeHHH KaNOHMYECKHX ypaBHeHHft

am A, G', H'; A\, ¥, M ¢ oyHxkuueft TaMuabToHa Ra. cocrosie u3
OMHOTO H3 YJaCHOB BuipameHHs (34) naoc Bhpaxenne —C-gn A,
sxoasitee B dopmyay (30). Takum oGpasom,

R6=—B; — A cos b,

7 14
rae By=C—gqnmA, a 0 —apryMent kocHHyca B BupaxeHuH (34).
Pemenuc B STOM Cayyae NOAYyaeTCA TeM Ke CaMHIM METOAOM, KO-
Topuift GuLJ OmHCaH paitee.,

1



F'aasa 13

BEKOBBIE HEPABEHCTBA

§ 13.01. Beenenue

B nepshix naparpadax ra. 6 MH MOAYYWAH pellieHHe YPaBHeHWH NBH-
eHHs NJaHeT B MepsoM NpuGAMKEHHH, PacCMaTpPHBad B BO3MYLawoileH
¢yHKUMH 3JeMEHTH a, e, ... Kak noctosHHue. Tak, HampuMep, nas
9KCLEHTPHCHTeTa GHJO MOJYYEHO BHIPaxeHHE

e=¢y~}at~}n. u, 4))

Korga mMu nepewmin Ko BTOpPOMY NPHOJMXKeHHIO, TO MPHMEHHWIH pa3-
J0keHHe BoaMyutaioelt Gynkuuu B pan Tefinopa, npuueM B BO3MYILAIOILYIO
$yHKLHIO BMeCTO € OBJIO MOACTaBACHO ero BhipaxeHnue (1) u aHajOrHuHbe
BHIDaXEHHA O] LPYTrHX 9JeMeHTOB (NMPH YCJIOBHH, YTO A48 O6OJbLIOH
noayocu a==0). IIpu 3TOM MH CuUHTaJH, YTO af CTO.Ib MaJ0, YTO BHIpaX3e-
HueM (af)? MOXHO mpeHeGpeub. [10 aGCOMIOTHOM BeMHYHHE o SBAAETCA

Manofl BeAHYMHOR, BO3MOKHO mopanka 10™°. [10STOMY 3aKOHHOCTb Ha-
imero npHeMa CTaHOBHTCA HeOGOCHOBaHHOM, eCiH £ MPHHHMAET H2CTOAbKO
6OJbIINE 3HAYeHHsl, YTO BeJMYHHON (af)? mpeHeGperaTh yxe Heabas. Jlpy-
THMH CJIOBaMH, NMOJYyYeHHOe pellleHHe (AKTHYECKH MOKeT ObITb HCNOab3O-
BAaHO I/ HEKOTOPHX OrpaHMYyeHHBIX HHTEPBAJOB BPEMEHH JO H MOCJae
BHIOpaHHON 3MOXH.

Ecau MB npemnoJiOXHM, 4TO af Majao, TO aHAJAHTHYECKH BeKOBOH
yneH Mor Obl OHTb 3aMeHeH, He H3MeHAd TOYHOCTH pelleHHs, (YHK-
uueft sinaf, nepuos KkoTopoH paseH 2w/a. [103TOMy MOXKHO NPennoJo-
KHTb, YTO MOfABJEHHE BEeKOBOTO uYaeHa B dopmyae (1), Bo3MOKHO,
AIBAAETCA pe3yJbTaTOM MeTONa, C MOMOLIbIO KOTOPOro 3TO pelieHHe Gbl10
NOJY4YeHO, H YTO BO3MYLUEHHA B €, 4 TaKKe B @ H T HMEIOT YHCTO me-
pHoauueckHit XapakTep. 3TO NpPeANOJOXeHHe MOAKPENASETCs pe3yb-
TaTaMH npeasiayuied raaswl, rae B 3agauye Tpex TeJd— CoJaHue, 3em.as
¥ JlyHa — BulpaxeHHss 14s @, ¢ U 7 (uan 7;) OblAH YHCTO NEpPHOLH-
YeCKHMH.

Yiaen af B dopmyse (1) nosBaseTcs 3 HemepHOAMUECKOH 4acTH BO3-
Mywaioue#t ¢yHkuuu. I[losTOMy MH HCCledyeM CTPOro pellenie ypas-
HeHHH, paccMaTpHBad JHIIb HEMEePHOAHYECKYI0 4acTb BO3Myllaloled
&yHKUMH B OTOpachiBas YJeubl, HMEOWHE NOPANOK OTHOCHTENbHO 3KCLCH-
TPHCHTETOB H HAKJOHHOCTeH Go/bluui, uyeM TpeThH.

Ilpexxae Bcero Mbl PacCMOTPHM pelleHne B CAyuae ABYX MNJAHET,
a 3areM — B cayuae J060I0 4MCAA MJaHeT,
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§ 18.02. YpaBsuenus ABHXEHHA B cJyuae JABYX NJaHer
Iasa naavetwn P (Macca m) B o603Hauenusx n. (a) § 5.10 Ml uMeeM

h=esino, k=-ecoso, )
p=sinisinQ, g¢g=sinicosQ, 2
a AJ4 naaHetn P, (Macca m,)—
h, = e, sin 51, Ry == e, cos 51. 3
py=sinisinQ, ¢,==sinijcosQ,. C))

OGo3sHauum 4epe3s N BeKOBYIO yacTb BoaMmywaoue# ¢yukuuu. Toraa,
cornacio ¢opmyae (9) § 7.15, Oynem uMeThb

N = Gm, [4C - (e2+ €}) D — 2¢e, E cos (0 — o) —
—({*+ 1) D+277,Deos(2—2))] )

rae C, D u E— cummerpuuHbe ¢yHKUHH @ W a,, T=1g!, 1,=1gi,.
Hanee, coraacio ¢opmyae (7) § 5.10,

[TosToMy a M n B HacTosllleM HCCAELOBAHHH ABAAIOTCA MOCTOAHMBIMU.
AHanoruuHo @, H n,-—nocrosauusie. Kpome toro, C, D u E Gyayr
TaKke NOCTOAUHBLIMH.

Bamenss B ypaBueHuax (13) u (14) § 5.10 R, Ha N, MH noayuuM

1
ktg =1
> cos9 ON 2 oN ON
h=—m ok l xna’cos?(p op lqdq)'
h@li
h—_Sosg N B2 oN ON)
na® ok {na? cos ¢ P35y T )

rae cosp=7V1—e

B sTuX ypaBHeHHsX u/eHH, colepxkaiine ON/Op u ON/og mo otHo-
UIEHHIO K € H |, @ CnelOBaTeavHo, u K k, B, p u ¢, na ama nopsaaka
BhIle, YeM ujeHH, coaepxawne ON/0k u ONJ/Ok. Tak Kak MH mpen-
NoJaraeM, 4YTO e M | — BEJHYUHH MaJble H HMEIOT OLMH H TOT Xe Tmo-
PALOK MaJOCTH, TO YNOMAHYTHIMH YJeHaMH MOXHO npeHe6Gpeyb. Kpome
TOr0, MO TOR iKe NpHYHHE MOXHO moAOkHTb cose=1. Toraa sTH
yPpaBHeHHS NPHMYT BHI

; 1 oN : 1 ON

h=co o k=% ®)

TakuMm xe cnoco6oM MH u3 ypaeHenu# (15) u (16) § 5.10 noayuaem
1 ON 1 oN

P=2a73 9= & op° ™
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Kpome TOro, ¢ paccMaTpHBaeMOH TOYHOCTBIO MOXHO HamucaTh
p=1sing, g==7cos L, 8)
p=T1,5nQ), ¢ =1,0082, ®

IMpu nomowu ¢opmya (1), (3), (8) u (9) dynxuus N, onpenensemas
paBeHcTBOM (5), npHMeT BUA (€CAH ONYCTHTb NOCTOSHHYIO C)

N = OmD W+ K+ B+ B — p*—¢*— p}— ¢} + 2pP, + 204,] —

—2Gm\E (hhy - kk)). (10)
Tak kak D u E SBASIOTCA CHMMETPAYHHIMA QYHKUHAMU @ H @, TO N/m,
Gyner cuMmeTpuuHO# ¢yukunet a, a, u h, hy; k, Ry p, py q. gy

Ecan N, o3HauaeT HenepHOAMYECKYI0 4acTb BO3Myllaloule GyHKUMH
A% niaaHeTH P,, BO3MyulaeMo#t naasetofi P, To

M_ N an

m m;

U3 ypasuenut (6) u (10) noayuaem

2Gm|
na®

20"!1

h = na?

(kD —k,E), k=— (hD — h,E).

AHajoruuio npu nomowu paBeHcTBa (11) Haxoaum

12,=2—G”‘—(k D —kE), k,———ﬁ’;-(h,n—hﬁ).

Monoxum

2Gm\D __ 2Gm\E E
__2GmD QGmE
@y = el b= na? (13)
Torna 9TH ypaBHEHHS NMPHMYT BHJ
h=ak—Bk,  k=Bh,—ah, (14)
hy=o,ky—Bik, Ry =Pk —ah,. (19

TouHO Tak xe ypaBHeHus, conepxauiie HaKJIOHHOCTH H JNOAFOTH y3/0B,
3anHWYTCA B BHAE

p=c(g—9) g=d(p—p) (16)
nh=0,G—q) q=0(p—Pp). a7
3ametnM, uto B dopmynax (12) u (13) D, E u n, n, aBasioTca

NOMOXKHTEABHBIMY, MOSTOMY a, a; H ﬁ. B, OyAyT TaK¥e BCe NOJOXH-
TCALHLIMU.
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§ 138.03. Pewenne ypasuenufi, onpeseasatomux 2 n &
[Tpuctynuym k pewennio ypasienuit (14) u (15) npeauayuero mapa-

rpaga.
[Toaoxum
X=k-1th, .
X1= iy, M
rae 2==—1, Toraa noayuum

X—taX=—108X,, X —ia,X,=—1X,
uaH, HCMOJb3yd onepatrop D (=d/dt),
D—t) X =—1X,, (D—iln)X,=—18X.

[MpuMenuM k mnepBoMy M3 STHX ypaBHesu# omepatop D —{a; u BoOC-
NO/b3yeMcd BTOPHM YypaBHeHHeM AAA HCkJoueHua X,. B pesyavrare
NONY4HM

X —t@4a) X —(ea, —BB) X =0. Q)

IMonoxuM B 9TOM AudpdepeHuHanbHoM ypasHeHun X == Me!(&f+e), Toraa
6yaeM HMeTb

& —(a+a,) g +aa, — P, =0. 3)

Kopuu storo ypasuenuus 6yayT AeACTBHTENbHLIMH, TaK KaK ero MHCKPH-

MHHAHT
@+ a)? — 4 (aa; — BB)) =(a — ))? -} 433,

— NOJOKHUTEAbHAA BeanunHa. O4eBHAHO TaKXe, YTO KOPHH MOJOKHTEAbHbI,
u6o D?> E? [uepasenctso (10) § 7.15] wam aa, — BB, > 0, uro cue-
ayer u3 ¢dopmya (12) u (13) § 13.02.

Ecan g, M g, — KOPHH KBAaZpaTHOTO ypaBHeHus (3), TO peinenue
RuddepenunabHOro ypaBHenHus (2) sanuiueTcs B BHAE

X = Mle’(8‘1‘+¢|)+ Mze’ &t +e), 4)

raec M;, M, u c,, ¢c;—TOCTOAHHBIE MHTerpupoBaius. Bcero nocrosu-
HLIX MHTETPUPOBaHMs YeThipe, a He JABe (KAK MOMeT MOKa3aTbCd Ha mep-
BMH B3rasa), Tak KaK ypasHeHHe (2) SKBHBAJEHTHO ABYM HE3aBHCHMLIM
ypapleHHsM AJa BellleCTBEHHLIX HepeMelHbX k£ W R, KaXiaoe H3 KOTO-
pHX BTOPOro noOpsaaKa.

[pupasuupas B Bbipaenuax (1) u (4) MHuMBE H AcHCTBUTENbHLIE
YacTH, Mbl NMOJy4aeM

h = M,;sin(gt -+ c)+ M,sin (gt + ¢5). (5)
k= M, cos (gt ¢;)+ M;cos (gt - ¢y)- (6)
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AHaoruuHo aa1a #, ¥ R, Haxoaum
h, = M;sin (glt—l- 6‘,)+ M, sin(g2t+cz), @
k= M;cos(g,t+c,)+ M;cos (8t +¢y). ®)

rae My u My ne SBISIOTCA HE3ABUCHMBIMH OT M, u My, un6o, noacra-
Basas Buipaxenua (5), (6) u (8) B nepsoe ypasHeHue (14) § 13.02, Mu
HeMelJieHHO MoJyuaeM

M =(a—g) M, BM;=(a—g) M, ©)

§ 13.04. BHuHCIeHHe MOCTOAHHHX HHTerPHPOBAHHA

Yucneunnie 3HaueHua M, M,, ¢, u ¢, MOryT OHTh /erKO HafileHH,
€cAH I8 [JAaHHOrO MOMEHTa BpeMeHH MH3BeCTHH MAacCH U OpGHTaibHHE
d/eMeHTH AByX n.aHer. dopmyan § 7.15 naoT HaM BO3MOXHOCTb BHI-
yucaute D u E, a 3HaueHus a, § ® a;, B, moayvaiorca no cdopmyaam
(12) u (13) § 13.02. Toraa 3HaueHHs g, H g, HAHAYTCA M3 KBAJAPATHOTrO
ypaBHeHus (3) § 13.03. Hcxons u3 H3BeCTHHX 3HaueHHH ¢ W & B BbI-
GpaHHYI0 9MOXy, 32 KOTOPYi0 MH BO3bMeM f =0, A47 Hee BHYHCIAIOTCA
aHaueHuss h (=esin®) n k (=ecos ®). O603HauUM HX H COOTBETCTB) IO -
WHe 3HaueHus AAA h, W R, uepes hy Ry i (R)y (Ry)y MHanee, nonoxum

Py=M;sin¢;,, Py==M,sinc,,
Q,=M,cos¢;, Q,=M,cosc,. O
Toraa ¢opmyan (5), (7) u (9) § 13.03 maayT
hy=P,+P,, B)y=0@—g)P 4+ (@—g)P,
OTKYJA J€rKO BHIYHCJIAIOTCA BeJHUHHH P| u P,.
TeM ke nyTeM MH COCTABHM [1Ba ypaBHeHHs Aiad R H Q, u3 KoOTO-

pHX MOryT OuTb HaHZewn BeiHyuHH Q, u Q,. Torma u3 paseucts (1)
MOXHO GyZer onpeleantb 3HaueHus M,, My u ¢;, ¢,

§ 18.05. dKcueHTPHCHTETH
N3 dopmya (5) u (6) § 13.03 HemexAeHHO HAXOAMM
e2=h?14-k?= M} M)+ 2M M,cos[(g, — &)t + ¢, — c2]. )
Kpome Toro,
M, sin(g,t +-¢1) + M, sin (gaf 1 ¢3) @
M, cos(gif4¢))4 Mycos (gt +¢3) °
Jns €2 u & noxyuMM ABa ANANOTHUHBLIX BRIPANEHHS.

PagexcTso (1) nmokasniBaer, 4TO e ABAsercA nepHoaHuecko#t PyHxumeft,
MakcuManbHoe 3HaueHHe e pasHo | M|+ |M,|, a MunuMagbHoe —
M| — | M,|. Tlepuon KoneGauua pasen 2w/|g, — &2.
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B cayuae IOnutepa u Cartypua Ha#meHO, Y4TO MepHOL TAaKOFO KOJe-
Ganua pasen npuMepio 70400 ner, a MakcHMaibHOe H MHHHMAaJbHOE
3HauyeHHs e pasun 0,060 u 0,026; cooTBeTcTBylOLIHE BeMMYUHB 415
Catypna pasunl 0,084 u 0,0131).

ToT ¢aKT, 4TO 3HaueHUA & M e, JexaT BHYTpH Of paHHueHHOH 06.1aCTH,
MOXHO HemoCpeACTBEHHO NOJAy4uTb M3 ypasHenuft (14) u (15) § 13.02.
Jlerko BuZIeTb, 4TO

B, (hh— k) B (hyhy+ k) = 0.
Moacrasass B 9T0 ypaBHeHue BMecto P H B, HX 3HaueHHs M3 GopMya
(12) u (13) § 13.02 u uuTerpupyd, noayyaem

mna’?—+mn ale =C, 6))

rae C — nocrosiHas.

Srta 3aBUCHMOCTb MNOKa3biBaeT 1) 4YTO, TaK Kak n M 1, HMEOT OIMH
H TOT Xe 3HaK, TO 3HAYEHUHS € H e, ABJAITCA Or paHHYEHHBIMH, H
2) 4TO € MMeeT MaKCHMYyM, KOTJa e, HMeeT MHHMMYM, H Hao6OpOT.

§ 18.06. JdoaroTe mepHreanes
U3 ¢opmyan (2) § 13.05 HerpymHo HaTH
"-——'gle—}—g2M§+(gl+g2)MlM2cos(ﬂl —0,), ¢))

rae
0y =git+c. Oy=gt+c,

Ypashenne (1) moxer OHTbL 3anMCaHO B BHIE

. M M;
p= @) L L e, )

Bes orpanudyeHHs OGIIHOCTH MB MOXeM CYHTaTh, 4TO £, > &, KpoMe
TOrO, HYXHO NOMHHTb, 4T0 M; u M, MOryT OHTb MOJOXKHTEJLHHIMH
HAH OTpHuUaTenbHEIMH. HaM uyxHuo paccMoTperb zBa cayuas.

Cayuad 1. (gl+g2)|M M| > (gM2+g2M7)
Torza ypasHeuue (1) MOXHO NpPeACTaBUTb B BHUle

€% = (g, &2) M, M, [cos (8, — 0,) — cosal, ®)

rae «— HaHMeHblHH nOAOKHTeAbHHEA yroa (0 <a < =), Tako#f, 4TO
M4 g M2
cosa = — _S1Mi+ &My

(g1+ g) MM, *

1) 3tu BeMMYHIE, BHYUCICHHHE A8 BCEX IAANET, UPHBOAATCK Ha CTp. 282
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~

VpasHenne (3) noOkaseBaeT, YTO & HMeeT NeHACTBHTeNbHHE TOYKH BO3-
BpaTa, COOTBETCTBYIOLLHE

6, —0y=a-+2r= “)
HJH

8 —0,=2rr—a, ®)

TAe r NpHHUMaeT UeJHe 3HAYEHHA.
Hs ypaBHeHus (3) noayuaem

%+ & —:—t (Ci) ='—(gf —g._%) MM, Si"(el - 62)’

CrenoBatenbHo, ecan MM, nonoKHTENbHO, TO MAaKCHMajbHHE 3Haue-
Hua 0, — 0y, cooTBeTCTBYyIOLIMe TOYKAM BO3BPaTa, JOCTHTAIOTCA NPH
ycaoBuH (4), a MHHHMA/bHhle 3HaueHH COOTBETCTBYIOT YCJOBHIO (D),
a ecau M;M, oTpHuaTe/bHO, TO TOYKH BO3BPATa NMpPH 3HaueHHAX 0, — O,,
ILaHHHIX BHIIE, MEHAIOTCA MECTaMH.

B 3TOM cayuae SKCTpeMajbHbEe 3HaueHHA & MOTYT OHITh BHYHC/EHH!
nocpencTsoM ¢opmya

h=esin®d, k=cecosd,

ec/iM B M e BHUHCHEHH AAA 3HaueHHH £, COOTBETCTBYIOLIMX YCJAOBHUAM

4) u (6).

Cayuatt 2. (g, g,)| MM, | < (g, M} + g,M)).
Ipasas uacTb ypasHenus (1) MOJOXKHTeAbHA TNPH BCeX 3uauenusx f.

OTciona caeayer, 4TO & MNOJMONUTEABHO M YTO & C TEUEHHEM BpeMeHH
yseauunBaetca. Ha#ineno, uto caydyait 2 uMeer Mecto naa lOnurepa u
CarypHa.

§ 18.07. Hakaonnoctn

B § 13.02 M yxe BCTPeTHAMCh C YpaBHEHHSAMH

p=a(g—q). g=a(p—p) (1)
b1=“1(q—q1) ‘}1=“1(P1—P)~ )

Pewenne 3THX ypabHenuit Moxuo Hafttu u3 dopmya § 13.03, ecan
B HHX 3aMeHHTb B Ha a W B, Ha &, M 3aTeM M3MEHUTb BHAKH NpPH & H &,

Ha o6patibie. Ecau nonoxute X =¢g--ip, 10 us ypasHeHus (2)
§ 13.03 nafinem

)?-{-l(a-l—al) X=0.
MNoxacrasum ciona X = Ne! Ut+9), Toraa noayunm cienyiollee ypaBHeHHe;

f*+f@+ae)=0,
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kopuu koroporo pasud —{(a-+-a;) u 0. Takum o6pasoM, f orpima-
Teabito. CnenoBatenbHO, Mbl HMeeM
p==N,sin(ft 4 ¢;) + N,sinc,, @A)
g =N, cos (ft + ¢;)+ Nycosc,. “@

p,=Nisin(ft+c)+Nysine,,
g, =N cos (fe+ cl)+N; €os C,.

Ta,x Kak u3 ypasHenu#t (1) u (2) caeayer, yto a,b—}-—ab,:O, T0
Ny=—a)N)/a. Kpome TOro, coraacio nepsomy ypasHeumuio (1),
N:=N,. TlostoMy peleHue yPaBHeHHR ANA p, M ¢, MOXHO 3anicaTb
B Blje

AHanoruyHo

py=—LN,sin(ft+c,)+ N,sinc, ®
gy =— .‘;_' N, cos (ft + ¢)) + N, cos ¢, ®)

Hs dopuyn (3) u (4) nonydaem
1 = N1+ N3+ 2NNy cos (/£ + ¢, — &) @

AHanoruyHoe PaBEHCTBO HMEET MECTO Ajad Y.
Hs dopmyau (7) BuaHo, uto T konebierca Mexay

INi| 4Nl u [Ny = |Ny|.

AHaNOTHYHO 77 H3MEHAeTCH MeXAy

LN+ N w2 N =N
Ilepnoa koneGanuit paseH
2x
ata *

U3 ypashenn#t (1) u (2) Jerko BumeTb, UTO

ay (PP; +q¢i)—|~a (Plp.l"l“hél) =0,

mna*y*+mpn ali=C', ®

NOSTOMY

rae C’-—mocrosinHas. DTa 3aBHCHMOCTb AaHaNOTHYHA HHTerpany (3)
§ 13.05.
Yucnennwie snavenus Ny, N, u ¢;, ¢; MOryr OuTh NOJyueHH NpH
NOMOMIH MeTOAa, NOJOGHOTO TOMY, KOTOpHE Oma onucan B § 13.04.
Has Onutepa u CaTypna nepuoa Takoro KoneGaHus paBeH OKOJIO
50 700 aer. Ina lOnuTepa MakcHMa/bHOe M MUHHMAaAbHOE SHAYEHHS
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HakaoHHOCTH  (==arcig 1) pasum mpuMepuo 2°2’ u 1°17’. Coorser-
cTylowiie Beauunnn Aas CatypHa cocrasasior 2°33° u 0°47'.

§ 13.08. JoaroTui ysaos
Tax kak tg Q= p/q, To u3 opMyan npeavinyuero naparpada Mu

nojayuaem N byt
__ Nysin(ft4¢;)4 N,sine,
ge= N, cos (ft+¢;)+ Nacos ¢y * M
OTKyZa )
1’0 = fN? 4 fN,N;cos 6, @
rae
0=ft+¢c;—ec,

Caysadi 1. |Ny| > |N|.
Mycts § o3HauaeT HauMeHbliHR mnoaoxuTeabHER yroa (0 <B < %)
Tako#, uTo

cosB---—ﬂ.

N
Torna us ¢opmyan (2) HMeeM :
1?Q = fN,N, (cos 0 — cos B).

Ecan N, u N, onHoro 3Haka, T0 & MMeeT MAKCHMa/abHOE 3HAYEHHE NpH
0 =8+ 2rx, a MuHHMaAbHOE 3HAyeHue, Koraa 0=—=2rm—f, npuuem
r — uenoe 4ucao.

Ecau N, u N, uMeloT MPOTHBOMOJONHLIE 3HAKH, TO TOYKH BO3BpaTa
NpH YKa3aHHHX 3HaYeHHAX 0 MensaioTCa MecTamH.

dkcTpeMaibHue 3HaueHHs @ MOTYT ObITb BHYHC/AEHH TeM e CaMBIM
MeTOJOM, YTO H B clyyae &.

Hafineno, uto aas IOnurepa u CatypHa 2 koneGnercs, NpHYEM
aMnautyna konaebGanus aas lOnurepa paBHa npuMepuo 13°,2, a ans
CarypHa — okoao 31°,9,

Caywati 2. |Ny| > |[Ny.

Mockoabky f==-—(ax—}0,) OTPHUATEJIbHO, TO B STOM CJayyae )
6yzeT OTpHUATeJbHHIM AJd BceX 3HaueHu#t £, CaenopaTenbHo, & yMeHb-
1aeTcad CO BpEMEHeM.

§ 13.09. Bsanmpas HaKJOHHOCTbL ABYX OpOHT

Myctb Ha puc. 22 ¢ 03HauaeT HAKJOHHOCTL OAHOR OpPGUTH MO OT-
HolweHuo K apyroff. Toraa no ¢opMyie KOCHHYCOB HMeeM
cos ¢ = cos f cos I, +sinisini, cos (2, — L),
OTKyAa

1—2sin’——(l — 25sin? )(1—2sin2—l2‘—)+pp,+qq1-
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i

2
T
Lo
Puc. 22,

Or6pocum unens nopsaxa 74 Toraa
4sin? & = p? 4@+ i+ ¢ —2pp, — 299, =
=(p—p)+@—a)
Mpu noMomn c¢opmya (4) —(7) § 13.07 nocaemiiee PaBeHCTBO NpH-
BOAHMM K BHAY
? @ \2 ar2

4s|n25—(l +—al—') Nl.
TakuM 06pa3oM, ¢ YKa3saHHOH CTeNeHbI0O TOYHOCTH B3aMMHAA HAKIOH-
HOCTb IBYX OPGHT ecTb BeJHUHHAa TMOCTOAMIad.

§ 18.10. YpaBHeHHs gas 7 naaHer

Paccmorpum naanern Py, Py, ..., P, ¢ Maccamu my, my, ..., m,.
IMycts N, o3Hauaer HeMepHOLMYECKYIO YacTb BO3Myliaiowed ¢yHKUUH
ana naavett P;. Toraa B cooteerctsud ¢ dopmynot (10) § 13.02
N, onpenenserca dopmyoft

n
Ni=G 2 mDy, (K + K — p}— g+ W+ K — ) — i+

n
+2P1P/+241‘1/)— 2G /;2 mjEy; (hhy+kik), 4y

B xotopo#t D,; u E,;—~— cuMMeTpuuHbie QyHKUHH @, H @; TpPHYeM NO-
cnenuve, Kak # B § 13.02, paccMarpHBaloTCA B STOM HCCAENOBAHHH
KaK TOCTOsAIHEE,

Ypasueuuss a9 hy H B, MMCIOT BHI

: 1 ON, . 1 ON,
hy= —t, b= —— =1, 2
TS ! nat oh, @
Monoxum 0 5 S0m E
Gm ] Gm, 7]
L= » AT 3)

na; na;
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Mu Oynem mnpecanonaraTh, 4TO m, . H @& A8 KLKAOH naaneTu n3-
BecTHH. CienoBaTenbHo, H3pecTun Takxe Bce (4, j) u [4. J].
IMepBoe ypasuenne (2) mpuHuMaeT BilL

n n
hl—klgza. f>+j§2n,ukj=o
HINA
n
hl_Clk|+ ;[1, jlk,=0.

rae, BooGute rosopd, noJjaraercs

o} =,§ (W) A @

AnanornyHo BTOpOe ypaBHenue (2) WpPHMCT BlR

n
k,+Clh,—j%[l, Jih;=0.
B ofweM cayyae M:1 uMeeM YypaBHeHIs
h,—C .k, + ?[1, Nky=0, (3)

k4 Cihy— ;lz, Jir;=0, (6)

npuuem j o1,
Hs dopmya (3) naxomum

20" mim/EU —_— ——
—_— mn,a,=B., mn;a,; (7)
V"_l"] a2 V Iad s} ij V Vil ad |

ric B;;— cuMMerpuuHas ¢QyHkuus OT m; M my, n, "W n, aua;.
C.aenoBaTebHO, HMEET MECTO BaHOE CBOHCTBO
Kpome Toro, Taxk Kak m, n M 4@ pPacCMaTPHBAIOTCA KAaK H3BECTilHe
BEJIHYHHE, TO B3HadeHHe Ji06oro B MoxeT OHTb HafaeHo NOCPeACTBOM
dopmyan (7).

Tloaoxum

Vmn, a,lt, fl=

Hy=Vmpnah, K =Vmnapk,. ©®)

Yuuokum ypasuennss (5) u (6) ma V' m;n;a,. Torna, HCNOJAB3Y dop-
myay (7), noayysaem

H,—c,.K,.+§‘,B,,1<,=o. (10)
K+ CH,— X B, H;=0, (11)
J

rae J+#1, a Bemmununl B n C paccMatpiBaloTcs KaK M3BECTHLIE.
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Mycts

2F—2c,(H +K)—2 3 B,,<HH,+K,K,). 12)

i=1 j=1

rae j 18 Torna, ucnoavdys cBoficTBO (8), MH HafiIeM, YTO AJA Bcex
aHavenn#t ! ypasnenns (10) u (11) npuuuMaioT BHA

. oF : oF

Ht-—“'a—ﬂo K‘—_W. (13)

DTH ypaBHeHM MMeIOT KaHOHHYecKYyl0 ¢opMy, npuyem F sapadgerca
¢ynxuue#t Tamuabrona. M3 ypasuennt (10) u (11) noayvaem

n n n
:: HH +KK)— 2}1 12,_‘] B,;(HK,—KH)=0.
Tak kak B aBofioRt cymme j=!, TO, cornacHo cBoficTBYy (8), oHa

pasHa uymo. TTostomy
(Hi+-K) =" (14

nam
Emnaez._x. (15)

rie %-— NocrosHNas.

JTa mocjenuss 3aBICHMOCTb SBASAETCS o06GOGUIeHHEM 3aBHCHMOCTH
(3) § 13.05. Tak kax BeaHMuNNN n;, HUMEIOT OAHH M TOT Xe 3HAK BO
pceft naauetiof cucteMe, TO paBeHcTBO (15) NOKasbBaeT, UTO 3HaueHHs
9KCUCHTPHCHTETOB OTpPauliyeHbl, HJH, APYTHMH CJAOBAMH, HM AdS Kako#
nAaHeTH € He HMeeT BEKOBOTO u.jelia.

3aMeTHM, YTO NMOCKOJAbKY F He CONEPXHT #BIIO BpeMeHH, TO ypaB-
Henua (13) AONYCKAIOT HHTerpan

F = const. (16)

§ 18.11. Pemenne ypasuennit, onpeneasiomux H u K
Mycts
Us=K;+H,, )

rae Tenepb ! osnauaer Y/ —1I. Toraa u3 ypasHenuft (10) u (11) npenu-
ayutero maparpada nMeem

OS‘—‘CSU5+1233/U/=O’ j#:s~ (2)
J

Moaoxum
Us — pset(gln). (3)
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Toraa
&—Cy P,+§.B,,P,=o. J#s. 0

Ionaras nocnepoBaresibho §=1, 2, ..., 7#, Mb NOJyyaeM CjeiylOLIyi0
rpynny ypasHeHH#i:

(3—01)Px+ Bwpz +313P3+ oo+ ByP, =0,
ByP, —+(8—CyPy~+ByP3+ . ‘|" B,,P, =0,

................ R ()
ByP, + BpPy, + ..., —|-(g C)P,=0.
TT03TOMy g ABJSETCA KOPHEM YPaBHeHHs
A=0, (6)
rae
g—¢C, By, . By,
A= B2l g—C2 . B2n (7)

Ypasnenue (6) umeeT n KoOpHed £, g£o ..., £, KOTOpHe, KaK MH
YBHIHM NO3Xe, BCe ABJAIOTCA NeHCTBHTeAbHHIMH. KpoMe Toro, Mu GyneM
CYHTaTb, YTO OHH DPA3JHYHHIE.
IMpeanosoxuM Tenepb, 4TO KOpHH ypaBHeHus (6) BHIYHCJ]EHBL.
MoxncranoBka (3) moka3wBaeT, uTO OOliee pelleHHe ypasieHus (2)
MOXeT GuThb 3anucaHo B BHie (s==1, 2, ..., n)

Us = Mlsel (glt+c') + M2sel (g,f-l-c,) + see + Mu.sel (g"t+c”)’ (8)

rae ¢ ¥ M — NOCTOSHHEE, NpPUYeM NOCHENHHE He BCe ABIAIOTCA Heaa-
BHCHMBIMH. B uacTHOCTH, ecnH 0Gosnaunth e’ 6+*¢r) wepea E,, To

Ul MllEl +M21E2+ +M111E (9)

IMocko/nbKy TNOCTOAHHHIX WHTErpUPOBaHHA LOJKHO ObiThb 2r [Kaxmoe
M3 ypasuenu#t (2) npu s==1, 2, ..., n 9KBHBAJEHTHO JABYM YPaBHEHHAM
on NeHCTBUTE/NBHEIX MNepeMeHHBbIX], MBI MOXeM pPacCMaTPHBAaTb 7 BeJH-
uiH ¢ U My, My, ..., M, B KauecTBe NOCTORHHHX HHTErPHPOBaHHS.

IMoxactaBum BhpaxeHne (8) B ypasHenHe (2) H mpHpaBHseM Kko3¢du-
uuents npu E,. Torna, nonaras nocaenosatenbio s=1, 2, ..., n—1,
noxyuaeM n— 1 ypasHeHuit

& —C)M+ BpMy, 4 BMju+B M =0,
leMn +(S’1—C2) Mn +323M13+B2AM1,;=0

u—1,1Mu + Bn—l,2Ml2 + ... +(g1—cn—l)Mln=0'
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Orux ypaBHeHH# AOCTAaTOUHO AJAS TOTO, YTOGH ONpEEAHTb OTHOLIEHHUS
My, My, ..., M, k My,

AHaJnOrHyHO, npupasuuBas Ko3dduineHTs Npu E,, MH MOXeM onpe-
Acautb OoTHOWeEHHA Myy, Myg, ..o My, Kk My 1 BOOGWE oOTHOUIEHHA
My, My ..., M, k M,

Huxe MB yBHAMM, KAk MOXHO HafiTH 4HCJeHHBle 3HAUeHHUS BeJH-

uuH M, eciu 3HaueHHs ¢ M & ANA HEKOTOPOH SMOXHM H3BECTHI,

§ 18.12, Jlemma
O6wee pewenne (8) § 13.11 MoxHO nepenxcaTb B BuAe
n
U"=t§ ME,. (1)
IMoncranoska ero B ypaBHenna (2) § 13.11 nmaer

2~ S)M,,E,+§§B,,M,,E,=o, ]+,

OTKyAa, npupaBuuBas kosdduunents npu E,, noayuaem
(gt - Cs) Mts+ 2;: stMt] =0.
AHaJ0rH4HoO
& —CIM,+ ;‘J stMrj =0.
Hckmounm u3 stux ypassenutt C,. Torna

(gt _gr) MtsMrs = ? st (Mf}Mrs - MtsMrj)'

TMpocymmupyeM no s ot 1 a0 n. Torza moayuum
n n
(gt —'gr) s§1 MtsMrs = ? szl‘l BSJ (Mt] Mrs - /WtsMr])’

rae j+#s. Tak kak Bj;=Bj, To ABO#Has CyMMa B mpaBOH uyacTH

aToft $opMyan pasHa Hyaio. ClenoBaTeNbHO, €CIH KODHH £, W g, pas-

JAHYHBIC, TO
n

MM, =0, t+r @

s=1
HAH, MEHAA MeCTaMH § U r,
n1
ZI Mertr = 0' ¢ * S, (3)
rel

18 V. Cmapr



274 T'raea 13. Bexosbie tepasercTsa

§ 13.13, Buuncaenne nOCTOAHHHX HHTETPHPOBAHHA

n
Cornacuo dopmyne (1) § 13.12, U,=;, M E,. YMHOXHUM 3TO pa-
=1
BeHCcTBO Ha M,, u mpocymmupyem no s ot 1 no n. Toraa

.
ng MTSUS_ 2 2 MTSMISEI Z M{sEr+ ZE 2Il MTSMIS'

rie B ABOMHOM cyMMe B npapoft yactu ¢ <= r. CoraacHo pasenctsy (2)
§ 13.12, nsoftHaa cyMMa paBHa Hy/M0, MOSTOMY

2 MU= 2 MLE,.

IpupastseM MHuMHe W JAeHcTBHTeabHHe dYactd. Toraa Ajaa aauxoro r
GyneM HMeTb

MuHy+ Mol + oo + MpHy =My + ... + M7)sin(gt+c),
)
MoKy MpKa+ oo MKy =(Mh+ ... + M) cos (gt +¢)).
@

Ina moMenta £==0 MOryt 6uTb HalileHH BeJaHuuHH f; (==e¢;sin 5,) H
k, (=e,cos ®;). 3ateM MOryt GuhTb noayyenn Beamunnit H; u K,. Iloa-
CTaBHM STH 3HaueHHa B paseHctBa (1) W (2) (19 ynpowenus Mo He
GyaeM BBOAHTH AJf HHX cheuHanbHhXx oGosnaucuu#t). Toraa OyleM sMmeThb

Hi+ 42 Hyt ...+ 52 H,
Mrl sin b= M (3)
() e ()

H aHANOTHYHOE ypaBHenne ana M, cosc,.
Iycts X, o3uavaer npasyio 4actb dopmyau (3), a ¥, — cootser-
CTBYIOWIYIO BEJHYHHY B BhpaxeHHH, colepxauweM K. Toraa

M, sine,=X,, M,cosc, =Y,

rie seanuuHn X, W Y, pacCMarpuBaloTCs Kak u3BecTiiHe, W60 MOryT
Ouith HafineHsl METOAOM, omucanuuiM B § 13.11. Bouucnenwe M, u ¢,
TOTAA MOXHO BHLIIOJMHHTL Ge3 Tpyaa.

Onpenenenne H u K tenepb dopmanbHo 3asepuieHo. ITo dopmy.aam (9)
§ 13,10 mu naxomum h w k. Us gopmya (1) n (8) § 13.11, npupap-
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HHBAs MHHMYIO H AcHCTBHTebHYIO 4acTH, GyReM nMeTb

n
Hs = 2 Mrs sin (grt+ ¢
r=1
" 4
K,= rgl M, cos(g,t+c,),

a u3 gopmyn (9) § 13.10, nonaras D, =M, /Y m,n, a,, naxonuu

n n
hy= ’% D, sin(gt+c). k= rgl D, cos(g,t+c,).

§ 13.14. Kopuu ypasuenus, onpeaeasiomero g

Mu cuntanu, 4ro Kopum gy, &9 ..., £, ypaBsienns A=0 [Pop-
Myna (6) § 13.11] Bce neficTButeabiinie. JlomycTHM Temepb, YTO ABa M3
HHX, CKakeM g, H gy, SBJIAIOTCA KOMMJIeKCHuMH. TOraa OHH AOWMHE
HMeTb BHI

gi=u—iv, g,=u-+t1v,

rAe MW TNpeAnoJaraeM, Yr0 ¥ MOJOXHTEJLHO, NMPHYEM & H U ABASIOTCR
neticrutenpioiMi. Popmyna (8) § 13.11 ana U rtenepp naer

Us= Mlsevt . gb (st+ey) “+ Mzse-vt . el(ul+c,)+ n. 4,
Monoxum

Op=ut+tc¢;, Oy=ut+4c, 0,=gt4c,.
Toraa, npupasHuBas MHUMBE M JeHCTBHTEJbHHE HYacTH, MOJyHaeM

n
Hy= M, evsin 0, 4 Mye-"'sin 0+ 2 M, sin0,,
r=3

K == M, cos 0, 4 M,.e~7 cos 0, 28 M, cos9,.
=
MosTomy

s2",“‘1(11134- K= T Ml e 3 M+
+e” . ul4 e ¥ [n. w.]4n. v. 4R,

rae R —mnocroanHas. Ho, coraacHo ¢opmyae (14) § 13.10, aesas vacts
STOrO COOTHOMIEHHS PaBHA %%, NpHYEM x%-— focTOAHHAA. IlosToMy Mu
MMeeM TOXAeCTBO (0603HAYEHHA OYEBHAHH)

x2 == Pl | Q-2 | ev [n. ]+ e~%[n. 4]+ n. 4.4 R.

Ho e?" u €% HeorpamnuyeHHO Bo3pacraioT. Cicn0BaTenbHO, NpaBas 4acTh
He MOXeT paBHATbCA NOCTOAHHON. OTCIOAa 3aKJI0uaeM, 4TO U AOMKHO

18*
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GuTb PaBHO HY/I0 H KOPHH g, H go HOMKHL OLTb HefCTBUTEJbHHMU H
yTo BooOblIec BCE KOPHH gy, ..., g, OyAyT BellleCTBEHHHINH.

§ 13.156. Kanonuueckne ypasnenus ansa H uw K

CoraacHo ¢opmyaam (13) § 13.10, xaHOHHYeCKHE YpaBieHHS HMelOT

BHI oOF )
7 F
—oKr ] K_—_OH, ]

rae F onpeneaserca ¢opmyaot (12) § 13.10:
n

9F = 2}1 Cr(Hr KD —
rs=

3zece F —opunoponunas xsaapatHyHas ¢ynkuus H,, a Takie oxHopon-
naf xBaapaTHuHas ¢yHkuHa K. Mun MoxeM, caesoBaTelbHO, CHAenaTh
OpTOrOoHa; bHOE JHHefiHoe mpeoGpa3oBanue mepeMeHHnx H, K k HOBHM
nepemenntiM L, I Ilycts

H = AL+ Aply+ ... + ALy @
Ki=A h+ ... + Al 3
Mpu noMowu STHX ypaBHeHHR MB MOxeM BHpasutb F uepes L u [

Hosnie nepemenHnie GyayT KaHOHHYECKH COMPSKEHHBIMH, €C/H, COTJacHO
ycnosuam (1) u (2) § 10.09, uMeior MecTO paBeHCTBA

H, =

Brs(HH,+K,K5), s+r. (1)
1

r=1 s=

n
2 Al=1, )
n
’2_]1 A A, =0, t+s, 6))

rie $ U £ MOTYT NPHHHMATb 3HaveHua 1, 2, ..., n. Mu Toraa moayuum
oF ; OF
©

o—lrn l’=—~o—Lro

Ouesnaxo, uro F mpeoGpasyeTca K BHAY

L=

2F =30 (Lr+0)+ 2 B frsLels 1Lk, @

rie ¢ u f—doynkunn A, B u C, u, KpoMe TOro, Tak Kak B, =B,

T0 frs= [
Uncao ypasHenutt (4) pasio s, a yucao ypasHeHuft (5) cocraBaser

Ypn(n—1) ('rax KaK, Hanpumep, N A, A= A,,A,,) . Iostouy no-
r r

CKOMbKY oGlee yucao Beauuun A pasHo n2, 10 1/n(n—1) Beanuun A
MOTYT PacCMaTPHBATLCA KAK MPOH3BOJbHEIE,
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Hanee, B popmyae (7) ukcao Beaudud f pasxo '/yn (n — 1). Iostomy
MH MOXeM BHOpPaTb MpoH3BoJbHbHE A TaK, YTo6bl BCce f OH/AM PaBHHMH
Hymo. JpyruMH c/OBaMH, MH MONYYHM '/on (B — 1) HOBHX cOOTHOMWEHHH,
KOTOpble COBMECTHO ¢ paBeHcTBaMH (4) M (5) ZalOT HaM BOSMOJKHOCTb
OnpeAeauTb BCE BeJAHYHHH A. MB CMOXeEM TOrAa HanucaTh

2P =4, (124 ) ®

KaHonuueckne YPpaBHEHHA 6yny‘r HMETb BHA

i., =aq,l, [, = — a,L,.
OTKylda HaxXoauM .
i+ d’L,=o.

Pelleine 9Toro ypasHeHus RaeTca (opMy.oH
L,=P,sin(at-}c,). 9)
U3 ¢opmyan (8) u uHterpana sHepruu (16) § 13.10 Buaum, uro
l,=P,cos(a,t+c,).

Hs cootHowenn#t (2) u (3) Mb Toraa OyleM HMeTb

H = i‘, AP, sin(a,t+c,),

s:l (10)
K,= 3 A, P,cos(a,t+c,).

s=1

CpaBHHM 3TH NOc/AeNHHe paBeHCTBa ¢ paBeHcTBaMu (4) § 13.13. Mu
BHAHM, YTO BE/HYHHH 4 COBMAJAIOT C &, T. €. C KODHAMH YpaBHEHHA
A=0 [popmyan (6) u (7) § 13.11]. Kpome toro, M,,=A,P,.

IMpennonoxum, 4to mnpeo6GpasoBaHus (2) u (3) BunoaHenw. Toraa
nocne 3aMeHH B paBeHcTBe (8) a4, Ha g, MB YBHIHM, YTO ypaBHeHHe
A =0 npeo6pasyercs B ypaBHeHHE

A'Erl[l(g—g,)=o.

§ 13.16. Cayuait aByx paBHHX KopHef

Paccmorpum onpeneantess A (dopmyna (7) § 13.11). Beneacrsue
6oabwioro pasHoo0pa3aus BXOAAUIMX B Hero BeawyuH C u B kawmercs
MOYTH HEBO3MOMHBLIM, YTOOH ypaBHeHHe A ==0 HMenO 1B2 PaBHHX KOPHs.
Oaxo BpeMa AyMajH, 4TO ecaH OB ABa KOPHA AeHCTBHTENLHO OHJH paB-
HHIMH, TO YHCTO MepHoAMyecKM# XapakTep pewenu#t ana H u K 6uia 6u
HapylieH. YTo6H BHACHHTL CBOHCTBA pellieHuH, KOTAa /IBa KOPHS, CKaxeM
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&1 M £y P4BHH JAPYr DYy, MH OFPaHHUHMCS aHA/M30M CAy4as Tpex
naaver, T. e. Npu n==3. B stoM cayuae ko3dpduuueutn A B dop-
Myaax (2) u (3) § 13.15 umeloT CBOHCTBA HANPABARIOIMX KOCHHYCOB H
MOTyT OHTb 3aMeHeHH Ha A, p.. v, r=1, 2, 3.

IpeoGpasosanue dyukuuu F, onpenensemot dopmyaott (1) § 13.15,
K Buay (8) § 13.15 aHanuTHuecKM SKBHBANEHTHO NMPHUBEACHHIO yPAaBHEHHS
SJTHNCOHAR

2F =Cx?+ Cyy*+ C42? — B\yz — By2x — Byxy =1
K ypaBHEHHIO

OTHECEHHOMY K TaaBibIM ocaM. Ecan g,=g, 1. €. a,=4a,, To ypas-
HeHHe (1) mocie 3aMeHH @ Ha £ CTaHeT YPaBHeHHeM SJJHNCOHAA Bpa-
LeHHA

2Fe=gyx?+ g1y*+g322 =1,

NpHYCM [I0BHE OCH X M Y, JeXallHe B LEHTPAAbHOM KPYTOBOM CEueHHH,
HaNpaB/ieHH COBEPIIEHHO Npou3BoabHO. Kak u B npeawaywewm naparpade,
YPaBHeHHS AN BEAHYHH L HMelOT BHA

Li+giLi=0, L+gils=0, L3+ giLs=0.
Peienue 9TUX ypaBHeHuK naeTcs ¢opMy/aaMu
Ly=Psin(g,t+¢). Ly=P,sin(g,t+4 ¢y,
Ly = Pysin (g3t + ¢3)-
AHanoruyHne ypaBHeHHA uMeloT MecTo H aaa I. Orcioaa creayer, uro
peiienue ypapHeuu#t aaa H n K ABaseTca nepHOZHYECKHM.

§ 18.17. YpaBHeHus, onpeaeasiioMiHe HAKJAOHHOCTH

YpasHeHus, KoTopne MH OylxeM Temepb paccMaTpHBaTh, AAA Nja-
HeTH P, uMeloT BHI

_ 1 oN __ 1 oN 1
pl—nlaf oql r 4 "1“% opl ! ()

npuueM HuuTepecylowas Hac 4actb N, naerca dopmyinok

n
_I§2 Gmloll(p%'i'q%'i'p3+q3—2p1p/—2q1q1)°
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Hcnoavays oGosHayeHna (3) u (4) § 13.10, 3sanumem ypasnenus (1)
B BHIE

i’l""‘cl‘h‘—;(lv Ng;=0, (¥))
G—Cip+ 2 Jypy=0. ®)

Mycrs a;==V m;n;a, Torna

2Gmm ;D _
0 N=——ga— " y="bftp )

rae b;; — cuMMeTpHuHas ¢yHKuus, 06JanaoWan CBOACTBOM
byy="by. ®)

VuMiokHM ypaBHeHHE (2) HA a; H BOCMOJB3YEMCA COOTHOMIeHHeM (4).
Toraa, noaaras

oyp =P, a,0,=Q, ©)
noayyaeM
n
P,+4CQ,+ 22‘, b,,Q;=0.
B o6uweM cayyae GyaeM HMeTb
pi+ClQl+jzblej=0 Q)
H aHAJOrHYHO .

roe j+#1.
U3 ypasuenntt (7) u (8) Haxozum

n n n
gl PP,+QQ)+ i§l FZI b;(PRQ;—PR)=0,
NpHYeM JBOMHAA CyMMa, cornacHo co#icTy (5), paBHa Hymo. ITosromy

$W+®=ﬁ

riae k — nocrosHHas,
TMocneanas 3aBHCHMOCTL SKBHBAJEHTHA PaBEHCTBY

n
; mn, 071} = &, ®)
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koTopoe sBaserca oGoCutenneM uuterpana (8) § 13.07. Takum o6pasom,
NOCKO/IbKY 72; HMEIOT ONHMH H TOT e 3HAK MPH BCeX 3HAYeHHsX [, TO
BEIHYHHE Y orpaHuyeHH. CreloBaTeNbHO, HAKJAOHHOCTH He HMEIOT BeKo-
BHIX YJ/ICHOB.

§ 13.18. Onpenenenne HaxAOHHOCTEH

Pemenue ypaBHenu#t (7) u (8) § 13.17, oueBHRHO, aHAJTOTHYHO pe-
meHn0 ypasHeHu#t aaa H u K, noayuennomy B § 13.11. Tlycts

P;=N;sin(gt+c¢c), Q,=N,cos(gt+c).

Torpa, noacrasass Buipawenua 1aa P, u Q; B ypasnenua (7) § 13.17
B noaarad I==1, 2, ..., n, noaydaem

g+CoN+  boN, + ...+ b1aN, =0,
byN, +(@—+CINy + ... + byuN, =0,

blllNl + b'nNz + LI +(g+0")N"=0.
TakuM 06pa3oM, g ecTb pellleHHe ypaBHEHHA

g4+C by ... by,

by g+Cp ... by
A= « e s e s e e e @ e o s e (3)

b bm .- g+C,

Mb nokaxeM Temepb, YTO OLHH H3 KOpHelt ypasHenus (2) pasen uyao.

YMHOXKUM NePBYI0 CTPOKY omnpenenutens (3) Ha @;, BTOPYIO —Ha a,
H T. A. H o6pasyeM 3aTeM CyMMbl SJEMEHTOB Kaxjaoro croabua, o6o-
3HauuB HX 4epes X,, X, ..., X,. B vactHocTH, A8 mepsoro cro.6ua
OyneM uMeThb

rae

n
Xy=ag+a,C,+ 12_:2 o 4)
n
Ho C,=12.2(1. J) u, cornacio ¢opmyne (4) § 13.17,

n
0C=— Ezbu".l =— %“‘/’n'

Mostomy ¢opmyna (4) npHHHMaeT BHA

Xl=a1g.
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AHAJOTHYHO ANA 7-rO CTO/A6UA HAXOLHM, YTO
X, =a.g.

MostoMy a,A pasio onpeaeautenio (3), B KOTOPOM 9JeMEHTH Mep-
BOR CTPOKH 3aMeHeHH Ha a,8, 0o, ..., &,8. CJaenosareibHo, OAHH
KopeHb ectb g==0. OcTajbHHE KOPHH ONpPEAENATCA M3 YPaBHeHHA
A, =0, rae

a, ay cee O,

A =— by &4+Cy ..o by
1— 3 . .

bnl bn2 e g-I—C,,

Ecau g9 g3 +..» &, — HeHyaeBHe KOPHH, TO ofLiee pellleHHe ypas-
HeHHR jaerca ¢GOpPMyJaaMH

Ps=lesm c1+N2sSin(g2t+c2)+ se +N,,ssin(g,,t+c,,),
Q= Ny, c08 ¢, + Ny €08 (g5t + ) + + . + Ny €08 (&t +-c,).

Mu MoxeM paccMatpuBath Ny, Ny, o.., N,y H € Kak ROCTOAHHBE
MHTEr PHPOBAHHS.

MeTon BHYHC/AEHHA MOCTOSHHLIX, BXOAAIMHX B ofllee pellleHHe, aHa-
JAOruYeH TOMY, KOTOpHt Oua onucaH B § 13.13 Ana caydasd SKCUEHTDH-
CHTETOB. AHAJOTHYHOE 3aMeyaHHe OTHOCHTCA H K PeLIeHHI0 KaHOHHye-
CKHX YypaBHeHHWH, K KOTOPHIM MOryT OuiTb mnpHBeleHH YypaBHenus (7)
u(8) § 13.17,

§ 13.19. Yncaennwe pe3yjbTaThl

OuyeBHAHO, YTO MOJY4YeHHe YMCJAEHHOTO pelleHHs 3aJaYd O ABHAN:EHHH
NJaHeTHON CHCTeMH B TOM BHIe, B KOTOPOM OHa HaM H3BeCTHa B HACTOf-
Llee BpeMs, fBJAAETCA BeCbMa TPYROeMKHM JlenaoM. Ecau orpaHuuutbes
HCCAefoBaHHEM GOJbLIHX NMJAaHeT, TO AJA BHYHC/EHHA SKCUEHTPHUCHTETOB
HX OPOGHT HYXHO ompeaeauTb: 1) NepATb 3HaueHHH KOpHelt g ypaBHeHHs
nesstoft ctenenu [(6) § 13.11), 2) 3sHavennsa 18 NOCTOSHHBIX MHTErpupo-
BaHua M, ¢, W 3) 3HaYeHHA OCTaJbHHX KO3(pduuuentoB M, (r = 1).
YpapHenns, onpefensioliHe HaKJOHHOCTH, NMPUBOAAT K TAaKOH iKe BHIYH-
cauteabHoft paGore. B npeamnsywnx maparpadax GHJAH MOAYYEHH pe3y.ab-
TaTH B caydae AByx nuaHer (IOmutep u CartypH). B HacTosuiee Bpems
M3BeCTHO NOJHOE pellleHHe IS CJay4yas BOCbMH IiaHeT, Ha#zenuoe Cro-
KysanoM?'), koraa Tlayron eute He 6ua OTKPHT. CoOTBETCTBYIOLIHE
OCHOBHBle pe3yabTaTh AaHH B MpHBeNEHHOK HHKe Tabauue, NMpuyeM Ha-
KJOHHOCTH OTHeCeHH K HeH3MeHHOH MJOCKOCTH NMJaHeTHO# cHcTeMul. Yrto
KacaeTc SKCUEHTPHCHTETOB, TO 3HauYeHHs KopHelt g ypasHeHus A=0

1) Smithsonian Contributions to Knowledge, Vol. 18, 1873,



282 T'raea 13. Bexoswie nepasencrsa

aexar B npefedax or 0,616 no 227, 46, ecan ux BhHpasuTh B cexyHpax
ayru. CooTBeTcTBYlOUlHe mepuoAl npubanaenuo pasast 2 100000 u
58000 ser. TlepuoAn H3MeHetHs HAKJAOHHOCTSH HM2IOT TOT e NOPAAOK.

Tabauya

MaxcHMa/bHble H MHHHMAJbHbie 3HAYEHHS IKCUEHTPHCHTETOB
H HaKJOHHOCTefR

JKCUCHTPUCHTET Haxkaouuocts
Maasera

Maxc. MHU. MaKc. MHIL
Mepxkypuit . .. ... 0,2317 0,1215 9°10".7 1°44' 4
Benepa . . . . .. .. 0,0706 0,0000 3’16’3 —
emas . . ... ... 0,0677 0,0000 3°6’,0 -
Mape. . ... .... 0,1397 0,0185 5°56",0 —
Onmutep . ... ... 00608 | 00255 0°28'9 0°14' 4
Catypu . v v ¢ v . . . 0,0843 0,0124 1°0’,6 0°47’ 3
YpaH . .« v 4 4 .. 0,078Q 0,118 1°7".2 0°54' 4
Hentyn. . . . . ... 0,0145 0,0056 0°47' 3 0°33',7

* 3Ti JHaYeHHUS ONMPEACASOTCS HEYBCPCHHO BBHAY MAAOCTR HEKOTOPLX KOIphHIUMEHTOD.

§ 13.20. Jdoarora B snoxy

Ecan B ypasHennu (8) § 5.10 Bo3myuaiomyio ¢yukumuio R 3aMeHHTb
ee HemepHOAHYECKOH 4acThio N, TO Mui. MOJAYYHM

tgicos t 2
208 B2y E7 oN
na Oa na? de na*cos¢ Of '
rae =7V 1 —e?, uau, ¢ AOCTATOUHOH CTEMEHbIO TOYHOCTH,
. 2 N e 9 1 ON

= —— —

N
na W+2na27e-+ %na? 9 °

Ecau B 9TO ypaBuenne BBecTH k, B H p, ¢, TO OHO MPHMeET BHA

2 ON 1 oN oN oN N
=733 + nat ("W*"‘Wﬂ’—o; +‘77q—)-
Moacrasum cloaa 3HaveHus h, B w p, g, nojyuenHute B pe3y/bTaTe pe-
wenus anddepenuuanbibix ypasuenwu#t. Torua nocnreanee ypaBHeHHe
NpuMeT BHUA

e= A+ X Bcos(at +B)
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rae yepes a 06O3HAUEHH BEJHYHHH £, QUrypHPYIOUWIHE B NePHOAHYECKHX
yneHaX B SKCLUEHTPHUCHTETaX M HAKJOHHOCTAX, ¥ BENHUYHHLI & ABJIAIOTCA
MaapMu, A M B-— Manne nocrosHHne. TakuM o006pa3oM, AJa maHHOH

NAAHETH HMeeM
e=¢—+ Af-}+n. u.,

OTKYyZNa cpelHss foarota ! ompeneaserca mno ¢dopmye
l=(@n+ A)t+ e+ n 4.

Ha6monaeMoe cpennee ABHXEHHE NJaHeTH paBHO KOdpuuHeHTy
npu £ B sto#t popmyne.

§ 13.21. O6mue sameuanus

HyxHO NOMHHTb, YTO NMPH MCC/]eOBAHHH, H3JOXKEHHOM B 9TO#f riaBe,
MH OT6pocHaH 1) BCe NMepHOAHYECKHE YJeHH BO3Myluaiolie (GYHKUHH H
2) Bce uncHH 4YeTBepTOro M Gojee BHCOKOTO TNOPAAKA OTHOCHTENBLHO
SKCUEHTPHCHTETOB M HAKJOHHOCTE# H3 HemepHOLHYECKOH HacTH BO3MY-
mawouet GyHkuun. TIpy 9STHX ynpolieHHSX MBl BHAENH, YTO A H &
MOXHO NMpPeACTaBHTb CYMMaMH HEKOTOPHX NMEPHOAHYECKUX Y/elOB, KOTO-
pHe AMg NaHHOM njaHeTH MBI MOXeM 3anHcaTb B MPOCTOM BHAe:

h=esind= X M,sin(g,t +¢,).
k==ecosd= X M, cos(g,t+¢,).

Myctb ¢y M &)— 3HaueHHs 9THX SjeMeHTOB B 3noxy f==0 u nycts
B NoCNelylolHi MOMeHT £

e=¢,-}Ade, &=0,-}Ad.

Ecau £ Mano no CpaBHEHHIO ¢ HaHMEHbIUHM M3 MNepHOAOB 2%/g,,
Tak yro BeanunHo# (g,£)? MoxHO npeHeGpeub, TO

Aesin &y e, A® cos &y =t X, g, M, cosc,,

Aecos &) — e A sin 3y =— ¢ X g, M, sinc,,
oTKyaa
De=t g,M,sin(@,—c,).

SroT nocaeanuit pesyabTaT NMOKAa3HBAaeT, YTO NMPH YKa3aHHLIX OrpaHuye-
HMAX HCTHHHOE H3MEHeHHe e NPaKTHYeCKH He OTJAMYAeTCd OT BEKOBOTO
H3MEHEHHS.,

AHanOTHYHHHA pe3yabTAT CNPaBeAJHB TaKke M A HAKJOHHOCTEH.
310 naeT OCHOBaHHE CYHTATb, YTO MOsNBJeElHe BEKOBOrO 4Ja€Ha, HampHMep
B SKCUCHTpHCHTETe, KOTOPHH Nafiaci npu pemeHun ypasHeHuh Jlarpanxa
METONOM, YKa3aHHHIM B ra. 6, fABAfeTCH pe3yJbTATOM MpPHMEICUHA aHa-
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JHTHYECKHX ONepauH#l, MPHCYUIHX STOMY MeTOAY. AHAJOTHYHOE 3aMecya-
HHEe OTHOCHTCH H K HaKJOHHOCTH.

Ecau oT6pOCHTb OTpaHHYEHHH, YNMOMAHYTHE B Hayajle STOrO napa-
rpada, T0 npo6ieMa YCTOMYHBOCTH NMJaHETHOR CHCTEMH B TOM CMHCJE,
YTO 9MEMEHTH @, ¢ H | NPeACTABHMB CXOAAHMIMMHCA TNEepPHOAHYECKHMH
pAlaMH, O4YeHb CJOXHA H A0 CHX NOP HE NMOJYYHIA TOYHOTO pelleHHsd.
C zpyroft cropoHH, OykBenHoe peumrcHue JleJOoHI B 3amaue O ABHKEHHH
JIyHH yKasHBaeT Ha TPaBHTAUHOHHYIO YCTOHYHBOCTb B yKa3aHHOM CMHCJeE
(XoT4 BONPOC O CXONMMOCTH Ppa3/JHYHHX MNOJAYYEHHHX PANOB M ABJAAETCH
KpafiHe CNIOXHHM) H, B YaCTHOCTH, MOKa3HBAaeT, YTO BeKOBHE H CMellaH-
HHE YJeHH MOIryT OHTb NPENCcTaBleHH B BHAE YHCTO MNEPHOLHYECKHX
Y4JIEHOB.



Fnasa 14

METOI 'AYCCA BbIYHMCJ/IEHHA BEKOBbIX
BO3MYLLEEHWI

§ 14.01. Bsenenue
PaccmoTtpuM ypashenue (10) § 5.10:

1L or
na?Y1—etsini 9i

QL= ¢))
Ecan Bosmywaiomas ¢yHkuus R pas;aoxeHa B pag OGBIYHHIM crnocoboM,

TO MHTErpHpoBaHWe ypaBHeHHsi (1) mpH YCJOBHH, YTO B NpaBOft yacTH
BCe 3JIEMEHTH DacCMAaTpPHUBAIOTCA KaK NOCTOSHHHE, NPHBEAET HAac K ¢op-

Myae (4) § 6.03:
Q=)+ M-+n. u @)

MoxHo cKasaTth, YTO peleHye (2) ABAfeTCA TOYHHM A0 NEPBHX CTeme-
Hell Macc ABYX pacCMaTpMBAaeMBIX MJaaHeT. JTa CTeNeHb TOYHOCTH AOCTa-
TOYHa AAf Hactosiuef uenn. Ynen M B dopmyae (2) nasbiBaeTcs 8eKo0-
8ois Hepasencmsom. KomueuHo, ¢yHKuM R 1MeeT CAOXHHIH BHA, H
OTHICKAHHE YHC/JEHHOTO 3HAYEHH A ABASETCA JAOJTHM M YTOMHTEJIbHHM
neaoM. JTO e 3aMeyaHHe MOXKHO CAenaTb H O BEKOBHIX HepaBeHCTBAX
APYTHX 37eMeHTOB. Mertoa, npensoxeHHut Bnepsue [layccom!), Raer
BO3MOXKHOCTb HaliTH uMCleHHOe 3HaueHHe A 6e3 NMpeABAapPHTENbHOTO Pasio-
Kenus Boamywawue#t ¢yHkunH. On Tpe6Gyer auiub, YTOOH AA HEKOTO-
pPbHIX BHODAHHHIX MOMEHTOB BpeMeHH GBIM M3BECTHH UHC/HEHHHE 3HaueHHs
KOODAHHAT naaHetH P (Mam kakoro-au6o Apyroro Tena) H BO3MYILAIO-
wel naaHeTH P; B NPeANOJOXeHHH, uTO 06a Tena ABHKYTCA MO 3.IMM-
caM. Jtor MeTod OHJ HCNOJb30BaH BO MHOTMX NPaKTHUECKHX 3ajauax.

§ 14.02, Oprorosaasuue coctasasiomue S, 7 u W
YCKOpeHHS

Mycts Ha puc. 23 O osHavaer CoaHue, P — HHTepecyoLIyl0 Hac
naavery H A—Touky Ha HeGecHolt cdepe c ueHTpOM B O, COOTBeT-
creyloulylo naavere P. OTHOCHTeIbHO OGHYHOH OCHOBHOW NJAOCKOCTH
KOOPAMHATH NaaHeTH P 0603HauuM yepes X, ¥, 2, a KOOPAHHATH BO3-
Mylaiowe naavetsl P, ¢ Maccot m, —uepe3 x,, ¥, z,. Ilaa yao6¢rtra
MH noaoxuM x==Gm,.

) Cu. Tisserand, Mécanique Céleste, I, 431, 1889,
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Mycts xS, xT u «xW cocrapasiomne CHAB NPUTAXKEHUs naaueroit P,
eaniuyHOR MaccH, mnomeieHHo#t B Touke P. Oun omnpeneicub cleaylo-
uyiM o6pasoM: xS HanpapjeHa BHOAb paauyc-sekropa OP (uau OA),

Puc. 23.

T — nepneHanKyIapHO PaaHyC-BEKTOPY B MJAOCKOCTH OPGHTH (mapaj-
aeabtio  OB), %W — nepneHOHKyASpHO NJOCKOCTH OpOUTH (mapaj-
aeavHo OC).

Iycts Hanpasasmiowne kocuHycw npamux OA, OB u OC pasuu [,
my ny ly, my, ny w ly, mg ny Torma, ecam uepcs & OGO3HAUHTHL
ayry NA, to

ly=cos Qcos u—sinsinu cosi,

BuipakeHHs 1A OCTaJbHBIX HanpaBAfIOMMX KOCHHYCOB COBNZJAIOT C Bhi-
paxennaMu (3)— (5) § 5.06, ecan B HHX 3aMeHHTb © Ha #. Jlanee,
npou3soaHue ot [, u T. 4. mo 2, # M I nahayrcs u3 tabauun § 5.06,
€C/JH B Heft «© 3aMeHHTb Ha uU.

Ecan f-— ncTHHHAs aioMaaus, TO

t=o+f=6—24 /. ¢y

Ho 0R/ox. OR/0y, OR/0z — cocTapasioiine CHJIL NPUTANKEHHS NJaie-
Tot P, eaunuuHo#t Macch, noMemenioft B Touxe P mo ocam OX,
OY, OZ. Tlosromy

1 OR

LR 1S 1,T LW,

1 0R 7

.; T’-)T =m lS+ ﬂi2T+ Iil3W. (2)
1 ¢R

1R —m S uT nw,
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OTKyAa
1 oR oR IR
S=-{(1l7x—+”ll—0—;+nl$-)' (3)
HNas coctaBasiomux 7 u W ¢dopMyant MMEIOT aHAaAOTHYHHA BHA.
Hanee,
[l xxiyyi 422
R =% -3}
A ry
rae

A= (x— X2+ (y = y)?+(z— 2)%
NIOSTOMY, HanprMep,

TakuM o6pa3oM, 3HaueHHe S A3 MOGOrO MOMEHTa BPEeMeHH MOXKHO
BLYHCAHTD NpH mnoMomwn ¢opMyan (3), ecAH H3BECTHH S/JeMEHTH Op-
O6uTH naaHeTH P u KOOpAHHATH mniaaueT P u P,

B ypaBuenns Jlarpamxa BXOAAIT NPOH3BOAHHE OT R MO SJeMEHTaM.
MostoMy ecan ¢ — moGoft 9aeMeHT, TO HaM mNOTpeGyeTcs BHPAa3HTH
npoussoauylw 0R/0s vepes S, T u W.

§ 14.03. Bupawxenue OR/0c uepes S, T u W

Mu umeem
x=ULr, y=mr, 2Z=nr,
rae r— paguyc-BekTop miaHetTw P. CrenoBaTenbHO, €CAH ¢ O3HAvaer
no6oft saeMeHT, TO ) 5
x 0, or
=% Tha
AHajlornyHbe PaBEHCTBA MMEIOT MeCTO H Raa 0y/0e, 0z/0s. Hanee,
OR __ OR dx IR dy dR 9z
* =% Ty e Tz
MOSTOMY, MPHHHMas BO BHHUMaiine dopMyau (2) mpeamaywero mapar-
pada, Gyacm nmetb

1 oR il 9
= N (g +n ) uS+uT+ 5=
L,m,n
/) ol ol
=S5+ b 5 +rVZhgt. O]

3areM npu nomomwu Tabauunt § 5.06, B xoTopoft © 3aMmeHuM HA u,

HaxoauM
A _oh o8 Lok ow o o _
ds 02 s ou  0s ol 98

0Q ou 0i
=—m,-d—a-+123°- +13$iﬂu R
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TIponssoatuie ot m,  n, N0 @ noay4aloTca aHa;ioruyuo. [loaTomy Kosg-
¢uunentet npu rT u rW B dopmyae (1) MOryT GuiTb Aerko HaHAeHH.
Ol COOTBETCTBEHHO pPaBHHI
e ou 0i
Mgt 4 —m G sin g
rae ny==cosi! H ny==cosusinl. C.'le.uoaaTenbuo.

1 0R 0 02 0 al
——=S7:-—|—-rT(n3-3;-+—£)+rW( n +sma-a—) @

% 06
Ham notpe6yerca Hafit dr/ds u Oufda.

or
1) e
Mul umeeM
r=a(l —ecosE),
oTKyla
% ; g: acosE +aesinE——
Janee.

E—esinE= [ ndt+e—a,

rae npu nuddepeHuuposaiuH npasof uyactH nepeuift ujaeH B Hel He
00aJcer paccMaTpPHBaTbCA Kak q>nyuuu a. TlostoMy B o6uiem cayuae

r OE __0(e—w)
T —snEg =202 ©)
M, CAeA0BaTe/bHO, MOC/HEe HEKOTOPHIX ynpomemm nosyyaem
or r da a’esinE d(a—w)
a«"?ia—a"a“sfac‘*' 3 *
2) %’-} . U3 pasencrea (1) § 12.02 umeem
/] [/} —Q
7;‘5‘ (m ) + ®)
Hanee,
1 1 1
tg g f= l/%ﬁtg—fﬁ’.
OTKyna
1 of 1 oe 1 0E

sinf 0 1—eé? ac+sInE_dT'

Opnako rsinf=>sinE, rae b=a(l — ez)'/’. IMostoMy, wucnoab3ys
¢dopmy.y (3), HaxoaHM

Y —sinf( R+ 8)de o 20—i, ®

Tenepb BhipaxeHnue ana du/0s nmoayuaerca Aas ¢popmya (5) u (6).
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—

[Mopcraasa B pasencTBo (2) Buipaweuns ans 0r/ds, ou/ds, ny v ny,
MBl HalizeM, 4TO

1 6R r oa a’eslnE 9 (s — o)
* 0s —S[a s acosf + de ]+

+fT[smf(T—+‘:)3:+—‘i%%s+

5\ 0o 0Q
_|_(1 _frT, o_‘:_(l —COSl)ja—a]'-l-
02 0i
+rW[—cosusinl—5.-+sinu—0—}]. )

H3 storo coorHolleHus HeMedJeHHO BHBOLHM CJleJJ.yIOLI.lHe paBeHcTBa:

1 oR r 1 0R

%%’lz:rsinu-“’/, %%%=—2rsin’-§'T—rcosusinl-W.
10R_ aesinf o at(—eh o 10R___10R _ n
% O —(l—e’)'/' S+ r % 0 % Os +rr.

§ 14.04. YpaBHeHHd, OnpefeasionlHe 9aeMEHTH
ae ..., ¢

TMoxactasuM Tenepb nojydyeHHwle B NpeliblayllleM maparpade Bhipaxe-
HuA aas OR/0a w 1. A. B ypasuenna (7)-—(12) § 5.10. B pesyabrare

noayuum
;= 20m1 Ll
A=t [Sesmf+ ar T]'
g.’l‘_'.ilL"_)_[Ssinf+T(COSE+c°sf)]'
___Gm _
= i) Wr cosu,
O — Gm, -Wrsina,

na? (1—e?)"rsint
2 — oY
0= 2sin2%- 9+—Gﬂ(hlae;) [—Scosf+T(l +%)slnf].

20’”[ . e?
el Sy

Tak kak cpelHss AOArOTa, KOTOPYI Mu 3Aechb 0603HauuM uepes §,
onpeaeasercs ¢dopmyoft

@4 2(1 — et sin? L2

C=flldl+e,

19 Y. c.‘”
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TO Mul HMeeM
C=n--e

Ot ¢dopMyan yno6HH, ecAH TOJL3OBATHCA METOAOM MeXaHHye-
cxkux kBaapatyp. Kak Owao ckasano B § 14.02, yucaeHunic 3taucHHs
amm S, T, W MoryT OuTb Ha#leHn AAs J0GOr0 MOMEHTa BPEMCHH, H
€CAH 9SAEMEHTH H3BECTHH, TO TNpaBble YacTH STHX YpabHeHi# MOryT
OuTb BHYHCJEHH Aas ni06OTO paccMaTpupaeMoro Momenta. [TosTomy Mb
MOXeM TNOoAyuHTb TabaHuy 3HaveHu#t, HampHMep e, 118 MOMEHTOB

Ly th+. £ 21, ..., U3 KOTOpPOH mNyTeM HYHCAEHHOTO HHTErpHpoOBa-
HHA MOXHO BHPa3liTh ¢ KaK ¢yuxuuio f.

§ 14.06. Mipuaoxenne K BEKOBHIM HEPABEHCTBAM

B § 7.16 mu punean, 4ro BTOpOH uteH Bo3MywlawweR ¢yskunu

R=Gm, (%_ xxl+i3’l+zzl )
1

fIBAACTCA YHCTO NCPHOAHYECCKHM. C.’lej.lOBaTeJleO, 3aHHMAACb BCKOBHLIMH
BO3MYILlEHHAMH, B KaueCTBe BO3MYyiLaloLeH CPYHKU.HH JOCTATOYHO B3ATH

R=0m, (L)=s (1),

Mostomy Mbt Moxcm paccmarpusate S, T u W wax npoekwmn 1/A2 na
ocn OA, OB n OC (cM. puc. 23).

B o6wem cayuae, Koraa paccMaTpHBaeTCA BCA BO3MYILAOILas (yiiK-
LA, yPpaBlieHHne anad 9JeMeHTa ¢ MOXeT 6HTL 3aMHCaHo B Bitae

5=A0-+;‘, ;Bcos(lﬁ—i—ﬁ,-l-lﬁ» )

rae G, §,—cooTsercTBenHO cpennue n0AroTH naaver P u P, a
[, J—ueane NOJOXKHTEJbHHE HAN OTPHUATENbHbE YHCAA, BKJAIOYAA W
HYdh, C OrOBOPKO#, uTo { H j He paBHH HYJI0 OQNORPEMEHIIO.
Ymuoxum ypasuenne (1) Ha dCdl; u NPOHHTErPHPYCM B Mpedenax
or 0 no 2r no § u . Torma, oGosHauas A, uepes [¢], Mul Gyncu
HMETb
2% 2=

Cl=—r [ [odiat, @
0 0

Faycc Ben dynxumn Sy, Ty, W, Tak, uTo nepsas u3 nux onpegeaserca
dopmy.oft ,
x

Sp=g- f Sdt,. €))
0



$§ 14.06. dynryuu So, To, u Wy 201

Gyukuun Ty u W, 3ap210TcA aHaJIOTHYHLIMM BhIpameHusMit. [1oCkoabKY
S, T n W—oyukunn ot { u §;, T0 HOBele ¢yHKuuH, onpeaeaseMne
dopmyaamu Buaa (3), ssasiorca Gynxuusmy aums or .

C TOYHOCTBIO A0 4.JeHOB MepBOro MOPSAKA OTHOCHTEABLHO Macc SJe-
MeHT @ Gyaer mepuomiucckol ¢yHkuueft. ITostomy [a]==0. Beko-
BhHle XK€ HepaBencTBa /eMelToB €, / W T. A. RAOTCA GOPMyaaMu

2=
. S IUA
[e,=0_(1%e’) e [ 1osin f 4Ty (cos E+ cos fi e,
0
G 1 2
([ = i E!Wor cos u df,
G 1 2
O — - —
(O] = T e ?zéfu’/orsinu aq,
2=
o)
(o) = 2sine 5101+ L= L L (15, cos 7+ @
0
+T0(1 +%)sinf]d¢.
2%
. 26 1 e p hsinz L (@
[51=_W'ﬂ'!80rdc+m[m]+2(l —e2) sin2§[9].

KoTopue caeayior u3 dopuya § 14.04 u (3) nacrosumero naparpada

§ 14.08. dynkuuu S;, To u W,

JocrarouHo paccMoTpeTh dyHkuuio S;, onpenesseMyio GopMyon

2%
-_-_g'r_ifstzc,. )
V]

Mycr, Ha puc. 24 QQ, o3Hauaer uyacTb OPOHTH BO3MyulalOuieR naa-
setnt Py Tlpeanoaoxum, 4To Macca m, pacnpeiefeHa BAOJAb OpOHrH
TakuM 06pa3oM, uTo Macca dw Ha sicMeHTe QQ, MPOMOPUHOHAAbLHA Bpe-
MeHd df, HeoOXOMUMOMY JAJAs TOro, uTOOH naaHera P; nepeMmecrtuaach
u3 Toukd Q B TOuky Q,. Ecau nepuor nsitkeHua paseH Ty M mao-
wane 0QQ, pasHa dA, 1O

dt, dA

dt

19*
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rae a, u b, —mnoayocu op6utn naaners P,. Toraa paseucrtsa (1) u (2)
Aanyt

é% ==‘f‘S‘1Pv (3)
rae HIlTel"pHPOBaHHe npo"aBOﬂ.HTCﬂ 1o SHMIIITH‘IGCKOM)’ KOJlbLly. no Kko-
TOpOMY OMHCAHHLIM BhIllE nyTeM pacnpe.lle.'lella Macca.

Mycrs PX, PY, PZ— noGhie OCH ¢ HayanoM B Touke P. [lycts,
Aanee, X, Yy, Z— KOOPAMHATH TOuYKH Q. Torxa OTHOCHTEJIbHO HOBHIX

Ol Conwye)

A

b4
P"‘
/” \\\
X Yy
Quouma P,
Puc. 24.

OCeft COCTaBAAIONUINE CHABL TNPHTAXCHHA 3JCMEHTa Macchl dp, pacro.o-
XKEHHOTO B TOYKe Q, HA EXMHHYHYIO MAacCy, PacrnoJOKEHHYI0 B Touke P,
6yayT

Gdp 35, Gdp;, Gdpz.
OGoanaunM dp (x/A3%) uepes dv,; Toraa
7= [ 1 dp.
Anasor.uHo
oy = [ dp. o= dp. @

Tenepy GS dp. — pannaipliaa (1. e. Hanpas.enuas Broab, OP) cocrasasio-
Ias CIALI TIPUTSKEHIs 9JeMCHTa MacChl NA3HCTH Q HA eIMHHYHYIO Maccy,
pacnosnoxenuyio B Touke P. Ecau [, m;, n, o3uaualor Hanpap.1souiue
KOCcHHych npsmoit OP oTHOocutcabHO ocelt PX, PY u PZ, To

GSdp =G [l do,+ mydo, + n, dg,).
ChexoBareabHo, coriacio ¢opmy.e (3), uMeeM

So=hs,+ myy -+ nye, (%)
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Huxe wmu BuiGepem ocu PX, PY u PZ tak, uTo6bl onit GHau
FIaBHLIMH  OCAMI KOHYCa, BeplliHa KOTOPOTO HaXoMUTCS B Touke P,
a OCHOBaHWEM CJYXHUT 3174NTHYECKad OpOuTa maaHeTsl P, u nokaxeM,
KaK MOXHO BBIYHC/HTb I NAHHOTC MOJIOXKCHHS NialeThl P peanumHbl ¢,
u T. 4. [TosToMy S MOXHO GyneT BHIYHCIHTL MOCPEACTBOM GOpMy.abl (5).
byuxunn Ty u Wy naorcs GpopMysaMu, anaiorinyHeiMu dopmyae (5).

3aMeTuM, yto B QpopMyaax (4) A onpenedsercs paBelcTsOM

A2= x24 y2} 22, (6)

§ 14.07. dynkuun ¢, Py P2

Cornacuio pasenctsaM (2) u (4) npeaninywero naparpada,
m X
% = o [ 3 dA. V)

OGo3HauuM 4epe3 p MepNeHAKKYJIAp, ONylleHHHH u3 Touku P Ha nao-
ckocTb op6uTH naaietH Py. Torma p GyneT Takxe nepnenaHKyaspoM
onywenusM W3 P Ha naowaaky OQQ, u apyrde Taxue me NIOUIALKH.
Ecau uepes dV o6o3uaunte 06beM TeTpa3apa € BepluHHON B P u OCHO-
BanueM 0QQ,, To OyneM uMeTb

dV:%pdA.

Mycrs koopauHaThi ToukH Q; M CoqHua O 6yAYT COOTBETCTBEHHO
x—+dx, y+dy, z-+dz n xy ¥, 2, Toraa

dV=% [xo(Ydz—2zd2)+y,(2dx — x d2)+ 24 (x dy — y dx)].

TMpupapuuBas Apyr ApYry STH IBa BupaxcHus aas dV, Mol BulpasuM d A
yepes X, X5 Ax M T. A. Jas yno6cTBa moaoXuM

—_mM
g— T:albl * (2)
Torna ns pasexcTBa (1) MBI moayuyuM

9 = g5 ($Pxt Qe+ 2R, 3
rae
P, = f MAT—.? dy) |
Qx___fx(zdxA—s-—xn([_z)_' 4
Rx =f x(xdy—ydx)

Y :
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NpHYEM HHTErPHPOBAHHE MPOU3BOAMTCA BLOJbL SAMMHNTHYECKOR opOuTH E,
naavetn P,. Ilycrs

x=uz, y=92. ®)
Toraa, coraacHo dopmyne (6) § 14.06, nmeem
A2= 2202,
rae
V=1+4u?4o2 (6)

Ha cootHowennt (5) MH cpasy ke nojydaem
ydz —zdy=-—z2dv,
zdx — xdz==2%du,
xdy —ydx=22(udv—vdu).

CnenoBaTeibHO, COr/acHO paBeHcTBaM (4), OyldeM nMeTb

Po=—[ 4 a4,
Rx=f u(udvUTvdu) . ™

AHanOTHYHO HaXOLHM
y(ydz—zdy)
py= [Lldzzzdn

dz—2zd
ngfz()' 282 )

dopuyan aas Q. Q,. Ry, R, umeior aHanorryHuft Bua. Takum o6pa-
80M, MHl HMeeM c.nenylomylo rpynny ¢opmya:

udv udu u(wdv—uvd
Po=—[f. Q=["g. R=[205md,
- vdy __ [ vdu __ [ v(udv—vdu)
P — [ o= [ r—[2eiiei g
du udv—uvdu
Pr=—[fw: Q@=[gn R=[2"57"2
W3 atux dopmya Mbl cpasy ke HaxoouM
P,4Qy+R,=0. ®
C apyroft cTOpoHH, HCnoJb3ys paBeHcTBO (6), noayuaem
udu+vdv au 11
Py—Q=—[*25" 2 =— [ r=[g]

rae [1/U] osHauaer pesyanTaT HHTErpHpOBaHHMs BROJb saaunca E;.
Ho E, — saMknyrtas KkpiBas, nostromy [1/U]=0. CaegosarenbHo,

P,=Q,.
P,=R, u Q,=R

AEaaoruyHo
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I'lyc'rb
'xP + )'Q + 22R —|—2y020R +222,P, 4-2x,3,Q ] (10)

Torna u3 ¢opmyau (3) u ee aHaJIOroB HMeeM

oF __OF oF
=ox BT oy, Tz

(1)

YpaBuenne konyca ¢ Bepudiiof P u ocHoBanueM E; uMeer BHI
f(x, y. 2)=0, rae f—oaHoponnas KBaapaTH4Has (yHKUHA OT X, ¥y
u z. PaccMoTpuM, Hanpumep, unTerpaa (8), onpeneasiomuft P,. Iloaumn-
TerpaibHas (YHKUHA HMeeT HyJeBO# MOPAAOK OTHOCHTCIBHO X, ¥, Z H
MOCKOMLKY X ==uz, y==vZ, TO BHpaxeHue P, yepes # W U NOKasul-
BAaeT, YTO UHTErPHPOBAHHE MOXeT GHTL NMpOBeAelo BAOAL 2106020 ceue-
HHA KOCHHYycCa.

§ 14.08. Konyc ¢ Bepmuno#t B P u ocHoBanHem E;

Ypasiienne sanuntayeckoft OpOGHTH nuaHeTH P,, oTueceHnoe k SA4,,
KaK ocH §, OCH 7, MOKa3daHHO# Ha pHC. 25, n ocu §, mepnengukynapuoft

Pr, S, )

Puc. 25.

NAOCKOCTH OPpOuthbl, HMEET Bill
(s“{'al"l)’_l_"'l2 =1, C=0
ay
Myctb a, B, Y 03HAYAIOT KOOPAUHATH naaweTH P B 3TOR cucTeMe ocedl.
Ypasuenne mo0oft npamMoH, mpoxoaswef yepes P, samuweTca B Buae

E— —-
=t 1)

Ecau srta npaMas mepecekaer E,, To 6yacM uMeTsb

a—l1+a,e )? @—my)? __
p -+ 7 . ()
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Vpashenine Kouyca ¢ sepmnioft B P u ocnosanneM E, moayuaercsa ny-
TeM HckaoueHusa ! v m wns ypastenuft (1) n (2). Ouo umeer Bua

1 _AE=e 72, 1 Mg 1a=81_,. 3
ag I:“+alel T—1 ] -1 b% [B t—1 ] 3)

IMepeneceM Hayano koopauuar B Touky P. Torma ecau x, y, 2 —
KOOpAHHATH MI050# TOYKH KOHyCa, TO

=t—a, y=n—p z=(—71,

H ypaBHehue (3) MpHHHMaeT BiA
1 1
=z [z@+a,6) — 1%+ i Bz —1ylP=2%

Ono Moxer ObiTh 3amHCaHO B Buje
Ax?4 By 4 C2*42Fyz+2Gzx =0,

rae, HanpuMep, A==1%al
Ecan I, m, n 03HayalOT HanpaBiaioLlHe KOCHHYCH HOPMAaJH K OCHOB-
HOH NJIOCKOCTH, TO

Al4+Gn _ Bm—+Fn __ Gl4+Fm-+Cn Y
l - m - n -

TaK 4TO A SBASETCS KOPHCM YypaBHeHus

A—A 0 g
0 B—\A F [=o0. )
G F C—\

Jlerko BuAeTb, 4TO ypaBHehne (4) MPUBOAMTCA K BHLY
B P24-Qh4 a‘l‘bﬁ“ =0.

TMosroMy ABa u3 Tpex KOpHeH Xy, Ay, Ay GYAYT MOJONKMTE/BIILIMA, A OAMH
oTpuuaTe bHLIM. ITycTb Ay — OTpHUATE.LHBIR KOpeHb, TaK YTO Aj==—A),
rae A > 0.

YpasHeHne KOHyca, OTHECEHNOe K I/IaBHBIM OCAM, TOLAA 3aMNHILETCA
B Bile

Ax24hy2 —222=0, ®

npHYeM OCb Z eCTb BHYTPeHHsisi riaBHasd OCb. )

Bynem noxuMmarb Temepb noga PX, PY, PZ ua puc. 24 raasubie
ocu konyca. Hanpapasiomue KocuHychl I, m, n oAnOH M3 3THX ocelt
OTHOCHTEALHO ocel &, 7, §, u3oGpaxenHnix Ha puc. 25, onpeaensiorca



§ 14.09. Botuucrenue P, u 7. 0. 297

PaBEeHCTBAMH

l _ mn . n
GA—B)  FQ(-—4)  (=AHA-B)'

rae A Tenepb OSHAauaeT COOTBETCTBYIOLIMA KOPeHb ypaBHeHus (4).

§ 14.09, Buuncaenne Py U T. A,
Coraacio ¢opmynaM (7) § 14.07,

d
Py=— [T (1)

rle #==Xx/z W U=Y[Z W UHTETPHPOBaHHEe NPOH3BOANTCA BLOAb JIOGOro
CeueHHs KOHyca:
Ax24 hy? —Az2=0.

BoabMeM ceuenne z=1. YpaBHeHHe COOTBETCTBYILIEr0 3JJHICE
HMeEET BHA
Ax24Ay? —h=0.
IMoaoxnM

A A
p%:)\_l' p:g:Tz—.

Tak kak mpeanojaraercs, YTo Kopuu KyGuueckoro ypapHeuns (4) § 14.08
A, A H A H3BECTHH, TO {; H Wy TaKXe H3BECTHH. YpapHeHHe IAJHMCa
Tenepb NMPHMET BHJ,

ByzeM cuHTaTh, 4TO f; > . JlasdbHeitmne npeo6pasoBauus B cayuae
#; < o aHanornuun. Ilycts 0 o3Hauaer skcuentpuyeckuit yroa. Toraa
x=p,cosf, y=yp,sinb. CrenosareapHo, Tak Kak z2=1, 10

u=p,cosb, v=pysinb.
Kpome Toro, ua ¢opmyan (6) § 14.07 Haxoaum

Ul=1+u’+ v =1+ p2 — (p—pd)sin’ 0 = p? (1 — k?sin?0),
rae

2__ .2
"M — "
Torna dopmyna (1) npumer Bun
2
— Plag cos2 040
Pe= »? f (1 — &3 sin? 0)" @

0
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AHajnornyio
2%

udu pf
G=[gr=—g
0

sin 20 d0 3
(1— k2 sin2 0" @)

PaccMoTpum npexae Bcero Q..

1) Bugucarerue Q,.

Pa36uBas npomexyTok HHTerpupoBaims B popmyie (3) na ase uactu
oT 0 10 ®™ ¥ OT ©™ A0 2%, MOXHO Jerko yOepTbCs, UTO ITOT HHTEr paj
pasen Hymio. [Tostomy Q, =0. Ananoruuno

P,=Q,=R,=P,—=R,=0.
dopmyna (10) § 14.07 temeps npuMer BHA

F= .45.’5 [¥2P,+ ¥2Q,+ 2°R )] 4

Tax xak, cornacho pasencrsy (9) § 14.07, P, +Q,+R,=0, 10 Mu
AOMKIG BHYHCANT TOALKO ABe M3 STHX BeaNuHMH, ckaweM P, n Q.

2) Buyucaenue P,.
IMycte X naercs ¢opmynoft

__d [ sin 6 cos 0 ]
a0 |y T—Fk3sin?6 |
Jlerko Bumerb, 4TO
X = 1-—2sin204 42sin* 0
(1 — k?sin? 0)"s

UYncaurenr sToft ApoGH MOMKHO 3amucaTh B BHIE

L 1(1— R2sin 0 — (1 — B)).
%2
CrenoBateibHO, MOCKOJbKY f X di=0, Mn umeem
0
=2

=2
a8 1 S 1
of(l_kzsm2 0% l—k"of‘/l_kzs'"26 d=r—RE®F). O

rae E (k) — saauntuueckuit MHTErpan BTOPOro poaa.
Hanee, us gopmyant (2) nerko Buierb, 4TO
=2
P =—— 4p,p,f cos? 0 40 ,
* pd (1 — &% sin? 0)"s

0
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H TaK KakK
cos? 0= g5 [1 — k2sin? 0 — (1 — A3,

T0 npH mnomomu ¢GopMyas (5) HAXOAHM, YTO STOT HHTerpan paBeH
—k—,[F (k) — E (k)], rae F (k) —saauntudeckuil HHTErpan nmepBoro poaa,
onpeneaseMuift ¢Gopmyaof

a db
F —
(k)) = f VI—risin?0
CaenoBateasHo,
4
P, ="HtL (E()—F (®)L. ®)
3) Buuucaenue Q, u R,.
Q,= vde L THTIN ‘}B sin2 0 40
yZ) T T T T ) Sy
Ho
4y ' db
—_— . 12
Pi+Q= ps of (1 — k2 sin? B)"2 ~

MostoMmy, coraacHo pasenctaM (9) § 11.07 u (5) Hacrosuero mapa-
rpada, OyaeM HMETb
R, = k2 _pp M
(ke ’ '
Hakoneu, aasa Qy NOJYYHM

4
Q== [ — B F () —E (#)l. ®
Tak xaxk BeauunHa R nNpeanoJjaraeTcd H3BECTHOH, TO YHCAEHHBIE 3la-

uyeHus E(k) u F (k) Moryr Ouitb HalileHH M3 TaGJHIL SJAAHNTHUECKHX
¢yuxuni. TMostomy P,, Qy u R, MOryT GHTb BHIYMCIEHHI.

§ 14.10. BuuncaeHne BeKOBHX HePaBeHCTB

Mu GyneM paccMaTpuBaT, BeKOBOe HepaseHCTBO [2], onpelenseMoe
ypasuenueMm (4) § 14.05, umenuo:

p13
(¢} 1
[Q]—m'g! Worslrla dM. (1)

B KOTOPOM cpemHss f0aroTa § aaMeseHa cpeduelt anoMamue#t M.
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1) To anaaoruu ¢ popmyaoh (5) § 14.06 W, suipaxaercs ¢popmyaoft

Wo==1l,+ mye,y + 139,

rae ly, mg, ny— HanpaBAsiOiiHe KOCHHYCH HOPMajH K MAOCKOCTH OpGuTH
nAaHeTH P; OTHOCITEAbHO TIaBHEIX OCet KOHyca. 3HaueHHA STHX Hanpa-
BJAIOWIMX KOCHHYCOB MOTYT OHITH Jerko paccuutanbl. ITpu momowm ¢op-
mya (11) § 14.07 n (4) § 14.09 Mu GyaeM uMeTb

Wy== Q;gp [436P » + m3y,Qy + n324R, 1. 2

3nech g -—mnocroaHuas, onpeneasemas Qopmyaot (2) § 14.07. Kpome
Toro, ecau X, Y, Z — KOOpAMHATH NJaHETH P OTHOCHTENbHO OOHLIYHEIX
oceft, To

p=XsinQ,sinl, — V¥ cos ,sini, + 2 cosi;,

rie 2,, /, —oneMenTH OpOHTH naaHeTH P,. ITosToMy p MoxeT GEITH
JlerKO BHIYHC/IEHO AJf JMI060T0 MOMeHTa f. Y/eHHl, 3aK/IOYEHHHE B KBaf-
patHule CKOOKH B ¢opMyae (2), Takxke MOTYT GWTb BHYHCAeHH. [TosToMy
MBl MOXEM CYHTaTb, YTO uHCJeHHoe 3HaueHne W, MOXer OuTb HafifeHO
Aaa Ao60oro MOMeHTa BpeMeHH f.

2) PaccmoTpum noauurerpaibHoe Bhipawenne Wyrsinu B pasen-
cree (1). Anaantnueckn W, dvagercs, oueBnaHo, dyuxunet M, u no-

CKOMBKY #=0-} f=w0w—Q - f, rie f — HCTHHHAA AHOMAJHA, TO BCe
NOALIHTErpajbHOE BHIpaXeHHE MOKET ObITh NPEeACTaBAeHO B BHIE QYyHK-
uun 0T M, Kotopyio Mul 0503iauum yepes ¢ (M) u npeacrasum caeayio-
wuM obpasom:

Y (M)=a,+ i (agcos sM b, sin sM), 3)

rae §-— NOJIOXKHTEJAbHOE leJoe UYHC.O. Orcmla BHAHO, 4TO
1 2x
ay=; [V (M)aM
0

H, C/lelOBaTeNbHO, coriaacHo ypapHenuio (1), uto
0] =—39%
na?yYT—esini
Tenepy npeanonoxum, uto Wy u rsina, a cnaenoparenbHo, H yHKUHS
$ (M) BHuHCAEHH AJ8 CAeAYIOMX 3HayeHu#t M:
2x 4 2rx 2n(/—1)
j' J'o--,_“"‘j .loo.—_—'j—'l

rae j-— ueaoe 4ucso.

€

0,
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Mycts ¢, —snavenne (M) npu M=2r=/j=M,. Kpome Toro,
nyctb s=k—+qJj, rae k=1,2, ..., ju g=0, 1, 2. Toraa
0 ] o
glas cos SM'=k2‘ Z(»)akh”cos kR +qH M,

Y
=] 2=

Ho cos(k—+4gqj) M, ==cos kM, u cos(/+q/) M, =1, nosromy
]=1 )
S a,coss M, =a;+ay+ay+ ... +;e21 Lzba“q, ] cos kM, =
S = =

j=1
=a;+ 8y ay+ ... —|—§1 Apcos kM,
rae
Ak =q§6ak+qjo
AHAaNOrHYHO MH MOJy4YacM
j-1
D b sinsM, = 3| B,sin kM,.
s k=1

IMostomy ;

-1

b, =ay+a;+ay+ ... +’§I (A, cos kM, B, sinkM,),

OTKyAa

]-1

2 b =Jl8p+a;+ay~+ ...1+

r=0
I=1 J=1 j=1
+ > [A,, D coskM,+ B, sin kM,].
k=1 r=0 r=0
TMonownM Tenepp o= 2=nk/f. Toraa nmoayunm AM,==ra. Ilycts

j-1 1=1

C= D cosra, S= D sinra.
0 0

Torma ecau I=V:T, TO

7-1
CHis=Y el =
0

l_eija.

- 0.

CaepoBateapo, C=S==0 u

]=1
r§o by =Jlagta;+ay+ ...].

Ecan j pasHo, ckaxeM, 12, TO kospduuuentH a;, @y ... Oyayr
MaAbIMK BEICWIKX NMOPAAKOB OTHOCHTE/NbUO BEAMYHH € H ! (HAKAOHHOCTH),
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BXOAALMMI B Buoipaxenue 142 Wor sin #, 1 nMu Moxuo npenedpeus. [Toatomy
1
ao=7 [Yot+91+ - + 924

[Q]: G . Yo+ w1+ ---4’]-1.

na?VYi1—elsini J

OTEM M 3aKallyHBaeTCA Halule liCCaeaoBallie.

11, nakoucu,

3) Cpean MHOrMX mpHMeHeHHHl pacCMAaTPHBAaEeMOTO MeTOAa MOXHO
OTMETHTh BHUYHC/EHHE BEKOBOTO HEPAaBeIlCTBA AOATCTH y3aa opOGith Jleo-
M, BHNOJAHenHoe AAaMcoM!) W cocrtaBuwee - 28" 3a npoMexyTok
ppeMenH B 33 roaa; mpH 9TOM BO3MYlIeHHA co cropoum lOmitepa, Ca-
TypHa ¥ YpaHa pasjenuanch caepyouwum obpasom: -+ 20°, 47/ u 4 1’.
3nauenne [Q], BHBeAeHHOE H3 HabmoneHuH, paBHo —-29’.

Jlpyroe BaxkHoe Hcc/eaoBaHHe GHJO BHMOJHEHO XUA/IOM 2),

IOaa o3HaKoMJeHHA ¢ JajbHERIIMM pa3sBHTHEM STOr0 MeTOAd MH
oTCHAaeM 4uTatend K kuure ITaoMmmepa «JluHamuyeckas actpoHoMusi» 3).

1) Mon. Not Roy. Astron. Soc., 27, 247 (1867); Collected Works, I, 269 (1896).

) On Qauss’s method of computing secular perturbations with an applica-
tion to the action of Venus on Mereury, Collected Works, II, 1 (1906).

%) H. C. Plummer, Dynamical Astronomy, 1918, p. 206.



Fnasa 15

BJIMAHUE COITPOTHBJIEHHMS CPEDbI
W IABMXEHHE TIEPHTEJIHA MEPKYPrIA

§ 15.01. Beenenue

IMpo6aema, cBA3aHHAA C COMpPOTHBJEHHEM CPeAbl, BlepBLIE MPHR.IEKIA
BHHMaHile aCTPOLIOMOB B CBSA3H C OCOOEHHOCTAMH ABH:KEHHS KOMETH IJHKC.
CpelHee yriosoe HBHXEHHe STOM KOMeTH HMCET TeHAEHLHI0 K Bo3pa-
CTalIllo, KOTOpOe 11e/b3s OGBACHHTD BO3MYIIEHHSAMH OT MJaHEeT, BHIYHCJEH-
HLIMH OOGLIYHBIM CMOCOGOM. ODHKe TPeImnoJOXHA, 4YTO 9TOT 3ddeKT
MOXeT OLITb NOJHOCTbIO OODBACHEH BAMAHHEM CONMPOTHBJ/EHHA BeLIeCTBa,
okpyxatoutero Comiue. To, uTo Takoe BelLIeCTBO CYIUECTBYeT, XOpPOLIO
#3BecTHo. ITO, BO-MEpBHIX, COJHEYHAA KOPOHA, NPOCTHPAOLIAACA Ha
paccrosiiie B Heckoabko pamiycoB Couanua OT ero TMOBEPXHOCTH, H,
BO-BTOpPbIX, 6ojee mpoTaweHHaa ero 000.J0uKa, Aaouias ,3041aKaabHbIf
cBeT®.

Ilns 1pocToTLl TepMiHH ,naanera® GyAeT HCMOAL3OBATbCA HaMH 1.5
o6oshauenuss AI06Oro YjaeHa COJIEYHOR CHCTEMbl, ABHXEHHE KOTOPOro
Hccaeayercas B Hacrosweft csasu. Bansuue compoTHBienHs cpein Ha
ABiDKelue mnJaner OyAeT 3aBUCeTb OT HECKOJAbKHX (pakTOpPOB: OT MJO-
WA NMPOeKUHH TMJIaHeThl Ha NMJOCKOCTb, TNeprneHAHKYJAPHYIO HanpasJe-
HHIO ee ABWxelns (Mbl MPHHHMaeM 3Ty BeJAHYHHY MNOCTOAHHOH Aas pac-
CMaTpliBaeMOfi MJiaHeTHl), OT CKOPOCTH MJaleThl ¥ H MAOTHOCTH p CPeanl.
Byzem npeamoaarath, 4ro BooGule p eCTb (YHKUHA b PacCTOAHHA
or ueHrpa Couilua, TaKk YTO Mbl MOXeM HanucaTbh p==¢(r). lanee,
MOXXHO NPHHATb, YTO KOppedduHa Mexay v M p orcyrctByer. CirepoBa-
TENbHO, MLl MOXEM 3aMucaTh CHAY COMPOTUBJAeHHA R, mpuxoasauyiocs
Ha eQHIMUY MacCH MJaHETH, B BHAeE

R=cF (@) 9 (r) ¢y

The TNpeinojaraercs, 4YTo ¢ — OueMb Mafjas BeNHYHHA, TMOCTOAHHAA A
ZAaHIION MJaHETHI.

OTkputHe cO BpeMeHu Duke B [anakTuke OrpoMuHx AHGGy3HBIX
TYMaHIIOCTeH, TeMIBIX M CBEeTAIHXCA, Hepe3 KOTOpHeE MPOXOAAT MYyTH
3Be3ll, H COBCCM HelaBHeC OTKPHTHe 60.ee PA3PEKEHHOTO MeW3BE3NHOro
BELICCTBA CAEJ1A10 CHOBAa 3Ty mpobGaeMy BaxHOHR, 0CO6EHHO AJf KOCMO-
roui. B 6GoAbLINHCTBE PACNPOCTPaHENHBLIX TEOPHH MPOHCXONAEHHS N
9BOIIOUMH COMHEUHOM CIICTeMbl NpeANnoJaracrcs, UTO MNEPBOHAYa/bIIO
ConHue OHI0 OKPYWello O6GJAKOM BelIECTBa, B KOTOPOM JABHIaJHCh
nepsoGuiTHbie mNJAaHeT. Jlanee, oana M3 ocobennocte conHeunoft
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CHCTEMH COCTOHT B TOM, YTO SKCUEHTPHCHTETH OPGHT naaHer, BOOOGILLe
ropopsi, O4eHb MaJH. Kak Mu yBHIHM NO3AHEE, CONPOTHBJAEHHE Cpenn
NpHBORHT K l'iOCTel'leHHOLiy YMEHbLUEHHIO SKCUEHTPHCHTETOB.

Mu  cHayana pacCMOTpMM JerKO HHTerpHpyeMHit cayuald, korna
B dopuyne (1) F(v)=v u ¢(r)==1/r?, a 3ateM uccaenyem Goiee
obmylo 3anasy. Tak Kak CHJIa COMPOTHBJAEHHS He MMeeT COCTaBJjsiOLLel,
nepneHAHKyASpHO# MJIOCKOCTH OPOHTH, TO YROGHO NPHHATL STy MJI0-
CKOCTb B KauecTBe OCHOBHOHR. BBuly cxomcTBa mnpHMeHseMHX MeTOLOB
MbHl PacCMOTPHM B KOHLe IJaBH [BHXeHHe nepureaus Mepkypus.

§ 15.02. Ypasuennsa nsuxenus (R=co/r?)

Nycte OX — ocHoBiOe HanpaB/eHHe B MJAOCKOCTH OPGHTH, npiiueM
Coanue uaxomurcs B Touke O. OGo3uauum vepe3 r, 6 noaspHue Koop-
AWHATH NJAAHeTH, Macca KOTOpPO# paBHa m, a 4Yepe3 & — ,H0JrOTy“
nepureausi, Tak uto O==f-4+@&, rme f— ucruuuas anomaaus. Ecau
ds — nuHeNHEIR 3JeMeHT OPOHMTH, TO COCTaBJSIOLIME CHJBI CONPOTHBAE-
HHA BLOJb PAaANYC-BEeKTOPa H NepNeHAHKYAspHO eMy GyayT cooTBeT-

dr d9 r 0
cTBeHHO —mR 7= W —mRr——, nm ——mR; H —mRr;. [Moaromy

ypaBHeHHs ABHMeHHA MPU R ==cu/r? GynyT uMeThb BHA

;—r6’=——%-—c—5,— )
H
d 2 A
m—(r ) == — ¢f. (03]

3nech p==G(my-+ m), rne my— macca Coanua.
Myctb

u==, H=ri, ®)

1aK uro 0= Hu? Toraa ypaBHenne (2) 3amuuiercs B Bule
H=h—cf, )
rae i — NOCTOSIHHAs MHTETPHPOBAHHA.
C apyro#t CTOpOHHI,

. 1 du ; du
r=—gt=—uagi=—Hg ©)

F=—W(H%—'g—)é=—ﬁu2%(ﬂ%).
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[losToMy 10 ManbX BeqMYHH TOPANKA ¢ BKJIOYHTENbHO ypasHeHue (1)
NpH MOMOUIH paBeHCTB (3) NMPHBOAMTCA K BHAY

d’u Bk
wmte=gr=p(l+5

PelleHne 9TOro ypaBHeHus 3anMLIETCs TaK:

- 2¢0
=-})—[1—|—ecos(ﬂ—-m)+—’c7—], (6)
rie e H & ~— NOCTOSHHHIE HHTCTPHPOBAHHA H
hﬂ
= )

Tak kak h — noOCTOMNHAA, TO W P Takke OGydeT NMOCTOAHHOR BeJHUHHOM,

§ 15.03. HameHeHHSI OCKYANPYIOWLNX INAEMEHTOB ¢ H ®

Ecas neficTBHe CONMPOTHBJIEHHS B MOMEHT £, BHe3amHO NpPeKpaTUTCH,
TO mJaanera P HaYHET OMUCHBATH SJJHNTHYECKYIO OPGUTY — OCKYJAHDYIO-
WMt AAHNC, ypaBHEHHe KOTOPOH MOweT OHITb 3aNHCAHO CJAEAYIOLIHM
o6pa3om:

1 1 ~
THe ry H &, COOTBETCTBYIOT OCKYy/upyiolieMy sanuncy. B ¢opmyne (1)
Py=a,(1—e¢j). )]

TAC @, e, a TaKke &, — OCKyaupywuue snementsl. Ecau H, osuavaer
MOCTOAHIYI0 MJoWafe AAA OCKY/HPYIOWEr0o 3JJHMICA, TO

H, = r2 &)
H
2
Po= B . 4)
7y

Ilo onpenenennio OCKy/AHPYIOLIETO 3JJHNCA a) KOOPAHHATH niaHeTH P
H 6) COCTaBJAIOlUIHE ee CKOPOCTH NS OCKYJMPYIOLIETO SJJUICA M HCTHH-
HO#t OpPOHTH B MOMEHT £, ONMHAKOBH.

Paccmorpum (a). Ilycte 0y — nonspuuft yroa B Mowmeur £, Toraa
ro()=r(8y) uan uy(8y) == u (6,). U3 dpopmyant (1), a Takxe u3 ¢op-
My (6) § 15.02 Mb uMeeM

7}0»[1 ——eocos(oo—&o)]=-li[l +ecos(00—-o'))+2;&]. )

Paccmorpum (6). CoraacHo pasectsy (3), Ho=rgé. a COTJaCHO
dopmyse (3) § 15.02, H=1r%. Tak kax B MOMEHT ¢, 8HaueHHe 6 oano

20 V. Cuspr
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H TO %e Aas oBeux OpOMT u r==r;, TO Mu uMeeM H,=H (), nm,
npHHUMas BO BHUMaHHe ypaBHenue (4) § 15.02,

Ho=h-—090.

TMosToMy 10 Manux BemuuuH nopsaka ¢ us dopMmyan (4) u o¢op-
MyJan (7) § 15.02 umeem

2c8
po=p(1—22). ©
C npyroft croponH, coraacio ¢opumyrae (5) § 15.02, %=_%
M aHAaNOTHYHO NI OCKY/JHPYIOLIEr0 SJJHMCA %%9 =—,%; clenosa-
[}
Te/IbHO, MOCKOJLKY B MOMeHT £, ro=r u H=H,, 10
duy __ du _

a9 — 4’ Korna 0—60. (7)

3 dopmyan (1), a Ttaxke u3 dopMmyanm (6) § 15.02 Torma noayuun

;lo-[eosin(oo—ao)] =?lp-[e sin(ﬁo—a)—%f-]. 8)

Ipu noMowx paseucrsa (6) dopmyan (5) u (8), ¢ ToyHOCTBIO 1O
MaHX BeJHYHH NMOPANKA ¢, NMPHHHMAIOT BHA

€,¢0s (8, — &;) == e cos (00-—6)[1 —_ 2;0"]. )

eosin(00—60)=esin(00—&'>)[l--— — 5 (10)

Ymuoxus pasencrso (9) Ha cos (8o — &), a pasenctso (10) Ha sin (6, — &)
H CJOXHB Pe3yJbTaTH, MH MOJYyYHM

2cl,
h

Yuuoum pasenctBo (9) Ha sin(f,—@®), a pasencteo (10) Ha
cos (6p— ®) u BHuTeM; TOria HafiieM

€08 (8 — &) =e[1 — ]_Eh"-sin(oo—a). an

2

cos (0, — ). (12)

Mycts ¢g=e+A, B=>d-+A;®. Torza ¢ TOUHOCTHIO N0 MAAHX
BeJAHYHH mopsaka ¢ gopmyan (11) ¥ (12) npumyT Bua

Age=— 52 — 2L sin () — &) (13)

¢ - B = 2% cos (0 — &). (14)
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[TycTb B HCKOTOPLIH MOCAERYIOUIHA MOMEHT BpeMeHH, KOraa 6 Bo3-
pacter ot fiy, mo 0, uosne ockyaupymoutie sacMeutnl OVAYT &; H &y,
uan e-+Ae u &+ A@. Torua, coraacuo ¢opmyxan (13) u (14), no-
Ay 4IM

2¢ -
A= — - — —’—t—sin(()l-—(o)

e Ad= Tc cos (3, — ).

Ecan %e u 3& 03HAYaIOT MPHpAlIEHHS OCKYJIHPYIOULIX S.JeMEHTOB MPH
poapactannu 0 or 0, mo 0, 7o, Tak Kak Se=A, —Ae, Mu GyaeMm
HMETH

8e-_—.-—2h£(01—00)—2,f—[5i" (O —8&) —sin(ly—a)  (15)

1 ataJOrHyHo

e85 =2 [cos (8, — &) — cos (h — ). (16)

dopmyna (15) nokaswipaer, YTO HU3MeHeHHe SKCUEHTPHCHTETAa COCTOMT
M3 BEKOBOrO il MePHOAHUECKHX Y/EHOB M YTO 34 OMUH OGOPOT MAaHeTH,
1. e. koraa 0, —0y=2=m, 3KkcueHTpHCUTET YMeHbwaemca wa 4ncelh.
SddekT conpoTHRIENNS CPeAb, TAKIM 06Gpa3oM, MPHBOAUT K Henpephs-
HOMY YMCHbWIEHIIO SKCUCHTPHCHTETOB OCKYANPYIOWHX SJHNCOB € Ka-
HAKM OOpallieHiieM MAaHeTLL.

CoraacHo ¢dopmyne (16), nameHenue sSneMeHTa & fBJAAETCA NMepHOAU-
YeCKIM M TMpHHIMaeT HyJdeBOe 3iayeHue MNOCAe Kaxaoro obpatueHus
nAaHeTHl.

§ 16.04. VisMeHeHHA 9JEMEHTOB @ H B

Iaa uccrenoBaHus xapakTepa u3MeHenu#l GoabuIoft MOAYOCH OCKyau-
pylolIero sJaunca Bocnmojb3yeMca dopmyaami (2) u (6) npesmayiero
naparpada:

po=g,(l—€)=p (l - 2;0").

rae p (= h?p)— nocrosunas. Monoxum p==a(l —e?), rae a —no-
crosuHad. Toraa ecau ay;==a - 8y,a, TO KO MajLX NOPAAKA ¢ MW Hafl-
LeM, 4TO

(1 ~e?)8ya = 2aedje — 2“;0" (1—ed,

OTKyAa

Aoa 20, (142 4ce -
- = ho(li-e’)‘l-—c' sin (B — ).

200
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AHanornunylo dopmyny Mu uMeeM H Aas Aja. Tlostomy usMeHenue
6oablioOR MOAyoCH 3a onuH oGopor Oyner AaBatbCa Gopmyaoh

GaEA,a—Aoa=—inTm-(}i_z:).

CnenonaTenbHo, 60bluasi MOJAYOCh OCKYJAHPYIOLIErO 9.ITHIICA YMelblIaeTcs
€ KaxaniM o6paileHHeM MJaHeTH.
Tak Kak p==n2a3, TO Bapuauus On CpelHero yri0BOTO ABHKEHHS

n
Gyner onpeneasatbcs Gopmyaoft 8n=—%8a. rle @ ¥ N ~—TOCTOSH-

Hue. CaenosaTes bHO, CpeiHee YrAOBOe [BHXEHHE 33 KaXAWH TNepHOR
o6pallleHusl MJaHeTH YBeJHYHBAeTCHd Ha

6rne (l-l-e’)
h \1—¢?

§ 15.06. O6mue ypasHenns AAft GHT A

B stom naparpade mu Gyiest npeanosaraTh, YTO CHJIA COMPOTHBJE-
Hud Odaetcs o6wmuM BepaxeHHeM (1) § 15.01. OGosHauuM paana.bHYIO
M TPaHCBEPCA/bHYIO COCTaBJSIOUIHE CHJIB COMPOTHB/EHH COOTBETCTBCHHO
yepes S’ u T’. Torna

§'=—R%, T'=—R—. )

B § 14.04 mMu noayuuan dopMyan, BHpaxaioue a, e, ... uepes
cocrapasiome S, T u W cHIN NpUTSXKEHHA BO3MywWaiouled nJaHeTH
Maccu m,. Tlockoabky npu S, T u W comepkurca Muoxuteab Gm,,
TO OHYEBIAHO, YTO MH MOXeM HCMNO.h30BaTh obuiue ypasHewns § 14.04,
sameHsas Gm,S u Gm\T wa S’ u T’ u noaaraa W =1{=0.

HHrepecyoune Hac ypaBHeHHs 3anuIUyTcd caeaylowsM o6pasoM (Mu

aaMmenuM b2 Ha ap u V 1 —e? Ha cosg, rae sing=e):

6= ncm [S'e sinf+2 1], @
p = ﬂii [S’ sin f 4T (cos E+ cos f)), ®)
e&,_—_“’s?[ S’cosf+T’(l—|- )sinf]. )
=m(e(ﬁ)—w rS’. (5)

VpasHetine sanunca MMeer BUX

-f-:-—-l—l-—ecosf. (6)
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rae
2
p=bT=a(l—e’)=acos2<p.
Kpome roro,
rid =r2f =,
rae h?==pp = n2a*cos?q.
W3 ¢popmyan (6) umeem
pr=rlesinf. f.
OTKyZa
. eh
= —sin f.
r ) sin f
TakuM o6pason,
. . 2
P==r2{ r2? =% (1 4 2ecos f+¢?)
i
V=

w |

U, @
rie

U2=1-42ecos f} e2 ®)

Hcnoavsys pasencrsa (1) u ToAbko uto HafzeHnue dopMyaw Aas r
W T. L., ypasuenus (2)-— (5) MOXHO npHBecTH K BHAY

a 2 R

7=_1—e’,°7u2’ )
e=—2R (e4cos ), (10)
: R .

ew=—-—2?smf. (11
. R 1
e=—2?esinf(m——%coscp). (12)

§ 15.06. Hamenerna 9aeMeHTOB OPOGHTH npH R = co'r-b

IMpeanoaoxuM, yro R maercs dopmyaoft
R ==cver-8, 1)
Torzna, HanpuMep,

a %
— T w— '1 -
a T—a v 7 P,
Danee,
da a r2 e
—_—— - - g,
af J h
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TTosromy

da __ 2acl? (v"’lrg"’)
af = 1—e? h ‘

Buipawenue, cromillee BHyTPM CKOGOK, Kak JerkO BHAETb, PaBHO

KU W*2%, rae, kak u paubiue,

U?=1-2ecos f+ €2, )
K=nr"p"""", ®
V=1-4ecosf. (0)]
Vpasuenua (9)— (12) npeamnyulero naparpaga Tenepb NPHHHMAlOT BHA
da _  2caK ,;a-1,3-2 ;02
'H'——_l_"ua V 'Un (5)
.‘% = — 2eKU*"'V*~? (e 4 cos /), ®
dd =1y ,3-
e7%= —2ckU~ W %sin f, @
de. 2—1y,8-2 1 cos ¢
L =—2KU""Y (1+cos<;_ > )esinf. ®)

Hanee, U*"'V?~? spnsercs uernoft ¢yHKumeH, KOTOPYIO MOXHO mpex-
craBuTh pagom dypee

A+ Ajcos f+ Aycos2f+ ...,

rae

U1 —lvﬂ"'z df. (9)

1
=

A

Ctmmyn 5=

U 2cos fdf 10

ajeo

Al=

u 1. A Ilostomy, coraacHo ypasHewno (5), HaxoguM

:_;=—1—2c:a%[(Au+Alcosf+A2cos2f+ )X
X (1+42ecos f 4 e?))=

E—i?—c_f—lf-;[C+C,cosf+C,cos2f+ N B

rae

C == Ay (14 €+ eA,
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QueBuaHO, 4TO MH MoxeM 3aniicath C B BHIe
1 ”~
== f Uttvi-lay, (1)
0

Ecan U n V — BeanuMHBl NONOMKHTENbHBlE A BCeX 3HauYeHHR e u f,
10 C nonoxureabHO npu JioO6bX 3Havenuax a H B. To xe camoe crpa-
peanuso ana A, HctuHnas anomanms f BHpamaeTca 4epe3 CpenHION
aHoManuw M nocpeicTBOM ypaBHeHHS LeHTpa:

f= M—l—-( e——e3)slnM+ cee s
[Tostomy
df =ndt{l 4n.u.].

CaenoBatensHo, ecin Ag o3HayaeT M3MelleHHe aeMellTa @ 3a MPpOMEXy-

TOK BpeMenn f, TO

2
A= — 39K . Ct4n.u. (12)

Tak kak C nonoXuTeaAbHO A BceX 3Havenu#t a u B, To Gonbwas mo-
JyoChb yMeHblIaeTcs, ecan R onpenenserca ¢opmy.oit (1).
AHanorum{o H3 ypasuenns (6) Haxomum

df _-—QCK[AO-I—A,cosf-I— .o ]le4cos fl=

==—2¢K[D+4Dycos f+ ...],
rae

D=edy+4 Ay (13)

Orciona
Ae=—2cnK - Dt—4n. u. (149)

Hccnenyem Temepn 3mak Beamunusl D. [lponnrerpuposas (10)
MO 4acTAM, MOJAYYHM

7 A=[U"V""2sin ]+
+e [UV P [@— DV +@— U]sin’ faf.
0

IpounterpuponanHas yacTb paBH2 HyMI0, @ MHTErpal MOJOXHTEJEH
npu mobuix e u f, ecam a>1 u §>2. Tak kak A) NONOKHTENBHO,
TO M Beanyuua D, onpenensemas ¢opmyaoft (13), Takke nonokuTe bHa.
ChenosatenbHO, €CAH o H B MOAYNHAIOTCA YKAa3aHHBIM BHILIE OrpaHuye-
HHAM, TO SKCLEHTPHCHTET yMeHblIaeTcs.

HUs ypaBuennt (7) 1 (8) caeayer, uto Ad H As ABJAIOTCA YHCTO
nepHOLHYECKHMH,
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§ 15.07. Cayuali Manoro skcueHTpHcHTeTa

Mu OGyneM cuHTaTh, 4TO, Kak 3TO W HMeeT MeCTO B cayyae 60Jb-
IIMHCTBA TNUIAHETHHIX OPOHT, SKCUEHTPHCHTET e HACTOJBKO Mad, YTO
BeIHYHHON €2 MOxHO npeneGpeub. Torza

Ul=142ecosf, U '==1-4(@—1)ecosf,
V" i=14@—2)ecosf.

Tostomy
ﬂAo=f[1+(a+B—3)eCOSfldf
) 3
«Al=2fu+(a+@——3)ecosf1cosfdf.
OTKyZa ’

Ay=1 u A=@+pg—3)e

TMostoMy no Maanix nopsaka e C==1 wu, coraacio ¢opmyne (13)
§ 16.06, D=1,(a+pf—1)e. CaenosaTeabHo, Ae OTpHUATEbIO,
ecin a-+ B> 1. TlocienHee yc/ioBHe HBJASETCH 3HAYMTENLHO MeHee
WEeCTKMM OrpaHHueHHeM, ueM B oOlleM cayyae, PacCMOTPEHHOM B mpe-
AbizyleM naparpade.

§ 15.08. 'mnoresa Juxe

duke npeanonokua, 4to R ==cv?r? uau, B Hammux 0GO3HAYEHHSX,
yro a =2 u f==2. 10 NpeANONOKEHHE HAXOAUTCA B COraacHH C orpa-
HUYEHHAMH, KacCalOWMUMHCA BelHuHH « W , HafineHnumu B § 15.06.

Hs dopmyan (11) § 15.06 nmeem

1tC=fU3df.
0
ua4, corjaacHo pasenctsy (7) § 15.05,
=C = % f vidf.
0

TMepefineM k SKCUEHTpHYeCKOH anOManuu E kak X nepeMeHHOR HuTe-
rpupoBanus. Torza

gt dE_ b (ltecosE) e
df_EdE~r’ a n“na’(l—e’cos’E) '
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Kpowme Toro,
2 1 n2q? na’(l—l—cosE)’
2=y (< — —
V== (’_ a)_. (1 tcosE)y=——F %
ITosTomy

xC=(l -~ e%'é’fiMdE

¢? cos? E)'r
Ecan packpHTh B YHCAHTENE NOAWHTErPAaNbHOIO BHPAKEHHA CKOGKH, TO
JerkO BHAETb, YTO HeueTHHE CTeneHH cOSE NpPH MHTErpHPOBAHHM NALyT

HyJab, [Toa0XHM E=12‘- —0u

X2=1-—¢2cos? E=1— ¢?5in20,

Toraa
14 6¢% sin? 6 -} ¢* sin* 0
T = f Xe s M
YucauTeab NMOAHHTErPaJbHOIO BHPAXEHHWS DPaBeH
[14-6(1 — X34 (1 — X22;
nostoMy ecan o603HauMTL CaM MHTerpan uepes /, T0 noayuurcs
Pie 8
I=[ (e — %+ ). (2)
0
NycTts
7=24 sancose) R
db ( X1 e
p J 2 90X
rak 410 X2=1—asin?6 u X—do—._.—asinﬂcos 0. Toraa
__1—2sin®0 |, a(r—1)
Z= <1 -+ rs sin2 0 cos? 6
H, CJeA0BaTeNbHO,
-2 —X? —1
0z =2=2028) 4 T la (1 — X)) —(1 — Xt =
= e=0r—=1) (@=¢—2 (-3
Xr+l XxXr-1 - Xxr-3 ¢
l'lponmerpupyeu 9T0 BHpa¥eHue B npeneaax ot 0 mo =/2. Toraa,
/2

0603Hauas de/X’ yepes /. M yuuTHBaf, 4TO deG—O. no.ayuaem
0 0

==l ——2Q@—cYI,_, +(r—=3)1,_3=0.
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Ecm r=2, 10
(I —e)ly=1I_,=E(e),
rae

n/2
E(e)= f (1 — e2sin2 0)" @0,
0

Ecan r=4, 10

OTKYAa, YUWTHIBaA NMpeAnaywiylo dopmyay, nmoaysaeM

2 2—e?)

1
15=?-a.—:—52)—2E(e)—3-(—1:e—ﬁ F(e);

rue

=2
dl

F(e)= —_— T,

af YV 1—¢%sin?0

rpuueM E u F —mofnbie SAMMNTHYECKHE WHTETpasbl.
Coraacuo dopmyaam (1) —(4), C onpenensercs dopmy.1of)
3rC=16(1 + €2 E(e) —2(1 —e2)(5+ 3e?) F (e).

AHanoruuto

1tD=fU(8+COSf)df=(1 _e‘z)g (1+9C0;f)3COSE JE —
0
=2(1 ___ee)ef 3ecos’1‘:\|’;ea S E
0

=2 (1 — N4l — 51, + I =

= 2 (14 7€) E(e) — (1 — &) (1 43¢ F (&),

§ 15.09. Npumenenue x xomere 3Hke

(C)

“)

©®)

©)

IMpunnvas e==0,85, uyTo0 npuOGMIIKENHO COOTBETCTBYET SKCUEUTPH-
cutery OpOHTH KOMeTH Onke, Tuccepan 1) Hawesa, uro (B namwmx 06o-
aHaueHusx) C/2D==0,97 u, nanee, uto ecam a M B —uenvie uucaa,
Géavwne 1 W 2 cooTBEeTCTBEHHO, TO OTuOweHue C : 2D uucaeHHO NouTH

He H3MEHSETCH.

1) Mécanique Celeste, IV, 1895, p, 223,
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Ecan B dopmyaax (12) u (14) § 15.06 paccmarpusaTh JiKIIb BeKO-
BHE Y/eHH, TO
14 1 C
e " T1T—e "D
Kpome roro,

C
T=—Q'ECOS?A?. (l)

Coraacno Acreny '), HaGmomenus xomeTn Duke B mpomexyTke ¢ 1819
no 1865 r. mokasaan, yto 3a oauH oGopot

An=0",1044, Ap=—3",68.
Tak kak n=1070", ¢=>57°49", 10 ¢opmyaa (1) naer

c
o5 =0.97. ©

Kpose Ttoro,
%= 971075 Ae=—09,4.10"%, ®

Xora pesyabTar (2) cornacyercs ¢ TeOpeTHUeCKHM SHauY€HHEM, KOraa
R ==cv?/r?, 6aM30CTb 9STHX pe3yJbTATOB K pe3yAbTaTaM, NMOJYYEHHBIM
Ang o H B, GOAbIIMX 2, He MO3BOARET CAeNaTb HHKAKOrO 3aKJIOYEeHHs
O 3aKOHe CONPOTHBJEHHS.

IMo3anefimne HabGMONEHHA KOMETH TIOKa3alH, YTO CpelHee 3Haye-
Hue Anjn ans mpoMexyTka BpeMenn ¢ 1865 mo 1901 r. nmpaxTHyecku
COBMajaeT CO CPelHHUM 3HaueHHeM AJA npoMexyTxa ¢ 1901 mo 1934 r.

S0 3HaueHwe, pasHoe 4,2 - 1075, CYILECTBEHHO MeHblle MOJOBHHH TOrO,
yt0 naet dopMyaa (3). Beanunsa Ao ana Kaxaoro H3 ABYX NOCAEAHHX
MHTEpBaNoOB paBHa —1”,6, a cooTBeTCTByloLlee 3HaueHHe Ae paBHO
—4.107% EXIMHCTBEHHO H3BECTHLIMH O0G6O0.OYKAMH, OKPYKAIOUIHMH
ConHue, kak ynomuHanaocb B § 15.01, aBafIOTCA cOJHEYHas KODOHa
H BEleCTBO, CBA3aHHOE C 304HaKaAbHHIM CBeTOM. Heckoabko necaTu-
netuit ToMy Hasan Ikeddpuc ?) caenan oueHKy NJAOTHOCTH 9THX 060J04eK
B CBA3H C BOSMOXMHHLIM OGDBACHEHHEM YACTH HBMikeHUS mepureaus Mep-
Kypus, He BHTeKaiolie# U3 rPaBUTAUNOHHON TEOpHH, HO, KaK Mbi MOKaXKeM
B § 15.11, obbacHumol Teopue#t oTHocHTeabHOCTH. [1AOTHOCTL nepBof
0060/10uKH OKasajnach PaBHOH NpHOAH3UTE.IbHO

3.107% % 2/cad,

) Cm. Tisserand, Mécanique Celeste, IV, 1896, p. 226.
2) Mon. Not. Roy. Astron. Soc., 80, 138 (1919).
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rae r -—reJuOHeHTPpHYeCKOe paccTosiine, Bbipa)ieHHOe B COJHEYHLIX
paanycax, a cpeausa nJaoTHOCTb BTOpOH 000.10UKH I'lpl-lG."lIl)KGllHO paBiia

1,5-1078 e/c/us.

leanouentpuyeckoe paccTosHHe KOMeTbl DilKe B MepHregnH Jerko
HaliTH TO H3BCCTHOMY TMNepuoAy oOpalllelusi, PaBHOMY NPUOIUHTE.ILNHO
3!/, rona, u yxe ykasaHHOMY 3HAuCHHIO SKCHUelTPHCHTCTA., JTO paccTosHie
pasHo !/, acTpoHOM:HuecKOH eauHuupl, T. e. Oko.a0 50106 wx, uro
3llaYuTeAbHO NpeBHLIaeT PpasMephl KOpOHb. He3snauurteabHas nJoTHOCTSH
BTOpO#, 690.1ee MPOTAXKEHHOR 060MOUKH NaeT BO3MOXKHOCTb NMPeANnOJONKHTD,
yto ecaIHM On jJake KOMeTa npoluja uyepes sTy cpedy, TO sddekr ce
COMPOTHRJEHHA OKa3alca Obl CJANIKOM MaJ1 H ero Heab3s Oulo On
06HAPYKHTD.

XoTs U3MclEHHA 17 U e, HECOMHEHHO, peajbHbl (M3MeHeHHe 1 MOXHO
HHTEPNpPeTHPOIBaTh B TOM CMBIC/Ie, YTO BHIpAXeHHe AAA CpelHefl N0.JroTh
COCPKHT YjeH BHAA ¢f%), FMMOTE3a O COMPOTHBIEHHH CPeAHl, BBefeliHas
Ans obbaciienus HaGmiolaeMblX fBJleHHHt, CBA3aHHBIX C KoMeToft duke,
NO-BUAHMOMY, IO0KHAa OHITb OTBEPrHyTa. IJTO 3aK.l0YeHHe 3HAYNUTEe/blO
yKpenuaoce B Moc.jeiHHe roful 61aronaps HCCAELOBAHUAM APYTHX KOMeT,
AN HEKOTOPHIX M3 KOTOPHX HaHaeno, uto An/n omputamersro,
a Ae noaodxcumeavno, T. e. 3HaAKH STHX BEJHYHH NMPOTHBOMOJONHH
3HAKAM, HalAeHHLIM A/ KOMeTh JHKe H AJA ONHON MM ABYX APYrHX
KOMeT.

B crenylowem naparpade Mbl Kpatko omuiueM 6ojee HOBHE HCCae-
JIOBaHHSA, KOTOpHEe Jal0OT BO3MOXXHOCTb OOBACHITL Pa3/HyHblEe XapaKTe-
PUCTHKH CpelHero ABHXEHHS KOMeET.

§ 15.10. KomeTHas mozmeapr Yunnaa

B npeamaywmux mnaparpadax Ml MOAYAaIMBO TNPEANOJArajiu, 4YTO
KOMETa 4BJfieTCA MaTepHajbHOH TOUKOM M 4YTO ee Macca MOCTOfHHA.
Ho 310 xanexo ue Tak. CyllecTBOBaHHe Yy KOMETH NMPOTSHEHNOrO XBOCTa
fABAAETCA mMOYTH YOeAUTEJbHLIM JIOKa3aTeALCTBOM TOTrO, YTO BellleCTBO
KOMeTH paccenBaercd B mpoctpancTse. CieioBatenvHO, MPH pellleHHH
AHHAMIYeCKX 3alay Heo6X0AHMO MPUHHMATL BO BHHMaHHE HCMPepHBHOE
YMCHbILIEHHe MacChl KOMeTHl, O0COGelHO KOrja oOla HaXOAHTCA B 30He
apdexTuBlOro AecTBHA CoMHew'iof pamuaunn. B cBoeM uccaeaopauun !)
YHNna HCXOAMT M3 KONUEMWMI, YTO AAPA KOMeT COCTOAT H3 cBO6OAHOro
CKOTIICHHS MCTEOPHTHOrO BeELieCTBA M CMeCH TaKHX BClUeCTB, KaK BOAa,
JBYOKHCb yr.1epoja, aMMHaK H T. A., HaXOAALINXCA B TBEPAOM COCTOSHMHH,
KOTOpble OGHAPYMHUBAIOTCA CMEKTPOCKOMHYECKH B COCTaBe KoMeT. Ity
CMeCb Oif HasmlBaeT BooOWie ,abgoM“. Korsa koMera mpoXOOHT uyepes
nepure; i, To nox Ae#CTBHEM COJHewHOH painauuy ,aen* Oyner ucna-

1) Astrophys J., 111, 375 (1950).
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pPATLCA H €ro MOJIeKY.J bl PacceloTCsi B MPOCTPAHCTBE, MOCKOJALKY KHHe-
THYeCKHE CKOPOCTH, COOTBETCTBYIOLHE BO3HHKAIOLIMM MPH 3TOM TCMMe-
patypaM, OyAyT npeBOCXOAHTb CKOPOCTH yxolaa Hu3 caaboro rpasnta-
UMOHHOTO TNOJA fAApPa, KOTOpble MNPAKTHYECKH Tpeue6pexnMo Maabl.
O6mnit apdeKT, BLIBLIBAEMbIH ITHM ABJEHHeM, 3aKJI04aeTC B BO3HHKHO-
BeHHH PeaKTHBHOH cHabl, AeHCTBYloweH HAa sapo. DTa Teopus ob.Jagaer
ABYMsl XapakTepHbIMH OCOGEHHOCTAMH: NPeANO.JaracTcs, BO-NEPBHX, YTO
AApa KOMeT MeAJICHHO BpAallaloTCd H, BO-BTOPHIX, 4TO TeMJoncpenaua
yepe3 BHeLlHHE CJAOH K ,JAbAaM‘ TNPOHCXOAHT 32 KOHEYHble NMPOMEXYTKH
BpeMeHH. O6uiee HanpaB/eHHe PeaKTHBHOH CuAb OyaeT TOrAa 3aBHCETh
OT Hanpasaenusn BpauleHna saep. O6GpaTHOMY BpalLEHHIO COOTBETCTBYCT
yCKOpelHe CpelHero JABHXKEHHA, KaK y KoMeTh DHKe, a MpPAMOMY Bpa-
LIEHHIO ~— 3aMeJIEHHe CPelaHero ABHKEeHHd, HabaoaaeMoe y APYTHX KOMeT

§ 16.11. Bekosoe asHxeHne nepureaus Mepkypus

3aveuyaTeblioe NMPOTHBOPeYHe Mexay HaGMI0NeHHAMH W pe3yJ/bTaTaMH
TEOPHH JABHXKEHHS NJaHET, OCHOBAHHOH Ha 3akOHe npuTaxkeHus HoloToHa,
MMeeT MeCTO B JBHKeHHU mepureus Mepkypusa. PelneHue ypasHeHuH
IBHXKEHNS NJaHET 1aeT BEKOBOe BO3MyUleHHe B & npub.ausuteabHo Ha 43"
B CTOJIeTHE, MeHbliee, YeM Ta e Be/IHYHHA, BhIBEAeHHas M3 HabJI0ACHHH.
MHorue noOMbLITKH, OCHOBaHHbIE HAa pa3HOro poJAa FHNOTe3ax, BKJIOYas
H MpeANnoJIOXEeHHEe O COMPOTHBAGHHH Cpelbl, OKa3aJHCb He B COCTOSHHH
O6GBACHHTL 3TO NPOTHBOPEYHE, KOTAa OHH COMOCTABJAAIHCL C AAHHBIMH
Ha6/oneHHH, OTHOCALIHMHCA K BBOAMMBIM YaCTHHIM NPeAmnoJIOKEeHHAM.
TMpuunna sToro pacxoxenus OniJa BHACHeHa (B npejejax OWHOGOK Ha-
6aloneHHi) Ha OCHOBE TEOPHH OTHOCHTeJbHOCTH. MeToa McCJeN0BaHHA
9TOr0 BOMPOCA aHAJOTHYEH TOMY, KOTOpHI# Obla Hcmoab3oBaH B § 15.03.

IMpunnmas o6o3HaueHna B § 15.02, anddepeHunanbioe ypasHeHHe
op6uTH nJaHeTH, oOpawaiouiefica Bokpyr CoJjHua, B TeOPHH OTHOCH-
Te/ALHOCTH MOXHO 3anucath B BHle )

d2
76‘—;—+u=%+au2, a
rie
3
=3, @

NpHYEeM ¢ — CKOPOCTb CBeTa, & — Majas BCJHYMHA, KBaApPaToM H Oojee
BLICOKHMH CTeMeHAMH KOTOPOK MOXHO npeHeOpeub.

B nepsoM npu6aimxeHud, nonaras B ypaBHenuu (1) a==0, peurerue
no.JyyaeM B BHAE

u=%[l—|—ecos(6—&)]. 3)

rae ¢ u & — nocTosHuble H p == h?u.

) Eddington, The Mathematical Theory of Relativity, 1923, p. 88,
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TMoacrasasa STO BHpawenue 1as 4 B uaen au? ypastetusa (1), Mu
OyneM HMeTb

d*u

d0’+a— +a‘ +—cos(0—@)+%cos2(6—6)). “)
rae

a 1 1 ae?
=5(1+7¢) » a=3
Bcan pemenue ypaBHenua (4) o6osHauutb uepes #-Au, rae u
naerca ¢dopmyuoit (3), To
%(Au)—{— Au= +2Lecos ® —a))+ cos 2 () — ).

Hama 3amauya cefiuac 3aK/JouaeTcs B TOM, '-rroﬁu HaftTy vactioe
pellleHue STOro ypasHeiud. 3TO pellleHHE JIErKO HAXOAHTCA C MOMOUILIO
9/IEMEHTAPHEIX METOJOB H HMEET BHI

=_°'l- Osln(O-—w)——?cos2(6—m)

Pemenne ypasHennsa (1) ¢ TOYHOCTHIO 1O BeAHYHHBI MOPAAKA a TOraa
samullleTc CJAeLYIOIHM 0O6pasom:

—[1+ecos(6—m)]+ i & +—-Osm(ﬂ—w)——-—cos2(0—m) )]

Mycts
Uy = % [1 — e cos (0 — &p)] ©)

eCTb ypasHeHHe OCKY.HPYIOIIEro SJJMNCa 11 SNOXH, COOTBETCTRYIOUeH
6 == 6,. Toraa, coraacio § 15.03,

g (Bp) = u (89) ™
H
%%9- = %‘E" npy 0=12, ®8)

Ilanee, p, oTauuaercs OT p Ha BeJHuHIy Nopsiika a. [lostomy MH
MOXEM HalucaTh

%:l-*—ka.

rae k — nocrosxHas. Toraa, noactaBass B paselcTBO (7) Bulpawetus (6)
u (5), MH noayuaeM C TOYHOCTHIO IO Ma’abiX MOPsIKa &

e, c0s (0 — &) = kja e (1 - ka) cos (6, — &) 4
+2 Bysin (8 — &) — $a,0052(8p— ) ... (9)
rie B;— noctosHHas.
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IMoacrasaas B pasenctso (8) Bupaxeuns (6) u (5), ananoruyHeM
o6pasoM noJjyuaeM
eysin(0g — &p) = e (1 4 ky2) sin (0, — &) —

rie k,— elle 0IHa NOCTOAHHAS,
YmuoxuM pasedctso (9) Ha sin(f,— &), a pasedctBo (10) —Ha
cos (0, — ®) H BHUTEM; NOAYYHM

eocin(ao—&)=%:—90+a2(}, sin (8, — &), an

rae i=1, 2, 3, a C; — nocrosHHble.
Ymuoxum pasenctso (9) Ha cos(f,— &), a paseHctBo (10) —mHa
sin (0y — @) u CAOKHM; MOAYYHM

€0€08 (3 — &) = e | ka—+a Y, D, cos (5 — &). (12)
TMoaoxum

U3 ¢opmya (11) u (12) aerxo suaets, uto Ayd M Aje MMeEIOT NOPaAOK a
H uTO Age ABARETCA YMCTO MCPHOAHUECKON BeauuynHOR. C TOUYHOCTBIO 4D
MaJLIX BEJNYMH NMEPBOro MOPAAKA OTHOCHTENbHO & (BKJIOUMTEAbHO) dop-
myay (11) Moxiuo 3anucaTh B BHJE

A06>=-;—00—|- m. 4. (13)

Ecan e, u & — ockyaupyioline 9JeMEHTH B NMOCAEAYIOULYI0 SMOXY
0,, To0

A,«B:—;—-O,—l- n. u. (14)

Hasce, ecmn nonoxuts 0,=0,+4 2%, To u3 dopuya (13) u (14)

BHIHO, YTO OCKYJAHPYIOWHI 3JeMeHT &, YBeAH4HBAETCA Ha 2wa/p 3a omun

o6opot. Ecan A o3navaer Kko3ddHIlNEHT mpH BEKOBOM u.jelie, MPOMCXO-
AdueM OT 9TOro 3pexTa, BLIPAXEHHBIH B CEKYHAAX AYTH 3a CTOJCTHE, TO

A= 2ma 100 cosec 17,
P T

rae T — nepuon oOpauienus, pupaxenteft B roaax. Hcnoabays panen-
2,3 422 h3

¢TBO (2) M moJjaras p=n?a = a’n pET=a(l — %), nocaea-

HIOI (OpMY.Iy MOXHO 3anHCaTh B BHAE

2400=342 cosec 1”7

A= a—ey (19)
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Tak kak ¢==299776 xnjcex =9,46 - 102 xu/200, TO
) 946 108
=150
Ecan a BupaxeHo B a. e, u T —3B rogax, 1o, npexeGperas Maccoft
naaHeT, uMeeM ad=T2 CjenoBare/bHo, MOACTABIAA YMC/IEHHEIE 3HA-
yeHua ¢, © u cosec 1”7, ¢opmyay (15) sanuwem B Bule
3,841
\=T=aar 19

Jas Mepkypus a==0,3871, T=0,2408 u e=0,2056. TTosromy
A==43",0 3a croneTHe, UTO OYeHb XOPOIIO COTNACYETCA € PACXOKILIHEM
Mexay HabaioneHHamu H Teopuedt Hblorowa.

daxTHUeCKH TeOpeTHUeCKOHR BeJMYHHON, KOTOpas CpaBHuBaeTcd C Ha-
6monenusaMu, asasgerca ne A, a eh. Cheayiowas Ta6aMua aaer BLYMC/EH-
Hble 3HaueHus e\ W A Ana yethipex Gamxkafiwux k CoJHuy naanert:

a. e./200.

Mepxypn# Benepa 3eman Mapc
eA 87,82 07,06 07,06 07,12
A 43,03 8,63 384 1,34

Kak yxe ynoMmuna’ocb, peaaTUBUCTCKMH 3¢ddekT noaTsepiiaercs
B cayyae Mepkypusa. HenaBHo anajiorHyHOe NOATBEPXKACHHE MOJYYEHO
B ciayyae 3eMJH, HECMOTPS Ha TO, 4TO Ha6.Jl0ZaeMas BeJHUMHA el 3AcCh
coctaBaseT He Gosee 07,06 B cTonerue. Tak kak HabaomaeMuift sddekT
yBeJAHYHBAEeTCA CO BpPEMEHEM, TO MOKHO MPeAMNoOJOXHTb, UYTO B CBOE
BpeMs Mbl NOJYYHM MNOATBEPXKAEHHe, MO KpaHHe# Mepe B caydac Mapca.
Hs ¢opumyau (16) suzso, uro ans IOnutepa n euwre Gosee yAaaeHHHX
NJaHeT BHYHCJAEHHBE 3HAaueHNs A HOCTHralOT caMoe Go.bliee JNILIL He-
CKOJILKO COTHX CEeKYHA AYFH, a BeJHYHHbB €A NpPaKTHYeCKH npeHeOpe-
HHMO Madql,



Faasa 16

OTKPbLITHE HEITYHA

§ 16.01. Bpepenne

Mnavera Ypan Guina oTkpuita FepeneM 13 Mapra 1781 r. Bo BpeMms
OIHOTO M3 €ro CHCTeMaTHyecKHX Habmoacimit Heba. Jlpyrue naanerh,
6onee 6au3kne k Coanuy, yem YpaH, ObIH H3BECTHB CO BPEMeH TJy-
6Gokoft APEBHOCTH, M 9TO OTKpPLITHe [eplliess MOJOMKHMIO Hayaao MJ0A0-
TBOPHOH Spe acCTPOHOMHYECKHX OTKpPHTHA, B KOTOPYI0O OH CaM BHeC
HanGoJsiee 3HaYMTeJbHBH BkJAaa. Tak Kak HOBas mianera OblIa neMHOro
cnabee 3Be3f, BHAMMBIX HEBOODYXEHHBIM I/1a30M, TO STOT (akT NoGyau.
HeMeUKOro acTpoHoMa Boae mpeanosoxuTb, YTO B MPOUJIOM YpaH owu-
60YHO mNpHHMUManM 3a 3Be3ly, U TNOSTOMY ero Hab.a0LeHHA Morau Ow
GLITb 3aperHCTPHPOBAHLL B KaTajorax Tex BpeMeH. Koraa s/eMeHTH OpOHTH
HOBO# nJaHeTH OBIJH BBIYHCJEHH C AOCTAaTOYHOR TOYHOCTbIO A Onpe-
JelleHus ee MOJOMeHUH Ha roibl, NpenlieCTBYOLIHE €€ OTKPHITHIO, OKa-
3a/0Cb, YTO Pe3y]AbTaThl HCC/JAEJOBAHHA CTApLIX KaTaJoros TOJYYHIHCH
3HaunTeJbHO GOJee yAAuUHHIMHM, YeM STO MOXHO OHJIO TNPeanoJarath:
Ypan Ha6Gaiogancss ile MeHee yeM B 19 pasauyHLIX MOABACHHAX, NMPHYEM
camoe paHnee Habaiogenue Owno BumouaneHo B 1690 r. daemcTHAOM,
nepBLIM KOPOJEBCKHM acTPOHOMOM.

B koHue Broporo gecarunerus XIX Beka ¢paHiuysCkuH acTpoHOM
ByBap npeanpHHAJ NOMMTKY BLIBECTH SJeMeHTLl OpOHTH HOBOH mnJa-
Hetl. On yxe MMeJd B CBOEM pacnopsieHHH G60Jblloe HIICAO TOYHHIX
HabofeHHt MJAaHeTH, OXBAaTHLIBAIOWINX NPOMEXYTOK BpeMeilH, Npoleaiui
nociae ee OTKPHITH — Ha30BeM OSTH HAG/IONEHHS ,HOBHIMHY — a TaKkKe
19 Goaee pannHux HabmomeHMH, KOTOPHE Ha30BeM ,CTapuMu‘. BoJb-
IIMHCTBO M3 S3THUX PpaHHUX Habmiogenuit OblAH, HECOMHEHHO, MeHee TOd-
HLIMH, YeM ,HOBLIe* HaGal0JdeHHA, HO OHM HMeJH NPEeUMyUIeCTBO B TOM,
YTO OXBATHIBA/JH NIPOMEXYTOK BpeMeHH, OO/bluui, ueM nepuoa obpaute-
HUS TJaHeTbl, B TO BPeMA KaKk ,HOBHle® HaGa0feHHA OBIMM BHIMOJHEHH
Ha NMPOMEXYTKe BPEMEHH, MeHblleM MOJOBHIB OJAHOrO MepHoaa ee obpa-
wieHusi. ByBap cpasy ke CTOJNKHYJACS C HEOXHAAHHLIMH TPYLHOCTAMH.
Korza oH ucnoab3oBan Aas omnpefesneHHs SJAEMEHTOB TOJbKO ,HOBbIE®
nabai00eHus, TO Hauwead, YTO PACXOMAECHHS MeXAY BHIUHCIEHHBIMH H
Ha6.110J2aeMEIMH TIOJIOXKEHHAMN Ypaila B roabl, NpeallecTBylOUIHe OTKPHI-
THIO, GBIIM HACTOABKO GOJBIIMMH, YTO HX He/b3s GHIIO OOBACHHTL OMIKG-
Kamu HaGmoneuuft. Jlanee, Koraa AJs BbIYHCAEHHS SJEMEHTOB OH UCNOJb~
30BaJ TOJAbKO ,CTaphie* HAaGII0AEHHS, TO Ol AN Cepbe3lible PACXOXACHUA

21 ¥, Cmapr
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MEXAY BHUNCICIMILIMI U HAaGAIONCHHLIMI TOJIOKEHHIMI NAAleTH A3
,HOBBIX® psinoB 120:10aelni, KOTOPLIE TAKIKE HEBO3MOKNO OLIJI0 06 BLACHHTD
owubGkamn nabaoseqn. He nosepas ,crapuim® Habaoacnuam, Bysap noao-
Kua B ocuoy Tadami Ypasa, ony6.aukoBauHnix B 1821 r., saemeHTH
OpOHuTEI, BbIBCAEHHLIE TOJNLKO M3 »HOBLIX® HaGaiofexuit. Sror npuem,
KOHeuyHO, He paspewna Taliibl, OKpYykaiolle# ,cTapruie HaGawieHus, H
koraa Bckope mocie 1821 r. naaHera ctana Bce Goaee # 6osee OTK/O-
HATbCA OT CBOHX TNpeACcKasaHuunX noaoxeHu# (B 1846 r. oTk.JoHeHHe
B AOATOTE AOCTHIIO 2'), acCTPOHOMHI BCTa/nM JHUOM K JHUY C 3araaxofl,
Ha KOTOpYyl0 HeoOXOAMMO OBHLIO OaTb OTBET.

Tem BpeMeneM, OyAyun ele CTYACHTOM Koaidemka cB. IloHa B Kam-
6punxe, Iion K. Amamc 3 wioas 1841 r. 3akonuna cBoH suamenu-
TIH MeMyap, B KOTOPOM OH H3J0XH/I CBGE MHelHe 00 HCC/lelO0BaHHM
ccobennocTell ABHKEHUS YpaHa, OCHOBaHHOE Ha rumoTese, YTO STH OCO-
GeNHOCTH BLI3BaHBI BO3MYLUEHWSMH Hen3BeCTHOH elile nJaaHeTH. B Teyenue
1845 r. Anamc noayunn pemwense 3amnaun (Mexay 1843 u 1845 rr. on
Halesn IecTb pellleHH#t ¢ OYeHb BLICOKOH TOYHOCTBHIO), KOTOpOe MOrjao Ou
NPUBECTH K HeMelJAeHHOMY OTKPHITHIO Heu3BECTHOH MN/AaHeTH, ecaH OH
cpasy ObiM NpEANpPHHATH TeMecKOMHyeckHe Halmonenus. B 1845 r.
HaunHaouHi Moaonolt ¢panuysckuit actpoHoM Y. Jlesepbe coBeplleHHO He-
3aBHCHMO OT AjaMca MPEANpPHIAA aHaAorHyHoe HccaenoBanHe. C NOMOLbIO
Pa3ANYHHX AHAJHTHYECKHX MeTONOB 06a MOCTHT/AHM LelH B PellleHHH TPyA-
110K 3ajaydl BLIYHCJCHMS AJS HEKOTOPBIX BHIGPAHHBLIX MOMEHTOB BpeMeHH
NOHJAOKEHHA runoTeTHyeckoft naaneTH. XoTS HET HHUKAKHX COMHEHHH B TOM,
uro ANaMC MNOJYYH/N CBOM BHIBOAB 31auHTeNbHO paHblue, YeM JleBepbe
(1loc/ie HeHyKHOR 3anepkkH Yannauc nauan TpyAOcMKHE NMOHCKH MJaHeTH
Ha KomGpuaxcko#t oOGcepBaTOpHH B uIoJNe Mecslle, MpPeAlleCTBOBABILCM
OTKPHTHIO mnaaneTw), Jleeepbe nepBbiM ONMy6AHKOBAA CBOH pe3yJbTaTH,
M no ero Wuuuuatuee 'ajjle mpeanpuia/] NOHCKH NJaHeTH Ha Bepauickoft
00cepBATOPHH, KOTOpHIE lieMeLNeHlO0 YBeHyaluch ycnexoM. [laaera,
noaxe HaspanHas HenmrtyHoM, Obina oTkpnita 23 centsabps 1846 r., u ee
N)J0XKeHHe MOYTH COBMafajI0 C NMOJONKEIHSMH, NPeACKa3aHHHIMH AJaMCcoM
n Jlesepbe. Hcropus oTkpuTHs Hentyna!) W nocienyoumas nojseMuka
f3;9eTcd OAHNM H3 Hanbo/iee 3HAYMTEIbHLIX SMH3040B B HCTOPHM acTpo-
u>mun. Ho Koraa cioBecHas GMTBAa yTHX.1a, MM AnaMca Kak KOHKypelTa
Jienepbe B neje oTKpuTHA HenTyHa Omao coBeplleHNO 3a6LITO.

B oroft raaBe Mbl H3/J0XHM METOAB, HCMOJb30BallHLie ANAMCOM H
Jlesepbe B uMX HccienopBanusx. Cefuac OGyneT yno6HO clenaTb HeKOTO-
puie 3aMeyaHus. Bo-mepBuX, B OcHOBe paGoThl AjaMca JeXHT HCCaeno-
BaHHe 11eBS30K B cpedrell NOAroTe YpaHa, B TO BpeMsl Kak B paboTte
Jlesepbe HCMOAL3OBAHL HEBASKH B #cmunhod poarote. Bo-BrophX,

1) Jlaga noapo6uoro 03HaKOMASHHH ¢ STUM BOIPOCOM cM. ,John Couch Adams
and the Discoverv of Neptune, Occasional Notes of the Royal Astronomical
Society, No. 11, August 1947.
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TaK KaK HAKAOHHOCTH OPGHT MJaHeT, H3BECTHHX B TO BPCMf, OYeHb MaJH
(Tak, nas YpaHa, HanpuMep, HaKAOHHOCTb NMpuGanxkeHuo pasHa 3/,°), o6a
acTPOHOMA MpeANOJaraiu, YTo M y THNOTETHYECKOH MJAHETH HAKJOHHOCTDb
Takxe Mana, COOTBETCTBEHHO STOMY, MpeHeGperas HaK/JAOHHOCTAMH YpaHa
u Hentyna, onu pomyckanu, 4T0 06€ NJAHETH ABHKYTCA B MJIOCKOCTH
okaunTHKH. IlosToMy B KayecTBe 9/eMeHTOB OPOHTH YpaHa Owau TpPH-
HATH @, €, € U &, a B KayeCTBe MCKOMKIX BEJMYMH — 3HAJOTHUHHE 9Je-
MEHTH Gy, €;, & H &, OPOHTH HEH3BeCTHON mnJaHeTH C HCH3BECTHON
Maccot m,. KpoMe TOro, Tak Kak cpeluHe NBHXEHHA B W n; AAOTCH
dopmy namu
n2a3=G (my+m), 3 ad=G (my+m).

B KOTOPHX M H m,; — BeJIHYHHb, TNPeHeGPeXHMO MajHe MO CPaBHEHHIO
¢ Maccol Coanua mgy ya06HO paccMaTpuBaTh B KauecTBe 9JEMEHTOB
BEJHUHHE 7 H 1i; BMECTO @ M a;. B TpeTbux, 06a acTpoHOMa HCXOAHH
M3 TpeANoJOXelHa, KOTopoe OydeT HOSCHEHO HO3kKe, 4TO @/a,==1/,,
wn n?==8nl.

§ 16.02. Bauanue omnGoK B saeMeHTax Ypana
Ha MCTHHHYIO AOATOTY

Tak kak uabaoleHHs YpaHa, M3 KOTOphXx ByBap BuiBes 9/eMeHTH
op6uTH, OHJAM MOABepxelL (4er0 OH He 3Han) Bo3MyuleHuaM ot Henryua,
TO YHCJIOBHE 3HAYEHHS STHX S/IEMEHTOB, HOJNOXKEHHHIC HM B OCHOBY TaGamL,
cogepxann owH6kH. O6O3HAYHM NMONMPABKH K STHM SJeMeHTaM yepes An,
Ae, Ae n Ad. Toraa HCTHHHHE 9JeMeHTH OyayT n - An, e - Ae, e+ Ae,
& As.

Iycts A oO3Hauaer WCTHHHYI0 AOATOTY YpaHa, f-— HCTHHHYIO aHO-
Manmo 1 M — cpeanwolo anomMaano. Mu uMeeM

M=nt+e—a. (1

Kpome Toro, cornacio ¢opmyne (11) § 3.10, ypapHenuc ueHrpa ¢ Tou-
HOCTBIO IO Y/eHOB MOpPSAKA €2 BK/MOUNITENbHO 3aMHCHBACTCA B BHAE

f—M=2esinM+%e"’sin2M.
Danee, A== f -+ &. Iloaromy
A=nt+ e+ 2esin M 4 2 e2sin 2. @

Ecan A\ — nonpaeka k noarore ), noayuenno# no sneMentam Bysapa,
o6ycaoBiaennas An u T. 4., TO M3 paBencTBa (2) HMahgeM, 4TO

Ah=tAn + Ae 4 (2e cos M +% e’ cos 2M) AM <+
+ (2 sin M+ -‘3 esin 2M) Ae,

PAk
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Ho, coraacio ¢opmyae (1), AM =¢An—+ Ae — Ad. Tlosromy
A)\=(tAn+Ae)(l+2ecosM+%e2cos2M)+
+Ae(2sinM+-g-esin2M)—eA6(2cosM+~gecos2M). 3)

dr10 nocnenHee ypaBHeHHEe MH MOXEM 3aNMHCaTb B BHAE
A\ =a, An+-a, e+ a5 Ae + a, Ad. 4)

rae koShduuHeHTH a;, ..., @, MOTyT OHTb Jerko BHYHCAEHH Aaf
KaXJI0ro MOMeHTa HaGmoicHHA.

Mycte P, o3HauaeT BO3MYLieHHe B HCTHHHOH HOJATOTe, 06yCI0BAEHHOE
zeficteneM Hentyna. Ecam Ay M A, —CcOOTBeTCTBeHHO HabMonacMas
HCTHHHas 10AroTa YpaHa H HCTHHHAs NOArOTa, BHYHC/IEHHAA NO SJeMEeHTaM
Bysapa, 10 Ay—A,=AA+ P,, uau, ecau 0603HAYHTH

= x0 —_ x‘w (5)

cy=a,An+a,Ae4a;Ae+-a, A8+ P, 6)

Buipaxenue ana P; M paccMOTpHM HO3xce,

YpasHenue (6) aBaseTcss YCJAOBHBIM ypaBilcHHEM, KOTOPOE HCMOJb3O-
Ban Jlesepbe. 3aMeTHM, UTO AJA KaXAOr0 MOMEHTa HaGa0AeHHA NPHOAH-
deHHOe 3HaueHHe ¢, H3BeCTHO.

TO

§ 16.03. Bausnue omuGoK B 9jJeMeHTaX YpaHa
Ha CPeaHIon AOArOTY

OGoaHaunm cpeaHiolo noaroty uepes [. IMycts 8/ osnauyaer npupa-
lieH¥e CpelHefl ADJArOTH, COOTBETCTBYIOUiee MNPHPALLEHHIO O} HCTHHHOH
noarothl. Torha Tak kak, corfiacHo BTOpPOMy 3akoHy Kenusepa,

r*f=h um nr2%=h.
TO
M= — 1)
a?yYl—¢
Ilanee, OTK/NIOHeHHEe HCTHHHOR JOJArOTH, KOTOPOe MH 0603Hauuau B § 16.02
yepes ¢;, M3BeCTHO. IIpu OTOXAEeCTBJeHHH OA ¢ ¢; Alamc BOCMOAb3O-
BAJCA COOTBETCTBYIOLIMMH OWIHOKAMH CpelHeR ROATOTHI B TOM BHIE,
KaKk oOHu npencrasiaentt ¢opMyaoft (1). O6osHayum oumnbky cpenHe#t
A0AroTH uepe3 ¢. Toraa .
r

=2 Vi=—&a ‘v @

npuYeM 7 AJ4 Kawaoro Hab.JiodeHHA AOMKHO BHIYHCIATHCA MO JeMeHTaM
Bysapa. Beauuuna ¢, onpeaeasemas ¢opmyaoft (2), MOXET CUHTaTbCA
Tenepb H3BECTHOMH.

c
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Hanee, ecau Al osHauaer sddekt omubok B 3jJeMeHTax YpaHa, COOT-
peTcTByloutuit AA, To, cornacso ¢opmyne (1),
r'l

Al == — === A, ®)

a? l/'l — g

INMpene6peras BeanunHol e n 6o/icc BHCOKHMH CTeNMeHAMM e, Ml HallleM,
ucnoasays pasetctea r==a(l —ecosE) n cosE==cos M — esin? M
(uan HemocpencTBeHHo u3 ¢opmy.an (17) § 3.11), uto kKo3pduUHeHT
npu AN B dopmyae (3) pasen

1 4 2e2—2ecos M — %e’ cos 2M. 0))

Hs ¢opmyn (3), (4) n pasencrsa (3) § 16.02 mMu mocae HekOTOPHX
yNpoIeHHA ¢ TOYHOCTHIO A0 MajdHX BeAHYHH PaCCMAaTPHBAEMOTO MOPAAKa
NOJay4uM

Al ==t An 4 Ae 4 2¢2 A+
—|—-Ae(2sln M—i—%esinM) —e A&»(2cosM —|—-%ecos2M). (5)
Ha 9toft cragun AmaMc of6benaunser Maayl nompasky 2e2A& c Ae.

MonokuM e—~&=Q. Yroa @ ussecren. Kpome rtoro, M=nt+f.
dopmyna (5) Temepb MpHUMeT BHA

Al =¢tAn + Ae+cosnt (2 AesinB — 2e Ad cosB) +
~+sinnf (2 Ae cos B+ 2e Ad sin 3) +

—+ cos 2nt (% ele sin 28 — -;- e A® cos 2p)+

—|—-sin2nt(%eAecos2ﬁ+%e2A&sln2p). (6)

Mycrtb
Ax,=2Aesinf —2eAdcos, ™
Ay, =2AecosB+2eAdsinB. 8)

Torza MH MoOxeM BMecTo Ae u A® paccmatpuBaTb BeawuuHs Ax; u Ay,.
Ha dopumya (7) u (8) Mul cpasy e moayuaeM
Ax, cos B+ Ay, sinB =2 desin 23 — 2e Adcos 28, )]
Ax,sinB — Ay, cos f == — 2 Aecos 28 — 2e Ad sin 23. (10)
O6o3HaunyM kospduunents npu cos2nf u sin2nf B dopmyne (6)

yepes Ax, u Ay, cooTsercraenHo. Toraa, mpuHuMas BO BHHMaHue ¢op-
Myas (9) u (10), Oynem nMetb

Axg:%e(Axlcos?—{—Ayl sinB), (1)

Ay, =— € (Ax, sin — Ay, cos ) (12)
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Han
Axy=1,8%,+ 124y, (13)
Ay, =— 1A%, + 1,8y (14)
rAe YHCJEHHBIE 3HAUEHHN BEJHUHH ; H 7o MPEANOJAralOTCA H3BeCTHHIMH.,
dopmyna (6) Tenepb MoxkeT GLITb 3anmHCaHa B BuAe
Al=1¢tAn+ Ae+ Ax, cosnt+ Ay, sinnt 4
- Ax, cos 2nt -+ Ay, sin 2nt. (15)
Ecan uepes P 0603HauHTb BO3MYUIEHHE CpelHeli HOJAroTH, 06yc/o-
BaeHHOe neficTeHeM HenTyHa, TO yCJOBHOe ypaBneHHe, HCROJbL3OBAHHOE
Anamcom, 3anumetca B BuIe
c=1tAn—+Ae+ Ax,cosnt+ Ay, sinnt 4+
—+ Axg cos 2nt + Ay, sin 2nt -+ P. (16)

Tpu sToM BenMuHMHA ¢ ABAAETCA M3BECTHOH NS KaxAOro MaGJaioieHHs
Ypana. KpoMe TOro, mas kaxaoro Ha6.i01eHHss MOTYT GhITb JCrKO BH-
unclentl kospouuuent npy An, Ax,, Ax,, Ay, Ay, B dopmyae (16).

§ 16.04. Bosmymenne cpeatedt AOATOTH

BosMyuiaiouias ¢ynkuns R, A48 KOTOPO# OTHICKHBAIOTCS BO3MYLUeHHS
B 3/eMeHTax OPOUTH YpaHa, 3amaercs dopMyoi

R=m,B-m, X CcosH, 1)
rie
0=il+41,l,+ ko + k)&, (¥)]

npuieM B u C —dyukuun a, a,, e, e, a i, i), k. k;— nonoxurenn-
HHE HJH OTPHUATEeJbHHeE le/He YHC/Ja, BKJIOuas H Hyab. Kpome Toro,

l=p+e hL=p+¢,
rae

p=fndt, p,=fuldt.

Tak kak Npu pellexin paccMaTpHBAacMOR 3aJayi AOCTATOMNO YHHTH-
BaTb TOJLKO BO3MYLLENNA NEPBOrO Nopsaka, TO Mel MoxeM B dop-
Myne (2) smecto ! u I nannwcate né—e€ u n,;t—¢, COOTBETCTBEHHO,
TaK uTO

O =1(nl + &)+ 1y (nt + &) + ko + ko, 3)
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Ecan uepes Al o6o3nawiTb BO3IMYIUCHHE [IEPBOrO NOPAAKA B cpeaHelt
Aoarote, TO

Al=2Dp +Age. C)
Coraacto ¢opwmyae (5) § 6.04,
- 3 OR 3 N\

OTKyJa Npil NOMOLUI BHpaxenus (3) naxoanm

3my 0 iCsinb
’ a? (in+in)*° ©)

Kpome Ttoro, coraacio ¢opmyae (16) § 6.03, Ae ompenenserca ¢op-
Mya0#

Ae=M-+ X Ksinb. ®)

Boamyuienine P cpeane#t p0aroTs GyAeT paBHO CyMMe YJeHOB mpa-
puix uacteit pasenicts (5) u (6). Hanee, sekoso#t usen Af B dopmyie (6)
MoxeT GHTb oGbenuuen ¢ uleHoM fAn B dopmyne (16) § 16.03. Io-
STOMY MH MOXEM pacCMATPUMBaTh B KauecTBe P TOALKO NEPHOAHYICKYIO
yacTb Bo3MymeHnfi, onpeseasemyio Qopmyaoh

p=m, X Esin0, %)

B nazbnefluieM MH NOAPOGHO PACCMOTPHM OTHE/bHLIE YJEHL PaBeH-
cTBa (7), KOTOpOe GHIIO MCMOJb30BAHO ANAMCOM IS COCTaBJeliHs yca0B-
KX YypaBiieHnH.

3ameruM, uto Kospduunents E aBasiorca QYyNKUHAMH 4, G, € K &),
Anamc n Jlepephe OrpaHuuuIuCL B STHX KO3bduiHentax TOJIbKO uje-
HaMH nepBoll CTeNeHH OTHOCHTeAbHO e H e,. Haaee, a u a, Bxoaar
B Kosduunentt E TaK CAOKHO, YTO €CAH @, OCTaBHTb HEH3BECTHBIM,
TO MW enBa Ju A00beMCA ycnexa NpH peLieHHH YCJAOBHHIX YPaBHEHHH.
Kak ykaswpanaocs B § 16.01, o062 acTpoHOMAa BOCNOJb30BAJHCL Npa-
BHAOM Boje, KOTOpOe € AOCTaTOYHOM TOYHOCTLIO MPEACTABJSET CPenH!ue
re/IMOUEHTPHYECKHEe paccTosnus maaner ¢opmyaon 443 -2, rne
n=0, 1, 2, ..., 6 coorsercrpeniio njaa BeHepn, 3eMan, Mapca, mMaabix
naanet, lOnurepa, Carypua n Ypana. Koraa nocne ero OTKpHTHA YpaH
TaK)Ke YAOBJETBOPHTEAbHO MOATBEPAU/] STO MPaBHAO, TO Kasanoch pa-
3yMHBIM NpHHATb (N0 Kpatuef Mepe B KauecTBe paGoucH THNOTESH), uTO
HEH3BCCTHAAN NAAHETA TaKKe MOAYMHACTCS STOMY MPABUAY, €CAH NONOKHTHL
n==7. B aroM cayuae a/a, npubaixexno Oypet pasHo !,. B cBoux
nepsuix uccaefopannax Anamc u Jleseppe npocTo noaokuan a; =2a,
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OTKyAd C JOCTAaTOYHON CTENeHbl0 TOYHOCTH caepyer, 4tro
-3
ny=n.2"" ®

IMTostoMy Muoxuteau npu koapduuuentax E B dopmyae (7), korophie
3aBucaAT OT @, a; (4 e), MOIyT OBITb MOJIHOCTHIO BHYHCAEHH. AHAN0-
THYHO eCAH BOCMOJb30BATLCA paBeHCTBOM (8), TO MOMHO BHYHCIHTL H
Koos(pduuuenr npu ¢ B BupaXenun (3) aaa 0. Takum o6pasoM, Heus-
BECTHEIMH B BHpaxeHHd (7) An9 P SBARIOTCA YETHPE BeJHYHHHL m,, €,
e n &,

§ 16.05. Bosmymenune HCTHHHOHK AOJATOTH

¥Ynobno saecb natb o6uiyi0 ¢OpMyay 274 BO3MylleHHa P HCTHHHOR
JOATOTH, KOTOPYI0 MCNO.b30BaA JleBepbe Mpu pewrenud 9TOH 3afaud H
¢ koropo# Mb BcTpetuMca B § 16.10. CoraacHo ¢opmyae (2) § 16.02,
HCTHHHAA 1OAroTa A ompefensetcs ¢opmy.iof

A=1-} 2esin(l— &)+ > e?sin2 (| — &),

taKk kak M=[—&. ITockoabky P;==AA, ToO B 0603HaYeHHUAX NpeAbl-
Ayuiero naparpada Mbl noJyuiM

P=n[1+ 2ecos(z—a)+§e?cos2(z-a,)]+
- Ae [2 sin (l—m)-—l—%esilm(l-—&)]——

—-eA,«B[Qcos(l-—«B)—l——.g—ecosi.)(l—&)].

HNanee, tax kak A/==P, 10 c noMowio ¢opmyan (7) nperbAyilero
naparpaga HMeeM

Al =m, X Esin?.

Cornaco ¢opmyaam (15) u (16) § 6.03, nmepuoauueckne uactu Ae
H A& paBHBH BBIPaXEHHAM BHAA

my 2 E'cosh u my; D E"sin0

COOTBETCTBEHHO, a BEKOBLIE HYJAEHB BK.JIIOUAOTCA B fAn, Kak 9TO 6hlA0
CHe1aHo B MpeAbAylleM naparpaje ¢ BEKOBHIM YJeHOM B Aje.
ITostomy P; nMeeT BuA

P1=m,ZElsin61, )
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rae 6,==0% j(l —&), npusem j=0, 1, 2. dro sbipanenne aaa P,
HYXKHO Tenepb MOACTaBHTH B yC.10BloOe ypasueune (6) § 16.02, ucnosb-
sosanHoe Jlepepbe. [ToapoOurii pua ypastenus (1) Oyaer npHseleH HaMy
nosxe B § 16.10.

§ 16.06, Meton Anamca
Mu mepennuem ycaoBHoe ypasHenne Anamca (16) § 16.03

c==1tAn—+ Ae- Ax,cosnt+ Ay,sin nt 4
—+ Ax,cos 2nt 4 Ay, sin2nt -+ P,

rac B obweM puae P onpenenderca dopmyaoft (7) § 16.04. Anmamc
HCNO0b30BaA CleAyiOlHe uieHn P:

P=mu,sin(nt —nt+e—¢)+mu,sin[2(nt —nt e —¢e)]+
—+myuysin[3 (nt — nyt+ e — )1+ myu,sin(n ¢, — &)+
—+ m e ugsin(n\t 4 ¢, — &) + mugsin(nt — 2n,t 4 ¢ — 2¢, 4 &) -
—+ myeyu;sin(nt —2n,t +e — 2¢, 4 &,) +
—+ myugsin(2nt — 3n,t 4 2¢ — 3¢, + &) -
—+ me\uysin(2nt — 3n,t + 2z — 3¢, + &,) +
—+ mye uyysin(3nt —3n, t 4 3¢ — 3¢, — &+ &,), 1)

TAe Uy, Uy, ...— YACAOBHE KOIPPUUNEHTH (B CEKYyHAAX AYTH), KOTOpHe
MOJyYeHb MO YMCJAOBLIM 3HAYeHHUAM @ W e, HaWaeHHWM ByBsapom, u npu-
HATOMY 3Hauenuo a/a,.

B okonuateabHOM pelleHWH AJaMC HCNOJB30BaJ HECKOJAbKO M3MEHEH-
Hoe 3HaueHHe a/a,, uMenHo 0,515, noayuaouieecs H3 e€ro npeasapu-
TeALHOrO pemeHus. Kpome Toro, paau yno6ctBa BHUMC/AEHHH OH B Ka-
yeCTBe m, MPHHAN BeAWuHHy, PaBHyi0 5000 MaccaM HeusBeCTHOHM mJjaieTH,
a B KauyecTBe €, — BeJAHYMHY, PaBuyio 20 SKCUEHTPHCHTETAM HEH3BECTHOR
TJaHeTh (BBeAs, KOHeYHo, HeOGXOAUMYI0 YHC/IeHHYI0 KoMnencauuio). IMpu-
MeyaTeJbHO TO, 4TO M JleBepbe MOCTYNU aHAAOrMUHLIM OGpa3oM H OT-
HOCHTEJbHO m,: Ol MpHHAA 32 m, Beanundy, pasHyio 10000 maccam He-
H3BECTHOH MNJaHETH.

UeTpipe HeusBeCTHHE BeJAHYHHBI, OTHocAwMHecs K HenrtyHy, xoTopwe
IBHO urypupyior B BHpaxeHuu (1) aaa P, cytb: m,, e, ¢ H &;. Mu
MOxeM 3amncath P ciaeayiouwuM o6pa3oM:

3
P =3} (hcos 9+ ky;sinihy) +
i=1

-+ py cos B~ py cos i, + pycos 0, +
—+ ¢, sin 0+ gy sin 93+ g3 sin i, (2
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rae
9‘=(ﬂ—ﬂl)t. 02=n1t. 03=(n—-2ﬂl)t.
0,=(2n—3n,))t. @3)
IMpu stoM Bce Ko3pduLuenTH npu ¢ B dopmyaax (3) ABAAOTCA H3pecT-
HLIMH BelHYHHAMH.

Ilycts
0=¢—e, P=ec—8, B=c—a,. 4)
Torna u3 cpaeHeiins BHpaweHiit (1) B (2) umeem
hy=mu,sin0, ky=mu,cosb,
hy=muysin 20, ky==mu,cos 20,

©®)

Kpowme TOTO,
hy=mu,sin 30 4 m,e,u,,sin (30 4§ —B,) =
==m,uysin 30 + m e u, [sin (30 —B,) cos § + cos (36 — B,) sinB],
P3 == m,ugsin (30 — B) 4 m,e,uysin (30 —B,) (6)

g3 =myugcos (30 — B) 4 m,e,uycos (30 —B,). Q)

IMosToMy, Hckmioyas B, u3 BHpaxmeHus AAR kg mocpeactsoM ¢opmya (6)
B (7), MH nocle HEKOTOPHX YNpOIICHHA HOJYYHM

hy=m, (ua— ""—u:‘-‘-‘L) sin304- %92 (pycos B+ g;sin )
HAH
hy==mv,stn 30 + v,p;+ v,q;, ®

rae KoShQHUHEHTH U, U, U; HMEIOT BNOJNE ONpeAeneHHBIe YHCIOBLIE
ainaueHns, npHueM B onpenenserca no saementaM Bypapa. Touno Tak ke
HaXOIMM, YTO
k3 =m,v, cos 30 — (v3p3 — V,y),
py=mw,sin (0 — B)+ w, (p; cos 20 — g, sin 20),
¢, = — mw, cos (§ — B) — », (p, sin 20 4~ g, cos 20),
Py=m,2,sin (20 — B)+ 2, (p;cos 6 —g;sin0), )
gy =m,z, cos (20 — B) 4 2z, (p; sin 0 - g5 cos h),
FAe BCe BEJHYMHH U, @ H Z M3BECTilbl.
Takum 06pasoM, nepBoHayaIbHbie HeH3BECTHBIE BEJHYHHLI 7, €}, €, &,

Tenepb 3aMeHeHL Beauunuamu m,, 0, p,, ¢, Tak kak, coriacHo ¢op-
myaam (5), ky, hy, ky. R, aBan0TCA npocTeMit Qyukuusyu my u 0, a kg,

Ry Py q1s Do Gy dopMyaamu (8) u (9) cesasannl ¢ my, 8, ps, g
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§ 16.07. Ycaosusie ypasHenus
YcaorHoe ypaileie, ecau 3aMelutb nf Ha 9/, sanucuiBaeTca B BHIE
c=Ae+ Ax,cos 0’4 Ax,cos 20’ 4 ¢ An 4 Ay, sin 0’
~ Ay, sin 20’ 4 h, cos 0, + hycos 28, 4 hycos 36, 4
—+ &, sin 0, 4 &, sin 20, 4 k4 sin 30, 4 p, cos 0,+
~+ pycos U+ pycos 0, g, sin8, 4~ g,sin ;- g, sin,. m

B kauecTne iauaanioro Momenta Anamc BhGpaa cpefiiee MPOTHBOCTOSA-
mie Ypana 1810 r., 1. e. 1810,328. 3a eamnmy BpemeHu OH B34a
NPOMEKYTOK, PaBIIBIf TPeM CHIIOAMYCCKIM TepiogaM obpauielus Ypaua,
T. e. 3,0362 roma. 3ro, Koieuno, TpeGyeT nepesoja B 3TH eAHIMILK
nocrosnoll Tarorenns G, KOTOpas BXOAHMT B Pa3/HyHbIe YHCJAORHE KO3(-
duumenTH 4, 4, ... BO3Mymawouwei ¢yukuun. Ecan a/a, =0,515,
a n, n, BHpaxeHNb B HOBOM elHIIHUE BpPeMeHH, TO HaMIeHO, YTO

6/ =13°0"-6¢, 0,==8°12".1¢, 0,=4°48'.5¢,
0,==3°23". 6¢, 0,=11°35". 74,

oHoBbe® HabmoneHus OblIM PasGUTH 112 TPYNNH, AAOULIe CpelHHe
mecTa A48 MoMeHTOB BpeMenu 1810,328 ¢, rme ¢£=0, 1, ..., 10,
4 COOTBETCTBYIOLIHE 3HAYEHHA BeNHYHHH ¢, onpeaeaseMoft ¢popmyaoit (1),
BBIBOAATCA M3 3laueHu# [, moayyaemuix u3 Tabamy Bysapa. Axamc, Ta-
KM 06pa3oM, cocTaBua 21 yc/lOBHOe ypaBHeHHE, OCHOBAHHOE Ha ,HOBLIX®
Ha6moneHusx '), nayuuas ¢ 1780 no 1840 r.

Yro kacaerca ,CTaphix® HaGaiogedufl, TO OHMH AaOT 9 YCAOBHLIX
ypasHeuuf.

§ 16.08. Pemenne ycroBRbX ypaBHeHHA

3aMeTuM mpexae Bcero, uto B ypasueduu (1) § 16.07 Beanunuu Ax,
H Ay, He ABAAIOTCA 11€3ABHCHMBIMH HeN3BeCTHLIMH. OHH CBA3auH C BeJll-
yuHamu Ax; u Ay, dopmyaamu (13) u (14) § 16.03

Axy=T14%+ 1,4y, Ay,=—1T,8x%+ 1,4y,

TAe Yy H To—— BE/AHYHHbI, YHC/IOBHIC 3HAYECHHHA KOTOPHIX H3BECTHH.
Anamc pewaer ypapuenuns (1) § 16.07 gas ,HoBHIX® HaGmonenu#t
clenyiouuM o6pasoM.
Kaxnoe n3 21 ypabienns on ymHoxkaer Ha koddduuuent mpu Ax,
H CKJAAbIBAaET MOAOGHO TOMY, KaK 9TO AEJAeTCs NPH COCTaBJEHHH HOP-
ManbHHX ypasHeHud. Ity npouenypy OH nopropser Aas Ae, An, Ayy;

1) Cpennee Habaiozclne aas npotuoctosnus 1780 r. BHBOAHAOCH 110 HAGMIO-
JeHIAM, KOTOpHE ObiaH BLIMOMISHLI Kax A0, TaK H NOCAC OTKPHITUA YpaHa. H,
CTPOro roBOpA, ABAKETCA JAMUIL OTYACTH ,HOBLIM® HaGal0AcHHEM.
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hy, Ry, by Ry Ny Ry py Gy Py @3 NCMOIL3YA NPl 3TOM CJCLYIOUINE
JIErKO BLIBOAHMbIE PaBEHCTBA:

sin 221 §
2C0$“t=——l—‘
sln———&
22tsin§t= 11 sin 10;—11051n11: ,
2
sin -2—€

smg'—(&-r) sin 2L 1)

2Ecositcosnt= -
sin 5 G—1) sin 5 S+ 7)

sln—2—(&—n) sIn%(H—'l)

2Esin’itsin'r‘~t= i — i '
sin GE—n) sin 5 G+
oQrd 51"21&
QEcos §t==2] 4+ ——~ —SinE"’
Nt —_ __..S_Il"lzlc
QHsm =21 sint *

B KOTOpblx cyMMipoBanie pacnpoc1‘pmmc1‘ca Ha crelywomi e anavelns £
—10, e —1, 0, 1, 2, ... 10.

Kpome TOro, CyMMHI BCeCX Ko.\u’)uHauun BILIA Ecos stsinyt n Ztcos &
PABHBL HYJIO.

[Tpu nomown 9TOro mpiueMa 21 ycnoBHOe ypaBHenue OBHIIO mnpliBe-
Reito K 14 nceBAOHOPMAJBLHLIM YPaBHEHHAM, COCTaBASIOIUMM LBE TPYNNbI
no 7 ypasHeHW B KaXAOH, MPHYeM ypaBHeHHUS MepBOM FPYMIEl HMEIOT
CJAelyIOMInA BuUA:

3
C=a,8¢+ 8,00+ ay 00+ X Orb, +- o)), (1)

4 ypaBHellus BTOpPO# rpynns — .
C’ =a;0n+ ayAy, + aj Ay, + gl bk, +ciq,)- ®

Bocnosnb3oBaswinch HeKOTOPHIMH 0coGeHHOCTAMH ypaBHeHult (1) u (2)
H MCKJUHB M3 HHUX Ae, Av, Ax;, Ay,, Ax,, Ay, AnaMc npuwen x AByM
ypaBHEHHAM BHIa

3
D= Xi(at,+ ak,+ 8,0, +B;4,) ®)

PaccMoTpuM Tenepb ,CTaphie* HaGiofeHHs, M3 KOTOPHIX, KaK yxe
yKa3uBaa0Ch, AAaMC BhBead 9 yCNOBHHX ypaBHeHuH. DTH ypaBHeHHS He



§ 16.09. Pewenue Adamca 333

06/1a1a10T, KOHEYHO, TAKOK CHCTEMATHYHOCTBIO, KAaK ypaBHeHHS, BLIBelel-
HHe M3 ,HOBHX“ HaG.monenn#t. IIp¥ nomoii Meronma, B oOLIHX uyepTax
4HAJOTMYHOTO TOMY, KOTOpbIff HCNOJb30BAJICA NPU BHBOAE YpaBHeHuH
tuna (3), Alamc noayuua ABa ypaBHeHus BHIa

3
E= 21 (Ah,+ Ak, B,p,+ Bg). 4)

IByx ypaehenu#t (3) u AByx ypasBHeHu# (4), TakuM 06pa3oM, BrOJHe
RDOCTATOYHO AJS TOTO, YTOGH Onpede/HTb 4 HEH3BECTHHE BEJNWYHHB m,,
0. p;3 g3

3areM npu noMoiH MepBoro u3 ypasHeHu#h (3) ALaMC HCKJIOUMA
yJgeHsl, CTOfUIHE B JIEBHX YacTAX BTOPOro u3 ypasuenu#ht (3) u AByx
ypasHein#t (4), u moayuna TakuM oO6pasoM Tpynny M3 TpexX ypaBHeHM#

BHAA
3

0== 21: (Ct,+C.k,+ D, p,+ D,q,) (5)

Ha1tee, coraacuo ypasHenusm (5), (8) u (9) § 16.06, Ay, hy, hy, k|, ko,
k3, Py Py Gy g, BHpaxaloTca uepes my, 0, p; u gy (npu sTom npea-
nojaraeTcs, 4YTO H3BECTHOe uNCIeHHOoe 3Hauelne [ NOACTARJIEHO B 3TH
ypasueuns). Ecat Mt 0003HaUM pafm, W ga/m, COOTBETCTBEHHO yepe3 p
M ¢, TO YBHAHM, YTO Kaxaoe N3 ypasleHuit (5) mpupelderca K Buay

3

0= (a,sinrb -4 b, cosr) -+
1

~+cp+dg+e(pcosO—gsind)+4 f(psinh—4¢qcosb) 4
-+ g (p cos 20 — g sin 20) + I (p sin 20 4 g cos 26), 6)

rle BCe YHC/eHHHE 3HayeHHa Koddduuuentos a, b, ¢, d, e, f, g u l
H3BECTHBI.

§ 16.09. Pemenne Agamca

TIpn noMoix MeTONa NOC/AEROBATENbHLIX NPUGMMKEHHH AxaMc pemdn
TpH ypasHeHHa (6) M moayuna ciaenyiollHe pe3yabTaTH:

O==e—e,=—46°5", p=L2=138"92,
1
g=-12 —_109”,83.

my
Ias wmomenra 1810,328 uucaenHoe sHayenwe e papHo 217° 35"
TlosToMy, ucnoab3ys 3HaueHue 0, cpasy xe HaxomuM e, = 264°50’
Cpenusa noarota [ (=n,t-+¢) Moxer OuMTb Tenepb HahaeHa nas
A1060ro MPOTHBOCTOAHMA, TAK KaK 72, M3BECTHO, MOCKOAbKY OHJIO npH-
HATO, uTO0 @/a;=0,515. [Hanee, B nawmux oGosnayeunax, 0, =nt u,
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cornacio § 16.07, n,=4"48’.5. Tpu £==12, 1. e. nocne 36 cuHonu-
YeCKHX NepHOAOB, 4YTO COOTBETCTByeT MpoOTHBOCTOAHHIO 1846,762, uau 6
okTAGps 1846 r., n¢ =57"42/, u, creaosatrenbHo, cpeanss moarora I,
Heil3BeCTHON MjaaHeTH, ecau ucnpasuts ee na 30’ 3a npeueccuio, Gymer

1,=23232’, 6 oktaGpa 1846 r.

Us ypaeuennt (6) u (7) § 16.06, ecan noacTaBuTh B HHX 4YHCAOBLIE
3HAYEHHA Ug H Uy, WMeeM

E»ﬁ_’I= 337,93 sin (30 — B) — 63”,41e¢, sin (30 — B,) = 138,92,
E-T;l'ii ==33",93 cos (30 — B) — 63”,41¢, cos (30 — B) == — 108”,83,

Tak kak 0 u § H3BECTHH, TO, pelllas STH YpPAaBHEHHS, MOJYYHM

e, ==2,4123, B,=279°14".

Orciofa HaxomuM, YTO AAs BHGpaHHOf snoxu &, =298°41’, u nocne
HCMpaBieHuss 3a MpeUecCH0 AOArOTa Mepurefns 1eH3BecTHOR NaaHeTH
na 6 oxra6pa 1946 r. Gyaer pasua

@, ==299° 11",

Bcrnomusad, uto e, B 20 pas GoJblie 9KCUECHTPHCHTETA HEH3BECTHOH

MJIAHCTH, MDI NMOJAYYHM
e, = 0,1206.

Macca neussecTHOH nN/MaHeTH, BHpaxeHHad B ROAAX COJHEYHOH MaccHl,
6yzeT HMeTb Clelyloliee SHayeHue:
ml=mﬂ

CokpalilleHHHe YCJOBIIHE YypaBHeHHs, BHpaxeHHbe 4depe3 An, Ae,
Ae, A&; my, e, e,, &,, Tenepb AT BO3MOXHOCTb HaHTH MepByio rpynmy
STHX BeJAHYHH.

Ecan 3uavenua BcCeX HEH3BECTHHIX BeJHYHH MOACTABHTb B YC/IOBHLIE
¥PaBHEHUA, TO B KAXAOM CJAy4ae MOXHO HAalTH HEBASKH MeXay Teopuefl
Azamca (a/a,=0,515) n Ha6moneHuaMu. IToutu BO BCex cayyasx Hafl-
JeHHBle HeBASKH OBJAH OueHb MAJHMH M CPaBHUMBIMH MO BeJHYHIeE
C BO3MOXHBLIMH ouMGkaMu nabGmonennfi. CaMble nosanue HaGmozeHHS,
HCNOAB30BaliHLe AlaMcoM, othocuauch Kk 1842 r. Ilocae Toro kak ero
BLIYHC/IEHHS GbiIH 3aKOHUEHb, 0Ka3aA0Ch, YTO 9TH Heps3ky B 1843—1845 rr.
3HaYHTeNbHO yBeaHuHaHcb. Toraa AjnaMc, He MOBTOPAA BCEX BbIYHCIe-
uufl, ¢ yueToM HOBLIX HaO/mofeHuft, clenas 3akaiOueHHe, YTO eC/H
a/a,=0,574, TO BCE OTKIOHEHHA MPAKTHYECKH HCUE3HYT.



§ 16.10. Ycaosnote ypasuenus Jleaepoe 335

§ 16.10. Ycaosune ypasueHus Jlesepne

UneH BO3MYIteHHA P; HCTHHHON 1OJrOTHI, HCMOJAb3OBaHHblE JleBepbe,
BHPAXaTCA ¢opmy.ioft

Py=m, X A;sin[l(nt —nt e —e)]+
+m,e X B;sin|[(t — 1) (nt +¢) —int —le, + &)+
+me, DC sin[( — 1) (nt 4 ¢) —int — 12, + &), ()

rae =1, 2, 3, a xosppuumueHTH A, B u C aBAfIOTCA QYHKUHAMH @
H a,. Kak ykasmBanoch pauee, Jlebepbe, caenys npasuiay Boae, mpexne
BCEro MpEAMONOXKHA, YTO @, ==2a. 3TO a0 BO3MIKHOCTL HAUTH Yu-
CAeHHHE 3HaueHns n, u kospduuuentos A, B u C. Bce unenn B dpop-
Myne (1) umeloT Ty xe QGopMy, KOTOpYI0 HCMOAb30BaA H AnaMc, ¢ TOH
AHWIL pasHHUUEH, YTO UYleH C MHOXHTeNeM u,, YuTeHHLH ALIMCOM,
He Gua Bk/moueH B ypaBHenue (1) Jlesepoe.

Ecan yuciaeHHHe 3HavyeHus €, & W e, HaflleHHHe DByBapaM, a TaKxe
YHC/EHHBIE 3HAaYeHHWs @ W @, noacraputb B ¢opmyay (1), To mepsue
ase CyMMul B 9Toff dopMyse MOryT GubiTh mpeacTaBaeHH B Buae m L
rae L Bupaxaercs Tak:

L= D,sinte,+ X E, cos le,, 2

npuueM {==1, 2, 3, a uHcrennue 31aveHus kosdpduunentros D u E
H3BECTHH.
Mycts
h=e sind,, k=e, cosd,. 3)

Toraa Tperbs cyMma B ¢popmyac (1) Moxer Guith 3anmucaHa B BHAC
mhH —+ m\kK,

rie Kawaas u3 BeauuH H u K uMeer BHm (2), KOHEUHO C IPYyTHMH
YHCAOBHIMH 3HaueHHAMH Ko3dduiumentoB D u E. Mol MoxeM Tenepb
3amucath P, B Buze

P, =mhH~+m kK +-m,L, O]

rae A, K u L — tpuroHoMerpuueckne GyHKUHMH €.

IMycts o O3HauaeT pas3HOCTb Ay—A, MexAy HaGmoaaeMod HCTHHHON
poaroTot M MCTHHHOH# moarotoft, BHuucaeHHo# Bysapom. Toraa ycaos-
Hoe ypaBHeHue JleBepbe MOXHO 3amHcaTh cJeiayloluM o6pasom:

s==a,An—+a,c 4 a;Ae +a, A6 +mhH 4+ m kK +m\L, (5)

rie mepBue YeTHpe ujaeHa NpaBoft yacTH, o6ycioBaeHHble owubkamu An.
Ae, Ae, AG B saementax Bysapa, conepxarca B ¢opmyae (6) § 16.02.

KoM6uHupys ,crapuie’ u ,HOBble* HaGmoneHUs B yLOoOHEIE TPyNRH (MO-
¢lefHHe pasjefieHH HHTEPBaAoM B 7 AeT), JleBepbe noayuna 18 ypasHeHnf
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Buaa (5), B KoTopble BXOAHI0 8 HeusBeCTHHX: An, Az, de, Ad; m,,
mh, mK, e, npuyeM ¢, BXoant jumwb B Beawuuusl H, K u L.

JleBepbe CHauala MOMLITAJCA PpeLWHTb STH YPaBHEHHA CJelyIOLIHM
o6pasoM. Ecau kaxzaoe u3 ypasHeHnRt (5) Mpeanonaraercs BMOJHE TOY-
HbIM B TOM CMbICJIe, YTO B Ay HeT OMHGOK HaG.Ti0AeHHR H, CJel0BaTebHO,
HX HeT H B O, TO HCKJIOYeHHe NepBHIX CeMil HEeM3BECTHBIX H3 M106HIX
BOCbMU YypaBHeHHH Buaa (5) acT TpaHCUeHAeiTHOE (H OYeHb CJIOXKHOe)
yPaBlieHHe OTHOCHTeJbHO JHLIb ORHOR Heu3BeCTHOH €,. DTO ypaBHeHHe
NOSTOMY TeOpeTHuUeCKH MOxueT OLITb pelleHO OTHOCHTe.dbHO €,. Iloc.ae
TOTO KaK YHCJAeHHOe 3HaueHHe €; OyAeT MOACTAaBJEHO B CEML M3 BOCHMH
yPaBHeHHH, TO BHOBb NO.yYeHHble YPaBHEHHs AALyT BO3MOXHOCTb Ha{TH
yHCheHHble 3HavyeHua An, Ae, ..., mk. OAHaKO OH He CMOr MNOJYUYHTBb
YIAOBJETBOPHTENBHOTO pellelin TPAHCUEHAEeHTHOTO YpaBHeHHd (BC.JIeACTBHE
CYLLeCTBOBaHHA He MpeHeOpexHMO MaablX CAy4yaHHHX omHGOK Habmone-
uufl , KOTopoe NpHUReJO OLl K NOACHCUMEALbHOMY 3HAYEHHIO nij.

§ 16.11, Pemenne JleBepne

1) Jleepbe nolles cOBeplieHHO MO APYroMy NyTH, peLiHB, 4TO
OWwHOKH B HCTHIHOR NOJTOTE, BLIYHCJAEHHOR MO ,CTapLiM* Haba0ACHHAM,
AOMKHLL GLITH YuTelLi.

Ou cuayana Bui6paa 4 ypasHeius (5) § 16.10 aaa 3suaunre’blo
yaajzeHuux Apyr ot apyra smox: 1715, 1775, 1810 u 1845 rr. Ilpn
9TOM OH MPEANOJOXKIUI: a) 4To owubkn B ¢ aaa 1715 u 1775 rr. pasn-
HAQICH COOTBETCTBEHHO p M ¢ H 0) uro omnbku aas 1810 u 1845 rr.
OubiaM paBHB 11yJI0, MOCKOJAbKY Mocaentnx nabaloneinih HMeeTcs ouyeb
60.1b110€ YMCJAO H OHI BLIMOJHEHb MPH MOMOIUH HHCTPYMeHTOB, 00.1a-
NaloiuHxX BHCOKOH TOYHOCTbIO. OG603Hauass NMpaBylO0 4acTh YpaBHeHus (5)
npeawayiero naparpada yepea F, oH noayuua ciaenyioutue 4 ypasHeltus:

Fy=0,4p, Fy=0o+1q.
F3=°3, F4=d4,

)

Tae o), ..., 04— 3Hauelld ¢ NI PaccMaTpHBaeMbIX 3MoX. Pemas stu 4
ypaBHenns OTHOCHTesbHO An, Ae, Ae u A®, on Hamen

An = f(m,, mh, mk. p, q. &) (2

H TPH aHaMOTHYHEIX paBeHcTBa AJs Ae, Ae u A®. B arux paBeHcTBax
¢GyHKUHH [ ABASIOTCA JAHHeHHLIMH OTHOCHTENbHO my, m,k, m\R u Tpaic-
UEHAEHTHHIMH OTHOCHTEJIBHO €.

3ateM JleBepbe M3 ¢dopMyn Buaa (2) moacTaBuA Bhipa:eHus Aas An,
Ae, Ae u A® B ocrasuHecs 14 ycaOBHBIX ypaBHeNWH, MOJyuyHB, TaKHM
o6pasoM, 14 ypaBHeHHH, JuHeHuBIX OTHOCHTEXLNO m,, mk, mk, p H g
H TpaliCUelAeHTHLIX OTIOCHTEbHO €. M3 3TuX ypaBHCHHR on crpyniu-
posan BMecte 4 ana 1782, 1789, 1796 u 1801 rr. n oGbeaAnHHA BMeCTe



§ 16.11. Pewenue Jlegepse 337

apyrue 4 —naas 1817, 1824, 1831 u 1838 rr., npueeas Takum obpa-
30M 8 ypaBHeHuH K ABYM YPaBHEHHSIM, KaX10e W3 KOTODHX JuHeHHO
OTHOCHTeNbHO m,, mh, mk, p W q. Pellus STH 1Ba ypaBHEHHS OTHO-
CHTEAbHO myh W mk, OH NOAYYHA

mlh=01m1+02p+03q+ xl. (3)
mk = g\m, < g,p + 19+ %o )

rie G W g—TpaHCUEHIAEHTHble OQYHKUHH €, a ¥, % — YHCJOBHE MNO-
CTOSIHHLIe, CBSI3aHHLIE C O.

Bupaxenus (3) u (4) ana mk, m,k 3arem noacrasnfoTca B 4 ypas-
HeHust (2), YTO NaeT BO3MOXHOCTb NOJMYYHTb BhHIpaxkenHs 14 An, Ae,
Ae, A®, Kawaoe M3 KOTOPHX HMeeT BHA MNpaBod 4acTH paBeHCTB (3)
uan (4). Korna Bce 3TO BHINOAHeHO, MH OyldeM IMeTb 6 ypaBHeHuft
aas An, Ae, Ae, Ad u myh, mk Buna (3) uan (4).

Hdo cux mnop O6HIO0 HCNOAb30BaHO Bcero 12 yCaOBHBLIX ypaBHeHuit:
8 ypaBHeHu#t B TOJILKO YTO oOmHcanHO# mpoueaype w 4 ypaBHeHus mpen-
cTapasioT coboft rpynny ypasueuu#t (1). CiepoBarenbuo, octaercs ewe
6 ycaoBHHX ypasHenu#l. O603HaunM npasylo yacTo ypasiienus (5) § 16.10
yepe3 F, TaKk 4TO 9TO yC/IOBHOE ypaBHeHHe MOXeT OHTb 3aMHCAHO B BHIe

g=F. 5)

Moncrasum B F Buipawenua ana An, Ae, Ae, Ad u m,h, m,k. Torna
ecail yepe3 p 0603Ha4NTL pasHocTh F -—a, TO Kawjoe ypasHcHue np-

BeleTCA K BHAY
p=a—bm+cp—+dg, ®

rae b, ¢ u d — TpancueHaeHTHHE (QYHKUHH €.

M3 HabmoneHuHl, KOTOpHE HCMOJAb30BAJAHCh NPH COCTABJEHHH YpaBlic-
Hu#l (6), Jlesepbe paccMOTpea ABa ,CTapHIX® HAGMIONEHHS, OTHOCALIHXCA
K 1690 u 1747 rr., Kak KpUTHYeCKMe, M AJA HHX 3HayeHud @, b, c u d
ObiAH HafifleHH NPH CAelYIOHX MOCAeNOBATEAbHBX 3Hauennsax &;: 0°, 9.
18, ..., 351°. Ias Toro 4TOGH MPOHJITIOCTPHPOBATL MOJYYEHHHE pc¢-
3yAbTaThl, MpHBefeM PasHOCTH p AAA &, =0 H g = 252"

o 1690 r. 1747 r.
0° 324" -87"m, 40" 4p —2",0q | —261"—16"m; — 17.3p — 1”,6¢
252° —87—45"m;, — 0"5p—2"3q | —24"—3"m; —0"Tp—1"3¢q

Kak ykaswiBanoch panee, Jlesepbe B KadecTBe eNMHH:LI MacCH m,

ncnombsosan 10”4 maccw Coamua. IMoaToMy HeOGXOMHMO YHCAEHHO COraa-
€OBaTh BCE YJEHL B YC/IOBHHIX YpaBHeHuaX. MOXHO npeaBHAeTb, uTO

22 V. Cmapr
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Kpafiiine TPaHHUB BO3MOXKIIOrO 3HaueHus m; MOKHE Oubth 0,1 u 10.
B camom nene, m, Bpaa au nocturaet 10, T. e. npnGJAHXKEHHO 3HaueHus
Maccel fOnutepa (B 3TOM 1Kaje), TaK KAaK TOTAa BO3MYILAIOWIAS MNJaHeTa
6ua OB CPaBHHTEJIbHO APKHM OOGBEKTOM, KOTOPHH MNOYTH HapepHOe
OTKpHLIH Obl paHee. Takxe HeBO3MOKHO, 4TOOH m; OwI0 MeHbwe 0,1,
60 B 9TOM cayyae s¢ddeKT BO3MylIeHHH OT Hee B ABHMeHUM YpaHa
6bi1 661 CPaBHUTENbHO HE3HAUMTEIbLHBIM.

AHanu3 Ha6jlofeHHf, BHMNOAHEHHLIX okoao 1715 u 1775 rr., npuso-
OMT K BbIBOLY: HEBO3MOXHO, uTOOH p M ¢ 4HCJEHHO mpeBbimaaun 157
u 107 coorBercTBeHHO.

PaccmotpuM Temepb pasHocTb p, A1 1690 r., xorna e, =0. Beau-
ugta p, OyleT HauMcHbuiel, ecAH OWMNOKH B P H g COOTBETCTBENHO
paeun —15” u 410", u Toraa

p, == 298" -+ 87"m,.

AnaorHyHo, eciu py,— pasHocTs A1 1747 r. npu e, =0, To Hau-
MeHblee 3Havenwe p, Oyaer npu p=—15", g=—10", u Toraa

pz _— 225” hnand lﬁ”ﬂll.

Ecan 6n e, AeRcTBUTEIBHO OBIIO PAaBHO HYJMI0, TO PA3HOCTH Py H f
uMeau Gl MO BeNHYHHE TOT Xe MOPANOK, YTo W ownbku p u ¢. Ho Ttak
KaK m, noAojcumessHo, TO HanMenbllie aGCOJIOTHbLIE 3HAYEHHS pasHo-
creft A BCex 3Havenud m, pasunl 298”7 u 225”, yro BO MHoOro pas
NPeBOCXOAHT M00LEe peaabHO BO3MOMHble omuGKH HaGaoaenuit. TlosTomy
Jlesepbe 3ak.T0uHI, uTO €, =0 He AsaAemcA AONMYCTHMHLIM DelIeHHEM.

Mas sTHM nyTeM, OH BLIMHCAHA P, H Py ANA PA3JMHUHLIX 3HAuCHHR €,
¢ uuTepBanoM B 9°, M OTCI0AA CTaNO ACHLIM, YTO (GAKTHYECKOE 3HaueHHe &,
LOJKIO HaxoauTLcs BGan3u 252°, Hanmpumep, eciiu BOCRONL30OBATLCH YXKe
NpUBeNeHHHIMH NaHHLIMH, MONOXHB €, = 252°, p=-—15" u ¢ =— 10",
TO

py=22" —45"m,,

YyTo npH A06LIX pasyMHLIX 3Ha4YeHHAX pPa3HOCTH, He MpeBocxonAwelt 22"
(no 3aBbiLICHHOA olelike), 6}’JleT JaBaTb MOJOXHTEJAbHOE 3HAaueHHE m,
Nn)UeMIEMOro mopsaiaka.

Ananoruqiio TMpPH OYECHb HE3HAYHTENbHOM YBENHYEHHH MAKCHMAaJAbHHIX
YiCNEeHHBIX 3Ha4YeHHUH p U ¢ MO PA3HOCTH Py MOXKHO MOJNYUHTb, He BHXOIAR
33 mpeAeabl BEpPOATHOrO, MOJOMKHTE/JIbHOE 3HAUECHHE m,.

2) Ha nocaeaieM stane uCCJ1eA0BaHHSA Jleaepbe BBOAHT MOMPaBK#
B BeJHYHMHB @, H € B Buic

a 1 1 n
*‘-l'l'=7-+-g‘[. 31=252°+~1-0-B.

[py mnoMoutk MNepBOro H3 ITHX PaBeHCTB KOIDQUUHEHTH BO3IMYIleHuf
MCTHHHOA ROIrOTH OblAH Pa3joKeHH B PAlbl MO CTEMeHAM Majaof Beay-
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b /sy, @ MpH MOMOLIM BTOPOTO PARCNCTRA CHHYCH H KOCHHYCEI
or ley (I=1, 2, 3)=—B paau No cTeHeHaN MaIoro yr.aa 116 8. Ecan

npeue6pellb KBaipaTtaMHu, NMPOH3BCACINIAMI BeJIYIH -;— T H l‘—:)@ il IpOH3-

BelCHNAMU 3THX Beanund Ha An, de, ..., mk, m, To ycaopiue ypap-
HeHHA TorAa OyAyT MuHEHHLIMH OTHOCHTEJLHO HEH3BECTHBIX

An, AG, Ae- AJ’; mlhr m,k, my, p H 7.

TMosToMy Ans onpexefenust Heu3RECTHMX BeAnumt w3 18 ycaomnux ypas-

HeHHH MOXHO TNPHMEHHTb METOR HAUMCHBIUNX KRAAPATOR. PaKTiYecKi

JleBepbe mnocTynua GoJce aKKYPaTHO, TAK KAK B YCAOBHHX VPARNCHHAX

OH MPHNAA BO BHIIMauHE KBAAPATL U MPONSRCACHNA BETNuI 3 u 7.
IMpuseaeM Tenepb raaBuuie pesyabTatil Jlesepoe:

a,==36,16 a. e., e¢,==0,1076,
1
ml=m. ll=326°32, (1847,0).

Hctnuuag aoarora, npeickasanudas Jlesepbe A5 TOro MOMEHTa Bpe-
MeHu, Korga B Bepaumne Oua otkpur Hentyu, ortauuarach Ha 1° o1
HCTHHHOH HOJrOTH, BhiBeAeHHON H3 HaG.i0acHuft,

Kak Mbi Buaenu B § 16.09, uuciennoe 3uaveHne cpeanelt A0aroT
Ha 6 oxrtabps 1846 r., nataensoe AnamcoM, pasuaaoch 323°2’. 3uas
cpeatiee ApiKeHHe B MPOMexyTke OT 9To# AaThl a0 1947,0 u ncnoabays
ypaBieHHe LEHTPA, MOXKHO BHYHCAHTL HCTHHIYI0 Aoaroty aas 1947,0.

Buao Haftaexo, uto
A, ==329°57" (1847,0).

HUcrunnas poarora HenTyna, BuiBeAeHHas 1O SneMeHTaM OPOGHTH,
KOria MMeNOCh B PACMOPSKEHHH AOCTaTOYHOE YHCAO HabmoxenuH, moay-
Yunach paBHOM

A, =327°34" (1847,0).

IMonoxeHus naaHeTH, NMpeACKAa3aHHLIE AnamcoM H JIeBepbe. TaKHM
06p330M. OYeHb MaJ0 OT/AHYAJHCh OT HAGAI0AAEMOrO MOJOMKEHUS nJaa-

HeTH 1),

1) Iaa Gosee MOAHOrO O3HAKOMJCHUA ¢ peayabTatamu Anamca u Jlemepoe u
HX CBf3bI0 € (aKTHUECKHMH saeMeHTaMu opSuTut HenTyHa oTcuinaeM yurareas
k paotre aBropa Hactosmeit xuuru ,John Couch Adams and Discovery of
Neptune*, Occasional Notes of the Royal Astronomical Society, No. 11, August
1942, u k ctatbe Brown E. W., On a criterion for the prediction of an un-
known planet, Mon. Not Roy. Astron. Soc., 92, 80 (1931).

m.
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TEOPHS JIYHbl ITOHTEKYJIAHA

§ 17.01. YpasHeHns asHxenus

B stoM naparpade Mn BhiBeAeM YpaBHeHH ABHXKEHHA B TOM BHAe,
B KOTOPOM OHH GHAH ucnoMb3oBaHu [IOHTekymaHoM!), a B mociaeayio-
IHX maparpadax MH OMHUIEM OCHOBHBHIE STamb HX pelleHHs W pacCcMo-
TPHM HEKOTOpHe HanGosee U3BeCTHHE HEPABEHCTBA, TaKHe, KaK 3BEKILHf,
BAPHALHA H T. A.
B npaMOyrobHHX KOOPAHMHATAX YpPaBHeHHA ABHKeHHA JIynn nMeloT
BHML
- p. __0R uz R
+lr=g Y +E Pt =g
rie R — Bosmymaiouas ¢yHkuus, oﬁycnoaaeuuaﬂ nputsxkenneM Coauua,
n p=G0(E+ M) paccMaTpiBaeTc KaK H3BeCTHasA BeJUYHHA, npuyeM E

B M —wmaccu 3emau u Jlynol. YMHOXKHB STH ypaBHeHHMs Ha X, ¥, 2 H
C.10XHB, NOJYYHM

dR

X (x5 +e)= X 55
LI R XY 2

Wurerpupys, Haltnem

2T—x2+y2+z2—2-—-—+2f dt+K, )

rie (K —%)—nocrosmuau HHTerpupoBaHud, a uyepes d’R/dt o6osHa-

YeHa MNpoH3BOjHasA OT R no BpPE€MEHH, BXOAALIEMY AHIIL MOCPEACTBOM
koopauuar JlyHw.
IMycts ¥ u 0 03HAayalOT SKAMNTHYECKYI0 HOJATOTY H wmupory. Torxa

x=rcosvcosf, y=rsinvcosd, z==rsind,

oTKyZa
2T = r2+ r%?cos? § 4 r262, ©

!) Théorie Analytique du Systéme du Monde, IV, 1846,
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B koopausatax r, v u O ypasHenns Jlarpauxa umeiloT BHI

;+%=r62cos’0+ré’+9§—_———l—{2T—f"’}+%. 3

d . oR
—p (r*vcos? ) = — -, 4)
—=F (r2b) = -%R%- — r202sin 6 cos 6, ®)

Tak kak U= (p/r)-+ R.
Ipu nomowu ¢opmya (1) u (2) MH sanuieM ypasHenne (3) B Buae

dI
gar =t 240 [LRatk. ©
Iyctb
s=tgh. (M
Toraa mocie HHTerPHPOBaHHA YpaBHeHue (4) nplmer BHL
1
b= +A+-5= [ Ry ®

rae h—nocrosuHas uxterpupoBanusd. IIpaByio vyacTb pasencTpa (8) MOXHO
pa3nokuTh B MepHOAHYECKHH PpAN, MOCTOAHHYIO 4acTb KOTOpOro 0603ia-
ynM yepe3 n. Toraa

v=nt+4+e-n u, )]

Tle € — NOCTOANHAA HHTErpHpPOBaHHA.

[TpeoGpasyem Tenepp ypaBhenue (5). Tak xak z==rsinf, 1o Gyaem
HMETb

—rsln9+r’0(c°se).

cosf d
r dt( 20)

Mostomy us ypasuenuit (3) u (5) HalmeM, uto

z-——;sine-{-—si 6+c°:e g’:

Ho 0R/06 = (0R/ds)sec?0; caenosateabho, ucmoabays dopuyay (7),
noJayvaeM

z2=(r—rb®sinb4

pz __ s o0R ViFs? +s2 9
+ Vi+s’ or o T r 03 (10

IMocnenHee ypaBHeHue sanuimeM B BHAe
d  r ) + rs + Vi_-l-—’
dg (}/‘l+s2 r Vl+s’ V1+s’ dr

08 .11
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§ 17.02, MNMocToAHHNE HHTErPHPOBAHHA

Peureitie BHBEJACHILIX BaMin B MpCALLAYIUeM Raparpade Tpex ypas-
HeHu#t Apinkenns — ypasnenuft (6), (4) n (10) wan (11), — kaxaoe u3s
KOTOPHIX BTOPOrO MOpPAiKa, AOIKIO COAEpPkaTh 6 MOCTOAMIBIX MHTErpH-
popanus. Ilpu BuiBoge ypasrienift (8) u (9) u3 ypasuenus (4) Ml Bpeau
e MOCTOAHHBIE HHTerpHpobauus: k£ M e. OcTaBuiMecqs ABa ypaBHeHHs
HaayT ellle yeThipe MOCTOAHIbIE: ABE H3 HHX MH 0003HaYuM uepes e u
y==1g!, a aBe apyrne —vepes & u 2. Ho, kpome 3rtoro, B ypanie-
mug (1) § 17.01 6nan sBenenwt nocrosnuvie K u a. O6pamascs, aaiee,
Kk ypasuenusM (8) u (9) § 17.01, nerko 3aMeuaeM, UYTO MOCTOSiIHas 1t
B nocjefneM M3 Hux sBadgerca ¢ynxuued k. Onpensesum tenepn a co-
raacuo ¢opmye

p=n2a3. ¢y

CaenoBareabiio, a ects ¢ynkuus k. Tenepb MH HMeeM ceMb MOCTOSIH-
Hux h, e, I, K, e, , & CuenoBare/ibto, AOMKHO CyLMECTBOBAaTb OAHO
COOTHOILIEHHe, CBA3LIBAIOIEe HEKOTOpble H3 ITHX CeMH MOCTOAMHBIX. JTO
COOTHOIEeHHe MOXeT OLITh MO,y4eHO NpH MOMOIH YPABHCHHA 3) §17.01,
KOTOpOe, €C/H BBECTH B HEro s s=0(14s?, Mu 3anuwey crenyio-
M oGpasom:

r @ v? s?

7+r_3—1+s2"‘ TFsH =

1 0R
7o @

Ecan pewcHue ypaBileHHR, onpesesiOWuX r, ¥ W S, BHPAXEIILe
yepes ceMb MOCTOSHHLIX, MNOACTaBHTb B ypasncHiHe (2), TO OHO jacT
TpebyeMoe CooTiIOMIelHE,

OueBHHO, YTO HE3ABHCHMYIO MOCTOSHHYIO /2 MOXKIHO 3aMEHHTb NMOCTORH-
HO#t @ uau, ecan morpebyercs, MOCTOANHOH n.

CootHollleHne Mexay n H h B ciyuae SJAHNTHYECKON OPOUTHL MOeT
6LiTh BLIBEAeHO BecbMa mnpocto. M3 ypaeHenus (8) § 17.01 mb umeem

r’v cos? 0 = h,,

rie yepe3 h, 0603HaueHAa MOCTOAHHAS HHTErPHPOBAHHA B CAyuae 9JLIHM-
THyecKOR op6uTH. [lycTb r| 03HauaeT MPOEKUHIO r HA MIOCKOCTb SKAHM-

Tukd. Torma ry=rcosd n rf'z}=ho. Ho riv ects npoekuns
Vpa(l —e?) na naockocts skauntuku. ITostomy
n?yY 1—et
Vifp
TlocTosHiyto HHTerpupoBanud h, Bxoasutyio B ypasHenue (8) § 17.01,
yno6Ho 3anicathb B BHAC

hy=Vpa(l —e)cosi= 3)

b= hy (1 4-2h). @



§ 17.04. Meuxenue ncpuzes u ysaa 343

Torma M CMOMEM paccMarpuBath Of KaK HE3aBHCHMYIO MOCTOSHHYIO
MHTEr pUPOBaHHA BMecTO ki, mpuueM /1y Gyaer Buipaxkatbca dopmy.oft (3).
Kpome Toro, mocrosunyio K, Bxoaswyil B ypasuenue (6) § 17.01, mu
3aMeHUM BHpaxeHHeM a?n2b.

§ 17.03. Ceonka ypasnenuit nBHWeHHA

Ias yno6ctBa Mb coBepeM BMecTe OCHUBHLle ypasHenusa. Ecau p
3aMeHuTs Ha n2ad u K —Ha a’n28b TO OHH 3amuuy1-ca B BHIE

5 oy —2 +2f di+a23h, (1)
1-’_ h(1+s=)+1+s f——dt @
ds 2s nla®  rs s R V1+s’ R
FF(VT+—s=)+ s Vits Vike T e ®
HJIH
. s R V1+s" oR
z+na3 Vl—}-s’ or ot 0s @
H, KpOME€ TOro,
r |, n’a® v 52 1 0R
T+ "1+?"'(14fs2)2=7"o_r" ©)

B ypasuenun (2) nocrosHHan HHTerpupoBaHus kb HMeeT BHA
h=hy(1+43h), ®
rie hy—noCTOAHHAA, COOTBETCTBYIOWAA S/JINNTHYECKOMY IHBHXEHILIO,
Ona BHpaxaerca dopmyroft
radyY T—et
V14
Vpapuenue (1) yno6uo Ha3LBaTb ypasHeruer 0ss paduyca-gek-

mopa, (2)— ypasnenues 0aa doszomws, a (3) unun (4)— ypasHe-
HUAMU OAR wupoms.

by = o

§ 17.04. Buxenne nepures H ysaa

Ecau paccMarpusarb HeBO3MYylUeHHYIO opOuty JlyHd, TO moarora
nepures & M goarora yaaa Q 6yayr, koueyHo, mocrosuueMu. Ho Ha-
6M0AcHUA TNOKA3HIBAIOT, YTO B pe3yibTaTe COJIEYHMX BO3MYlleHUR &

6LCTPO Bo3pactaer, a & OGLICTPO YMeHblIaeTcsi co BpeMeHeM. TakuMm

00pa3oM, paccmatpuBas & H Q Kak mnocToAHHLIE, MLl MOKEM 3aNHCaTh
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® u & B MOMeHT £ B BHAE
=8+ —c)nt, =2, (1—g)nt, 0))

Tie ¢ U g — MOCTOSHHBIE, KOTOPblE HYXHO ONpEeNEIHTb, @ &) U y—mQ-
CTOsiHHbe, paBHHE ® u @ npu £==0.

byukuus
M=nt+e—&
NMPUMET Temepb BHA

M=nt+e—dy— (1 —c)nt =cnt -+ — &,

TakuM o6pazoM, M ecTb cpeaHas aHoManus, H3MepsAcMad OT ABHXKY-
1ierocs nepHres.
AHaJlOrHYHO

n=nt+e—L=nt4+c——(1—g)nt=gnt+e—2Q,

W3 TOro, 4To MH CKa3aJH paHee, cJlelyeT, YTO | -— ¢ MOMOKHTENLHO,
a 1 — g orpuuarenvho. Ilepuret u y3en OyAyT ONMCHIBAaTH YT/bl, pas-
Huie 2%, 33 nepHoan BpeMeHH 2%/(1 — ¢)n u 2n/(g — 1) n. STu nepuoau
paBibl 9 u 18 roaaM COOTBETCTBEHHO.

Onyckas MHAEKC Hyab B ®&; H R, MNOJIOKHM

p=cnt+4e— &, @)
n=gnt+e—Q. 3)

B atux ¢opmysax & u Q Tenepb pacCMaTPUBAOTCA KaK TMOCTOAHHHE,
Kak Mbl yBUAHM, OHY SIBASIOTCS MOCTOSAHHLIMH HITEr PUPOBaHUd, MOABASIO-
IHMHCS TIPH pelleHHH ypPaBHeHHR ABHXKEHHS.

B caeayomux aByx naparpagax Mbl onpeieiHM NpHOAHMKEHHLIe 3Ha-
YeHHT ¢ H g.

§ 17.05. Cpennee aBHM¥eHHE mepHres

B stoM maparpade Mb mOAyuHM NpuOAHIKEHHOE pellieHHE YpaBHeHuH
§ 17.03, npeneGperas MaJbIMH BeJHuMHaMu S, 7, €, u a/a,. Kpome
Toro, npeHeGperas eile BeaHuuHo# e2 B dopmyne (7) § 17.03, mum
GyneM uMetb hy=na®? u h=na?(l 4+38h). [Janee, B ¢yHkumu R,
onpeznenseMot ¢opmynot (5) § 7.06, Mbl OTGPOCHM HOATOTHBIE YJEHH
M COXPAaHHM TOJbKO OCHOBHOft YJeH, TaK YTO MOJYYHUM

R= %m’n’r’. 1)

3zecb m=n,/n ABASETCA BeAHYHMHOH MEPBOro MOPAAKA MAJOCTH.

TTonoxuM r =0 x, rie ¢ UMeeT TOT e MOPHAOK, YTO H 4, a X
fABJsieTca nepuoauyeckoft ¢ynxune. Msbl npeanonONKHM Aajee, YTO
ax;nmnyna X Mana, M NMOSToMy OyleM npeHeGperath BelHYHHAMH X2,
E AN



§ 17.05. Cpednee dsumenue nepuzes 345

VpaBhenne nas paauyc-Bektopa, T. e. ypasnenne (1) § 17.03,
Tenepb NPHMET BHJ,

ox — "’:a ( | — %-) ~+- n2a? = m?n? (6 + 20x) 4 n2a?%b,
TaK KaK, COTJacHO (1)
+2 f R at — mon2r2.
IMockonbKy X — mepHOAMueCKas QYHKUMA, TO MH HMeeM

3&+n2[(-§)3—2m?]x=0 )]

a?— —?— = m2?+4 a?3b. 3)

IMonoxum tenepb s==a (1 —2da), rae 3a ABagercA Mano# BeAMUHHOH,
KBaaparoM Kotopo# Mut OyaeM npeneGperarb. Toraa ypasHenue (2)
Moxer OHTb 3aMHCAHO B BHAE

X+ cn2x =0, “)
rae
c?=1+4 3% — 2m2. )
dopmyna (3) Temepb HpHMeT BuUp,
da 4+ m?24-86=0. ©)
Pemenne ypasnemiu (4) sanunwercsa caenyioiuM o6Gpas3om:
x == Aa cos (cnt + & — d), )

rae A 1 ® — HOBHE MOCTOAHHBE MHTErPHPOBaHHA.
PaccMoTpuM Temepb  ypaBHeHue AJs  AOATOTH — ypaBHehue (2)
§ 17.03, —B KoTopoM R Bupaxaerca ¢opmyaofti (1). Torza

=M1.}'ﬁ)_( 2‘”) (1 +23a+8h—-—)

Coraacio dopmyne (9) § 17.01, pellledne 9TOrO ypaBHEHHs] HMEET BHJ

v=nt+4+e4n u
CrenoBaTe/bHO, MH LO/MKHH HMETb
20248 =0 ®)

0=nt+e—2%sin(cnt—|—e——ﬁ). )
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Bocnoab3ayemca Teneph ypasuciueM (5) § 17.03. HocraTouno B Hero
NMOACTaBUTb HEMEPIOJAKUCCKUe Hactn r 0 ¥, N Mul 6yaeM HMeTb

n?a’

1
o — nt=3ntla =5 m’n’.

Mostomy Ba==1/gm?. U3 ¢opmyau (8) naxomum: 3k =—1/;m?, a us
dopMyan (6) — &b = —T7/;m2
JHanee, u3 paBeu¢Tna (5) uMeeM

3
C2 =] — 7 ﬂ12.
OTKyZda C TOYHOCTbIO N0 MA.LIX BECJHUHH Topgaka m? naxoanuM
3
=1-3m (10)
O303Hauan, no asaiornu ¢ GopMynoff AN PalHYC-BEKTOPA B HEBO3-

MyUIEHHOM ABHXEHHH, MOCTOSHHYI0 HHTerpuposanus A uepea — e, npiu-
GaHKCHHBlE BHIPAXEHNS A8 r H U MOXeM 3anucaTh B BHAe

r=a[l —%m?—-ecos(cnt—l—e—&)].

v==nt-+¢- 2esin(cnt 4 — &).

ITpn osToM Mu npene6perin peauuiniol em? B aMnanTyje nepHoilve-
ckoro uaexa copmy.nl (9).

Ecan r u © pumpasiurhb uyepes ¢, ONpeAeascMOe PaBeHCTBOM (2)
§ 17.04, 1o sTH QopMyanl NPHMYT BHA

+ l 2
__a(l —m —ecosf).

=nt+ e+ 2esine.

(11)

§ 17.06. Cpeauee npmxenne ysaa

PaccMoTpum Temepn ypasenne (3) § 17.03 aas mupore. Mu Gyaem
npeneGperath BeJAHuHHAMH S$3, e, e; u afa;. U3 dopmyam (5) § 7.06
uMeeM )

0R

OR 1 0., 3 0.9
min’r M 5= MATS.

or 2
Mostomy
d2 2,3
~ (rs) + ir";“ rs == -—m2n’rs.

') DoaroTunlii gaen B BHpakeHun R no-npexueMy OT6pacHBaeTCs.—
I pun. peo.



§ 17.07. Moduuyuposannsie nepemetitivie M7

Tak xak e=0, To r =g4a. CaenoBarebHo,
s+n2(1+3%a+m2)s=0
s=1qsin(gnt4e¢—Q), )
rle 7 U & — NOCTOAHHLIE MNHTErpPHPOBAHHUA H
g=14Retm=1+3m,
MJH C TOYHOCTHIO RO MAJBIX MOpAAKa m?2
3
g=1+3m )
C TOYHOCTHIO A0 MaJLIX MNepBOTO NOPAAKA OTHOCHTENbHO Y MH H3

¢dopmyan (1) Haxomum, uyTO

z=a1sin(gnt+e¢—Q),
HaH
z=aqsinm. 3)

§ 17.07. MoanduuupoBannbie nepeMeHHne

B HeBo3sMylLIEHHOM JABIDKEHHH DainyC-BeKTOp F M AOATOTa ¥ AAW0TCA
¢dopmynamu

r__ 1, 1
z=1+ge—ecos M —etcos2M ¢))
H
v=nt+e+2esinM+%e'-’sin2M—%12sln2~q’. 2
rae

M=nt+e—o, 7=nt4e—2Q.

B aru ¢dopmyab, npeiHasHaveHnble 34eCh JHIIL A9 HAMOCTPALUH, MH
BKJIOYHAH TOMbKO Y/JeHH BTOPOro MOpsaKa OTHOCHTeAbHO e u T1).

OGo3nauuM Tenepb 4epes p/a mpasylo uacth (1), xorza M 3ameneHo
Ha ¢. Toraa c TOYHOCTBIO RO YJAEHOB BTOPOrO MNOPAAKA BKAIOYHTEALHO
HMeeM

-2—=l+—;—e’-—ecosq,—%e?cos2<p. ®3)

) C TOYHOCTbIO N0 HYAEHOB TPETbEro MOPAJIKa BLpAMENHEe JAA F RaeTcA
¢dopmyaoit (7) § 7.06, a ans v — dopmyaoii (11) § 7.06, npuyem B § 7.06 Bean-
yina v o6o3Hauena uepe3 A 3aMeTiM Taxwk=, yTo 1 B § 7.06 — 910 TO XKe caMmoe,
470 1 n' B HacrosmeM naparpade, T. €. nf--s —L,
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AunanornyHo 0o603HayuM yepe3 w mpaBylo yacTh (2), xoraa M 3ameHeHO
Ha ¢ H W —Ha n=gnt+e— Q. Toraa ¢ TOYHOCTbIO AO Y/EHOB BTO-
poro nopsaaka BKAIOYHTENbHO OylaeM HMETb

w=nt+e+2esincp+-i-e2sin2<p-—-;1-12sin2n. “4)

Ynenn Tperbero nopaaka B ¢opmynax (3) u (4) nerko moayuaiorcs
u3 _dopmya (7) § 7.06 u (11) § 7.07.

KpoMe Toro, B HeBO3MYLIEHHOM IBHXEHHH € TOYHOCTHIO 1O YJEHOB
BTOPOrO MOpPsAAKa BKJIOYHTE/NLHO HMeeM

s=1ysina’ + ey [sin (M + 71+ sin (M — 7). ®)

A10 He uTo HHOe, kKak ¢opmyna (15) § 7.06, BupaxeHHas uepes 7.
OnpeneauM 6 ¢ NMOMOUIBIO PaBeHCTBa

o=1sin e [sin (g4 )+ sin (p — )], ©)

B KOTOpOM n=gnt+e— L u ¢ 3aMenser M.
Mbl Ha3oBeM p, W H 6 HOOUPULZUPOBAHHEMU NepeMeHHRML,
Panu cuMMeTpHH B yPaBHeHHAX AJf ry H ¥, MH HanulieM ¢, BMecTo M,;
TOrAa

r 1 1
a-=1+ge—ecosp —5efcos2e, ©)

5 o .
v, =nt-+¢ -+ 2¢sing, +T eisin2q, ©)

3necp ¢, =n,t 4 — o, H, KOHeuHo, 7, =0.

B apryMeHTax u/eHOB, CONEPXKAUIHX ¢ H 7, YYHTHIBAIOTCH BEKOBHE
yacTH ABHXeHHA mepures H yana. CnenoBaTenbHO, p, W H 6 MOryT pac-
CMaTPHBaTbCA KaK MPHOMINKEHHA K 7, U H § B BO3MYLUCHHOM ABHXEHHH.
TTonoxum

r=p+428, v=w-43d%, s=o-}3s @

rae 8r, v u 3s—nmno MeHbllel Mepe uJeHH BTOpPOro nopsaka. Tenepsb
MOXHO MOJYYHTb YPaBHEHHA NJa nepeMeHHHX dr, v u ds.

Kak Mu yBumuM nanee, B ypaBHeHHs ABHeHHs Gyler BXOAHTb GyHK-
uusa R’, 3aBHcAmas OT MOAHHUHPOBAHHLIX NepeMeHHHX. Ona MOXer
OHTb HasBaHa MoaudHuupoBaHuOH Bo3Mywiaowel $yuxuneld. PaKTHYECKH
R’ — 3710 Qynkumua R, xorna B Het M 3ameneHo Ha ¢ u nt+4e—Q —
Ha M=gnt+c— . Boobule MH HanmuieM

R'=R'(p, w, 9)=R’' (9, 7).

3ameruM, uto, coraacto pasenctsaM (18) u (19) § 7.06, R’ — rakxe
¢ynkuua ot § Caenosareapto, R’ =R’ ¢, ¢, 7).



§ 17.08. Merod peuierus ypasHenuil Osuierus 349

§ 17.08. Meton pemeHnsn ypaBHenH# ABHWKEHHA

CHavyana Mu OyneM npeHeGperaTh HaKJAOHHOCTbIO OpGuTH JIyHH K nJo-
CKOCTH SKJHMNTHKH, T. €. OyIeM CYHTaThb, YTO | ==§ =2 == (0. O6o3Hauyas
d/dt yepes D, 3anuuwieM HHTepecyioline Hac ypasHeHus § 17.03 B Bune

n2a?=Q(r, v)-+ n2a?db, )
Dv——h-=S(r, o). @
—D"’ =T (r, v), A3)
| i (]
+2dedt s=5[Ra,
4
r_lor, @
r or

3aeck R(r, v)=R,-+ R;. U3 pasencrs (5) § 7.06 u (6) § 7.06 Mu
B cay4ae 7T=0 noayuum

Ry =mn?r? (ﬂ)a [% —I-% cos2 (v — v,)] , 6))

Ry= ’";"2 (-(%)r (q') [g cos(v-v,)+-§-cos3(v—v,)] (6)

npuyeM R, — Manad BeJHYHHA nopsaka m?, a Ry — Manas BeJMyHHa 7O-
psaka m4, Tak KaK MH NPeANoJaraeM, 4TO a/@, uMeeT BTOPOH NMOpANOK
MaJNOCTH OTHOCHTENbHO m?2.

Ha ocHoBanuu TeopeMn Dfinepa MM MOXEM HAmHCATh CleRylOliHe
obumue dopMyan:

dR oR OR
or —2R21 r——s--—-3R3. I’l 0]'2 —3R2’ (7)
ORs _
l'l orls — S— 4R3.
Iostomy
OR OR 1
r o =Ry 3Ry = — - (3Ry+4R). ®

dopmyan (5) u (6) § 7.06 nokasmBaior, 4TO B OOLieM caydae R
ecTb (YyHKUHA OT ¥ —v;. IT0 CnpaBel/nBO, B YaCTHOCTH, Ras (opMya
(5) u (6) nacrosumero naparpada. CaenoBarenbHo,

R __oR
ov 0o,

Hanee, kak u B (17) § 7.06, umeem
V—v,=§+2esinM —2¢;sin M, ....
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Iostomy
OR oR oR 2R _ MR
T &' ww—E HTL ©)

PaccMOTpHM Temeph HHTerpas, KOTOPHIfA BXOAHT B BhIpameHHe AJs Q
B nepsoft u3 ¢opmya (4). Mmeem

dR _ d'R
at T Tar +0r, ‘+ ()v

Mosromy, npnﬂnuaﬂ BO BHUMaHHe QopMyan (8) u (9), moayuaeM

IR =& R+ RY+BR+ 1RY 1 4 2R g,

_4R2+5R3+2f(3R2+4RJ) dt+2f X odt. (10)

AHanoruuio

1 oR 1
S=—'_T o—sdt, T=7(2R2+3R3). (11)
Iaa yno6erBa Mu 3amuueM ¢opmyay (10) B puae
Q=4R2+5R3+Qo’ (12)

rac Yepes Q, 0603HauyeHH ABa MOC/ACAHHX 4/eHa B STOR dopMyse.

Tenepb MOXHO YKa3aTb MeETOJN pellleHHs YpaBHeHUH — 9TO MeTon
noc/ae10BaTeAbHHX NpuOAmicenn. Mul NPOHAMOCTPHPYEeM STOT METOA Ha
npuMepe peuenns ypashenns (1). Iloaoxum r =p—+3dr, v=w-} v,
rie p— MOAHGQHIMPOBAHHLNA PaAHyC-BEeKTOP H, KaK yBHAHM MO3XKe, 3r —
Majas BeJMUMHA nopsika me,

Hafinem npexne Bcero pasnoxenue Q. 3anuueM Q B c/elyomeM
BHIE:

Q=Q( w)+ 81Q—l‘82Q: (13)

81Q=(-‘-’Q-) 8r+(%%—) s, (14)
=3[ 58) e 2L e+ {)owr) 0

npuueM (6Q/dr) H T. A. 03HAYAIOT, YTO MOC/]e AMPDEPEHUHPOBAHHS 7' W
v 3aMeneHH Ha p N W,
CoraacHo dopmyae (10), umeem

Q. w)=4R;+5R;+2 [ (3R; + 4R;) - dt-|-2f Srvidt. (16)

rae R;, R; Bupaxawrcs dopmyaamu (18) n (19) § 7.06, ecan B nnx
noaokuTe =0, N==gnt+c-—2 u sameunts M Ha ¢. Takum oGpa-

rae




§ 12.09. Ypasrenus, xoropem ydosaersoparor p u w (y = 0) 351

3oM, Q' =Q(p. w) mMoxer Gurb natincno ¢ moGof TpeGycMmofl cTenenbio
TOYHOCTH.

PaccmoTpuM Tenepb Beanunny (0Q/0r), mxousuyio B paseHcTBO (14).
Hs ¢opmyan (10) npu nomownt pasencts (7) no.ayuaem

%-:-1—(8R2+15R3)+2f—}(6R2+12R3)—:,lldt 4+
+2f 1 @R, + 3Ry 9, ar. an

ITostomy (0Q/0r) nonyuaerca u3 pasencTBa (17) nyTeM 3aMeHun R,
R, Ha R}, R,. Auanoruyno

()= )= 2028

R, aR;) 2 O°R
+2f(3 S+ 45 —;l—dt+2f—65—2-dt. (18)

Takum oGpasoM, kosdduunents npu or u dv B dopmy.te (14) moryr
6uTb Hafiaensl ¢ n06oft TpeGyeMOR cTemeHblo TOUHOCTH. TeM Ke caMuM
NyTeM MH NOJAYyuMM pasjoxeHne ¢yuxkuuu 6,Q, onpencaseMol pasen-
crBoM (15). Hanpumep, u3 pasenctsa (17) umeeM

9°Q 1 0 ,0p ‘
(7o) = o BRI+ 15R)+
19 p nF S 1 0 , N

Vpapuenne (1) Toraa npespaturca B AuddopeHmuanLioz  ypableHue
OTHOCHTENbHO 87 W GyJer HMeTb BHA

3 D6+l — B+ met = Q@+ 2Q+2Q+ ... + %2,
(20)

ITepsoe mpubanxenue Aaa Sr nmoayvaercd, ecau npenebpeur BeanunHoR
(8r)2. Bonee BHICOKHe NPUGMIKEHHS HAXOAATCA OOLIYHLIMH METOMAMH.
VpasHenns (2) u (3) npeoOpasyl0oTcsi aHAJIOTHUIHLIM OGpPa3oM.

§ 17.09. YpaBHenus, KOTOPHM YAROBAETBOPAOT p H W (7 =0)

YpaBHenne (20) § 17.08 u aBa Apyrux, NOJAyvawULUXCA W3 ypaBHe-
Huft (2) u (3) Toro ke naparpada, yaoGHO npeoGpa3oBath, eclM BOC-
NO/Mb30BATHCA YPaBHEHUAMH, KOTOPHIM YAOBJAETBOPAT p H w npu =0,
Pance MH HMenH

%:l—ecosgo-{—%—e?(l —C0829) ..y

w=nt+4¢-| 2esiny + -i—e?sini!cp even
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rie o==cnt-4¢ — o. Iycts
==¢nt }-¢-} 2esine,
w=wy+n(l —c)t.
Nyctb, nanee, t=c¢. Toraa

TaK 4TO

=1—ecos(ntte—a)+ ...,

wy=nt-+}e-+2esin(nt+e—a)....

OueBnnHO, 4TO p H W, COOTBETCTBYIOT HEBO3MYLIEHHOMY ABIHXEHHIO
B NJOCKOCTH SKAHNTHKH, NMpHYeM BpeMsa o603HaueRo yepe3 t. [10.10HM
B ypasHenuax (1)—(3) § 17.08 R=0. Toraa p u w, GyAayT yaoBiac-
TBOPATb ypaBHEHHAM

ale

p—

N
dwy, by 1 d% |, nfa® ( dw, )’ =0

dv — 7' T p® Tdv

oTKyAa
2242 (2 — 1
dt’ — (P =c?n%a (p )

3 2
Gy __ ¢hy ._l_d"+ 22_.{"___0
dt ? ' p df o

!O'-'

B stux ypasHenusx hy=na?}/1 — e

Tak xak xaxaoe u3 BHpawkeHu#t ¢2—1 u ¢—1 sBAdeTCA BeAMUH-
HOft mopaaka m2, TO MpeAblAyLUHe YpPaBHEHHs MH SamulleM CAeLYIOLHM
o6pasom:

%Dz(%)z_,ﬁ_-{-n? n2(c2—1)(i-l). M
wa—-PL (c—l)(-—-——n) @
D2p+n2_3___::;_(02_1)(i‘2’__n2 ::) 3)

Mockoabky (a/p) —1 ecTb Manas BeJMYMHA NOPsAKA €, TO MpPaBas 4acThb
KaXAOro W3 STHX ypaBHeHWH HMeeT NMOPAROK mle.

§ 17.10. YpaBHeHHe Aas pajfHyca-BeKTOpa

Mu Gynem ucxoaurb M3 ypasHenus (1) § 17.08. Bmecro Toro uroGui
NPOH3BOAHTL B HEM PA3JOKEHHS MO CTemeHAM dr, rAe dr ==r —p, 414
Aanblieftiiero Gonee ynoGHO pa3faraTh NO CTeneHAM BeJHuMHH 34, ompe-
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lleiieMOM NMpH NoMOlUM paBelICTBA

i=%+w, ()

r
H3 KOTOpOro Jerko HaftH, 4Yto

8r-—~-—8u+ (bu)2-—- @up....
[Tostomy

1r2_ 1(p\2_(p)3 3 (.Y 32
F—H{af — (8w Voo
[lycte P onpeaeaserca Qopmy.o#

S (DRSO (TS
Torna

lr_1¢ .ip

n ypasuende (1) § 17.08 npuxumaer Bug
%D"’(%)z—nz%-l—n?-—D2(6u)—n28a+P”=%+n26b.

rie P’ =(d?/dt?) P. Bocnoabs3osasiucs teneps ypassenueM (1) § 17.09,
noayuuM

D’(Ba)-{—n?ba—-n’(c”—-l)(—-— l)«-—-Q--l—P” n2d. 3

B stom ypasiienun Q u 3b sBAAIOTCA MaJLIMM BeJMYHHAMH ToOpaaxa m2,
a nepBhi} u/leH NpaBofl yacTH uMeer nopsaiok m2e. CornacHo paseHCTBY (2),
Ko3¢duuuent npu du uMeer nopasok e. [IpH moayyeHuu nepsoro npu-
6/1eHHs (C TOYHOCTbIO A0 MaabiX MOpAnKa m3, Tak Kak MpeanoJjaraercs,
YTO MOPAAOK € COBMajaer ¢ MOPALKOM M) Mbl NOMKHB DPacCMOTpETb
TOJbKO NepBHIt 4aen BbipaeHHa A P B ¢opmMyse (2).

Ipu pewenun ypasnenus (3) metomom IToHTeKy/aHa mpeamonaraercs,
4yro 34 MOXHO NpPeACTaBHTb TPHTOHOMETPHYECKUM PAAOM, apryMeHTH
Y/IeHOB KOTOPOTO 3aBHCAT OT £, @ M ¢;, 4 AMNJHTYAAMH fABJAIOTCA He-
onpeneneHHne Kospduuuentnl. Ecau Takoe oOliee BhipaxkeHHe Aaa du
NOACTaBHTb B ypaBHeliHs (3), TO OHO NMpPeBPATHTCA B TOXKAECTBO, B pe-
3y/AbTaTe 4Yero MH MOJYYHM NOC/JAef0BaTeAbHOCTb YPaBHeHHH, coldepia-
WHX 3TH HeompeleteHHble KOSpHUMEHTH H BeJuuHHn ¢ H 8b. AHano-
FHYHHHA MeTOL NpPHMEHHM M K pelleHnl0 ypaBHeHuBt (2) u (3) § 17.08.
TakuM 06pa3oM, noJyuaeTcs AOCTaTOYHOE YHMCJIO YpPaBHEHHH AJs Bbipa-
XKEHHS HeompeleNeHHbX KO3(pQHUHEHTOB M NOCTOAHHLIX ¢ M 8D uepes m,
e u e,. Ilpexae yeM paccMaTpHBaTb 3TOT MeTOJ B AeTaJAX, Mbl ClejaeM
B clelylomeM naparpage HeCKOJAbKO 3aMedaHHH O HEKOTOPHIX YJeHax,
KOTOpHIE NOSBJAAIOTCA B NPaBo# vacTH ypasHeHus (3) 3a cyeT BO3MY-
waioued QPyHKLHH.

23 V. Cmapr



354 Taasa 17. Teopus Jlynw [lonrexyaana

§ 17.11. O HexoTOpHX uJeHax Bo3MymaiomeR QyHkuun

Tunnuynbifh 4nen npasol vacty ypasHenus (3) § 17.10 moxer GuTb
3anMcaH B Bule

n?k; cos (af -+ Bo + 1¢)) == n%; cos (pnt +q), ¢))

rae a, B ® 7-—noNOXHTe/NbHHE WJAH OTPHUATE/NbHBE LeAbe YHCAa,
a k,— Maane nopaaka m' no cpasHenuio C e, e, m, a/a,. Janee,

t=@m—n)t+ ... =n(l—m)t+ ...,
e=cnt+ ... =n(1—%m2+...)t+....
¢y=nmt+ ... =mnt+ ....
HostoMy p B ¢opmyae (1) Bupasurca dopmyaoi
p=atp—m@—1—>pm @
Caenosare/bHo, ypasueune (3) § 17.10 aaa 3u MoxHO 3anucarb B BHae
D?(u)+ n?du =n2A~+ n? X k, cos(pnt +q). (3)

IMpn BHBOAEe STOrO YypaBHeHuA Mbl AJ8 mpocToTH or6pocuau P, Cre-
AYOWHHA 1Al COCTOMT B MOJAYYEHHH YaCTHOTO pelleHus ypasHeHus (3).
HUmeem

=4+ ,—%—p,cos(pnt—}—q).

Cayuad 1. Ecau p uMeer Bup
p=1+4amtpm+ ..., %)

rae 2, %0, 10 RJ(1 — p?) ~—k,/2am. [losToMy uacTb peleHnus,
coOoTBeTCTByWOlaA uaeHy (1), B sToM caydae umeer nopsapok [ — 1. Cae-
L0BaTeAbHO, YTOGH MOAYYHTb 34 C TOYHOCTBIO A0 MAaAHX MOpPANKA I, Mb
AOJKHB BK/IOYHTb B NMPaBYIO0 4acTb ypaBHeHus (3) ujieHw nopsaxa - 1.

Hs dopuyan (2) caenyer, uto p Oymer umetb Bua (4), ecau
a+4B=1, a— 7 0. ApryMeHTamin TaKHX YJEHOB ABAAIOTCA, B HaCT-
Hoctu, £ 28—, 3t — 29, u BoOGIIE

S04+ 1) 90 ZX—e+ 2+ 1)1 X—204+C+ 1)1 -« e»

rae 1, 0.
AHanoruyHeie YjeHn 6yny1‘ H B YPaBHEHHH AJs ROJrOTH C TOH JHLUIb
pasHuueft, 4TO TaM ¢ saMeHenO Ha 7 (=gnt-}e— Q).

Caywad 2. Ecnu p vimeer BuR

p=14fmt+ ...,



§ 17.12. Busacaenue Q (p, w) 355

TO
_kl._.~_i
—p =~ " Bm

Takum oGpasoM, B 9TOM cayuae ujeHy (1) GYReT COOTBETCTBOBaTbL B pe-
lEeHHH YJeH, uMelowuf nopanok [ — 2. CrenosaTeabHO, €CAH HaM HYXHO
noAyuuTh 84 RO mMOPsAKa ! BKJIOUUTENbHO, TO MH JOMKHE B MPaBYI0
YacTb BKJIOUHTb HEKOTOpHE uJeHH nopsaka {-+2. B atom ciayyae MH
U3 GopMyaH (2) ROMKHH HMETh

a4pf=1, a—qy=0, P=£0.

AprymentH Taknx uaeHo uMelor Bua (1 —B)&+Bo—+ (1 —P) o, Tu-
NMUYHBIMH apryMeHTAMH B JaHHOM Cayyae sBaslotca @, 25— 29,
3t —2¢+ 39, .... AHanornuble apryMeHTH GyAyT H B yPaBHEHHH O
DOATOTH, NpHYeM poJb ¢ Gyser urpath 7.

§ 17.12, Buuncaenne Q(p, w)

B srom naparpade mMu onycTuM B R mapannakTHYeCKHR ufieH, T. e. Ry
H MpocTO nonoxuM R ==R,. CornacHo pasexctsy (16) § 17.08,

Q' =Q(. w)= 4R2+6fR2—’dt+2f—-v,dt (1)

1) Tak kak
r 1
7:—=l —e, cos',ol+—ef(l —cos 29)),
r: =1-}-¢, cos ¢, 4 e2cos 2¢,

?l = nl =mn,
TO C TOYHOCTHIO A0 MAAWX MOPSAKA €2 HaXOLHM
.o . 3
7 = mne, (smql -+ 3 € sin 2:;;,) .

C nocraTouHo# Ans HamuX uesdefl TOUHOCTLIO Aafdee nojayuyaeM

Ry =  m*na® (1 + 3 cos 2+ 3¢, cos @y, 2
nosToMy
Rh .:_' =1 mnda%e, [sin o+ -g sin (28 ¢;) —

1
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356 Frasa 17. Teopua Jyuot ITonrexyrana

Tak kak t==n(l—m)t+ ..., ¢y==mnt- ..., TO BTOPOH# uJieH
B npasoit uacTH ¢opMyan (1) ¢ TOYUHOCTBIO 1O MalHX nopsaaka m2e?,

T. e. m4, pasen
— —g- m?n2q? { e, cos ¢+ —Z—me1 [cos (2t 4+ ¢,) —cos (25 — <pl)] +
3
+ 5 elcos 29, } )

OTclona BHIOHO, YTO MHTerpHPOBaHHE uJjieHa C Sin¢, YMeHbIIMT ero no-
PAaoK Ha enuHuuy. ITosTOMY 9TOT uileH HYXKHO BK.TIOYHTh B hopMyay (2).

2) PaccmoTpuM Tenepb BTOpPO#t HHTerpaa B ¢opmyne (1). Tak kak

v, =nt-+4¢ 12, sincpl+ 5 e?sin 2¢,,
TO
irl= mn(l—|—2el cos:,cl+%e"l’cos2gol). 4)

Hocxonbxy rI/rl Ha OJAMH TMOPALOK BHIIE, YeM fv,. Mbl PaCcCMOTPHM
YjleHH B Rz, NOPAAOK KOTOPHX Ha eluHHUY Bhille, ueM B dopmy.e (2).

HHrepecyiomue Hac Y.jeHbl B Ry, KOTOpbHIE 3aBUCAT OT §, BHIPAXKAWOTCA
tdopmyaoft

R —m2n2a2[3 cos 2 -—% e cos (2: —cp)—i—% ecos (21 +¢)+

21 3 . 1
+ T acos@E—g)— 5 &8 Gi+a) 5 Scos@ —29)| )

OTKyZAa Cpasy Ke HaxoauTcs 0R2/0’ ITocne yMHOXeHHMS BhIpaXKeHHs
s 0R2/0- Ha BbIpaxkeHHe (4) H HHTErpPUPOBaHHMs HafzeM

0R2 . 3cos 28 9 cos(2%—¢9)
2 — Om3p2g2 -

2 [ it =2m*n’a [4(l—m) 3T Fm—¢ +
3 cos(X49) | 27T cos(B—p) , 3  cos(%H+¢q)
+ae 2—=2mFc T T O g T T4 2—=2m-+m +

_|_ 15 2 cos (2&—2(9)]

l—m—c¢

(©)

Tak kak ¢ ~ 1 —3%,m?, TO 3HaMeHaTeJb NOCJeJIHEr0 UJeHa ABJAETCS Ma-
7A0# BeJaMYMHOM nopsaaxka m. MMeHHO NOSTOMY Mbl H BKJIOYHIH YJeH,
conepxauuit MuoxuTenb €2 Tpasyio yacTh npensinyiiel GOPMY bl MOXKHO
3amHCaThb C TOYHOCTBIO A9 MaAbiX BEeIMYMH TNOpAAKAa m? BKIIOUMTEIbHO.
Toraa ko3pdHUKEHT NMepBOro ujeHa B CkoGKkax, HanpuMep, 6yneT paseH
3/4(1 4+ m); xo3pduuneHT BTOPOro ujeHa GyleT paBeH —¥,e M T. A.



§ 17.13. Pewenue ypasnenus 0aa paduyc-sexropa 357

U U
3anuchiBas, Kak M panbule, Q =4Ry—+ Qo rae Qy— cymMma #ByX
nocaenHux 4iaeHos B dopmyne (1), HahmeMm

Q, = m’n?a® [% m (1 - m) cos 25 — 9me cos (2: — ¢) 4
~+ me cos (2-2+<;)——14£e2cos(25 —2<p)——--g-e1 cos ¢, -+
-+ % me, cos (25 — @) — % me, cos (28 + ¢,). )

7
Ecan caoxutb 4R; ¢ NOCAeOHHM BHIPaXEHHEM, TO MH NOJYYHM BHIpa-
xeHne aas Q.

§ 17.13. Pemense ypaBHeHHS DA pajHycCa-BeKTopa

Jlaa Toro yro6bl MNOSCHUTL MeTonx [loHTeKyaana, Mbl COXpaHHM B Q
n P’ nuuwb Te uYleHH, KOTOPbHE MMEOT CJelyloliMe apryMeHTh: @, 23,
2; —o u 2t —2¢. [TosToMy Mbl npeano/oXHM, YTO Ou (B 0603HaYEHHAX

IToHTekynaHa) Bepaxaerca ¢opMmyoH
Su == a,—+ a,e cos ¢+ a,cos 25+ aze cos (28 — ) - a,e? cos (25 — 29).
M

B KOTOPOH @ — BeaUYHHBI, MOAJEeXKALIHe OmpeneteHHio ).

1) Buuucasenue Q'. CoxpaHas JuIlIb Te YJIEHH B Ré 1 Qo KOTOpHE
BHPAXaIOTCA COOTBeTCTBeHHO ¢opmyaamu (18) § 7.06 n (7) § 17.12
H HMEIOT YKa3aHHblE BhILle apryMeHTH, Ha#aeM

£=m2n2[1 —2ecoso+3 (1 —{—% m)cos?i—

a3

— 9 (1 4+ m)cos (2t —9) +%’5- e2cos (28 — 2cp)].

2) Buuucarenue P”. Coraacio ¢opmyne (2) § 17.10, ¢ paccmar-
puBaeMo#t TOYHOCTBIO HMeeM

-_--[(%)3-— 1]'6u=(3ecos¢ — 3¢2) du.

.

[ToncraBum coaa supaxetue (1) 1% d¢ ® nocste ynpouwieHu# COXpaHuM
TOJBKO YJeHH ¢ BHIOpaHHBIMH apryMeHTaMu. Toraa HafneM

P’ = —n? [Saocze cosp+4(1 — m)"’(-g— a;— 3a2) e?cos 2: 4
+ (% ae — 3a3e3) 2—2m —c)?cos (2% —o)+
+6(1 —m —c)agelcos (23—2?)].

') IMontekynaH wucnoan3oBan paBeHCTBO (1) ¢ yuetoM 76 uJCHOB, 3aBHCA-
IHX OT OAHOH HAH GoJee MOCTOSHHMX e, e, W a/a,.
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3) Buuucaserue n’(c’—l)(-f;-— l). Mbl cOXpaHMM TOABKO 4JeH
¢ aprymedToM ¢. Toraa sTo BmpameHnHe Oyaer uMeTb BHA

n3(c2—1)ecos¢.
4) D?(du). s dopmyan (1) umeem
D?(u)=—n?[a,c?ecos 3+ 4 (1 — m)? a,cos 2% }-
+ 2 —2m —c) azecos (2: — @)+ 4 (1 —m — c)’a,e? cos (25 — 2¢)).

Toncrasum Tenepb STH BEIpawenus B ypasHenue (3) § 17.10 aas pa-
aHyca-Bekropa. IlpupasuuBas 3areM KOSOOMLUHEHTH PasHYHHIX YJeHOB
€ OIMHAKOBBIMM apTyMeHTaMH (BKJIOYAA H HemepHOLHYECKHE uyJeHH), MH
noayuaeM 5 ypasHeiuft, comepxautux ¢, 30 u 5 BeaHuHH @ (B¢, ..., @),
OTH ypaBHeHHS MMEIOT BH

ao+m2+8b=0,
a,(1 —c)—2m?+3ay 2 —(c2—1)=0,

a2[1—-4(1—m)21+3m2(1+2)+4(1—m)2( a3—3a2)e2_0 @)
a3[1 —(2=2m —c)?] — 9Im¥(1 +m)+7(2—2m—c)2(a2—2a3)e2=
8,11 —4(1 —m— Pl 4 L m2 4 6(1 —m—cPa; =0,

s BHYMCAEHHA CeMH HEH3BECTHHX — ¢, 36 M NATH 4 —HaM notpe-
Oyerca eme asa ypasHeHus. Kak OymeT mokasaHo B C/ledyiolieM napa-
rpade, STH ypaBHeHHs NOJYYAIOTCA H3 YPABHEHHA LA ZOJATOTH, KOTOPOE,
KaKk MH BMIENH paHbllle, BBOAUT ele OAHY HeussecTHywo h. Heobxo-
JMMOe NOTOJHHTENbHOE (BOCbMOE) YPaBHEHHE NOJYYaeTcl M3 ypaBHeHus
(3) § 17.08. ChaemoBarenbHO, BOCeMb HeH3BeCTHHX —&c, 35, nath @
H 34 — MOTYT GHITb BHIUMC/EHbI,

§ 17.13a. YpaBhenne aas ROATOTH

Ha ocnoBanun ¢opmyas (2) § 17.08 sto ypaBHeHnue 3anuuiercs Tak:
ho (1434
Do — 2 0EW _ 5, o), (1)
rae h 3ameHeHo Ha hy(1-3h). dynkuus S, cornacHo (4) § 17.08, Bu-
paxaerca ¢opmyaoft

OR

S_—f dt-—-,—f—:—dt @



§ 17.13a. Ypasnenue 013 dorzorss 359

Hanee, v=w- v u, cornacio dpopmyxe (1) § 17.10, a/r = (a/p) + du.
Kpome Toro, w ynosiaersopser ypasHenuio (2) § 17.09, umeHHo:

Dw—%=(c—1)(-§-—n). G)

Buiunras ypasHenne (3) u3 ypasHenus (1), MH noayuaeMm 114 $0 creayio-
lilee ypaBHeHHe:

D(v) = M%Eﬂ[(%)z +2 L @]+

1 dR h a?
+— -ﬁ-é-dt——“—,"—n(c—l)(v—-l). 4)
310 ypaBHeHHe fBJfeTCA COBepleHHO TOYHHM. Kak M paHbule, Mu OT-
6pocuM B R mapaiiakTHyecKHe ujieHH, T. e. nojsoxuM R =R,. Kpome
TOro, B MepBoM MpuG.aumeHuu GyseM npexHeGperartb B ypasuchuu (4) uae-
HoM ¢ (3u)?. Haaee, kak nokasaHo B § 17.05, 8u u 3k spanioTca MaaniMu

nopaaka m?% hy==na?)/1—e? u ecam npenebpeus (3u)?, TO
1 1 [(a)? a =
w=a[(f) +23u] ®

C TOuHOCTbIO A0 MaIuX nopsaka m3 ypasueHue (4) Oyier uxerb ua

3

1 a\? a
= D(v =(_ 3h+2 2 8u
7 DG =(3) 3h+2 T du+
1[/a\> 2 OR;

;‘7[(?) —|—T8u]fw-dt-—2e(c—l)cos?, ©)
NpHYeM € W m pPacCMaTPHBAIOTCA KaK BeJHYHHB OZHOTO U TOrO e MO-
paaka. Kak u B ciayuae ypaBHeHHA A/ PaAnyca-BeKTOpa, MH OrfpaHu-
YHMCA TONbKO TAKHMH 4YJEHAMHM, apryMeHTaMH KOTOPHX ABJAIOTCA 2%,
2t — ¢ u 28 — 2¢. Toraa ¢ TOUHOCTbIO A0 MaibX nopaaka m3 uataem, uro

R, 3 9
f —oez-dt-.-.—_m?na2 [T (14 m)cos 23 —ge cos(2: — =)+

15 o cos(25—2',=)]
T Tom—c | ™
C paccmatpuBaeMOft TOYHOCTBIO KOIQdHLUKEHT B MOCeAHEM U/eHE BHYTPH
KBaApaTHHX CKOGOK pasen — 15e2/m. MiMeHHO MO3TOMY Mbl H OCTaBHJH
97T0T uneH. Tak Kak BHpaxeHHe B npaBoft u4acTH paseHCTBA (7) eCThb
Masnas BeJnuMHa mopsaka m2, 10 B popMmyae (5) AOCTaTOUHO OTGPOCHTD du
H MPOCTO 3aMHcaTh
a?
'P—z' =1 + 2e cos Qe
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Mu Torpa HaHaeM, 4TO

1 OR 15
T 6&2 dt-m’[ (14 m)cos 28 — — e cos (25 — ¢) —
- 157 cos (25—2',9)]. (8)
Mu Takke uMeeM
(%)2 8h =3h - 2e8h cos .

lMoacTaBus Tenepb BolpakeHHe Aaa ou H3 ¢opmyan (1) § 17.13
B dopmyay (6), Mb noayunm
% D @v)= Ay;+ Ajecosp + A,cos 25+
—+ Asecos (2; — @) 4+ Age?cos (28 —2%),

rae
A0=3h+2ao+ alezu
A =2h+2a,+ae?+2a,—2(c—1).
A,=2a2+a3e2+im2(l+m). (N
Ay=2a,+ az—-?mz.
A4—a,+a3+2a4—%m
[Mostomy
= Apt+ By+ AL esinqa—l— TR+
in (26 — 3 sin (25 — 2
+A3 esn( ?) + A4 € ls:l_(m__c?) , (10)

H, CJIeROBATE/bHO, TaK KaK

W= nt +e+2e(l ——esi)slnqa.

TO

=w4lo=n(l +A0)t+e+Bo+2e(l —‘T’-g-%)smcp-i-w,
1)

rae uepes 3v' o6o3HaueHn uieHH B ¢popmyse (10), apryMeHTH KOTOPHX
paBHu 28, 28 —¢ u 2% —2¢.

Beanuuna B, He 00s3aTe/bHO ABASETCS NMOCTOSAHHOM MHTErpUPOBaHHS,
TaK KaK NMpPOW3BOJBLHOR NMOCTOAHHOR MOXHO CUMTATb yXKe BBEJEHHYIO Be-
AHYHHY e,

MH npHMeM, YTO HenepHOgMyecKas uacTb ¥ B ¢dopMyJe (l1) pasna
nt—e u uto Kosdduuuent npn sing pasen kosdpduuuenty npu sin M
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1
B HEBO3MYLUCHHOM IBHXKEHHH, & MMEHHO 2e( 1 —3 e2). MMostomy Ay==
\

=A;=0,1¢
3 +2a,+ a,e?2=0, (12)
28k 4 2a,+ a2+ 24y —2(c — 1) =0. (13)
A1oT MeTOA oOnpeleteHus Kod3pduLHeHTa npH sing OTAUYAETCA OT Me-
tona [ToHTeKynaHa TeM, YTO TNocAelHuft cuuTaer kosdduuueHt A, Heon-
peneseHHHIM, a4 3aTeM, KaK M B cayyae kospduuuentos A, A, ...,
BLIpaXaerT ero uepe3a m H e. [IpueM, NPHHATHHA 31eCb, HMeeT MPeHMY-

1eCTBO B TOM CJyuae, KOTAa JJ8 BHYHC/JEHHS NOCTOSHHHIX HHTErPHPO-
BAHUA HCNOJABL3YIOTCA HabaoaeHHs.

§ 17.14. Ypasnenue gas T

CornacHo dopmyne (3) § 17.08, 310 ypaBHeHHe 3aNHChIBaeM TaK:

F B2 =T, (1

3 ¢opmyan (4) § 17.08, npenebperan, kak u pattee, YaeHOM R, HMeeM

OR 2

rT—=—— 0" ';_- R2.

3averuM, uto ypaBHeHHe (l) He fBAfeTCA HE3aBUCHMLIM YPaBHEHHCM.
OHO MepexoouT B TOXAECTBO, €CJAH B Hero MOACTaBHTb MOJYy4YeHHble pa-
Hee dopMyan aas r u v. CreloBaTeJbHO, HenepHOINYECKHE UJEHH, NO-
apasounecs B ypasHeHuu (1), 6yayT naBaTb COOTHOLIEHHE MO MeHbllefi
Mepe MeXIy IBYMA H3 BOCbMH HeH3BECTHBLIX v, 8h, c v 4y, ..., a,

Tak KaK r He CONEePHHT MOCTOSHHEIX 4YJ€HOB, TO MH €ro OT6pPOCHM H
sanueM ypasHenue (1) B Buae

. nad

rot=-—3 —% R,. 0]

HafineM mpexie Bcero HemepuHOIMUeCKHe YJEHH, BXOAALIHE B ypaB-
nenste (2), € TOYHOCTHIO A0 MajbX TpeTbero MOPAAKa BKJIOYHTEJbHO.

n2ad n’as

ny L= +22—aa—

=n2a[l—|—§-e2+...+2(l+ecosq>)(a0—|—a1ec05@+ ...)]=
2q (1 —|—%e2+2a0 +a1e2); 3)

2) %R2=%(l+ecoscp)-m2n2a2(—‘1i—%ecoscp)=—;-r2n2a;(4)

3) v=w-+D®v)
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Coraacno ypasuenuio (2) § 17.09,
w——+( ——l)(——n)
rie hy==na?}y 1 —e% C TOYHOCTbIO 1O YJEHOB TPeTbEro MOpALKa

Py c’_hg_ 2nchy (1 — + 2ch0
et p?

IMostoMy, Tak Kak r=p—p @u/a?) u c=1+q.1eHu BTOPOrO H BHIC-
WHX NOPAAKOB, TO
. 20244 — p2 2,2 —
m2=nca(: e?) 2n%a2 (1 —¢)
P 4
TMocroAnnas yactTb NMepBOro ujeHa B ypaBHeHun (5) pasHa

n%%a (1 —e’)(l +— e2) uan n2a (l +31— e’).

D (v).

"P“ au+2n 2 Dev. (B

TMocrosHHas yacTb BTOPOro uieka pasHa 2n2q (1 —¢).
Tpetu#t unen paseH

—n2a(l +—;— e+ 2ecosg+ .. .)(ao—l— 8,6co08¢+ ...)
M €ro NOCTOSHHAA YacTb MPHBOAHTCA K BHAY
—n’a [ao (l + % e’)—l—- a,e’].

Tak kak, coraacno pesyabrataM § 17.13a, Ay= A, =0, TO uer-
BEPTHI UJeH He COAEPXMT MOCTOAHHOH YaCTH.

Bca nocrosHHas yacTh B rv? NoSTOMY papHa

n’a[c’(l +%e2)+2(l —e)-—ao(l +—;-e2)—a,e2]
HJAH

u’a[(c—l)”—l—--—e?—l—-l—ao(l+——e2)-—a,e2]. (6)

npuYeM ujeH (¢ — 1)?, KoTOpHH ABAAETCA MajoOR BeAHUHHOR mopsaka ml,
MOXHO OTGPOCHTb.
H3 dopmya (3) —(5) Mu TOrAa noayuum

3a°(l -|-—e2) 420,62 — 5 m?=0. )

310 nocaenHee, BOCbMOE, ypaBHeHHE, KOTOpOe HaM 'rpe608anoc5 Bhl~
BEeCTH.



§ 17.15. Buuucsenue 80coMu nOCTOAHKX 363

§ 17.15. Buuscaenne BOCHMH MOCTORHHEIX

Mut umeeM nate ypasuenutt (2) § 17.13, asa ypasmenus (12) u (13)
§ 17.13a u ypapnenne (7) § 17.14. B nepeoft rpynne u3 natu ypas-
HEHHA MH YNPOCTHM HEKOTOPHE H3 KOS(PPHUHEHTOB, HCMOAL3YS TOT
¢akt, uro ¢=1- Mannle nopsaka m? u npeHeGperas BLICIUKMH CTe-
neHAMH m. Toraa STH BOCeMb YDaBHEHHH NPUMYT BuA

o+ m2+ 86 = 0; 0]
3a,cl4a,(1 —c?)—2m? — (¢2 — 1) =0; )
-—3a2(1 —3m +i;-m2)+3m2(1 +5)+

+4(1 —2m) (g a,— 3a,) €2 = 0; @)
4m (l — —181- m) a3 —9m2 (1 4+ m) -+—-,‘}(l —4m)(a; —2a,e)=0; (4
a4 (1 —4m) 4 22 m2 | 6mPa, = 0; o)
3h+2ay+ a,e2=0; O
2%+ 24,4+ a2+ 20)—2(c—1)=0; )
3a0(l —|—%e2)+ 20,62 — 5 m?==0. @®)

Hckmouus 32 u3 ypasHenuf#t (6) u (7), noayuum
28y — 8,(2 — %)+ 2(c — 1) =0, ©)

OTtH ypaBHEHHS DelaloTCA METOLOM NOC/AeA0BATENbHEIX NMPHOAHKEHH.
IIpuHnMas BO BHHMaHHe TO OGCTOATENbLCTBO, YTO ¢ == |-} ujeHn mno-
psaxa m?, Mu u3 ypaBHenus (9) noayuaem, uTO @, 4 &, SBASIOTCH
ManbMH no Kpafine#t Mepe nopaaka m2. IlosToMy u3 ypasHenus (8)
C TOYHOCTBIO A0 TPeThbero NOPAAKA BKMIOYUHTENAbHO HAXOZHM, YTO

a, =-é— m2.
M3 ypasnenus (9), npenebperas uneHoM a,e?, GyaeM uMeTb
a,=ay+(c—1). (10)

Ecan B ypashennu (2) mpeneGpeub uneHoM a,(1 —c?), 10 310 ypabHe-
Hue MOxeT ObTb 3aNHCAHO B BHAE

1 3
-§-m2(¢:’— l) -3 m’—-(cz— l) =0,
OTKYAd ¢ TOYHOCTHLIO N0 MaJabX NOpAlKa m? uMeeM

3
2 e | — 2
=1 2m
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HIH
c==1——z-m2, (11)

a 9TO COBMAndeT C paHee MOJyueHHHM pesyabratoM. Us ypasuenus (10)
C TOUHOCTbIO A0 MaJHX mopsaka m® moayuaeM

7

a u3 ypasHenua (6) —

1
h—=— 3 m2,
Jlerko HaXOAATCA Takke mnepsble NPHOAHKEHHA AN KOSPOHUHEHTOB 4.,

a3, Gy
Toakas ceoaxa ¢opMysn nepBoro npuG.aHKeHHA TAKOBA:

7 1
a, =% m?  ay=—-gm? ay=ml = 'Bé m2,

a4=—-l43m2. c=l—%m2, Eh=—%m2. 8b=-—%m2.

Bropoe npubauxenue AAA @, NErKO HAXOAHTCA #3 ypasHeuus (3) npu
nomouy oGuuHOrO mpHeMa. B pesyabraTe moayunm

ay=m? —|---?m3—|——14i me?,

AHaaorunyio
15

ay =g m+ %—2742 m2.
Bce ocTanbHbe BeNMUHHH TaKke MOTYT GWTb onpedeneHH ¢ TpeGyemoft
TOYHOCTDIO.

[Tocae sToro Moryr OHWTb BHUHC/AEHH BeAMUHHH Ay, A,;, A,, xoTo-
puie Bxoaar B ¢opmyan (9) § 17.13a. 3areM nerko BHUHCAAIOTCA KO-
¢uLHeHTH Tex uneHoB B BhipaxeHun (10) § 17.09 ana mosmywennst So
B JOJTOTE, APTYMEHTH KOTOPHX paBHh 28, 25— ¢ M 28 —2¢.

§ 17.16. dopmyan nas pagnyca-BeKTOpa H AOATOTH
Mb nMeeM
a a
7—=?+8u. v=w—-+ dv,
FAe @fp W W BHPAXAOTCA MO GOPMYJaM S/IHITHYECKOrO ABHXKEHIIS,
B KOTOPHX cpeanss aHoManua M 3sameHeHa BeAHuMHON ¢. DTH BHpaxe-

HHR JalOTCA N0 MaaLX TPeTbero MNOpAAKa, 33 HCK/AIOUEHHEM YJIeHOB
c apryMextaMn 28— 2¢, ko (k==1, 2, 3, 4), KOTOpHE MO YKA3aHHHM



§ 17.17. Yaenol, 308ucamjue ot € 365

BhlIE MPHYHHAM HAHBI C TOYHOCTHIO N0 MajiHX YeTBEPTOro mopagka. Mu
TaKKe MPUGABHM yJaeHH C apryMeHTOM 25— @, KOTOpPHie pai# MPOCTOTH
6uian onyuieHsl. B pesyabrate 6yaeM uMerb

e __ 1, 1 o 7 2

r.-1+6m +e(l—§e —-ﬁm)coscp—i-
+(m2+—l§ma+—u§me2)c0522+em(-1851—{—%%9 m)cos(?i—go) +-
+ 1—32 em?cos (2:+¢) — -l;fl e2m? cos (28 — 29) +

+eg(1 _%ez)cosgcp_{_%e%osiigo—{—%e4cos4'\c; 1

1 . 11 59
v=nt+e—|—2e(l —-g-e2).smep—|—(? m2—|—ﬁm3+
+ 2 e"’m) sin 2t -}-em(% + 22 m)sin(QE — 9+
-+ 1—87— em?sin (25 + ¢)+ —33% e2m sin (28 — 2¢) -+
5 11 13 103 R .
+—4—(l—?0-e?)e?sin2?+—15e3sin3'9+—9—6—e4$m 49, @)

§ 17.17. Ynenn, saBHcAmHE OT €,
1) CoraacHo ¢opmyne (3) § 17.10, ypaBHeHue A4 3u uMeer Buj

D? )+ 12 bu -~ — P+ 128 — n? (c2 — 1)(-9‘i — 1)=0. )

’
rle ¢ TOYHOCTBIO L0 YJEHOB TpeTbero mopaika Q = 4Ry Qy. Mu pac-
CMOTPHM TOJbKO uJIeHH, 3aBHCAWHe OT mepsoit creneuu e;. Y13 ¢op-
Mmyan (7) § 17.12 umeem

Q=— % m?n2a®e, cos ¢,.
Kpome Ttoro, R; supaxaerca dopmynot (18) § 7.06, ecam 3ameHutb

B Hel M na ¢ u M; na ¢;. OGosnaunM uepes ou; Ty uacTb du, KOTO-
pas 3aBHCHT TOJbKO OT €;. Toraa

D?(3u,)+ n?(@Bu,) = — m?n’, [% cos ¢, +
+ 3 cos @ — ) — Fcos (&% +)].

Hanee, ¢,=nt-}+¢ — & =mnt—+ ... . [TosTOMy uacTHOe pelwieHHe
NpeAbAYyUIEro ypaBHeHHS SamHLIeTcs B BHIe

3 mi 21 m,cos (% —q) |, 3 mle cos (2849
U= — g T S~ T T—@g—dmp T2 I—Qomp
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H/H, eCAH OTPaHHYUTBCA YJeHaMH TpeTbero Mopsaxa, To
3 7 . 1
8uy = — 5 me, Cos ¢, + 5 m?, cos (28 — ;) — 5 m?e, cos (K + ). (2)

2) Ecan $v, — Bo3MyuleHHe B QOJrOTe, 3aBHCAllee OT e;, TO ypaBHe-
HHe Ans $v,, moJyyeHHoe W3 ypaBHenus (6) § 17.13a, Gyader
1 a dR;
7D(801)=2?8u1+w ‘—d-e——dt- (3)
Tak kak R; ecTb Manas mnopsika m2,, TO B NeDBOM YjeHe NpaBoH
YacTH ypaBHeHHs (3) AOCTaTOYHO MOJNONKHTb p==4a, 2 BO BTOPOM I = g.
Ianee,
oR, 21 3
_GE?' = — m?n2q? [—4— e,sin (28 —¢)— 74 sin (284 q:l)] .

C TOYHOCTbIO N0 MaJuX MOpaAKa m?e;, BTOPOR uAeH B NPaBOH YacTH
ypaBHenus (3) GydeT uMeTb BHA

21 3
me,[ - cos (2% — ) — g cos (% + ).
CnoxuM 910 BHpaxenue ¢ 28u, W npounrerpupyem, Toraa noayuum

dv, = — 3me, sing, +% m2e, sin (26 — ¢,) — ‘% m?e sin(254-¢,). (4)

§ 17.18. Ynenn, saBHCAmHe OT a/a,

B mpeamaymnx naparpadax MH NOJAyuHJH B MepBOM NPHGAHKEHUH
pellleHHe 3aJaYH C TOYHOCTbIO HO WJIEHOB TPETHEro MOPALKA BKJIOUH-
TeJbHO OTHOCHTE/JbLHO MaAHX BeAHYMH. B uacTHocTH, B ypasueHuu (3)
§ 17.10 ana paauyca-BekTopa MH oTGpocuau P”, a npu BHUHCAEHUH Su
or6pocuan 3,Q, .... CeHlyac MH pPaccCMOTPHM OGLIMH METOX, Pa3BHTHHA
ToHTeKy1aHOM, 3HAYHTE/NbLHO MOJHee,

3necb MH GyaeM HHTepeCOBATHCS TOAbKO caaraiouieft R, BoaMyuiaio-
weft GyHKUHH, KOTOPYIO AJA YAOGCTBA 3amullieM B BHAe

Ry =m?n%?(Acost -+ B cos 3t), 0))
rae
3 a 5 a

Tak kak a/a, paccMaTpuBaeTci Kak Majas mnopaska m2, 10 A u B
HMEIOT BTOPOH MOPYAOK MajOCTH.
Cnenyer HanOMHuTb, YTO a/a, ABARETCA KPaTkoR (OpPMOH 3amHuCH
TOYHOTO BHIPAXFHHUS
E—~M a
E+M ’ a '




§ 17.18. Yaenn, 3asucauue or aja, 367

1) Ypasuenue 04a paduyca-sexmopa.

B nepBoM npuGauxenun Mbl npeHeGpexxem Beanunnamu P’ u 3,Q.
Ecau 3u, osnayaer Ty uyacTb S, KOTOpas BKIouaeT B ce6a MapaniaKTH-
YeCKHe WJeHH, T. €. 4Y/eHH, NPOMOpUHOHANbHEIE a/a;, TO ypaBHeHue
Ans Su, npuBeneTcA K BHAY

D2(8u2)+n28u2=-—%s——%—. 3)
Hanee, Q, Bupaxaerca ¢opmyoh
; OR, -
Q2=5R3+3fR3r—l'dt—i—2f—a—E°-vldt. 4)

TlepBuift HHTerpan 3jaecb MMeeT WIECTOH MOPALOK MAJNOCTH, TaK KaK ry/r,
ecTb Majas mopsaka me,. ITostoMy Mu ero or6pocuM. Bo BTOpoM uHTe-

rpaje AOCTaTOYHO NOJOKHTL U, =n;, =mn. Takkaki=n(l—m)t+ ...,
TO MOC/AENHHA 4jeH B BHpameHuH (4) C TOUHOCTHIO A0 MajaubiX nopsaiaka ms
BKJIOUHTENbHO paBeH 2mR;. Tlostomy

Q= (542m) R,
YpapHenue naa du, TOraa mpuMer BHI
D? Buy)+ n?Buy = — m?n? (5 4 2m) Acost+ (64 2m)Bcos 3t). (5)

Ha ocHOBaHHM MPHHLHMOB, H3JAOMEHHHX B caydyae 1 § 17.11, kospdu-
UMEHT MPH COSE B YACTHOM pelieHHH STOrO ypaBHeHus GyleT HMeTb mep-
BHfl NMOPANOK ManoCcTH. C TOYHOCTHIO 1O ManbiX MOpaika m! Mb uMeeM

542 542
6u2=—m2[ _(-ll-_mm)’ ACOSE+1—__'—9%—_r_n7n-)TBCOS3E]=
15 9 25 .
=—T6-m(1+l—om)a;‘lCOSE—’64fm2%COS3:. (6)

B caenywoueM naparpade Mbl yBUAHM, YTO YJ€HH YeTBEPTOrO MOPAAKA
B KoshduuueHTe NpU cost HalAeHH HaMU MOKa He MOJHOCTHIO.

2) Ypasnerue dra dorzomu.
Ecau uepes 3v, 0603HAUHTL BO3MYLUEHHd B NOATOTe, OGYCAOBJEH-
Hhe Ry, TO, coraacHo ypasHenuio (3) § 17.17, mm Gynem umets

1 a 1 IR
HIH B MepBOM MPHOAMKEHHH
d 1
(l —m)-ﬁ(802)=28u2+mR3. (8)

OTKYAa C TOYHOCTbIO IO MafiblX MOpsaka mt Jerko HAXOIAHM, uTO

802=—(i—§- m+%m’)%sin$+~é—§-m2%8m35' ®
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Kak u B cayuae 3wy, uneHb ueTBepTOro mMopaaka B KoddduuueHTe npn
sinf HafilleHB! ellle He MOJAHOCTBIO.

§ 17.19, Bropoe npubaunxenne aas 84, H 39,
Cornacio ¢opmyse (3) § 17.10, obiuee ypaBHeHue aad du WMeeT BHA

D2 (32) 4 n?3u +—%—P”+n26b—n‘-’(c’—l)(%— 1)_—_0. 1)

Hawa sanava cefiuac 3axaioyaetcs B TOM, 4To6n Hatth du, u 8v, ¢ Tou-
HOCTHI0 10 MaJbiX MOpAAKa m? BKAIOUMTENBHO.

Mu paccMOTpPUM BCe ujeHH L0 MATOTO MOpSAKa BKJAWYMTENbHO B P
H TIOJIHOM BHIPQXeHHH AA Q, KOTOPHE COCTABASIOT KO3QdHLUHEHT NpH COS &;
TaKHe uJeHbl B YACTHOM pelleHHH YpaBHeHHH# AanyT COOTBETCTRYIOLLHE
KO3 (UUHEHTE C TOYHOCTbIO A0 MalbX mopsaaka md.

1) Coraacio dopmyne (2) § 17.10,
P=—[(%)3— 1]ou +%(%)4(8a)2. (10)

rae yepe3 du 0603HayeHO BO3MYLUeHHe TpPH YCJAOBHH, YTO BO3MYILAIOLIAs
¢GyHKUMS paccMaTpuBaeTcs nosHocmsro. TakuM o6pa3oM, du npencra-
BAseT co6OM MOJHOe peiieHHe, KOTOPOe Mbl AOMKHH Obl GbI/H NOAYUUTH
K HacToslleMy BpeMeHH. OQueBHIHO, YTO HOBBIE UJeHH, COJepXKaiire COs &,
MOTYT NOABHTLCA TOJbKO uepe3 nocpeactso (du)2. U3 uneHoB, moss.asio-
muxca B du 3a cuer Bhipaceus (1) § 17.16, Ham HYXHO paccMOTpeThb

TOJbKO C/aAeAyiOllHE:

% m2—+ m2?cos 25.

YUsaenbl, 3aBucsullle OT e;, MO KpaHHeft Mepe C TOYHOCTbIO MaJHX
BeJIHYMH DPacCMaTPHBaeMOTO MNOpAAKa, B BHpaxeHun P” ¢urypupoathb
He 6yayr. B npeaniaywem naparpade MH Hamau 4acTh d#, 0603HaueH-
Hyl0 HaMu uepe3 &u,. C TOYHOCTbIO 4O YJEHOB TPeTbero Mopsika OHa
BHpaxaetrcs (opMmyJoH
15

cosE

TakuM 06pasoM, Mbl TOJyuaeM, UTO HY)KHaSI HaM vactTb B (du)? pasHa
1
~ m2 2 _ 4
&M —~+ m?cos 2§ 16'” cosE

Jlerko BHAeTb, YTO YJeH NATOTO NOpsAAKa, 3aBUCALIHH OT COs§, paBeH
a »

_—i-m:i_a_cos ¢ TakuM 006pasoM, cnaraeMoe, MpoHcxoaduwee oT — P”,
1



§ 17.19. Bropoe npubauxcerue daa buz u dv, 369

paBHO

2) PaccmotpuM Tenepb Beanuusy 0,Q, koTopas Buipaxaerca ¢op-

Mynioft
3,Q = (%) &r+ (-‘;—E’?-) v,

rie ¢ TOYHOCTbIO JI0 Y/IEHOB YeTBEPTOro Nopsanka ManoctTH Q = 4R, 5R;.
OueBHAHO, 4TO MBI MOXeM mpeHeGpeub BeaHunHoO# R,. Ilna wamux ueneft
LOCTAaTOYHO MPHHATH

Q = 4R, = m?n?r2(1 4 3 cos 2%).
Tak kak 3r = — p?(3u/a). TO Mu GydeM HMeTb
3,Q =—2m?n%a? (1 4 3 cos 25) du — 6m2n%a?sin 2: dv.
EnuHcTBeHHbE YJeHB B BLpaXeHHAX Aad d# M 3V, KOTOPHE MOTyT

BBECTH CJaraeMbie B KOS(GdMUHEHT NPH cOS: He Bulllle TPeThero Nopsaiaka
OTHOCHTeNLHO m, OyayT

15

a
Sty=—-gm Ecosi o vy = —sinZ.

15

18 a.

C TOYHOCTBIO N0 MaAbX MOpPAAKA m® Mbl TOTAa HaimeM, 4TO
3Q, = ména (a )cos

1

35 a
ChenoBateibHO, COOTBETCTBYIOUIMH YJdeH B —p- Q —P paseH J¢ man"’a— cost.
1

3ToT ujeH, HMelOUIMA NMATHH NOPANOK, Hy)KHO npu6aButb kK npasoft
yactu ypasHenus (5) § 17.18. Ypaeuenne nns 3u, TOria npuMer BuA

D? (3uy) + n?duy = — m2n2—:l— {[%(5 ~+2m)+ —llsﬂm] cos:- %cos 3t } .

YacTHoe pellleHHe STOTO YPaBHEHHS ¢ TOYHOCTBIO IO MaAHLIX mopsaka m!
onpenensercs OGHYHLIM NyTeM H MMeeT BHI

(18 81 .\ a 2 ,a
6”2——(16 m+T6-m)-a—l-cosE+ﬁm -a—l—c0535. 3)
3) Tak kak MW HIIEM OU, C TOYHOCTHIO 1O MaALX Mopsaaka mi, 1o
dopmyay nas du, MH mMOaydHM, eciiu moacTaBuM B dopmyay (8) § 17.18
BMecTO du, ero BmpaxeHnue (3). Mu Toraa HahmeM

802=—(-r3—m+—m’)—sin5+—§-m2—sin32 )

24 ¥, Cuapr
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§ 17.20. YpaBHenue aas MHPOTH

1. YpasHeHue, onpexneasioilee IWHPOTY, AaHo B § 17.03 ¢opmy-
aoft (3). IMpeneOperas Beauunnamu s3, e, u afa,, 6yneM uMeTb

D'*‘(rs)—(—n'*’(-g-)a rs=%§+-l—%§. )

rae
1
R =m’n’r2[T s ?-|- —(1 —s%cos2 (v-—v,)]
Jlerko BuIeTb, YTO npasas yacTb ypapHeHus (1) pasHa — m2n?rs. Tak kak
rs

2= ViEs s,
To ypaBHeHHe (1) aanuilercsa B BHIe
D’z—-n’( +m2)z=0 2
Hanee,
-; = -‘;- —+ 34,

H ecnu npeHe6pedb BenHuHHOR e, TO p==a. Mu TOraa Halaewm, uto
ypasHeHHe (2) C TOYHOCTbIO IO MANHX 4YETBEPTOro MNOPAAKA BKAIOYH-
TeNbHO HMeeT BHI

D2z n2{1 433 +3@u?2=0. ®)

Ecat e=0, TO ¢ TOUHOCTbIO 0 Ma/JHX NOPALKAa m3 BKJIIOYHTENLHO
BLipaxeHHe a4 du nerxo moayuuth. B srom naparpade MH HCnOAbL3yeM
BLIpaXeHHe 414 84 C TOYHOCTLI0 1O MAanHX MOpALKa m* BKAOUHTEALHO.
Ono HMeeT BHI

3u =—(l),-m2 179 m‘+(m’+—m3+ﬁl-m‘)cos2ﬁ+ 8 —=mtcos 4§,

OTKyZaa 9 1 1
QGu)? = m* (ﬁ -+ 5 cos 24 €08 4E) .

Takum o6pa3oM, ypaBHenHe (3) mpuMeT BHA
D2z 4 n?(1 4+ Am? 4 Bm? cos 28+ Cm*cos 48) z =0, 4
rae

9
A---Q-——
33



§ 12.20. Ypasrenue dan wupotss n

B § 17.06 mu BuAaeau, ut0 B nepBOM NpHOAHKEHHH
Z =qsin7,

rae n=gnt+e~—Q u g=1-43m? Jonyctum, uto 2 BHpaxkaerca
dopmyaoft

Z =blsinn+ Psin(2% —7) + Qsin(Z%+ )+ Rsin(&—n)).  (6)

rie B nmepBoM npHGaHMeHHH b ==1{.

Mu Gynem uckaTh P, Q U R ¢ TOYHOCTbIO 10 Manux nopsaka md
BKJIOYHTE bHO. Ecan 6 M BBeAH BonoaHuTe bHBIR 4aeH bS - sin (454 7),
10 Mamau 6H, uTo S ABAfETCA ManoN BeanunHO# mopsaka mi. 3ameTum,
yro (4) — vacTunift cayva#h ypasienns Matse

[= -]
d2
d—tf-l—n?[l-l—z A,cos2jt]z=0. )
1
pelueHHe KOTOpOro HMEET BHI
[ ]
z= Y, B, cos (gnt+2rt+a), (8)
-0

npuueM B, H & — NOCTOSAHHBE MHTETPHPOBAHHSA, A g — BEJHUHHA, KOTO-
pas BHpaxaercs ueped KoosdppuuneHtH A. D10 3aMeyaHHue OTHOCHTCH
Takke M K BeJHuHHaM B, (r # 0). C aHaiOTHYHHM YypaBHEHHEM MH
scTpetumca B § 18.30.

IMoacraBuM BHpaweHHe (6) B ypaBHeHHe (4) H npHpaBHaeM B JieBO#H
M MpaBO# yYyacTAX NOJYYEHHOTO paBeHCTBA KOS(pHUMeHTH npn sin 7,
sin(2§ —7), ...; B pesyapTare NOJyuHM

| — g2+ Am? — & BPm?+ 1 BQu? =0, )

Pl + Am? — 2 — 2m — gF) — 5 Bm? 4+ BRm2=0,  (10)

QIl + Am? — (2 — 2m — g+ 5 Bm?=0, an

R[1+ Am? — (4 — 4m — | 4 5 BPm?— 3:Cmt=0.  (12)

M3 9THX ueThpex ypaBHEHHH MH METOAOM NOC/]eA0BaTeNbHHX NPHGIH-
KeHu#t onpenenuM BesnunHn g, P, Q u R. Bcnomuum, uro A, B u C,

onpeaenseMsie popmyaaMu (D), MMelOT HyneBoft nopanok. OueBHaHO,
yto P, Q u R mno MeHbllef Mepe SBJIAIOTCA MajALMH NOPAAKA m.

24"
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Ilepsoe npubauxcenue. W3 ypanenua (9) Haxonum

=14 Am? =143 m?
n
3 2
g=l+i—m.

Hanee, Mn noayuaem
3 2
P—-’Em, Q—lﬁfn. R = l28m

Bmopoe npubauxcernue. Onyckaa BCe BHIKJAaAKH, MH TPOCTO MpH-
ROLMM OKOHYATE/]bHHIE Pesy/IbTaThi:

3 4, , 5389

=g m+ g m+ g m
989

=15 m* + g mi+ g5y

—_— 9 3
R——l—2—§m.

Hafinem Tenepb g C TOYHOCTbIO BO Ma/uX NOpsAika m? BK/IOYHTENLHO.
Ecan 6um k mnpaBo#t 4acTh paeeHctBa (6) MH npHGaBHAM uyJjeH
b8 sin(4t+ 7). To noayunan Gu
3 9 273
g=1 —l—Tnz’—ﬁ md— 5 mi, (13)

2. Hatinem Tenmepb COOTBEeTCTBYIOllee BHpaweHne aja s. Ecan mpe-
HeGpeub BeauuuHOH §%, TO z==rs. C TOYHOCTbIO JO MAJHIX NOPALKA M2

s=55-——[1+ m2+m2cos2:]
[Mostomy, mpuHuMas BO BHHMaHHe paBeHCTBO (6), Mu noayuaem
s—(l+6m2)bsin'q+( m—+ 55 m2)bsin(2 -1+
+-1—§ m2bsin(2; 4 7). (14

3. Tax kak s==tg0, rae 0 —umpora JIyHw, TO mnpu noMolM
XOpOIIIO H3BECTHOrO Psla MH MOXEM 3alHCaTh

1 1
—— g3 o5 ..,
s—g 8+ &
HIN, C TOYHOCTHIO O MaiuX mnopanka b3,

=s—%b3sln37;.
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Hcnoabsys d)opuyny (14), noayuaem
o.~(1 4 gm—a b2)bsinn+( mt 2 m’)bsm(2-—~q)—+
-|- i L m2 sln(2§+n)+—1-2-basln 3. (15)

Kak u B ciayuae ko3pduunenra npu sing B poarore, ymao6Ho H xena-
TeJbHO, 4TOOB KO3(pdHUHEHTH NPH Sin7 KaKk B HeBO3MYILEHHOM, TaK M
B BO3MYILEHHOM NBHXEHHH OLIIM ONHHMH H TeMH xe. IlosToMy Mb no-
JAOKUM

-r__b(l +am—1 b'-')
OTKYAA ¢ TOYHOCTBLIO JO0 YJAE€HOB TPETHEro nopsiKka HaxoaHM
( 1 1 .
b=-r(\l —-~6—m2+-4-12). (16

IMpu nomouwn ¢opMyast (16) ko3dpduunentsl B pasencrsax (6) u (14)
MOryT ObiTh BLIDAXeHB Yepe3d 7.
dopuyna (15) aam 6 Toraa npuue'r BHI

0=y sinn-+(§ m+ g5 m?) sin @ —n+
» l -
+-1—6—m'~"r sin(2:+n)+l—2-'{3sin 3. )

Sror npueM, KaKk u B cjayyae AOJrOTH, OTJAHYaeTcs OT MeTOAA, pa3BH-
TOro ﬂomexynaﬂou.

§ 17.21., O6mue 3ameuanns

Mul paccMaTpuBaeM e, &), {7 KaK BeJHYHHH TOTO Ke NOPALKA, YTO
M BeJHYHHA m, a a/a, kak Manaywo nopaaka m2. OkonuateabHoe Gyk-
BeHHOe BHpaweHWe A8 pajaHyca-BeKTOpa (WM, BepHee, 1as a/r), BuiBe-
neHHoe IToHTeKy.1aHOM, JaeTCA C TOYHOCTLIO A0 MalbX Mnopaaka mS
BKJIIOYHTE/IbHO, BHpaXeHHe AN NOJAFOTH B oflleM cJayuae — 10 MajkXx
nopsaka mS, a HekoTopble BamHeHIIHe YJAeHB — A0 MaAbX mnopsaka m’
uau Aaxe mS; HakoHell, BHPaXeHHE 4] WHPOTH — A0 MaabiX nopsaka mé
BKJIIOYHTEAbHO.

Yro6ul MpenOTBPATHTL NyTauuily, Mbl GyAeM CYHTaTb, YTO MNOCTOAN-
noie [lontekyaaHa e u 7 0603HavaloTcA 4epes €y H To. Ero xospouunenr
NpH sin ¢ B OKOHYATEJbHOM DellleHHH ABJAETCA DPAAOM MO CTeneHaM .,
€y To» € H a/a;, KOTOpHH Mb 0603HAYHM TaK: :

QC(m. ey Tor €1 _:T)'
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Haw koa¢duiuent pasen 2e (1 —/ge?). Onu coBnanaer ¢ koadduunenrom
npu sin M B HeBo3MyuleHHOM nsixeHuu. ITostomy

1 a
”‘733:0(”" €o» To» €10 '&T) )
KpoMe Toro, xoadouiuuent IMontexynana npu sinn B ero dopmyae aaa
IWUHPOTH ABASETCA AHANOTHYHHIM DAJOM, KOTOPH#f MH 00603HauHM uepes
D(m. ey 1o € @/a;)). Ham xospduuuent pasen {. Ilosromy

1=D(m, e Tor €1 :—.)' 9))
Beauuuusl e; u 7, MOryT ObiTb HafiieHB METOAOM MOCJ]eNOBATENbHBIX
npuGamxenni, ucxoas u3 pamencts (1) u (2), W npeacrasiend B Buie
pAlOB 10 cTemeusM m, e, Y, €, a/a;,. A 3TM MoOCielHHe BeIHUHHH
onpeaeasiorca w3 nabaonennit. Crenosateisto, nocroanxsbie Ilonteky-
naHa ey M Yo MOTyT ObiThb BHIYNCIEHSI.

§ 17.22. MNMocToannue

1) Ha6awdaense rooplurnams (0oszoma u wupoma).

[lycts moarota v u wmpoTa 8 Jlynw onpenenennl u3 Habawonenui
Aaa HekoToporo Momenta f. Teoperideckne GOpPMyibl, ¢ KOTOPHIMH STH
Ha6.10leHHA CPaBHHBAIOTCA, HMEIOT BHI

v=nt+e-+ 2 Asin(pt+q). (1)
0 = D Bsin(pt+9). (03]

npHueM Mbl TMpeanojaraeM, YTO aMnautyasl A W B moCpeacTBOM MHO-
Kuteas cosec 17 (==206265, 8) BupaxeHsl B CEKyHIAaX NYTH.

U3 anaausa oueHb GOALIIOrO YHUC/]A N3MEPEHHH U, HanpHMep, MOryT
6LiTL noAyueilbl HlC/JeHHble 3HAueHHA 7, €, Ko3dduinentos A u nepuo-
108 2x/p. B uacTHocTH, MOxer OHWTb HafileH KO3douiuueHT npH sin .
Tak KaK ero TeopeTHyeckoe BhipaxeHue ecTb 2e(l —1/ze?), T1O oOT-
CI0AA JIerKO BHYHCAAETCA €. AHaJOTHYHO ONpelensloTCA NOCTOAHHHE T,
o 2.

Hattzeno, uto cusepuyecku#t nepuox o6pawenus Jlynw T (== 2x/n)
paBen 27,321661 cyrok (cpemHHX CO/MHEYHHX), a nepuoa T, (=2=/n,)
Connua pased 365,2564 cyrok. OTCl0na MB BHYMC/fEM BaXHYI0 No-
CTOAHHYI0 m (== n,/n). TlonTeKyJaH Hailen, uTO

m == 0,07480130. 3)

Ero 3nayenus &na ey, Yo U €; TAKOBHL
e, ==0,05473074, 71,=0,08967336, ¢, =0,01679182.  (4)
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2) Habawdaenud naparracc.

Tpetveft HaGaonaeMoff BeaUYHHOR ABIAETCR IKBATOPHAIbHHIA FoOpH-
soHTtanbHuH#t napaanakc Jlyws II. Ecanm a,— 3skBaTopuainbHbft pamuyc
8eman, 1O

Tak Kak

10 cpeatee 3Hadende sinIl pasuo a(@y/a). Ouo MoxkeT GLITH CPaBHeHO
¢ HabaonaeMOR Beauuntoft, nmeHHo ¢ 3422,7 sin 1”7. Tak kak a--dyHK-
uust m, € R e,, KOTOPYI0 MOXHO BBLIYHC/UTb, TO BEJIHYHHA @yf/@ MOXeT
OuTb HalineHa HeMeldJeHHO. 3HaueHue, mnoaydyeHHoe [lonTekyaaHom
ans @p/a, pasxo 0,0165617. Ecam noaoxute a,==6378,39 xux, 10
NOAYYHM

a=2385100 xu.

3aMeTHM, YTO 3HAYeHHe @ He pAaBHO CPelHEMY FeOLEeHTPUYECKOMY
pacctosuuio Jlynsl. Ilocaennee, o6o3HayaeMoe uyepes a’, onpejeasercs
NOCPEACTBOM TMpeACTaB/ieHus r/a B Buge paga (a’/a)-+n. 4. Hattzewo,

4T0
a’ =383300 xu.

Ecan conneuynnit mapaanakc NpeanonoKUTb H3BECTHHIM, TO

Lo b

a” a a’

npHyeM MepBHI MIIOXKUTEIb NpPaBO#f YaCTH ABAAETCS COJHEYHRIM mapan-

nakcoM. Hcnoan3ys npuseleHHOe BHILE 3HauYeHHEe a@¢/¢ H  HECKOAbKO

yMeHbllleHHOe  3HAa4YeHHe COJHeYHOro mapaanakca, [loxrekynan no-

AYy4Ha

a 1

= 0,00252551 ~ 506 - ®)
Ha ocHoBe noayueHHHX ¢opMyn Mn MoxeM pewaTb H O6paTHylo

safayy. PaccMOTpHM OCHOBHOH useH B ¢opmyse (1), Bkaovaouie# a/a,,

HJIH, BepHee, %_—*_—ﬁ . -i— . OtuM uneHoM sBasgercs Dsint, rae
E—M a
D=A(m,e e, 1) EFM 5"

MpeanonoxuM, yro D noayyaerca u3 Ha6aofeHu# AOArOTH (MpH moO-
MOWH TapMOHHYECKOro aHAaJMH3a HAH KakuM-au6o apyrum nytem). Co-
raacHo ITonTtekyanaty,

D=123", 6.
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Jlanee, MOKHO BBIYHC/IHTL BeJHUHMHY A, H €CAH NMPEANOAOKHTb, YTO OT-
HoweHnne M/E wusBectHO '), TO a/a, Tak:ke MONKHO GYAeT BHIYMCAHTD.
KoMOuHHpYS 9TO ¢ paHee MOJYHYEHHHIM 3HAaueHHEM dq/a, MBI MOXeM
HafiTH YHC/JeHHOe 3HayeliHe COJMHEYHOro Napannakca. JTHM MeTOAOM Bhi-
YiC/AeHHA COJMHEYHOro Mapajnakca cefiyac He MOJAbL3YIOTCH, a4 NMPeANOYHTAIOT
NPAMOH MeTOA, OCHOBAHHHIA Ha HaGaI0AeHMSX MAJOH NaaHeTn poc.

Kpome 3toro, ITontekynaHom ObinH HafileHn BaXHble MOCTOHHLIE
¢ M g Kak GYHKUMH m, ey, Yo €, @/, N0 MaAblX NOpAAKa m’ BKMIO-
unteabo. MX yucieHHble 3HayeHHs TaKOBbI:

1 —¢==0,008450821, g -—1=0,004021678.

dtu pe3y. ibTaTbl, KOHEYHO, OCHOBAHbI HA COBpEMEHIILIX 3HAYEHHAX
Pa3.THYHBLIX MOCTOAHHBLIX, MOJYYEHHBIX H3 HabaoaeHuA.

§ 17.23, OcuoBHHE HepaBeHCTBA

1) Jsexyun. IT0 HepaBeHCTBO CONEPHHTCA B AOArOTE M HMEeT BHI
Csin(2t —¢). IBekuus Ouina orkpura IlToNeMeeM H onucana B ero
«AasMarecte» (kuura IV). Koadpouunentr C Haflnen TloHTeKy.naHOM Kak
dyHKUMA m, e, e, Y ¥ a/a,; C TOYHOCTbIO N0 MaJblX NOPAAKa m’ BKJIO-
ynteabHo. Ero uucieHHoe 3Hayenwe pasHo 1°16’27”,0. ITepuon 3sexuuu

paBeH
2z

4
m, Hau okoJgo 31 "5— CYTOK.

2) Bapuayus. OT0 HepaBeHCTBO ONpPEAENSeTCR YJIEHOM C apryMeH-
TOM 2% B 10AroTe. AMNJHTYAa ero HaHleHa C TOYHOCTbIO NO MaJbiX
nopsiaka m’ BKJAIOYHTENbIO M ee uHCAeHHOe 3HaueHue pasHo 39’307, 8.
IMepHoA STOrO HepaBeHCTBA pPaBeH NOJOBHHE CHHOAHYECKOTO NepHOIa,
uan okono 143/, cyrok. dro HepaBeHcTBO OHIO OTKpHTO TuXO Bpare,
XOTS M BO3MOXHO, YTO O HeM 3Haa eume AGyab Baga, 6arnaacku#t
acTponioM X CTO/eTHA HalieH 3pHI.

3) lMapaasrakmuveckoe Hepasercmso. ITO HePABEHCTBO B 10.1rote
E—-M a

¢ apryMenToM § H aMIHTYAOH, colepxkalled MHOXHTE.b yory il
1

IMepron 3TOro HepaBeHCTBA paBeH OLHOMY CHHORMYECKOMY Mecaly,

29912"44™, a amnantysa, coraacio Ilowrexynawy, pasa — 1227, 38.

4) I'oduwnoe Hepasencmso. Otkpuroe Tuxo Bpare, 3T0 HepaBeH-
CTBO HMMeeT apryMeHT ¢, (==nf-}-¢; —,). Takum o6pasoM, ero nepxos,

M 1
) B ra. 20, § 22 Gyner noayueno =35
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paBeH OLHOMY roay, a aMn/JuTyna, BHuHC/leHHas [TowTexyaanoM, pasHa
—11’8”,93.

5) lsuxcenue nepuzesn. Iepuos nonnoro obpauieHus Nepures paBeH

2% m Pl
H1 » T. e. mf(1 —c¢) ner. YucneHuo sToT mnepuoa

n(l—c) 1% n,
cocrasaser 3232 4 cyrok, nau oxoao 8,85 aer.

6) Lsuxcenue yaaa [Mepnoa noaHoro ofpamexns y3aa (ABHIKEHHe
m
o6parHoe) paBeH " @—=0 Hau Z—T "eT- Yucaenno on pasen 6794,4

CYTOK, HAn okono 18,60 ner.



F'naBsa 18

TEOPHS JIYHBl XWMJ/IJIA — BPAYHA

§ 18.01. Bacaenne

B GoabwunctBe Teopu# JlyHn, co3maHHHX co BpemeH HbloToHa,
B OCHOBHOM HCMOJAb30BAJNHCH yPAaBHeHHA NBHXKEHHA B NOAADHHIX KOOPAH-
HaTax — CpepuYecKHX HAH UHAMHADHYECKHX — HJAM YDaBHEHHA B 3SJe-
MeHTax OpOHTH, 3aBHCALLHX OT STHX KOOPAHHAT. BaxHHIM HCK.Jl0uenHeM
apaserca Teopusa IHaepa (1772 r.), B OCHOBY KOTOPOH MO.10XeHO iic-
No/Ab30BAHHE MPAMOYTOAbHON CHCTEMB KOOPAMHAT, OCH X H Yy KOTOpOH
BpALIAOTCA B MJOCKOCTH SKJAMNTHKH €O cpeliiell yraoBoH CKOPOCTbIO
Jlyunl. Teopus Sitnepa He mpHBjaekana GoOJbIIOrO BHHMaHHA L0 Tex MOp,
noka (crosetueM nosxe) XHAT He NPOAEMOHCTPHPOBAJ MOTYLIECTBO
CBOEr0 MeTOAa, OCHOBAHHOTO HA NCMOJb30BAMHNK MNPAMOYFOJbHEIX KOOp-
AHHAT, ONHAKO C TeM OTJAn4YHeM OT Jitjepa, 4TO ero OCH BpawaAlTCA
co cpenHe#t yraoeo# ckopoctbio n, CoaHua, a OCb X MPOXOLHT uepe3
cpeaxee mnoJaoxenne CoaHua. Xua1 BHNOJHHA TPH KAACCHYECKHX HC-
CNeAoBaHHA !), COCTABMBILWX 3aTeM OCHOBY /S HMCYEPMBIBAIOWNX HCCJAe-
noBaHHR DBpayHa 2), KOTOpHH 3aKOHYMA noOCTpoeHHe TeopuH JlyHn n
COCTaBHA COOTBETCTBYIOLiHe Tabanuu 3), HcnoabdyemMne ¢ 1923 r.
B exerofHHKax.

B stux Tabauuax kosadHUHEHTH BCeX NMepHOAMYECKHX Y/IEHOB B 10.]-
rote, WMpoTe M napaanakce npuomarca xo 07,01 BkawounrteabHo. s
9TOr0 B BO3Myllaiowel GyHKUMYH Heo6XOAUMO GLLIO COXPAlHTL YJeHH
no Manmix nopsaka mS, €5, ef, {8 u (a/al)3 BrMmounTesnbHo. TIpn stom
NMpeanoJaraeTcs, YTo e} HMeeT TOT e MOPSAOK, 4TO H €3 man m3, a
a/a,—TOT Xe mnopagok, uro u m2. 3pecb m=n,/n. Kpome Toro,
6Ll NPUHATH BO BHMMaHHe MpaMBle I KOCBeHHble S¢deKTh, BH3BaHHLIE
AeHcTBHEM naaHeT i OTKJAOHeHHeM 3eman u Jlynm or cdepuueckott
tdhopMbl.

B nocneayomux naparpagax Mul noapo6HO onuweM o6liHe NpPuH-
UHTIB BHIYIC/EHHA OCHOBHBIX THMOB BO3MyUleiu#, BH3BAHHMX JAeHCTBHEM
Coanua,

') ,Researches in the Lunar Theory®, Amer. J. Math. I, § I, 129
(1878); .On the part of the motion of the Lunar Perigee which is function of
the mean motions of the Sun and Moon*, Acta Math,, VHI, 1 (1886).

?) Memoirs R. A. S., LIII, 39 (1897); LIII, 163 (1899); LIV, 1 (1900); LVII,
51 (1905); LIX, I (1908).

3) Tables of the Motion of the Moon, Yale U. P., 1919,
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§ 18.02. YpaBHeHHs ABMKEHHA BO BPamaiomuXxcs
ocax

Kak mb Buzeau B § 7.03, npu nccaenoBanuu aBuxienus JIyHs MOXHO
NpeAnoJoXuTh, 4yTo CoJjiHle OMHCHIBAET SAJIMNTHYECKYI0 OPOHUTY BOKpYT
ueitpa Macc C cucteMn 3emas — JlyHa, Ypasuenus npuxceHus JIyHu
B NpAMOYroJbHHX ocax 0%, Om, Of, npoxoiswux uepes ueHTp 3eMaH,
NAOCKOCTb §7 KOTOPHX (SKJHITHKA) NapajajeibHa MJAOCKOCTH OPOGHTH,
onucuiBaeMo#t CoanueM Bokpyr C, HMelOT BHI

. _ ou . _ ()U .._ aU
E—Tﬁ—’ ﬂ—W' C-—-—o—(—. (l)
rie
U=Lt4r

npuyeM R — BosMymiaomas ¢yHkuua, oO6yc/AOBJAEHHAA NPHTAKeHHEM
ConHua.

Kaxk u B n. 2 § 7.06, non T mna puc. 16 mu GyneM noHumath
Coanue, npeanonaras, TakuM o6pasoM, 4o Co/Hie ABH¥ETCH 1O SJJHM-
THYeCKOH OpOHTe B MJIOCKOCTH IKJHNTHKH.

PaccMoTpuM Tenepb B NJIOCcKOCTH skauntiku oc OX, OY, koro-
pHle BpalIAIOTCA €O Cpenneft yraoBoft cKOpocTbio n,, mpuyeM ochb OX
HanpabieHa K cpelxeMy noJoxenuio Coaxua. Yroa ¢é0X pasen cpenueft
noarore Coanua n,f -+ ¢,, KOTOPyI0 419 yao6cTBa Mbl 0603HAUHM yepes /.
Iycts x, y, 2 —koopanHatH JIyHH no oTHOweHHi0 k ocaM OX, OY
n OZ, npnuem ocb OZ cosnanaer ¢ ocblo OL. Torama

=xcosl—ysinl, n=xsinl-4ycosl, (=2,
OTKyZa
E=Xxcosl—ysinl—nm n=xsinl+ycosl+nt C=2.
Kunetnueckas 3sueprua T==1/, (2472 482 torma Gymer BLIPAXATHCA
dopmyoht
oT = x? + Y2 + 22+ n2 (x2+ y%) — 20, (xy — xy).

Hcnoabsys auHaMuueckue ypasiieHHa JlarpaHwxa, MBl MOJYYHM BMeCTO
cHcTeMb (1) ypaBHeHHA ABHXEHHA B CJEAYIOLLEM BHIE:

w . oR
x—-2n1y—n'fx=—-%-+a-, (03]
- . a

y+omg —nty=—2 4 28, ®

- Bz oR
4 =—-;§—+ I (4)
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§ 18.03. Bosmymaomaa QyHKuua
3aMeHas mn Ha n’-’ MH, coraacHo ¢opmy.e (6) § 7.04, umeem

R=n| (L) P+ttt @+ ...
ra: a—yroa Mexay EM u ET na puc. 16 (ctp. 130). Ecau x;, y,.
0 — xoopaunatel CoaHua (Ha puc. 16 Coanue o603HaueHo Touko# T), To
rricosa = xx, - yy,. 2)

Haaee, cornacio stomy pasenctsy u ¢dopmyre (6) § 7.02,
r2P, (2) = 3 Geatyyd 1, 3)

TIK YTO, MOCKOJIbKY r2==x2-} y2—{ 22, M MOXeM HanHCcaTh
2
2r2Py(a) =2x2 — y? — 22 3x2[(':—l‘) — 1]+
T Bxyxy,
3y2 (L) 4 =k, 4
+3y (’1) +2 4)

[Tocaennue Tpu uaeHa B npaBOR uacTH paBeHCTBA (4) 3aBHCAT OT
9KCUEHTPUCHTETA COMHeuHOR OpOuTH e,. Ecau npenebpeub BennuuHo#h ey,
TO STH YJeHH O06pawanTcs B Hyab, TaK Kak TOrAa X, ==r;=a,
u y,=0.

[MepBuift u1en B ¢opmyne (1) moxer ObiTh 3anmucaH B BHIe

nf{r?PQ(a)+ r*P, (a)[(%‘-‘)s— 1]}

[Tosromy npu momowu paseHcTs (3) u (4) dopmyay (1) MOXKHO 3amu-
caTh CJenyIOUIMM 06pa3oM:

R=3m (@2 —y?— )42, 5)
rae

e IR

B e

ITpu sToM @ GynerT ¢yHKuMe# KOOPAMHAT, €CAH B NEPBOM ujeHe 3ame-
HuTh r2P,(2) npaBo#t yactbio paseHctBa (3) !). OueBHano, uTO Q uMeer
nopaaoK m2e;. Mbl MONOKMM

Q=0,4 2,4 . @)
1) OyeBHAHO, YTO M uAeH 73P;(x) MoxeT OHTb BHpaXeH yepes MpsAMO-
YroabHule KoopauHatH JIynu no gopmyne, anasoruuxo#t dopmyae (3). — Il pun.

peo.
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rae @, O03HaYaeT OAHOPOAHYIO (YHKUHMIO mOpsaka p KkoopauHat JIyHw.
TMoacrasass Buipaxenwe (5) B ypaBHeHus (2)— (4) npeanaywero napa-
rpada, Mb MoayyaeM

. . 0Q
x-—2n,y—-—3nfx=-—‘-;;£+-5;, 8)
. . 0Q
Y+ 2n,x =-%+W’ )
. 09
z4+  +nkz —_—_*;—f-;-ﬁ. (10)

VMHOXKHM STH YPaBHEHHA COOTBETCTBEHHO HAa X, ¥, Z H CJAOXKHM.
Torna, nMockoabky
0Q + 09 + 09 . 00 0’
E i et T ey i T
rae 02'/0t o3HayaeT NpPOM3BOAHYIO MO £, BXOAAWEMY TO/JBKO MOCPea-
ctBoM koopauHat CoJHUA, Mbl, MHTErpHpys, MO.yuaeM

W4 42—ttt =2 4 209 f%dt-;-c. (11)

PasenctBo (11) aBanercs uHterpanom flko6u B o6uweM cayudae !).

TMepBuift uaeH B npaBoft yacTH paBeHCTBA (D) ABJASETCK I1AaBHOH 4acTbIo
Bo3Mywaowmett QyHkuun. ITOT uieH ¢akTHyeCKH OydeT NpeicTaB/IAThH
co6oft moaHOe BHIpaXkeHHe A9 R, ecau Mbi MpeHeGpexxeM BeluyHHaMH e,
H a/a,. PemeHne cucreMb ypasHeHu#t (8) —(10), B KoTopux 2 omy-
UleHO, AACT TJaBHble BO3MYLIeHH ABHXeHHA JIYHH, BO3HHKAIOWHE OT
aeficteua CoaHua.

§ 18.04. Bpenenne KOMMJEKCHHX TepeMeHHBX

[Moaoxum
u=x-1y, s=x—Iy, H

rae I=V———f. Toraa
rr=us+4 22 )
H, KpoMe TOro,

0Q

09 02 0Q ([ 0Q 09"
w=wtu =t

Pz T s ) @)

ol
1) Mockoabky HHTerpaa f %dt. BooGIwe rosops, He MOMeT OHTbL B3AT

A0 MOACTAHOBKH B MOALHTErpaabHOe BhpaxeHHe koopAuHAT JIyHol, BHPAMEHHHIX
B Buxe dyukuuit BpeMenn, cootnomenne (11), cTporo rosops, He ABASETCA HHTE-
rpanoM cuctemwn Anddepenunarshux ypasueuuit (2) —(4) § 18.02. Ilostomy
paBercTBo (11) Gonee yMecTHO Ha3blBaTh ,kBasuuuTerpaioM® SkoGu.— ITpun.

Péo.
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YMuoxum ypasHenne (9) § 18.03 wa ¢ Toraa, ckaanuBas nosyueHHoe
ypaBHenne ¢ ypasHenueM (8) § 8.03, a sarem BHuMTad 9TO ypaBHeHHe
13 ypasHenun (8) § 8.03, Mb npu nomown dopmya (3) Haftaem

. . 3 09
u+ 2njp— 5ot @+)=—p+25 4
- . 3 0Q
s—-2tnls—--2— nf(a+s)=—p~r§,—+2~07. 5)
IMonoxuM Temepb
E=@m—n)tte—e=n—n)(t—4) Q)
H
C=et. )

Myctb, nanee, D o3nauyaer omepatop {(d/dC). Toraa
u=(n —n) %:l(n—nl)t%=t(n—nl)Du.

AHaJ0r HYHO

4 =—(n—n)?D%.
IMycts
— . 8
m= n—n,’ ®
= n-ﬁnl (9)
" 20
V=a=mr 49
Torna ypaeHenus (4) u (5) u ypasuenue (10) § 18.03 npumyr BuI
Du+2mDu+ 3 muto—r k=20, an
D% —2mDs+ 3 m 45 —2 5 =—2, (12)
D%z — m?z -x%=—-;—%—‘;. 13)

310 u ecTb ypaBHeHHd XHAA2 B HOBHIX KOMIIEKCHHX NeEPeMeHHHX 4, §
u {. Tlposenaem c STHMM YpaBHEHHAMH cCJelyioilHe NPeoGpa3OBaHHA:

1) YmHoxum ypasHenue (11) na s, ypasHenne (12) Ha 4 H coCTaBUM
HX pasHocTb. Toraa
ow ow

uD% — sD%y — 2m (uDs—l—sDu)-i——g- m?(u?—s)=s 55 — Y5
Ho
D (¢ Ds) = u D* -+ Du Ds,
D<s Du) == s D*u ~+ Du Ds.



§ 18.04. Baedenue KOMNACKCKbIX NepPeMernbix 383

[TosToMy Mu noayuum

D (u Ds —s Du — 2mus)+ S m @2 — ) =s 20 _ , IV (14)

2. YmHoxuM ypasHenue (11) nHa s, ypaBHenue (12) Ha u, ypaBHe-
Hue (13) Ha 22 u caoxuM. Torza B NpaBo# YacTH Ml NMOJYYHM CJe-
Ayoulee BbIpaxeHHe:

ow ow ow
—(”W“'SW"'Z??)'

KOTOpPOe Ha OCHOBAHHH TeopeMb SHnepa MOXHO NMPCACTaBHTL B BHIe
— 2 pW,, rae Wy, W;, ... —onnopoaHbie QyHKUHH 4, S H 2. M
Tenepb MMeeM

§ D%+ uD¥*% + 22 D?2 4 2m (s Du— u Ds)—+
+—23~m’(a+s)2—-2m222——2rl=—2pr. (15)

3. YmHoxuM ypaBHende (11) Ha Ds, ypashenue (12) Ha Du, ypas-
Hetne (13) Ha 2Dz u caoxuM. Toraa

Ds D% + Du D* % m?(u -+ s) (Du+ Ds)+
+2Dz D% —2m?2 — — (u Ds+ s Du—+ 22 Dz) =
=—(%Du+%—Ds+—%‘?Dz). (16)
UYneH, comepxallufi MHOXHTeJb x, paBeH
— :'—, D(as+z)’=—%D(r’)=2xD(%).

Kpome Toro, Tak kak W — ¢yukuua 4, s, z v §{ (nocaenHss Beanynna
BBOANTCA MOCPEACTBOM f, BXOAAWEro B KoopauHatel Coanua), TO

DW=-‘?£iDa+"o—‘st+i’o‘—f-Dz+%‘?Dc.

Oauako
ow
3
rae D,W osHauaer npumeHenue onmeparopa k W Juwb NOCTOAbKY, No-
ckoabky W 3asucut ot £ (wam or ) mocpeactsoM koopauHar Coanua,

a D"-—oneparop, obpatueit D. Tloacraasa npeaviayutie GopMyan
B ypasHenHe (16) W MHTEerpupys, M noayuaeM

DC=C%=DtWED(D_IDIW)'

DuDs+(D2)*+ 3 w4+ sp —m2z?+ 2 —C—W 4 D' (D).
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Caokum 910 ypasHehHe ¢ ypasHeHueM (15). B pesy.abrate mo.ayunm
D?(us -} 22) — DuDs — (Dz)? + 2m (sDu — uDs) +
+gm @ sp—3mtzr=C— ¥, (p+ W, 4D OW). (17)

Vpasienna (14), (17) u (13) apasiorcs noso# popMo ypasHennit Xuana,
3aMeTHM, 4YTO BeJAMYHHA » He BXOAHT B ypaBHenua (14) u (17) n uro
Mbl BBe.H HOBYI0 nocTosHHYI0 C. Mul ellle BepHeMcA K 3TOMY 8aMeyaHUIO
B JajbHeRleM.

§ 18.06. Mpomexyrounaa op6uta

B Teopun ABHMeHHS NJAHET B KauecTBe MepBOro MpHOAHKeHHS, KOTAa
0TOPacHBAIOTCA BO3MYLIAIOMIHE CH/IB, MPHHHMAETCA 9.1JMNTHYeCKas opbuTa.
B rteopun Jlynu IloHTeKkyaaHa nepBuiM NpuG.IHKEHHEM ABAfETCA ,MOIH-
GuuHpoBaHHas 3J4UNTHYECKAd OPOHTa“, MOCPEACTBOM KOTOPOH YHHTHI-
BAETCS paBHOMEpItOe ABHXKEHHE Y31a H nepured. OCHOBHHIM NPHOAHKEHHEM
B TeOpHH XHJJa ABAAETCA 4YacTHOE pellleHHe YPaBHeHHH ABIHkKeHHs, NOJY-
yaeMoe B NpeANO/0KeHHH, YTO SKcueHTpuchuTetoM CoaHua, ero napaa-
JAKCOM H KOOPJHHATON Z MOXHO mpeHeOpeub, T. €. 4T0 L =W =2 =<0.
KpuBas aunnd, cOOTBeTCTBYIOLIAaA 9TOMY YaCTHOMY pellleHHIO, Ha3biBaeTCs
npouexcymounoli op6umod. Kak MH yBHANM Jajbllle, 3TO YacTHOe
pellieHHe COAEPHKHMT TOJAbKO ABE MPOH3BOAbHEIE NocToAHHble. ITpomexy-
TOuHasg OpOHTA ABAAETCA, KOHEYHO, TO/bKO NpHOHKeHHeM K opOuTe JIyHH,
Baxnoe npeumyuiecTBo 5TOH OpPOMTH BbITeKaeT M3 CJAEAYIOLINX ABYX
noaoxenufl: 1) ona ¢ caMoro Hauajia yyHThIBaeT OCHOBHYIO 4acCTb CO.HeY-
HBIX BO3MyLieHHA M 2) KOOPAHHATH JIyHB B NMPOMEKYTOUHOM ABHXKEHHH
MOTYT OLITb /IETKO BHIPAaMeHL CXOAALIHMHCA NEepHOLHYECKHMH pAAAMH,
K09 UUUEHTH KOTOPHX CBA3AHB CPAaBHHTEALHO MPOCTHIMH PCKYpPpeHT-
HBHIMH COOTHOWIEHHAMH. 3TH KO3DQPHUHEHTH SABAAIOTCA GYHKUHAMH m,
YHCMEHHOE 3HAaYeHHE KOTOPOTO H3BECTHO C OUYeHb BLICOKON CTeneHblo
TOYHOCTH, M MOSTOMY HX MOXHO BHIYHCIHTL €O BCcefd HeoGxoauMoft
TOYHOCTBIO.

TTonoxum B ypastenusx (8) u (9) § 18.03 € =2z =0. [punumas
pMecTo ¢ mepeMeHHyio §==(n—n,)({ — £{;) U yYUTHBasA TO, 4TO

n [

—————e 7 = ————
m=a=n" (n—n)?’

Mbl NepenuiieM Ha3BaHHHIE YpaBHEHHA B BHAE

d*x dy
—-a-,——2m 75' —3mx = — 7

; 1)

a? dx
S+ 2m g =-2. @)



§ 18.05. Mposexcyrounas opbura 385

B 9TuX ypaBHeHusx MH O6ygeM paccMaTpHBaThb M KaKk MaJylo BelH-
YHHY — YHCJ/IeHHOe 3HayeHne m mpubausureabHo pasHo 0,081. Ecau mpe-
HeGpeyb BeAMYMHOM m?, TO Jnerko BHieTb, uTO ypasHenna (1) u (2)
IOMyCKAIOT HacTHOe pellleHHe

x=acosf, y=asin§ 3)
NpH YCJAOBHH, YTO

5’;=1+2m. @)

O6uiee peureHne ypasHenuft (1) u (2) comepHT, KOHeYHO, YeTHpe
NPOK3BOALHLE NOCTOAHHBE. Pelenne (3) BKMOYaeT B ceGf ABE NMOCTOSAH-
HHe n U t; colepxaunecs B popmyae, onpeneasiowedt § IlocTosauHas a
BHpaXaeTcs Yepes m, 7 W [, TNpHYeM B onpeneaserca Gopmynoft:
p =G (E+ M) u paccMaTpuBaeTcl KaK M3BECTHaf BeJHYMHA.

Bonee TouHOe pellleHHe MOXHO 3amHCaTh B Buie

x=a(l1+4p)cost, y=a(l+¢g)sing,
rie p M g — BEJIHYHHH, HMMEIOUIHE MO MeHblUeR Mepe MepBHA MOPALOK
MaJOCTH OTHOCHTeJbHO m. IlostoMy, ecan mnpeHeGpeyb KBajpaTaMH p
H g H WX NPOHU3BEACHHUEM, TO

rP=a?[l 4 p—+4qg-+(p —q)cos 2i]

=2+ pcost[1 — 3 (p+9)—5(p—cos s

NpH STOM TNOCJelHee BLIPaXeHHEe, eCAH ero ynpocTuTh, GydeT COAepikKaTh
yjeH, COAEPKAUWIUA MHOXHUTeNb COS§ « COS 2%, KOTOpPHR AaeT u/eHH, 3aBH-
came Or cost U cos 3%, AToT daKT HABOAMT HA MHCJb, YTO GoJee TOYHO
KOOPAMHATA X JO/MKHA BHIpaNaTbCA Caenyioiwielt ¢opMynoh:

=a(cost+ pcosi—-+rcos 3f)
=a(sint -4 ¢gsint -+ ssin 38).

OueBHIOHO, YTO €CAH P H ¢ ABJAIOTCA MalLIMH TIO MeHblieH Mepe no-
paaka m, T0 r M § GyAyT MaALMH no Kpafine#t Mepe nopsamka m2. dtu
paccyXaeHus nerko MPOAOMKHTb, H, caelys Xuany, M NPeAnoa0KHM,
YTO X M Y MOXHO TNpeICTaBHTb DANAMH BHIA

x = A,cost - A cos 3t Aycosdi4 ...,

y =B, sint+ B, sin 354 B,sin 554 ...,
B KOTOPHX MOPAAOK A; u B; yMeHblllaeTCq BMeCTe C BO3pacraHucM J.
Xuaa nonoxua

Aj=a(a;4a_;,). Byj=a(a;—a_;_ ) )
rae Ges orpaHuyeHHs OGLIHOCTH MOXHO CYHTath, yto @,==1. Oanako

pagn CHMMETPDHH MBI OCTaBHM a4, B o6iieM BuAe, M ero 3iHayeHue noa-
CTaBMUM TOria, Koria 3T10 morpebyerca. Psam aaa x W y MOryT OurTb

H, aHAaJOrHYHO,

25 V. Cmapr
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Tenepb 3anHCaHbl B BHAE

x=a§ a;cos (2] 1)&,

y=a2) a;sin(2/+ 1)t

TMepemennsie # 0 s Torma GyayT NpeACTaBAEHH CACAYIOLIHMH PSAAMH:
(s} 0
2 -2 f
s=aR e, s=aYaf V! (6)
-0 -0

IMocnennne BHpameHHs LA # H S MPeACTaBARIOT XACMAOEe pelieHHe
ypasHenuit (11) u (12) § 18.04 npu W=2=0. 3Otu ypasueHus
HMEIOT BHI

D’a+2mDa+%m2(u+s)-zr£,=0. a
D — 2mDs+- 5 m? (4 +5) —x 5 =0, ®)

MPHYEM a H %, KaK H B paBeHCTBe (4), PacCMaTPHBAIOTCA Kak GyHKIMH m.
AHanoruyHo npeoGpasoBaHHnie ypasHeHns (14) u (17) § 18.04
3aNHUCHIBAIOTCA B BHIE

D(aDs—sDa—2mus)+%m’(u’-—s’)=0, )]
D?(us) — DuDs+2m (s Du — u D)+ 3 m* @+ s =C.  (10)

Ypasuenns (9) u (10) 6yAyT HCMOAB30BaHH AAA MOJAYHEHHS BLIpaxe-
Huit @, B Buze ¢yHkuuit napamerpa m. Ilocse Ttoro xak OyayT noay-
yeHo paan (6) ans u M S, BupaxeHHe AJf x/a® MoxeT OHITh HafiieHo
nyTeM NOACTAHOBKH 9THX HBYX pPANOB B ypaBHeHue (7) uau (8). 3Haue-
Hue C, ecan 310 notpebyercd, MNOJYYHTCA AHAJIOTHYHO M3 YpaBHe-
nus (10).

3ameTHM, uto YypasHeHHs (7) u (8) He MABAAIOTCA He3aBHCHMBIMH,
TaK K3aK Kaxioe H3 HHX, OyAyuH KOMNAEKCHHM, [aeT ORHY H Ty Xe
napy ypaBHeHuf#t A1 ReACTBHTENbHBIX KOODAHHAT.

§ 18.06. YMHOXeHHE W JejeHHe PANOB

Tpu noACTaHOBKe PAmoB!), KOTOpHE MH 3anuleM B BHie
{
u=aaf¥",
v -2-1
s=aal™", (1)

') B ocraBmeiics 4acT# rMaBu 3Hak Y, O3HAauaeT, eCAH He OFOBOPEHO 0cO60,
CYMMHPOBaHie OT — O 0 + CO N0 BCeM UeABM 3HAYEHHAM { HAH KaKOro-1H60
ADYrOro HHAEKCa, BKMOYas H Hyab. Ecan HeOOXOZMMO Pa3THIHTH ABa HAH Goaee
HHIEKCOB, TO COOTBETCTBYIOUWMH MHIEKC YKa3WBAETCH NDH 3HaKe CYMMHPOBAHMS.



§ 18.06. Ymnoxcerue u desenue psdos 387

B npeobpa3osannue ypasHenus (9) u (10) npeawaywero naparpzda
HY}KHO TNpPOM3BECTH NepeMHOMeHHe YKasawHhX paaos. B Jaabuefwem
Mbl BCTPETHMCS TaKe C AeJeHHEM ABYX psaoB. 34ecb M PacCMOTPHM
oflie NPHHUMNH TeX mnpeo6pasoBaHui, KOTOpPHEe HYXHO nponeaaTh
B ypaBuenusax (9) u (10) § 18.05.

OTMeTuM, BO-nepBHX, YTO ecau HamacaTh 2r -1 Bmecro — 2/ —1,
TO PAl AAf S MOxeT GHTb NMpeicTaBfeH B BHIE

s=aXa_, ! 2

I, BO-BTOPHX, YTO, MNOCKOJbKY § H & — CONpAXeHHHE BEAHYHHH, MH
MOXeM HanHcaThb

S§==a Z a&?'“. (3)

rae {, — Beanunna, conpsxenHas {, T. e. C1=€XP[— V=1 g],
PaccmoTpuM nBa psaaa

U= Z A‘r‘2‘+l. V= 2 Brc 2f+l.
1) ITpou3ssedenue UV.
UV —_ Z Z A‘B,C21+2r+2l
L r
Hanuwem 2 smecto 2¢-2r-2. Toraa
UV = ; ; A[BI-[..Iczj = E Cf:zlg
roe

CI= ; AIBI-I-“ (4)

Orciona Moxer OuniTb BhuMcJeH ioGoR u3 kospduuiento C, ecan
W3BeCTHH BeJuunHnl A n B.

2) u? 3peck U=V =u, Aj=a,;, B,=a,. ostomy, ucnoabays
dopumyay (4), Haxonum

u?=—aq? Zl ; a,a,_,_IC”. 6)
3) us. 3mecb U=u, V=s," Aj=a, u, coraacio ¢opmyne (2).
B,=a_,_,. Tlostomy
us =2y IZ aa, f. (6)
i
4) s?. Tak Kak §— BelHYMHA, CONpsxeHHas C &, TO coraacHo ¢op-

Myne (5) umeeM .
§=a g ;‘, 8181 1F

25*
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HAH, 9aMeHss r HA — f,
s2=a2§ ;‘, a,-a_.,_}_,(”. )

5) sDu. Tak kax D=C{(d/dl), 10 Du=a 20+ 1)at¥*.
TosToMy no aHanoruu ¢ n. 3 6yaeM HMeTb

sDa=a2EIZ(2t+ 1)a,a,_f*. ®)
[]

Kpoue TOro, MH HMeéeM C/AeayloluHe /JAEerKO BHIBOAHMDLIE Pa3/OiKeHHud,
6) uDs=23 2/: @] —2—1)a,a,_f¥, ()
7) DaDs=a22:, }I}(2t+1)(2j—2t- aa, f¥. (10)

8) Omnowenue U/V. Oueuano, uro U/V umeer BHA ZD,C”.
TTosToMy

> Al = 2 ; B,D,C”+2’=2;: ; B,_;Df,
TlpupasuuBas ko3dpduuuentn npu (%, noayuaem
%‘, B,_,D;= A, 1
3anaBaa ! nocaeposareabHo 3HaueHus 0, 41, —1, 42, —2, ..., MH

noJyyaeM noC/JeA0BaTeNbHOCTb ypaBHenu#h. Ha npakTuke snauenus xosd-
¢uuuentToB D ompenensioTcs MeTOAOM MOC/JEAO0BaTeNbHHX MPUOAHKeHHH.

§ 18.07. O6mee BHpaxenne HAf @

TloacTaBuM Temeph BhBeleHHHE B MPelHAylleM naparpade Bhipaxe-
nug Ana 42, us, s, sDu u 1. A. B ypasHenus (9) u (10) § 18.05 u
NpHMeHUM (TaM, Fae HyxHo) onepatrop D. Mul Toraa moaydum

};;{ala;_,l4l(2l—j+1)+4Jm1—

—g‘mQal(aj-l—l_a-]—l—l)}(?l:O' 1
3 S e [1—@+ D @j—2A—1)+4m @ —j+ D+ 3 me|+
[ |

+ 5 M@y e )W =C @)



§ 18.07. O6uwee svipaxcerue 318 a; 389

dtu paBeHc'rna ABASIOTCA TOXAECTBAMH H MOSTOMYy B HHX KOS¢-
¢uunenth npu (2 paBHM HyMO, 32 HCKJIIOYEHHEM TOTO CAydas, KOTAa
B dopmyne (2) f=0. YmHoxaa pasenctBo (1) Ha 3, a paBeHcTBO (2)
na 2, 6yaeM nMetb

N a10004112] @ — j4 1)+ 12/m) —
i
—-g—m%, (G a_j_l_l)}=0. 3)

a8 — @1+ 2) @7 — 2 — 1)+ 8m @ — J+ 1)+ 9m?| +

1
+% m?e; (a;_;_,+ a-j-l-l)} =0. 4

BuiuteM ypaBHeHne (3) u3 ypasHenus (4), a 3atem ciaoxuM ux. Toraa
MBl TIOJYYHM CleAylOllHe ABA YpaBHeHHS:

2;“ alal_]AU+ 9m2 21 alaj_,_1=0. (5)
g 8,0, ;B,)+9m? § 88_j1-1 =0, ©

rac
Ay =202 — 167 (2 + 1) + 2 (214 1)+ m (8 4 16/—20,) + 9m?, (7)
By=—4/+8j @4 1)+ 2@+ 12+ m @B+ 16/ 4 4/)+ Im? (8)

HanoMHiM, 4TO B STHX noclenHux ¢opMyaax j=+0, a ! npuHuMaer Bce
ueJble MOJAOXKHMTENbHHE H OTPHUATE/NbHbHE 3HaueHHA, BKAIOYaA H HyJb.

7
MycTtb 2 03HayaeT CYMMHPOBaHHE N0 BCEM, KpOMe HYsLe8HuX,
HeAEM 3HayeHHAM HHAekcoB. Toraa ypasHenus (5) H (6) MOXHO 3anHcaTb

B BHIE
apa_;Ay+ 2 0,0, ;A +9m? Y aje; =0, (©)]

Y/
ay8_;Byy+ 2 a0, ;B,;+9m? Faa_;_;,_,=0. (10

YunoxuM ypasenne (9) Ha By, ypassenue (10) Ha A), u BhuTeM.
Toraa noayuum

21 Cuala,_j+ 9m2 2 alDU =0. (ll)
rue
CU=BOinj— AOIBU=
= 481 424 4] — 2+ 4 (J— D)+ 4m(J — L — D)4-m?]  (12)
H
Dyy=By8; iy — Ay8_ )iy (13)

Ilyctb, Aaaee, Z 03HaYaeT cyMMHpoBanue, korma {0 u < f; Toraa
ypaBHenue (11), ecau B HeM BHACIHTb H3 Z yleH npu (= j, npumer
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BIfA
aa,C;+ a8, Cj+9m? 3} a,D,;=0. (14)
IMyctb
CU gBoj ng]
] =— =, = - e, = 15
(/. i o ] oy ) oy (15)

Torna, noaaras a,==1 u wucnoabsys dopuyay (13), Mm mnpuBeaeMm
ypasHerne (14) x BuRy

a;=23"1/, a@_;+mj)l X ae; ., +m() X aa_ ;. (16)

1o u ccrb uckoMas Qopmyna, onpeaeasiowmas ;. Bupawenns ans
[/, 21, 1], (J) nawtca caepywomumn GopmyaaMmu;

P4 =2 U= FAm (=1 — 1)+ m]

1J, il= J@A—2—4m—m?) v (17)
[j] = 3(—4j2+48/+4mj+ 2+ 8m+ 9m?) 18
Jl= 16,78/ —2— dm F m?) ' (18
. 3(20/2—16/—20m]+ 2+ 8m + 9m?)

)=— 1677 (8/7— 2 — 4m + m?)] y (19)

Bce sTa Tpu ¢ynkuunl) uMeloT HyneBOR NOPAROK OTHOCHTEJLHO m.
Tak xak j+0, TO 3HaMeHaTean STHX BHIpaXeHuHl HUKOraa He o6pa-
WAl0TCA B HyJb, H, TakuM 06pa3oM, Kaxmas (yHKuus MOXeT ObTb pa3-
J0XKena, ecaH 3TO HeOOGXOAHMO, B CXONAUHACA DAl 1O CTENEHAM M HJH
BLIYHCJEHA HeNOCPEACTBEHHO, eC/M TNOACTAaBHTb YMC/JEHHOE 3HaueHme m.

Monaras B ¢opmyne (2) j=0, MOXKHO NOAYYHTb, eC/iH STO Tpe-
6yerca, 3Hauenne C.

§ 18.08. Buuncaenne ko3Q(nuHeHTOB @
1) Tonoxum B dopmy.e (16) npeanaymero naparpada f==1. Torna

ay=X"[1 e, +m (1] X aa_,+m2(1) D aja_;_,
B nepsoft cymme is=1. ITosToMy HMeeM
a, =1, 2]aa,+411, 3laqza;+ ... 4+

+I1, —1la_je_,+11, —2]a_sa 3+ ... +

-+ m2[1] [a(’,+ 2a,a_,+42a,8_,+ .. .]+

+m?(1)[aga_y+ @18 3+ ...] (1)

1) Xuan onpeneann BeauyuHu [f] u (Q KaK KOS(HIHEHTH NpH BTOPOM H

TpeTheM uieHax Bupawenus (16). Takum oOpaszoM, pyHkuuu Xuaaa oTanzaorcs
ot ¢ynknuit, onpeneneHunx ¢popMmyaamu (15), mMHOXuTeAeM m?. Onuako, ecau

BO3HHKAET HeO6XOAHMOCTb OHEHHBATh MOPANOK PA3NHUHHIX UAEHOB, TO NMpeACTa-
Basietca 6osee ynoOHHM onpeneasath [j] u () mo dpopmyaam (15).



§ 18.08. Buuucaenue Ko03¢pduiuenros u 391

Hs dopmya (5) § 18.05, oueBnano, caexyer, yto @y, G_y, ...
uMelor Gosee BHICOKHH NOPANOK, 4eM ay(==1). CooTBeTcTBEHHO NOPS-
LOK @, Onpefe/seTCA MNePBHM Y/JEHOM B TpeTbe#t cTpoke dopmyan (1),
a umenHo m2[1]. TakuM 06pa3oM, 4, fABARETCA Maa0#i Beauuuiiof no-
pagka m2,

2) IMoaoxum B dopmyne (16) § 18.07 j=—1. Torma
a_y=[—1, ljaa,+ ... +m?[—I1][a_ja_,+28ya_,+ ...]+
+m2(—l)[a§+ 20a_+ ...] )

CnenosatenbHo, a_, fABAAETCA Majof BeAHynHOH nopsaka m2.

3) Moaowxum j=2. Toraa
a;=[2, lla,a_,+12, 3laza,+ ... +12, —1la_ja_s+ ... +
+m?[2] (2808, + ay8_, + a-1“2+ el
+m?(2)laga_s+aa_4+ ...1 3

Ecau npeanonoxHTs, 4TO a6COMOTHOE 3HayelMe 4; YMEHbIIaeTcs
¢ yseanyeHueM |j|, To rnaBHas vactb a, Gyaer BHpa)I(aTbCﬂ dopmy.oit

a,=1(2, 1la,a_,+2m?[2] a,. 4)

Takum o6pasoM, a, ecTb MaJjas BeanyinHa nopaika mé,

4) Iponoaxan STH pacCywAeHus Aajbile, MB YBHIHM, YTO
@, eCTb ManaA BeJHYMHA mopsaka m' ¥l

5) C TOYHOCTLIO 40 MAajdHX BeAHYMH MOPAAKA M3 BKAIOYHTENbHO H3
dopmya (1) n (2) HaxoAUM COOTBETCTBEHHO

a,=m?[l],
a_,= m?(—1).
Cornacio dopmyae (18) § 18.07,

[1— 3 . 6+12m 4 omt
=15 6—4dmfm? *

Paanaraa sto BHIpaXkelHe B pAL MO CTeneHaM m, HaldeM

L I O PR L
a, =15 M4 5 P4 g5 ml -z md, ®)
Ananoruuviio
19, 5 . 43, 14
da=—qgm g m =gy Mgy ™ ©

Kosdduuuenr a,, onpenenenunit ¢popmyaoft (4), MOXKHO Tenepb BLIPA3NTH
yepe3 m. AHA/OTHYHLIM MYTeM MOXKHO MOAYYHTb KOIPDHLNEHT a_,.
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6) C TOYHOCTbIO O MAaJHX MOpAAKa M’ BKAIOYHTENbHO, KAK 3TO
BHIHO H3 dopmyan (1), a, sanuulercd Tak:

a;=I[1, 2 ay0,+11, —1] a_ja_,+m? 1] [1 +2a,a_,]+m?(1) a_,.

Ecan nepene npubamxenns A9 @y, 8y G_,, G_o NOACTABHTbL B
NpaByl0 4acTb STOTO PaBEHCTBA, TO MOXHO HaiTH @, C TOYHOCTHIO 1O
4/eHOB MOPALKA m7 BKAOYHTEbHO.

.7) HsnomeHHHM 3ZeCb METOJOM MOC/eJOBaTe/MbHHX MNPUG/HKeHNHA
MOXHO JIErKO MOJYYHTb BHpaXKeHHSA KO3(dHuuHeHTOB ¢ 11060# TpeGyemont
TOYHOCTbIO. XH/JM Halllel TakHe BHIPAXEHH C TOYMOCTbIO JO Y.I€HOB
nopsaaka m® BKJIOYHTE/ILHO M, MPHHMMAA 149 M 3HayeHne

m = 0,080848933808312, )

BHYHCAHA COOTBETCTBYIOWHe KOd(duuHeHTH ¢ 15 3HakaMu mocae 3ansa-
TOR.

Mu npuseleM BHpaXeHHS 449 BCeX KO3QQUUMEHTOB ¢ TOYHOCTHIO
10 4/eHOB nopsaka mS BKJIIOUHTENbHO:

a,=1IlpaBaa yactb (5)—%?3m9, a_,=TIlpasas uactp (6) —
7381
g M
6109 833
8y == 958 m+1920m+ mS, 43 =312 m¢,
1
= T oy ™ 6y =gy m.

§ 18.09. NocToannas a

Mu GyaeM ucCXoIuTb M3 ypashenus (7) § 18.05, B KoTopom, mo-
CKOJbKY MHl paccMaTpuBaeM pelllesde NpH z =0, NoAoXuM r?= us:
3

1
(D2+ 2mD+ 3 m2)u +35 m2s=% =uu 2s 2,

IMoacrasuB B Hero paiuW AAf & H S, MOJYYHM

Y[+ 1p+2m@+ 1+ 3 mar i+ Fm Y ot =

= imee T e

D710 pameHCTBO MpeAcTaBafeT COGOH TOXAECTBO, CMPaBeA/MBOE MPH BCeX
anayenuax . IToaoxum {=1. Toraa

x =(Z a,)’{ X [@+ 12 +am@i+ 1)+ 3m?] af. W
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OnpeneanM @ ¢ noMolubio GOPMYL

p =n2%ad, (P))
Torna, nockoabky x =p/(n — n,)%, MH HMeeM
x == (1 4 m)2a3. ®3)

CnenosareabHo, ¢opmyay (1) MoxHo sanucaTb B BHAE

a\3 - 2
(?) =(14+m) ’(2 a,) {2[(21+1)2+2m(21+1)+3m21a,},
@
OTKyN4, €C/M MOACTABHTb YHUC/AEHHOE 3HAYEHHe M, MOXHO HafiTH OTHO-
lleHHe a/a. BeauunHy a/a MOXHO TaKXe NMpeACTaBHTb PAAOM MO CTeme-
HAM m. C TOYHOCTHIO A0 Ma/nIX BeJHYHH mopaaka m3
1 1
a=a(l—-€m2+§m3). 5)
910 paBeHCTBO, HJH, BepHee, ero pasBHTHe 1O 4/JeHOB TpeGyemoro mo-

pAOKa, JaeT HaM BOBMOXHOCTb CDPaBHHTb HACTOSLLYI0 TeopHio ¢ a00of
apyro#t Teopueft, ONHOR H3 MOCTOAHHHX KOTOPOR ABAReTCA 4.

§ 18.10. Bapnauus

B stoM naparpade MH pacCMOTpPHM MOASpHHE KOOPAMHATI 7 H U,
rie U O3HayaeT HCTHHHYI0 noaroty Jlyun. Cpeanas noarora CoaHua
paBHa n,f-}¢, H, CJAeNOBATENbHO, MOCKOAbKY 2==0, yroa wmexay
OCbl0 X H HanpaBieHHeM Ha JIyny paseH v — n,f-—¢,. TlosTomy

x=rcos(@—nit—¢e), y=rsin(v—nt—¢).

Hdanee,
rcos(v—nt—e)==rcos(v—nt—sg —§)=
=xcos§+ySinE=-;-(aC'l+SC)- 0))
AHaNOruyHo
rsln(v—nt—e):—-é—i(u('l—st). 2

TMoncTapaas BMecTo # H S uX Bupaxenud (6) § 18.05, mp GyneM uMeTb

rcos(@—nt—e)=all +(a,+a_,)cos 284
+ (a3t a_y)cos4t+ ...], @3)

rsin(o—nt —e)=
=al(a;—a_,)sin2§ 4 (ag— a_p) sin 44 ... 9

1) Tak kak r’==us (z==0), To npu nomowu Gopuyau (6) § 18.06
nerxo nafith r2,
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BuipaxeHue AA8 #/r MOXHO Jerko NOJAYYHTb H3 YpaBHenns (15)
§ 18.04, B xoTopoM HyxkHO moaoxute W =2==0. 310 ypashenue
TOTJA 3anuileTcs CJeLyloHM oOpasoM:

2 — st uD%s+ 2m(sDu+ uDs) +5 mu+sP. ()

2) UYroOn Ha#iTH ypaBHeHWe UeHTpa ¥ — nf —¢g, KOTOpPOE MH Bpe-
MeHHO oG6o3HaunM uepe3 0, nomeanm pasencTBO (2) Ha pasencto (1):

-1
Itg = o —st .
=T«

CaenoaTenbHo,

1+itgo it — ut™! _ Yt _ Dt ’

1—1itgh £ XattY o Yay
OTKYyna

20 =1n (2 a,C”) —1n (2 aij/). (6)

JHanee,

o =14 (a8’ + a0+ (et 4+ 62)+ ...

nPef)=—aa_1+ a4 a7+
+(a2 -——;—af)t‘ —{—(a-a—-——;-a'il)td—i— cee

IostoMy u3 ¢opMyan (6) MBI NOJYYHM

=0, =)+ a2 —=G)4...

"
6 =(a, —_ a_,)sln 2§+(a2 —_ a_g—%af-i-% a?.,)sln 44 ...,
CnenoBaTelbHO, HCTHHHAs LOATOTa GydeT BHpPamaTbCs CAeRyloued dop-

MyJof:
v=nt+e+ Aysin2i4 A;sin&4 ..., @)

rae A, umeer nopsaox mi%/l,
3) C TOYHOCTBIO A0 MaabX NMOPAAKa M2 HMeeM
7 »
r=a[l-—-(m2+§m3‘)c052;]. 8)
N, 18 .
'vznt+s—|—(—8—m -+~--B—m)sin2:. )

Boamywenuss B 7 u v, 3asucsuyic TOJbKO OT 4JEHOB C apryMenTaMil
2/%, 1a3HBAITCA 8aPUGKUOKKNMU YAEHAMU.
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OcHosHoft uied B dopmyae (9) Aa9 20aroTel TOT, KOTOPLIH 3aBHUCHT
otf sin2%; O6HYHO OH Ha3klBaeTcA MPOCTO 8apuatued (cMm. § 17.23).

§ 18.11, Mepurelt aynuolt op6HTH
Mu 6yneM ucxoautb 43 ypasHeHusa (7) § 18.03, a uMeHHO

(Dz+2mo+%m2)u+%m2s=x-}}. )

YactHoe peuleHne ypasHenHa (1), COOTBETCTBYIOLlee TNPOMEKYTOUHOM
op6uTe, 3amiCHIBAaeTCA C.1eAylOUHM oGpasowm:

. —%-
s=aat, s=adat™¥,

rame n u to—nocmmmue HHTErpHpoBaulid, BBEIACHHbLIC BbLIlIE. 06u1ee
peilleHnie ypasHenus (1), SKBUBAJEHTHOTO ABYM ypaBleHusaM B 1eHCTBil-
TeJbHEX KOOPAHHATAX, KaXJAOe H3 KOTOPHX BTOPOro MOPAAKa, AOJKIIO
COJlepXaTb 4eTHpe MNOCTOAHHBIE HHTErPHPOBaHIA, OAHA H3 KOTOPHIX,
OYeBHANO, TECHO CBA3AHA C OSKCUEHTPHCHTETOM MrHOBeHHOR OpOHTH
JlyHn.

Mycte & -+ Au, s As ynosiaerBopsaloT ypasHenusm (1), rae # u s
onpefesiOTCA NpuBeleHHHMH Bhwe dopmyaami. [as yaoGera Mu no-
noxuM pZ=us u r?=(u -} Au)(s -+ As). Or6pacviBas KBajpaTu 1 Npo-
u3BeleHHe BeJuyHH Au u As, moayvaem

r?=p+4u s+ sAu. @)

Tak kak ypaBHeHue (1) yAOBJETBOPAETCA BeJMYHHAMH 4 M § TPH YC-
JIOBHH, 4TO 7 3aMEHEHO HA p, TO ypaBHeHue ana Au u As Oymer uMeTsb
BHA

3 3 A .
(Dz+2mD+—2—m2)Au+-§mﬂAs=L";t_")__%;_‘_.
Jlerko BHaeTb, 4TO npH nomoumH d¢opMmyan (2) npasyld YacTb STOro
YPABHEHHA MOXHO NMPHBECTH K BHAY

39—’;(A 434 As)
TostoMy uMeeM
(Dz+2mD+ Mo ,)Aa-l-(% +% X, %)As=o. ®)
Daanee,
DX=D[E'X)]=DC ' X)+e'X) =D+ 1) 'X)
DX =L(D*+D)C'X)+LD + )HE'X) =D + 1)’ ' X).
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TIpeoGpasys nocpesctBoM 9Tix ¢opmya ypasHeHue (3), Mbl nojayuae

[0+ 14 mp+5 (m2+5)|C " A+ N Ca9=0, &)
rae

3 22, 3 x ut™!
N=gmlitge ®)

B nansheflileM Mbl NOKakeM, 4TO pellleHHe ypaBHenud (4) onpenenser
nBHikeHHe nepurea Jlynwm. Ias Oyayumero HaM, OQHAKO, HeOOXOAHMO
pasnoNuTL B pAAH BeanunHn m2—-(x/p%) u N.

§ 18.12. Pasjoxense B pashl BeJHUHH pis—l—m"’ N

1) OuesBnaHO, 4TO e€CAH BO3BeCTH B KBaApar paseHcTBa (3) H (4)
§ 18.10 u caoxutb, TO r? NpeACTAaBHUTCA DPALOM NO €OS 2%, NPHUEM r
6yneT MMeTb 31eCb 3HAyeHHe, NPHNUCHBaeMoe Beauuuiie p. OueBnaHo
TaK&e, 4To p~3 OyldeT aHAJNOrHYHBIM PAAOM MO KOCHHYCaM.

Hs ¢opmyan (1) § 18.11, ecau samennts r Ha p, HMeeM

x 3 (D?+4-2m D)a—{-——g-m%
-p—a--_—.—2—m -+ m .

HNanee,

(D*+2mD) s ==al N [(2j+ 1)*+2m 2]+ 1) af¥ =
= (1+2m)u+al R[4/ + 1 + m) a L),

IMosTomy
Y [v0+1+me+gma, |
2 a,tr

OGo3HaunM OTHOLUeHHe, BXOAAUlee B NPAaByl0 HYacTb STOFO PaBEHCTBA,
uepes Xy AL, Torxa

or 2] = ; 2/,
[B][2 48] =3 Bo-15
TMpupasuusas xosdpuumentn npu (2, Mu noayuaem

2“/-4A1=4J(f+ 1 +m)“f+%m2“-/-r @
i

4 mi=1+2m+Fmi+ - ()

ST0 paBeHCTBO CNpPAaBEANHBO NMPH BCEX MOJOXKHTENbHLIX WK OTPHLATEb-
HHX LeJHX 3HaueHWsx J, Bkalouas u Hyab. Hanpumep, ama f=0, 1, —1,
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COOTBETCTBECHHO dy,ueu HMETb

adh+aA+a A+ ... =%mza—1' 6))
G+ 040+ 8 AL + ... =4@+ma, 43w, ()
A+ o 1Ayt a s+ ... =—4dma_+ 3 mia )

Ha pasencts (4) u (5), oueBHAHO, caenyeT, uto A, H A_, ABAAIOTCA Ma-
ALIMH mopsaka m?, a u3 paseHcTBa (3) moayuaeM, uto A, — Manas no-
paaxa md.

[lonaras B ypasueHuu (2) j=2, a sareM j==—2, Haf\feM, uT0 A,
H A_,— Manne mopsaka m?.

Hdanee, Tak kak mnpasas yacTb paBeHcrBa (1) pasnaraerca B paR no
KocHHycaM, 10 A;=A_,.

Ipusenem elle HEKOTOpHE pe3y/bTaThi:

A=A_|= g- m? — 4ma_,,
Ay =—3 mla,+4ma_; (8,4 a_y).
Ay=A_,=8(1 —m)a_,+ 3 m2(a, —a_)+4ma’y;
npu sToM BHpaxeHus Aas A, H A, AOTCA C TOUHOCTHIO A0 MAAHX MNO-

paaka m5 BKAIOYHTEJbHO, 8 Ay KaHO C TOYHOCTHIO N0 MAAHX mopsaaxa m7.
IMepenumem Tenepb pabeHctBo (1) B BHAe

%+m2=1+2m+§mﬁ+,40+2' AL, 6)
uin, B G6oaee ymobho#t ¢opme,
Ztm=2 Y M =2M+-2 Y M 1)
PI - > = 0 AR
rae
oMy =14 2m+ 3 m24 4, ®)
H
oM, =2M_,= A, ©)

KpoMe Toro, HanuuieM i
E=2 ) Mk, (10)
rae 2M6=2M0—m2 n Mj=M,, ecau {+0.
Q) Paccmorpum Tenepb ¢opmyay (5) § 18.11 aas N. Mu umeem

3 92,.2, 3 7!
N=—2' m2C 2+'2—~:—3'£Ec—-—. (ll)
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IMycts E oshauaeT BTOPOA ujer MpPaBOH uacTd STOro BHpamenus. Toraa,
HCMOJIb3YS paaeucno (10), 6ynem umeTb

SIS
20 Jar E ot

Tlpu nomolyu npueMa, aHaAOrHYHOTO TOMY, KOTOPHIHt NpHMeHAACH K Apo6u
B.¢opmyae (1), M Halaem, yTo ¢opmyna, onpereisiowas v u aHano-
FHYHas (2), MMeeT BHA

z‘“,v,a,_,=2 gmfa,_,. (12)
TMonoxum
N =N/ (13)
rae 3 3 3
N_l=—2-m2—|—7v_l, Ni=§v,‘ ¢+—=1, (14

a N, umeer nopsaok mf 2!, C TounocTbo Ko uneHOB nopsaka mé BKaI0-
yuTe bHO M3 paseHcTBa (12) Mm Ge3 Tpyaa naitieMm, uToO

Vo == 2M6[l —-— (01 —a. 1)2]'
vy =2M, + 2Mo(a, —a_)), (15)
Vo1 = 2M; — 2Mg (8, — a_)).

§ 18.18. Bupaxenns aas As n As

Hame ocnoBhoe ypaBhenne (4) § 18.11 npu nomowu dopmya (7)
# (13) npeaniayiuero maparpaga NPHBOAUTCA K BHAY

[0+ 14 m’+ I M| a) +[DNLH]Cas) =0, (1)

rie M u N npeanonaraioTcs H3BeCTHHMH yHKkuusMu m. Byaem HckaTb
pellieliHe 9TOro ypaBHeHHs B BHIe

C-l Au=—2a [e-m v 2 erc2r+c+em ¥ Z frcw—c ]. (2)
CAs=a[e® V=13 ¢ Lo 4 7" V=T X £ 077 @)

IMpumeM ® ¢, B KauecTBe ABYX HOMOJHHTEJbHHX TPOM3BOJBLHLIX NO-
CTOAHHHX H OyldeM pacCMaTpPUBaTb € KaK HEKOTOPYID HeompelefeHHYIO
nocrosHuyw. Iloacrasum pasenctsa (2) u (3) B ypaBHeHue (1) u mono-
KUM {—r==j B Tex unenax, Kotopbie 3aBucAT OT M u N, u r=j
B Apyrux unenax. Torma OyneM iMeTb

ze-“’l -1C21*°[e (21+c+1+m)2+Z(M,e,_ +Nifi- ,)]
+2e"’"’€21 c[f (21"‘c+l+m)2+Ele]—l+Nel I] 0.
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DTO paBEeHCTBO ABJAETCH TOXKIECTBOM, MOITOMy Aas Jw0Goro 3xavenus j
HiMeeM

¢y @J+c+1+mp+ X (Mey,+Nifi_)=0. 4
1)@ —c+1+mP+ XMy +Ne ) =0. ()

3anuulieM paBeHCTBO (4) B BHIe

&;[@/+c+ 1+ mP+ M)+ Nof_;+ 3 (M) +N.f,)=0. )

Ecau 3aMeHuTb B ypaBHeHHd (8) j Ha — j, TO OHO NMpUMeT BHA
f_ 1@ c—1—mp+ Mg+
+Nogy+ X (Mf_,_ +Ngy, ) =0. )

Hckaiouas u3 ypasuenut (6) u (7) f_ j» MH TOJyyaeM HEKOTOpOe ypaB-
HeHHe OTHOCHTENbHO €;. AHAaJOTHYHO, eC/M MCKAKYHTbL U3 ypasHenu# (6)
u (7) e; TO moayunM ypasHeHue a1 f_ Iz 3TH ypaBHeHHA MOryT OHTb

pelleHs MeTOLOM NMOC/AeN0BaTeNbHBIX NMPHOAHKEHHA. T. e. MeTOLOM, KOTO-
pHift ncnonb3oBancs npu onpelenesun a; B § 18.07.

U3 ypashennt (6) u (7) Buauo, uro npu j==0 cywecTByeT HeKOTO-
poe nHHe#HOe COOTHOIUEHHE MeX1Y e, OCTaJbHHMH e H BceMH f. Oue-
BHAHO, YTO A/ BCeX 3HaueHHA / Mbl MOXeM ONpeNe/HTL BelHYHHM e)/e,
U f;/eg. TI0STOMY NpeAnosOXHM, UTO e, eCTb NMPOH3BOAbHAA NOCTOSHHAS,

npHYeM UYeTBepTOR NPOU3BOJLHON MOCTOAHHON OydeT .

§ 18.14. NMpu6Ganxennoe 3navenue ¢

U3 ypasnennit (6) u (7) npeamaywero naparpada HeTpymaHO yCMO-
TpeTb, YTO el/e0 H f_,/e, ABAAIOTCA MaNbLIMM BEJHYMHEMH MO MeHb-
et Mepe nopsika m. Mbl NpeAnosIOKHM, YTO MOPANOK & j/eo uf_ I/eo
NPOTPeCcCHBHO yBe/JHYHBAeTC C yBenudeHueM |j|. Tlonoxum B ypaBhe-

Huax (6) u (7) § 18.13 j=0; Toraa c TOYHOCTHIO N0 MAJHX KO-
panka m? GyaeM uMeTb

eo[(c+ 1+ mp2+4 Mo+ Nofy=0, M
eNo+ fol(c — 1 —m)2+ M) =0, 2

oTKyAa
e+ 14+ mP 4+ M) [c— 1 —m)*+ M) —NE=0. 3

D10 ypaBHeHHe HaeT HAM BO3MOXHOCTb ONPEAEAHTb MOCTOSHHYIO C
C TOYHOCTbIO N0 MaJHX Nopsaaka m? BkmountenbHo. Hanee, u3 dopmya
(8) u (14) § 18.12 c TOYHOCTBIO 1O MaiHX MOPsAKAa M? BKIIOYHTENLHO
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HMEEM

oMy=1+42m+ 3 m’, Ni=oMi—3 m.

TostroMy ypaBHeHue (3) mpuMmeT BHI

[ — (1 + mP 42, [+ (1 + m)"] = 8M3 — 3w,
HJIH

[c2 — (1 F-m)224-2M, [c2 — (1 ++ m)?| = 4M, [2M, — (1 + m)?] _.% m?.

[lpaBas 4acTb STOrO ypaBHeHMs HMeeT NOPAAOK M2, MOITOMYy C TOY-
HOCTbIO [0 YJEHOB MOPAAKA M HMeeM

c=1+4m.
Bo BTOpOoM npuGauxeHHH, KOTOpOe OnpeleiseTcs BecbMa /Jerko, ¢ OKa-
3HIBAETCA PABHHIM

c=1+4m—3m, o)

Mb MOXeM Temepb BLIYHCAHTH NOCTOSHHHE & H f.

1) fo. U3 dpopmya (2) u (4) HaxomuM, yTO
N .
fo=—rto: G- =—3(1—mD)e,

2) e_, u f,. Tlonoxum B ypasHeHusx (6) u (7) § 18.13 j=—1.
Toraa ¢ TOYHOCTBIO 1O MaJWX MOPSAAKA M2 BK/IIOYHTENbHO GyleM HMeTb

e [(c— 14+ mpP+ Mol +Nofy=—M_16,—N_,fo
e_\No+ f118+m— )+ M) = — M, f, — N,e,.
Ecau BupaxeHue (4) &1 ¢ NOACTaBHTL B MNOCAeIHHE YPABHEHHA H

HCKMIOUNTb M3 HHX f;, TO HeTpyaHo HaHTh e_;. C TOYHOCTHIO A0 MaJhIX
Nopsiika m TOJYYHM

45
e_l _ — —8— meo.
Tlocae 9TOro HaxoAHM, UYTO

15

3) Moaoxum B ypaBHenusx (6) u (7) § 18.13 /==1. Toraa aerko
yBHOeTb, YTO & M f_, ABJAIOTCA MaJbIMH TNOpAAKa m?. BooGue, ecau
r — NOAONUMEABHOE LeN0e YHCIO, TO e_, H f, HMEIOT MOPANoK m¥ 1,
ae u f_, ~—nopanok m%,
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§ 18.15. Jsexnus

B srom naparpadpe M paccMOTpHM BHIpaxehud aas Au u As c Tou-
HOCTbI0O 10 MajamXx mopaaka m. TIpu 9TOM Mu npeHeGpexxeM BCeMH
ko3¢duunentamu e u f, kpome e_, u f,. U3 dpopmya (2) u (3) § 18.13
MH noJyyaeM

M (el e ) e (fL T AET) ()
CA£_= elm (eoc—c+e_lc2-c)+e—lm (focc+f1cc-2)r (2)

rae =7V — 1. Kpome TOro, ¢ TOYHOCTbIO 1O MaNHX NOPALKAa M HMeeM
u=al, s=at"', tak uro p==a H, coraacio ¢opmyre (2) § 18.11,

( ) 1+sAu+uAs_l+€"1Au+CAs
IMostomy npu nmomowu dopmya (1) u (2) naxoaum
2
(5) =120+ focos(@—w)+2 (e, + fo)cos|c— 2t —ol.
IMoacraBum ciona BupaweHus fo, e., U f, uepes e, BuBeleHHLe B Npe-
AuayuleM naparpage. Ilonomum e==2¢, W BocnoabayeMca ¢opmy-

aoft (5) § 18.09; roraa

(£)2=1—2ecos(ca—m)-——li mecos[(c —2)t— o],

a 4
OTKyAa
£= 1+—;—e’—ecos(cE—m)+%e2cos2(c5—m)—

—%-mecos[(c—2)i—w]- ©)

B stoft dopMyne NMOCTOAHHAA € COOTBETCTBYET SKCUEHTDHCHTETY S/JHMN-
Tuueckoft opOuTH. ITocAenuuft uneH, KOTOpHH# npomopuxoHajeH me,
ABaseTcA HanGoJee SHAYHTENbHHM BO3MYUIEHHEM B pPajHycCe-BEKTOpe,
8aBHCALIEM OT m.

PaccmoTpuM Tenepb Bo3MylleHus B aoarote. B n, 2 § 18.10 mu
0603Haun/IH ypaBHeHHe lieHTpa ueped 8 (=v— nft —e) u HMean

em=_"_c:_1_,

st
Ecau 6, ects Ta wacth 6, koTopaa saBucHT TOAbKO OT m, a Af—rTa
yacTh, KOTOpas 3aBHCHT OT €, TO

+a0) — & ! (a4 Auw)
o2 (80+80) — =T

26 V. Cuapr
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OTKyAa

oIAg =24 _ As
u S

HJH, TIOCKO/IbKY C TOYHOCTBIO 10 MA/bLIX TOPAAKA m HMeeM 4~ = s{ ==a,
14~
QA = ;(c ' Au+CAs).

TTostoMy u3 dopmyan (1) u (2) M noayyum
A9 = (¢y — fo)sin(ct —w)+(e_; — f)sin[(c— 2)§ —w],
HJIH, €C/IH BBECTH e,

A9 = 2esin (¢ — w) — < mesin[(c — 2)§ —ol. @)
ﬂocnenHl{H yjJeH B 3TOH ¢0pMyﬂe Ha3HBaeTCs 9SBeKuUHel.

§ 18.16. Jipmxenne nepures

CornacHo mpeamiayuieMy naparpagy, ypasHedue uentpa 0 06o3sHa-
uaerca yepes 0,4+ A8. Yacrs 8, naerca ¢opmynost (9) § 18.10 wu,
C TOYHOCTHIO 10 MaAnX nopsaaka m, 8,=0, T. e. v=nf-}e. Ucnoansys
Buipaxenue (4) npeanayuwero naparpaga ans A, MH C TOUHOCTBIO M0
Y/J1eHOB MOPAAKA M BKJIOYHTE]bHO HMeeM

v ==nt -+ 2esin(ct — w) - 3Bekuua.

Kpome Toro, coraacio dopmyne (3) § 18.15,
%= | +—;— e?—ecos (ct— w)+-;- e?cos 2 (¢t — w) -+ ssexuus.
Jna mrHoBeHHOH# saaunTHYecKo# OPOMTH, MOHHMAA NOA € SKClUeH-
TPHCHTET e, HMeeM
v=nt-+2esin M,
r=a(l +—12—e2—ecosM+%e2cos2M).
rae M (=nt-}+e— &) — cpenHsa aHoManaus.
CpaBHHM apryMeHTH, BXoAfliHe B GOpMyanl aas ¥ W r, C BeJHYH-

HOH (c%— w). OGosHauum 9Ty BenuuuHy uepes ¢. Toraa Mum MoKeM
Hanucarb

p=nt+ (15— 1)t e —ap, (1)

rae
dy=ce; + (1 —c)s— w==const.



§ 18.18. llpedsaputeavnbie dopiyabs 403

Cpasnusas ¢opmyay (1) ¢ BuipawenueM nf-4e¢ —, T. e. ¢ M, Haxo-
RUM, YTO OHH OTJAHYAIOTCA APYr OT APYra Ha BeJHYHHY

G)—u)o—|-(1 -—T-__:—m)nt.

Hcnoabays ¢opmyay (4) § 18.14, noayunm c TOYHOCTBIO A0 MaJbX Be-
JHUHH nopaaKa m2

.~ 3
® ==&y} vy m?nt. 3]
TakiM 006pasoM, JOArOTa MepHres YBEAHUHBAETCA CO CKOPOCTBbIO
C
( 1 ———+-—m—) n wan %,m2n. U3 dopmyant (1) creayer, uTo COOTHOLIeHIe
Mexay BeJHuyHHOH ¢ B HacTosule Teopunm H nocrosuuoft [lontexynana ¢
HMeeT BHA
c=(l+m)ec.

§ 18.17. 3ameuanus K mpeAbAyuiHM mnaparpadam

B § 18.14 mu onucann MeToA onpeaenenus kospduuHenToB €, H f,
B 3aBHCHMOCTH OT M M, KaK Mbl BHIeJH, STOT MeTOX BKJiouaeT B cebs
o0no8pemenroe BHuucaeHHe c. OueBHAHO, 4TO S5Ta paboTa sABJAETCA
YyTOMHTEJNbHOM H TPYydOeMKOR .Haxe B TOM CJyvae, KOrAa peub HAeT
0 mepBOM M BTOpPOM npuGamxeHuax. Ecau 6n Mul Hamau GoJee TOUHOE
YKC/NEHHOE 3HAYeHHe C MJH TPeACTaBHJH €ro B BHIE pAAa MO CTEMEHSM m,
HanpHMep 10 uJeHOB mopsanxa mé, To e; u f, onpenensauch G6H C cuenb
Goabio#t skoHoMue#t Tpyna. Hama Oamxaflinas uenb COCTOMT B TOM,
4yTO6HL OMHCATh He3aBHCHMBIH MeTOA BhuHcAeHus c. Ilpu sTtoMm notpe-
GyercAa nepefiTH K HOBHM KOODAHHATAM H BHBECTH ypaBHeHHe, ompeje-
asollee €, 4] Yero HyxuHo 6yldeT pacCMOTPeTb HEKOTOPHH GecKoueyHnift
onpeneaHTe b,

§ 18.18. Ipeasaputenshnie Gopmyin

B cucTeMe oceft, BpAILAIOIHXCA C YTA0BOH CKOPOCTBIO 7y, ypaBHeHus
ABHxeHua Toukn P (x, y) no npoMexyrouHo#t op6utre CP (puc. 26)
noayuaotrcs H3 ypasHeHu#t (8) u (9) § 18.03 B mpeanonoxeHuH, yto
Q@ =2=0. OHH HMelOT BHA

X —2ny—3nlx =— L, )
y+2nx =—1, 1))
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HJIH
- + __OF
X —2ny = rri )
- . __OF
Y +omi =, )
rae 3
F=L4ona 6))

VmHOXHM ypaBHeHHs (3) u (4) COOTBETCTBEHHO Ha £u );. CAOKUM
H npouHTEerpHpyeM. B pesyabraTe noayuuM uHrterpan fixkobu:

R4 P=0?=2F+&, (6)

rae k — NOCTOAHHAA, ¥ — CKOPOCTb P BO Bpaumaoueics CHCTeMe KOOp-
auHat. Tak kak CP —vacTb NpOMexyTOYHOH OpPOHTH, TO MH MOXeM

¢

Puc. 26.

CYHTaTh, YTO KOOPAMHATH X H ), KOTOPHE BHPAXAIOTCA YePe3 KOM-
NAEKCHHE NepeMeHHHe & H §, H3BECTHH.
Iycts kacatenbHas k CP B Touke P o0pasyer ¢ ocblo X yroa $.

Toraa ) )

=wvcos}, y=wvsiny, @)
Jas MPOCTOTH M MOJOKHM

C==cosy, S==siny.

W3 unterpana (6) umeem
. dF s OF « OF
W= = X o —+y W .
Iostomy oF oF



§ 18.19. Hureépar Axobu 6 obwem cayuae 408

YMHOXHM ypaBHeHHe (3) Ha y a ypasHeHne (4) Ha X H BHUTEM.
Toraa noayuyum

;c;_se9+2n,o==v(_s§§-+c-"£).
Oxanako H3 paBeHCTB (7) HeMelJCHHO HAXOLHM

xy — xy =v¥. C))
CaenoBatefbHO,

: oF oF
0(4’+2n1)=—3'§;+co—y' (10
OTKyIa, HCHO/AB3YA COOTHOWeHHe (8), MoaydaeM

Vh 40§+ 20) = —0§ — S F,, + IF o))+ C (xF oy +IFy)

Wi

o)+ 20+ n) =P, an
P=—SC(F,,—F,)+(C?—S)F,,. (12)

rae

§ 18.19. Hnterpaa fiko6u B obmem cayuae

Iyctb Ha pHc. 26 Touxka Q (X, Y), cooTBercTBYlOWan Touke P (x, y)
NPOMEXYTOYHOR OPOHTH, NeXHT Ha AeHCTBHTEAbHOA OpOMTE, 3aBucAllel
OT YeTHpPeX MNpPOH3BOJLHHX nocToAHHuX. [losoxum X =x--Ax,
Y=y Ay. Toraa X, Y 6yayr ynoBJeTBOpaTb ypaBHeHuaM (3) u (4)
§ 18.18, Tak uro

%+ g Ox)—2m [y -+ )| =Fr+AxF, -+ AyF,,,
§ + 55 )+ 2m, (% + 5 Q0)) = F, +8xF,y+AyF,,.

TlosToMy ypaBHeHHS, KOTOPHM YAOBAeTBOPAIOT Ax M Ay, sanuimyrcs
B BHAE

d2 d
W(Ax)":-’nl7[(A}’)=Axex+AnyyEAFx' )
d? d
-7 (8Y) +2n, — (Ax) =AxF,,+ AyF , ,=AF,. $))

VuuoxuM ypastenua (3) u (4) § 18.18 Ha %(Ax) H %(Ay). a ypas-
HeHns (1) u (2) HA X H y H CNOXHM. Torna MH 6yneu HMeTb

Y [# @0+ -G5 @] =F, & @0 +F, 50+
xy

+ Ax (XF o+ YF 1)+ Ay (XF oy + YF,,).
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Tak kak nocneanue ABAa Y/eHAa MOXHO 3aMMCaTb B BHIE

d d
* o5 (F) 48y 7 (Fy),
TO MB TOJYYHM

Zdt[ ar B )] @ (AxF +AyF,)
H, MHTETPHPYA, HAXOAMM

kgr B+ 3 55 (B9) = AxF, + ByF,, ®

TMocToAHHAA HHTErPHPOBAHHA PaBHA HYMO, TaK Kak JeBad M npasad
yacti ROJMAHB 0Opallatbca B Hyab, Korda Ax =Ay =0,

Cnenyer 3aMeTnTb, 4r0 Ax M Ay cBA3alB C KOMN/JCKCHHIMH BeaH-
ynHaM Ay H As npeablAyluX naparpadoB COOTHOLIEHHUAMH

Ay =Ax—-1Ay, As=Ax—1iAy. “)

§ 18.20. Mepexoa x HOBLM KOOPAHHATAM

Ha puc. 26 PA —kacatenbHas K NPOMexyTOYHO# opGure B touxe P
u PB —nopMans Kk PA, Hanpas/ieHHas B CTOPOHY BO3PacTaHHa yraa ¢.
IMycTs KOOpAHHATH TOYKH Q, oOTHeceHHbie kK ocam PA u PB, cym p
u gq. Toraa

Ax=pC—gS, Ay=pS+44C M

! p=CAx+4SAy, g=—SAx-CAy. 2)
CoraacHo ypasHenuw (1),

2 (Bx)= pC— ¢S —§ Ay, )

27 (8y)= pS—+4C+§ Ax. @

YMHOXHM ypaBHeHle (3) Ha X, a ypasHenue (4) Ha y u croxuM. Toraa,
nockoabky x ==vC, y=vS, wunrerpan flko6u (3) § 18.19 npu-
MeT BHA

v(p —q§)=p (CF,+ SF)+q(—SF,+ CF)),
nau Beaeacrsue dopmya (8) u (10) § 18.18

v(p —q¥) = pv -+ qu ($ -+ 2n,)



§ 18.20. MMepexod x HoBbLim KOOpOUHATAM 407

HJIH, HaKoHel,

vp — pv=20q ($+ ny). )

Ha pasencrs (3) n (4) nmeeM
cLan+SEey=p—ab ®)
—S—(AxH-C ,(Ay)——q+pf M

Mpoauddepenunpyem papedctso (7) u BocmoabayeMmca ¢opmynoft (6).
Toraa moayuuM

=—S5 L A +C L O =b G =g +a+ph+rb.  ®
Ho na ypasuenus (1) n (2) § 18.19, a Takxke u3 MPHBEAEHHOTrO BhILle
paBenctBa (6) HMeeM
E=—2n,(p —q}) —SAF,+CAF,.
TMosToMy paBencTBo (8) mpumer BHA
g+ Py+2p 4+ 1) —qb(p+2n) =—SAF,+CAF,. (9)

Jlerko BHAeTb, uTO MpaBas 4acTb STOrO ypasHeHHd paBHa pP -+ ¢Q.
rae P naetca ¢opmyaott (12) § 18.18, a Q — pasencTsoM

Q=_S?%F,, —2CSF,,+C*F,,. {am
Vpastenne (9) Toraa npuMer BHA
g+ pG—P)+2p G+ n) =q1p ¢+ 21)+Ql.
TMpuuuMas Bo BHHMauue dopmyay (11) § 18.18, noayvaem
§—2(p5—p)l+m)=qlb G+2m)+Q)
HJH, HCNOAb3ys cooTHomeHwe (5) § 18.20,
g+ 49 G+ n)?=q1$ ¢+ 27)+ Q).
TMocneaHee ypaBHeHHe MEF 3amHiuieM B BHAe
g+ —n)8.9=0, an
rae ) .
(n—n)y28=4@+n)y—4(+2n)—Q. (12)

HatneM okBHBafneHTHOe BhipakeHne AJ8 6 ciaeaylOWHM 06pa3oM.
Us dopmyau (8) § 18.18 unmeem

v=CF, -+ SF,.
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[TosTomy

v={(—SF,+CF)+C (£F .+ YF )+ S (xF ., + yF,,)
uau Bcaeactsie dopmyan (10) § 18.18

Y e § G+ 20) -+ (COF g 2CSF oy + SF ).

310- NocefHee ypaBHeHHE SKBHBAMNEHTHO C/eLyIOLLEMY:

=9+ 2n)+ For+Fyy—Q

HUckaiouans Q us paBenctsa (12), Mb 6yldeM HMeTb

(n—nl)’e=%+2(¢+n,)2+2n§—(F“+Fyy). (13)

B caeayiomeM naparpade Mo npeacTasuM O B BHZe QYHKUMH 4 H §
i B KoHeyHoM cuere B BHie ¢yHkuuu {. Kak Mu yBHAHM, OnpelefieHHe
1OCTOANHOR ¢ CBA3aHO C peweHneM ypaeHenus (11).

fpeanosoxuM, uto pemieHHe ypasHenus (11) g=gq(f) coldepxur
yeTHpe MPOH3BOJbHHIE MOCTOAHHLHE. TOrAa COOTBETCTBYIONLee BHpPaMeEHHE
Ang p onpeaeautcs W3 ypasHenus (5) § 18.20, xotopoe MOKHO 3anH-
caTh B BHIe 4 )

7 (B)=Zi+n.

oTKyJa

p=20 [ LG+npar.

Kak MM yBHAMM B JaibHefimieM, © M ¢ BHPa}alOTCA Yepes { uau G.
[TostoMy p MoxHO onpeaeautb Ge3 Tpyaa. 3Hauenus Ax u Ay ciaeaywor
u3 dopmya (1) § 18.20, a no uum onpenensiorca Au u As.

§ 18.21, ®ynxuus 6
dynxuus O onpepenserca paserctsoM (13) § 18.20. [Ilpoaenaem
c/eayoune npeoGpasoBanus.

1) v/v. M umeeM
v d (v v\
v=u(v)+ ()
Danee, v?==us. CaenoBaTelbHO,
P

9 s
2"—='oh .
v I'G+-!



§ 18.22. Ypasnenue 018 onpedeserus q 407

Kpome toro, d/dt =1i(n — n,) D. TlostoMy Mu noJyuum

L= 2(ﬂ—n1)D( +lt)>ss) (”—”')( +Ll);ss)'

v

2) (q3+nl). U3 dopmyau (9) § 18.18 umeem
ot = 1§ — 3.
Tak kak 2x =u-+s, 2ly=u—s u v?==1us$, TO nocelHee PAaBEHCTEO
sanuulercas B BHIE

; 1 i, 3
=2—2(IJS—US) E(-d—'—'——‘;‘)-
[Tostromy

. D3 D?
btn=@n— 1)[ (D: s)_'_m].
3) Foyv+Fyy U3 qupMleu (5) § 18.18 HeMen.TeHHO HAaXOAUM
Fret Fyy=J 480 = (n —n,)2 (5 + 3m2),

Tak Kak, coraacHo dopmyaam (8) n (9) § 18.04, ny=m(n—n)
Hp=x(m—n).
Moacrasass 9Th dopmyan B ypasHenue (13) § 18.20, noaydaem

D%y D3s 2
0=—(%+u)+ 237y —B)+m] —
D%y D3s Dy D5 \?
—30( 5 +5)— 1 +5) M
§ 18.22, YpaBHeHHe aas onpeaeneHHs ¢
IMepenuwmeM ypaBHenue (11) § 18.20
‘;+(”-”1)290=0~
Ero Takxe MOXHO 3anHcaTb B BHIe
D% =8gq, m

rie O onpeneaserca ¢opmyaoft (1) npeangywero naparpada. B no-
clelHee ypaBHeHHe TOACTABHM

w=agH, S=Za,C'2]“’

u TakuM o6pasoM onpefeanm O kak dyHkuuio oT { H K03 dHUHEHTOB a.
Ua dopmyan (10) § 18.12 sameuaeM, yto BHpameHHe

kA
'r_'+m2’
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rie r2==p?=us, wuMeer BHA N P;c0s2{:, npuueM KOIDPHUHEHTH
P, — usBecTnbie ¢ynkuun m. Kak Mb yBuAuM lLafee, OCTajJbHBHE Caa-
raeMbie npasod yactu pasedctBa (1) § 18.21, onpeneasowero ¢ynk-
uuio 6, uMelorT Takylo e ¢opmy. [Tostomy O MoxeT GuTb HanucaHa
caenyiomuM o6pasom:

8 = 0,4 20, cos 25+ 28, cos 41+ ... = 2N 0,¢%,
rae 9_,=95.

§ 18.28. Kosdpduunentnt 6,

Bocnoabsyemcs Temepb pesy.ibTatamu § 18.06 ana npoussesenus
i YacTHOTO pALOB.

1) Mbl nmeen

*u 2@+ Iy? a,(2l 21
w  N@I+Dag =X o,

OTKyZAa, Kak H B N. 8 § 18.06, Moryr 6uiTb nosyuenn KopduUHEHTH Q.
Jaaee,

D’s  N@+Var™™ — F@+hagl
Ds 2(21+1)a,c TT T Sei+ned

")l
=— Q¥ =—3Q..;7
CienosaTebHo,

E=gr— 5L =Y Q@+,

1. e. E umeer Bun P cos2ii. Jlerko BumeTh, uTo 3aech Qp==1.
3anucuBas E B BHIe

E=3Q+Q )=23vg"
rae Vy==1 u 2V, =Q,+ Q_,, Mu OyaeM umerb

lE_;_(__DD’Tu__ Dzs)-{-m——EV,C'"

rae cymMa 14 m o6o3Havena uepes V. CaenosaTeabio,

E= ) V}’:‘” 2 v C2' Z W,Cu

Kosdpouunestst W Moryt OHTL onpefenelinl ¢ MOMOUIbI0O METOAa, M3/0-
wenuoro B n. 1 § 18.06, cHavana kak pyukuud xosdduuuentos V,




§ 18.24. Bud ¢ynxyuu q 411

a 3areM Kak ¢yukuuu Beanyun Q. Iockoavky E; mpeactabaserca papom
No KOCHHyCaM, TaK e, KaK M E:, To V,=W_,.

D3s \ A g2
D Fegp+pr=XaC ="
Mostomy
\ 2 -2
DF = 22i1Q,(¢" +¢7%),
T. e. DF umeer un 2, P, cos 2.
3) Moceanut uaen B BupaxeHns O ectb F?, KOTOPHM, KaK JACrKo
BHAETb, pa3jaraeTcs B pAjd MO KOCHHycCaM.
Buuncaenns Xuiaa ¢ TOWHOCTBIO A0 MaJauX nopsaaka m® BKMoui-

TeAbHO MPHBEAH K CAeAyIOUIHM Bupaxenusm 6, 6, u 6, uepes ko3p-
(HILHEHTH a:

8y=1+2m — m2—|-— m?a{-54a34-(12—4m)a,a_ +(6—4m) a?,,
8,=(6+ 12m) a, (64 8m) a_, — > m2,
6, =20ma, -+ (16 4-20m)a_, — (9 40m) a2+ 6a,a_,+

+ T 4m)a?, — 3 m? (a,—a_y).

Takum 06pa3oM, Ko3pPuUHEHTH O MOKHO BHYHCAHTb, €CAH B STH BH-
paxeHHs NOACTAaBMTb 4YHC/I0BOE 3HaueHHe m. 3aMeTnM, 4T0 O, HMeer
nopanok ml21,

§ 18.24. Bup pynkuun ¢q

Bcnomnuy, uto ¢ ecThb aMddepeHuHan AAMHE HOpPMaiH B Touke P
(cM. puc. 26), cBasaHHH# ¢ Ax u Ay nepsoft $opuyrof (2) § 18.20.

KOTOPYI0 MH 3aNillleM, HCNOAb3ys 0603Havenus C=x/v u S=y/v,
B BHIE

g =1 (xby —yAx).
Bupaaum x M y uepes # M S M NoAcTaBHM Ax u Ay M3 COOTHOLIEHHH
2Ax =Au—+As, 210y =A_u-—As.
Toraa nonyquu
mv (s Au —a As) = ot [Ds - (' Au) —C"Du - Qas)) (1)

Takum 06pasoM MW CBKeM ¢ C Bupamenuamu G ' Au u {As, onpene-
nAeMuiMH paBeHcTBaMK (2) u (3) § 18.13, koTopHe 3anHIieM, YYHTHIBas
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418 yno6CTBa TOMbKO YJaeHH C k03(dHUHEHTAMH e, B BHle
-1 2 2
A= EL¥*, CAs= D ELI*,

rae E,=e,exp[—o YV —1], a E u {; —KoMnaekcuue Belnunuu, co-
npsxkeHHsie ¢ E n § cooTBercTBenno. ITostomy

CDs- (C—l Au) = — [Z Q41 ai(:"m] [2 E’C2r+c] —
= ;;(214- 1)a,E,, I+,

AHaAOTHYHO

Clau- QA9 =R F @+ DaEr,

CienoBaTeabHO, BHpakeHie, cTofllee BHYTPH KBaApPaTHHX cKOGOK B dop-
Myne (1), nMeer BuL

2 Pjcos|(2/+ )t — o,
rie P_1=P1-

C apyroft cTopoHH,
v’=—(n—n,)?Du - Ds.

Jlerko BHAETb, YTO ¥ MOXHO NMPEACTABHTL B BUIE ZQ,, ¢0s 2k% u, kpoMme
70r0, 4YTO 1/U HMeer Tako#f e Bua. OTcloma ciepyer, uto ¢ B dop-
Myne (1) DOMKHO BHIPaXKaThbCA Tak:

g =2 R;ycos[(2j+ )t — o],

WJAR, BBOAA BEJIHYHHY §, B TakoM Bmie:

g=2D b - Rag¥-e. @)

Bk/mouenne 4iaeHoB ¢ xoddduuueHtamu f, GUTYypUPYOLIHX B PaBeH-
cTBax (2) u (3) § 18.13, npuBOAMT K aHANOTHYHHIM pe3yJabTaTaM. TakuM
ofpasoM, ¢opmyaa (2) paer obwuit BuA PYHKUMH ¢, NpHYEM ABe AOMOJ-
HUTEbHbIE MOCTOAHHbE HHTErPHPOBAHUA BXOAAT B KOIpduUHeHTH b; 1 d)

§ 18.26. YpaBHeHuHe aaA onmpeAeNeHHA ¢ Kak QyHKuuM m
Cornacio dopmyaam (1) u (2) § 18.22, ypasHeHHe A1 ¢ HMeeT BHI
DY =g 28,0, (1)

rie k—uenoe yncao. [ToactaBuM B 3TO ypaBHeHHe ofliee BhpaxeHue ¢
no dopmyae (2) § 18.22. Toraa Mu OyneM HMeTb

2 @) Aot B (2] — o d e =
—_ ‘?_‘ ; ekbﬁ2k+21+c + g g ekdlc‘n-t-‘zt—c —

—_— IZ ‘Z ej_iblc2j+c+ ‘jz' ‘21 ej_‘dlcﬁ]—C.



§ 18.25. YpasHenue Oan onpedeaenun ¢ Kok Pynkyuu m 413

Mpupasuusas Kosdpduuuents npu L7/ +°

@/ +Pb;=238;_,. @
Ananoruuto, npupasHiBas KOIPPHUUHEHTH NpPH ¢¥-¢, naxomum
(2j—c)2dj=g,9j_,d,
uaM, 3aMeHss f Ha — jJ W ! Ha — [/ u BcnoMmuHas, uto O_, =6,,
@/+cofd_ =26, d_,. 3)

Ypastenue, cayxalllee 119 HEMOCPEACTBEHHOrO ONpele/eHHS C B BHAE
GyHKUHH M, NOJAyyaeTCs NyTeM HCKJIIOUeHHs Kosdduuuentos b us Gec-
KOHEeYHOR CHCTeMB JHHeHHBIX ypaBHeHHH (2). 310 ke ypaBHeHHE MOXHO
NOJMY4HTb, ec/H H3 6eCKOHEYHON CHCTEMB JHHEHHHX YpaBHeHH# (3) HCKJIO-
ynTb BeNHYHHH d. [TOITOMYy MH MOXEM PacCMOTPeTb auumb cHcTeMy (2),
KOTOPYI0 3anuueM B BuAe

cor —0ob;_y—8;_ 1 +[(c+2/7— 8 b;—

» MB NOJyuaeM

—elbj+1—'e2bj+2—... =0. (4)
Kaxnoe ypasuenue stoft cucremul pasmeanM Ha 42 —6, [loaaras no-
ciaeposateabio f==..., —2, —1, 0, 41, 42, ..., MH noayuuM co-

BOKYNMHOCTb JHHeHHHX ypaBHeHHH OTHOCHTenbHO KO3dduuuentoB b. Ecan
MH JOMYCTHM, 4YTO K OecKOHeuyHOH cHCTeMe YpaBHeHHH (4) MPHMeHHMO
NpaBHAO, KOTOpPOe OGHYHO HMCNOAL3YeTCH MPH pELIeHHH KOHeuHOR CH-
CTEMH, TO, HCKMOYasAs BeAMUMHB b, MoaydyaeM ypaBHeHHe

A(c)=0, )

rie uepes A(c) o6o3HaueH chAeAyOLWIMH CHMMETPHYHHH ONpele/HTE b
GeckoHeyHOro nopsaka:

A(c):
c—4P—0, _ 8 8 __ 8 o,
79, F=6, =86, -8, £-8,
__ 8 (c—=20—86, 8, __8 &
F-0, H—8, 7o, F-6, .8
e, o, 8, e, 8,
- -0, T-e; B—e, ~T=6, T#=6, - ®
-8 ) & (ct-8 _ 8
76, %6, T-6, =6, F—6,
- P 8 __ 8 (c+4p—8,
T #—8, -6, e, 78, -9,
e, N e

OueBunHo, uto ypaBHeHHe (5) HMeeT GeCKOHEYHOE UHCAO KOPHeH.
OnHako TOT KOPeHb, KOTOPHH Ml HLIEM, AeXHT BOAN3H eAMHHLM, W TNpPH-
GaukeHHOe ero 3HaueHwe, HaMaensoe § 18.14, pasHo 1-+4m —3/, m2
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3ametuM, yTo OeckoHeuHHe onpeaeautean OHaM BnepBHe BBejeiHl
B MaTeMaTHKy XHJAJIOM B CBA3H C HACTOALINM HcciaeloBaHiueM. Mul
6yaeM mpeamoaaratb, YTO 9TOT ONpeneluTeNb CXOAuTcA. B peayavrate
Ienenns (4) Ha 42— 0, aneMeHTH ompeaeNuTe]d, JexallHe Ha r1aBHOR
AHaroHaau, GyAyT CTpeMHTbCA K eaMHHue npu J, crpeMsaulemcs K Ge-
CKOHeYIIOCTH, CeCJ/Il C ABAAETCA 3aJaHHOM BeaHYHHOH.

§ 18.28. Kopun ypasnenns A (c) =0

1) Ecan ¢y —xopenb ypaBHenna A(c)==0, 1o —c, Oymer Takke
KopiieM STOr0 YypaBHeHus. Ecau B ypasHeHuu (4) § 18.25 3zamenntb J
HA — J, TO ML NOJAYYHM

[N —-920_] 92 —"elb_j_l+[(C_2j)2_8°]b_j-elb_j+1—... =0.

Kospouunenr npu b_,; Moxer Gutb 3anucad B suae [(—c) -+ 2/12—6,.
M TNOSTOMY, HCKJIOYHB BeJHYHHB b, MH moayuuM A(—c)=0, Tak Kak
3HaMeHaTe/H S/EMEHTOB ONpeae/uTeNs OCTAOTCA HeusMeHHHMH. Kophu
ypaBHenns A(c)=0, Ttakum oO6pasoM, COCTaBJAIOT NapH 4YHCEN, OTJH-
YAIOLHXCA TOMbKO 3HAKOM, H TOSTOMY YPaBHeHHE MOXHO PacCMaTpHuBaTh
KaK ypaBHeHHE OTHOCHTEIbHO c2.

2) Ecan c,— KOpeHb ypaBHeHHs, TO BeaHuuHH Cy * 2r, rae r — no-
JOXKHTEAbHOE UeN0e YHCAO, TaKe GOYAYyT KOPHSAMH STOrO YpaBieHwus.
Hanuwem B ypasuenuu (4) § 18.25 ¢+ 2/ B Buse [c — 2+ 2(j 4 1))].
Torma Mu GyaemM HMeTb

se —81b1_1+{lc—2+2(j+1)]2—801 bj—-elbj_'_l'- s =0.

Ecau pasneautb 9TH ypasuenus Ha [4 (f + 1)? — B,) ¥ HCKMOUMTb U3 HUX
pequunHH b, TO Ha#aeM, uto A(c —2)==0. TouHO Tak ke nOJyunM
A(c+2)=0. IloBTOopas 3TOT NpHeM, MH MNpHAeM K CJeAYyIOLIEMY pa-
BEHCTBY:

Act2r=0,

TaK YTO, €CAH Coy— KOPEeHb, TO BeaHuHHH Cy * 2r GyayT Takke KOPHAMH,

3) Kopnu ypasHenus A(c)==0 ABAAIOTCA TaKxke KOPHAMH C/IeAyIOLLETO
yPaBHeHus:

€os ®¢ — c0s ¢y = 0.
KopHu storo ypasHenus cyTb ¢==c, t 2r. [TosTOMY MBI AOMXKHH UMeTb
A () = k(cos mc — cos ®Cy), )

rie R He 3aBHCHT OT C.



§ 18.25. Kopru ypasserus A(c) =0 415

4) Onpeneauteab Ay(c). ByaeM odosuauatb uepes A,(c) onpereii-
Teab A(C), Koraa B HeM BeqHUHHE O, B,, ... N0JAralTCA PaBHLIMI
wyaio. Toraa A,(c) MpocTo ABARETCH TNPOH3BeAEHHEM 3/EMEHTOB, Jexa-
WX HA raasHoft auaronaam onpeaeautens A(c). Ilycrs T, u T_; osHa-
YalOT [Ba NHArOHA/MbHHX 371€MEHTa, COOTBETCTBYIOLIMX 3a/aHHOMY 3Haye-
Huwo J. Torna

Ay (0)=T, ]’] T,T_)

rae Ty=1—(c%8,). Iaa yno6cTsa Mel MOJOKHM
90=4f)2, Q)
noc/ae yero MOJyYHM

TT o 2 —A (e —2j)— 40
=

4= T A=y -

‘310 PaBeHCTBO, €CJAH B HEeM HECKOJbKO npeoGpawBaTb YUCAUTEAH U
3HaMeHaTeall, KAaK JerKO BHAETb, NMPHMET BHIA

T =220 ?—(—2j+20)
A R X R S Ty R

Mosromy, Tak kak T,=1 — (c¥4?), 10

A°‘°)“H[ ToF )

CoraacHo XOpOLIO H3BECTHOR TeopeMe aHa/NH3a, HMeeM

[~ o]
Gy =1 —o7m )

IMonoxuM B 3TOM paselicTBe X =nc, y =2x0 ==}/ 8,. Toraa

cos nc — cos (x /' ©,)

Bo(e) = 1—cos(z)/ 6,)

)

5) Ypasnenue 048 onpedesenus c, Tlyctb A"(c) o3HayaeT cuM-
MeTpHYHLI# ompedennTeab ¢ 2n -+ 1 cTpOKaMH i cTOAGLAMH, NOAyYaeMblH
n3 onpeneauteas (6) § 18.25. Ecan n ouenb BeHko, TO MH € 10CTa-
TOYHOR CTeneHbI0 TOYHOCTH MOXeM 3amHcatb ¢opmyay (1) B Buae

A" (¢) = k (cos wc — cos wCy). (C)]

310 paBeHCTBO B TAKOM CJayyae GyleT HNOCTAaTOYHO CTPOTHM NMPH Bcex
3HayeHuax c. CaenoBateabHO, BeJMYHHa R MOXeT GHTb MOJAyyeHa nyTem
NpUPaBHUBAHHA KOIGHUHEHTa NpH HausbiclieR cTeneHu ¢ B A” (C) Ko3p-
(bULUHEHTY NpPH COOTBETCTBYIOLleH CTeMeHH C B Pa3/IOKeHHH cOS =C B Gec-
KoteyHoe npousBelenne. Janee, ko3pduUHEHT NPH BLiCueR cremenn ¢
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B onpegeautene A”(c) moayuaercs M3 37eMEHTOB, JeXaIHX HA TAaBHOR
AHArOHa/MH, H COBMAaAaeT ¢ KOS(QHIUHEHTOM TPH BHCIIEH CTENEHH € CHM-

MeTpHYHOrO onpegeanteas Aj(c) ¢ 2n 41 cTpokaMu H BCeMH S/eMeH-
TaMH, JeXaUIUMH BHe [JNaBHOM IHArOHa/MH, PaBHHIMH Hya0. [TosToMy
13 dopmya (3) u (4) noayuaem

1

PTG ®
CaenopateabHo,
A (C) — CO8 ®C — COS %Cy (6)

1—cos(z) 6,) ’
310 nocaeaHee ypasHeiiHe SBASKETCS CNPABEAJMBHIM MPH BCEX 3HAYEHHSX C,
TaK uto, ecan c==0, To

sin? -é— 7,

sin? (—2—i uV“eT,)

310 ypabHenHe Bmpaxaer ¢, uepe3 onpeneanteib A(0). BuuucaeHue ¢,
CBA3aHO, TakuM 00pa3oM, ¢ BhIYHCJeHHeM ompeleanteas A (0), koTopuift
Mbl 3amHIeM B BHAe

A(0)= . )

¢ ¢ e s s e s+ ¢ e«

coe l —-329, -"3292 —3293 _3294 oo

Y _Blel l _Blel ‘—3192 _3193 "o
A(O) = leee _3092 —'Boel 1 —Boel _3092 X (8)
LY —3193 _3192 _Blel l _Blel o e

e _3294 _3293 _3292 —3291 l L

rae 1 1
b=, =1—m- ©)

§ 18.27. Buuncaenne A (0)

epen Tem kak Buuucaatb A (0), HanomHuM, uTo KO3(pduuuentn 8,

ABAAIOTCA MaibMH BeAuuuHaMu nopsaka m?, rae j— NoaOKHTeabHOE
yucao. Hanpumep, ecau OrpaHHYMTL HAIIH BHIYHC/JCHHS YJEHAMH MO-
panka m? BKMIOYHTEbHO, TO AICHO, YTO BCE 9/JEMEHTH, BKJIOualoliHe O,
npu r > 2, MoxHo orOpocuTb, Toraa A(0) cakTHyeckH npHBedeTcs
K T/1aBHOR NMAroHaJAH M APYTHM 9/eMEHTaM, MMEIOLIMM MHOXHTeab ©).
[To3ToMy MOXHO BHAETb, 4TO

A(0)==1+ A8} (B8} + €018, + DB + ..., )
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rae xosdpouuuent A apasercs Maaof BeauyuuoR nopaaka m'. Yaeww,
3aKaioyeHHole B CKOCKM, HMeioT mopaaok md u T. 4. TakuM oSpasow,
A (0) cxonurcs oueHb GHCTPO.

Kospduuueutr A cocTOHT 3 npousseneHHH Y/NeHOB BHAA —B;8,_,
T. €.

=3
A = —_2‘; B/B/_l.
Haanee,

1
16 (62— /) [0 — (J—1)*]"

[paByi0o yacTb 9TOrO paBeHCTBAa /IETKO MOXHO BHIPAa3HTh 4Yepe3 9JjeMeil-
TapHnie ApoOH, B caeayloLieM BHAe:

X;=BB;.,=

1 1 1 1 1 1
o= (7= T o7=1) — wen (=)

Bocnoab3osasiunce n3pectHoll ¢opmysoft

O |
ﬂCtgﬂ(P:_zwmv (2)
HaflaeM
ZX 1 [2zcignd 2z ctg=0
/—320[ 20—1 ~ 2041
H
— n cig =0
A= 80 (462 —1)°

Takum o6pasoM, onyckan uaeHw ¢ B, C u D u 1. a., noayyaem
caenyiolee npubiaumkenHoe 3uauenue Aas A (0):

nef ctg (% 1\:}/'5;) 3
10—6)V G, ©)

Tak Kax 1—8,— Manan seanunna nopagka m, To (1—8p) 'ctg, = V'8,
uMeeT Hyaeso#t mopsagok. CiemoBaTeabHo, dopMyaa (3) AaeT shpaxeHue
ans A(0) ¢ TOYHOCTbIO A0 M’ BKAIOUHTELHO.

Ynenn ¢ B, C, D B Bupaxenun (1) Moryr 6uTb npeoGpasoBaHh
aHANOT HYHHIM O6pasoM; APYTHMH C/AOBaMH, MB MOXeEM, HCNOAb3ya ¢op-
Myay (2), pasiOXMTb Takue YjeHbl Ha 9JeMeHTapHbie APOGH H NOAYYHTb
AN HHX KOHedHble BhpaxeHHs Buia (3). OueBuaHo, sro mpeo6pa3osanue
aBAseTca 60jiee CAOKHBIM, YeM BHIBOA BhipaxxeHus aas A B ¢opmyae (1),
H Mbl OTCHI/IdeM YHTaTeAd AJR O3HAKOMJeHus C NOAPOGHOCTAMH K «Teopuu
Jlynn» BpayHal).

AO =1+

) E. W. Brown, Lunar Theory, p. 223.

27 V. Cuapr
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§ 18.28. Buuucaenune ¢

Ecau m wu3BeCTHO, TO MOXHO HaHTH BeauuuHn 6, ©,. Toraa um-
cneHHoe 3uauedue A (0) moxeT OHTbL NnoaydeHo npu nomowun Gopmyas (3)
§ 18.27 ¢ TpeGyemoft creneHbld TOYHOCTH.

Mu Buzenu, 4to KOPHH ypasHenus A (c) = 0, ecau onycTHTh uHaekc 0,
uMelor Bua ¢ 27, rae r —uenoe yucao. BubepeM B KavecTse rAaBHOro
3HaueHHs KOPHf 3HaveHWe ¢, O/Hxafllee K enHHHLE, TaK KaK HMEHHO
9TO 3HaueHHe C ONpenenseT ABHXeHHe nepures JIyHH.

Korza A(0) BuuHCAeH, TO 3HaueHHe AAs C C TOYHOCTbIO 4O m’ BKMO-
YHTEJAbHO MOJYYaeTcs OT (POpPMYaH

i 1
sin’ 5 mc =A(0) sin2(§ x VY 90).
3HaueHue ¢, HalleHHOe TaKHM OGPasoM, PaBHO
c==1,0715838.

MpuHnuMas BO BHMMaHWe 4.jeHH O60Jee BHICOKOrO MOpPsAAKA B Paszoie-
Hud A(0), Xuaa c TouHocTbio 0 15 3Haka mocje 3anATOH MOJYUHA

c=1,071583277416012.

§ 18.29. O6mee pemenne, saBucAuee OT m
Hurepecyowue Hac ypasHenns (9) u (10) § 18.05 umelor BHI
D(aDs-—sDa——2mas)+-g-m2(a2—-s7)=0, 4}
D?(us) — Du - Ds +2m (s Da -—uDs)+% m2(u+4s32=C. (2
Coraacio § 18.13, npubamxenHoe pellleHHe SKBHBAJNEHTHHX HM YypaBHe-
Huft, BHpaxeHHoe uepes Au M As, umeer Bul 4+ Au u s As, rae

u W S — QYHKUHH, COOTBETCTBYIOIIHE NPOMEXYTOUHON OpOuTe; Au BHpa-
waetcs Gopmynoft

C—lAa=e—mV—_l 2 elc2l+0+em | 291 ZflC2l—c’ (3)
a (As umeer ananorwunnft Bua. [lepsyio cymmy B dopmyae (3) Mu

sanuileM B BHIe
21
Ze,c o

%= exp[V =1 (¢t — o)} )

E—o=c@r—n)(t—t)—ow==c@—n)(t—*) ®)

rae

Jaanee,
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rae
c(r—n)ty=c(n—n)t,4 o.
[TosTomy

G =exp [V:_l- (n—n) (¢t — tl)]. (6)

TakuM 06pa3oM, BeAHYHHY f, MOXHO pacCMaTPHBATb KAaK NMPOHM3BOJbBHYIO
NOCTOSHHYIO, 3aMEHAIOILYI0 ®.
HUs dopmyan (3) Mb BuauM, 4TO pemeHue ypasHenu# (1) u (2)
C TOYHOCTbIO 10 NepBHX cremeHe# Au W As Moxer OHTb 3aNHCAHO
B BHIe
£4=a 2 Ay +pcc2l+lcpc,

s=a 3 A el

rae p=—1, 0, 41, npuiem p=0 COOTBETCTBYeT NpPOMEKYTOUHOH
op6ute, u MO3TOMY Ay =a,.

OGuee pewmenune ypapHenuft (1) u (2), Korma yyuTHBAIOTCA 8ce CTe-
nedu Az u As, umewor Bua (7), rae p npuHumaer mo6oe lejoe 3Haye-
HHe, TMOJNOXHTENbHOE HJH OTpHIATeNbHOe, BKJIOYAR U HYJb.

Ecau D, osHauaer omepaTop §,(d/dly), To Mb HMeeM

%: V—1(a—n)D =V ~—1(n—ny) D,

™

[Mostomy
D () = @141 + poy e

H
D2 (C2l+lcop0)= (21+ 1 +pC)2 Cﬁl-i—lcgc.
Monoxum {y==C u sanuuem ¢opmyan (7) B Bule

C-lu =2 ; 2 A21+ch2‘+c.
p

Ls=a 2:: 2 A2‘+pcc—(2l+m)'
P

MoacraBuM sTH BHpaxexus B ypasuexus (1) ¥ (2) u npupasHsieM K03¢-
¢uueHTH B 06eHX 4YacTAX MOJIyYEHHHX PaBEHCTB MPH ONHHAKOBHX CTe-
neuax {. Mwu noayuyuM JauHeHHHe ypaBHeHHR I8 KospduuueHToB A,
M3 KOTOPHX MeTOLOM ROC/AedOBATENbHHX MNpPHOAHKEHHA MOryT GHITb
HaftleHH BHpaseHHs 449 A B Buie QYHKUHA M H € H OLHOrO M3 STHX
ko3¢ duumentoB, coorsercrayluero e, B § 18.13. Meronuka onpene-
AeHHs Ko9pPHuHEHTOB A aHAJIOTHYHA TOH, KOTOPAs MPHMEHAAACH MpPH
onpefeneHud KoO3QduuHEHTOB @, COOTBETCTBYIOIHX MPOMENKYTOUHON
op6ure., dTa Meronuka mpusoautcs B Teopuu JlyHn Bpaynal),

®)

") E. W. Brown, Lunar Theory, p. 207,
27.
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§ 18.30. YpaBHeHHE AJaA ONpeAEJeHHA WHPOT

Ecau npeHeGpeub okcueHTpucureroM op6uthi CoaHua H ero mapan-
aAakcoM, T0 W =0, H ypaBHenue IJ ONpencACHHA WHPOTH, COrIacHO
¢opmyae (13) § 18.04, Gynmer umeTb BHL

D2z—(%+m2)z=0. )
Danee, r2=us— 22 Ecau or6pocutb 22, 10 r?=us u coraacto ¢op-
myae (7) § 18.12 Gynem HMerb

S mr=2 ) ML, @
rae M;=M_; Ouxnako 2z ecTb Manas nopsuka Y, rae Y==1g/ u B He-

BOSMYIUCHHOM IBHXEHHH 2 NPECTABASETCA DPAIOM CHHycoB. Ilycts
Z=1z, rae {=) —1. Torna us ypasuennu#t (1) u (2) noayunm

DZ=2(X M)z 3

910 ypaBHeHHe HMeeT Ty ke ¢opMy, uTo H ypasHenue (1) § 18.22, u
ero pemeHHe, 3aBHcAlllee OT MPOH3BOMLHEIX MOCTOAHHWX Y H B, HMeeT Bul

z=a1e‘°2(:,(”+‘. )
BeanunHa 2 paBHa MHuUMOH uacTH BHpaxeHus (4), T. e.
=ay N C;sin[(2/+ g) &+ B, (5)

rae nocroannyio C, 6e3 orpaHHYeHHs OGIIHOCTH MOXHO MOJOXHTb pasHOH
enunuue. IloacraBasas BulpawkeHue (4) B ypaBHeHHe (3) H npHpaBHuBas

APYr ApYyry ko3((HLHEHTH NpH (%% 5 nepott u npasoft 4acrTax, MH
O6GLIYHEIM nyTeM MNOJY4YHM

(3+2j)2cj=2§Mj—lct' (6)

Ecan B stom ypasHenun C; saMmeHuts Ha b, g—Ha c u 2M,_,—
Ha O, ,, TO noayuum ypasuenue Buma (2) § 18.25. INosromy Meron
ONpelleIeHHA g COBMAZAET C METOLOM Onpeje]eHHA C, M MPH STOM ompe-
Aenfiolliee ypaBHeHue GyleT HMeTb BHA

A(g)=0. Q)

HanpuMep, ¢ TOYHOCTBbIO A0 MaAHX nNopsaka m3 BKAIOYHTENbHO HaH-
AeHo, uTO
33

..—_l-l-m-}-%mz—ﬁma. ®

StoT kopeHb ypaBHeHus (7) 6JAM30K K eluHMUEe W Coraacyercd ¢ HaGmo-
JaCMHIMH BO3MYILCHHAMH B Yane oOp6uTH JIynn. UYucreHHOe 3Haue-



§ 18.31. Heuxenue ysra & nepsom npubauxcenuu 421

Hue g BNepBHe OhJao naHo Axamcom !). Ouo pasHO

g=1,085171392746869.

Bupaxas g yepes m no ¢opmyne (8), MB MOXeM JIerKO NMOJYHYHTb
METOMOM MNOC/TeNOBaTeAbHHX Npnd.anmeHud Bupaxenuws Aas C, B Bule
¢ynxuuit m. Hanpumep, Tak kak Cp=1, M,=M_, u M; —manas
BeauynHa nopaaxa mi2/l, 1o, nonaras B ¢opmyae (6) J=0, Haxoaum

Ql'gz—Mo=M1(Cl+C—1)+M2(C2+C-2)+ saes
AHanornuio npu j=1 u j=—1 uMeeM

[;(Hz)z_Mo]cl=Ml<1+c,)+Mzc-l+-.-. ©

[%(g—?)’ —-MO]C_1=M,(1 +C D+ MC+ ... (10

Hanee, coraacio dopmyne (8) § 18.12, ¢ TOYHOCTBIO A0 4JEHOB MO-
paaxa m? BkalounteabHo 2My= 1 2m -5/, m?. Kosdpduunent npu C,
B ypasneHuu (9), TakuM 06pasoM, MMeeT BHL & -+ dm 4 dm?. Tlostomy
C, — manas nopsaxa m?, Kpome Toro, xosdpduuuenr npu C_, B ypas-
Henun (10) umeer BuA am—+ dm?2 Tlostomy C_, Gyaer ManoH Beauuu-
HOH MOpsAka m, H JEerKO BHIETb, YTO C TOYHOCTbIO 10 WYJCHOB MO-
paaka m C_;=—3;m. B ofmeuM cay4yae, Koraa j NOJNOKHTEIbHO,

C;— manas nopsaka m?, a C_, — Manas mopsaxa m¥-1,

§ 18.31, JsnkeHne ys3na B NepBOM NPHOAHKEHHH

Mycts | (=nt+¢€)—cpeanas noarota Jlyun u 06— ee wwupora.
Torna, ecau npeHeGpeub ISKCLEHTPHCHTETOM OPOGHTH JIyHH, TO

tgb=tgisin(l —R)=1sin(nt +e~ Q).
Kpome Ttoro, z=rtgh, rae r= Vas+ 22 Ecm paccMaTpHBaTh
TOJMbKO YJA€HH NepBOro NOpafka, TO r==a H
z=aysin(nt e —Q). ¢))]

Coraacio dopmyae (5) § 18.30, raasunift unen B z npy f=0 3a-
nuchipaeTcss Tak:

z=aysin(gE+p). @)
Ho

=("_"l)t+3'-‘1=']qn_—‘5+e—‘v

1) Mon. Not. Roy. Astron. Soc., 38, 43 (1877).
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ITosTomy
gi-Hp=ntte—g+(pE—1)nt
rie

—Qy=(g—1e+p—ge.

CpaBHenne ¢opmyn (1) u (2) mokasbiBaer, 4TO

rae
—_ 8
a= T+m 1.
C TOYHOCTBIO 1O MajHX NOpAAKA
_ 3 5, 5T .
a-——z'm —ﬁ'm 8

(©))

(4)

BekoBo#t unen B ¢opMmyae, onpeneasiolleft NONATHOe HBHXKeHHe y3za,

HMeeT BHI
Qo an.

§ 18.32. O6mas xapTHHA ABHXEHHA y3ja

Mycte !} (=nt+¢)—cpennss noarora ConaHuma OTHOCHTE/JBHO
¢$uKCHPOBAHHHX oOCelt, Jexawsx B OCHOBHOM mnaockoctd. Ecmm X, YV

03HAYaI0T KOOPAHHATH JIYHH NO OTHOMIEHHIO K STHM OCAM, TO
X =xcosl;—ysinl,, Y=uxsinl;+ ycosl,.

IMycTb, nanee,
U=X+1Y, S=X-1,

Toraa
U=(x+iy)eth, S=(x—iy)e-ih,
HO
h=ntte=m@m—n)t+e,=m(n—n){t—=t)+3,
rae
=m(n—ny) ty+¢.
Tostomy

ll == mE + 6.
Monoxwum d=e", d,=-e-", Torna ¢opMmyas (2) npuMmyr sun
U=dul", V=d,s{™",

U=d o+,
S — dl Z alc-(2l+l+m)‘

Hay

1)
@

@)

)



§ 18.52, Obwas kapruna Gsuxcenus ysia 423

Ecan §, 7, { o3Havaer TekylMe KOOPAMHATH OTHOCHTENbHO HEMOABHK-~
Hux ocet OX, OY, OZ, T0 ypaBHeHde MTFHOBEHHOH MJOCKOCTH, NMpO-
xoadwelt uyepes Touky O (3emas), JlyHy H Bektrop ckopoctH JIyHH,
MMeeT BHI

E 7 g
X Y Z|=o.
X v Z

OT4 MAOCKOCTb TepeceKaeT OCHOBHY0 MJAOCKOCTh {==0 mno npsaMo#,
yPaBHeHHe KOTOPOH 3amHCHBaeTCa B Buie

E(YZ—VZ)=n(XZ —X2Z).

Hoarora ysna, uaMepseMas ot ocH OX, onpelensiercs H3 paBeHCTBa
1g @ = 7/t. ITosromy

YZ—-YZ
f Q=-—.—-———,
J XZ—-Xz

OTKyAa, 3aMeHss Z uepes 2, npH noMoix ¢opmya (1) Haxoanm

e . Uz—20 _ UDz—zDU
Sz—28 SDz—2z DS

CoraacHo dopmyne (5) § 18.30,
21 — 1By =
== 2 Cerie 2 C,e~tfarte,

-— 4 ’
Mycts C,e’p=K,, C,e ® = K;, rax uro K, u K, SBASIOTCA KOMNJEKCHO
COMpeHHLIMH Beanuntamu. Toraa

2=t K et Y KA

ay

©®)

HUs storo ypasHeHus u dopmyn (4) mocie HEKOTOPHIX YNpOUleHHR MbI
HaX0MHM

—2‘? (UDz— 2DU) = &t Y, ; @] —4r+1 +m4g) aj_ K2 —
— e Y Y @f—4r+14-m—g)a; K.
rj

Mycrs ef=>b, e~#=5,. Torma K,=05C,, K,==bC,. Tlycts nanee

P == @f—4r+1+m+g)8;.,C_, ®)
er =(2/—4r+1+4+m—g) a]—rcr° )
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Tak kak 3Hauenus koappuuuentor a 4 C NpeANnoOJaraloTcs M3BeCTHLIMIL,
TO MH MOMEM BHYUCAHTD Ko3dpduuuentst P u Q. M noayuum

2 - ! 2 2 r2

T (UDs— D=0, 78 | F R (P R, ) @
' -

fMockonbKy sHaMeHaTeab B NMpasoft yacTu paseHcTsa (5) ABAfETCH COMpS-

WEHHBIM YHCJAUTENO, TO

2 (SDz— 2DS) = bai ™" [2 2}(9,,&, — blQ,t/+ ] ©

Ecau sameHuts b 0 d uX IKCMOHEHUHAJBHHIMM BHIDAXEHHAMH, TO ypaB-
Henue (5) mpuMeT BHI
- - F
e2l(2 6+$)=c2(l+m g)._F_ (10)

rae yepes F u F; 0603HaueHH BHpaxeHHA, 3aKJIOYEHHBe B KBaJpaTHHeE
cxo6ku npasux 4actell dopMmyn (8) u (9) cooTBeTCTBEHHO.

Tak kak a@,=C,=1, 10 P,, coraacio ¢opmyae (6), paBHo
14+ m--g. Us popmyant (8) § 18.30 sunHo, uto P, , HMeeT Hynesoit
MOPALOK OTHOCHTENbHO M. AHA/JOTHYHO HaXOAHM, 4TO Q o ABJAAETCH
BEJHYHHOR BTOpPOro mopsaika.

Iyctb -
fMZ%—&'?*Z
r

_F +Z’R/C2j-b22 Sﬁ21+21. (12)

Ecau koadduuueHTH R H S pas3fOKUTb B PAAL MO CTENEHAM M H YMHO-
xuth dopMyay (12) wa Py o, T0 F MOXHO OyneT 3amucarb B Buae

F=14mAQ)+mBQ+ ...,
rae AQ), B®), ... — dynxuun {. TTo3TOMy MOXHO Hamicatb
mMF=ma@Q)+mbO+ ...,

(1n

Toraa

rae .
a®=A40. bQO=BO—7IAQP
H T. A. AHaJXOr44yHo

InFi=ma@)+mbC)+ ... .

Us pasencrsa (10) nosroMy Mu noaydaem
@ —3+p=(+m—p)t+
+orle@—a@I+5 BO—b@I+ ... (3)

OueBunHo, 4TO fipaBas 4aCTb STOrQ PaBeHCTBA ABAACTCS PALOM 1O CHHYCaM.



§ 18.33. Boamywenusn, sasucaujue or m 425

B xavectse npumepa MH BuBeleM (opmyay aas &, korna B F u F,
OoTOpOolIeHH uMeHH ¢ m? MW GoJee BHCOKWMH crenmensMu m. CoraacHo

dopmyae (12),
F=14RE+R_ L2+ ... —0CF(S,+SL+S_t™)....

Jlerko BHIETb, YTO B 9TOM Pa3NONKEHHH €IHHCTBEHHBM KO3(DdiuneHTOM
nopaaka m sBaserca S_,. [naBHasa uacte S_, paeHa (1/P, O)Q-—l.—l
Hs dopmya (6) u (7) Mbl C TOYHOCTBIO A0 MaJHX nopaaxka m? HaXoxuM

S, =3F"—8¢c _—sc_,

1S TymFg
HaK, Tak kak C_,=—3m, 10 S_,=— 3 mf. Toaromy
F=143 mpsxie2, (14)

Buipaxenne ann F, cosnager ¢ (14), ecan { u b samenuts Ha §, u b,
Mu nosToMy mnoayuuM aHajsoruuHo paseHcTtBy (13)

Q34 B—(1 4+ m—g)t= 3 mf . o [ — b} =
= 2 mfsin(2g —2)t+ 281
CnenoBaTeabHO, IABHXKEHHE y3/1a BHpasutTca Qopmyaoit

4y 3 mn_ 34+ m—g

O=—ant+3@— D1y Tragsosl@e—2E+2L (19
rue a onpeneaserca paseHcTeoM (3) uau (4) § 18.31. Tak kak g=1-+4
4+ m- ..., TO aMNANTYLa NMEPHOLHYECKOTO UMeHa HMeeT MOpAIOK m2.
Mepuonuveckue 41eHH 60jee BHCOKOTO MNOPAAKA MOTYT OHTb MOJMy4YeHH
NPH MOMOWH TOJBKO YTO OMNHCAHHOTO NpHEMa.

§ 18.38. Bosmymenns, saBHCHAuHe OT m
H S9KCLHeHTpHcHTeTa Op6uTH Coanna e,

Mu GyzeM npeHe6peraTb BeAHYHHAMH 2, 4/@, H SKCUEHTPHCHTETOM
aynHoft op6uth e. Coraacho ¢opmyae (1) § 18.03,

R —-n2r2( ) Py (a),

R nosroMy o¢yHkuua 2, ompelendeMas paseHctBoM (5) § 18.03, Gyzer
BHpaxaTbcsa GopMy.oit

Q—n2r2( ) Pz(a)——n2(2x2—y2—z2.
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a ¢yHKuusa W[ (—nig—n)—,] onpenensemaa copmyqoft (10) § 18.04,

6yneT HMeTb BHI
W= 2m2r2( ) Py (a) — m2(3x2—r?).

Tax Kak r?P,(a) =3/,r’C?—1/,r?% rme C==cosa, TO coraacHo ¢op-

Mmyne (2) § 18.03
rC = m .
r
Mycts v, 03HauaeT HCTHHHYIO Aoaroty Coaxua. Toraa
Xy=r,cos¢, y,=r;sing,
rae
p=v—nEt—t)=f—
TosTomy

rC=—:1,’—(a+s)cosq:+%(a —s)sin<p=%(ae-‘?+se‘?).

CrenosaresibHO, ecaM 3aMeHHTb r2 Ha us, T0 W npuMer BuA
W = Au?+ 2Bus—+ Cs?,

(a2 o1}
(2~ 1]
w[fzen—1],

rae

-:a[cn .:a[.— -ulc»

A
B
c

-

\|a \l \

(1

@
©)]
@
©®)

Tak kak 2=0 u W — onnoponnaa xsaapatuuHas ¢yHKUMA 4 M S, TO

ypaBHenus (14) u (17) § 18.04 npunuMaior BHI

LA 4
ou '

D (uDs — sDu— 2m us)—l—% m’(uQ—s?)-_s—a-— u

D?(us)— Du - Ds—+ 2m (s Du — u Ds) -}
+ 3 m @52 =K —3W 4D (DO,W),

(6

Q)

rae D, osHauaer onepauuio D, coorsercTBylomyio udepeHuuposanuio
no BpeMeHH £, BXOAsAllEeMy nocpenctBoM koopauHar CoJuHua, M rhe

BMecTo C 3amucana K (NOCTOSHHAas MHTErpPHPOBaHHA).
Yaen B mpaBoHt yacTH ypaBHeHHs (6) TaKOBHL:

2Cs?— 2442,

®



§ 18.34. dynxyuu A, B u C 27

a uneHH B mpaBoft yacTH ypaBHeHus (7) HMelOT BHA
—3(Au?+2Bus+Cs)+ D~ w?DA+2us DB+ s2DC),  (9)

npuueM NocrosHHas K OnyuleHa, TaK KaK MW YKe BBeAH MOCTOAHHYIO
B Cay4ae mMpoMexyTouHo#t op6uth npu W ==0.

§ 18.34. dyuxuuu A, Bu C

Onpenenenne ¢ no dopmyae (1) § 18.33 nokasuBaer, YTo @ ABJA-
eTcl ypaBHeHHeM LeHTpa, Tak uto ¢ = f;—M,, rae f, 1 M; — coorser-
CTBEHHO HCTHHHAA U cpennsis anoManuu Coanua. Takum oOpasoM, dyHK-
unu koopaunar CoaHua, sxogsiue B A, B u C, MOryT OHWTb BHpaXeHH
yepes M,.

1) B. B cayuae 9jAHNTHYeCKOTO IABHXEHHi MB MOXeEM HaNHCaTb
obuiyio popmyay

(;)3_ 1 =a0+2iapcospM =2ape‘PM.
1

rie a a,. Tlostomy ans opGurn CoaHua MH HMeeM

1
B=gm? Y, aelrh, (1)
rae K0S(GUUHEHTH &, BOOOUIE FOBOPS, ABAAIOTCA PAAAMH TNIO CTENEHSM €,
W MMEIOT MOPsALOK e]?!, W HX fBHWE BHPAXEHHS MOTYT OWTb MOJyYeHH

OGHIYHEIM CMOCOOOM.
2) Au C. Us dopuya (3) u (4) § 18.33, onyckas BpeMeHHO HH-
nexkc 1, MB uMeeM

C+A=%m2[($)3cos2<?-—1]. @)
C—A=3m [(;)%m 2]. G)

Hanee, ¢ (= f — M) Moxer OuTb NpPEACTaBAEHO TPHTOHOMETPHYECKHM
panoM ¢ apryMeHTtaMu, xpatHumu M. HseectHo, uTO (yHKUMS B KBaA-
paTHHX ckoOkax ¢opMyan (2) Moxer OHTb pasnoxeHa B pAl BHAA

(% )3 oS 2¢p—1 == 2 B, cos pM, )

rae xospuuuentH B,(— oo < p < o0) BHpaKawTCA 4epes é,. Kpowme
TOrOo,

(%)asin 2= 2 B, sin pM, )
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TaKk Kak, coraacHo ¢opmyaam (2)—(5), nockoabky A u C— conps-
MEHHBIE BEAHYHHHI,

= % m? E B etrM, (6)

3
=% m? 2 B e~ P =2 m? 2 B etrM )

3nech uHaeKC 1 CHOBa BOCCTaHOB/EH.

‘HNanee, M,=n,;(¢t —¢)— &,, rae &, — LOATOTA MepHres CONHeYHOH
op6utn. Kpome toro, Tak kak E=(mn—n,)(¢ —4&) n n,=m(n —n,),
TO

M 1= mé — ®,.

OGoanaunu e~/ uepes L,. Toraa e!PM =L,"™, nus dopmyx (6),
(7) u (1) Gynem uMeTb

3

A= T m? 2 p_pL‘,cpm ’

B =-..-‘IT m? 2 aprCm. 8)
3

C=-gm? Y B,L,L"™

‘Tlockoabky B stux dopMyaax ("™ Besge CONPOBOKZAETCA MHOXH-
TeneM L,, TO B MOCAEAYIOIEM H3AOXEHHH MH MOXEM 3TOT MHOXHTEMb
ONYCTHTb, BBeNA €ro CHOBa Mocie TOro, Kak OyZeT ChelMaH Mepexox
K LeHCTBHTE/bHHM MEPEMEHHHM X H Y.

§ 18.35. HepaBencTBa, 3aBHCAmMHE OT M H @,
Pemenne ypaBHenufi (6) u (7) § 18.33 umelor BHI

y=a Zl 2 A,’ pc2l+l+mn'
4

1
s=a 33 4, L, ®
P

EcAH STH BHpaXeHHs IAf & H S MNOACTaBHTb B ypaBHeHHs (6) u (7)
§ 18.33 u npHpaBHATL APYr APYry KOS®QHUHEHTH B JNeBHX H MPaBHX
4acTaX NpH I+ 1o M NoNAyuynM JHHeflHble ypaBHeHus aas A,
KOTOphIE MOTYT GHTb pelleHH MeTOAOM MOC/AEeLOBATEAbHHX NPHOIHKEHHH.,

3aMeTuM, 4to ecau p=0, TO MH ROJAYYUM pelLleHHE, COOTBET-
CTBYIOLIEE NMPOMEKYTOYHOR OpbuTe, C KOTOPOA, COrAacHo ypasHeHnio (7)
§ 18.33, ceasana nocroawnas K, Tak kak toraa A, ,=a,.

Ipyroe 3amMeuaHHe OTHOCHTCA K NpaBo#t yacTH ypasHenus (7) § 18.33,

B Koropoff durypupyer onepatop D~ Hutepecylomue Hac 4aenw



§ 18.36. MMaparsaxtuueckue nepasencrsa 429

Bxonar B Buipaxenue (9) § 18.33. PaccMorpum cHauana yaeH D! (a DA).

CoraaciHo mepsofi ¢popmyne (8) § 18.34, DA umeer Bua 2; Tp ™, rae
mTpux osHauyaer, uyto p = 0. CornacHo mepsoft dopmyne (1), u2 MOXeT
OnTb PasfoxeHO B pAl BHAA

Z Z Bl, pcﬁl-o-pin.
i p
MostoMy u2DA Gyner uMeTb BuA

Z Z Cl' pc?l"‘m.

rie p + 0. B TakoM cayyae moayyum

C' +pm
DW= TG 0 +0.

Tak xax m uppauuowanbHo, 10 2!+ pm = 0. HauMenbmee aGcomoTHoE
sHayeHHe 3namenatens mocruraerca npu I=0 n p= t |. CooTser-
ctBenHo mopanok kospduunentror Cy, u C; _, (nanpumep, m?), cuu-

waetcas mo mé-l,

§ 18.36. IapaanakTHuecKHE HEpaBEHCTBA

At HepasenctBa 3aBHcAT OT m M 1/a,. COOTBETCTBEHHO 9STOMY
noaoud 2=0 u e¢,=0, Tak uro r,=a,. Kpome t0ro, Wy=0
H D)W =0. Mn toraa GyacM HMmeTb

W=W,+W,
rae

W, = 2m? -:-'-p3(a). W,=2m L P4(a)

NpHYeM MH ONyCTHAH MHOXuTeAb (E— M)/(E+- M), cessanHuft ¢ 1/a;
B W3 # KBaapaT 9TOr0O MHOXHTeNs, CBA3aHHHA C l/al B W, Lanee,

rCErcosa=x=7(u —+ ).
Tosromy, Tak Kak
P@w=3C—3c P@=3c—-Fcid,
MH MOAYyuaeM

Wy =g (5 8+ 59+ 3us (a + )], 1)
v, =£2 35 (u* 4 ) + 20us (4 4 5)*+ 1847, @
1
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Ypapuenus (14) n (17) § 18.04, xoTopbie HaM HYXHO PelIUTh, MPH-
BGNATCA B JNAHHOM CAyyae K BULY

D(aDs-—-sDu-—-2mus)+%m?(u?-—s’)=s%—-u%. 3)

D?(us)—Du - Ds+ 2m (s Du — u Ds)+
3 m? (4o ) = C — 4W; — 5W, “4)

Ecau BMecTo 4 M § MbH mMoACTaBHM B ypasHehus (3) u (4) creneH-
HHe pAlbl OTHOCHTENbHO §, TO JeBble YacTH GYAYT COAepXKaTb YJeHH
¢ yeTHBIMH cremeusMu {. PaccMoTpuM uJeHbl, saBucsmue ot W,, B mpa-
BbIX vacTsaX ypasHeHHft (3) u (4), npuieM B (3) W=W,+ W,
B kaxaom cayuae Mbl 6yAeM MMeTb ONHOPOAHYIO KYGHYECKYI0 (YHKLHIO
OTHOCHTeNbHO & U §. Takue uJeHH MOTYT MPUBECTH K YETHBLIM CTeMeHAM §
TOMKO B TOM Cayyae, eCau paiel, cBasanHpe ¢ W, T. e. ¢ 1/a,,
GYLYT COLEpXaTb YJeHH TOAbKO C YETHHIMH CTemeHsMH G§. AHAJOrHYHO
NeTKO BHMIETb, YTO pAAbl AN # W §, cBasaHHhe ¢ W,, 6yayT coctosth
H3 YJEHOB C HEYeTHHIMH H YeTHBIMH CTeneHsaMH {.

OOwee pewenue ypasHeHHRA (3) M (4) DOMKHO BKJIIOYaTb B cels
peluenHe, COOTBETCTBYIOllee MPOMexyTouHot opGure, korna 1/g,==0,
H MOxeT OHTb 3aMHCaHO B BHAE

e=ay et +aXBY,
s=adal ¥V aNBL,

rae kosdduuuentst B 3asucat or 1/a, u 1/al. Tloncrarnas Bhpaxe-
uua (5) B ypasHenus (3) u (4) W NpHpaBHHBas B NMPaBOR W JeBOH yacTAX
MOJMYYEHHHX PaBeHCTB KOS(PGQUIUHEHTH NPH OAMHAKOBHIX cTeMeHAX {, MHl
MOAYuYHM JHHeHHble YpaBHEHWS OTHOCHTEJbHO B, B KOTOpHe BXONAT
BeJHUHHH M (MOCPeacTBOM Ko3¢duuuentos a), 1/a, u 1/a?. Pemennu
STHX YpaBHeHHH B MepBOM MPHOAMKEHHH MOXHO MOJYYHTb, MpeHeGperas
penuyunoft 1/a}. Takum 06pasoM, kospduuuentTh B (B AaHHOM cayuae
BuAa B,,) MOryT OhiThb onpenefeHH.

(6]

§ 18.37. Jpyrue BO3MYIlLEHHSA

B npeamaymux naparpa@ax sto#t riaBn OblJO yleleHO BHHMaHue
CCIIOBHHIM BO3MylIeHHSM B ABwxeHuH JIyno. B okonuatenbHo#t Teopuu,
NoCTPoeHHOR BpayHOM, MoAPOGHO pacCMaTPHBAIOTCA clelyioutue SpdeKTh:

1) unennl BoaMyuwiaouleft ¢yHKUHH, 3aBHCALlME OT M M OT NPOH3-
BelleHHH SKCUEHTPHCHTETOB JYHHOH H COJHeYHOR OpOHMT, HAKJAOHHOCTH
(arctg 1) u 1/ay;

2) npsamble BosMymaiouine s¢dexTh NJaHET Ha ABHeHHe JIyHH;



§ 18.37. Ipyeue eo3myusenus 431

3) xocBeHHOe fgeiAcTBME IJaHET 4epe3 BO3MYIUEHHA B ABHKEHHH
CoaHua;

4) nBHXKeHHe OKIMNTHKH;

5) chepounanbHOCTL 3eMau;

6) BexoBoe yckopenue JIyHHL
Mocnenunit sddext noapobHo Oymer paccmotpen B ra. 19. Ecau
YHTaTeMb HHTEpecyercs MOAPOGHOCTAMH OCTaJbHHX BO3MYyWAlOWKX ¢ak-
TOpPOB, TO MH OTCHJAaeM ero k «Teopuu Jlynn» BpayHa nanm x yxe
ynoMsHyTHM B § 18.01 pa6oraM.



Fanasa 19

BEKOBOE YCKOPEHHME JIYHBI

§ 19.01. OtkpuTHe Tannes

Cpennss HOAroTa naaHeTH HAH JIyHW B HEBO3MYIIEHHOM HBHXKEHHH
BHpaxaercs ¢opmyoft
l=nt e,

Fie 7 H & — nocTosHHue. [IpH OSTOM HYXHO HMeTb B BHAY, YTO BHIYH-
caseMas mno sTo# ¢opMyne [ colepxHT uacTb, pasHyio 360°/, rae 7
o3HayaeT oflllee YHCAO CHAEPHYECKHX MEPHONOB. MPOMEANX 32 BpeMats
oT HekoTopoft snoxu. ITpn Haauuuu BoaMyuwenuft ¢popmyna ans I 3anu-
CHBaeTCs B BHIE

[ = f ndt+e, )]
rp¢e n H e 'renepb y)xe He ABJAIOTCA MNOCTOAHHBIMH. dakTHYeCKH MB

MOXEM HanucaTb

rae l, U ny— NOCTOAHHWE, MpHYeM B 7, BKAOUYeH KOIPHUHEHT Npu
BEKOBOM ulleHe O9JeMeHTa €; P mnpencrapaser co60ff HeBeKOBbie BO3MY-
eHus B JIOATOTe,

Ecau BuBecTH 3HaueHHs [ u3 Ha6aioaenuft, MOJYYEHHHX A8 TpeX
pa3aHYHHX SNOX, TO 6yleM HMeTb

L=kt nt,+ P, bL=Il~+ngt,+ P,
ly==ly~+ not;+ Py

Hs mepBHX ABYX H MOCNAeAHHX JBYX YpaBHeHHfi COOTBETCTBEHHO HMeeM

= AR @
) ly—l— Pyt P
— t8 b2 13 2

n‘O— 2 t’_t’ . (3)

B cay4ae naaHeT STH ABA BHPaXeHHs C BHCOKOfl CTEMENLIO TOWHOCTH
Hal0T OHO M TO Xe 3HaueHHe my.

Ecan asanornussie paccykIeHHS NMPHMEHHTb K ABHXKeHHI0 JIynu, TO
TOMIECTBEHHOCTb BHpaxeHut (2) H (3) He HMeer Gojee MecTa. ITOT



§ 19.02. Hccaedosanue Jlanaacom eexosozo ycxkopewus 433

¢akt pnepswe otmera B 1693 r. Taane#t. TounocTb 3HaveHu#t n,
NOJyuYeHHHX Npu noMowH Gopmya (2) H (3), 3aBHCHT, OYeBHIHO, OT
BEJHYMH pACCMATPHUBAEeMBIX HHTEepBaNOB fo— &, W {3 — &, Ecan 3Tn
HHTEPBaAK MMeIOT MNOPANOK B HECKONbKO COT JIeT, TO BO3MYlualoiue
yleHb P; He WrpaioT BaxHOH poan npu onpeneienud n, Hccaenys
cpenHee nsuxenue Jlynw, Tanneft BrIGpan TPH SMOXH, OTHE/IEHHbIE APYT
OT Ipyra MO BO3MOXHOCTH GOJbLIMMM NPOMEXYTKAMH BpeMeHH. YTOOH
NOJIyYUTb TOUYHBIE 3HaueHWs [ AN Tex BpeMeH, Korla He Owao Tele-
CKOMOB, OH OGPaTHICA K 3anUCAM, B KOTOPHX NPHBOAHAMCH INaHHLIE
O IpeBHHX 3aTMeHusiX. 3HaR OGCTOATE/NbCTBA, NPH KOTOPHX NMPOHCXOAHAO
Kakoe-a1160 3aTMeHUWe, MOXHO Obino 6e3 Tpylda onpenefutb AOJATOTY
Jlynw no koopaunatraM Cosnua. OnHa u3 rpynn 3aTMeHu#, ucnosb3o-
BaHHLIX Tanneem, Onia B3ATa uM u3 «AubpMarectay [ltoanemes, a BTopyio
TPynny CCCTaBUJAM 3aTMeHHs, HaGaonaBliHecs apabCKHMH ACTPOHOMaMH
B koHue IX Beka Hameft spu. OtheabHble 3aTMEHHS B KaXIO# H3 rpynn
MOraH OBITb C TOMOLIBIO HECJOXHOrO mpolecca NpHUBeleHH K OLHOH
snoxe. Tperbs smoxa Geina coBpeMenHoft T'aaneio.

Tanneft Hamen, yto ABa ypaBHeHus (2) u (3) NAOT pasjuuHBe 3HA-
YeHHS LA8 M, TpHYeM BTOpOe 3HadyeHue GoJbllle MepBoro. JTO HaBeao
Ha MBIC/b, YTO BHIPaXeHHe AAA CpeaHed NoAroTH JIyHB NO/KHO COnef -
KaTh uMeH ¢ 2 —Tak na3biBaeMOe BeKOBOe yCKopeHHe. ITpu sTom npex-
nonoxeHnn AAA JIyHH Mbl MOXeM HanmHucatb

{ \?
t=1+mt+o(155) +P. )

rie { u3MepAcTCS B I0JNAHCKUX ToAax, paBHbIX nmo 365!/, cyTok, OT He-
KoTOpo# BHOpaHHOH 3noxu. B osrTo#t ¢opmyne o HaspiBaercs koIDPH-
IWICHTOM BeKOBOI0 YCKOpeHHA. PaccMarpuBaeMbift ujen MOKHO TaKxke
3anucaTh B BHae o2, rae T — YHCAO I0JHAHCKHX CTOJAETHH, MpoLIeAHX
OT NPHHATOH SNOXH.

Beauunna kosdpduunenta o, Ha#taeHHas nocae Tlaanes npu Gosee
TILATENLHOM H3YYeHHH 3aTMeHHH, OKasajach paBHOH mpuGausuTeabho 117,

3ameTHM, YTO BeKOBOe YyCKOpeHue Obli0 OGHApYXKeHO He H3 TeOopHH,
OCHOBaHHOH Ha 3aKOHe TAroTeHus, a u3 HaOmonenn#h. [lpn sToM BCTan
BOTPOC: KakHM 0O0pa3oM TeOopHa TaroTeHHs HplOTOHa MoOXeT OOGBACHHTHL
9TO ABJEHHE?

§ 19.02. Teopernueckoe HccaenoBaHHe JIamaacoM BeKOBOTO
YCKOpeHus

Hcenenys npuxenne cnytHukoB IOnurepa, Jlanaac samerns, uro
BCKOBOH uJeH B BHIPAXEHHH OSKCUeHTpHcuTeTa OpGutH IOnutepa npu-
BOANT K BEKOBOMY YCKOPEHHIO B CpelHe#l nOAroTe cnyTHuka. Ilpeano-
Jaras mMo3TOMY, YTO BEKOBOH uYJeH B 9KCILEHTPHCHTETe OpOHTH 3eMuH,
O6YC/OB/JICHHH BO3MYLIEHHSAMH TJaHeT, NPUBOAHT K aHAJOTHYHOMY

28 Y. Cuapr
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adpexty B cayuae JIyHb, OH BEIMMCAHA BEJMUHHY o, BXOAAwyio B ¢op-
myay (4) § 19.01, koropas Xopowo COr;iacoBajacb C YHCJCHHbIM 3Ha-
yeHHeM, onpeneeHHLIM U3 Habaodenu#t. OTCioNa HeMedIeHHO G clenaH
BHBOA, YTO fBJEHHE BEKOBOTO YCKODEHHS YHOBJAETBOPHTENbHO OGbAC-
HAeTCA TeopHel.

Tenepb MH OYEHb MPOCTO BHIBENEM BHpAaXEeHHe A8 ¢ B TOM BHue,
B KaKOM OHO Guino Haftaexo Jlanaacom. Coraaco ¢opmyae (1) § 19.01,

i =n+e. (1)
Ilanee, ypasxenue Jlarpamxa A48 & MOXeT GLITb 3aNHCaHO B BHIe
- 2 9R R OR
t=—wa tA%% B

NpHYeM MH JOMKHbH PacCMOTPeTb TOJAbKO MepBuift ero uaed. HHrepecyio-
Ias Hac 4acTb Bo3Mywaioule#t ¢yHkuuy naerca dopmynot (18) § 7.06,
NpH STOM MH OTOpachiBaeM NepHOAHYECKHE YJeHb H YJeHbl, 3aBHCALLHE
ot e u Y. CaenosatenbHo,

=%m2n2a2(l + -g-eg).
Orcoaa
é=—m2n(l+%e3). P))
rie
m=2"1L, (6))]

npuueM n, — cpentee yraosoe apuicerine Coanua. Tak kKak M He pac-
CMATPHUBAaEM TNEePHOAHYECKHX YJeHOB. NOABJAIOLINXCA B ypaBHeHuu (1),
TO MOXHO CUHTATb B YypaBHeHHM (2) 1 MOCTORHHEIM.

Ianee, Kak yxe OTMe4aJoCh, €, He ABJAETCA NOCTOAHHHM, W, Orpa-
HHYMBAACH JIHINb BEKOBRIMHM UJEHAMH, Mbl MOXeM HaMHCaTh

e, =e,—at.
Ias snoxu 1850,0 uucaensoe snauenue e, pasho 0,016771, a seau-

unna a paBHa 4,245- 1077, Takum 06pasoM, MOCKOJAbKY o SBJAETCH
oveHb Ma/io# BENHYHHON, MM € AOCTATOYHOR TOUHOCTHIO MOJYyuaeM

2_ I,— 14

et =e, —2eqt. “@

[ToacTasass STO BHpPaeHHE B ypaBHeHHe (2) U HHTETPHPYS, HAXOLHUM, YTO
3
e =g+ ct | m’neqt?,

rle ¢-— NOCTOAHHAfA, KOTOpYlo l1011p06H0 MOXHO He PpacCMaTpHBaTh.
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TakuM o6pasoM, k nmoarore Jlynu, onpeneisemoft ¢dopumyaoit (1)

§ 19.01, Mu npu6asadeM u.deH, nawouiifl Bekosoe yckopeuue o (¢/100)%, rae

a=% - 10'mne . )]

3necb ¢ ssaserca Ge3pasMmephott BeauuuHo#h. Ero sHayenue, BhipaxeHHOe

B CeKYHHAX AyrH, MH MOJYYUM, YMHOXHB Nmpasyio uacTb (5) Ha cosec 17,
Hanee, 3 on ]

m=q5. n=or3my3657.

l'losmmy. eCJUH TNOACTABUTL 3HAYEHHA STHX BEJHUHYHH U ykasaHHue
YHCJAOBLIE 3HAYEHHS e; M a, TO OKaxerca, 4ro ¢=10",4, a 310 XO-

polll0 coraacyerc ¢ Ha6al0faeMbIM 3HAYEHHEM &.

Ha nepsuft B3raas MoxeT NOKasaTbed, 4T0 3ddexT o, ypeauyupas
cpelHee yriosoe ABuxehHe JIyHH H MOSTOMYy yMeHbwas Goabllylo moay-
OCb @, NOMKeH npusecTH K ToMy, uto Jlyna koraa-nubyabp ynaper Ha
3emao. HyHO TNOMHHTb, OJHAKO, 4YTO BEKOBOH u/MeH B €, a MMEHHO
e(')—at. KaKk MH Haua B ra. 13, He sBadgercd (aKTHUeCKH BeKOBBHIM

yleHoM. B jeficTBMTE/NBHOCTH BekOBO# uJeH mnoJyyaeTrcs MNPOCTO M3
NepHOAHYECKHX YJMEHOB C T/IaBHLIM NepHOAOM, PaBHLIM B JaHHOM Ciayuae
okoa0 24 000 ner. CaenoBaTe/NbHO, ec.A4 MPUMEHATb YHCTO I PABUTALHOH-
HYI0 TEOPHIO, CpelHee yraooe AsuweHnue JIyHbi, a mosTomy M Go.Jblluas
NoAyoch ee OPOHMTH MOABEPXEHH KOAeGaHUAM yKe YyNOMAHYTOro A0JAroro
MepHOAa OKOJMO HEKOTOPHIX CBOMX CpenHuX 3HaveHu#t. [TosBrenue unena
C BEKOBHIM YCKOpeHHeM, TakuM o6pa3oM, o6yc/a0BJAEHO HeAOCTaTKaMH
NpUMEHAeMOro MaTeMaTHYeCKOro anmapara.

TeopeTHYeCKH aHAJAOrH4YHBIE PAcCyXAeHHS NMPHUMEHUMbl H K CpelHeMy
ABWXEHHIO MJaHETH, BO3MyllaeMo#t ApyruMu naaveramu. OnHako cOOT-
BETCTBYIOLllee 3HAayeHHe O SABJAETCA HACTOJbKO Ma/bIM, YTO ero HeBO3-
MOXHO OGHapyxHuTb M3 HaGawoaenuft. Toabko B OCOGHIX CAyyadxX TEOPHH
CMYTHHKOB (B YacTHOCTH, B cayyae JIyHw) BesMuMHA 6 AOCTaTOYHO Be-
JMKa, H ee MOXHO BBIBECTH H3 Ha6aionenufl.

365

§ 19.03. PacxoxaeHue B 3sHa4eHHAX O,
noAydYeHHHX AjnamcoM H Jlanaacom

Ipn BHBOAe BeAHYHHE G METOIOM, H3/NOXEHHHM B MpPeABylleM
naparpade, MH HallAIH TOJAbKO TNepsoe npubanmxenue !), copepxamee
MHOXHTeAb m?, rie m paccMaTpuBaeTCs KaK Majas BeJWYHHA, CPaBHH-
Mast, HanmpuMep, C SKCueHTpucuteroM opOuthl JlyHn, UYrto6w Haft-
T npubamxenua O6ojee BHICOKOTO MNOPsAKa, Mb JOMKHH MNOACTABHTH
B N0JHOE BEIpaXeHHe R, BKJIOYalollee H NePHOAHYECKHE Y/IeHH, 9/IeMeHTH,
noayyenHele B NepBoM npubamxenun. Hosoe Beipaxenne R Oyaer co-

l) Jlanaac, OYeBHEHO, CUHTaJ, 4TO 4AeHH G6oJee BHICOKOFrO nopfagKka OTHO-
CHTENBHO m OYeHb MaJO BAHAIOT Ha OKOHYaTeAbHHH pe3yabrar.

28*
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AepKaTh HenepuoaHYeCKHe YJeHH ¢ GoJee BHICOKHMH CTEMEHAMH m, KO-
TOpBE YAaCTHYHO MOABJAIOTCA NMPH NMEPEMHOXEHHUH MepHOIHYECKHX Y.1EHOB
C ONHMMH H TEMH Xe apryMmentamu. Caeayiomuit war, oueBumuo, Gyaer
eie 60Jsee CAOKHHIM,

AnaMc nepBHM OTMETHJ, YTO HECMOTPA Ha Kaxylleecd COBMaLeHie
Mexay HabModaeMHM 3HAaYeHWEM O M €ro TeopeTHYeCKOH BeJHuMHOM,
BHYHC/1eHHOR JlannacoM, mochenanas o6peMeHeHa Cepbe3HBIMM OLIMOKaMH.
Buiuncasn Gonee BhcokHe npubamkeHus, AaMc !) nokasan, 4To Bulpa-
MeHHe AAf 6 AOMKHO UMeTb BHA

s=am?+bm*+cmS 4 dmS+4em' 4 ...

(clona He BXOAMT ujeH BiAa a@,m3), uTO 9TOT pAA AAA 6 CXONMTCS OYEHb
MelJeHHO M 4TO BCe KOo3dpduuueHTH J, ¢, ... oTpuuaresbin. Hcnoab-
3ya M3BeCTHHE B TO BPeMf 3HAYeHHUS MOCTOAHIHX, OH BHYUC/MA UJEHL!
B BHlENPHBENEHHOM BHIPAXEHUH IJA O, KOTOPHE OKa3aiuChb COOTBeT-
CTBeHHO pasuniMu 107,66; —27,34; — 17,58, —0”,71; — 0”.25. Oue-
HHBAs OCTaJbHHE YJEHH, MMelolHe MOPAAOK m3 u BHwe, ARamc npuuwen
K BHIBOAY, UTO MX CyMMa paBHa — 0”,06. Takum 06pasoM, ou TeOpeTH-
YeCKH MOJy4YMa A4 ¢ BeauuuHy 57,72, 4TO 3HAUMTENBHO OT/HMYAETCA OT
NPHHATOTO 3HaYeHHAA, BLIBOAMMOro H3 Habmiodenuft. ITO 3HAuYeHHe CHa-
uana ocnapusanocb [ToHTekynanom, [Tnana u TaH3eroM, KOTOpHE MoJay-
YHAH B CYWIHOCTH Te e caMmble pe3yabTaTh, uto W Jlanaac, u koTopmie,
KOHEYHO, COBMaja/jH C BeJMYHHONH, BHBeleHHOH M3 Habaiogenuil. B mo-
CaefiopaBilefl 3aTeM MOJeMHke ANAMC YKasal, YTO STOT BONPOC sBAsETCA
YMCTO MATEeMaTHYeCKHM M JO/DKeH PelIaTbCl HMCKAIOWHTEABHO METOAAMH
M4TEMAaTHKH, HE3aBUCHMO OT COTJAcMs MJM HeCOr/JacHa TeOpHH C HabJio-
AenuaMu. B vacTHOCTH, TaK KaK e, BeJAHYMHA He MOCTOSHHAA, TO 3TO
LOJKHO NPHHMUMATbCA BO BHHMaHMe NMPH HHTErPUPOBAHHM MOJHBIX ypa-
BHEHHH IBUXKEHHMA, YTO HE GHUIO YUTEHO B MCCACNOBAHMAX TPeX YNOMs-
HYTHIX aCTPOHOMOB.

TMosToMy AZnaMc 8aKJIOUHJA, YTO €CAH TeOPeTHYECKOe 3HAYEHHE & ABHO
OT/IMYAeTCA OT €ro 3HaueHHs, MOJAYYEHHOTO M3 HabmofeHu#t, TO Ha MABH-
wenue JIyHn BJAMAIOT HeKOTODHE APYrHe CHJH, He UMelliMe rpPaBHTa-
UMOHHOH NpPHPOAL. «ITOT (PAKT, — K06ABAAET OH, — MOMNET YKa3aTh HaM
NyTh K BaXHOMY (H3HuYeCKOMY OTKpHITHIO». TOAbKO mociae nepBoit M-
poBoft BOHHH mnpeackasanne AdaMca MNOJYYMAO NOATBEepXAEHHE, KOria
Teftniop 2) u Dxedpdpuc ) nokasaau, uTo pasuuHe MemAy HabaI0AaeMLIM
3HaueHHeM G M COOTBETCTBYIOIUMM €ro 3HAYeHHEeM, NMOJAYUYEHHbIM ALaMCOM
(BMOC/NEACTBHH MOATBEPXAEHHHIM PAa3/MHYHHIMH METONAMH) MOMeT OuTb
O6GDBACHEHO 3aMelJ/ieHHEM BpalleHHA 3eMJH, BLI3BAHHHIM NMPHJAMBHEIM Tpe-
HHeM B B8eMHHIX MOpAX. JTO saMeleHHe BpalleHHs 3eMJH Bhi3biBaeT

1) Phil. Trans., R. S, 143, 397 (1853); Mon. Not. Roy. Astron. Soc., 20, 225,
279 SlSSO); 40, 411 (1880).

) Mon. Not. Roy. Astron. Soc., 80, 308 (1920).

%) Mon. Not. Roy. Astron. Soc., 80, 309 (1920).
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Kaxylleecs yCKOpeHHe, MO BeJHYHHE PaBHOE MNPHGAH3UTENLHO TNOJIOBHHE
TOro, KOTOpOe BHBOAMTCA M3 HaGilodeHHA 3aTMeHuht '),

B nocneayiowux naparpagax Mb H3/JIOXHM OCHOBHHE MOMEHTH OpH-
THHAJbHOTO HCCAeNOBaHHA AjaMca %), HeTaan koToporo He Ouau ony6-
aukoBaHn A0 1880 r. Mb OrpaHHYHMcA NpH STOM YJEHAMH MOpsAAKa
A0 m* BKAIOYHTENBHO.

§ 19.04. YpaBuenus apukenus (Azamc)

Mu GyneM mpeneGperaTh HakJAOHHOCTbIO OPOHTH JIYHH K MAOCKOCTH
oxauntuku. Ilycts r, 0 uw r,, 0, — nonspume koopaunatsi JIyHs u
ConHua OTHOCHTENbHO OCHOBHOrO HanpasjeHuds OY B NJOCKOCTH 9K-
JAHOTHKH, NpHYyeM 3eM/IA HaxXOLMTCA B Hayane koopaunat O. Toraa 6
H 0, 6yayr uctunHbiMH goarotamu Jlyww u Coanua. Or6pacuiBas na-
pannaKkTHuecKHe UJeHH, T. €. UYAeHH C MHOXHuTeasmu (a,/r))! u T. 4.,
MB HAXOLMM, YTO BO3MYIUAIOWIAR (YHKUWA LOCTATOYHO TOYHO Onpele-
asetcs ¢opmy. ol

2
R=— G;"r'?’ [3cos?(8 — 6,) — 1].

YPSBHBHHR ABHXXEHHSI B MOJAAPHHIX KOODAHHATAX HMEIOT BHA

o i oF 1 d g 1 oF
r—rt=2r. TF =75
rae
=L 4R
IMostomy
F—rfte— B 4 OMIF 1300590 —0)+ 1], 10
r 2r;
i 20) = — 3Gm|r’ —_
7 (r*) 23 sin2 (6 — 0,). (¢))
IMonoxum
r=71‘-. H=r%.
Toraa d d dH
. u . u du
P=—Hgg, F=—HW g —He G )
Y dH
H=Ha2ﬁ-.

') MonpoOhee O HEPaBROMEPHOCTAX BpamieHHa 3eman cM.: Y. Mank,
F.Maknounaasn Bpamenne 3eman, nsn-so ,Mup®, M., 1964. — ITpun. ped.
%) Mon. Not. Roy. Astron. Soc., 40, 472 (1880).
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Kpome Toro,
Gm, = nla} = m?n%3.

YpasHenne (2) npuHHMaeT B

dH __ 3m%n? (a,\3
HW—_T(W) Siﬂ?(e—el).

Hcnoabsys sto paseitctBo, npuseseM ypasHenue (1) k Buay
a2 2n2 3
i+ =4 — g (2 Beos 200 —0)+ 11+

3m2n?d 3 .
+%,:“—;‘F(’:—:) sin2 (0 — 6,).

Jlasee, ¢ TOYHOCTBIO A0 YJEHOB nopsaaka ef BKAIQYHTE/NbHO HMeeM

3 3 9
(f'—) =1+ 5 e} + 3¢, cos ¢, | 5 el cos 2¢,,

r

rae @, =n,f-+ ¢ — o, — cpennss anoMmaans Coanua.
AHanoruyHo

a; \3 5
(7:-) cos2(9—e,)=(l —7ef)cos2(0-—ll)+
7 1
+ 7 €08 (20—2,,—9) — o €, €08 20—21, + o)+

47 e2cos (20 — 21 —29))

a; \3 —_0)— _E 2 —_—
(F) sin2(9—0) = (1—3 el)sin2(0 — )+
7 1
-+ 78 sin(20 — 2/, — ¢)) — 5 € sin @0 —2,49) +
4+ e2sin (26 — 21, — 26y).

rae I, &=nt-+e,) —cpennsas anomaans CoaHua.

YneHH C apryMeHTOM 2¢; MOXHO ONYCTHTb, TaK KaK OHH B KOMOH-
HallMK € APYTHMH YJEHAMH He QAaAyT HeNepHOAHYECKHX CJaraeMbiX pac-
CMATPHBaeMOr0 MOPAAKA H, CJleJOBAaTeNbHO, HE TMOBJHMAIOT HA OKOHYa-
TeAbHHHR pesyabTart.

Ias coxpauteHus MH NOJOXHM

62-‘:"—" 2 (6 —ll)E 26 -_— 2nlt —'231,
8, =20 — 21, — ¢, =20 — 3n,¢ — 3¢, + @, ®)
0, =20 — 2, 4 ¢, =20 — n,t —e, — oy,
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rae HHgekc npu 0O coBnazaer ¢ YUCAOBHM KO3ddHiuHEHTOM 0pH n,f.
Torna ypaBHeHHs nBUXKeHUS npvmy'r BHL

d%u

a0 +a= H’ 2H2u8 (l + 5 9 82—}-38 cos ‘?1)

3m*n? 5 1
"'W[(l —3 ef)cos 02+ 7 €, €os 63-—-2—e1 cos 01]""

3m?n? du 5 7 . 1
-+ oH 34" do [(l -3 ef) sin 92—}—-—2— e, sin 93 - e sin 01] , “)
d%z) 3"::4"’ [(1 _% ef) sin 62—}—%el sin %———é—elsin 61]. ®)

Janbhefiue BHUHC/AeHUs OYAYT 3aKMIOYaThCH, BO-MEePBHX, B PellleHHH
STHX ypaBHeHHH M MOJyYeHHH HEKOTOPHIX OOULIX BHPaXeHu# NMpH ycao-
BHH, YTO €, — MOCTOAHHAA, H, BO-BTOPHIX, B BHBOAE AOMOJHHTEAbHHX
ypaBieHuH,, B KOTOPHX NMPHHHMAeTC BO BHHMAHHE NEPEMEHHOCTb €;, G
u n.

§ 19.05. Pemenne npu nocTosHHOM e,

B otoM naparpage MH Oynem cuuTaTh €;, @ M N NOCTOAHHBLIMH H
Haf\leM HemepHOAMYECKYI0 YacTb & C TOUHOCTbIO 1O Y/eHOB mopsinka miel
BK/IOYHTe bHO. B npanbHefliiem ujeHbl, Bxoaswue B # H O u sapucsamwue
OT SKCUEGHTPHCHTETa JYHHOR OpOHTH, OyAyT ONyLIeHH, TadK KaKk B KOM-
O6UHAUMH C APYTHMU UYJeHAMH OHHM He HAIOT HemepHOAMYECKHX C/araeMHX,
3aBUCALLHX OT e,

IMoacraBass o6wHe BepaxeHua B ypaBHeHua (4) u () § 19.04,
Aznamc nokasa’, yTo 0 M & C TOYHOCTBIO O Y/€HOB MOPsSAKA m? BKJIO-
YHTe/NbHO — BCE, YTO NOTpe6yeTca B AaibHefillleM, — MOXHO BHIPA3HTDb
ciAenyioluMH popmyaamu:

nt4-e= 0+3melsin<p, L m’(l —% e2)sin0

16 m2el sin 03+ 16 m?e, sinf,, a
1 3 5
u= E[l -—7m'*’el cos<pl+m2(l —3 e‘;’)cos 6,4
7 1
-+ mP, cos b;— 5 m%, cos OI] . (#))
MNMponuddepenunpyem pasenctso (1) no £ Toraa, BCNOMHHas, YTO
?1 =nlt+ el —‘gl

H YTO, Hanpumep,
02 == 20 — 2”1‘ —281.
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TaK yTO
7‘;7 sin 6, =2 (§ — mn)cos 6,,

MH OyleM HMeTb

n [1 — 3m?e, cos cp,—l:— m3(l —% ef) cos fl, —

—2{36—1 m?3, cos 6, + }—é m3e, cos el] =
-_-_-6[1 —Tmz(l —% e'f) cos ﬂ,—%m’*’el cos 03-}—1—81 m?e, cos 0,].

OTciona, COXpaHss JUILb TaBHHE UYJAEHH, HAXOLHM
%: 1+ % mée? 1 3m?, cos ¢, —ITI m’(l —% ef) cosfly —
- —21 m?e,cos 63,4 18—1 m2e, cos 0. 3

Ho H =r?%. tak uro H?=u"46% Tlosromy u3 dopmya (2) u (3) ¢ Tou-
HOCTbIO [0 MaJAWX MNOPAAKAa m* BKAIOYHTENbHO NOCAEe HEKOTOPHLIX ajre-
GpauyeCKHX YMpOLIEHHA MoJydaeM ciefyiolliee BHpaxeHwe aas F2:

H’=n’a4[l +%m‘+—23—lm‘ef—l—

—+ g— m2(1 — % e'f) cos 4, —?41 m2e, cos 9, -—-2- m2e, cos 0,] ()

AHaZOTHYHO BHIpaxenHe Aas /H? npuBoiMTCA K BUAY

U DO SR | G
77 =gt || = ™' — g el —
—%m’(l ——% e'f) cosﬂg—%—mze,cos 03+%m2e, cos 0,]. ®)

§ 19.06. Buuncaenue p/H? n3 nepsoro ypaBHeHHA
ABHKEHHS

PaccMoTpuM Teneps MepBoe ypaBHenHe nBHkeHHs (4) § 19.04. dud-
¢depeHuupys pasexctso (2) § 19.05, mu noayuaem dufdd u d%u/d9%; npu
nomown GopMyan (4) § 19.05 moxno Hattth 1/H?u3 u (1/H?u*) (du/df)
C TOYHCCTbIO A0 MaibiX MOPAIKA m? BK/AIOYMTEIbHO, T. €. C TOYHOCTHIO,
C KOTOPOH HaM HYXHO 3HATb STH 1Ba YjeHa. 3areM H3 ypaBHeHHd (4)
§ 19.04 b noayunm Bupaxende na8 p/H?, KoTopoe IOMKHO OLITh
TOXIECTBEHHHM C BHpawennem (5) § 19.05. CoraacHo ¢opmyre (2)



§ 19.07. Hosas ¢opma ypasnenus dsuxnenus 41

§ 19.05,
d_u 1 du 1713 —om2f1 5 2 __mn
T [20 mde, sing, — 2m (l 5 e)(l 3 )sinO2
7
-3 m?e, (2 —T)sm 03—1- m’*’el (2 —T) sme]

Hs Gopuynu (3) § 19.05 BuaHO, uTO B 3TOM paBEHCTBE LOCTATOUHO

nonoxuth 6 =n. [osTOMy C TOUHOCTbIO A0 MaJHX MOpAaKa m? BKMO-
YHTEJNLHO HMeeM

Z‘; 1 [ 2m2(1 _% ef)Sin 8y — 7m?%, sin 0, + m2e, slnel]. a

Tem e caMbIM NMyTeM HaxOQUM, YTO

d* 1 [ )
—de—‘: = [— 4m? (l -3 ef) cos 8, — 14m?2e, cos 0,4 2m?%, cos 01] )]

m?n® m? -9 9 5
2H? "_"'2_a'[1 +7”‘2"1C°3?1—7m2(1 -3 e"l’)coser—
—243‘ m?, cos 6, - %m’el cos 9,] , 3)
22
;nl':'fi'; [ 2m 2(1 —-%ef)sin 0y — 7m2e, sin 0; 4 m?%, sin 91]. 4

IMoacrasass 9TH BHPaXEHHA, a Takxke 4, ONMpeleiseMOe DPaBeHCTBOM (2)
§ 19.06, B ypasHenue (5) § 19.04, M HoayyuM cJaedywoliee BHpaxe-
HHe 15 HemepuoAHYeCKOR wacTu p/H2

%:%[l+%m2(l+%e)——m‘(l—57) 321 m‘ez] (5)

[IpupasituBas 3T0 BHpaxeHHe BHpaxeHHio (O) § 19.05 n 3amevas, yto
p/n%a3 oueHb GJM3KO K eNHHHLE, MLl MOC/Ae HEKOTOPHX YNPOLIEHHR noay-
YHM C TOYHOCTHIO O YJAEHOB MOPAAKA m? BKJIOUHTENbHO

1 3 1197
-;%§=1+§-m2(1+—2—ef)+32 m -~ mied, 6)

3aMeTHM 1718 KOHTPOJA, YTO NMEPHOAHYECKHe YJeHH (KOTOpHe 31eCb He
NPUBOAATCA) B HBYX BHIPaweHHAX 449 w/H? HaXomATcd B COTJaCHH ApyT
C IpyroM.

§ 19.07. HoBas ¢opma ypaBHEHHS ABHKEHHA
(e, nepemeHHo)
Ipeanonoxum Teneps, 4To e, == e —af H 4TO BeAHYHHOR a® MOXKHO

npene6peub. BuiGepeM 7 W 4@ (paccMaTpuBaeMHe Tenepb Kak NMepeMe-
Hble) Tak, 4TOGH HeMepHOAWYeCKHEe 4YacTH B & H H? HMeaAH TOT xe
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caMuil BuA, 4to H B § 19.03. Torma saementht # H @ OyAyT cBA3AHH
dopmynoft (6) § 19.06. 3ameruM, uro n — cpeaHee ABHKEHHE B MOMEHT,
€oOTBeTCTBYIOWMA aoarote 6. Jlas TOro 4ToOH yNOBJAETBOPHTb ypaBHe-
HHUAM JBHXEHHs, KOr1a NPHHUMAETCA BO BHHMaHMe NMEPEMEHHOCTb €, Ove-
BHAHO, HYXHO N00aBHTb MEPHOIHYECKHE YJEHH K BHIpaXKeuwsM 4 u H2,
onpejenseMbM COOTBETCTBeHHO ¢opMyaamu (2) u (4) § 19.05. IMoaoxum

1
u=— (144 P), 0
rie uepe3 P, 00603HaueHH MNepPHORHYECKHE UJeHH B BHpaXeHHH (2)

§ 19.05 u
H?=n2a%(1 4 281+ Py—+ P,), @

rie P, u P, 03HayaloT COOTBETCTBEHHO HeMEePHOAHYECKHE H MEPHOIH-
yeckHe 4YaeHH B Bupaxenun (4) § 19.05. B dopmyaax (1) u (2) ¥
U 37 ABJAIOTCA NEPHOAMYECKUMH (YHKLHAMH.

Tenepy du/df Gymer onpeseastbea dopmyaoff (1) § 19.06 x xoro-
po#t RobGaBAeHH Y.IeHH

1 d 1 dP, d
— g Ub+p) Bl G+ 40 2
HIH
1 a dP
?[_F a +8V+P1)-% del]+ z a0 @
Huxe Gyner mnokasaHo, 4o a u Ov HMeloT nopamok mz. Ilostomy 8v

H P, B kospouunente mpu a Moryr OmTb omyueHn. Tak kak du/db
TpebyeTcs: HalTH JHIIbL C TOYHOCTBI0O A0 MajuwX Tnopagka m2, TO

BOCTaTOYHO HamucaTb 8 =n. [losToMy ZAonoiHute]bHhe uieH B du/dl)
6yayT

1 d 1 2 , 3
778 O+ [— 5+ 3 miacose +
+ m% (5e,cos b, — -fcos03+—cos9)] 6))

BcaeactBHe TOro, uTO0 NpH e, GHrypHpyeT Maan# MHOXHTeNb & W TaK
KaK M NpeHeOperaeM ero KBaipaToM, BeMHUHHA e, (==e;—af) MOXeT

paccMaTpHBaTbCs B BHpaxeHHH (3) M B HanbHefilleM Kak NOCTOSHHas.
AHanornudo d?u/d(? GynmeT colepxaTb CjaenyioliMe AOMOAHUTEbHbIE
Y/leHbl:
1 ; .
7z [—m* (10e, sinf, — 7 sin 63+sm6,)]+

o [— m? (108, 5in 0, — 7 sin O 4 Sin 0,)] - 2- =67 BV),
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npHYeM mneppas CTpoKa cJaeayeT u3 dopmyam (1) § 19.06, a ocraabHbe
uneHH — u3 ¢opmyan (3) Hacroswero maparpaga. Takum oGpasowm,
(@%u/d6% + u comepxut crenyiole LOMOJHHTENbHBE YJEHHI:

2 [%; @)+ ]+ % [ — 20e, sin 0,4 14 sin 05 — 2 sin .

Kpome toro, p/H? comepxut R0noAHHTeAbHHH YieH (p/n?a?)(— 237n) uan
C IOCTaTOYHOH CTemeHul0 TOUHOCTH — (2/a)d7. Jlpyrue uneHn B mud-
(depeHLHAILHOM YPaBHEHHH He [NAIOT JOMOJIHHTE/NbHLIX 4JEeHOB paccMa-
TpHBaeMoro mopsaika. IlepBoe ypaBHeHHe IBHIKEHHR TCMEpb 3aMeHseTcs
CleyIOIHM YPaBHEHHEM:

e @)+ 0vk T (206 sln by 4 145in 0, — 25in0) = —2b. (4)

§ 19.08. HoBuit BHA BTOPOro ypaBHeHHs
ABHWKEHHA

AxanoruyHo M HaHpeM Tenepb (d/d9)(H?), coxpaHas B HemepHOAu-
YeCKOH YaCTH uY/JeHH A0 MajJoro mnopanka miea, a B mepHoAHYECKOH
YacTH — A0 MaiabX nopsaka me,a BkmounteabHo. Toraa B d (H?)/do
BOHAYT CJjenyiol(He AOMOJHHTE/NbHHE YJEHH:
nlat [211 3421

e e e 4
b + 32 mie -

-+ m% (% e,c0s f; — 34- cos f; 4 71' €os 0,)] <+ 2n%at gg ®n).

Kpome Toro, tak kak #~4=a*(l — 43v), noCKOJLKY peub HzeT O v,
npaBas 4acTb BTOpOro auddepenunansHoro ypasrenus (5) § 19.04 Gyaer
COAEpXaTh CJAeAyIOliHe AOMOJHHTENbHEE YJEHH:

12m?n2a* 3v (sin02+ 7 €,8in 0 — 1 5 € sinb )

Bropoe ypaBHeHue 'renepb 3anuuercs B BHAE

46w,
il Ly h M et
+m% (12—5e,cos02—-—cos93+%cos6 )—|-2 —d—e(8~q)=
= 12m? 3 (sin02+ 5 € sinf; — el sin 6 ) ¢))

PaccMoTpuM B ypaBHenuu (1) cHayasa nepHOAHYECKHE WYJAEHH nopsiaka
m2%. u mPe,. C LOCTATOMHOM CTeMeHbIO TOYHOCTH MOXHO BMeCTo § moa-
CTaBUTb BEJHUYMHY 7 H npeHeOpeub npaBoit uacTbi ypasuenus (1), Tag
Kak Ov HMeeT mopsAok ma,
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Toraa Mb 6yaeM HMeTb

2 i 15 21 3
2 %(87)):-— ma (—ﬁ-e, cos 02——7 cos 85+ 7 cosﬁl).
OTKyla, WHTErpupys, nonyqaeu
(T ,sinO,——smO + ) )

IMoacTaBuM 5TO Bhipaxenue Aaa 28 B ypasHenue (4) § 19.07 u noso-
KHM B MEPHONHYECKHX uJeHaX p==n2a% (Tak Kax HaM noTpebylTCs HX
3HaueHHA TOJBKO 1O Maiaux nopaaka m? BkawuureabHo). Torma srto
nocnenHee yPaBHeHHe NpPHUMET BHA

dﬂ’ e+ == i (?45 e,sin by ———smﬂ —I— 9 sinb ) ®3)
Pemenue 3toro ypaBHeHHﬂ 3allHCHIBA€TCA B BHIAE

dv= 3 eysin by — 12 sin 6,4 o2 sin®, 4

= — 52 (T3 ersin by — 5 sin b+ 7 sino, )

PaccMoTpuM Tenepb HemepHoAuuecKHe uieHn B ypasHeHuu (1) mocae
MOACTaHOBKH B HHX BHpaxenuft &n u 8 u3a dopmya (2) u (4) u 6 us
dopuyan (3) § 19.05. IMocae HeKOTOPHIX ympouteHHH HaHaeM

. 2a 2103
-% +—a 55— mleg. (5)

§ 19.09. BexoBoe yckopeHHe nopsaka mi

locae noacranoBku B nepsoe auddepeHunanbHoe ypasHehHe (4)
§ 19.04 Beamunn 8 u dn oHO He OydeT coaepkaTh HeNmepHOAMYECKHX
YieHoB, 3aBHcAwHX OT a. CaegoBateabHo, p/n?a® coxpaHser CBOH nepso-
HavaabHuift BuA (6) § 19.06, Tak uro

In (—n—,‘;—a-)=lnl_l +%m2(l +_g_ez)+;_g “y 1197 m4e¥]=
=—é—m2(l+%e2)+7 4—|-L73-m” ()

Hanee, mn = n,. Iloaromy

m n
= @
[poanddepenunpyem pasenctso (1) no ¢ u Bocnoabsyemcs QopMy-
Aok (2). Toraa moayuum
20, 3a 1 1173
Tt =g mes (3+ m?)+

+2m(1+3a+m +“—7‘°‘me)
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oTKyla
3a n 3 71 1173
+r[2—m(14+ 3 a+Fm+ T nte)]=
3 391
——-2-me,a(l+ T 2). 3)
KoM6unupys sty Q)OpMyny ¢ pasenctoM (5) § 19.08, naxomum

-"’;_ = 3m2,a ———aglm e, 0))
H
3 3 2937
%.—_—. 7m ela+-w-mela. (5)

Sanmueu paseHcTBO (4) B BHIE

n =n(3m e,a —%l—m“ela).
Tle B NpaBof YaCTH MOXHO CYUMTaTb 7 NOCTOAHHHM. [loaToMy uacTb
f ndt, NOABAAOWAACA H3-32 NMEPEMEHHOCTH €;, B BHPAaXEHHH L18 Cpel-
He#t noarorn Oyser pasHa Pt2, rae

P= % m2ne,q — 2(7541 m'nea. (6)

TlosToMy BekOBOe YCkOpeHHe IO 4JI€HOB NOPAAKa m* BKJIOYHTENbHO
Oyner BHpaxaThca Gopmyaoi
¢ == 104P.

B Bupaxenuu (6) oTHOmWeHHe BTOPOro ujeHa K MNEPBOMY HHCJIEHHO
paBHo 1257m2, a ecam noacTaBMTL 4MCAOBOe 3HaveHue m, To 0,221,
Taxkum o6pasoM, nockoabKy nepBhHi uaeH paseH 10”,4, TO 4ied no-
paaxa m* pasen — 27,30, uT0 coraacyercd ¢ BeAMYHHOH, NOJY4YEHHOH
AnamcoM u pasHof — 27,34, ecu npuHATL BO BHHMaHHe HeGoabiloe
pasaiuMe B YHCAEHHHX 3HAYEHHAX NMOCTOAHHHIX, HCNOAb30OBAHHLIX AJlaMCOM
H HaMH.

Kax ormevanoce B § 19.03, okoHuatenbHOe BhipaxeHHe s o, Hait-
ZeHHoe ANaMCOM M BKJIOYaiolllee u/eHb GoJee BHCOKOro MOPsAKAa OTHO-
CHTeNbHO m, paBHO 57,72. 3HaueHHe ¢, BuBeleHHOe U3 Ha6aoAeHHH
sarMenul, paBHO npuGausutespio 11”. Tlosromy pasumua B 57,3, npu-
nucuiBaeMas s¢gexTy NpPHAMBHOTO TPEHHs, 3aMelNAIOLler0 BpalleHHe
Semau, yseauunBaerT (pyHAAMEHTANAbHYI0 eIMHHLY BpeMeNH H BeleT
K KaXyIMeMycs YCKOPeHHi0 cpemHero asuxeus JIysn npumepHo Ha 57,3
B CTOJeTHe.

MoxHO 106aBuTb, YTO BCIEACTBHE NepPEeMEHHOCTH €, NOArOTa NepH-

reii & M NOArOTA yana © Takke COLEPKAT BEKOBHE YCKOPEHHS. I/Ix
YHC/IeHHBIE 3HAYEHHS, COTNACHO JleNIOHS, COOTBETCTBEHHO PABHH — 40"( 00,

“ + 6.8 (130)2



Fnasa 20
MPELIECCHUA U HYTALIMUA

§ 20.01, Baenenne

B § 1.05 M BHIeaH, YTO eCIM CYHTaTb NJAAHETy IWIAPOM, MJAOTHOCTb
KOTOPOro MNOCTOSHHAa HJAH ABAfeTCA ¢yHKUHeR /IHWDL PACCTOAHMA F OT
tentpa O, TO NOTeHLHAal NJAaHeTH HAa BHEWHIOW TOuky Oyaer cosna-
JaTb C NOTEHUHANOM MaTepHalbLHOH TOYKH, pacmojoxeHHOH B uentpe O.
B cOOTBETCTBMM C 3THM TeOPHA JBHXEHHS IJIAHET OCHOBHIBAaeTCA Ha
B3aHMHOM INPHUTSXKEHHH TOueyHHX Macc. Olnako 3eMasa He aBaseTcA
cTporo cdepuueckoft, u nputskene 3eman Jlynoit n CoanueM (Mb noka
MOxXeM mpeHeGpeub NPHTAKEHMEM TMJIaHET) HM3MEHAET HAanpaBJeHHe OCH
BpalleHH 3eMAH OTHOCHTEJIbHO 3Be3l WJH, TOYHee, OTHOCHTEJbHO HEKO-
TOpo# BHOPaHHOH HaMM HEMOABMXKHOH CHCTEMH KOOPAHHAT. DTO KPaTKO
ONIHCAHHOE fBAEHHE CKAAABBAETCA M3 NMpeueccuu M Hytauud. Ilepsas us
HHX CBSI3aHa C BEKOBHIM HM3MCHEHHEM HanpaB/eHHA OCH BpPalLEHHs, a BTO-
pas — ¢ CONyTCTBYIOWMMH €My NepHOAHYECKMMH NPOLECCaMU.

ITpeneccus Ouina oTkpuwTa TunnapxoMm Goaee 2000 ner ToMy Hasan,
KaK fiBJIeHHe, 3aK/loyalolieecsi B HeMPepbLIBHOM BO3PAaCTaHHM JOJArOT 3Be3J,
€O CKOPOCTbIO 36” B CTO/METHE (N0 COBPEMEHHHIM AAHHHM OK0JO 507
B CTOJIETHE) M He H3MeHsIOLiee 3aMETHHM 06pasoM MX wWHPOT. Hurep-
NpeTauHs STOro ABJEHMA 3aK/louaeTca B caepyioweM. ITaockocTb skaunm-
THKH $BJsieTCA  (HUKCHPOBAHHON MNJAOCKOCTHIO, a NOJOXKEHHE SKBAaTOpa
H3MEHAETCA TaK, YTO TOYKA BeCEHHEr0 PaBHOLEHCTBMA COBEpLIAET MONAT-
HO€ JBHXKEHHE MO IKAUNTHKE C YNOMAHYTOH BHINIE MOCTOAHHOR CKO-
pocteio. TT03TOMY MOAOC 3KBAaTOpa OMHCHBAET C MOCTOAHHOK CKOPOCTBbIO
Kpyr BOKPYr Mnoai0ca SKJMNTHKM 32 NepHOL BPeMeHH, KaK MH Tenepb
3HaeM, B 26 000 ner. OG6bscHeHHe NpPeLeCCHH Ha OCHOBE AMHaMHUeCKOH
TeopuH Bnepsbie 60 nano HeloToHoM B ero «Hauanax» u npeacra-
BAfeT COGOH oOAHO M3 ero BHLIAIILHXCA AOCTHKeHHH. Paanyc Manoro
Kpyra, ONHCHIBaeMOro NOJIOCOM SKBaTOpa (IPYrHMH CJOBaMH, YTJOBOe
paccTofiHKe MeXAy NOJIOCOM SKJMNTHKH H NMOJIOCOM SKBaTOpa), paBHbIH
HaKJOHHOCTH SKJAHNTHKM, B STOH TEOPHH NPeANONaraici NMOCTOAHHBIM.
B Gosee ctporoft Teopun, pasBuTOR nocje OTKPHTHA HyTauuH BpanneeM
B 1748 r., NOKa3aHO, YTO OSKAMNTHKA He SABAAETCA CTPOrO (HKCHPO-
BaHHO# NJOCKOCTbIO, HAKJOHHOCTb He ABJAETCA MOCTOAHHOH M NONATHOE
OBUXKEHHE TOYKH BeCEHHEero PaBHOJEHCTBHA HePaBHOMEPHO.

TIpn noCcTpoeHHH AHHAMHYECKOH TEOPHH MH NPEANOOXKHM, 4TO 3eMas
ABAAETCA HecepHYECKHM TBEPILIM TEJOM, BHYTPH KOTOPOTO MH MOXeM
ONlpesenyTs HENOABHXHYI OTHOCHTENbHO JeMJAH CHCTEMY KOOPAHHAT
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¢ HayanaoM B ueHTpe Macc 3eman. Hawu uccaemosanus 6yayT mposo-
AMTbCA NMPH STHX NpPEANOJNOKeHHAX, MPHueM Oyner paccMaTPHBATLCA ABH-
WeHHe YKa3aHHOM CHCTeMbi KOODAHHAT OTHOCHTEJbHO OcCeft, HEMOABHKHBIX
B npoctpaHctBe. IToa OCHOBHOH MAOCKOCTHIO HEMOABHKHON CHCTEMB KOOP-
AHHAT MBl 6yleM MOHMMATb NMJOCKOCTb SKJAMNTHKH AJAS HEKOTOPOH SNOXH &,.
[Tocnenylowuit aHanMs OCHOBHBAeTC HA YpaBHeHHsx apuxenusa Jla-
rpaxa (§ 8.04). Uro6n HanucaTb STH ypaBHeHUS, HaM HYXKHO BHPA3UTb
cunoBylo ¢yHkumio U, obycnosiaentyio nputskenueM Jlynn u Counua,
a TaKXe KHMHETHYeCKYl0 SHepruio 7T uepe3 HanjeKaliHe NepeMeHHHe.
CHauana Aas ynpolleHHs MBI PacCMOTPUM TOJMbKO oiHy JIyHy M BuiBe-
JeM COOTBETCTBYIOWIHE YypaBHeHHs HBHxeHHA. UYaeHn, o6ycnOBiaeHHbie
aefictBueM CoJHUA, MOKHO HeMeLJIeHHO BNHCATb B STH YPaBHEHHA MO
aHAJOTHH C YJeHaMH, BH3BAHHBIMH NPHTAXeHHeM JIyHH.

§ 20.02. Cunosas dynxkuua U

Semu0 NpHOIHIKEHHO MOXHO CYHTATh CIKATHM CPepOHIOM, HO B 0BlueM
HccaenoBaHMH MH GyleM paccMaTpHBAaTh ee KaK S/UIMICOHI, ABE OCH KOTO-
poro OX u OY (puc. 27), nemaline B MIOCKOCTH KBATOPA, HECKOAbKO

2 Q

Pue. 27.

OT/MYHH Apyr ot apyra. HauMeHbuiaa M3 Tpex riaaBHmX ocefl 9um- -
coMza HanpasieHa no nojspHo ocu OZ. IlpeanonoxuM nanee, 4TO
pacnpesesnieHHe MacCH 3eMAH SABJAAETCS CHMMETPHYHBIM OTHOCHTENbHO
Kaaoft u3 Tpex oceft OX, OY, OZ. Crenosateabio, Touka O Gyaer
ueHTpoM Macc 3eman. OtmeruM, uto ocu OX, OY, OZ secmko ces-
3ans ¢ 3emaeft. Mun OyleM Ha3HBaTb HX TIJaBHBIMH OCAMH HHEPUHH
3eman.

[Tockonbky O — ueHTp Macc, TO, ecau dp — 9/eMeHT MAaccH, pac-
nonoxeHHo#t B Touke P(x, y, 2), MH 6yneM KMeTb

fxdp.=fydp.=fzdp.=0. 1)
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rle B KaXAOM CAyuae HHTErPHPOBaHHWE NMPOM3BOAMTCA MO BCeMy OGbeMy
Hanee, cornacHo cAeAaHHBIM AOMYIUEHHAM,

fxydp:fyzdp=fzxdp=0 )

fxadp.=fx2ydp.=fxy2 dp =0, 3)

AHanoruyHele paBeHCTBA CNpaBelJHBH AAf KOOpAMHAT y M z. O6o-
SHAUMM MOMEHTH HMHepuHH 3eMau oTHocuTenbHo OX, OY, OZ coorBer-
creeHHo 4epes A, B, C u onpeaeanuM ux QopMynamu

A=f(y’+z’)dp.. B=f(z2+x2)dp.

@
C=[ =+ y)dp.
MoxHo ormeruts, uto C Goavwe A u B.
IMycts Ha puc. 27 Q—uentp JlyHu. JlOCTATOYHO MpPeAMOJONHTH,
yro JIlyHa fBAaseTcd ORHOPOAHBIM IIAPOM H 3aMEHHTb €e MaTepiaabHON
Toukot M, pacnonoxenHoft B Touke Q. IToreHunan Jlynw B Touke P
tToraa Oyaer pasen GM/A, rae A — paccrosune PQ. Ilycte dU o3Ha-
yaeT 9JMeMeHT CHJIOBOR ¢yHKUHH, OGYC/NOBACHHHH TNpUTANKeUHeM 3.je-
Menta dp, Haxoaswerocs B Touke P, MaccoR M, pacnonoxeHHoft
B Touke Q.
Toraa
GM dp.

dU= A .

Cunosaa ¢yukuna U B3auMHOro mnputaxeHns 3eman H JIyHu nostomy
Oyzer onpegeaarbca Gopmyaoft

Uu=om [E. ©)

OGo3nauuM uepea &, 7, { xoopaMHaTH TOYKH P OTHOCHTENbHO CH-
CTeMH KOODAHHAT € HavaaoM B Touke O, ocb £ kOTOpPOR cosnamaer
¢ 0Q a och m u { pHOpaHH TMPOH3BOJABHO, HO TaK, YTOGH CHCTeMa
6nina npamoyroavioff. Toraa

rae p=0Q u r=0P. Tak kak §p u r/p — BeAuUHHB Maiue, NOpAAKa
ne Oonee g, ana Jlywn, a ans CoaHua 3HAUHTENBHO MEHbIUHE, MBI
MOXeM HanHcaTh
—_ri\="%h
___l(l —_ ..259_’_1_) .
P 4

DI-—
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PasnoxuM srto BHIpawenue B paa no ¢opmyne Ousoma. Toraa ¢ Tou-
HOCTbIO 4O 4eTBepTOH crenmenHu &/p (Mau r/p) pasedcTBO (D) MpHMET BHA

3 2_’- 5&3_35’-2 35;4 30'2’-2_,_3’-4
U——fd (1+ 4 + > g+ 5 )

Ias ynobctBa nepenuueM STy ¢opmyny B BHIE

v=Hlx+ 54 o+ 5]

Tlyctb nanee I, m, n 03HaualoT HanpaBAsioOLiHe KOCHHYCH npamoft OQ
oTHocuteabHo oceft 0X, OY, OZ. Torna

t=Ix4my+nz.

Mbl nMeem
) Xo=[dp=E

rie E —wmacca 3eman. CoraacHo pasenctsaM (1),
6) Xl=fEdp.=f(lx+my+nz)a"p=0.

Hanee
8) Xp=[@2—r)dp=[12r" =3+ )] dp.

Tlpu nomoutu paBeHCTB (4) MH TNOJYYHM
f2r2dp= A+ B+C.

Kpoue Toro, BHpaxeHHe

[a+®an

— MOMeHT HuHepuuu 3eMau oTHocuTeabHO ocH 0Q. OGosHauuM ero
yepe3 /. Toraa
X,=A+4+B—+C—3l.
Tlockoabky
r) BP4+m4-n?=1,
TO
Xy=[15@x+my+nzp—
— 3 (lx + my—+ n2) P+ m? 4 n?) (¥’ + y* + 29)] dp.

29 V. Cmapt
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CoraacHo paBeHCTBaM (3), BCe BeAHUHHH
fx"dp-, fx’ydp. fxy?dp

paeHu Hymo. ITostoMy X,=0.
1) OueBuaHo, uurerpan X, umeet nopaaok Ea4, rae a — mo6as noayoch
3emau. CootserctByiowas uactb U (ckaweM, U,) 6yner MMeTb nOpsaoK

a\4
%(?) . AnxanoruuHo ta uactb U,, Bxoaswas B U, koropas coor-

P
GME (a\2
BeTcTByeT X, OyleT mnopaaka M (?) . Takuw o6pasom, U,/U,
umeer nopanok (a/p)?, uto Aaa JyHn uuciaenHo pasHO (1/g)%, a B cay-
yae Co/HUA 3HAYMTENbHO MeHbIIed BeauyuHe. dpdekTH, NPOH3BOAHU-

mue U,, HaCTOMbKO ManH, YTO HMH MOXHO Npexe6Gpedsb. Mcnoabays sce
npefblAyliHe Pe3ybTaTh, MH MOJAYy4YHM

U=GM(§. A+B;P-c 31) ©

DT0 paBeHCTBO BLIMOJHAETCA CTPOrO C TOYHOCTBIO [0 4JEHOB IO-
paaka (a/p)d.

Bupa3um Tenepp U uepe3 KOOPAHHATH TOYKH Q OTHOCHTENbHO rJaB-
HHX oceft unepuun 3eMmau. Vimeem

1= [(+Wdp=[ (P —D)dp=
= [ (@4 m 4w (2 y2+ 2) — (L + my 4 n2)] dp.,

yTo MpH noMoun dopmya (2) u (4) NpuUBOAUTCA K BuAy
I=Al+4Bm?>4-Cn?=A —(A—B)m*+(C — A)n?

O603HaulM KOOPAMHATH TOYKH Q OTHOCHTeabHO ocet OX, OY, OZ
yepes X, Y, Z. Toraa m==VY/p, n=Z/p. Tloaromy

_ E , B4+C—2A , 3(A—B)Y?—3(C—A)2?
U=oM[ T+ T+ o | o

Tpu ucnoab3oBaHuu ypaBHenwuf#t JlarpaHxa HaM noTpeGylOTCs mpo-
ussonube Buaa 0U/dq, rae yepes ¢ obosHayeHa moGas H3 NMepeMEHHBLIX,
ONpene/AoUIX NOJMOKeHHe TMABHEIX OCelt MHepUuH 3eMaH OTHOCHTEJbHO
HEMOJBMKHOM CHCTeMH KOOpAMHAT. TaK Kak p He 3aBiCHT OT 3THX mepe-
MEHHHX, TO MNepBHe [Ba Y/MeHa He BHeCYyT HHKAKOrO BKJA4ana B MPOU3-
Boanyio 0U/dg. CaenosateabHOo, AN HamleH ueAH MOXHO LOMYCTHTb,
uyro U naerca ¢opmyaoh

u_w—M[(A B)Y?—(C — A) Z2). (8)




§ 20.03. Modsusnbie Ocu u Kuwerudeckas Iuep2us 451

§ 20.03. MonsukHbBIE OCH H KHHETHUECKAs
9Heprus

Iyct, Ha puc. 28 OX, OY, OZ 03HavyaT rJaBHHIE OCH MHEpPUHH
3eman. IIpeanonoxuM, 4to 3a BpeMa d¢ B pe3yiabTaTe OLHOBPEMEHHOrO
nosopora Bokpyr oceft OX, OY, OZ c yraoBuMH ckopocTaMu a, B, 1
COOTBETCTBEHHO HampaBjeHHe STHX ocedl HeCKOJbKO uaMeHutcs. IlycTb X,
¥, 2 — KOOpAMHATbl HEKOTOPO# TOYKH P OTHOCHTEJbHO MOABHXKHEIX Ocef

4
0 /e o
7’ , |
Pid // |
O
| i, y, Z):
1 ]
| ] !
i A c ! 1
| g ! .
I v SE ¥
Y |
O 4o
X
Pnc. 28.

B HeKOTOpHIft MoMenT f£. IlycTb, kpoMe TOro, #, ¥, W O3HavyalT Npo-
eKIHH BEKTOPA CKOPOCTH TOYKH P Ha OCH HenmoABHKHON CHCTEMH KOOp-
JMHaT, COBMAJalOLIHX B MOMEHT f ¢ ocaMH OX, OY, OZ. Onycruy
nepnesaukyaspu PA, PB, PC Ha KOOpAMHaTHHE MJAOCKOCTH H MpOBeleM
JONOJIHUTENbHEIE JHHHH TaK, YTOGH NOJYuUHTb NpPAMOYTOJbHHIA mapan-
Jenenunen ¢ napaaieabHuMu rpaHamu ODCE u FBPA. Torna

u = CocTaBasiomas ckopocTH P orHocHTeabHO O,
napaaneabHas ocH, conagawoitesf ¢ OX B MOMeHT ¢ =
= CocraBasiomaa ckopoctH P orHocHTeabHO A, mapaaaeapHas OX
-+ CocraBastomass ckopocTH A OTHOCHTeAbHO F, mapaaneapHaa OX -4
- CocraBasiomaa ckopocti F otHocuteasHo O, mapaaneabHas OX.

[epBrLift ujen mpaBoft yacTH paBeH x, BTOpO# ectb — 7+ FA i —1qy,
tak Kak FA ppamaerca Bokpyr OZ ¢ yriaoBoff CKOpOCTbIO 7 B Hampa-

—
Baenud PA. AHanoruuHo Tpetuit uneH paBer —Bz. ITosToMy Mbl HMeeM

u=x—1y+pz.
Kpowme Toro,
V= y —az— X,
w =2z —Bx +ay.
29*



152 T'rasa 20. Npeyeccus u nyrayus

Ecan P — dukcupoBaHHas Touka BHYTpH TBepioft 3emau, To
x=y=2z=0.
Cnenosaresbro,
u=fz—1qy, v=1x—0az, w=ay—Bx. 1)

Tenepb KuHeTHueckyio sHepruio T, o6ycC/OBJEHHYIO BpalleHHEM TeAa,
HYXHO BBHIPAa3UTb B HeNOOBUNCHHMX OCAX, KOTOpble, KAK MHl MpeanoJo-
KuM, coBmajailor B MoMeHT £ ¢ OX, OY, OZ. OGo3snauus uepes dp
9JIEMEHT MacCH B TOuke P, MbH MNOJYuMM Caelylolmtylo dopmyay, ompe-
IeJAIOILYI0 KHHETHUECKY!0 SHEPTHIO

2T=f(u2+'02+w7)dp.
HJAH, Hcnoab3ys paBeHcTsa (1),
o = [ 1Bz — 9P+ (1x — a2+ (ay — PPl dp =
= [ @2+ 2+ B 22+ 29 + 7 (22 + Y] dn.

Ipu sToM useHH BHAA f yzdp, cornacHo paseHcTBaM (2) § 20.02,
obpauaiorca B Hyab. Mcnoabsya dopuyam (4) § 20.02, Mo Gynem umetb
2T = Aa?+ BR2+Cq2 2

§ 20.04. Yram dfinepa

IMycte Ha puc. 29 0X,, OY, OZ, cyTb HenoABHXHHE OCH C Ha-
yaaoM B ueHTpe O paccmaTpHBaeMo# cdepH, MPHYEM OCHOBIHOH M.IO-
CKOCTbIO fABJAETCA MAOCKOCTb SKJAMNTHKH B SNOXY £Zy, a Z,-— MOJIOC
skaunTHKH. ITonoxeHHe ToukH X, MB ONpeldeNMM HeCKOJbKO MNO3xe.
Ocu OX, OY, OZ cyrb rnaeHble OCH MHepuuu 3eMau, npuueM Z coO-
BMalaeT ¢ ceBepHHM nojocoM. I11ockocTs 60JblIOro Kpyra nepecekaer
NJAOCKOCTb HEMOABHXHOTO 60.bworo kpyra X,¥, B Touke N, kotopas,
TakuM 006pasoM, Gyazer nomocom G6o.buworo kpyra Z,ZAB. IoaoxeHie
oceft X, ¥V, Z OTHOCHTENbHO HEMOLBHXKHLIX OCefl ONpeneadeTcs TpeMs
yraamu 6, ¢, ¢, HaspiBaeMBIMH yraamu Sftaepa.

Yron 6 —sto yroa Mexay asyma Goabmumu kpyramu XV u X,V
H paBeH ayre Z,Z, T. e. Yr/IOBOMY PacCTOSIHHIO MEXIYy MOJIOCAMH STHX
Goabwnx kpyros. He naBaa cefiyac TOYHHX ompejeseHH#, Mbl BUAHM,
yTO 0 AB.IAETCA HAKJOHHOCTLIO SKJAMNTHKH K MJAOCKOCTH skBatopa, a N —
TOYKA BECEHHEro PaBHONEHCTBHA.

——

Yron ¢ —osto yron NX, usmepseMutt ot N B Hanpasaexun XV

n pasuuift yray BZY, T. e. yray Meway GOJbIUHMH KPyraMu, No10CaMu
KOTOpHIX aABJAIOTCA TOYkH N u X,



§ 20.04. Yeanr Sidnepa 453

yroa ¢ —osro yroa Y,Z,A uan ayra Y,A, uamepseMuie ot ¥, B Ha-
npas.ieHuu m. Jlerko Buaeth, uto ¢ pasHo yray XN, usmepseMomy

B HanpapJ/IeHHH m

BuiBeaem oaHo cooTHoweHue Mexay yraamu Oinepa, KOTOpPOe HaM
norpebyerca B jaabhefieM. ITycTb l;, m,, n; — HanpaBAAIOLIHE KOCH-
HYCH npaMoft OZ no OTHOWIEHHI0 K HemoABHXKHHM ocaM. Toraa u3

Puc. 29.

COOTBETCTBYIOLIHX chepuqecxux TPpeyroJbHHUKOB J/€rko BHAETb, UTO

ly=cos ZX,==sin0sin¢, ¢))
my==cos ZY,==sinf cos §, @
ny==cos ZZ,==cos b. @3)

B dopuyaax (7) u (8) § 20.02 mu oGoanauum uepe3 X, V¥, Z koop-
AuHathl uentpa Q Jlynw (puc. 27) OTHOCHTENbHO r/AaBHBHIX OCe#l HHep-
uun 3emau. Cefluac sTu koopauHatH 0603HauMM yepes X, ¥y, 2. IlTycmo
& 7. C o3HaualoT KoopauHaThi ueHTpa JIYHH OTHOCHTENbHO HEMOLBHXK-
Hux oced 0X,, OY, OZ, Toraa

z2=li+mgm+nl
UM, coraacHo gopmyaam (1) — (3),
z=Esinfsiny+ nsin 0 cosp -+ {cos b, “4

30 ¥. Cmapr
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STo M ecTb COOTHOLIEHHE, KOTOpoe HaM TpeGoBanOCh BHBeCTH. OHO 6y-
IeT Hcnoab3oBaHo B § 20.12,

B HOBHX 0603HaueHHAX CHJOBaA (YHKUMS, onpelenseMas dopmynos
(8) § 20.02, sanuuercs B Buze

3GM

— (€ — 422 ()

§ 20.06. Bupaxenne yraosnx ckopocteft @, B, Y
yepes npoHsBoaHHe Yraos dflaepa

B sToM naparpage MH BHBeleM COOTHOLIeHHA Mexay a., B, Y u 0, @, §.
PaccmoTpum cHayana apuxkeHHe TOYKH Z (cM. puc. 29). Ornocu-
TeNbHO HEMOABHXHHX OcCeHl, MFHOBEHHO COBNMAAAOLIMX C NOLBHKHLIMH
ocamu OX, OY, 0OZ, yra0Bas CKOPOCTb TOUKH zZ cxnuunaercn H3

1) cocrapasiomeit a BAOADL YZ u 2) cocrasasiomeft § BAOL ZX. Pas-

Jaras 9Ty CKOPOCTb Ha COCTaBJAIOIIHE BLOJb Hampae/eHHs ZAn Hanpa-
———

BaeHnA ZQ, nepneHaukyasapHoe Zy,Z, MbH HaxoAHM:

Bsingp-—acose Baoab ZA

Bcosp—+asing Broab ZQ.

Ho oTu cocrasasiolue YraoBo# CKOPOCTH TOUKH Z OTHOCHTENbHO He-
MOABHKHHX Ocel, BHpaxeHHHe yepe3 yram dHaepa, 6yayT

§ Biom ZA wu dsind Baoab ZQ.
TlosTomy
=@sing—acose a)
H
$sin8 =P cosp—+asing. 2)

TMono6unuM o6pa3oM pacCMOTPHM ABHXeHHe ToukH B. OGpawasch
K HeNMoABHXHHM OCAM, MIHOBeHHO cosnazaiowuM ¢ OX, OY, OZ, mu

BHIMM, YTO COCTaBJAIOLIAA YrA0BO# CKOPOCTH TO4KK B BR0aAb BY pasHa 7.
¥Yraosas cKopocTb TOUKH B, BHIPAKEHHaR Hepe3 yran Snnepa, Oyzer

HMETb coc'rasnmomylo cp BLO.b BY n COCTaBJAIOLLY IO ¢sln ZyB unn
qacose Broab BX. TlosTomy
¢ —{cosh=1. 3

TMonesHo COCTaBHTb CBOAKY NOJAydYeHHbHX ¢opmya. Bripaxas q n3
dopmyan (3) npu noMow papeHcTsa (2) ueped a, B, 7. ME OymeM



§ 20.06. Sarepose ypasnenus spaujenus T6epdo2o0 Tesa 453

HMETH
§ =Bsing —acos o, 4
$sin8=BcosO-4asing, ©®)
¢ =1+ ctg 0 (asinp—+ Bcosq). ©)

Ham notpe6yiorca Taxke QopMyin, Bupakaiouue a, B, 1 uepes
6, cp H qa Atu popMyan Jerko moayvaiorca H3 (4), (5) H (3) u HMelOT BHA

a=={sinBsinp — & cose, )
B =¢sin0cos g4 Osing, ®)
1=<{>—q'acos0. ®

§ 20.06. dfineporn ypaBHEHHA BpameHHS
TBEpAOTO Teaa

Mu G6ymeM noab3oBaThcA ypaBHenusaMu Jlarpanka (§ 8.04). dynx-
uua T maerca dopmyioft (2) § 20.03:

= Aa?+ BB+ C12. (1)
1) PaccMoTpuM mpexae Bcero yroa dfinepa ¢. Mu umeem
(67‘ ) oT ou

03] 9¢ o¢

0? ’
TaK YTO COrjacHo dopmyie (1) moayunm

$Ag+Sal(F-2-L o

rae CyMMHpPOBaHHe PACNPOCTPAHAETCA HA AHAJNOTHYHLIE BHIPAXKEHHR, BKJIO-

vaiomue B, B u C, 1.
N3 dopmya (7). (8) n (9) § 20.05 Mu HMeeM

90 _ 9B _o 91 ﬁ=p
o d¢ op d9
B __ . 0T __
-6?_ [ 3 6?—.
[TosToMy
C1—(A—B)af= Y 6))

2) PaccMorpum Tenmepb yroa ditaepa 6. I'Io aHanoruu ¢ Qopmynoft
(2) MB HMeeM

Tas+TalsE) 4% ®

30'
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Ho coraacio dopmyse (9) § 20.05

o
T 0.
Kpome Toro,

d /Oa
—_— —— — [/} p—
4t (06) 00 (? q’cos B)sing = 1sin?.

AHanOrHYHO HaxommM, uTo0 Ko3pduunent npu B Bo BTOpOH CyMMe
¢opmyau (4) pasen 7Tcos¢. Hakowew, npunumas BO BHHMaHMe d¢op-
Myay (5) § 20.05, noayuaem

=4'»sin0=aslncp+?-cos<p.

Takum o6pasoM, ypaBHeHHe (4) NnpuMeT BHI
— Aacos g+ Bfsing4 (4 —C)aysing—+ (B —C) By coscp=%[e£-
©®)

3) Paccmorpum yron dfinepa ¢. Ilo aHa’zorum ¢ ypasHeHuem (2)

HMeeM
Oa dU
Yas+Yag (=5 ©
Tak kak a, B u T He 3aBucAT OT ¢. Bo BTOpO# cyMMe kosduuHeHT
npu Aa paBeH

th- (sin 6 sin @) =cos O sinp (B sinp — a cos ©) -
—-cos ¢ (a cos 8 sinp 4B cos 6 cos ¢+ 7 sin 6) =B cos 6 4 ¢ sin B cos ¢.
AxanoruuHo xosdduuuent npu BB pasen
—acosb —ysinOsing,
a kosdduuuent npu CY paseH

—sinf (Bsinp —acosg).
IlepBas cymma paBHa

Aasin 0sino - Bfsin 6 cos — C¥ cos 6.
Tocaennutt unen 9Toft CyMMH, cormacHo ypasHenuio (3), Gyaer pasen
ou
—cosH(A—B)aB —cos b T
[Toactaensa STH BHpakeHHs B ypaBHeHue (6), MH mocJe neneHus Ha sin 0

nosyuaem

Aasing+ Bfcos ¢ — (B —C) By sing—+ (A —C) ay cosp =

ou 1 oU



§ 20.07. Moduduyuposannsie ypastenus 457

Pewas ypasuenus (5) # (7) OTHOCHTeJbHO a B H MnepenucHBas
ypasHenne (3), MH MoJyvyaeM CJAEAyIOUYI0 TPyNNy ypaBHeHHA:
. sin U o o
Aa—(B-C)91=m%(°0597;+—0§')—c°5‘?0—0' ®)
_ Cosg ouU ouU
B —(C — A qa=2% (co s+ aq’)-l—sino S ©
o

Cy —(A—B)ap=5. (10)

§ 20.07. MoandunnnpoBanibie ypaBHeHHS

Kak M sametuan paHee, 3emsa umeer ¢opMmy, oueHb O6Ju3KYyl0
K cXaToMy chepoHay, H AN HAWIKMX KOHEYHHX LUeJel NOCTATOYHO MpH-
HATb, YTO MOMeHTH HHepuuH A u B paBHH Apyr Apyry. BripameHue
aas T nostoMy npuoGperaer Bl

oT = A(o? 4§94 C7?
Hau, corjacio dopmyaam (7), (8) u (9) § 20.05,
oT = A (624 §?sin? 8) + C (¢ — § cos 0)2. )

OGpautascb k ¢opmyne (5) § 20.04 ana U, mu Buaum, uro U Ttenepw
MOXHO 3amucaTb B Buje

__3GM(C— A)
208

Hanee 2 onpenenserca ¢opmynoft (4) § 20.04, koropas He COAEPKHT @,

CrenoBaTenbHO,

U
%5 =0

u u3 ypasHenusa (10) § 20.06 mn HeMmenJeHHO moO/yuaeM
T=¢—{¢cosh=o, 03}

rie ® —nocTofHHas. OTOT peayabTaT TaKKe CJAeAyeT M3 YpPaBHEHHS
Jlarpanxa (1) ans ¢.

OcTaibHHe ypaBHEHHS MH MOXEM BHBeCTH M3 ypasHeHuft (8) u (9)
§ 20.06 uan nemocpencrseHHo u3 ypaBHeHus (1). Ilpumenss nocaeaHug
M3 STHX CNMOCOGOB, MH nOAyYHM ypaBHenue Jlarpamwka ans ¢:

—[AJ;sin”O —C cos B (p — ¢ cos )] = %q’U_

RAH, Hcnoabdys dopmyay (2),

Ajsin?0 4 249 sin 6 cos § 4 Cwf'sin § —
~=Ccos 0 (p —{cosd -+ ¢sinf) = 34'—”.
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Kax GyaeT BMIHO B RaibHeHmeM, Bce Beamumns §, O, ¢ ABAAIOTCH
MaaLiMH TO cpaBHeHnio ¢ of. ITostroMy mpeauinyliee ypaBHeHHe npu-
BOAMTCA K BHAY

1 ou
Cosind oy * ©

C apyroit cTopoHs, o6pallasch K ypaBHeHHIO Aad 8, Mbl HMeeM

Ab— Aj?sinfcos § — Cogsin =0,

6=

IMpeanonaras, uro §u ¢2 ABASIOTCA MAAHMH MO CPAaBHEHHIO C w), 9TO
ypaBHeHHe MOXHO 3amMHCaTb B BHIe

. 1 ou
$=—Cosmo o0 ©)

§ 20.08. Moanoe BHpaxeHHe CHAOBOA QyHKUHH
nputsakenna Jlyun # Coanua

CunoBas ¢ynkuus B caydae Jiynw npu A== B, coraacho ¢popmyie (5)
§ 20.04, pasHa
__3aM(C— A)z’
208

rae 2 — annaukata JIyHH OTHOCHTENbHO TJaBHMX oOcCeH MHepuun 3eMan
0X, OY, OZ. AHanorwyHo cuaoBag GyHKUHS, O6YCIOBAEHHAA MNPHTH-
KenueM CouHua, paBHa

3GS(C— A) 7}

— ———————

2%

rae S —Mmacca CosHua, 2;-——ero annaHKaTa H p, — ero TeOlUEeHTPHYE-
cKkoe paccrosHHe. I10STOMy MOJHOe BHpaXeHHe CHAOBOH (yHKuuu 3amu-
CHBaeTCA B BHAE

3(C—4) 2

2
=2=4 z A
U= . [GM 5 +GS p?]. )

Ecau a, u n, — Gonbmasa mnoayoct OpOHTH 3eMAH W COOTBETCTBYlOLiee
cpelHee Yraosoe HBHXEHHE, TO C JOCTaTOYHOH CTEMEHLIO TOYHOCTH
MOXHO HAMHKCATD

GS == nla3.

3(C— 4 M 22 2
U=———2——-n¥a?|:__.;s_+_§.]

[losToMy



§ 20.09. Mopadox eeaununet UJT 459

HJH, eCAH 4 o3HauaeT GoJbluyl0 MOAyOoCh OpOHTH JIyHH,

v=—gC—anls () GV (ET+E G

Onpeaenny Beanyunsl K u L caenyownm o6pa3om:

K=;CZA %f @
L=.-’;i(%)3. ®)

Torna 3 g2 4 N[ 2 2
— =K () G+ ()T @

Aroit popMyaoft MH BOCTOAb3yeMcA AAs NpeoGpasoBaHs ypaBHenu#t (3)
4 (4) npeamaywero naparpadga.

§ 20.09. INopsapok seanunnu U/T

B ¢opmyae (1) § 20.07 aas T Beauyuun 6 u (P ABJFIOTCA MaJALIMMU
N0 CpaBHEHHI0O C ®, KOTOpas onpeneasercsa paseHcTBoM (2) § 20.07.

TakuM 06pa3oM,
2T =~ Co? ¢))

MpeneGperas sKcueHTPUCHTETOM op6HT Semaun u JlyHw, Mu H3 ¢op-
Myan (1) § 20.08 umeem

U—-——(C A)[OM sin? B+GS sln’B,]
9

rae 8 u 3, —ckaonenns Jlynn u CoaHua. MaxcumanbHue 3uauenus 3
H 8, paBHu mnpubausauteabHo 28°,5 u 23°,5, a MakcHMaJbHLiE 3HauYeHHA
sin8, u sind, npubaukenHo pasuun !/, u /.

l'lonaraa G(E—I- M)=n%?® n GS =n2a3, mu Gynem umeTb

|U]<%—(C—A)[%—E-_r—Mn2+nf].

<A (B 4 (2]
Kak Mu yBuauM noaxe,
C—A 1 M _1

c Twar ETEr

TMostomy

P

Kpome Toro, #,=gcz J- B ONHW CHIEHYECKHE CYTKH, H MH MOXKeM
4

NpHHATb, YTO ® paBHO 2% 32 OXHM CHAepPHYECKHe CYTKH, Tak YTO
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1
ny/o = 5= e C apyroft cropoHM, n/m, = 13, Tak Kak 3Ta BeJAH4YHH2
4

€CTb OTHOLIEHHEe rola K cuaepudyeckoMy nepuody obpaumenus JIyHu.
ToacraBass 9TH YHCAA, MH HaflieM, YTO OKPYT/EHHO

U -7
T<2'10 .

§ 20.10. CeoGoaunit nepuox dilnepa

TMocaeaunft pesyabrar mpeawiayuero naparpada noxaswisaer, uro U
ABAAETCA OYeHb Manof BeAHunHoH mno cpasHenuio ¢ 7. Ecau npee-
Opeus U u pasHoctio A—B, TO, 3aMeHsds | Ha ®, MH NpHBEAEM
ypasxerua (8) u (9) § 20.06 x Buny

Ar—(A—C)w3=0,

AB—(C— A)wa=0
HJIH .
a4 p3=0,
B-—- pa=0,
riae

p= M(C;A) .

Kak nerxo yGemutbcs, pellleHHe STHX ypaBHeHHft WMeeT BHA
a ==0w cos (pf +¢q), )
B =ocwsin(pt 4 q).
rie ow H g — MOCTOAHHLIE HHTerpupoBaxus., Ho
C—4 C 1
P=—Fc— a1~ 3m*

u nepuoa T,, COOTBEeTCTBYlOLMAA yacToTe p, paBeH 2x/p. Tak kak
o ==2% B CHIepHYeCKHe CyTKH, TO nepuon T, paseH 303 cuaepuyecKuM
CyTkaM HMAM npHOGauauTeaAbHO 302 CpelIHHM COJHEYHHM CyTKaM. ITOT
NepHOl MPOLOMAKHTEABHOCTHIO OKOMO 10 MecslleB Ha3HBaeTCH CBOGOAHHIM
nepHoaoM SDiaepa.

§ 20.11. CeoGonnnit nepnon ftnepa
H H3MEeHeHHe MHPOTH

YpaBHeHHe MTHOBEHHOH OCH BpAIlieHHS OTHOCHTENBHO T'AaBHHX OCel
HHEpUMH 3eMAH HMeeT BHA



§ 20.11. Ce0600Hbii nepuod 3inepa u u3menerue WLUPOTHL 461

Hcnoabsys ¢opmyan (1) mpeaniayiiero naparpada u paBeHCTBO =0,
MBI NOJYYHM

T = T =T 0]
s cos (pt + q) o sin (pt -+ ) (4

Kax Oyaer Buawo B nanbHeweM, o — oueHb Mafias BeawuuHa. Caeno-
BaTeJbHO, npaMas (1) nepecekaer NoBepXHOCTb 3eMau BOAH3H ceBep-
HOro nomoca P B Touke /, KOTOpaa fBAAETCA MTHOBEHHHIM MOJIOCOM
(puc. 30).

P

/

Puc. 30.

Paccvotpum Touxy (G. Tak Kak MW npeamosaraeM, yro 3eMmJd
aBaserca cdepounoM, To ocb X MONKHO BHOpaTh Tak, 4ToOH OHa Npc-
XOM/Ma yepe3 TOUKY mNepecedeHHs SkBaropa H MepuauaHa PQ. Ilyctb
1Q — manufl kpyr, npoxoasiuufl yepes / napaanenbHo sksatopy. Toraa
C ILOCTaTOuHON crenmeHbio TouHocTH GQ=GI. Janee koopausata 2z
Toukn / Mano oriauvaerca or OP. [lostoMy, npuHumaa OP 3a egunuuy
paccrosHusa, Mu u3 (1) 6yaem umetsb

x=PQ=acos(pt+¢q)
HIM B CeKyHOax AyrH
PQ =a" cos (pt + ¢). )
rae @ =gacosect”.

[MockoabKy Hac MHTepecylioT Majnle AyrH PQ u Q/, T0 MOXHO npe-
He6peub SKCUEHTPHCHTETOM MepuauaHa Touku G. IlosToMy Aomoasenue
MraoseHHo#t wupoTH ToukH G no 90° ectb

Gl = GQ= PG — PQ. 3)
Ho PG ectb nonoaxeHne WHPOTH Touku G OTHOCHTENbHO (PUKCHPOBaH-

Horo nomoca P no 90°. CnenoBaTelbHO, €CAH @, — COOTBETCTBYIOLIAs
IIMPOTa H ¢ — MTFHOBEHHad WIMPOTa, TO, cCOrjaacHo ¢dopmynaM (2) u (3),

¢ == o+ a” cos (pt +-q). “4)
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ActpoHoMuyeckHe Hab.al0leHusA, cBi3aHHble € WHPOTOR Hab.oaarens,
OTHOCATCA K MrHoBenHoMy noJiocy /. CaenoBatenbHO, B TaKHX Ha6.1i0-
JeHHAX, BHMOJHEHHHX € JOCTATOYHOR TOYHOCTbIO, AOKHB OGHapywu-
BaTbC KOJAe6GaHHA IHPOTH ¢ nepuoaoM (4), ecan @ H¥MeeT NOPAAOK
X0t Ohl ONHOM MAM ABYX AecAThIX cekyHaw ayri. B 1888 r. KioctHep
O6GHapyun He6OJbllIHe NepHOAHYeCKHe H3MeHeHHs B wnpore Bepauna,
noc.ie 4ero H BO3HUKJA NPobieMa u3mereHus wupome (TaK HasbBaeTCs
3TO sBJEHHE), AAA pelleHHs KOTOPoR mnotpe6osanoch HaboAarebHOe
MacTE€PCTBO MHOTHX AaCTPOHOMOB B Pas/HYHHIX 4YacTAX 3eMHOro luapa.
Cosnanue uenu Ha6ai0faTeNbHBIX CTAHLMH B CEBEPHOM TNOJYWIAPHU U
‘CTMeLHaibHOr0 060pya0OBaHHA, TaKoro, kak mJaasaioiuft Teneckon Kykcona
FpuHBHYCKON 06CepBATOPHH M HOBBIE POTOrpadHYECKHe 3eHHTHHe TPYObI,
YCTAHOB/IEHHHE Ha MHOrHX 00CepBaTOPHAX, yxe caMo mo ce6Ge cBHie-
TeJbCTBYET O BaXHOCTH 9STON mnpoGiaeMun AAs PyHIAAMEHTaJAbHOM acTpo-
HOMHH. B HacTosilee BpeMsi H3BECTHO, YTO H3MeHeHHe IMHPOTHl B KaKON-
HHOYAb TOYKe HA 3eMJie BHIPAKAETCA CYMMOH ABYX NMepHOAHYECKHX YJIEHOB

P = 9o+ @, €08 (P -+ q1) -+ 85 C0S (Pof -+ ), ©)

rle nepHOA mNepBOro 4jieHa paseH 1 roay, a mepHoA BTOPOro 4.jeHa —
432 cytkam, uam okoao 14 Mecsue. Kpome TOro, H3MeHeHHe IIHPOTHI,
T. €. OTK/JOHEHHe OT ¢, 4HCJeHHo He mpesocxoaut 0”,3. dopmyana (5),
BbIBeleHHas H3 Ha6aiofeHHA, OYeBHAHO, NOKA3LIBAET, YTO, MOCKOJbKY
HabaonaeMble MNEePHOAL W3MeHeHHs IMHPOTH COBEpIUEHHO OT/AHYAIOTCH
OT CBOGOAHOrO mnepuoaa SNnepa, NepHOAMYECKHA ujaeH Buaa (4), ecau
OH CylUecTByeT, AOMKEH HMETb AMILUIMTYAY HACTOALKO MaJjylo, YTO ero
HCBO3MOXHO O6GHapyxuTb H3 HaGmoaexuft. TakuMm o6pasoM, ¢ no a6co-
JMIOTHON BeJHYMHE JOMKHO GHTb MCKJAIOYHTENbHO MaabiM. [lostomy Teo-
peTHuYeCKH HafJeHHHIMH H3MeHeHHAMH WIHPOTH CO CBOGOAHHM MepHOAOM
dfinepa MOXKHO B NMPAKTHYECKHX 3alayaX MOJHOCTbIO MpeHeOpeub.

Hab6awdaenne wsmeHeHHs WHPOTH, KOHEYHO, HMEIOT APYryio NpH-
pony. IlepBuft unen B dopmyne (5) ¢ mnepuoaoM | rop u aMniuTy-
aoft 07,09 06ycaoBaeH MeTeOpPOJOTHYECKHMH TPHUYMHAMH, BH3BIBAIOLIHMH
nepuOAHYECKHe H3MEHEHHN [/aBHHIX MOMeHTOB MHepuuu 3eman. C apyroft
CTOPOHH, HaMOMHHM, YTO AHHAMHYECKas TeOpHS OCHOBBIBaeTCA Ha npen-
MOJOKEHHH, YTO 3eMad ABAseTcs a6CoMIOTHO TBepAHM TeaoM. Ho dak-
THYeCKH 3eMas He sBAseTcs aGCONIOTHO TBEPALIM TEJAOM, H, MO-BHIAH-
MOMY, STHM OGBsicHAeTCa mnosiBjJeHHe B (opMyae (5) BTOPOro NepHOLH-
YyecKOro 4naeHa ¢ nepuonoM 14 MecaneB. AMNJAMTYNa 9TOro ujena
pasHa 07,18.

Ecau npeanonoxuTb, YTO CHeLHajbHele HaGMIOZEeHUSs, HA KOTOphHie
MBl CCHJaeMCs, AaloT B JI060 MOMEHT BpeMeHH MOJOXKeHHe MIHOBEeH-
Horo noaioca /, TO Mbl MOXeM CYMTaTb, YTO BCe HAabaOAeHUs MOTyT
6LITb MCNpaBJeHH 33 W3MeHeHWe IIHPOTHI, TAK YTO HAM OCTAHETCA TOJbKO
paccMOTpeTh JBHXKeHHE TJABHRIX OceH HHepuuH 3eMJad, OMUPaAcb Ha
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ypaBHeHHs ABHXeHHS ¢ cuaoBOft ¢yukuue#t U. Pewenue sanauum Gyazer
TOrAa OMpeneNsTbCs COOTBETCTBYIOUMMH YaCTHHMHM HHTErpadaMu ypas-
HeHH# JBHXKeHHS.

§ 20.12. Bupawenne U uepes 0 n ¢

Iaa toro yro6m BHpasuTh U uepes yram Sfinepa u 9/eMeHTH OpOHT
Jlynet u CoaHua, MH LO/MKHH, Kak STO BHAHO H3 ¢opmyau (4) § 20.08,
3fz\2
PasNOKHTL B PALB BHPANEHHS (-;i) (—:-) » BO-MEpPBHX, [AJf Cayyas
Jlynu, a BO-BTOPHX, aaa caydas Coanua. Mum caenaeM 510 noApoGHO
aas Jlyw, a ans CosHua npuBeAeM /ML OKOHYaTe/bHbie Pe3yJbTaTH.
Coraacio ¢dopmyae (4) § 20.04,

z==:sin0siny+ nsinBcosp 4L cosb, ¢))

rae & 7 {—xoopanHaTH JIYHH OTHOCHTE/NbHO HEMOABHXHHX OCeHl
0X, OY, OZ, B stoft popmyae & 7 u { He sasucar or 6 u ¢.

Ha puc. 31 X, Y,— Henonsumknas SKAHNTHKA, COOTBETCTBYIOLIAs
MOMeHTY £, H AE —HCTHHHA® OKAHNTHKA C MNOMIOCOM B TOdke K.
HsaMeHeHHe NOJOXKEHHS SKJAMNTHKH ABJAETCA pe3y/AbTaTOM BO3MYlLeHHH

Pnc. 31.

OpOHTH 3eMaH naaveraMu. [loMoweHHe MCTHHHOM SKJMNTHKH MO OTHO-
IIeHHIO K HEMOABHXHOM SKIMNTHKE ONpefeNfseTCs HAKAOHHOCTBIO { moA-
BHXHOR SK/IMNTHKH K HeMOABHIKHOK M AoaroTolf & Bocxoadwero ysaa A.

Touka M — noaoxeHue JlyHn B MoMent #; BCM — opGuta JlyHn.
BCM o6pasyer yroa ¢ c¢ skauntukot ACE. C —ysen op6uth JlyHu
Ha noaBuxkHOH SkaHnTHKe. IlpoBeseM Goavwne kpyrn Z,MD u KME.
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Mycte XogD=L u DM =B. Toraa

=pcos Lcos B,
m=psinLcos B,
(=psinB.

Tostomy u3 dopmyan (1) iMeeM
—:—=cosBsinﬂsin (L+ )+ sinBcos 6. )
IMpeoGpasyeM mpasylo 4acTb GopMyaH (2) cieryiowuM o6pas3oM.

1) Nycre XgA+ AE=1 w EM =b. Toraa B Tpeyroavhuke KZ,M:
KZy=1i, 2ZM=90°—B, KM=90°—b,
KZM=90°+L -2, ZKM=90—(1—29).

Mu nosToMy uMeeM

sin B=sinbcos i+ cos bsinisin(l — ), 3)
cos Bsin(L — Q)= —sinbsini <4 cos bcosisin(l — ), @
cos Bcos (L —R)==cos bcos (I — ). )

2) Mycre XgA+ AC=N, XA+ AC+CM=wv. Toraa B Tpe-
yroaviuke MCE:
MC=v—N, ME=b CE=I!—N,
MCE=¢, MEC=90°
TMoatoMy Mbl HMeeM

¢0s (v — N) =cos bcos (Il — N), 6)
sin (v — N) cos ¢ =cos bsin(I — N)), )
sin (v — N)sin¢ ==sinb. ®8)

3) B ¢dopmysae (2) Bmecto L+ ¢ nHanumem L — 2+ (¢ + Q). Toraa
%: sin 0 cos (2 + ¢) [cos Bsin (L — )]+

~+sin 6 sin (R + ¢) [cos B cos (L — Q)]+ cos O [sinB]. (9)

TpeoGpa3syeM BHpameHus, CTOAliHe BHYTPH KBALPATHHX CKOGOK, mocpen-

creoM ¢dopmya (4), (B) u (3).
TTOCKOAbKY yroa ! sBAfeTcd OodYeHb MajibiM, TO MOXHO HamHCaTb

sini=1, cosi=1.

4) Ha dopmyan (4) M uMeeM
cos Bsin(L — Q) =—1sinb 4 cosbsin(l — Q).
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Monokum | —Q=(1—N)4 (N —L). Toraa npn nomowyu ¢opmyxa
(8), (6) u (7) M noayuum

c0s B ==—isin csin (v — N)—cos ¢sin (v — N)cos (N — )+
—+cos (v — N)sin(N — Q).

VYroa ¢ pased npuGausuteabHo 5°2, Tak uto sinc uMeeT mnopa-
Aok 1/11. Ot6pocum ujneHn ¢ MHOxuTeneM Isinc u, noaaras sinc==s,
COXpaHMM BCe uJeHH A0 $3 BKkaoyuTeabHo. Toraa cosc=1 —-;— s2.
MeToaoM noc/ienoOBaTeALHHX NpuUOGAUKEHHH MH JerKo HaHaeM, 4ToO

cosBsin(L—2)= (1 —% s’) sin (v—2) —% s?sin(v — 2N 4+ 2). (10)

5) TouHO TakHM Ke CMOCOGOM MH MNOJYYHM

cos Beos (L—L) = (1 ——l— s’) cos (v—L)+ % s2cos(v—2N+42). (11)

6) AHanOrHuHO
sinB=ssin(v— N)4Isin(v—9Q). (12)

7) Tloacrasaaa Bupaxenna (10) —(12) B (9), Mn Hataem nocae He-
KOTOPHX ynpouieHn#i

-“-f-=(1 —% s’)sinﬁsin(o-{- $)+ scosOsin(v —N)+
+lcosOsin(v—-Q)—%-s'*’sinOsin(v—2N+q»). (13)

8) BuBeaem Tenepp u3 (13) BmpaxeHne aas (z/p)2. Ot6pocum 3aaech
ufieHH ¢ aprymeHTamu (20 — 2N), (20 — 3N —¢) u (20 — N +¢), kosd-
HUUHEHTH KOTOPHX WMEIT N0 MeHbliefl Mepe mopsaaok ! H s2. Takue
Y/JeHH KOPOTKOrO MNepKoAa AAIOT HHYTOXHHHA pe3yabTaT NPH HHTErpH-
POBaHHH YpaBHeHHf, XOTA NPH CTPOrOM peLIEHHH HX HYHHO OHIO G

COXpaHUTb. B pesyabTaTe HaXOAMM, YTO
(5)2-—-1 s?+4 (l _3 s’) sin?0 —(-1- 1 s’) sin?6 cos (2v—+ 2¢) —
7)) =2 71 7%

—%-s’sin’ﬂcos(2N+ 2¢)+s(1 —-% s’)sinOcosOcos N+9+
—+1sin 6 cos 6 cos (8 + ¢). (14)

9) Bupasum teneps (a/p)? uepes cpeaniol aHoMaano M =nf -4 e—a.
C TOYHOCTHIO A0 4YJEHOB nopsaka €2 BKJIOYHTEAbHO HMeeM

(—;1)3=1+%e2+3ecosM+%e2cos2M. (15)
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Hanee BeauunHa v, pxodsauwas B paseHcTBO (14), naerca ¢opmyno#
v=nt4e+2esin M+ 3 e?sin2M.

10) U3 pasencrs (14) u (15), coxpanas raaBHHe 4jaeHH H OTOpachiBas
NOCTOAIHHHE YJeHH, KOTOpHe nonaaaioT npu audpdeperunposanun U no 6
H @, MH HMeeM

T

+s(l —3 s2+—e2)sin0cos6 cos (N+¢) —
——%s%ln?ﬂcos (2N =+ 24) ¢ s1n 6 cos  cos (N = ¢) +
43 e sin?6 cos M — 5 sin? § cos (2 234 24).

TMpumenss sty dopMyay k cayuaio COJHIA, HYXHO NOJNOXKHTL S==sinc=0
U 3aMEHHTb B COOTBETCTBYIOLIMX ujaeHax M, e, &, e Ha M,, ¢, &, ¢,.

dynkuus U, onpenenseMas paseHcTBoM (4) § 20.08, okoxuareabHO
Gyzer BHpaxartbca dopMyaoi

—_ KZC =[L (-;-—l——;e?—-T s2)+%+—e2]sin20+
+[Ls(l —-2,— s2+z e"’)]slnﬂcos 8cos (N +¢)—

_% Ls?sin? 6 cos (2N + 2¢) —

— 5 [L cos (2M + 2 24) 4 cos (2M, + 28, + 24)]sin? 6 +-
4L+ 1)cos(y+ L)sinfcos 64
-+ i:-(Le cos M+ e, cos M,)sin?0, (16)

rie K u L onpeneasiorca dopmyaamu (2) u (3) § 20.08.
EnuncTBeHHOE HepaBEeHCTBO B SaeMeHTax JIyHH, KOTOpOe MH JAOJKHH
NPHHATb BO BHMMAHHE, — ITO MOMATHOE IABHXEHHE TOYKH N ¢ NepHOIOM
oko.10 18,6 ner. B cayyae ConHua H MOABHXKHOH SKAHNTHKH MH IOJIKHH
NpHHATL BO BHHMAaHHE BEKOBWe HepaBeHcTBa B e, / H . Tlonoxum
e,=¢e,+e’t. 3aecb ¢’ Mano, NMOSTOMY HNOCTATOYHO NPHHATDH

e} = el 2e.e't.
Kpome TOro, corsnacHo Teopun NBHxeHHs niaHeT [popmyan (17) u (18)
§ 5.10], npu mpenHe6pexeHHH MEPHOAHYECKHMH YJIEHAMH MOXHO HamHcaThb
1sinQ = gt + he?, a7
lcos R =gt + ht% (18)
rae g, & k, hy— Majbe BEAHUMHH.
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Uaen B (16), comepxaiiutt ¢, HMeeT MHONKHTENb
Lcos (P + R)==cos ¢ (icos Q) —sinP (sin Q) = (g, cos — gsin})¢, (19)

rle MH npexeGperau MaJbIMH BeJHYHHAMH A ¥ A,
Moxacrasass stu Bupamenua 1aa e,, e u fcos(p—-+K) B (16), uu

NOJMOXUM

F=K[L(%+%e2——i- s2)+-%+%e§]. (20)
G=K(L+1), @1)
H=3Key, ©2)

%=Ls (l ——% s2+%e2)sin6cos6cos(N+¢)—
— 3 Ls?sin? 6 cos (2N +2¢) — 5 [L cos @M+ 20+ 2)+
—+ cos (2M; + 28, + 2¢)] sin? & +—g- [Lecos M+ e, cos M,)sin?8, (23)

tak 4yro U Gynper BHpakaTbca (opmyaott

—_ ”CI‘JT = Fsin?0 4 [G(g,cosY—gsin{)sinfcos 4 Hsin?6]£4-V. (24)

§ 20.18. Pemenne ypaBuenuht

Coraacho ¢opmynam (4) u (3) § 20.07, ypaBHeHHs, onpelensioliHe
NpeleccHI0 H HYTaunio, HMEIOT CJedyIOWHAi BHA:

1 oU

b=—CasiT o7 )
1 ou
b= o @

TMpu noMown ¢opmyarl (24) § 20.12 stu ypaBHeHHs Npeo6pasyOTCH
K BULY

qa_21"cose-;-[a(g,cosqa—gsimp)”f"2°-|-2Hcose]t+sm6 S ®

b= Gcos(g,siny+gcosh)t — v ?;P, @)

Hanpasnenne ocu X, Jemaimeft B HeMOABMKHOM SKJHMNTHKE, COOT-
BeTCTByIOLLE’ 9noXe £, 10 CHX MNOp elle He ompeleteHo. MH MoxeM
BHIOpAaTb STO HanpasjieHHe /IO6LM cnoco6oM. BriGepeM BpeMeHHO STy
OCb Tak, 4YTOOH OHa NMpPOXOAsi.a BSAu3M y3aa N, Tak uro ¢ 6ylder MaabM
yraoM. Toraa B ypaBHewuax (3) m (4) HOCTaTOYHO MOJIOXKHTb COS Y =
H npeHebpedp BeaMuHHaMH gsing u g, sin¢.
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Jlanee Mul NOJOXKUM
"P="Pm+ v, (5)
6=6,-+8, (6
tae ¥ u © 3apucaT OT nmepHOAMYECKMX 4JaeHOB V.
B npaBux wacTax ypasHeutt (3) u (4) MoxHO 3aMenuTb 6 Ha 6, u

nocTynuTh ¢ yraoM ¢ tak, kak Guao ykasano. IIpese6peras V, Mu mo
popmyaam (5) u (6) moayuaem
== 2F cos 8, (Cig'l c:;?ee“ - 2H cos 90)

0, =Ggcos b, - ¢,

TAe { OTCYUHTHIBAETCA OT 9MOXH f;,. OTCl0oZa MH HMeeM

b =$o+ at+ b2, )
8,, = 6, ct2, ®
The
a=2F cos 6, (9)
b= ( 0g, S %o 1 2H cos B). (10)
c=70gcoseo. 11

PapenctBa (7) u (8) ompenensioT mpeueccuio.
Paccmorpum Tenepb ypashenus aaa ¥ u ©. Onu umeoT BuI

1 WV a1
sin o0 ' = T sin0 oy’

rae V Bupaxaerca dopmynoft (23) § 20.12. 3amenss nocae auddepen-
uupoBanus 8 na 6), Mu Hafizem

7= KLs(l . e?) °°52°° cos (N =+ ¢) —
— K cos 6, [7 Ls?cos @N =+ 2¢) + Lcos @M+ 20+ 24)+
+ cos M, + 26, + 2¢) — 3 (Le cos M-+ e, cos Ml)] 12)

U=

O =KLs (l —-;— s’-l—%e’)cos 8, sin (N +¢) —
— Ksin eo[-;-wsm(wv-;- 24) + L sin (2M =+ 26+ 20) +
+sin @M, + 23+ 2¢) |- (13)
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Y3ea aynHo OpOGUTH ABHIKETCA MONATHO MO SKAHNTHKE C MEPHOLOM
npubausuteavio 18,6 net. IMosToMy MH MoxeMm 3anucath N B BHIe

N=N,—N't. (14)
Jlajee, ¢ LOCTaTOYHOR CTeMeHbI TOYHOCTH
=14+ at.
ITostomy
N+ ¢=p—at, (15)
rae
B=Ny+¢ n a=N'—a. (16)
B ypaBHeHun (12) aaa yao6cTBa MOAOKHM
1 3 i 26
aDEKLs(l——2—s2+7e2) i (17)
a B (13)
eE=KLs (1 —+ s2+i-e2)cose (18)
= | ) P (1

Toraa, unrerpupya ypaeHenus (12) u (13) u npeneGperas a, eciu
OHO BXOLHMT COBMECTHO C 72 W n;, MH MOJYYHM, Hcrnoabays ¢opmyay (15),

¥ — — Dsin(N =4 )+ K cos eo[%’sm(w-i-zq,)—
— o= sin (@M + 26+ 29) — ;Tlsm(QMl-}- 26, + 20)
+3(%sinM—|—§—’!sin Ml)]; (19)
8—F Ls '
=Ecos(N4¢)—KsinB, [—4;- cos (2N +2¢)—

— o 05 (2M + 20+ 29) — % cos (M, +28,+2p)].  20)

Oti Bupaxenna a3 ¥ u O 130T COOTBETCTBEHHO TIA4BHHE W/JEHH Hy-
TauHH B AOATOTE H HaK/JOHHOCTH.

§ 20.14. Cpennuil 3xsaTop B MOMeHT £

IIpu onpcaenennn cpeaHero skBaTopa B MI06GOH MOMEHT BpPEMEHH MH
Gyaem npeneGperath HyTaunmonHuMu udeHamu ¥ u ©. Caenosareabho,
NOJIOMEHHE CPEAHEr0 SKBaTOPa ONpeleNfseTcd NO OTHOMEHHIO K (HKCH-
POBaHHHM OCAM BeJHYHHAMH §,, H O, IPHYEM NMOCJEAHAA H3 HHX ABJAAETCA
cpeaHeR HAKJOHHOCTbIO, ¢opMyaa (7) npeamayliero maparpada noxa-

3HBaeT, 4TO
=g+ at + b8
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OTHOCHTE/IbHO HEeNnoABHXHOR OCH X;,, 32 KOTOPYIO MH TeNepb BO3bMeM
JHHHIO BOCXOASWIEr0 Y3Aa HeNMOABHKHOR SKAHNTHKH Ha CPelHeM SKBa-
TOpe, COOTBeTCTBYIOlUEM Snoxe £, CaenosaTenabHo, §, =0, koraa £ =0,
n nostoMy ¢,=0. Mu Teneppr umeem

Y= at -+ bt2, (1)
CoraacHo dopmyae (8) § 20.13,
n= 00 + ct2, (2)

CnenosarenbHo, 6y — HaKNOHHOCTb HeMOABHKHOR 3IKAHNTHKH K CPelHeMy
9KBAaTOPY B SNOXY £,

Beanuuna ¢, — synno-cosnesnas npeyeccun wu 6, — cooreer-
CTBylolIasds et HAKJAOHHOCTb.

B ¢opmynax (1) u (2) b ¥ ¢ —BeHYHHH OYeHb Maiue NO CpPaBHe-
Huio ¢ a. Ux 3HaueHus npusoasrcs B § 20.19.

§ 20.15. O6mas npeueccus

Ha puc. 32 usobpaxeHa SKIMNTHKA B MOMEHT f, H B MOMEHT £,
a Takke CpeAHHH 9KkBaTOp B MOMeHT f. Ilns yno6cTBa Mu BpeMeHHO
ONYCTHM SHa4YoK m npu ¢ # 6. Mu umeem

XN=¢, [LANE=8, [ NAN,=!I, X,A=QL,

Jxnunmuxa npu t

Ixnunmuxa
nou b,

Pue. 32.

Mycrs, nanee, NN, =\, / AN\E=0' n XD =1, rae D — ocHo-
BaHHe NepneHARKyaspa, onymesHoro w3 N, Ha OGoabmwo#t kpyr NA.
Yroa ¢/ HasmBaetca o6wed npeyeccued.

Cornacio dopmynam (17) u (18) § 20.12,

IsinQ = gt + he2. )

rae !, g H g, PacCCMaTPHBAIOTCA KK Ma/ble BEJHYHHH NMEPBOro NOpsalka,
a b W h;—Kak Maibe BTOPOro NoOpsaKa.
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1. Mo ¢opMyne KOCHHYCOB AAs NMOJAPHOTO TPEYrONbHHKA MBI HMeeM
cos 0/ =cos 8 cos { —sin 6 sinZ cos (& + ¢).

Mycts 8’=0-4 A8, Toraa € TOYHOCTHIO ZO HY.JIEHOB BTOPOr0 NOPALKaA
BKJIIOYHTE/IbHO

Aﬁsinﬁ—{-%(AO)?cos9=tsin6cos(9+qa)+%12cos9.

B nepsoM npuGauxeHuu

Af =1cos (4 ¢). 3)
[TosToMy € TOYHOCTBIO 1O YJEHOB BTOPOrO NMOPAAKA
A0 =1 cos (24 §) =+ ctg O sin?(2 =+ §). @)

B nepsoM ujaeHe STOrO paBeHCTBA BMeCTO ¢ MOXHO NOACTABHTb af,
a BO BTOpPOM ujieHe O sameHuTb uepes 8, u mosoxure ¢ =0 (BcnoMHuM,
yro coraacHo (1) § 20.14 ¢=¢,=at -+ b£?). Torma npu noMown
pasedcTs (1) u (2) popmyay (4) npuBeseM K BHAY

A =gt + (hl —ag+ % gictg eo) £ ©)
Kpome Toro, coraacio ¢opmyae (2) § 20.14,
=6, =10y ct2
IMo3TOMy MBI MOXEM HanmucaThb
6 = 0,4 Qf + Q2. ©)
rae
Q=g Q,=c+h,-—ag+—;—g2ctg00. @)

2. B tpeyroabnuke NN,D
NN, =\, ND=L})-—¢’.

tg (p —¢)=1g Acos.

Hanee, ¢ — ¢’ u A — Majbie yran H, CJAeLOBaTe/]bHO, €CJAH MBl TIpeHe-
Gpexem Beauuunamu (P — ') u A3, TO moayuum

IMostomy

9 —¢’ =MAcos B ==sinAcos ,, 8)

rae MOXHO 3aMenuTh 6 Ha 0; (Mu BumeaH, uYTO MOCTOAHHAs ¢ ABJSETCS
OueHb MAaJOR BeaHYHHOMR).
M3 tpeyroabhika NAN,, B kotopoM NA=2+4 ¢, Mb HMeeM

sin A = sinisin (2 4 ¢) ) ©)

sin 6/
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B sToM paseHcTBe NOCTAaTOYHO B pa3foxeHHH sind’ yuecTb ToJbKO uJse-
HH nepBoro nopsika. BocnoabaosaBuinck (3), HalzeM

sin 8’ =sin A [1 4~ ctg O « ¢ cos (2 4 ¢)). (10)

[Mostomy u3 ¢opmyn (8) —(10), samenss 6 B dopmyne (10) na 6, Mu
noayvaem

Y — ¢ =1sin(Q+ ¢)ctg 0, — 2sin (2 + ) cos (L4 ) ctg? 6.  (11)

C TOYHOCTbIO 10 YJ1€HOB BTOPOro MOPANKAa MAJOCTH MepBOe cCJaraeMoe,
€Cl B HeM MOJIOXHTb ¢ == af, MPHHHMAeT BHI

(gt+ ht?+ ag,t?) ctg B,

Bropoe cnaraeMoe uMeeT BTOpPOR mopsaok M nmpH ¢=0 pasHO
— gg t?cig?by. TosToMy, ecam 3aMeHuTb $==¢, Ha at- bt?, To pa-
BeHcTBO (11) mpuMeT BHA

¢ =Pt P2, (12)

rae
P=a—gctgh, (13)
Py=b—(h—+ag))clgb,+ gg, ctg?h,. (14)

’ ’ ’ ’ ’ ’
Tenepb nanuwem ¢, BmecTo § u B,, BMecto 0, oTMeuas, uTO Y H O
OTHOCATCA K CpeiHeMy SKBAaTOPY M SKJHNTHKe, COOTBETCTBYIOUEH MO-
menty £. Torma us dopmya (12) u (6) M uMeeM

$) =Pt Pt (15)

O =080+ Qt + Qu22, (16)
rie P u P, Buipaxaorca dopmynamu (13) u (14), a Q u @, — dopmy-
aaMu (7). 3necw qa;—o6u1aﬂ npeueccHs H G:n—coone'rcnylouxaﬂ et
HaKJIOHHOCTb.

§ 20.16. Npeneccus OT maaHer

B stoM mnaparpade MH BHBedeM 3aBHCHMOCTb OT BpeMenH. Kak
M paHblue, MH COXPaHHM 4YJeHH [0 BTOPOrO MOPAAKA MAJOCTH BKJIOUH-
TeqbHO.

Coraacno dopmyne (8) § 20.15,

= (p — ") sec 8 = (p — ') sec b, ()
Bupaxenue anq ¢ —¢’ naerca dopmyaot (11) § 20.15, nepsuitt u sro-
poH uneH KOTOpoR yxe Onau HakneHnu. ITostomy cdopmysna (1) mpumer
BHA
A= (gt + ht*+ ag,t?) cosec 8, — gg,t% ctg ), cosec f,
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HJIH

A=Nt4-N\'e2, )

rae
N = g cosec 6, 3)
N =(h+ ag, — gg, ctg 0;) cosec 0p; 4

A—npeyeccus om naaHem B SKBaTOpeE.

BoaMyumenus op6uTH 3eMau, Br3BaHHbe AeHCTBUEM NJIAHET H UMelOU e
OTHOLIEHHE K pacCMaTpHBAeMOMY BOMPOCY, OMpPeReJAOTCA BeNHYUHAMH
isin®Q u lcosQ, 1. e. nocrosunniMH g, h U gk, u BpemeneM £. Bce
NOCTOAHHHeE, BXoAswMe B GopMyan (3) U (4), MOXHO BHIMHUCAUTL M, Cre-
10BaTeabHO, AJA AI060r0 MOMenTa f MOXHO PACCUHTATL BeAWYHHY A.

§ 20.17. Tpeneccus mo NPAMOMY BOCXOXKACHHIO
H N0 CKJAOHEHHIO

Ha puc. 33 yepes X’ u N, 0603HaueHH COOTBETCTBEHHO Y3/H He-
NOABHXHOH SKAHNTHKH W MOABMXKHOH Skauntukn N, AB B MOMeHT ¢ OT-
HOCHTEJIbHO CpefHero 9kBaropa B MoMenur f. [lycte OX’, OY’, OZ'

CYyTb OCH, CBA3aHNHE CO CpeAHHM 3KBaTOpoM, S —3Be3na u Z’ST — Me-
puanan stoff 3Be3nn. Ecam npene6Gpeun nyrauuelt, ro N,T Gynser nps-
MBIM BOCXOXAeHueM a B MoMent ¢, TS -—ckioxennem 8. a u 8 cyts
CpelHHe 3SKBATOPHA/bHHE KOOpXMHATH B MOMeHT £. Ilanee X'N,; ectb
npeueccus oT naaver . ITostromy X'T =—=a—+A.

Mycts L, my, ny; by, mg, ng u Ly, mg, ng — HANPaBASIOMIHE KOCHHYCH
ocet 0X’, OY’, OZ’ otnocutrenvio 00X, OY,, OZ, Toraa, coraacHo

31 V. Cuapr
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puc. 33,
ly=cos, m, = —sin¢, =0
ly=sin{cosf, my=cospcosh, ny==-—sinb;
L=sinysinf, my=cosPsind, ny=cos0.

Ham notpebylotca npoussoauuie ot I, I, v T. A. no ¢ & 0. dtu npo-
W3BOAHHE MPHBOAATCA B Caedylouelt Tabmauue:

4 m m A my ny
‘l’ m - ll 0 my —1, 0
0 0 0 0 —l3 | —mg| —ng

Mycts & 7, { 03HaYaOT KOOPAMHATH TOYKH S OTHOCHTENAbHO oOceft
O0X’, OY; 0Z’, a X, Yy, Z,— ee KOOPAHHATH MO OTHOLUEHHIO K Henoa-
pkHHM ocaM 00X, OY, OZ, Toraa, npunuMas paauyc coepu pas-
HHM elHHHUE, HaneM

tE==cos(a+A)cosd =1, X,+mYy+n2Z, 4))
n=sin(a 4 A)cosd =L X, m,Y, 4 n,Z,. 2
C==sind =1, X,+ m,Y,+ n,Z,, (3)

OTKYyZa
Xo=Ut+ I+ 1L, )
Yo=m§+ myn+ mg. (5)

St popmyan morpebyiotca nam B AanbheftieM. Tak kak X, Y, Z,
He 3aBucar oT 0, ¢, To n3 ypasuennft (1), (2) MH uMeeM

f=— @+ Mn—3t1gs,

n=(a+N)§—3n1g3,

oTKyAa Coe .
& — &n=(a+ 1) cos?3, (6)
8§ + nn=—8sin3coss. )

Hanee, Xy, Y, Z,—nocrosuiue (Mb npexeGperaeM 3iech coGcTeens
HHM ABHXeHHeM 3Be3an). CaeRoBaTenbHo, coraacHo ypasxeunio (1),

=i, Xy 4 mY,+ n,Z,
Ho
l°,=%l+ltp+-%%-f) HT A
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[MosToMy, Hcnoab3ys NpHBeAeHHYIO Buillle raGaHLy, a Takxke paBeHCTBa (4)
# (8), noayuaem

§ = (m, X — IYo) § = [(ym; — img) =+ (lym; — im3) U] §,

f= (—ngm—+nk) ‘i"

HIH

AHanoruyno
M= (myXo— LY ) § — (e Xo+ ma¥ o+ n,Zg) b = nkp — 6.
Moacraass ase nocaenxue dopmyau B ypasuenus (6) n (7), moayuaem
a={cosd— i-|-§Jsin6sin(a—|—l)tg8—0'cos(a—|—l)tg'8. 8)
§ ={sinbcos(@=2) 46 sin@+N). )
B STHX paBeHCTBaX MOXHO MNOJIOKHTh

coshA=1, sinA=A.
TMosToMy MH HMeeM

a=¢cos®—\4sinatgd[§sin04 6] —cosatgd[§ —A{sinb)
H
§ =cos a[t'psin 04 6] 4sina[6 —Nﬁsin 6].

3amenss ¢ u 0 uepes ¢, u 8, (Tak kak ¢ oueHb ManG), MH MNOJNOKHM
m =1, cos 6, —X,
=, sin -2,

. . 10
p=e—)\¢m81ne. ( )
Toraa .
a=m-nsinatgd —pcosatgs, ¢8))
§ =ncosa+ psina. (12)

Besuunna p umeer nopaiok 3 - 107'¢, A0 — nopanok 6. 10722 s

BEeJMYHHE MOXHO 6e3 ywep6a oT6pocHTh, H dopmyan (11) u (12) npu-
MyT BHA

@ =m-nsinatgsy, (13)
§ =ncosa, (19
rne . i
m=1¢,,cos fy— A, (15)
n=="{ ,sin 0, (16)

Ecan B KavecTBe €IMHHLLI BPeMeHH MPHHATH FOA, TO @ ns, onpe-
neasemute gopmynamit (13) u (14), naswBalOTCa 200u4ROfl npeyeccued
N0 NpAMOMY BOCXOXACHHIQ H 200u4n0d npeyeccued NQ CKAOUEHIQ,

3l
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) Ecau p, 4 5 — KOMOOHEHTH TOAHYHOTO COGCTBEHHOTO HABHXKEHHS, TO
a~fy M B4y, HABLIBAOTCA 200UYHHMU USMEHEHUAMU B TPAMOM
BOCXOXIEHHH H CKJIOHEHHH, UHCAOBHE 3HAYEHUS KOTOPOro AAA OTAEb-
HON sBesan npuBoaaTcA B Nautical Almanac u pasnuuHbIX KaTaJjorax.

Bekxosoe u3menerue B NpAMOM BOCXOXKIEHHH OMNpeleiseTcd Kak

CKOPOCTb H3MeHeHus a 3a cronethe. Ecanm 0603naunT, ee uyepe3 s, TO

s " d

——— == —— ina tgd).

o0 = & =7 (m~+nsina g §)

[Tostomy, ecau ay — npsAMoe BOCXOXAeHHe 3Be3bl B MOMCHT £,, TO £ JeT
CNycTA ApAMOE BOCXOMIEHHe a OnpelefuTcs no dopmy:e

a=ay+ [ + 55]-

AHanoruyHas ¢opMyna HMeeT MeCTO H AMa CKJoHeuus. Yuc/aosbe 3Ha-
YeHHsl BEKOBHIX M3MeHeHHH NpPHBOAATCA BO MHOTHX KAaTa/jorax.

§ 20.18. Hyraunonnnfi saaunc

Bupaxenus aas nytauun ¥ 10arotet M A4a8 Hytauun © nakJaoHeHus
naworca ¢opmyaamu (19) u (20) § 20.13. Ynenw ¢ aprymentom N ¢
ABJSAIOTCA LOIrONEePHOIHYECKHMH, 2 OCTaIbHbEe — KOPO1KONEepPUOHYECKHMH.
Hanpumep, nepuoa unexa sin(N +¢) 8B ¥ pasen ~ 18!/, aer, a ocrain-
Hble Y/eHbl, He cofepxauine N, UMEIOT NepHOLL, pPaBHBIE JYIIHOMY Mecslly,
roly uaM ux AoaaM. [JaBHble ujeHbl MB 3anuIueM TaK:

x=Ecos(N+4¢), y=—Dsin(N+9), 0]

npuueM nepsas GOpMyaa OTHOCHTCA K HYTAUHH HAKJIOHEHHA.

Ha puc. 34 N, o3Hauaer y3eJ CpeaHero SKBaTopa B MOMeHT { OTHO-
CHTEe/IbHO HEeMOABIXKHOM SKAMNTHKH A9 SNOXH f,. Y3ea ucmunnozo
9KBAaTOpa, A/ KOTOPOFO YYMTHIBAETCA HyTauus, oGo3HayeH uepe3 N.
MMonocaMH cpelHero H MCTHHHOrO 3KBAaTOPOB CiIyxaT Q, u Q cooTBer-
creedHo. ITycts QB — nmepnennukyasp, onyuennsfl Ha Z,Q, Toraa Q,B
Oyler HyTauuel B HAK/JOHHOCTH, a yroa QZyQ, Gyzer Hyrauuet N N
noaroTet. IlostoMy QuB=x u QB=ysinZ,B uau c aocrarouxoi
cTeneHbl0 TOYHOCTH QB = ysin0,.

TakuM o6Gpa3oM, W3 ¢opMya (1) Mbi BUAMM, 4TO TOYKa Q omHuChIBaeT
Maabifl 9JHAC

xz y3 _
=1 pram 0 1 @

C UEHTPOM B Q). DTOT 3/M/MHNC HA3LIBACTCA HYMAUUOHHUM IAAUNCO M.
Tak xak cos 8, > cos20,, To u3 Bupawenntt (17) u (18) § 20.13 nas
D u E mub BuguM, uro E sBaserca Goablueft moayocblo saaunca. Beau-
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ynHa E nasuBaerca nocmosnnoldd wymayuu. Crpeaka Ha puc. 34 mnoka-
3bIBAaeT, B KAKOM HampaBieHHH Q ABHXeTCS OTHOCHTENbHO Q.

MocrosHuas nytauun E Momer OuiTb HafiieHa u3 HaGmoaennfi. Mu
npHHUMaeM ee pasHoft 9”,210.

Puc. 34.

Coraacuo pasenctsy (18) § 20.13,

= K:.s (I ——12-s2+§- e’) cos ;. &)

Tak kak 3Hauenus a, S, e, 8, u E n3BecTHH, TO ¢opMyaa (3) Aaer
HAM BO3MOXHOCTb HaiTH mpousBeienne KL, rae K wn L onpenensiotces
dopmyaamn (2) u (3) § 20.08.

§ 20.19. YncaeHnue 3HAYEHHA TNOCTOAHHBIX

MHB yXe OTMeYalH, YTO MOCTOSHHYI0O HYTAUMH MONKHO BHBECTH H3
HaGmiofeHnit. YucaeHHoe 3Hauenue 97,210 nad Hee OHJAO MNPHHATO
B 1896 r. na Tlapuxckoit KOHdepeHUHH MO aCTPOHOMHUYECKHM MNOCTOSH-
HHIM, H 3TO 3HaueHHe MOYTH TOYHO TMOATBEPKAEHO MHOTHMH NPOLO.IKH-
TeJbHBIMH H HMCYEPNLBAIOLIMMHY MPOrpaMMaMH HaG.Ti0LeHHH, CpeaH KOTO-
PHIX MOXHO YNMOMSHYTb TPHHBHUCKHE HAG/IONEHHd, BHINO/HEHHbIE
B 1911 — 1931 rr. Ha naaBaioueM 3exut-Teaeckone Kyxcona u 45000
Habmonennft, BUIAOAHEHHHX B Ilyakose B mepuon 1904—1941 rr.

Mocrosuxaa obiielt npeneccun P [cm. popmyay (15) § 20.15) uasectHa
M3 HaGMoneHHH € BEICOKOM CTemeHbio TOMHOCTH. AHA/NOTHYHHE 3aMevaHus
MOXHO CHeJaTb H OTHOCHTEIbHO CpeRHero HakJOHeHHa 8y (coorsers
CTBYIOLIEro 9MOXe £g). ’
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Jlo cux mOp Mbl eme He ONMpeAe/HIH TOYHO 3MOXY fo. B panmux
HCC/IeLOBaHHAX Obla MPHHATA CJelylolias Smoxa:

1850, suBapp O, rpHHBHYCKHA CpeiHHH MOJjJeHb.
Ta6auub asuxenns CoaHua HbloxkoMa OcHOBaHH Ha 3noxe
1900, auBapp O, rPHHBHYCKHH CpelHHH MOJAEHD.

3ameruM, uto 10 1925 r. acTpOHOMHYECKHE CYTKH HAYHHAJMCh C TPUH-
BHYCKOTO CpelHero MOJIHS.

3HaueHHd NPHBEJEHHHX HHKe NOCTOAHHHX JAIOTCA AAA  SMOXH
ty=1950, ausapr 0, rpHHBHYCKHIl cpelHHR moilens ).

Ianee, noHATHe BPeMeHH #, HCNOJb3OBAHHOE B HALIMX IHHAMHYECKHX
H IPYrHX ypaBHeHHAX, TpeGyeT yTouHeHus. MBI NpuHMMaeMm 33 eIMHHLY
BpPeMeHH { OIMH I10/MaHCKuft rof, paBHHft 365,25 cpeaHHx COJHEUHHX
CyToK. B naabHefinieM MB LaguM noApo6HOe onpenesieHHe CPelHHX COJ-
HEYHHIX CYTOK.

A. OcHosrbe nocmosnne.
P=1>50",2675, E=9",210, 0,=23°26'44",84.
6. Hocmoaunwe, c8azannue ¢ JIynod.

1) OKcueHTPHCHTET OpOUTH

e = 0,0549005.
2) Yroa ¢
¢ ==5°8743" 4,
OTKyAa
s==sinc =0,08968335.

3) Cpentee yrnoBoe apHieHHe B PajHaHAX 32 IOJHAHCKHE TOR
n==83,9970927.
4) TlocTosHHLIE, OTHOCALUMECH K [ABHKEHHIO yaia,
N’'=0,3375711, a=0,3373280
B pajuaHax 3a I0JHAHCKHA roi.
B. IHocmosannwe, censannue ¢ Cornyen.
1) dxcuentpucurer e, ==e,-} e't:
e, ==0,01673011, ¢'==4,18.107",
2) Cpennee yraoBoe IBHXeEHHE #, B paiuaHax 3a I0JAHAHCKHUR rox

n;==6,2830759 (cupepuyeckoe)
= 6,2833196 (Tponuyeckoe).

1) 1 BecbMa 06s3an nokropy M. Tloprepy (Nautical Almanac) 3a BHuiiG-
ACHHE 9THX NOCTOSHILIX,
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I. JIynno-coanesnan npeyeccus.
Y = at + b2,
0 =0y %
a=>50",3732, b=—0",0001072;
0, = 23°26/44",84, ¢=>5",608-107"

A. O6was npeyeccus.

Ym=Pt+Pif", Op =00+ Qt+Q:f%;
P=>50",2675, P, =0",000111;
Q=—0",4685 Q,=—3"5-10"".

E. IIpeyeccusn om niaanem.
A=\t NE;
N =0",1153 = 0°,007687;
M==—2738.10""=—1°59.1075

JK. T'oduunasn npeyeccusn no npavosy 80CxX0NIERBI0 % CKAORERNIO.

m ==, cos 0y —h=m, + 2m,t,

n=={y,sin bo==n,+ 2n,t; M
m, = 46,0990 = 3°,07327.
my=1"4.10"=9°2.10"%

n, = 20,0426 = 1°,33617,
n,=—4"2.10"°=—2°85.10"°,

3. Boamyuenusn nianem (8exosuie).
tsin@ =gt 4-ht%;, lcosR=gt+ h

1) a=P-+ gctgh,
ITo 3uavenuam a u P, npuseaeHHnM B nyHkTax () u (I), aerko
HaXOAUTCA BeAUYHHA
g = 0",04584.

2) AunajnoruyHo H3 paseHcTB (7) u (14) § 20 15 ama Q, Q; n P,
BHBOAATCA CaeAylOlue 3HadeHus AAg h, g, W

h==1",955.1075, g =—0" ,46849.
hy=5"33.107".



480 Taaea 20. Mpeyeccus u nyrayus

§ 20.20. Buuncaenne KL u K
Tak kak E=9",210, o na dopmyan (3) § 20.18 umeem

KL= AL = 37",74. )
s (l—-2-s’ +§ e’)cosoo
Corpacio dopmyae (9) § 20.13,

a==2Fcos

rae
2F=KL(1 +§e2—§sﬂ)+K(1 +§eg).
[oacraBass uucnenuse sHaveHus @, Oy M T. 4., MH Halaem
54,92 =KL (1 —0,007544) -+ K (1 4 0,00042),
OTKyaa nocpeactsoM ¢opmyan (1) mosyyaem '
17,46 = K (1 4 0,00042).

[Mostcmy
K =17"45. @
Hs cootHomeHu#t (1) u (2) Haxoanm
L=2,163 3
Ipu momouwu pasenctsa (17) § 20.13 noayuaem
D=17"23. C))

Manas moayocb Hyraumuonsoro saaunca (Dsinf;) oxasumBaercs paBHOR
6”,861.

§ 20.21. HyrannoHHbe uJeHH

Moxno Temepb BHuUHCAHTL BHpaxeHus (19) u (20) § 20.13 ana
uyrauun ¥ u 6. B Nautical Almanac npumatH cieayiowue 06o3Ha-

yeHHs: -
N—I-:qa-—_-—Q, 11’1_-=_g'l M4to0=(,
My4o=L, o=, Mj=L—m=.
TTosToMy Mul HMeeM
¥ =—17",23sin § + 0”.21sin2§) — 17,27 sin2L —

~—0",21sin2 € 4- 07,07 sin g, + 07,13 sin (L — =) ¢))
H

0 =9",21 cos §} — 0”,09 cos 2§, 4 0”.55 cos 2L 4 07,09 cos 2 €. (2)

9tH GopMyAH AAIOT TIaBHWE YAEHH HyTauud. Te 4jeHH, KOTOPHLIMH
MBl peHebperau, uMeioT aMnantyan Mexwee 07,05. KoHeuHo, TakHe yienn
NPHHUMAIOTCE BO BHUMaHHe npH Gosee TouHoM BuuncieHun ¥ u 6,
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§ 20.22, Macca Jlynn H AMHAMHYECKOE CXKATHE
3eman

1) Coraacio dopmyae (3) § 20.08, Mo umeeM

(al)s_ M E4 M .(_a_,)"

L—ﬂ- — S SETE—— ) S———
- a) E4+M S a

S
Ho
G(E+M)y=n’a® G(SHE)=nlad.

Tlostomy, Tax kak E/S=~3. 107%, To c mocTaTouoft crenebio TOY-
HOCTH
M n?
E4+M n?

IMoncrasnas 3Havewuds 7 W 7, U 3HaveHue L u3 paseHcTBa (3)
§ 20.20, moayyaem
M 1

E 816 °

OrHoweHne Macchl JIYHH K Macce 3eMJIH MOXHO HOJAYYHTb TaKxe
n3 HaGmoneHuft Opoca, BeAylMXCA AAA ONpeNe/]eHHA COJHEYHOro ma-
paanakca. OtHouleHHe M/E BXOAHT B YC/OBHHE YypaBHeHHA, TaK Kak
STO OTHOLUEHHE OmnpejenfseT LEHTP MacC cucreMu 3emas — JlyHa, ko-
TOPHH ONUCHBAET SAAHNTHYECKY0 opOuTy BOKPYr Coanua. PesyabTaT,
BhiBencHHHe XuHKcOM!) 3 HabmozeHn#t 1900 — 1901 rr. u Cnencepom
JoxoHcoM ?) us HabmoneHnt#t 1930—1931 rr., oxasaauc, pasuumu 1/81,5
u 1/81,3 cooTBeTCTBEHHO.

2) M3 ¢opmyan (2) § 20.08 Mu uMeeM

3 C—-A7/
K=7CC (%)nl.

Ho nepuon 2x/w ovyenb 6iau30K Kk cHEepuyeckuM cyTkam (cu. § 20.27).
Hanee, mepuon 2wm/m, paBeH OLHOMY TFOLY HJH 366-—1— CHIepHYECKHM
cytkaM. Ilostomy

n, 1
4

¢ 366
Kpome Toro,
ny==16,2833 panuan 3a 101MaHCKHE CYTKH ==
=16,2833 cosec 1” cekyHA Ayru 3a 10JMAHCKHE CYTKH.

!y Mon. Not. Roy. Astron. Soc., 70, 63 (1909).
?) Tam xe, 101, 356 (1941).
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Moacrapasa 3navenue K (= 17”,45) u3 pasenctsa (2) § 20.20, noxyyaeu
cC—4 __ 1
c =~ 042
Ortuomenne (C — A)/C HasuiBaeTci OUHAMUHECKUM CHCAmUEM 3eMaH.

§ 20.23. 3se3nnoe Bpems

Tlockonbky MH mpeanonaraeM, uto 3eMas sBaseTcs CHEPOMLOM, TO
seMHO#t skBatop Oyaer kpyroM. CaepoBaTeqbHO, MH MOXeM BHOpaTh
9KBATOpHAJbHEE OCH HHepuuH X H Y n06HM cnocoGoM.

IMyctb Ha pHc. 35 ock X MpoXOAHMT uYepe3 TOYKY MepeceueHHA SK-
BaTOpa ¢ rpHHBHYCKHM MepuanaHoM ZGX.

Zy

Puc. 35.

Ha stoM pucynke NXY wusobpaxaer ucmunnuli 9SKBaTOp B MO-
MekT £ u N’ —ysen acmunnoli sxauntukn Ha NXY B Mmoment ¢£.
HctunHoe HakaoHeHue pasHO 0, NXy=¢, NX =¢, X;A=Q. Torna

=0m+9. tP=qu+‘F- ¢))
Nycte NN'=\ n /AN'X =¥,
[puHBRYCKOe 3Be3nHOe BpeMA, KOTOpoe MH 0O003HauuM u2pe3 t,
ectb XN’. Toraa
T=¢—A\.
ITostomy L
nau, coraacHo ¢opmyne (2) § 20.07,

=04 {cos—4, 0}



§ 20.23. 3se30H0e epema 483

PaccMoTpHM pasnomeHHs BTOPOrO M TPEeTbero Y/eHOB npaBoft uacTu (2)
RO YJIEHOB BTOPOTO mnOpsAAKa MajaocTH oTHocuteabHo ¢, W, O mkmo-
YHTEJILHO,

1) Coraacio pasenctsam (1),
§ cos § = (§,,+ ¥) [cos 6, — O sinf,] =
= ($,,+ ) cos 6, — n® — O¥ sin 6,

B stom paBenctBe znocrarouHo Hanucatb f, Bmecto 6, Kpome Toro,
npHHKUMas BO BHMMaHue paBeHcTBO (16) § 20.17, MH HamuweM 7 BMecTO
$,8in 0y Tnaune unenst W u O naotca ¢popmyanamu

V=—Dsin(N41¢), 8=Ecos(N—419)
B KOTOpHX D =17",23; E=9",21. Orciona MH noayyaeM

$c0s 0 = (4 ¥) cos 8 — ¢, cos (N 4 §) — ¢, — ¢5c0s 2(N 4 ¢),

rae c,=9".10"4 B ¢,=>5",3-10"5 Mu MoXeM npeHeGpeub MaAHMH
NepHOLMYECKUMH 4JeHaMH C apryMenToM N —-¢; Toraa

§ cos 0 = ($,+ ¥) cos 0 — ¢, 3

2) Us tpeyroabinka NN’'A M uMeeM

) = 18N C+Y)

T
Monowum 6/ =04 Ab. Kax n B dopmyse (3) § 20.15,
AG = Icos (4 9).
A = isin (24 ¢)

17 sin 6

Mostomy
— gg 2 ctg 0, cosec 0.

U3 papencts (8) u (11) § 20.15 nerko BumeTh, YTO
) Lsin@+¢m)
- sin 0,

Hanomuum, yto B dopmyne (11) § 20.15 ¢=¢,..
IMpu nomomu paseHcTs (1) Nerko HaXOLHM, YTO
A\, —A=— ¢t cosec 8, [g,D sin(N 4 ¢)+ gE cos (N 4 {)).

3necs g,D=4"- 1075 u gE=2". 1075, Mpene6peras unenamu npasott
YacTH NpeAbAYLIEro ypPaBHeHHA, HanmuieM A==\,.

— g g, ctg 0, cosec 0,

3) Popuysa 048 «.
Hs ¢opmyn (2) v (3) MH Tenmepb HMeeM

t= w4 §,co08 8, — A+ ¥ cos 8y — ¢ =0 m—+ ¥ cos 6, —¢,.
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Kak u B dopmyne (1) § 20.19, nonoxum m =m, - 2m,f. Torana
T =1y (0 4 m, — ¢;) t + myt? 4 ¥ cos 0. “)

Ynen ¢ ¢, o6biyHO OTOpPACHIBaeTCA, TaK KaK OH PpaBeH JHlIb NOJOBHHE
eIMHHILB YeTBEPTOTO 3HAKA BeJHYHHEl .

IMocnennu#t unen B paBeHcTBe (4) ABAAETCA NepuoAHyeckuM. Paccmar-
pHBag TOJbKO T/aBHHE Y/CHH, Mbl MMeEeM

¥ cos Oy = — D sin (N + ¥) cos 8, = — 1°,054 sin (N 4 ¢§).

1
Ilepuon sTOro ujeHa paBeH 2w/a HAH NPHOAH3HTENbHO 18—2- aer. Cre-

10BaTeNbHO, STOT YJeH OueHb MeNJEHHO M3MeHAeTCs OT CYTOK K CyT-
kaM. Uuc/ieHHOe 3HaueHHe COBOKYNMHOCTH HYTAUMOHHHX UJEHOB PaBeH-
cTBa (4) MOXHO, KOHEYHO, BHYMCJAHTbL A8 MI060r0 MOMEHTa BpeMenu ¢,

4) Cpednee 38e30HOe 8peMR.
PaBHOMepHOe 3Be3JHOe BpeMd T MH ONpeleqHM C MNOMOLIbIO $Op-

MYy a5
& =t (0 myt. ®)
Hemunnoe 3peannoe BpeMa naetca ¢opMyao#

CoBeplueHHHEe 3Be3lHBlEe Yachl, OCOGEHHO KBapueBble, MOTYT XpaHHTh
cpeaHee 3Be3AHOe BpeMsA. PacXoxIeHHs BO BPeMeHH, IOKa3blBAEMOM
TAKHMH YacaMH, H MCTHHHHIM 3Be3[HHIM BpeMeHeM, 0GYCJOBJCHHHE uJe-
HOM myf2 B TeueHHe HeCKOJbKHX MecsueB HesameTHn. C apyroft cro-
POHH, PacXOXIeHusd, B3O03HUKAIOUME OT HYTAUHOHHOFO 4YJeHa B TeueHHe
TaKOrO NMPOMEXYTKA BpeMeHH, HUMEIOT MOPANOK HeCKOJbKHX MHUAMHCEKYHI
M MOTYT OhTb OOGHAapyXeHH KBapLUeBLIMH YacaMH. ITH DPacXOXIeHHs,
Cle10BaTeNbHO, MOTYT GHITb NMPHHATH B pacyeT, TOTAa TpeGyeTcd BHCO-
Kas TOYHOCTb.

§ 20.24. Cpennee coaneunoe Bpems

OnpenesieHne CpelHET0 BpeMeHH OCHOBHIBAETCH Ha KOHUenuuu ¢uk-
THBHOT'O Teaa — cpednezo CoaHK{a, — KOTOPOE MO ONpele/eHHI0 NBH-
KeTcd B IJIOCKOCTH HCTHHHOTO 9KBATOpa C NOCTOAHHOM CiAepHYeCKOH
yraoso#t ckopoctbio p. Mexay p H cpense#t noaroto#t CoJHua AOJKHA
O6uTb ycTaHOBJAeHa 8aBHCHMOCTb. Ecan A osHayaer mpaAMoe Bocxoxie-
Hue cpearero CosHlua, H3MepsieMOe OT UCMUHHOQ TOYKHM BECEHHEro pas-
HOAEHCTBYA, TO coraacHo paseHctBaM (13) § 20.17 u (1) § 20.19

A=p—+ m, + 2myt + ¥ cos 0,
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TaK Kak CkJOHeHHe paBHo Hyawo. [Mostomy
A= A;~+ (p+ my) t + myt2+ ¥ cos f;. @)

Mycte H o3uauaer uacooR yroa cpeanero Coanua aaa I'puHsHua.
Torna, ecau < — rpUHBHYCKOE 3Be3iHoe bpems, To H =71 — A. [lazee,
< naetca ¢opmyaoi (4) § 20.23. Mostomy

H ==ty — Ay+ (0 —p) £.

DTo paBeHcTBO MOKasblBaeT, YTO /{ paBHOMepHO yBEJIHUHBAETCA CO Bpe-
MeHeM. [TOCKOAbLKY ¢ OTCYUMTBHIBAETCA OT TPHHBHYCKOrO CpefHero MOJyil
B MpPHHATYIO SMOXY £y, MBI HMeeM

T = A,. (2
Tostomy
He==(0—yp)t. 3)

dra nocaesHss ¢GopMyna sAB.isAeTCA OCHOBO# H3MepeHHA TI'PHHBHYCKOTO
cpeatero BpeMenu!), koropoe ¢ 1925 r. pasuo H - 127,
OTHOCHTeIbHO HENOABMXHOM SKANNTHKH cpefuas aoarota Co.sua

CoCTaBJfeT
ly+ Lt + L2,

NpHYEM nocaeaHuft 4aex O6YCJIOBJ'leH BO3MYIHAIOLIHM NeHCTBHEM NJAHET.
OTHOCHTEbHO MOABHXHOK cpenHel TOYKH BeCCHHEro PaBHOAEHCTBHUA OHA

pashna
I+ Lt + L2+ Pt P2, )

Cpeanss noJroTa, HcnpaBienHas 3a aGeppauuio M 06o3nauaeMas yepes L,
naeTca BHpaxeHHeM (4), B KOTODOM [, HyXHO 3aMeHHTb uepe3 [,— &,
rie k-—nocrosHHas aGeppauii. 3HaveHue R, HcnoabL3oBaHHOe HblokoMoM
B ero ¢yHiaMeHTalbHHX HCCAelOBaHMAX, cocTaBageT 207, 501, u 910
3HayeHue [0 CHX MOpP Hcmoswb3yercs B Nautical Almamac Ans BhyHC/e-
Hus L. Bruipaxenune ans L naerca ¢opmyaoft

L=Ly+ Lyt 4 Lye. 5)

Tenepb BBeleM OKOHYaTebHOE Ompene/eHHe NOHATHA cpentero Coanua.
Bcnomuum, 4to NPH onpeneteHHH cpenHero CoJHUA MH BBeAH YIIOBOE
IBHXEHHE |, 3HAYeHHe KOTOPOro HaM H Tpebyercs ompenenuts. Cpennee
CoJHue onpezeseTcs yCAoOBHeM, COTJaCHO KOTOPOMY €ro MpsiMOe BOCXOX-
lleHne, Buipaxaemoe ¢opmysoft (1) 6e3 ydera HYTAUHOHHBX YJEHOB,
paBHO, 00 mex nop noxka smo 803MONHKO, cpeaHelr noarote L, BHpa-
Kaemoft ¢opmynoft (5). B umeasbHOM cayuae u3 9TOTO onpelneseHHs
JLO/MKHA CAefOBaTh HIAEHTHYHOCTb BHPaXKEHHS

Ayt (p+ my) t+ myt? (©)

1) Uau scemuproe BpeMa (U. T.).
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H BHIPAXCHHA AJaA L, KOTOpOe Mu! 3anmiuieM B BUIC

Ly+ Lyt + mot? + (L, — mp) £2. )
A 9TO BO3MOXHO /Hillb B TOM Cayuae, ecan L,==m, UAH eCH BeIH-
yHa L, — m, HACTO/NbKO MaJja, YTO €10 MOXHO npeHeGpeub.
CoranacHo Hbiokomy, ana snoxu 1900, ausapp 0, rp. cp. mMOAyAHA
L,=726-10"% my=9°28.10"%,
TaK 4TO
Ly—my=—2°02-107%,

IMosToMy or6pacwiBanne B ¢opMyae (7) uyaeHa (L, —m,) 2 naer uepes
1000 ner omubky, pasuyno auwb 2°,02. HblokoM 3aMeTda B CBA3H
C 9THM, YTO ZHafbHefiiiee HEOGXOMAHMOE YTOUHEHHE TMOHATHA CpelHero
BpeMeHH MH JOMKHH MNpelOCTaBHTb acTpoHOMaM Gyayiuero.

W3 paBeHctBa (2) H ToxamecrBa BHpaxenuft (6) u (7) MM Haxoaum

Ay=Ly=r, ®
pEm=L, ()
Jas NPHHATOR HAMH SMOXH f, HMceM
L,= 18"38™19"85,
L,=86401%,84635, L,=7°,26-10"",

m, =3°,07327, my=9°3.107%,
Us pasencra (9) ME Torza GyaeM uMeTb
p = 86398°,77308. (10

310 H ecTb cHIepHUeCKOe YTrioBoe JABHMeEHHe cpeaHero CoJaHua 1o
HCTHHHOMY 9KBATOpY, NMPHYEM 32 €AHHHLY BpEMEHH TMPHHAT OAUH KOJAHAH-
CKHft rona.

§ 20.25. Buuncaenne o H -4 m,
Coraacho dopuyne (3) § 20.24,
H=(0—p)t,

ecan D — uucno CpeRHHX COJMHEYHHIX CYTOK, COOTBETCTBYIOLUHX t 10/HaH-
CKHM roaaM, TaK 4TO

D
‘—-—""'r/—'

H= ‘”;*‘ D, ®)



§ 20.26. Cpednee cosneyroe u 38e3dnoe spema 487

rae BMecro 365!/, mu Hanucaan N. HyxHo no6aButh, uYTO Cpennue
COJIHeyHble CyTKH PaBHB MHTEpBaly BPeMeHH, COOTBETCTBYIOLIEMY YBeAH-

yennio H Ha 24",
ITocne Toro kak mpoHayT oAHM CpPelHHe COJHEYHHE CYTKH, 4acoBOH

yroa cranet H -+ 24", tak uro

H+24"= “’;" (D+1).

ITosroMy, BHuuTas paBeHcTBO (1) H3 nocaenHe GopMynH, GyzeM uMeTb

2= 94" =86 400°,

N
OTKyla
& =24" + £ = 24" 236°,54 695. )
Kpoume Toro,
2tm o D — 94® 1 936" 55536. ®)

§ 20.26. CooTHOmeHHE MeXNY CPeIHHM COJM{EYHHM BpEMEHEM H
3Be3IHHM BpeMeHeM

ITockoabky ty=L,, ¢opMyna ans cuaepHyecKoro BpPeMEHH T HMeeT

BHI
t=Ly+ (04 m) t+ myt? 4+ ¥ cos 0,

HIH, ecad ! BHpaxaeTca uepe3 YHCAO D CpeNHHX COJMHEYHHX CYTOK,
TaKk yto £ =D|N,

t= L+ 227 D+ 12 DY+ W cos 6,

Chnycts oaHHM COJHeuHHe CYTKH 3Be3[HOe BpeMs Oyaer
¥ =Ly 2EM O 1y T (D 124 Teos,
rae MH npexeGpexeM uamenenneM U 3a oauu coaeunule cyTku. Ilostomy
L LMY, )
CootseTrcTBeHHO
24" cp. coan. Bp. = (24"4-236°,55536 45,1 - 10~'¢+6,9 - 10™'") 3. sp.
Paccua'rpuaaﬂ TOJIbKO cpeaHee 3Be3aHOe BpeMa, Mh 6y1l€M HMETb
24" cp. comn. Bp. = 24"03™56°,55536 38. Bp.
Mu Takxe uMeeM chaeaymouee COOTHOLUEHHE:

1 cp. coxs. cytkn __ 24"03™56°,55536

1 8B. cytkH 247 =1,002737909,
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§ 20.27. CoorHomenHe MexJy 3Be3AHLIMH CYTKAMH H NEPHOIOM
BpameHns 3eman

Ecau § o3Hauaer NMPOAOMKHTCIbHOCTb 3BE3AHBIX CYTOK, a R—ne-
pHoa Bpautenus 3eMaH, TO B Ge3pa3MepHEIX eNHHHLAX

2z 2r
S=srm R=%
Tostomy
R __od4m
s o

H HCNOJL3Ys 3HAYeHH ®-}m, H o n3 paseHcTs (3) u (2) § 20.25, Mul
HaflieM
86636,55536

___ S003V,000900 . -8
= Soemaimes = | +9.72- 1075

R
S
§ 20.28. Tponuuecknit roa

Tponuyecku#t roa onpenenseTcs NMOCPEACTBOM HCmpaBJeHHofl 3a abep-
pauHio cpenxeft AOJATOTH

L= Ly Lyt Lyt? (N

H MMEeeT TaKyl0 NMPOAOMKHTENbHOCTb T CPellinX COJHEYHHIX CYTOK, B Te-
yeHHe KOTOpO# L ysemmumpaetcs Ha 360° mam 24" Tlostomy

T T\?2
L4-24" =L 4L, (t+Tv—)+L2(1+W—) ,
OTKyZAa, BBIYHTad paBeHcTBO (1), moayuaem
24" =86 400" = - (L, + 2Lyt + Ly 77 )-

MMocaenuu#t unen ypessnivaliHo Man mo cpapHenuio ¢ L,. Tlosromy

86400N
T, FoLg"

IMoacraBass ciona 3navenus L), L, u3 § 20.24, Mo Haxoaum, yto

T = 365,2421957 — 6,14 - 1075,

T=

Dta ¢dopMyna H AaeT YHCAO CPeAHHX CYTOK B TPONMHYECKOM roiy. Beko-
BOR ufleH GyAeT OKa3HBaTb TNPEHEOPEKHMO Manoe BJHAHHE B TEUEHHE
MmHorux Jnet. CaenomraTeNbHO, MBl MOMeM NPHHATb, YTO TPOMHYECKHH roa
pasen 365,2422 cpemHHX COJHEYHHX CYTOK.

Havano Beccesesa 200a, KOTOPHA MO NPONOMKHTENbHOCTH PpaBeH

TPONHYECKOMY T'OLY, ONpeneadeTcd KaK MOMEHT, KOrja L=280°=18"40™,



§ 20.29. 3pemepudnoe spers 489

CootBercTylowad nata aexut B6au3u 1 ansapa. Hanpumep, Havano
Beccenesa rona 1954 npuxomutes Ha

1954, ausaps 09,892,
KOTOPu#l 14 ynoGctsa 3anuchiBaeTca Kak 1954,0.

§ 20.29. 3pemepuanoe Bpems

TeopeTHyecKOe PpaccMOTpeHHe NpelecCHH H HYTAUHH OCHOBBIBACTCH
Ha MPeANOJOKEHHH, YTO 3eMad ABAAETCA TBEPALIM TeJOM H YTO, B YacT-
HOCTH, MOMeHTH HHepun# A, B u C ocralotcs NOCTOAHHBIMH. [losToMy
CpellHHe COJHEYHble CYTKH NPHHMMAIOTCA B KayecTBe CTaHAAPTHOM enu-
HHUB BpeMeHH. IIpu 3TOM mepHon BpallleHHss 3eMJH CYHTAETCA PaBHO-
MepHbHIM H NMpPH/HBHOE TPeHHe, PacCMOTpeHHOe B ra. 19, He yuuThiBaercs.

CoBpeMeHHble HCCAeNOBaHMS MOKa3aJH, YTO, HECOMHEHHO, HMeEIOTCH
HHYeM He KOMMEHCHPOBaHHBIE PACXOMAEHHA Mexay FPaBHTaLHONHON Teo-
puelt u HaGmoneHuaMu jpoarot Jiyuw, Coaxua, naauer Mepkypua u
Benepnl — Bce onHO# H TOH ke MPHPOIH, — KOTOPHlE YKa3HBAOT Ha TO,
yTo 3eMas He ABASETCA COBEpPHIEHHHIMH YacaMH. ITH PaCXOKIEHHS Bui-
3bIBAIOTCA MaJbiMH M3MEHeHHSIMH MOMEHTOB HHepuuH 3eMau, o6ycios.eil-
HHIMH MeTeOpOJIOTHYECKUMH, CeHCMHYECKHMH M IPYIHMH TPHYHHAMH.
CoOTBETCTBEHHO 3TOMY CpelHHe CO.JHeuHhle CYTKH He ABAAIOTCA BROJHE
yA0BJIeTBOPUTENLHON eNHHHUEH BpeMeHH. BMmecTo muux B KauecTBe cTa-
NapTHOH eAMHMUB BpemenH Obla NPHHATA NJHHA CHIACPHYECKOTrO roja
Ha 1900,0, a BpeMd, BuipaxeHHOe B STOH eaMHHLeE, CTa.JO HA3bIBATHCA
Spesmepudnum 8pemeres.

djeMepunni 1), npupoauMble B KaTalorax, Temepb OCHOBLIBAIOTCA Ha
s¢eMepHIHOM BpPeMeHH, a He Ha TPHHBHYCKOM CpelHeM HJH BCEMHDPHOM
BpeMeHH, KaK 9TO Gblio padee. Ilepexoll OT cpeaHero cOJHSYHOTO Bpe-
MeHH K 9¢deMepHIHOMY BPEMEHH OCYLIeCTBAAECTCA BBELEHHEM ClASAylOUieH
nonpaeku At ?):

Af = + 94°,349 - 72°,3165T - 29°,949T2 4 1,821B,

rae T BHPaXeHO B I0JMAHCKHX CTOJMETHAX, OTCUnTHBaeMux ot 1900,
sHpapb 0 TPHHBHYCKOTO CpefHero MNoaAHsd, a B — pennunua, HaspaHHas
Cnencepom TxoHcoM &) gpaykmyayued B noarote JiyHwl.

1) D. H. Salder, Mon. Not. Roy. Astron. Soc., 111, 624 (1951).
?) Transactions of the International Astronomical Union, Vol. VIII (8 newatu),
8) Mon. Not. Roy. Astron. Soc., 99, 542 (1939).

32V, Cuapr



JOTIOJMHEHHWE

UYnenw pasnoxenus J,(ne) ‘:—e Vs (ne)]EJ,: (ne) no ceabMoft
CTeNeHH e
Je=1 ——e2+—e4—7lﬂe \
1 9 1 6

J,(e)-—-fe[ —ge +We —me]-
J,(2e)=%e2[l —%—e2+21—4e4],

9 81
3= g5 1 — e+ g ¢']-
J4(4e)=—§—e4[l —-g-ez].

6!
J5(5e)=—7%e5[ ——-%5; 2]
Jy(66) = ¢,

5 (Te)= g"fgo

J‘,’(e)=_%"[l — 5+t — g ¢ ]
J;(e)=—;'[l —'%82+T9*2'e4—'§2—13-86].
h2e)=¢[1 -——2-82+%-e4—§%e6],
heo=Tge[1 — {5 2+.@e4]

.I;(4e)=—8-e3[l ——e’—I——lg e‘].

3125 35
Js (Be) = g 768 [1_2_4 ]
nE)=22 [1—172—e2]
hae=T30,

Jg(Sa)::We D
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